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Summary. The article contains some theorems about open and closed sets.
The following topological operations on sets are defined: closure, interior and fron-
tier. The following notions are introduced: dense set, boundary set, nowheredense
set and set being domain (closed domain and open domain), and some basic facts
concerning them are proved.

The papers [4], [5], [3], [1], and [2] provide the notation and terminology for this paper.
For simplicity we adopt the following convention: 7'S denotes an object of the type
TopSpace; x denotes an object of the type Any; P, @, G denote objects of the type
Subset of T'S; p denotes an object of the type Point of T'S. One can prove the

following propositions:

(1) x € P implies z is Point of T'S,
(2) PUQTS=QTS&QTSUP=QTS,
(3) PNQTS=P& QTSNP =P,
(4) PNOTS = 0TS & 0TS N P = 0TS,
(5) PC=QTS\ P,
(6) P = (P qua Subset of the carrier of T'S) ¢,
(7) p € PCiffnotp e P,
(8) (QTS)° =018,
9) QTS = (0TS)°,
(10) (Pe)e =P,
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PUP“=QTS & P°UP=QTS,
PNP =0TS&P°NP=0TS,
(PUQ)=(P)N(QF),
(PNQ)* = (PHUQF),
PCQifQ°CP®,
P\Q=PNQ°,
(P\Q)° = PUQ,
PCQfimpliesQ C P°,
P°CQimpliesQ° C P,
PCQiftPNnQ°=1,
P°=Q°implies P = Q,
(0T S is_closed ,

Cl(TS) = 0TS,
PCCIP,

P C Q@ implies C1P C ClQ,
ClI(ClP)=ClP,
Cl(QTS)=QTS,

QTS isclosed,
Pis_closed iff P €is_open,
Pis_open iff P “is_closed,
Qisclosed & P C @ implies C1P C Q,
CIP\ClQ CCl(P\Q),
Cl(PNQ)CCIPNClQ,
Pis_closed & Qis_closed implies C1(PNQ)=CIPNClQ,

Pis_closed & Qis_closed implies P N Q is_closed ,
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Pis_closed & @ is_closed implies P U @) is_closed ,
Pis_open & @ is_open implies P U @ is_open,

Pis_open & @ is_open implies P N Q) is_open,

p € C1P iff for G st Gis_open holds p € G implies PN G # 0,

Q is_open implies Q N CIP C C1(Q N P),

@ is_open implies C1 (Q N CLP) = C1(Q N P).

Let us consider TS, P. The functor

Int P,

yields the type Subset of T'S and is defined by

it = (CL(P°))°.

One can prove the following propositions:
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Int P = (C1P€)°,
Int (QTS)=QTS,
Int P C P,

Int (Int P) = Int P,
IntPNInt@Q = Int (PN Q),
Int (0T°S) = 0TS,

P C @ implies Int P C Int @,
Int PUIntQ C Int (P U Q),
Int (P\ Q) CInt P\ Int Q,
Int Pis_open,

(TS is_open,

QTS isopen,
re€IntPiffex@ st Qisopen& Q C P& x € Q,
Pis_open iff Int P = P,

Qisopen & @@ C P implies Q C Int P,
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(57) Pis_open iff for z holds z € P iffexQ st Qisopen & Q C P & z € Q,
(58) Cl (Int P) = C1 (Int (C1 (Int P))),
(59) Pis_open implies Cl (Int (C1 P)) = C1 P.

Let us consider TS, P. The functor

Fr P,

yields the type Subset of T'S and is defined by
it=ClPNCI(P°).

We now state a number of propositions:

(60) Fr P =CIPNCl(P),

(61) peFrPiffforQstQisopen& pe Qholds PNQ #0D& P°NQ #0,

(62) Fr P = Fr (P°),

(63) FrP C ClP,

(64) FrP=Cl(P°)NnPU(CIP\ P),
(65) ClP=PUFrP,

(66) Fr(PNQ)CFrPUFQ,
(67) Fr(PUQ) CFrPUFrQ,
(68) Fr (Fr P) C Fr P,

(69) Pis_closed implies Fr P C P,
(70) FrPUFrQ=Fr(PUQ)UFr(PNQ)U (FrPNFrQ),
(71) Fr (Int P) C Fr P,

(72) Fr(Cl1P) C Fr P,

(73) Int PNFrP =0,

(74) IntP =P\ FrP,

(75) Fr (Fr (Fr P)) = Fr (Fr P),
(76) Pis_open iff Fr P = C1P\ P,

(77) Pis_closed iff Fr P = P \ Int P.
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Let us consider T'S, P. The predicate

Pis_dense is defined by ClP=QTS.

We now state several propositions:

(78) Pis_dense iff CLP = QTS,
(79) Pis_dense & P C (Q implies Q is_dense,
(80) Pis_dense iff for Q st Q # 0 & Qis_open holds PN Q # 0,

(81) Pis_dense implies for ) holds @ is_open implies C1Q = C1(Q N P),
(82) Pis_dense & @Qis_dense & @ is_open implies P N @ is_dense.

Let us consider T'S, P. The predicate

Pis_boundary is defined by P “is_dense.

Next we state several propositions:

(83) Pis_boundary iff P “is_dense,

(84) Pis_boundary iff Int P = 0,

(85)  Pis_boundary & Qis_-boundary & Q is_closed implies P U Q) is_boundary ,
(86) Pis_boundary iff for Q st Q C P & Qis_open holds Q = 0,

(87) Pis_closed implies (P is_boundary iff for Q
st Q#0& QisopenexG st GC Q& G # 0 & Giscopen & PNG =0),

(88) Pis_boundary iff P C Fr P.

Let us consider T'S, P. The predicate

P is_nowheredense is defined by Cl Pis_boundary .

One can prove the following propositions:

(89) Pis_nowheredense iff Cl Pis_boundary,

(90)  Pisnowheredense & @ is.nowheredense implies P U @) is_nowheredense,,
(91) Pis_nowheredense implies P ©is_dense,

(92) P is_nowheredense implies P is_boundary,

(93) Q@ is_boundary & @ is_closed implies @) is_nowheredense,
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Pis_closed implies (P is_.nowheredense iff P = Fr P),
Pis_open implies Fr P is_nowheredense,
Pis_closed implies Fr P is_nowheredense,

Pis_open & Pis_nowheredense implies P = ().

We now define three new predicates. Let us consider 7'S, P. The predicate

Pis_domain is defined by Int (C1P) C P & P C Cl(Int P).

The predicate

P is_closed_domain is defined by P = Cl(Int P).

The predicate

Pis_open_domain is defined by P =Int (CLP).

The following propositions are true:
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Pis_domain iff Int (C1P) C P & P C Cl(Int P),
Pis_closed-domain iff P = Cl (Int P),
Pis_open_domain iff P = Int (Cl P),
Pis_open_domain iff P ¢is_closed_domain,
Pis_closed-domain implies Fr (Int P) = Fr P,

P is_closed-domain implies Fr P C Cl (Int P),
Pis_open_domain implies Fr P = Fr (C1 P) & Fr (C1P) = C1P\ P,
Pis_open & Pis_closed implies (P is_closed_domain iff P is_open_domain),
Pis_closed & P is_domain iff P is_closed_domain,

Pis_open & Pis_domain iff Pis_open_domain,
Pis_closed_domain & @ is_closed_domain implies P U @ is_closed_domain ,
Pis_open_domain & @ is_open_domain implies P N Q is_open_domain ,
P is_domain implies Int (Fr P) = 0),

P is_domain implies Int Pis_domain & Cl P is_domain .
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