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Summary. Comma category of two functors is introduced.

MML Identifier: COMMACAT.

The terminology and notation used in this paper have been introduced in the
following articles: [9], [10], [1], [5], [2], [7], [4], [3], [6], and [8]. We now define
four new functors. Let = be arbitrary. The functor x4 1 is defined by:

(Def.1)  z11 = (z1)1.
The functor xq 2 is defined as follows:

(Def.?) r12 = (1‘1)2.
The functor xg 1 is defined by:

(Def.3) 221 = (z2)1.
The functor xg o is defined as follows:

(Defd)  x92 = (22)2.

In the sequel z, x1, x2, ¥, Y1, Y2 are arbitrary. One can prove the following
proposition

(1) {{z1, 22), 9)1,1 = z1 and ({21, z2), y)1,2 = 2 and (z, (y1, y2)>2,1 =
y1 and (z, (y1, Y2))2.2 = V2.

Let Dy, Dy, D3 be non-empty sets, and let « be an element of [ [ Dy, Dy,
D3 ]. Then x7 1 is an element of D;. Then x1 2 is an element of Ds.

Let Dy, Dy, D3 be non-empty sets, and let = be an element of | Dy, | Do,
D3 ]]. Then x2 1 is an element of Dy. Then z2 2 is an element of Ds.

For simplicity we follow a convention: C, D, E are categories, ¢ is an object
of C, dis an object of D, x is arbitrary, f is a morphism of E, g is a morphism
of C, h is a morphism of D, F is a functor from C to F, and G is a functor
from D to E. Let us consider C', D, E, and let F' be a functor from C to F, and
let G be a functor from D to E. Let us assume that there exist ¢y, di, fi such
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that f1 € hom(F(c1),G(d1)). The functor Obj g ) yields a non-empty subset
of [ [the objects of C, the objects of D ], the morphisms of F ] and is defined
as follows:

(Def5)  Obj(rg = {{(e. d). )+ / € hom(F(e). G(d))}.

In the sequel o, 01, 02 will denote elements of Obj ). The following propo-
sition is true

(2)  Suppose there exist ¢, d, f such that f € hom(F(c),G(d)). Then o =

({011, 01,2), 02) and 02 € hom(F(01 1), G(01,2)) and dom(oz) = F(01,1)
and cod(o2) = G(01,2).

Let us consider C', D, E, F, G. Let us assume that there exist c1, dy, f1 such
that f1 € hom(F(c1),G(d1)). The functor Morph g ) yielding a non-empty
subset of [ | Obj(p ¢y, Obj(p,) qua a non-empty set |, [ the morphisms of C, the
morphisms of D ] is defined by:

(Def.6)  Morph(pgy = {{{o1, 02}, {9, h)) : domg = 0111 Acodg = 0211 A
domh = 011 2 Acodh = 0212 AN o2g - F(g) = G(h) - 012}

In the sequel k, k1, ko, k' denote elements of Morph g ). Let us consider C,
D, E, F, G, k. Then k1 is an element of Obj(f ). Then kj 2 is an element of
Obj(p)- Then kg1 is a morphism of C'. Then k2 2 is a morphism of D.

The following proposition is true

(3)  Suppose There exist ¢, d, f such that f € hom(F(c),G(d)). Then

) k= {((k11, k1,2), (k21, k2.2)),
(ii) dom(kz1) = (k1,1)1,1,
(iii)  cod(kg1) = (k1,2)1.1,
(iv)  dom(kz2) = (k1,1)1,2,
(v) cod(ka2) = (k1,2)1,2,

(Vi) (k12)2- F(k21) = G(k22) - (k11)2.

Let us consider C, D, E, F, G, k1, ko. Let us assume that there exist cq, d,
f1 such that f; € hom(F(c1),G(dy)). Let us assume that ki1 2 = k23 1. The
functor ky - k1 ylelding an element of Morph f ) is defined as follows:

(Def.7) ko -k = ((k11,1, k21,2), (k22,1 - k121, k222 - k12.2))-
Let us consider C, D, E, F', G. The functor o (g ) yields a partial function
from [ Morph g ), Morph g ) § to Morphz ) and is defined by:
(Def.8)  dom(o(py) = {(k1, k2) : k11,1 = ka1,2} and for all k, &’ such that (k,
k') € dom(o(p,q)) holds op ey ((k, k') = k- K'.

Let us consider C', D, E, F, G. Let us assume that there exist ¢y, di, f1
such that f; € hom(F(c1),G(dy)). The functor (F, G) yielding a strict category
is defined by the conditions (Def.9).

(Def.9) (i)  The objects of (F,G) = Obj(p,q),
(ii)  the morphisms of (F,G) = Morphp ¢,
(iii)  for every k holds (the dom-map of (F,G))(k) = k1 1,
) for every k holds (the cod-map of (F,G))(k) = k1 2,
) for every o holds (the id-map of (F, G))(0) = ({0, 0) (id (01.1) 1d(01’2))),
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(vi)  the composition of (F,G) = o q)-

We now state two propositions:

(4)  The objects of O(x,y) = {} and the morphisms of O(z,y) = {y}.
(5)  For all objects a, b of O(z,y) holds hom(a,b) = {y}.

Let us consider C, c¢. The functor ©(c) yielding a strict subcategory of C is
defined as follows:

(Def.10)  ©(c) = O(c,id,).
We now define two new functors. Let us consider C, ¢. The functor (¢, C)
yields a strict category and is defined by:

(Def.11) (¢, C) = (°19id).
The functor (C, ¢) yields a strict category and is defined as follows:
(Def.12)  (C,c) = (ide, ©19).
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