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Summary. By categorial categories we mean categories with cat-
egories as objects and morphisms of the form (C1, C2, F'), where C; and
C'y are categories and F' is a functor from C into Co.

MML Identifier: CAT_5.

The terminology and notation used here are introduced in the following articles:
[14], [16], [9], [15], [11], [17], [2], [3], [5], [12], [10], [7], [6], [4], [8], [1], and [13].

1. CATEGORIES WITH TRIPLE-LIKE MORPHISMS

Let Dy, Dy, D be non empty sets and let = be an element of [ Dy, Ds ],
D . Then xq 1 is an element of D;. Then 1 2 is an element of D,.
Let Di, Dy be non empty sets and let  be an element of [ Dy, Dy]. Then
9 is an element of Ds.
Next we state the proposition
(1) Let C, D be category structures. Suppose the category structure of
C = the category structure of D. If C' is category-like, then D is category-
like.
A category structure has triple-like morphisms if:

(Def.1)  For every morphism f of it there exists a set = such that f = ({dom f,
cod f), x).
One can verify that there exists a strict category has triple-like morphisms.
Next we state the proposition
(2) Let C be a category structure with triple-like morphisms and let f be a
morphism of C. Then dom f = f1 1 and cod f = f1 2 and f = ((dom f,
cod f}, f2).
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Let C be a category structure with triple-like morphisms and let f be a
morphism of C. Then fq 1 is an object of C. Then f7 2 is an object of C.
In this article we present several logical schemes. The scheme CatFEx concerns
non empty sets A, B, a binary functor F yielding arbitrary, and a ternary
predicate P, and states that:
There exists a strict category C' with triple-like morphisms such
that
(i)  the objects of C'= A,
(ii) for all elements a, b of A and for every element f of B such
that Pla, b, f] holds {({a, b), f) is a morphism of C,
(i)  for every morphism m of C there exist elements a, b of A
and there exists an element f of B such that m = ({(a, b), f) and
Pla, b, f], and
(iv) for all morphisms mq, mg of C and for all elements a1, ag, as
of A and for all elements f1, fo of B such that m; = ({a1, a2), f1)
and mo = ({ag, as), f2) holds mg - my = ({a1, a3), F(f2, f1))
provided the parameters meet the following requirements:
e For all elements a, b, ¢ of A and for all elements f, g of B such that
Pla,b, f] and PIb, ¢, g] holds F(g, f) € B and Pla,c, F(g, f)],
e Let a be an element of A. Then there exists an element f of B such
that
(i) Pla,a, f], and
(ii)  for every element b of A and for every element g of B holds
if Pla,b,g], then F(g, f) = g and if P[b, a, g|, then F(f,g9) =g,
e Let a, b, ¢, d be elements of A and let f, g, h be elements of
B. If Pla,b, f] and P[b,c,g] and Ple,d, h], then F(h,F(g,f)) =
F(F(h,g), f).
The scheme CatUniq deals with non empty sets A, BB, a binary functor F
yielding arbitrary, and a ternary predicate P, and states that:
Let C7, Cy be strict categories with triple-like morphisms. Suppose
that
(i)  the objects of C; = A,
(ii) for all elements a, b of A and for every element f of B such
that Pla, b, f] holds ({a, b), f) is a morphism of C,
(iii)  for every morphism m of C there exist elements a, b of A
and there exists an element f of B such that m = ({a, b), f) and
P[CL, ba .ﬂa
(iv)  for all morphisms mj, mg of C; and for all elements aj, as,
a3 of A and for all elements f1, fo of B such that my = ({a1, a2),
f1) and ma = ((az, as), f2) holds ma - m1 = ({a1, az), F(f2, f1)),
(v)  the objects of Cy = A,
(vi)  for all elements a, b of A and for every element f of B such
that Pla, b, f] holds ({a, b), f) is a morphism of C,
(vii)  for every morphism m of Cy there exist elements a, b of A
and there exists an element f of B such that m = ({a, b), f) and
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Pla, b, f], and
(viii)  for all morphisms mi, mgy of Cs and for all elements ay, as,
as of A and for all elements f1, fo of B such that m; = ({a1, a2),
f1> and mo = <<a2, a3>, fg) holds mo-Mmi = ((al, a3>, }-(fQ,fl))
Then Cq = Cy
provided the parameters meet the following requirement:

e Let a be an element of A. Then there exists an element f of B such

that

(i)  Pla,a,f], and

(ii)  for every element b of A and for every element g of B holds
if Pla, b, g, then F(g, f) = g and if P[b,a, g], then F(f,g) = g.

The scheme FunctorEz concerns categories A, B, a unary functor F yielding

an object of B, and a unary functor G yielding a set, and states that:
There exists a functor F' from A to B such that for every morphism
fof Aholds F(f)=G(f)
provided the following conditions are met:
e Let f be a morphism of A. Then G(f) is a morphism of B and for
every morphism g of B such that g = G(f) holds dom g = F(dom f)
and cod g = F(cod f),
e For every object a of A holds G(id,) = idz(q),
e For all morphisms f;, fo of A and for all morphisms g1, go of B
such that g1 = G(f1) and go = G(f2) and dom fo = cod f; holds
G(f2- f1) =g2-g1-
We now state two propositions:
(3) Let Cy be a category and let Cy be a subcategory of C;. Suppose Cf is
a subcategory of C's. Then the category structure of C; = the category
structure of Cs.
(4) For every category C' and for every subcategory D of C holds every
subcategory of D is a subcategory of C.

Let C7, Cs be categories. Let us assume that there exists a category C such
that C7 is a subcategory of C' and C5 is a subcategory of C'. And let us assume
that there exists an object 01 of C such that oy is an object of Cy. The functor
C1 N Cy yields a strict category and is defined by the conditions (Def.2).

(Def.2) (i)  The objects of C1 N Cy = (the objects of C1) N (the objects of Cy),

(ii)  the morphisms of C} N Cy = (the morphisms of C) N (the morphisms

of Cg),

(iii))  the dom-map of C; N Cy = (the dom-map of C7) | (the morphisms of
Ca),

(iv)  the cod-map of C; N Cy = (the cod-map of C7) | (the morphisms of
Ca),

(v)  the composition of C1NCy = (the composition of C7)[ ([ the morphisms
of Cy, the morphisms of C3 ] qua set), and
(vi)  the id-map of C; N Cy = (the id-map of Cy) | (the objects of C3).

In the sequel C'is a category and C;, Cs are subcategories of C'.
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The following propositions are true:

(5)  If (the objects of C1) N (the objects of Co) # 0, then C; N Cy = Co N Ch.

(6) If (the objects of C71) N (the objects of Cy) # 0, then C; N Cy is a
subcategory of C7 and C7 N (s is a subcategory of Cs.

Let C', D be categories and let I’ be a functor from C to D. The functor

Im F yields a strict subcategory of D and is defined by the conditions (Def.3).
(Def.3) (i) The objects of Im F' = rng Obj F,
(ii) rng F' C the morphisms of Im F, and

(iii)  for every subcategory E of D such that the objects of E = rng Obj F
and rng F' C the morphisms of E holds Im F' is a subcategory of E.

Next we state three propositions:

(7) Let C, D be categories, and let E be a subcategory of D, and let F'
be a functor from C to D. If rng F' C the morphisms of F, then F' is a
functor from C to E.

(8)  For all categories C, D holds every functor from C to D is a functor
from C to Im F.

(9) Let C, D be categories, and let E be a subcategory of D, and let F' be
a functor from C to F, and let G be a functor from C to D. If F = G,
then Im F = ImG.

2. CATEGORIAL CATEGORIES

A set is categorial if:
(Def.4)  For every set z such that x € it holds x is a category.

One can check that there exists a non empty set which is categorial. Let us
observe that a non empty set is categorial if:

(Def.5)  Every element of it is a category.
A category is categorial if it satisfies the conditions (Def.6).

(Def.6) (i)  The objects of it is categorial,

(ii)  for every object a of it and for every category A such that a = A holds
id, = <<A7 A)7 idA>7

(iii)  for every morphism m of it and for all categories A, B such that
A = domm and B = codm there exists a functor F' from A to B such
that m = ((A, B), F), and

(iv)  for all morphisms mq, mq of it and for all categories A, B, C' and for
every functor F' from A to B and for every functor G from B to C' such
that m; = ((4, B), F) and ma = ((B, C), G) holds ma - m; = ({4, C),
G- F).

Let us mention that every category which is categorial has triple-like mor-

phisms.
One can prove the following two propositions:
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(10) Let C, D be categories. Suppose the category structure of C' = the
category structure of D. If C' is categorial, then D is categorial.

(11)  For every category C holds O(C, {{C, C), id¢)) is categorial.

Let us note that there exists a strict category which is categorial.
We now state two propositions:

(12)  For every categorial category C holds every object of C' is a category.

(13)  For every categorial category C' and for every morphism f of C' holds
dom f = f11 and cod f = f1 2.
Let C be a categorial category and let m be a morphism of C. Then m 1 is
a category. Then mq 2 is a category.
We now state the proposition
(14) Let Cy, Cy be categorial categories. Suppose the objects of C; = the
objects of Cy and the morphisms of C; = the morphisms of Cs. Then the
category structure of C; = the category structure of Cj.

Let C be a categorial category. One can check that every subcategory of C
is categorial.
We now state the proposition
(15) Let C, D be categorial categories. Suppose the morphisms of C' C the
morphisms of D. Then C is a subcategory of D.

Let a be a set. Let us assume that a is a category. The functor cat a yields
a category and is defined by:

(Def.7)  cata = a.
One can prove the following proposition

(16)  For every categorial category C and for every object ¢ of C holds cat ¢ =
c.

Let C be a categorial category and let m be a morphism of C'. Then mg is
a functor from cat dom m to cat cod m.
Next we state two propositions:
(17) Let X be a categorial non empty set and let Y be a non empty set.
Suppose that
(i) for all elements A, B, C' of X and for every functor F' from A to B
and for every functor G from B to C' such that F € Y and G € Y holds
G-FeY, and
(ii) for every element A of X holdsid4 € Y.
Then there exists a strict categorial category C such that
(iii)  the objects of C = X, and
(iv) for all elements A, B of X and for every functor F' from A to B holds
((A, B), F) is a morphism of C iff FF € Y.
(18) Let X be a categorial non empty set, and let Y be a non empty set,
and let Cp, C5 be strict categorial categories. Suppose that
(i)  the objects of C = X,



162 GRZEGORZ BANCEREK

(ii)  for all elements A, B of X and for every functor F' from A to B holds
((A, B), F) is a morphism of C iff F' €Y,
(iii)  the objects of Co = X, and
(iv) for all elements A, B of X and for every functor F' from A to B holds
((A, B), F) is a morphism of Cy iff F' € Y.
Then Cq = Cs.
A categorial category is full if it satisfies the condition (Def.8).
(Def.8)  Let a, b be categories. Suppose a is an object of it and b is an object of
it. Let F be a functor from a to b. Then ({(a, b), F') is a morphism of it.
Let us note that there exists a categorial strict category which is full.
The following propositions are true:
(19)  Let Cq, C4 be full categorial categories. Suppose the objects of C; = the
objects of Cy. Then the category structure of C7 = the category structure
of 02.
(20)  For every categorial non empty set A there exists a full categorial strict
category C such that the objects of C' = A.
(21) Let C be a categorial category and let D be a full categorial category.
Suppose the objects of C' C the objects of D. Then C' is a subcategory of
D.
(22) Let C be a category, and let D1, Dy be categorial categories, and let
F1 be a functor from C to D1, and let Fy be a functor from C to Dy. If
Fy = F5, then Im F}, = Im F5.

3. SLICE CATEGORIES

Let C be a category and let o be an object of C. The functor Hom(o) yielding
a non empty subset of the morphisms of C is defined by:

(Def.9)  Hom(o) = (the cod-map of C') ~! {o}.
The functor hom(o,0) yields a non empty subset of the morphisms of C' and is
defined by:
(Def.10)  hom(o,0) = (the dom-map of C) ~! {o}.
We now state several propositions:

(23)  For every category C and for every object a of C' and for every morphism
f of C holds f € Hom(a) iff cod f = a.

(24)  For every category C' and for every object a of C' and for every morphism
f of C holds f € hom(a,0) iff dom f = a.

(25)  For every category C and for all objects a, b of C' holds hom(a,b) =
hom(a,d) N Hom(b).

(26) For every category C and for every morphism f of C holds f €
hom(dom f,0) and f € Hom(cod f).
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(27)  For every category C and for every morphism f of C and for every
element g of Hom(dom f) holds f - g € Hom(cod f).

(28)  For every category C and for every morphism f of C and for every
element g of hom(cod f,0) holds ¢ - f € hom(dom f,O).

Let C be a category and let o be an object of C'. The functor SliceCat(C, o)
yields a strict category with triple-like morphisms and is defined by the condi-
tions (Def.11).

(Def.11) (i)  The objects of SliceCat(C, 0) = Hom(o),

(ii)  for all elements a, b of Hom(o) and for every morphism f of C' such
that domb = cod f and a = b- f holds ({a, b), f) is a morphism of
SliceCat(C, o),

(i)  for every morphism m of SliceCat(C,o0) there exist elements a, b of
Hom(o) and there exists a morphism f of C' such that m = ((a, b), f)
and domb =cod f and a =b- f, and

(iv)  for all morphisms mq, mg of SliceCat(C,0) and for all elements a1, as,
a3 of Hom(o) and for all morphisms f1, fo of C such that m; = ({a1, as),
f1> and mo = ((CLQ, CLg), f2) holds mo-myp = ((al, CL3>, f2 . fl)

The functor SliceCat(o, C') yielding a strict category with triple-like morphisms
is defined by the conditions (Def.12).

(Def.12) (i)  The objects of SliceCat (o, C') = hom(o,0),

(ii)  for all elements a, b of hom(o,0) and for every morphism f of C such
that dom f = coda and f-a = b holds ({(a, b), f) is a morphism of
SliceCat (o, C),

(iii)  for every morphism m of SliceCat(o,C) there exist elements a, b of
hom(o,0) and there exists a morphism f of C' such that m = ({(a, b), f)
and dom f = coda and f-a =0, and

(iv)  for all morphisms mq, ms of SliceCat(o,C) and for all elements a1, as,
as of hom(o,0) and for all morphisms f1, fo of C' such that my = ({a1,
az), f1) and ma = ({az, a3), f2) holds my-m1 = ((a1, as), f2- f1).

Let C' be a category, let o be an object of C', and let m be a morphism
of SliceCat(C,0). Then mg is a morphism of C. Then mq 1 is an element of
Hom(0). Then mq 2 is an element of Hom(o).

We now state two propositions:

(29) Let C be a category, and let a be an object of C, and let m be
a morphism of SliceCat(C,a). Then m = ((mq1, m12), m2) and
dom(my 2) = cod(mz) and my 1 = mq 2 - mg and domm = mq 7 and
codm = mq 3.

(30) Let C be a category, and let o be an object of C, and let f be an
element of Hom(o), and let a be an object of SliceCat(C,0). If a = f,
then id, = ((a, a), idqom f)-

Let C be a category, let o be an object of C', and let m be a morphism
of SliceCat(o,C'). Then mg is a morphism of C. Then mq 1 is an element of
hom(o,0). Then mq 2 is an element of hom(o,O).
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We now state two propositions:

(31) Let C be a category, and let a be an object of C, and let m be
a morphism of SliceCat(a,C). Then m = ({(mq1, m12), m2) and
dom(mg) = cod(my,1) and mg - my 1 = my 2 and domm = mq 1 and
codm = mq 2.

(32) Let C be a category, and let o be an object of C, and let f be an
element of hom(o,0), and let a be an object of SliceCat(o,C). If a = f,
then id, = ((a, a), idcoa f)-

4. FUNCTORS BETWEEN SLICE CATEGORIES

Let C be a category and let f be a morphism of C'. The functor SliceFunctor (f)
yielding a functor from SliceCat(C, dom f) to SliceCat(C,cod f) is defined by:

(Def.13)  For every morphism m of SliceCat(C, dom f) holds (SliceFunctor(f))(m) =
({f -maa, f-maz2), ma).
The functor SliceContraFunctor(f) yields a functor from SliceCat(cod f,C') to
SliceCat(dom f, C') and is defined as follows:

(Def.14)  For every morphism m of SliceCat(cod f, C') holds
(SliceContraFunctor(f))(m) = ({m1.1 - f, m1.2 - f), ma).
We now state two propositions:

(33)  For every category C and for all morphisms f, g of C such that dom g =
cod f holds SliceFunctor(g - f) = SliceFunctor(g) - SliceFunctor(f).

(34)  For every category C and for all morphisms f, g of C' such that
dom g = cod f holds SliceContraFunctor(g - f) = SliceContraFunctor(f) -
SliceContraFunctor(g).
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