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Summary. This article defines ordered n-tuples, projections and
Cartesian products for n=5. We prove many theorems concerning the
basic properties of the n-tuples and Cartesian products that may be uti-
lized in several further, more challenging applications. A few of these
theorems are a strightforward consequence of the regularity axiom. The
article originated as an upgrade of the article [5].

MML Identifier: MCART_2.

The notation and terminology used in this paper are introduced in the following
articles: [4], [3], [6], [2], [1], and [5]. For simplicity we follow a convention: v
will be arbitrary, xi, x2, x3, x4, x5 will be arbitrary, y1, y2, y3, y4, ys will be
arbitrary, z will be arbitrary, X, X1, Xo, X3, X4, X5 will denote sets, Y, Y7,
Yo, Y3, Yy, Y5, Y, Y7 will denote sets, Z will denote a set, xg will denote an
element of X1, x7 will denote an element of X5, xg will denote an element of
X3, and zg will denote an element of X4. We now state two propositions:
(1) If X = (, then there exists Y such that Y € X and for all Y7, Y3, Y3,
Yy, Ys, Yg such that Y7 € Yo and Ys € Y3 and Y3 € Y4 and Yy € Y5 and
Ys € Y5 and Yi € Y holds Y] misses X.
(2) If X £ (), then there exists Y such that Y € X and for all Y7, Y3, Y3,
Yy, Ys, Ys, Y7 such that Y7 € Y5 and Ys € Y3 and Y3 € Yy and Yy € Y5
and Y5 € Ys and Ys € Y7 and Y7 € Y holds Y] misses X.

Let us consider z1, z2, 3, T4, 5. The functor (z1,z9, x3,z4,x5) is defined
as follows:

(Def.1)  (x1, 22,73, 24, 25) = ({(x1, T2, T3, T4), T5).
One can prove the following propositions:
(3)  (x1,x9,x3, 24, x5) = ({{{x1,22), 23),24), x5).
(4)  (x1,x9,23, 24, 25) = ({21, 22, X3, 24), T5).
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(5) <£L’1,£L'2,l‘3,l‘4,l‘5) = (<$1,$2,$3),$4,l‘5>.

(6) ($1,x2,x3,x4,x5) = ((1‘1,%2),%3,%4,%5).

(1) Tf {x1,22,23,74,75) = (Y1,Y2, Y3, Y4, Y5), then 21 = y1 and x3 = y2 and
r3 =y3 and x4 = y4 and x5 = ys.

(8) If X # 0, then there exists v such that v € X and for no x1, xe, 3, 4,
x5 holds z1 € X or x5 € X but v = (x1, x2, 3, T4, T5).

Let us consider X, X5, X3, X4, X5. The functor [ X1, Xo, X3, X4, X5

yields a set and is defined as follows:

(Def.2) [ Xy, Xo, X3, Xy, X5] =[[ Xy, Xo, X3, X4, X51.
The following propositions are true:
(9) X1, Xoy X5, Xy, X5 =FEEEXD, X2, X3d, Xy, X5
(10)  [Xy, X9, X3, Xy, X5 =[[ X1, Xo, X3, X4, X51.
(11)  [Xy, Xo, X3, X4, X5] =[[ Xy, Xo, X3, X4, X51.
(13) X3 # 0 and X5 # 0 and X3 # () and X4 # 0 and X5 # 0 if and only if

[:Xl, Xg, Xg, X4, X52] 75 0.

(14)  Suppose X7 # 0 and X5 # () and X3 # 0 and X4 # () and X5 # 0.
Then if [ZXl, Xg, X3, X4, X5] = [ZYl, Yé, Yé, Y4, Y5 Z], then X1 = Y1 and
Xo=Ys and X3 =Y3and X4 =Y; and X5 = Y5.

(15) If [2X1, Xg, Xg, X4, X52] 75 @ and [2X1, Xg, Xg, X4, X5:] = [:Yl, YQ,
Y3, Yy, Y5, then X; = Y] and Xy = Y, and X3 = Y3 and X4 = Yj and
X5 =Y5.

(16) HIX, X, X, X, X|{=[Y,Y,Y, Y, V] then X =Y.

In the sequel x19 will be an element of X5. We now state the proposition

(17) If X7 # 0 and X5 # 0 and X5 # () and X4 # () and X5 # (), then for
every element x of [ Xy, Xo, X3, X4, X5 there exist zg, x7, x3, T9, T10
such that = = (z¢, z7, zs, T9, T10)-

We now define five new functors. Let us consider X, X, X3, X4, X5. Let
us assume that X; # () and Xy # () and X3 # 0 and Xy # 0 and X5 # (0. Let
x be an element of [ X, X2, X3, X4, X5]. The functor 7 yields an element of
X1 and is defined as follows:

(Def.3) if x = (21,29, 23,24, 25), then 1 = x7.

The functor x2 yields an element of Xs and is defined as follows:
(Def.4) if x = (1,22, 23,24, x5), then zo = xa.

The functor zg yielding an element of X3 is defined as follows:
(Def.5) if x = (1,22, 23,24, x5), then z3 = x3.

The functor x4 yielding an element of X, is defined as follows:
(Def.6) if x = (21,29, 23,24, 25), then x4 = x4.

The functor =5 yields an element of X5 and is defined by:
(Def.7) if x = (x1,z2, 23,24, x5), then x5 = x5.
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One can prove the following propositions:

(18)  Suppose X7 # () and X # 0 and X3 # 0 and Xy # () and X5 # 0.
Then for every element z of [ X1, Xo, X3, X4, X5 ] and for all 1, z9, x3,
x4, T5 such that © = (x1, 29,23, x4, 25) holds 1 = 21 and x9 = z9 and
rg3 = x3 and x4 = x4 and =5 = 5.

(19) If X; # 0 and X9 # () and X3 # () and Xy # 0 and X5 # (), then for
every element x of [ X1, Xo, X3, X4, X5] holds x = (21,22, 23,24, x5).

(20)  Suppose X; # 0 and X5 # ) and X3 # 0 and X4 # 0 and X5 # (. Let x
be an element of [ X1, Xo, X3, Xy, X5]. Then 21 = rquaanyy;1, and
T2 = rquaanyiji, and r3 = rquaanyyyg and r4 = r quaanyig and
Ty = T quaanys.

(21) IfX1 g [ZXl, XQ, Xg, X4, X5 ] or X1 g [ZXQ, X3, X4, X5, X1 ] or X1 g
[1X3, X4, X5, Xl, XQ] or X1 g [ZX4, X5, Xl, Xg, Xg] or X1 g [ZX5, Xl,
XQ, X3, X4 Z], then X1 = @

(22) If [IXl, Xg, X3, X4, X5] meets [ZYl, Yg, Yé, Y4, Y5 Z], then X1 meets Yl
and X9 meets Y5 and X3 meets Y3 and X, meets Y, and X5 meets Ys.

(23) o}, {ze}, {zs}, {za}, {zs}] = {{21, 22, 23, 34, 25) }.

For simplicity we adopt the following rules: A; is a subset of X7, Ay is a
subset of X5, As is a subset of X3, A4 is a subset of X4, As is a subset of
X5, and x is an element of [ X1, X, X3, X4, X5]. One can prove the following
propositions:

(24)  Suppose X7 # 0 and Xy # () and X3 # () and X4 # () and X5 # (). Then
for all @1, x9, x3, T4, T5 such that x = (x1,x9, 3,24, 25) holds x1 = 1
and z9 = zo and g3 = z3 and x4 = x4 and x5 = 5.

(25) If X7 #0 and X9 # () and X3 # () and X4 # 0 and X5 # 0 and for all
xg, T7, Ty, Tg, T19 such that x = (xg, x7, T8, 9, 10) holds y; = zg, then
Y1 = 21.

(26) If X1 # 0 and X2 # 0 and X3 # 0 and X4 # 0 and X5 # () and for all
xg, T7, Ty, Tg, T19 such that x = (xg, x7, T8, T9, r10) holds yo = 7, then
Y2 = 22.

(27) If X1 # 0 and X3 # 0 and X3 # 0 and X4 # () and X5 # () and for all
xg, T7, Ty, Tg, T10 such that x = (xg, x7, T8, T9, 10) holds y3 = zg, then
Ys = 3.

(28) If X1 # 0 and X5 # () and X3 # () and X4 # 0 and X5 # 0 and for all
xg, T7, Ty, Tg, T19 such that x = (xg, x7, T8, 9, r10) holds y4 = zg, then
Yqg = 24.

(29) If X7 #0 and X9 # () and X3 # () and X4 # 0 and X5 # 0 and for all
xg, T7, T, Tg, T10 such that x = (xg, x7, 8, T9,x10) holds y5 = x1p, then
Ys = Ts5.

(30) If z € [ X1, Xo, X3, X4, X5 ], then there exist x1, zo, x3, T4, 5 such
that 1 € X7 and z9 € X5 and 23 € X3 and x4 € X4 and x5 € X5 and
z = (T1,72,T3,T4,T5).
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(31)  (x1,x2,x3,24,25) € [ X1, X9, X3, Xy, X5 if and only if z; € X; and
T € X9 and x3 € X3 and z4 € X, and x5 € X5.

(32) If for every z holds z € Z if and only if there exist x1, 9, 3, T4, T5
such that z; € X; and 2o € X5 and z3 € X3 and z4 € X4 and z5 € Xj5
and z = (1, x2, T3, T4, x5), then Z = [ X3, Xo, X3, X4, X5].

(33)  Suppose X1 # 0 and Xo # 0 and X3 # () and X4 # () and X5 # ) and
Y1 # 0 and Yo # 0 and Y3 # 0 and Yy # () and Y5 # 0. Let x be an
element of | X1, Xo, X3, X4, X5]. Then for every element y of [ Y7, Ys,
Y3, Yy, Y5 ] such that © = y holds 1 = y1 and z9 = y2 and z3 = yg and
4 = ygq and x5 = ys.

(34)  For every element z of [ X1, Xo, X3, X4, X5 such that x € [ 4, As,
As, Ay, As] holds x1 € Ay and 9 € Ay and 23 € Az and 24 € A4 and
ry € As.

(35) If X; CY;and Xo CY; and X3 C Yy and Xy C Y, and X5 C Y3, then
EXq, Xo, X3, Xy, X5] CEYY, Yo, V3, Yy, Vs

Let us consider Xl, XQ, Xg, X4, X5, Al, Ag, Ag, A4, A5. Then [1A1, Ag, A3,
Ay, Asis a subset of [ X1, Xo, X3, X4, X51.
The following three propositions are true:

(36) If X7 # 0 and Xo # (), then for every element z1; of | X1, X5 there
exists an element xg of X; and there exists an element x7 of X5 such that
Tr11 = (acg,aw).

(37) If X3 # 0 and X5 # () and X3 # 0, then for every element x17 of | X7,
X9, X3 there exist xg, 7, g such that 11 = (xg, 27, x8).

(38) If X; # 0 and Xo # 0 and X3 # (0 and X4 # 0, then for every
element z17 of [ Xy, Xo, X3, X4 there exist xg, x7, g, 9 such that
11 = <$67$77$87$9>'
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