FORMALIZED MATHEMATICS

Vol.2, No,4, September—October 1991
Université Catholique de Louvain

Oriented Metric-Affine Plane - Part 1

Jarostaw Zajkowski
Warsaw University
Biatystok

Summary. We present (in Euclidean and Minkowskian geome-
try) definitions and some properties of the oriented orthogonality rela-
tion. Next we consider consistence of Euclidean space and consistence of
Minkowskian space.

MML Identifier: ANALORT.

The terminology and notation used in this paper have been introduced in the
following articles: [1], [6], [7], [5], [3], [2], and [4]. We adopt the following rules:
V will denote a real linear space, u, ui, uo, v, v1, v2, w, wy, x, y Will denote
vectors of V', and n will denote a real number. Let us consider V', z, y. Let us
assume that x, y span the space. Let us consider u. The functor p%y(u) yielding
a vector of V is defined as follows:

(Def.1)  pily(u) = my (u) -2 + (=72 , (u)) - y.
The following propositions are true:

(1) If 2, y span the space, then p)', (u -+ v) paL, (w) + Pt (v).

(2) If x, y span the space, then pg/[y(n u p%y(u).

(3) If z, y span the space, then p%y(Ov)

(4) If x, y span the space, then pg/ly( u) = —pu,l}/fy(u).

(5) If z, y span the space, then p, y(u v) = p, y( u) — plg\ﬁ/[y(v).

(6) If x, y span the space and p%y( ) = pg/ly( ) then u = v.

(7)  If 2, y span the space, then p)! (o', (u)) =

(8) If x, y span the space, then there exists v such that u = plg\c/fy(v).

Let us consider V, =, y. Let us assume that x, y span the space. Let us
consider u. The functor pg,y(u) yielding a vector of V is defined by:

(Def.2)  pf,(u) = 73, (u) - @ + (=7, (w)) -y
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Next we state several propositions:

(9) If x, y span the space, then pgy( v) = —pgy(v).
(10)  If z, y span the space, then p}, (u+v) = pi, (u) + pk , (v)
(11)  If x, y span the space, then pgy( —v) =pk,(u) — pgy(v).
(12) If x, y span the space, then p., y(n u) = pg,y(u).
(13) If x, y span the space and pg,y(u) = px,y(v), then u = v.
(14)  If z, y span the space, then pg’y(pg’y(u)) = —u.
(15)  If =, y span the space, then there exists v such that pgy(v) = u.

We now define two new predicates. Let us consider V', x, y, u, v, w1, v1. Let
us assume that z, y span the space. We say that the segments u, v and uq, vy
are E-coherently orthogonal in the basis z, y if and only if:

(Def.3) %, (w), 5y (0) 1T ua, v
We say that the segments u, v and wj, v; are M-coherently orthogonal in the
basis x, y if and only if:

(Def.4) p%y(u),p%y(v) I g, 0.
One can prove the following propositions:
(16) EIf T,y ;pan the space, then if uw,v | wy,v;, then pg’y(u),pg,y(v) i
px,y(ul)uom,y(vl)'
(17)  If z, y span the space, then if u,v [ wy,v;, then p%y(u),p%y(v) i

phY, (u1), phL, (vr).

(18) If z, y span the space, then if the segments u, u; and v, vy are E-
coherently orthogonal in the basis x, y, then the segments v, v; and uq,
u are E-coherently orthogonal in the basis x, y.

(19) If 2, y span the space, then if the segments u, u; and v, v; are M-
coherently orthogonal in the basis x, y, then the segments v, v; and u, u;
are M-coherently orthogonal in the basis x, ¥.

(20) If z, y span the space, then the segments u, u and v, w are E-coherently
orthogonal in the basis z, y.

(21) If z, y span the space, then the segments u, u and v, w are M-coherently
orthogonal in the basis z, y.

(22) If z, y span the space, then the segments u, v and w, w are E-coherently
orthogonal in the basis x, y.

(23)  If z, y span the space, then the segments u, v and w, w are M-coherently
orthogonal in the basis z, y.

(24)  If 2, y span the space, then u, v, p&, (u) and p% , (v) are orthogonal

w.r.t. x, vy.

B

(25) If z, y span the space, then the segments u, v and pgy(u), Py

E-coherently orthogonal in the basis z, y.

(v) are

M

2y (V) are

(26) If z, y span the space, then the segments u, v and pg/fy(u), P
M-coherently orthogonal in the basis x, y.
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If z, y span the space, then u,v 1| uy,v; if and only if there exist uo,
v such that uy # vo and the segments us, v9 and u, v are E-coherently
orthogonal in the basis =, y and the segments uo, vo and wuq, vy are E-
coherently orthogonal in the basis z, y.

If z, y span the space, then u,v || uy,v; if and only if there exist uo,
v such that us # v9 and the segments us, vo and u, v are M-coherently
orthogonal in the basis z, y and the segments us, vo and wuq, v1 are M-
coherently orthogonal in the basis z, y.

If x, y span the space, then u, v, u; and v; are orthogonal w.r.t. x, y
if and only if the segments u, v and u1, v; are E-coherently orthogonal in
the basis x, y or the segments u, v and vy, u; are E-coherently orthogonal
in the basis z, y.

If x, y span the space and the segments u, v and w1, v; are E-coherently
orthogonal in the basis x, y and the segments u, v and vy, u; are E-
coherently orthogonal in the basis x, y, then ©w = v or u; = v;.

If z, y span the space and the segments u, v and u1, v; are M-coherently
orthogonal in the basis x, ¥ and the segments u, v and vq, u; are M-
coherently orthogonal in the basis z, y, then v = v or u1 = v1.

If z, y span the space and the segments u, v and w1, v; are E-coherently
orthogonal in the basis x, y and the segments u, v and uy, w are E-
coherently orthogonal in the basis x, y, then the segments u, v and vy, w
are E-coherently orthogonal in the basis x, y or the segments u, v and w,
v1 are E-coherently orthogonal in the basis x, y.

If , y span the space and the segments u, v and w1, vy are M-coherently
orthogonal in the basis x, y and the segments u, v and w1, w are M-
coherently orthogonal in the basis x, y, then the segments u, v and v, w
are M-coherently orthogonal in the basis x, y or the segments u, v and w,
v1 are M-coherently orthogonal in the basis x, ¥.

If z, y span the space and the segments u, v and uq, v are E-coherently
orthogonal in the basis x, y, then the segments v, u and vy, u; are E-
coherently orthogonal in the basis x, y.

If z, y span the space and the segments u, v and u1, v; are M-coherently
orthogonal in the basis z, y, then the segments v, v and v1, u; are M-
coherently orthogonal in the basis x, y.

If x, y span the space and the segments u, v and uy, v; are E-coherently
orthogonal in the basis z, y and the segments u, v and vi, w are E-
coherently orthogonal in the basis x, y, then the segments u, v and w1, w
are E-coherently orthogonal in the basis z, y.

If , y span the space and the segments u, v and w1, vy are M-coherently
orthogonal in the basis x, y and the segments u, v and v;, w are M-
coherently orthogonal in the basis z, y, then the segments u, v and uq, w
are M-coherently orthogonal in the basis x, y.

If x, y span the space, then for every u, v, w there exists u; such that
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w # uy and the segments w, u; and u, v are E-coherently orthogonal in
the basis z, y.

If x, y span the space, then for every u, v, w there exists u; such that
w # w1 and the segments w, u; and u, v are M-coherently orthogonal in
the basis z, y.

If x, y span the space, then for every u, v, w there exists u; such that
w # uy and the segments u, v and w, uy are E-coherently orthogonal in
the basis z, y.

If x, y span the space, then for every u, v, w there exists u; such that
w # w1 and the segments u, v and w, u; are M-coherently orthogonal in
the basis z, y.

If z, y span the space and the segments u, 1y and v, v; are E-coherently
orthogonal in the basis x, y and the segments w, w; and v, v; are E-
coherently orthogonal in the basis x, y and the segments w, w1 and s,
ve are E-coherently orthogonal in the basis z, y, then w = w; or v = v;
or the segments u, u; and uo, vy are E-coherently orthogonal in the basis
T, Y.

If , y span the space and the segments u, u; and v, vy are M-coherently
orthogonal in the basis x, y and the segments w, w; and v, vy are M-
coherently orthogonal in the basis x, y and the segments w, w; and e,
vg are M-coherently orthogonal in the basis x, y, then w = w; or v = v;
or the segments u, u; and us, v9 are M-coherently orthogonal in the basis
T, y.

If z, y span the space and the segments u, uy and v, v; are E-coherently
orthogonal in the basis x, y, then the segments v, v1 and u, u; are E-
coherently orthogonal in the basis x, y or the segments v, v1 and uq, u
are E-coherently orthogonal in the basis z, y.

If 2, y span the space and the segments u, u; and v, vy are M-coherently
orthogonal in the basis z, y, then the segments v, v and u, u; are M-
coherently orthogonal in the basis x, y or the segments v, v; and uj, u
are M-coherently orthogonal in the basis x, ¥.

If z, y span the space and the segments u, 1y and v, v; are E-coherently
orthogonal in the basis x, y and the segments v, v; and w, w; are E-
coherently orthogonal in the basis x, y and the segments w9, vo and w,
wy are E-coherently orthogonal in the basis z, y, then the segments u,
u1 and ug, vo are E-coherently orthogonal in the basis z, y or v = vy or
w = wq.

Next we state several propositions:

(47)

If z, y span the space and the segments u, u; and v, v; are M-coherently
orthogonal in the basis x, ¥ and the segments v, v; and w, wy, are M-
coherently orthogonal in the basis x, y and the segments us, vo and w,
wy are M-coherently orthogonal in the basis x, y, then the segments u,
u1 and uo, v9 are M-coherently orthogonal in the basis x, y or v = v1 or
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w = w1.

If z, y span the space and the segments u, 1y and v, v; are E-coherently
orthogonal in the basis x, y and the segments v, v; and w, w; are E-
coherently orthogonal in the basis z, y and the segments u, u; and uo,
v9 are E-coherently orthogonal in the basis x, y, then the segments uo,
v9 and w, wy are E-coherently orthogonal in the basis x, y or v = v or
U = Uui.

If , y span the space and the segments u, u; and v, vy are M-coherently
orthogonal in the basis x, y and the segments v, v; and w, w; are M-
coherently orthogonal in the basis z, y and the segments u, u; and uo,
vy are M-coherently orthogonal in the basis x, y, then the segments uo,
vg and w, wy are M-coherently orthogonal in the basis z, y or v = v; or
U = ui.

Suppose x, y span the space. Given v, w, uy, v, wy. Suppose the
segments v, v; and w, u; are not E-coherently orthogonal in the basis ,
y and the segments v, v; and u1, w are not E-coherently orthogonal in the
basis x, y and the segments u1, w1 and u1, w are E-coherently orthogonal
in the basis x, y. Then there exists us such that the segments v, v and
v, ug are E-coherently orthogonal in the basis z, y or the segments v, vq
and ug, v are E-coherently orthogonal in the basis x, y but the segments
u1, w1 and u1, ug are E-coherently orthogonal in the basis x, y or the
segments u1, wy and uo, uy are E-coherently orthogonal in the basis z, y.

If x, y span the space, then there exist u, v, w such that the segments
u, v and u, w are E-coherently orthogonal in the basis x, y and for all v,
wy such that the segments v, wi and u, v are E-coherently orthogonal
in the basis x, y holds the segments v, w1 and u, w are not E-coherently
orthogonal in the basis z, y and the segments v, wy; and w, u are not
E-coherently orthogonal in the basis x, y or v1 = w;.

Suppose x, y span the space. Given v, w, uy, v1, wy. Suppose h the
segments v, v1 and w, u; are not M-coherently orthogonal in the basis x, y
and h the segments v, v; and u;, w are not M-coherently orthogonal in the
basis x, y and the segments u1, w; and u;, w are M-coherently orthogonal
in the basis x, y. Then there exists us such that the segments v, v; and
v, ug are M-coherently orthogonal in the basis x, y or the segments v, v;
and ug, v are M-coherently orthogonal in the basis x, y but the segments
u1, wy and wuj, ug are M-coherently orthogonal in the basis x, y or the
segments w1, wi and ue, u; are M-coherently orthogonal in the basis =,
.

If , y span the space, then there exist u, v, w such that the segments
u, v and u, w are M-coherently orthogonal in the basis x, y and for all v,
wy such that the segments v1, wy and u, v are M-coherently orthogonal in
the basis x, y holds h the segments v, wy and u, w are not M-coherently
orthogonal in the basis x, y and h the segments v, wy and w, u are not
M-coherently orthogonal in the basis z, y or v1 = w;.

997



598 JAROSEAW ZAJKOWSKI

In the sequel ug, v will be arbitrary. Let us consider V, z, y. Let us assume
that =, y span the space. The Euclidean oriented orthogonality defined over
V,x,y yielding a binary relation on [ the vectors of V, the vectors of V] is
defined as follows:

(Det.5)  (us, vs) €the Euclidean oriented orthogonality defined over V,x,y if and
only if there exist uj, ug, v1, ve such that us = (u1, ue) and vy = (vy,
vg) and the segments uy, ug and vy, ve are E-coherently orthogonal in the
basis z, y.

Let us consider V', x, y. Let us assume that z, y span the space. The
Minkowskian oriented orthogonality defined over V ,z,y yields a binary relation
on [ the vectors of V, the vectors of V'] and is defined by:

(Def.6)  (us, vs) €the Minkowskian oriented orthogonality defined over V,z,y if
and only if there exist uy, ug, v1, vy such that us = (u;, uz) and v3 = (vy,
vg) and the segments wuj, ug and vy, ve are M-coherently orthogonal in
the basis z, y.

Let us consider V, z, y. Let us assume that x, y span the space. The functor
CESpace(V, z,y) yields an affine structure and is defined by:

(Det.7)  CESpace(V,z,y) = ( the vectors of V,the Euclidean oriented orthogo-
nality defined over V z,y).

Let us consider V', z, y. Let us assume that x, y span the space. The functor
CMSpace(V, z,y) yielding an affine structure is defined by:

(Def.8)  CMSpace(V,z,y) = ( the vectors of V,the Minkowskian oriented or-
thogonality defined over V z.y).

Let A; be an affine structure, and let p, g, r, s be elements of the points of
Aq. The predicate p,qT”r, s is defined as follows:
(Def.9)  ({p, q), (r, s)) € the congruence of A;.

One can prove the following propositions:

(54) If z, y span the space, then for every ug holds ug is an element of the
points of CESpace(V, x,y) if and only if us is a vector of V.

(55) If z, y span the space, then for every ug holds ug is an element of the
points of CMSpace(V, z,y) if and only if ug is a vector of V.

In the sequel p, ¢, r, s are elements of the points of CESpace(V, z,y). Next
we state the proposition

(56)  If x, y span the space and u = p and v = ¢ and u; = r and v; = s, then
p,qT7r, s if and only if the segments u, v and wuy, v; are E-coherently
orthogonal in the basis z, y.

In the sequel p, ¢, r, s will be elements of the points of CMSpace(V, z,y).
We now state the proposition

(57) If z, y span the space and v = p and v = ¢ and w3 = r and v; = s, then
p,qT~r, s if and only if the segments u, v and uq, v; are M-coherently
orthogonal in the basis z, y.
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