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The articles [7], [9], [10], [1], [3], [4], [2], [8], [6], and [5] provide the notation and
terminology for this paper.

Let C be a non empty category structure with units, let o1, oo be objects of
C, let A be a morphism from 01 to 09, and let B be a morphism from o9 to o7.
We say that A is left inverse of B if and only if:

(Def 1) A-B= id(OQ) .
We introduce B is right inverse of A as a synonym of A is left inverse of B.

Let C be a non empty category structure with units, let 01, 02 be objects of
C, and let A be a morphism from 07 to 02. We say that A is retraction if and
only if:

(Def. 2) There exists a morphism from oy to 0; which is right inverse of A.

Let C be a non empty category structure with units, let o1, o2 be objects of
C, and let A be a morphism from o; to 02. We say that A is coretraction if and
only if:

(Def. 3) There exists a morphism from o2 to o; which is left inverse of A.
Next we state the proposition
(1) Let C be a non empty category structure with units and o be an object
of C. Then id, is retraction and id, is coretraction.

Let C be a category and let o1, 02 be objects of C. Let us assume that
(01,09) # 0 and (09, 01) # 0. Let A be a morphism from o; to o2. Let us assume
that A is retraction and coretraction. The functor A~! yields a morphism from
092 to 01 and is defined by:

(Def. 4)  A~1is left inverse of A and A~! is right inverse of A.

We now state three propositions:
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(2) Let C be a category and o1, 02 be objects of C. Suppose (01, 02) # () and
(09,01) # 0. Let A be a morphism from o7 to o9. If A is retraction and
coretraction, then A=! - A = id(,,) and A - A7l = id(4,) -

(3) Let C be a category and o1, 02 be objects of C. Suppose (01, 02) # () and
(09,01) # ). Let A be a morphism from o7 to o9. If A is retraction and
coretraction, then (A~1)~! = A.

(4) For every category C and for every object o of C holds (id,) ™! = id, .

Let C be a category, let o1, 02 be objects of C, and let A be a morphism
from o7 to 03. We say that A is iso if and only if:
(Def 5) A- A= id(OQ) and A7l A= id(ol) .
One can prove the following three propositions:

(5) Let C be a category, o1, 02 be objects of C, and A be a morphism from
01 to 09. If A is iso, then A is retraction and coretraction.

(6) Let C be a category and o1, 02 be objects of C. Suppose (01, 02) # () and
(09,01) # 0. Let A be a morphism from 07 to 0. Then A is iso if and only
if A is retraction and coretraction.

(7) Let C be a category, o1, 02, 03 be objects of C, A be a morphism from
01 to 0z, and B be a morphism from o0y to 03. Suppose (01,02) # () and
(09,03) # () and (03,01) # 0 and A is iso and B is iso. Then B - A is iso
and (B-A)~!=A"1. B~ 1

Let C be a category and let o1, 09 be objects of C. We say that o1, 02 are
iso if and only if:
(Def. 6) (01,02) # 0 and (02,01) # () and there exists a morphism from o1 to oz
which is iso.
Let us note that the predicate o1, o2 are iso is reflexive and symmetric.
One can prove the following proposition

(8) Let C be a category and o1, 02, 03 be objects of C. If 01, 0y are iso and

09, 03 are iso , then o1, o3 are iso .
Let C be a non empty category structure, let o1, 02 be objects of C, and let
A be a morphism from o; to oy. We say that A is mono if and only if:
(Def. 7)  For every object o of C' such that (0,01) # 0 and for all morphisms B,
C from o to o1 such that A- B=A-C holds B =C.
Let C be a non empty category structure, let o1, 02 be objects of C, and let
A be a morphism from o7 to 0oo. We say that A is epi if and only if:
(Def. 8) For every object o of C such that (02,0) # () and for all morphisms B,
C from oy to o such that B- A= C - A holds B = C.

We now state a number of propositions:

(9) Let C be an associative transitive non empty category structure and oy,
09, 03 be objects of C. Suppose (01,02) # () and (02, 03) # (). Let A be a
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morphism from o7 to 0oy and B be a morphism from o5 to o3. If A is mono
and B is mono, then B - A is mono.

(10) Let C be an associative transitive non empty category structure and o1,
02, 03 be objects of C. Suppose (01,02) # (0 and (02, 03) # (). Let A be a
morphism from o1 to 09 and B be a morphism from oo to o3. If A is epi
and B is epi, then B - A is epi.

(11) Let C be an associative transitive non empty category structure and oy,
02, 03 be objects of C. Suppose (01,02) # 0 and (02,03) # (. Let A be a
morphism from o0 to oy and B be a morphism from o5 to o3. If B- A is
mono, then A is mono.

(12) Let C be an associative transitive non empty category structure and o1,
02, 03 be objects of C. Suppose (01,02) # 0 and (03,03) # . Let A be a
morphism from o7 to 0o and B be a morphism from oy to o3. If B - A is
epi, then B is epi.

(13) Let X be a non empty set and o1, 02 be objects of Ensx. Suppose
(01,02) # . Let A be a morphism from o7 to 03 and F be a function from
01 into og. If F' = A, then A is mono iff F' is one-to-one.

(14) Let X be a non empty set with non empty elements and o3, 02 be objects
of Ensy. Suppose (01,092) # . Let A be a morphism from o; to oy and F
be a function from oy into o0s. If F' = A, then A is epi iff F' is onto.

(15) Let C be a category and o1, o2 be objects of C. Suppose (01, 02) # () and
(09,01) # 0. Let A be a morphism from o; to oo. If A is retraction, then
A is epi.

(16) Let C be a category and o1, o2 be objects of C. Suppose (01, 02) # () and
(09,01) # 0. Let A be a morphism from o7 to og. If A is coretraction, then
A is mono.

(17) Let C be a category and o1, o2 be objects of C. Suppose (01,02) # 0
and (02,01) # 0. Let A be a morphism from 07 to oq. If A is iso, then A is
mono and epi.

(18) Let C be a category and o1, 02, 03 be objects of C. Suppose (01, 02) # ()
and (02,03) # 0 and (03,01) # 0. Let A be a morphism from o; to o2 and
B be a morphism from oy to o3. If A is retraction and B is retraction,
then B - A is retraction.

(19) Let C be a category and o1, 02, 03 be objects of C. Suppose (01, 02) # ()
and (02,03) # () and (03,01) # (. Let A be a morphism from 07 to 0y and
B be a morphism from o9 to o3. If A is coretraction and B is coretraction,
then B - A is coretraction.

(20) Let C be a category, o1, 02 be objects of C, and A be a morphism from

01 to o9. If A is retraction and mono and (01,02) # 0 and (03,01) # 0,
then A is iso.
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(21) Let C be a category, o1, 02 be objects of C, and A be a morphism from
01 to 0. If A is coretraction and epi and (01,02) # 0 and (02,01) # 0,
then A is iso.

(22) Let C be a category, o1, 02, 03 be objects of C', A be a morphism from
01 to 02, and B be a morphism from o to 03. Suppose (01, 02) # () and
(02,03) # () and (03,01) # 0 and B - A is retraction. Then B is retraction.

(23) Let C be a category, o1, 02, 03 be objects of C; A be a morphism from
01 to 0z, and B be a morphism from oy to 03. Suppose (01,02) # () and
(09,03) # 0 and (03,01) # 0 and B - A is coretraction. Then A is coretrac-
tion.

(24) Let C be a category. Suppose that for all objects 01, o2 of C' holds every
morphism from 01 to o9 is retraction. Let a, b be objects of C and A be a
morphism from a to b. If (a,b) # () and (b, a) # (), then A is iso.

Let C be a non empty category structure with units and let o be an object of
C. Note that there exists a morphism from o to o which is mono, epi, retraction,
and coretraction.

Let C be a category and let o be an object of C. Observe that there exists
a morphism from o to o which is mono, epi, iso, retraction, and coretraction.

Let C be a category, let o be an object of C'; and let A, B be mono morphisms
from o to o. Note that A - B is mono.

Let C be a category, let o be an object of C, and let A, B be epi morphisms
from o to 0. Observe that A - B is epi.

Let C be a category, let o be an object of C, and let A, B be iso morphisms
from o to 0. One can verify that A - B is iso.

Let C be a category, let 0o be an object of C, and let A, B be retraction
morphisms from o to 0. Observe that A - B is retraction.

Let C be a category, let o be an object of C, and let A, B be coretraction
morphisms from o to 0. One can check that A - B is coretraction.

Let C be a graph and let o be an object of C. We say that o is initial if and
only if:

(Def. 9) For every object 01 of C' there exists a morphism M from o to o; such
that M € (0,01) and (o, 01) is trivial.
One can prove the following two propositions:

(25) Let C be a graph and o be an object of C'. Then o is initial if and only if
for every object o1 of C' there exists a morphism M from o to o1 such that
M € (o, 01) and for every morphism M from o to o1 such that M; € (o, 01)
holds M = M;.

(26) For every category C and for all objects o1, 0 of C' such that o; is initial
and o9 is initial holds o1, 0o are iso .

Let C be a graph and let o be an object of C. We say that o is terminal if
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and only if:

(Def. 10) For every object 01 of C' there exists a morphism M from o; to o such
that M € (01,0) and (o1, 0) is trivial.
Next we state two propositions:

(27) Let C be a graph and o be an object of C. Then o is terminal if and
only if for every object 01 of C there exists a morphism M from o; to o
such that M € (o1, 0) and for every morphism M; from o; to o such that
M € <01,0> holds M = Mj.

(28) For every category C' and for all objects 01, o2 of C' such that o is
terminal and o9 is terminal holds o1, 09 are iso .

Let C be a graph and let o be an object of C'. We say that o is zero if and
only if:
(Def. 11) o is initial and terminal.
We now state the proposition

(29) For every category C' and for all objects o1, 03 of C such that o is zero
and o9 is zero holds oy, 09 are iso .

Let C be a non empty category structure, let o1, o be objects of C, and
let M be a morphism from o7 to o2. We say that M is zero if and only if the
condition (Def. 12) is satisfied.

(Def. 12) Let o be an object of C. Suppose o is zero. Let A be a morphism from
01 to 0 and B be a morphism from o to oy. Then M = B - A.

We now state the proposition

(30) Let C be a category, 01, 02, 03 be objects of C, M; be a morphism from
01 to 09, and My be a morphism from oy to o3. If My is zero and My is
zero, then Mo - M is zero.
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Abian’s Fixed Point Theorem!

Piotr Rudnicki Andrzej Trybulec
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Summary. A. Abian [1] proved the following theorem:

Let f be a mapping from a finite set D. Then f has a fixed point
if and only if D is not a union of three mutually disjoint sets A, B
and C such that

AN f[A]=Bn f[B] =Cn f[C] = 0.

(The range of f is not necessarily the subset of its domain). The proof of the
sufficiency is by induction on the number of elements of D. A.Makowski and
K.Wisniewski [12] have shown that the assumption of finiteness is superfluous.
They proved their version of the theorem for f being a function from D into D.
In the proof, the required partition was constructed and the construction used
the axiom of choice. Their main point was to demonstrate that the use of this
axiom in the proof is essential. We have proved in Mizar the generalized version
of Abian’s theorem, i.e. without assuming finiteness of D. We have simplified the
proof from [12] which uses well-ordering principle and transfinite ordinals—our
proof does not use these notions but otherwise is based on their idea (we employ
choice functions).

MML Identifier: ABIAN.

The terminology and notation used here are introduced in the following articles:
(18], [21], [9], [6], [19], [17], [7], [13], [8], [22], [3], [4], [5], [16], [20], [2], [14], [10],
[11], and [15].
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1. PRELIMINARIES

For simplicity, we adopt the following rules: =, y, E, E1, Es, F3 are sets, s1
is a family of subsets of F, f is a function from F into F, and k, [, n are natural
numbers.

Let i be an integer. We say that i is even if and only if:

(Def. 1) There exists an integer j such that i =2 - j.

We introduce i is odd as an antonym of ¢ is even.
Let n be a natural number. Let us observe that n is even if and only if:

(Def. 2) There exists k such that n =2 - k.

We introduce n is odd as an antonym of n is even.

One can check the following observations:

* there exists a natural number which is even,

% there exists a natural number which is odd,

* there exists an integer which is even, and

% there exists an integer which is odd.

One can prove the following proposition

(1) For every integer ¢ holds 7 is odd iff there exists an integer j such that
1=2-j+1.

Let ¢ be an integer. Note that 2 - ¢ is even.

Let 7 be an even integer. Note that 7 4+ 1 is odd.

Let ¢ be an odd integer. Observe that ¢ + 1 is even.

Let ¢ be an even integer. One can verify that ¢ — 1 is odd.

Let ¢ be an odd integer. Note that ¢ — 1 is even.

Let ¢ be an even integer and let j be an integer. One can check that i - j is
even and j - ¢ is even.

Let 4, 7 be odd integers. Note that ¢ - j is odd.

Let ¢, j be even integers. One can check that ¢ + j is even.

Let 7 be an even integer and let j be an odd integer. Note that i + j is odd
and j + 7 is odd.

Let 4, j be odd integers. Observe that ¢ + j is even.

Let i be an even integer and let j be an odd integer. Observe that i — j is
odd and j — ¢ is odd.

Let ¢, j be odd integers. One can verify that ¢ — j is even.

Let us consider F, f, n. Then f" is a function from F into E.

Let A be a set and let B be a set with a non-empty element. One can verify
that there exists a function from A into B which is non-empty.
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Let A be a non empty set, let B be a set with a non-empty element, let f
be a non-empty function from A into B, and let a be an element of A. One can
verify that f(a) is non empty.

Let X be a non empty set. Note that 2% has a non-empty element.

We now state two propositions:

(2) For every non empty subset S of N such that 0 € S holds min .S = 0.
(3) For every non empty set E and for every function f from E into E and
for every element x of E holds f%(z) = z.
Let f be a function. We say that f has a fixpoint if and only if:
(Def. 3) There exists « which is a fixpoint of f.
We introduce f has no fixpoint as an antonym of f has a fixpoint.

Let X be a set and let « be an element of X. We say that x is covering if

and only if:

(Def. 4) Uz =UUX.
One can prove the following proposition
(4) s is covering iff (Js1 = E.
Let us consider E. One can verify that there exists a family of subsets of
which is non empty, finite, and covering.

2. ABIAN’S THEOREM

One can prove the following proposition

(5) Let E be a set, f be a function from F into F, and s; be a non empty
covering family of subsets of E/ such that for every element X of s; holds
X misses f°X. Then f has no fixpoint.

Let us consider F, f. The functor f= yielding an equivalence relation of F
is defined by:
(Def. 5) For all z, y such that x € E and y € E holds (z, y) € f= iff there exist
k, I such that f*(z) = f(y).
One can prove the following three propositions:
(6) Let E be anon empty set, f be a function from FE into F, ¢ be an element
of Classes(f=), and e be an element of c¢. Then f(e) € c.
(7) Let E be anon empty set, f be a function from E into F, ¢ be an element
of Classes(f=), e be an element of ¢, and given n. Then f"(e) € c.
(8) Let E be anon empty set and f be a function from E into E. Suppose f
has no fixpoint. Then there exist Fy, Fs, F3 such that F1 U FEy U B3 = FE
and f°F; misses Fq and f°Fs misses Fy and f°E3 misses Ej3.
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Piotr Rudnicki Andrzej Trybulec
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Summary. Four statements equivalent to well-foundedness (well-founded
induction, existence of recursively defined functions, uniqueness of recursively de-
fined functions, and absence of descending w-chains) have been proved in Mizar
and the proofs were mechanically checked for correctness. It seems not to be wi-
dely known that the existence (without the uniqueness assumption) of recursively
defined functions implies well-foundedness. In the proof we used regular cardinals,
a fairly advanced notion of set theory. This work was inspired by T. Franzen’s pa-
per [17]. Franzen’s proofs were written by a mathematician having an argument
with a computer scientist. We were curious about the effort needed to formalize
Franzen’s proofs given the state of the Mizar Mathematical Library at that time
(July 1996). The formalization went quite smoothly once the mathematics was
sorted out.

MML Identifier: WELLFND1.

The articles [23], [3], [25], [14], [26], [11], [19], [27], [13], [12], [21], [4], [6], [5], [16],
2], [1], [24], [22], [9], [10], [20], [7], [15], [18], and [8] provide the terminology
and notation for this paper.

1. PRELIMINARIES

Let R be a 1-sorted structure, let X be a set, and let p be a partial function
from the carrier of R to X. Then domp is a subset of R.
Next we state two propositions:
(1) For every set X and for all functions f, g such that f C g and X C dom f
holds f[X = g X.

!This work was partially supported by NSERC Grant OGP9207 and NATO CRG 951368.
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(2) Let X be a functional set. Suppose that for all functions f, g such that
f € X and g € X holds f ~ g. Then |J X is a function.
The scheme PFSeparation concerns sets A, B and a unary predicate P, and
states that:
There exists a subset P; of A—B such that for every partial func-
tion p; from A to B holds p; € Py iff P[p1]
for all values of the parameters.
Let X be a set. Observe that X' is non empty.
Let us note that there exists an aleph which is regular.
One can prove the following two propositions:
(3) For every regular aleph M and for every set X such that X C M and
X € M holds sup X € M.
(4) For every relational structure R and for every set = holds (the internal
relation of R)-Seg(x) C the carrier of R.
Let R be a relational structure and let X be a subset of R. Let us observe
that X is lower if and only if:
(Def. 1) For all sets x, y such that x € X and (y, ) € the internal relation of R
holds y € X.

Next we state two propositions:

(5) Let R be a relational structure, X be a subset of R, and z be a set. If
X is lower and = € X, then (the internal relation of R)-Seg(z) C X.

(6) Let R be arelational structure, X be a lower subset of R, Y be a subset of
R, and x be a set. If Y = X U{x} and (the internal relation of R)-Seg(x) C
X, then Y is lower.

2. WELL FOUNDED RELATIONAL STRUCTURES

Let R be a relational structure. We say that R is well founded if and only if:
(Def. 2) The internal relation of R is well founded in the carrier of R.
Let us mention that there exists a relational structure which is non empty
and well founded.
Let R be a relational structure and let X be a subset of R. We say that X
is well founded if and only if:
(Def. 3) The internal relation of R is well founded in X.
Let R be a relational structure. Note that there exists a subset of R which
is well founded.

Let R be a relational structure. The functor WF-Part(R) yielding a subset
of R is defined by:



ON SAME EQUIVALENTS OF WELL-FOUNDEDNESS 341

(Def. 4) WEF-Part(R) = (J{S, S ranges over subsets of R: S is well founded and
lower}.
Let R be a relational structure. One can verify that WF-Part(R) is lower
and well founded.
One can prove the following four propositions:
(7) Let R be a non empty relational structure and x be an element of the
carrier of R. Then {z} is a well founded subset of R.
(8) Let R be a relational structure and X, Y be well founded subsets of R.
If X is lower, then X UY is a well founded subset of R.
(9) For every relational structure R holds R is well founded iff
WF-Part(R) = the carrier of R.
(10) Let R be a non empty relational structure and = be an element of the
carrier of R. If (the internal relation of R)-Seg(z) € WF-Part(R), then
x € WF-Part(R).
The scheme WFMin deals with a non empty relational structure A, an ele-
ment B of A, and a unary predicate P, and states that:
There exists an element x of A such that P[z] and it is not true
that there exists an element y of A such that z # y and P[y] and
(y, x) € the internal relation of A
provided the parameters meet the following requirements:
e P[B], and
o A is well founded.
We now state the proposition
(11) Let R be a non empty relational structure. Then R is well founded if
and only if for every set S such that for every element x of the carrier of
R such that (the internal relation of R)-Seg(z) C S holds x € S holds the
carrier of R C S.

The scheme WFInduction deals with a non empty relational structure A and
a unary predicate P, and states that:
For every element x of A holds P|x]
provided the parameters meet the following conditions:
e Let x be an element of A. Suppose that for every element y of
A such that y # = and (y, ) € the internal relation of A holds
Ply]. Then P[z], and
o A is well founded.
Let R be a non empty relational structure, let V' be a non empty set, let H
be a function from [ the carrier of R, (the carrier of R)—>V { into V, and let F
be a function. We say that F' is recursively expressed by H if and only if:

(Def. 5) For every element x of the carrier of R holds F(x) = H({x, F[(the
internal relation of R)-Seg(x))).



342 PIOTR RUDNICKI AND ANDRZEJ TRYBULEC

One can prove the following propositions:

(12) Let R be a non empty relational structure. Then R is well founded if
and only if for every non empty set V' and for every function H from [ the
carrier of R, (the carrier of R)--V | into V holds there exists a function
from the carrier of R into V which is recursively expressed by H.

(13) Let R be a non empty relational structure and V' be a non trivial set.
Suppose that for every function H from [ the carrier of R, (the carrier of
R)-=>V ] into V and for all functions Fy, F from the carrier of R into V/
such that Fj is recursively expressed by H and F5 is recursively expressed
by H holds F} = Fy. Then R is well founded.

(14) Let R be a non empty well founded relational structure, V' be a non
empty set, H be a function from [ the carrier of R, (the carrier of R)—>V ]
into V', and Fy, F5 be functions from the carrier of R into V. Suppose F
is recursively expressed by H and F; is recursively expressed by H. Then
Fy = Fy.
Let S be a set. Let us assume that contradiction?
(Def. 6) choose(S) is an element of S.

Let R be a relational structure and let f be a sequence of R. We say that f
is descending if and only if:

(Def. 7) For every natural number n holds f(n+1) # f(n) and {f(n+1), f(n)) €
the internal relation of R.

One can prove the following proposition

(15) For every non empty relational structure R holds R is well founded iff
there exists no sequence of R which is descending.
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The papers [17], [21], [20], [16], [14], 9], [22], [19], [6], [7], [15], [18], [1], [2], [11],
[24], [4], [8], [5], [23], [12], [3], and [13] provide the terminology and notation for
this paper.

1. PRELIMINARIES

The scheme LambdaCD deals with a non empty set A, a unary functor F
yielding a set, a unary functor G yielding a set, and a unary predicate P, and
states that:
There exists a function f such that dom f = A and for every
element = of A holds if P[z], then f(x) = F(z) and if not P[z],
then f(z) = G(x)

for all values of the parameters.

The following propositions are true:

(1) Let L be a non empty reflexive transitive relational structure and z, y
be elements of L. If z < y, then compactbelow(z) C compactbelow(y).

(2) For every non empty reflexive relational structure L and for every ele-
ment = of L holds compactbelow(x) is a subset of CompactSublatt(L).
(3) For every relational structure L and for every relational substructure S

of L holds every subset of S is a subset of L.

1This work was partially supported by KBN Grant 8 T11C 018 12.
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(4) For every non empty reflexive transitive relational structure L with
l.u.b.’s holds the carrier of L is an ideal of L.

(5) Let Ly be a lower-bounded non empty reflexive antisymmetric relational
structure and Lo be a non empty reflexive antisymmetric relational struc-
ture. Suppose the relational structure of L; = the relational structure of
Ly and Ly is up-complete. Then the carrier of CompactSublatt(L;) = the
carrier of CompactSublatt(Ls).

2. ALGEBRAIC AND ARITHMETIC LATTICES

Next we state three propositions:

(6) For every algebraic lower-bounded lattice L holds every continuous sub-
frame of L is algebraic.

(7) Let X, E be sets and L be a continuous subframe of 2&. Then E € the
carrier of CompactSublatt(L) if and only if there exists an element F' of 2%
such that F is finite and E = ({Y,Y ranges over elements of L: F C Y’}
and F' C FE.

(8) For every lower-bounded sup-semilattice L holds (Ids(L), C) is a conti-

nuous subframe of 2the carrier of L,

Let L be a non empty reflexive transitive relational structure. Observe that
there exists an ideal of L which is principal.
One can prove the following propositions:

(9) For every lower-bounded sup-semilattice L and for every non empty di-
rected subset X of (Ids(L), C) holds sup X = |J X.

(10) For every lower-bounded sup-semilattice S holds (Ids(.S), C) is algebraic.

(11) Let S be a lower-bounded sup-semilattice and z be an element of
(Ids(S),C). Then z is compact if and only if x is a principal ideal of
S.

(12) Let S be a lower-bounded sup-semilattice and =z be an element of
(Ids(S),C). Then z is compact if and only if there exists an element a
of S such that x = |a.

(13) Let L be a lower-bounded sup-semilattice and f be a map from L into
CompactSublatt((Ids(L), C)). If for every element z of L holds f(z) = |z,
then f is isomorphic.

(14) For every lower-bounded lattice S holds (Ids(.S), C) is arithmetic.

(15) For every lower-bounded sup-semilattice L holds CompactSublatt(L) is
a lower-bounded sup-semilattice.
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(16) Let L be an algebraic lower-bounded sup-semilattice and f be a map
from L into (Ids(CompactSublatt(L)), C). If for every element x of L holds
f(x) = compactbelow(x), then f is isomorphic.

(17) Let L be an algebraic lower-bounded sup-semilattice and = be an element
of L. Then compactbelow(z) is a principal ideal of CompactSublatt(L) if
and only if z is compact.

3. MaPs

We now state three propositions:

(18) Let Ly, Lo be non empty relational structures, X be a subset of Ly, z
be an element of L1, and f be a map from L into L. If f is isomorphic,
then x < X iff f(z) < f°X.

(19) Let Ly, Ly be non empty relational structures, X be a subset of L, x
be an element of L1, and f be a map from L into L. If f is isomorphic,
then z > X iff f(x) > f°X.

(20) Let Ly, L2 be non empty antisymmetric relational structures and f be
a map from L into Ls. If f is isomorphic, then f is infs-preserving and
sups-preserving.

Let L1, Ly be non empty antisymmetric relational structures. Note that
every map from L into Lo which is isomorphic is also infs-preserving and sups-
preserving.

We now state a number of propositions:

(21) Let Ly, Lo, L3 be non empty transitive antisymmetric relational structu-
res and f be a map from L into Lo. Suppose f is infs-preserving. Suppose
Lo is a full infs-inheriting relational substructure of Ls and L3 is complete.
Then there exists a map ¢ from Lj into L3 such that f = ¢g and g is infs-
preserving.

(22) Let Ly, Lo, L3 be non empty transitive antisymmetric relational structu-
res and f be a map from L1 into Lo. Suppose f is monotone and directed-
sups-preserving. Suppose Lo is a full directed-sups-inheriting relational
substructure of Ls and L3 is complete. Then there exists a map g from L
into L3 such that f = g and g is directed-sups-preserving.

(23) For every lower-bounded sup-semilattice L holds (Ids(CompactSublatt

. : th ier of C tSublatt(L
(L)), C) is a continuous subframe of 2,-¢ “e" @ Fompactauba 2

(24) Let L be an algebraic lower-bounded lattice. Then there exists a map g

. th i f C tSublatt(L
from L into 2Ce carrier of CompactSublatt(L) such that

(i) gis infs-preserving, directed-sups-preserving, and one-to-one, and
(ii)  for every element = of L holds g(x) = compactbelow(z).
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(25) Let I be a non empty set and J be a relational structure yielding no-
nempty reflexive-yielding many sorted set indexed by I. Suppose that for
every element ¢ of I holds J() is an algebraic lower-bounded lattice. Then
[17 is an algebraic lower-bounded lattice.

(26) Let Li, Ly be non empty relational structures. Suppose the relational
structure of L1 = the relational structure of Ly. Then L and Lo are
isomorphic.

(27) Let Ly, Lo be up-complete non empty posets and f be a map from L;
into Lo. Suppose f is isomorphic. Let x, y be elements of Li. Then z < y
if and only if f(z) < f(y).

(28) Let Ly, Ly be up-complete non empty posets and f be a map from L;
into Ly. Suppose f is isomorphic. Let x be an element of L. Then z is
compact if and only if f(z) is compact.

(29) Let Ly, Lo be up-complete non empty posets and f be a map from
Ly into Lo. If f is isomorphic, then for every element x of L; holds
f° compactbelow(z) = compactbelow(f(x)).

(30) For all non empty posets L1, Lo such that L; and Ly are isomorphic and
L1 is up-complete holds Lo is up-complete.

(31) For all non empty posets L1, Lo such that Ly and Ly are isomorphic and
L1 is complete and satisfies axiom K holds Lo satisfies axiom K.

(32) Let Ly, Ly be sup-semilattices. Suppose L; and Lo are isomorphic and
L is lower-bounded and algebraic. Then Lo is algebraic.

(33) For every continuous lower-bounded sup-semilattice L holds SupMap(L)
is infs-preserving and sups-preserving.

(34) Let L be a lower-bounded lattice. Then L is algebraic if and only if
there exists a set X and there exists a full relational substructure S of 2%
such that S is infs-inheriting and directed-sups-inheriting and L and S are
isomorphic.

(35) Let L be a lower-bounded lattice. Then L is algebraic if and only if there
exists a set X and there exists a closure map ¢ from 2% into 2% such that
¢ is directed-sups-preserving and L and Im ¢ are isomorphic.
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Summary. It is known that a standard special circular sequence in E2
properly defines a special polygon. We are interested in a part of such a sequence.
It is shown that if the first point and the last point of the subsequence are
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by using ,mid” function. For such subsequences, the concepts of ,,Upper” and
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The notation and terminology used here are introduced in the following papers:

[16], [19], [8], [1], [14], [20], [2], [3], [18], [4], [6], [7], [11], [10], [13], [15], [5], [17],
[9], and [12].

1. PRELIMINARIES

We adopt the following convention: ¢, i1, i2, 73, 7, k, n denote natural numbers
and 71, 79, s, s1 denote real numbers.
The following propositions are true:
(1) Ifn—"i=0,then n <i.
(2) Ifi<j, then (j+k)—"i=(+k)—i.

I This paper was written while the author visited Shinshu University in fall 1996.
2This paper was written while the author visited Shinshu University in winter 1997.
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(3) Ifi<j then (j+k)—i=j—"i+k

(4) If i1 # 0 and ig = i3 - i1, then i3 < ia.

(5) If i1 < ia, then iy < is = 0.

(6) If0<jandj<iandi<j+ j, then imod j # 0.

(7) If0<jandj<iandi<j+j, thenimodj=1i—jand imodj =1i—'j.
(8) If 0 < j, then (j+j)modj=0and k- jmodj = 0.

(9) If0< kand k< jand kmodj =0, then k = j.

(10) (ri1+s1+m2) —s1 =711 +reand (r; —s1) + 72+ 51 = r; + re and

(ri4+s1)—ro—s1=r1—roand (ry — sy —ro) + 81 =r; —ro.

(11) r1—r —re=—-r9and (—ry+7) —1r9 = —roand ry — 19 — 71 = —7rg
and (—r; —ro) + 711 = —T2.

(12) If0<sandifs-ry <s-rgorry-s<rg-s, then ry <ro.

(13) If0<sandifs-r <s-rgorr -s<rg-s, thenry <.

2. SOME FACTS ABOUT CUTTING OF FINITE SEQUENCES

In the sequel D denotes a non empty set, f; denotes a finite sequence of
elements of D, and f denotes a non constant standard special circular sequence.
We now state a number of propositions:
(14) For every fi such that f; is circular and 1 < len f; holds fi(1) =
f1 (len fl)
(15) For all fi, i1, io such that i; < io holds fi[i1]is = fili1 and fi[is]i] =
Jilir.
(16) EDfi =E£&D.
(17) ReV(E—:D) =E&D.
(18) For all fi, k such that k < len f; holds (f1)x(len((f1)x)) = fi(len f1)
and Ten((f,),,) (J1) 1k = Tien £, f1-
(19) Let g be a finite sequence of elements of £2 and given i. If g is a special
sequence and i + 1 < len g, then g|; is a special sequence.
(20) For all f1, i1, i2 such that 1 < is and i < 41 and 73 < len fi holds
len mid( f1,49,41) = i1 — i2 + 1.
(21) For all fi, i1, io such that 1 < ip and io < i1 and 73 < len fi holds
lenmid(fl, il,’ig) =1 - 19 + 1.
(22) For all fi, i1, i2, j such that 1 < ¢; and i1 < ip and iy < len f; holds
(mid(fl, il y ig))(len Hlid(fl, il, ’LQ)) = f1 (’LQ)
(23) For all fi, i1, 2, j such that 1 < 4 and 43 < len f; and 1 < iz and
io < len f1 holds (mid(fi,41,42))(len mid( f1,41,%2)) = fi1(i2).
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(24) For all f1, i1, 42, j such that 1 <9 and i3 < i; and i3 <len fi and 1 < j
and j < i1 ! io + 1 holds (mld(fl,zl,lg))(]) = fl(il —/j + 1)

(25) Let given f1, i1, i2. Suppose 1 < i3 and iy < i1 and i3 < len f; and 1 < j
and ] < il —! ig + 1. Then (mid(fl,il,ig))(j) = (mid(fl,ig,il))((((il —
io)+1)—j)+1)and (((i1 —d2)+1)—4)+1=(i1 —"ia+1)—"j+ 1.

(26) Let given fi, i1, i2. Suppose 1 < i1 and i1 < i and io < len f; and 1 < j
andj < ig —! il + 1. Then (mid(fl,il,ig))(j) = (mid(fl,iQ,il))((((iQ —
in)+1)—j)+1)and (((ia—i1)+1)—j)+1=(G2—"i1+1)—"j+1.

(27) For all f1, k such that 1 < k and k < len f; holds mid(f1, k, k) = (mx.f1)

and lenmid(f, k, k) = 1.

(28) mid(f1,0,0) = fi[1.

(29) For all f1, k such that len f; < k holds mid(f1,k, k) = ep.

(30) For all f1, ’il, i2 holds mid(fl, il,iQ) = Rev(mid(fl,ig,il)).

(31) Let f be a finite sequence of elements of £2 and given iy, ig, 4. If 1 <

11 and i1 < 79 and i3 < lenf and 1 < 7 and ¢ < 45 —' 41 + 1, then

[,(mld(f, il, ig), ’L) = ,C(f, (Z + il) —! 1)

(32) Let f be a finite sequence of elements of €2 and given iy, io, 4. If 1 <
i1 and i1 < ip and ip < lenf and 1 < ¢ and i < i —' iy + 1, then

E(mld(fa Z-27Z'1)7'i) = ﬁ(f,ZQ =t 7’)

3. DIVIDING OF SPECIAL CIRCULAR SEQUENCES INTO PARTS

Let n be a natural number and let f be a finite sequence. The functor
S_Drop(n, f) yields a natural number and is defined by:

_/ ] !
(Def. 1) S_Drop(n, f) :{ nmod len f —' 1, if nmod len f —' 1 # 0,

len f —' 1, otherwise.
Next we state three propositions:

(33) For every finite sequence f such that 0 < len f —'1 holds S_Drop(len f —'
L,f)y=lenf —'1.

(34) For every natural number n and for every finite sequence f such that
1 <nandn <lenf—'"1 holds S_Drop(n, f) = n.

(35) Let n be a natural number and f be a finite sequence. If len f > 1
or lenf =1 > 0, then S Drop(n, f) = S_Drop(n + len f —' 1, f) and
S_Drop(n, f) = S_Drop(len f =" 1+ n, f).

Let f be a non constant standard special circular sequence, let g be a finite
sequence of elements of 5%, and let 71, io be natural numbers. We say that g is
a right part of f from iy to is if and only if the conditions (Def. 2) are satisfied.

(Def. 2)(i) 1<y,
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11+ 1< lenf,

)
(i) 1<,
(iv) d2+1<lenf,
(v)  g(leng) = f(i),
(vi) 1<leng,
(vii) leng <len f, and

for every natural number i such that 1 <4 and ¢ < leng holds g(i) =
f(S-Drop((i1 +1i) =" 1, f)).
Let f be a non constant standard special circular sequence, let g be a finite
sequence of elements of 5%, and let i1, io be natural numbers. We say that g is
a left part of f from 4y to i2 if and only if the conditions (Def. 3) are satisfied.
(Def. 3)(i) 1 <1y,
(i) 41+ 1<lenf,

=

)
(i) 1<,
(iv) i2+1<lenf,
(v)  g(leng) = f(i2),
(vi) 1<leng,
(vii) leng <len f, and
)

(viii)  for every natural number i such that 1 < i and 7 < leng holds g(i) =
f(S_Drop((len f 4+ i1) "1, f)).

Let f be a non constant standard special circular sequence, let g be a finite
sequence of elements of E%, and let 71, i2 be natural numbers. We say that g is

a part of f from 41 to 49 if and only if:
(Def. 4) g is a right part of f from iy to iy or a left part of f from i to is.
We now state a number of propositions:

(36) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of £2, and i1, i be natural numbers. Suppose g is a
part of f from 41 to i9. Then

i) 1<,
(ii) i1 +1 <len f,
(i) 1<,
(iv) d2+1<lenf,
(v)  g(leng) = f(i2),
(vi) 1<leng,
(vii) leng <len f, and
)

for every natural number 4 such that 1 <4 and ¢ < leng holds ¢(i) =
f(SDrop((i1 +4) ="' 1, f)) or for every natural number i such that 1 <4
and ¢ < len g holds ¢(i) = f(S_Drop((len f +1i1) =i, f)).
(37) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of S%, and i1, i9 be natural numbers. Suppose g is
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a right part of f from #; to 75 and 7; < 73. Then leng = i3 —" 41 + 1 and
g = Hlld(f, il, ig).

(38) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5%, and 41, 4o be natural numbers. Suppose g is
a right part of f from #; to iy and 4; > i5. Then leng = (len f + i2) —' 4y
and g = (mid(f,i1,len f =" 1)) 7 (fliz) and g = (mid(f,i1,len f =" 1)) "
mid(f, 1,12).

(39) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5%, and 71, i2 be natural numbers. Suppose g is
a left part of f from i1 to iy and i; > io. Then leng = i; — i3 + 1 and
g = mld(f, ’il, ig).

(40) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5%, and i1, 79 be natural numbers. Suppose g is a
left part of f from i to i3 and iy < 3. Then leng = (len f +41) — io and
g = (mid(f,i1,1)) " mid(f,len f =" 1,42).

(41) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 8%, and 71, 75 be natural numbers. Suppose g is a
right part of f from ¢; to i. Then Rev(g) is a left part of f from is to i;.

(42) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5%, and 71, 79 be natural numbers. Suppose g is a
left part of f from i; to io. Then Rev(g) is a right part of f from ig to i;.

(43) Let f be a non constant standard special circular sequence and i1, i be
natural numbers. If 1 < ¢; and i1 < i3 and iy < len f, then mid(f,i1,42)
is a right part of f from 41 to is.

(44) Let f be a non constant standard special circular sequence and i1, i be
natural numbers. If 1 < i1 and i1 < i3 and iy < len f, then mid(f,io,41)
is a left part of f from iy to 4.

(45) Let f be a non constant standard special circular sequence and i1, io
be natural numbers. Suppose 1 < i3 and iy > i3 and i; < len f. Then
(mid(f,i1,len f =" 1)) " mid(f, 1,i2) is a right part of f from i1 to is.

(46) Let f be a non constant standard special circular sequence and iy, iz
be natural numbers. Suppose 1 < 47 and i; < 79 and i3 < len f. Then
(mid(f,i1,1)) " mid(f,len f —' 1,i9) is a left part of f from i1 to is.

(47) Let h be a finite sequence of elements of 5% and given i1, to. If 1 < 43
and i, <lenh and 1 < iz and iy < lenh, then £(mid(h, i1,i2)) C L(h).

(48) Let g be a finite sequence of elements of D. Then g is one-to-one if and
only if for all 41, 49 such that 1 <4y and 71 <lengand 1 < io and iy <leng
and ¢(i1) = g(i2) or m;, g = mi,g holds i1 = is.

(49) Let f be a non constant standard special circular sequence and given is.
If 1 <iy and io + 1 < len f, then f[is is a special sequence.

355
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(50) Let f be a non constant standard special circular sequence and given is.
If 1 <ip and io + 1 < len f, then f};, is a special sequence.

(51) Let f be a non constant standard special circular sequence and given i1,
i9. If 1 <47 and 41 < i3 and i2 + 1 < len f, then mid(f,1,42) is a special
sequence.

(52) Let f be a non constant standard special circular sequence and given
i1, 1. If 1 < d; and i1 < iz and iy < len f, then mid(f,i1,2) is a special
sequence.

(53) For all points po, p, q1, g2 of 5% such that po € L(p,q1) and pg € L(p, q2)
and p # po holds q1 € L(p, q2) or ¢2 € L(p, q1).

(54) For every non constant standard special circular sequence f holds
LOf,)NL(flenf—"1)={f(1)}.

(55) Let f be a non constant standard special circular sequence, i1, iz be
natural numbers, and g1, g2 be finite sequences of elements of 5%. Suppose
1 <4y and 4p < iz and iy < lenf and gy = mid(f,i1,i2) and g2 =
(midgvf, 1, 1))~A mld(]:, len f —' 1,i3). Then L(g1) N L(g2) = {f(i1), f(i2)}
and L(g1) U L(g2) = L([)-

(56) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5%, and 71, 75 be natural numbers. Suppose g is a
right part of f from ¢; to i and i1 < i2. Then E(g) is a special polygonal
arc joining m;, f and m;, f.

(57) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of £2, and i1, i be natural numbers. Suppose g is a
left part of f from 41 to 4o and 71 > 45. Then E(g) is a special polygonal
arc joining m;, f and m;, f.

(58) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5’%, and 71, 75 be natural numbers. Suppose g is a
right part of f from i1 to io and iy # i2. Then Z(g) is a special polygonal
arc joining 7;, f and m;, f.

(59) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5%, and 71, 73 be natural numbers. Suppose g is a
left part of f from 41 to i3 and i1 # i3. Then E(g) is a special polygonal
arc joining m;, f and m;, f.

(60) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5%, and i1, 79 be natural numbers. Suppose g is a
part of f from ¢; to i and i; # i3. Then Z(g) is a special polygonal arc
joining m;, f and m;, f.

(61) Let f be a non constant standard special circular sequence, g be a finite
sequence of elements of 5%, and 71, 75 be natural numbers. Suppose g is a
part of f from 41 to iy and g(1) # g(leng). Then Z(g) is a special polygonal
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arc joining m;, f and m;, f.
(62) Let f be a non constant standard special circular sequence and i1, io
be natural numbers. Suppose 1 < 71 and i1 +1 < len f and 1 < 49 and
i9 +1 < len f and i; # 9. Then there exist finite sequences g1, go of
elements of 5% such that
g1 is a part of f from i to io,
go is a part of f from i1 to io,

)
) g2isapa
(i) L(g1) N L(g2) = {f(r), f(i2)},
(v) Llg) U L(g2) = £(f).
(v)  L(g1) is a special polygonal arc joining ;, f and 7, f,
(vi) E(gz) is a special polygonal arc joining m;, f and 7, f, and
(vii)  for every finite sequence g of elements of 5% such that ¢ is a part of f

from i1 to i holds g = g1 or g = go.

In the sequel g1, g9 are finite sequences of elements of 6’%.
We now state several propositions:

(63) Let f be a non constant standard special circular sequence and P be a
non empty subset of the carrier of (£2).If P = L(f), then P is a simple
closed curve.

(64) Let f be a non constant standard special circular sequence and given g,
go. Suppose g1 is a right part of f from ¢; to i and g is a right part of f
from 471 to io. Then g1 = go.

(65) Let f be a non constant standard special circular sequence and given g,
go. Suppose g is a left part of f from ¢; to iy and g9 is a left part of f
from 47 to i2. Then g1 = go.

(66) Let f be a non constant standard special circular sequence and given g1,
go. Suppose i1 # iy and g; is a right part of f from 41 to io and g9 is a left
part of f from i to i. Then g1(2) # g2(2).

(67) Let f be a non constant standard special circular sequence and given g,
go. Suppose i1 # io and g1 is a part of f from 4y to i3 and g9 is a part of
f from iy to iy and ¢1(2) = ¢g2(2). Then g1 = go.

Let f be a non constant standard special circular sequence and let i1, io be
natural numbers. Let us assume that 1 < i; and 43 +1 < len f and 1 < 72 and
i +1 < len f and i; # i9. The functor Lower(f,i1,72) yields a finite sequence
of elements of £2 and is defined by the conditions (Def. 5).

(Def. 5)(i) Lower(f,i1,42) is a part of f from i; to 42,
(i) if (miy41./)1 < (miy f)1 or (miy41f)2 < (mi, f)2, then (Lower(f, i1,i2))(2) =
f(Zl + 1)5 and
(iii) it (miy+1f)

1 2> (mf)r and (m41f)2 > (m,f)2, then
(Lower(f,i1,12))(2) =

f(SDrop(iy —' 1, f)).
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The functor Upper(f, i1, i2) yielding a finite sequence of elements of £2 is defined
by the conditions (Def. 6).

(Def. 6)(i) Upper(f,ii1,i2) is a part of f from iy to ig,
(ii) if (miy41f)1 > (i f)or (miy41f)2 > (i )2, then (Upper(f,i1,i2))(2) =
(i1 + 1), and
(i)  if (myf)r < (mf)r and (maf)e < (7 f)2, then
(Upper(f,i1,42))(2) = f(S-Drop(i1 —' 1, f)).
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MML Identifier: SUBSTLAT.

The articles [8], [6], [5], [7], [1], [9], [2], [4], [11], [3], and [10] provide the termi-
nology and notation for this paper.

1. PRELIMINARIES

In this paper V, C are sets.
Let us consider V, C. The functor SubstitutionSet(V,C) yielding a subset

of Fin(V-5C) is defined as follows:
(Def. 1) SubstitutionSet(V,C) = {A, A ranges over elements of Fin(V—-C) :
/\s,t:element of V-C (3 EANLEAN s Ct = s= t)}
Next we state two propositions:
(1) 0 € SubstitutionSet(V,C).
(2) {0} € SubstitutionSet(V,C).
Let us consider V', C'. One can check that SubstitutionSet(V, C') is non empty.
Let us consider V, C' and let A, B be elements of SubstitutionSet(V,C).
Then AU B is an element of Fin(V—-C).
Let us consider V', C. Note that there exists an element of SubstitutionSet(V, C')

which is non empty.
Let us consider V, C. Note that every element of SubstitutionSet(V,C) is

finite.
Let us consider V, C and let A be an element of Fin(V—-C'). The functor

[0°4 yields an element of SubstitutionSet(V, C') and is defined by:
(Def. 2) [O° = {t,t ranges over elements of V-C : A, joment of vuo (8 €A A
sCt & s=1t)}.
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Let us consider V', C and let A be a non empty element of SubstitutionSet(V, C).
Note that every element of A is function-like and relation-like.

Let us consider V', C'. One can verify that every element of V—C'is function-
like and relation-like.

Let us consider V, C' and let A, B be elements of Fin(V—-C). The functor
A" B yields an element of Fin(V—-C') and is defined as follows:

(Def. 3) A~ B = {sUt,s ranges over elements of V—-C,t ranges over elements
of Vo5C:seANteB N sxt}.

In the sequel A, B, D are elements of Fin(V—=-C).

One can prove the following propositions:

3) A~B=B"A.

(4) If B = {0}, then A~ B = A.

(5) For all sets a, b such that B € SubstitutionSet(V,C) and a € B and
be B and a C b holds a = b.

(6) For every set a such that a € (g holds a € B and for every set b such
that b € B and b C a holds b = a.

(7) For every set a such that a € B and for every set b such that b € B and
b C a holds b = a holds a € [1°p.

(8) [O°4 C A.
(9) If A=0, then O°% = 0.
(10) For every set b such that b € B there exists a set ¢ such that ¢ C b and
ce .
(11) For every element K of SubstitutionSet(V, C) holds Ok = K.
(12) O°4up CO°4UB.
(13) O°0e, up = Haus-
(14 fACB,then A DCB"™D.
(15) For every set a such that a € A~ B there exist sets b, ¢ such that b € A
andce Banda=0bUc.

(16) For all elements b, ¢ of V—-C such that b € A and ¢ € B and b ~ ¢ holds
buce A" B.

(17) D°pep C (O°4) " B.

(18) fACB, then D~ AC D" B.

(19) B%me,)~B =05

(20) D°a~oep) =45

(21) For all elements K, L, M of Fin(V—-C) holds K~ (L"M) = (K~L)" M.
(22) For all elements K, L, M of Fin(V—C) holds K > (LUM) =K "~ LU

K~ M.
(23) BC B" B.
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(24) DCAAA - DCA.
(25) For every element K of SubstitutionSet(V, C') holds ¢y~ o = K.

2. DEFINITION OF THE LATTICE

Let us consider V, C. The functor SubstLatt(V, C) yielding a strict lattice
structure is defined by the conditions (Def. 4).

(Def. 4)(i)  The carrier of SubstLatt(V, C') = SubstitutionSet(V, C'), and

(ii)  for all elements A, B of SubstitutionSet(V,C) holds (the join ope-
ration of SubstLatt(V,C))(A, B) = O°up and (the meet operation of
SubstLatt(V,C))(A, B) =04~ 5.

Let us consider V', C. One can verify that SubstLatt(V, C) is non empty.

Let us consider V, C. Note that SubstLatt(V,C) is lattice-like.

Let us consider V, C. Observe that SubstLatt(V, C) is distributive and bo-

unded.
One can prove the following two propositions:

(26) J—SubstLaLtt(V,C') = 0.
(27) TSubstLatt(V,C) = {Q)}
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Summary. This paper is preparation to prove Birkhoff’s Theorem. Some
properties of many sorted algebras are proved. The last section of this work
shows that every equation valid in a many sorted algebra is also valid in each
subalgebra, and each image of it. Moreover for a family of many sorted algebras

i 21 € I) if every equation is valid in each A;, ¢ € I then is also valid in product
(AZ RS I)

MML Identifier: EQUATION.

The articles [23], [28], [10], [29], [6], [9], [7], [24], [11], [4], [8], [1], [2], [25], [26],
[18], [19], [27], [20], [5], [12], [16], [17], [13], [22], [21], [15], [14], and [3] provide
the notation and terminology for this paper.

1. ON THE FUNCTIONS AND MANY SORTED FUNCTIONS

In this paper [ is a set.
Next we state several propositions:
(1) Let A be a set, B, C' be non empty sets, f be a function from A into B,
and g be a function from B into C. If rng(g - f) = C, then rngg = C.
(2) Let A be a many sorted set indexed by I, B, C' be non-empty many
sorted sets indexed by I, f be a many sorted function from A into B, and
g be a many sorted function from B into C. If go f is onto, then g is onto.
(3) Let A, B be non empty sets, C, y be sets, and f be a function.
If f € (CP)4 and y € B, then dom(commute(f))(y) = A and
rng(commute(f))(y) C C.
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(4) For every many sorted set A indexed by I there exists a non-empty many
sorted set B indexed by I such that A C B.

(5) Let A, B be many sorted sets indexed by I. Suppose A is transformable
to B. Let f be a many sorted function indexed by I. If dom, f(k) = A
and rng,. f(k) C B, then f is a many sorted function from A into B.

(6) Let A, B be many sorted sets indexed by I, F' be a many sorted function
from A into B, C, E be many sorted subsets indexed by A, and D be a
many sorted subset indexed by C. If E = D, then FF [C | D=F | E.

(7) Let B be a non-empty many sorted set indexed by I, C' be a many sorted
set indexed by I, A be a many sorted subset indexed by C, and F be a
many sorted function from A into B. Then there exists a many sorted
function G from C into B such that G | A = F.

Let I be a set, let A be a many sorted set indexed by I, and let F' be a many
sorted function indexed by I. The functor F~!(A) yielding a many sorted set
indexed by I is defined as follows:

(Def. 1) For every set i such that i € I holds (F~1(A))(i) = F(i)"'(A(4)).

We now state a number of propositions:

(8) Let A, B, C be many sorted sets indexed by I and F' be a many sorted

function from A into B. Then F' ° C is a many sorted subset indexed by
B.

(9) Let A, B, C be many sorted sets indexed by I and F' be a many sorted
function from A into B. Then F~1(C) is a many sorted subset indexed by
A.

(10) Let A, B be many sorted sets indexed by I and F be a many sorted
function from A into B. If F' is onto, then F'° A = B.

(11) Let A, B be many sorted sets indexed by I and F' be a many sorted
function from A into B. If A is transformable to B, then F~!(B) = A.

(12) Let A be a many sorted set indexed by I and F' be a many sorted function
indexed by I. If A C rng, F(k), then F° F~1(A) = A.

(13) For every many sorted function f indexed by I and for every many sorted
set X indexed by I holds f° X C rng,. f(k).

(14) For every many sorted function f indexed by I holds f ° (dom, f(k)) =
g, f(k).

(15) For every many sorted function f indexed by I holds f~!(rng, f(k)) =
domy, f(k).

(16) For every many sorted set A indexed by I holds (id4) ° A = A.

(17) For every many sorted set A indexed by I holds (ida)~1(4) = A.
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2. ON THE MANY SORTED ALGEBRAS

In the sequel S denotes a non empty non void many sorted signature and
Up, Uy denote non-empty algebras over S.
One can prove the following propositions:

(18) For every algebra A over S holds the algebra of A is a subalgebra of A.
(19) Every algebra A over S is a subalgebra of the algebra of A.

(20) Let Uy be an algebra over S, A be a subalgebra of Uy, o be an operation
symbol of S, and x be a set. If z € Args(o, A), then x € Args(o, Uy).

(21) Let Uy be an algebra over S, A be a subalgebra of Uy, o be an operation
symbol of S, and x be a set. If x € Args(o, A), then (Den(o,A))(x) =
(Den(o, Up))(z).

(22) Let F be an algebra family of I over S, B be a subalgebra of [[ F, o be
an operation symbol of S, and x be a set. If z € Args(o, B), then (Den(o,
B))(x) is a function and (Den(o, [[ F'))(z) is a function.

Let S be a non void non empty many sorted signature, let A be an algebra
over S, and let B be a subalgebra of A. The functor SuperAlgebraSet(B) is
defined by the condition (Def. 2).

(Def. 2) Let x be a set. Then x € SuperAlgebraSet(B) if and only if there exists
a strict subalgebra C' of A such that z = C and B is a subalgebra of C.

Let S be a non void non empty many sorted signature, let A be an algebra
over S, and let B be a subalgebra of A. Note that SuperAlgebraSet(B) is non
empty.

Let S be a non empty non void many sorted signature. One can verify that
there exists an algebra over S which is strict, non-empty, and free.

Let S be a non empty non void many sorted signature, let A be a non-empty
algebra over S, and let X be a non-empty locally-finite subset of A. One can
verify that Gen(X) is finitely-generated.

Let S be a non empty non void many sorted signature and let A be a non-
empty algebra over S. Note that there exists a subalgebra of A which is strict,
non-empty, and finitely-generated.

Let S be a non empty non void many sorted signature and let A be a feasible
algebra over S. Note that there exists a subalgebra of A which is feasible.

Next we state several propositions:

(23) Let A be an algebra over S, C be a subalgebra of A, and D be a many
sorted subset indexed by the sorts of A. Suppose D = the sorts of C.
Let h be a many sorted function from A into Uy and g be a many sorted
function from C into Uy. Suppose g = h | D. Let o be an operation symbol
of S, x be an element of Args(o, A), and y be an element of Args(o,C). If
Args(o,C) # 0 and = = y, then h#x = g#y.
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(24) Let A be a feasible algebra over S, C' be a feasible subalgebra of A, and
D be a many sorted subset indexed by the sorts of A. Suppose D = the
sorts of C'. Let h be a many sorted function from A into Uy. Suppose h is
a homomorphism of A into Uy. Let g be a many sorted function from C
into Uy. If g = h | D, then g is a homomorphism of C' into Uy.

(25) Let B be a strict non-empty algebra over S, G be a generator set of Uy,
H be a non-empty generator set of B, and f be a many sorted function
from Up into B. Suppose H C f° G and f is a homomorphism of Uy into
B. Then f is an epimorphism of Uy onto B.

(26) Let W be a strict free non-empty algebra over S and F' be a many
sorted function from Uy into Uy. Suppose F' is an epimorphism of Uy onto
Ui. Let G be a many sorted function from W into U;. Suppose G is a
homomorphism of W into U;. Then there exists a many sorted function
H from W into Uy such that H is a homomorphism of W into Uy and
G=FoH.

(27) Let I be a non empty finite set, A be a non-empty algebra over S, and
F' be an algebra family of I over S. Suppose that for every element ¢ of I
there exists a strict non-empty finitely-generated subalgebra C' of A such
that C' = F(i). Then there exists a strict non-empty finitely-generated
subalgebra B of A such that for every element i of I holds F(i) is a
subalgebra of B.

(28) Let A, B be strict non-empty finitely-generated subalgebras of Uy. Then
there exists a strict non-empty finitely-generated subalgebra M of Uy such
that A is a subalgebra of M and B is a subalgebra of M.

(29) Let S; be a non empty non void many sorted signature, A; be a non-
empty algebra over S, and C be a set. Suppose C' = {4, A ranges over ele-
ments of SubalgebraS(Al): \/R: strict non-empty finitely-generated subalgebra of A;
R = A}. Let F be an algebra family of C' over S;. Suppose that for every
set ¢ such that ¢ € C holds ¢ = F'(c). Then there exists a strict non-empty
subalgebra P; of [[ F such that there exists a many sorted function from
P, into A; which is an epimorphism of P; onto A;.

(30) Let Uy be a feasible free algebra over S, A be a free generator set of U,
and Z be a subset of Up. If Z C A and Gen(Z) is feasible, then Gen(Z) is

free.

3. EQUATIONS IN MANY SORTED ALGEBRAS

Let S be a non empty non void many sorted signature. The functor Tg(N)
yielding an algebra over S is defined by:
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(Def. 3) Tg(N) = Free((the carrier of S) —— N).
Let S be a non empty non void many sorted signature. Note that Tg(N) is
strict non-empty and free.
Let S be a non empty non void many sorted signature. The equations of S
constitute a many sorted set indexed by the carrier of S and is defined by:
(Def. 4) The equations of S = [the sorts of Tg(N), the sorts of Tg(N)].
Let S be a non empty non void many sorted signature. Observe that the
equations of S is non-empty.
Let S be a non empty non void many sorted signature. A set of equations
of S is a many sorted subset indexed by the equations of S.
In the sequel s denotes a sort symbol of S, e denotes an element of (the
equations of S)(s), and E denotes a set of equations of S.

Let S be a non empty non void many sorted signature, let s be a sort
symbol of S, and let z, y be elements of (the sorts of Tg(N))(s). Then (z, y) is
an element of (the equations of S)(s). We introduce xz=y as a synonym of (z,

y)-
Next we state two propositions:

(31) e1 € (the sorts of Tg(N))(s).
(32) eg € (the sorts of Tg(N))(s).
Let S be a non empty non void many sorted signature, let A be an algebra

over S, let s be a sort symbol of S, and let e be an element of (the equations of
S)(s). The predicate A = e is defined by:

(Def. 5) For every many sorted function h from Tg(N) into A such that h is a
homomorphism of Tg(N) into A holds h(s)(e1) = h(s)(e2).

Let S be a non empty non void many sorted signature, let A be an algebra
over S, and let E be a set of equations of S. The predicate A = F is defined as
follows:

(Def. 6) For every sort symbol s of S and for every element e of (the equations
of S)(s) such that e € E(s) holds A |= e.

We now state several propositions:

(33) For every strict non-empty subalgebra Us of Uy such that Uy |= e holds
Us = e.

(34) For every strict non-empty subalgebra U, of Uy such that Up = E holds
U = E.

If Uy and Uy are isomorphic and Uy = e, then Uy = e.

If Uy and Uy are isomorphic and Uy |= E, then U = E.

For every congruence R of Uy such that Uy = e holds Uy/R [= e.

For every congruence R of Uy such that Uy = E holds Uyp/R = E.
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(39) Let F be an algebra family of I over S. Suppose that for every set i such
that ¢ € I there exists an algebra A over S such that A = F(i) and A = e.
Then [[ F [ e.

(40) Let F be an algebra family of I over S. Suppose that for every set 4
such that ¢ € I there exists an algebra A over S such that A = F'(i) and
AEE. Then [[F = E.
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1. PRELIMINARIES

Let A be a transitive non empty category structure with units and let B be
a non empty category structure with units. Observe that every functor from A
to B is feasible and id-preserving.

Let A be a transitive non empty category structure with units and let B
be a non empty category structure with units. One can check the following
observations:

x every functor from A to B which is covariant is also precovariant and
comp-preserving,

x every functor from A to B which is precovariant and comp-preserving is
also covariant,

x every functor from A to B which is contravariant is also precontravariant
and comp-reversing, and

x every functor from A to B which is precontravariant and comp-reversing
is also contravariant.

The following proposition is true
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(2)! Let A, B be transitive non empty category structures with units, F' be
a covariant functor from A to B, and a be an object of A. Then F'(id,) =

idF(a) .

2. TRANSFORMATIONS

Let A, B be transitive non empty category structures with units and let F7,
F5 be covariant functors from A to B. We say that F} is transformable to Fy if
and only if:

(Def. 1) For every object a of A holds (Fi(a), Fx(a)) # 0.

Let us note that the predicate F} is transformable to F5 is reflexive.
One can prove the following proposition

(42 Let A, B be transitive non empty category structures with units and
F, F1, F5 be covariant functors from A to B. Suppose F' is transformable
to F and F) is transformable to F5. Then F' is transformable to F5.

Let A, B be transitive non empty category structures with units and let F,
F5 be covariant functors from A to B. Let us assume that F) is transformable to
F5. A many sorted set indexed by the carrier of A is said to be a transformation
from Iy to Fy if:

(Def. 2) For every object a of A holds it(a) is a morphism from Fj(a) to F(a).

Let A, B be transitive non empty category structures with units and let F'
be a covariant functor from A to B. The functor idg yielding a transformation
from F to F' is defined by:

(Def. 3) For every object a of A holds idp(a) = idp(,) -
Let A, B be transitive non empty category structures with units and let £,
F5 be covariant functors from A to B. Let us assume that F} is transformable
to Fy. Let t be a transformation from Fj to F5 and let a be an object of A. The
functor t[a] yielding a morphism from Fj(a) to F»(a) is defined as follows:
(Def. 4)  tla] = t(a).
Let A, B be transitive non empty category structures with units and let F,
F1, F5 be covariant functors from A to B. Let us assume that F' is transformable
to Fy and F} is transformable to Fy. Let ¢1 be a transformation from F to F}
and let to be a transformation from F} to Fh. The functor to © t; yielding a
transformation from F' to F5 is defined by:
(Def. 5) For every object a of A holds (t2° t1)[a] = t2[a] - t1[a).

We now state four propositions:

!The proposition (1) has been removed.
2The proposition (3) has been removed.
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(5) Let A, B be transitive non empty category structures with units and
Iy, F5 be covariant functors from A to B. Suppose F} is transformable to
F5. Let tq, to be transformations from £} to Fy. If for every object a of A
holds t1]a] = ta[a], then t; = ta.

(6) Let A, B be transitive non empty category structures with units, F' be
a covariant functor from A to B, and a be an object of A. Then idp[a] =
id Fl(a) -

(7) Let A, B be transitive non empty category structures with units and
F1, Fy be covariant functors from A to B. Suppose F} is transformable
to Fy. Let ¢ be a transformation from F; to F5. Then id(FQ) °t = ¢ and
te id( ) = t.

(8) Let A, B be categories and F', Fy, Fy, F3 be covariant functors from A
to B. Suppose F' is transformable to F} and F} is transformable to F5 and
F5 is transformable to F3. Let ¢1 be a transformation from F to F1, t9 be
a transformation from F; to Fy, and t3 be a transformation from F5 to
F;. Then (t3 ° tQ) °t1 =1t3° (tg ° tl).

3. NATURAL TRANSFORMATIONS

Let A, B be transitive non empty category structures with units and let F,
F5 be covariant functors from A to B. We say that F is naturally transformable
to Fy if and only if the conditions (Def. 6) are satisfied.

(Def. 6)(i)  F} is transformable to Fy, and
(ii)  there exists a transformation ¢ from F; to Fy such that for all objects
a, b of A such that (a,b) # () and for every morphism f from a to b holds
t[o] - F1(f) = Fo(f) - t[al.
We now state two propositions:

(9) For all transitive non empty category structures A, B with units holds
every covariant functor F' from A to B is naturally transformable to F.

(10) Let A, B be categories and F, Fy, Fy be covariant functors from A
to B. Suppose F' is naturally transformable to F} and Fj is naturally
transformable to F5. Then F' is naturally transformable to F5.

Let A, B be transitive non empty category structures with units and let
Fy, 5 be covariant functors from A to B. Let us assume that [} is naturally
transformable to Fy. A transformation from F} to F5 is called a natural trans-
formation from Fj to Fy if:

(Def. 7) For all objects a, b of A such that (a,b) # 0 and for every morphism f
from a to b holds it [b] - F1(f) = Fa(f) - it[al.
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Let A, B be transitive non empty category structures with units and let F'
be a covariant functor from A to B. Then idp is a natural transformation from
F to F.

Let A, B be categories and let F', I}, F5 be covariant functors from A to
B. Let us assume that F' is naturally transformable to £} and F}j is naturally
transformable to F5. Let ¢1 be a natural transformation from F' to F; and let ¢
be a natural transformation from F} to Fs. The functor ts° t; yielding a natural
transformation from F' to F5 is defined by:

(Def 8) to°ty =ta° 1.
We now state three propositions:

(11) Let A, B be transitive non empty category structures with units and
Fy, Fy be covariant functors from A to B. Suppose Fj is naturally trans-
formable to F5. Let t be a natural transformation from Fj to F5. Then
id(Fg) °t=tand t° id(Fl) = 1.

(12) Let A, B be transitive non empty category structures with units and
F, Fy, F5 be covariant functors from A to B. Suppose F' is naturally
transformable to F; and Fj is naturally transformable to F5. Let t; be a
natural transformation from F' to Fi, to be a natural transformation from
F) to Fy, and a be an object of A. Then (t3 ° t1)[a] = to[a] - t1]al.

(13) Let A, B be categories, F, Fj, F», F3 be covariant functors from A
to B, t be a natural transformation from F' to Fj, and t; be a natural
transformation from Fj to Fy. Suppose F' is naturally transformable to F}
and Fj is naturally transformable to F5 and F5 is naturally transformable
to F3. Let t3 be a natural transformation from F» to F3. Then (t3°t1)°t =
t3° (tl ° t).

4. CATEGORY OF FUNCTORS

Let I be a set and let A, B be many sorted sets indexed by I. The functor
B4 yields a set and is defined as follows:
(Def. 9)(i)  For every set = holds » € B4 iff z is a many sorted function from A
into B if for every set ¢ such that i € I holds if B(i) = (), then A(i) = 0,
(i) B” =0, otherwise.
Let A, B be transitive non empty category structures with units. The functor
Funct(A, B) yields a set and is defined as follows:
(Def. 10) For every set = holds « € Funct(A, B) iff = is a covariant strict functor
from A to B.
Let A, B be categories. The functor B4 yields a strict non empty transitive
category structure and is defined by the conditions (Def. 11).
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(Def. 11)(i)  The carrier of B4 = Funct(A, B),

(ii)  for all strict covariant functors F', G from A to B and for every set x
holds = € (the arrows of B4)(F, G) iff F is naturally transformable to G
and x is a natural transformation from F' to GG, and

(ili)  for all strict covariant functors F, G, H from A to B such that F
is naturally transformable to G and G is naturally transformable to H
and for every natural transformation ¢; from F' to G and for every natural
transformation ty from G to H there exists a function f such that f = (the
composition of BA)(F, G, H) and f(ta, t1) = t3 ° t1.
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In this paper A is a category, a is an object of A, and f is a morphism of A.
Let us consider A. The functor EnsHom A yields a category and is defined

by:
(Def. 1) EnsHom A = Ensgom4) -
Next we state two propositions:

(1) Let f, g be functions and m;j, mo be morphisms of EnsHom A. If
codm; = dommy and ((dommi, codm,), f) = m; and ({domma,
codmg), g) = ma, then ((dommy, codms), g- f) = ma - mj.

(2) hom(a,—) is a functor from A to EnsHom A.

Let us consider A, a. The functor hom® (a, —) yields a functor from A to
EnsHom A and is defined by:

(Def. 2) hom"(a, —) = hom(a, —).
One can prove the following proposition

(3) For every morphism f of A holds hom" (cod f, —) is naturally transfor-
mable to hom! (dom f, —).

Let us consider A, f. The functor hom" (f, —) yields a natural transformation
from hom® (cod f, —) to hom® (dom f, —) and is defined by:

(Def. 3) For every object o of A holds (hom™(f,—))(0) = ({(hom(cod f,o0),
hom(dom f,0)), hom(f,id,)).

Next we state the proposition
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(4) For every element f of the morphisms of A holds ({hom® (cod f, ),
hom! (dom f, —)), hom®™ (f, —)) is an element of the morphisms of
(EnsHom A)4.

Let us consider A. The functor Yoneda A yielding a contravariant functor
from A into (EnsHom A)? is defined by:

(Def. 4) For every morphism f of A holds (Yoneda A)(f) = ({hom"(cod f,—),
hom™ (dom f, —)), hom" (£, —)).

Let A, B be categories, let F' be a contravariant functor from A into B, and
let ¢ be an object of A. The functor F(c) yields an object of B and is defined
as follows:

(Def. 5)  F(c) = (Obj F)(c).
Next we state the proposition
(5) For every functor F from A to (EnsHom A)# such that Obj F is one-to-
one and F' is faithful holds F' is one-to-one.

Let C, D be categories and let T be a contravariant functor from C' into D.
We say that T is faithful if and only if:

(Def. 6) For all objects ¢, ¢ of C such that hom(c, ') # () and for all morphisms
f1, f2 from ¢ to ¢ such that T(f1) = T(f2) holds f1 = fa.

The following three propositions are true:

(6) Let F be a contravariant functor from A into (EnsHom A)4. If Obj F is
one-to-one and F' is faithful, then F' is one-to-one.

(7)  Yoneda A is faithful.
(8) Yoneda A is one-to-one.

Let C, D be categories and let T' be a contravariant functor from C' into D.
We say that T is full if and only if the condition (Def. 7) is satisfied.

(Def. 7) Let ¢, ¢ be objects of C. Suppose hom(T'(¢'),T(c)) # 0. Let g be a
morphism from T'(¢) to T'(¢). Then hom(e, ) # 0 and there exists a
morphism f from ¢ to ¢ such that g = T'(f).

The following proposition is true
(9) Yoneda A is full.
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Summary. We prove the correctness of the generic algorithms of Brown
and Henrici concerning addition and multiplication in fraction fields of gcd-
domains. For that we first prove some basic facts about divisibility in integral
domains and introduce the concept of amplesets. After that we are able to define
gcd-domains and to prove the theorems of Brown and Henrici which are crucial
for the correctness of the algorithms. In the last section we define Mizar functions
mirroring their input/output behaviour and prove properties of these functions
that ensure the correctness of the algorithms.
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The papers [4], [6], [5], [3], [1], and [2] provide the notation and terminology for
this paper.

1. BASICS

In this paper R denotes an integral domain and a, b, ¢ denote elements of
the carrier of R.
The following proposition is true
(1) For all elements a, b, ¢ of the carrier of R such that a # Og holds if
a-b=a-c,thenb=candifb-a=c-a, then b =c.
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Let R be an integral domain and let x, y be elements of the carrier of R. We
say that x divides y if and only if:

(Def. 1) There exists an element z of the carrier of R such that y =z - 2.
Let us notice that the predicate x divides y is reflexive.
Let R be an integral domain and let z be an element of the carrier of R. We
say that x is unital if and only if:
(Def. 2) z divides 1g.

Let R be an integral domain and let x, y be elements of the carrier of R. We
say that x is associated to y if and only if:

(Def. 3) x divides y and y divides z.
Let us observe that the predicate x is associated to y is reflexive and symmetric.
We introduce x is not associated to y as an antonym of x is associated to y.
Let R be an integral domain and let x, y be elements of the carrier of R.
Let us assume that y divides z. And let us assume that y # 0g. The functor %
yielding an element of the carrier of R is defined as follows:
(Def. 4) 2.y =ua.
One can prove the following propositions:

(2) For all elements a, b, ¢ of the carrier of R such that a divides b and b
divides ¢ holds a divides c.

(3) Let a, b, ¢, d be elements of the carrier of R. If b divides a and d divides
¢, then b - d divides a - c.

(4) Let a, b, ¢ be elements of the carrier of R. If a is associated to b and b is
associated to ¢, then a is associated to c.

(5) For all elements a, b, ¢ of the carrier of R such that a divides b holds c¢-a
divides c - b.

(6) For all elements a, b of the carrier of R holds a divides a-b and b divides
a-b.

(7) For all elements a, b, ¢ of the carrier of R such that a divides b holds a
divides b - c.

(8) Let a, b be elements of the carrier of R. If b divides a and b # Og, then

Z =0 R iffa=0 R-

(9) For every element a of the carrier of R such that a # Og holds ¢ = 1p.
(10) For every element a of the carrier of R holds {7~ = a.
(11) Let a, b, ¢ be elements of the carrier of R such that ¢ # Or. Then
(i) if ¢ divides a - b and ¢ divides a, then 22 = 2.}, and

(ii)  if ¢ divides a - b and ¢ divides b, then %2 = q - 2.

(12) Let a, b, ¢ be elements of the carrier of R. Suppose ¢ # Or and ¢ divides

a and ¢ divides b and ¢ divides a + b. Then & + & = atb,
C C Cc
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(13) Let a, b, ¢ be elements of the carrier of R. Suppose ¢ # Or and c divides
a and ¢ divides b. Then ¢ = g if and only if @ = b.

[

(14) Let a, b, ¢, d be elements of the carrier of R. Suppose b # Og and d # O
and b divides a and d divides c. Then 7 - § = 77.

(15) For all elements a, b, ¢ of the carrier of R such that a # Og and a - b
divides a - ¢ holds b divides c.

(16) For every element a of the carrier of R such that a is associated to Og

holds a = 0p.
(17) For all elements a, b of the carrier of R such that a # 0g and a-b=a
holds b = 1R.

(18) Let a, b be elements of the carrier of R. Then a is associated to b if and
only if there exists ¢ such that ¢ is unital and a - ¢ = b.

(19) For all elements a, b, ¢ of the carrier of R such that ¢ # Or and ¢ - a is
associated to c¢- b holds a is associated to b.

2. AMPLESETS

Let R be an integral domain and let a be an element of the carrier of R. The
functor Classes a yields a subset of the carrier of R and is defined as follows:
(Def. 5)  For every element b of the carrier of R holds b € Classesa iff b is asso-

ciated to a.
Let R be an integral domain and let a be an element of the carrier of R.
Note that Classesa is non empty.
We now state the proposition
(20) For all elements a, b of the carrier of R such that Classes aNClasses b # ()
holds Classes a = Classes b.
Let R be an integral domain. The functor Classes R yielding a family of
subsets of the carrier of R is defined by the condition (Def. 6).
(Def. 6) Let A be a subset of the carrier of R. Then A € Classes R if and only if
there exists an element a of the carrier of R such that A = Classesa.
Let R be an integral domain. One can check that Classes R is non empty.
We now state the proposition
(21) For every subset X of the carrier of R such that X € Classes R holds X
is non empty.
Let R be an integral domain. A non empty subset of the carrier of R is said
to be an amp set of R if it satisfies the conditions (Def. 7).
(Def. 7)(i)  For every element a of the carrier of R holds there exists an element
of it which is associated to a, and
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(ii)  for all elements z, y of it such that x # y holds z is not associated to
Y.
Let R be an integral domain. A non empty subset of the carrier of R is called
an AmpleSet of R if:
(Def. 8) It is an amp set of R and 1p € it.
In the sequel A; denotes an AmpleSet of R.
The following propositions are true:
(22) Let A; be an AmpleSet of R. Then
(i) 1p € A1,
(ii)  for every element a of the carrier of R holds there exists an element of
A1 which is associated to a, and
(iii)  for all elements z, y of A; such that  # y holds x is not associated to
Y.
(23) For all elements z, y of A; such that x is associated to y holds x = y.
(24) For every AmpleSet A; of R holds O is an element of A;.

Let R be an integral domain, let A; be an AmpleSet of R, and let z be
an element of the carrier of R. The functor NF(xz, A;) yields an element of the
carrier of R and is defined as follows:

(Def. 9) NF(z, A1) € Ay and NF(x, A;) is associated to x.

The following propositions are true:

(25) For every AmpleSet A; of R holds NF(0r, A1) = 0r and NF(1g, A1) =
1g.

(26) For every AmpleSet A; of R and for every element a of the carrier of R
holds a € A; iff a = NF(a, 4;).

Let R be an integral domain and let A; be an AmpleSet of R. We say that

Aq is multiplicative if and only if:
(Def. 10) For all elements x, y of A; holds = -y € A;.
The following proposition is true
(27) Let A; be an AmpleSet of R. Suppose A4; is multiplicative. Let x, y be
elements of A;. If y divides z and y # Og, then % € A

3. GCD-DOMAINS

Let R be an integral domain. We say that R is gcd-like if and only if the
condition (Def. 11) is satisfied.
(Def. 11) Let z, y be elements of the carrier of R. Then there exists an element z
of the carrier of R such that
(i)  z divides z,
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(ii)  z divides y, and
(iii)  for every element z; of the carrier of R such that z; divides x and z;
divides y holds z; divides z.
Let us note that there exists an integral domain which is gecd-like.
A gcdDomain is a ged-like integral domain.
Let R be a gcdDomain, let A1 be an AmpleSet of R, and let x, y be elements
of the carrier of R. The functor ged 4, (,y) yielding an element of the carrier of
R is defined by the conditions (Def. 12).
(Def. 12)(1)  gedy, (z,y) € Ay,
(ii) geda, (z,y) divides =,
(iii)  gedy, (2,y) divides y, and
(iv)  for every element z of the carrier of R such that z divides = and z
divides y holds z divides ged 4, (z,y).
In the sequel R is a gcdDomain.
The following propositions are true:
(28) Let A; be an AmpleSet of R and a, b be elements of the carrier of R.
Then gedy, (a,b) divides a and ged 4, (a,b) divides b.
(29) Let A; be an AmpleSet of R and a, b, ¢ be elements of the carrier of R.
If ¢ divides ged 4, (a, b), then ¢ divides @ and c divides b.
(30) For every AmpleSet A; of R and for all elements a, b of the carrier of R
holds ged 4, (a,b) = gedy, (b, a).
(31) For every AmpleSet A; of R and for every element a of the carrier of R
holds ged 4, (a,0r) = NF(a, A1) and ged 4, (Or,a) = NF(a, Ay).
(32) For every AmpleSet A; of R holds gcdy, (Or,0r) = Og.
(33) For every AmpleSet A; of R and for every element a of the carrier of R
holds ged 4, (a,1g) = 1g and gedy, (1g,a) = 1g.
(34) Let A; be an AmpleSet of R and a, b be elements of the carrier of R.
Then gedy, (a,b) = Og if and only if @ = Og and b = Opg.
(35) Let Ay be an AmpleSet of R and a, b, ¢ be elements of the carrier of R.
Suppose b is associated to c. Then ged 4, (a,b) is associated to ged y, (a,c)
and gedy, (b, a) is associated to gedy, (¢, a).
(36) For every AmpleSet A; of R and for all elements a, b, ¢ of the carrier of
R holds ged 4, (ged 4, (a,b), ¢) = ged 4, (a, ged 4, (b, ¢)).
(37) For every AmpleSet A; of R and for all elements a, b, ¢ of the carrier of
R holds ged 4, (a - ¢, b c) is associated to ¢ - (ged 4, (a,b)).
(38) For every AmpleSet A; of R and for all elements a, b, ¢ of the carrier of
R such that gcdy, (a,b) = 1 holds gedy, (a,b - c) = ged 4, (a, ¢).
(39) Let A; be an AmpleSet of R and a, b, ¢ be elements of the carrier of R.
If ¢ = gedy, (a,b) and ¢ # O, then gedy, (%, 2) = 1.
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(40) For every AmpleSet A; of R and for all elements a, b, ¢ of the carrier of
R holds gedy, (@ +b-c,c) = gedy, (a,c).

4. THE THEOREMS OF BROWN AND HENRICI

The following propositions are true:
(41) Let A; be an AmpleSet of R and 71, 72, s1, s2 be elements of the carrier
of R. Suppose gedy, (r1,72) = 1g and ged 4, (s1, 52) = 1g and 72 # Or and
53 7# Ogr. Then gedy, (1 - 872) + 81 - 2 yoT2 22 ) =

gedy, (2,82 gedy, (2,82 gedy, (r2,s2)
L S2 . T2
gedy, (11 ged g, (r2,52) TS gedy, (r2,82)° ged g, (r2, 52)).-

(42) Let A; be an AmpleSet of R and r1, ra, s1, s2 be elements of the carrier
of R. Suppose gedy, (r1,72) = 1g and ged 4, (s1,52) = 1g and 72 # Og and
53 # Og. Then ged 4, ( . 2 2 & ) = 1g.

gedy, (r1,52) gedy, (s1,72) ged g, (s1,r2) ged g, (r1,52)

5. CORRECTNESS OF THE ALGORITHMS

Let R be a gcdDomain, let Ay be an AmpleSet of R, and let x, y be elements
of the carrier of R. We say that x, y are canonical wrt A; if and only if:
(Def. 13)  gedy, (z,y) = 1g.
Next we state the proposition
(43) Let Aj, A} be AmpleSet of R and x, y be elements of the carrier of R.
Then z, y are canonical wrt A; if and only if z, y are canonical wrt Aj.
Let R be a gcdDomain and let z, y be elements of the carrier of R. We say
that = canonical y if and only if:
(Def. 14) There exists an AmpleSet Ay of R such that ged 4, (z,y) = 1g.
Let us observe that the predicate x canonical y is symmetric.
Next we state the proposition
(44) Let A; be an AmpleSet of R and z, y be elements of the carrier of R. If
x canonical y, then gedy, (2,y) = 1g.

Let R be a gcdDomain, let A1 be an AmpleSet of R, and let x, y be elements

of the carrier of R. We say that x, y are normalized wrt A; if and only if:
(Def. 15) gedy, (2,y) = 1g and y € Ay and y # Og.

Let R be a gcdDomain, let A; be an AmpleSet of R, and let r1, 7o, s1, s2 be
elements of the carrier of R. Let us assume that 71 canonical r9 and s; canonical
sg and rg = NF(rg, A1) and s2 = NF(sa, A1). The functor addly4, (r1, r2, s1, S2)
yielding an element of the carrier of R is defined as follows:
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51, if r = OR,

1, if S1 = OR,

1S+ 1o 51, if ngAl(TQ,SQ) =1g,

(Def. 16) addla, (71,79, 51,82) = ¢ Or, if 71 m + 51 m = Og,

r1-

g2)+ v gch (T2 s2)

ged g, (r2,52))°

gchl (T2

cdy. (r1- .
geda, (1 gch1(72,52)+ L gchl(wySz)

| otherwise.

Let R be a gcdDomain, let A; be an AmpleSet of R, and let rq, 7o, s1, S2 be
elements of the carrier of R. Let us assume that 71 canonical r9 and s; canonical
so and r9 = NF(rg, A1) and so = NF(s2, A1). The functor add24, (r1, r2, s1, $2)
yields an element of the carrier of R and is defined by:

So, if 11 = Og,
T, lf S1 = OR,
ro - 89, if gch1 (ro,s2) = 1g,

1 52 . r2 @ _
(Def‘ 17) a‘dd2A1 (7’1,T2,81,82) = 1R’ if e ngA1 (72,82) 81 ngAl(T’2782) - OR’
" ngAl(TQ 52)
gedy, (r1- ged gy (7’2 EYRESE ged gy ?szsz)’ngAl (r2,52))”

otherwise.
We now state two propositions:

(45) Let A; be an AmpleSet of R and 71, 72, s1, s2 be elements of the carrier
of R. Suppose A; is multiplicative and r1, ry are normalized wrt A; and sq,
s are normalized wrt A;. Then addl4, (r1, 72, s1, s2), add24, (11,72, S1, 52)
are normalized wrt Aj.

(46) Let A; be an AmpleSet of R and ry, 72, 1, s2 be elements of the car-
rier of R. Suppose A; is multiplicative and ry, 7o are normalized wrt A;
and s1, s9 are normalized wrt A;. Then addly,(r1,72,s1,82) - (12 - s2) =
add24, (11,72, 81, 82) - (11 - S2 + 81 - T2).

Let R be a gcdDomain, let A; be an AmpleSet of R, and let rq, 7o, s1, S2 be
elements of the carrier of R. The functor multl 4, (11,72, $1, s2) yields an element

of the carrier of R and is defined as follows:

( Op, if r1 = 0p or s; = Og,

1+ S1, if ro = 1R and S9 = 1R,
TSt —
(Def 18) multlAl (’I”l, 2, S1, 82) = ngAl (7'1,52)7 if 52 7é OR and ) 1R7
__ TS
ged g, (s1,72)°
1 . S1
\ ngAl(T‘1,52) ngAl(Sl,Tg)’

if ro #£ 0 and s9 = 1R,

otherwise.

Let R be a gcdDomain, let A; be an AmpleSet of R, and let rq, 7o, s1, s2 be
elements of the carrier of R. Let us assume that 71 canonical r9 and s; canonical
so and ro = NF(re, A1) and so = NF(sa, A1). The functor mult2y4, (r1, r2, s1, $2)
yields an element of the carrier of R and is defined as follows:
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1R, if = OR or s1 = OR,
lR, if ro = 1R and S9 = 1R7
s2 : _
(Def 19) muthAl (’I"l, 2, 81, 52) = ged g, (r1,82)° if 59 7é Or and 7o IR,
T2
ged g, (s1,m2)”
T2 . S2
gedg, (s1,r2)  gedy, (r1,s2)°

The following two propositions are true:

if r9 #£ 0 and s9 = 1R,

otherwise.

(47) Let A; be an AmpleSet of R and ry, r9, s1, s2 be elements of the carrier of
R. Suppose A; is multiplicative and 71, r9 are normalized wrt A; and sq, So
are normalized wrt A;. Then multl 4, (71,72, $1, S2), mult24, (71,72, $1, $2)
are normalized wrt A;.

(48) Let A; be an AmpleSet of R and ry, 72, s1, s2 be elements of the car-
rier of R. Suppose A is multiplicative and ry, 7o are normalized wrt A;
and s1, so are normalized wrt A;. Then multl 4, (11,72, s1,82) - (r2 - s2) =
muthAl (7“1, 79,81, 82) . (7"1 . 81).
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Birkhoff Theorem for Many Sorted Algebras
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Summary. In this article Birkhoff Variety Theorem for many sorted alge-
bras is proved. A class of algebras is represented by predicate P. Notation P[A],
where A is an algebra, means that A is in class P. All algebras in our class are
many sorted over many sorted signature S. The properties of varieties:

a class P of algebras is abstract

a class P of algebras is closed under subalgebras
a class P of algebras is closed under congruences
a class P of algebras is closed under products

are published in this paper as:

e for all non-empty algebras A, B over S such that A and B are_isomorphic
and P[A] holds P[B]

e for every non-empty algebra A over S and for strict non-empty subalgebra
B of A such that P[A] holds P[B]

e for every non-empty algebra A over S and for every congruence R of A
such that P[A] holds P[A/R]

e Let I be a set and F' be an algebra family of I over A. Suppose that for
every set ¢ such that ¢ € I dhere exists an algebra A over A such that
A = F(i) and P[A]. ThenP| = F].

This paper is formalization of parts of [29].

MML Identifier: BIRKHOFF.

The notation and terminology used in this paper have been introduced in the
following articles: [24], [28], [20], [5], [30], [25], [3], [4], [22], [31], [1], [23], [26],
(15, [27), [2], (6], [13], [10], [21], [18], [16], [19], [14], [11], [8], (7], [9], [17], and
[12].

Let S be a non empty non void many sorted signature, let X be a non-empty
many sorted set indexed by the carrier of S, let A be a non-empty algebra over
S, and let F' be a many sorted function from X into the sorts of A. The functor
F# yielding a many sorted function from Free(X) into A is defined by:
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(Def. 1) F# is a homomorphism of Free(X) into A and F# | FreeGenerator(X) =
F o Reverse(X).

We now state the proposition

(1) Let S be a non empty non void many sorted signature, A be a non-empty
algebra over S, X be a non-empty many sorted set indexed by the carrier
of S, and F' be a many sorted function from X into the sorts of A. Then
g, F(x) C g, F7 (k).

In this article we present several logical schemes. The scheme ExFreeAlg 1
concerns a non empty non void many sorted signature .4, a non-empty algebra
B over A, and a unary predicate P, and states that:

There exists a strict non-empty algebra A over A and there exists
a many sorted function F' from B into A such that
) PlA),
(ii)  F is an epimorphism of B onto A, and
(iii)  for every non-empty algebra B over A and for every many
sorted function G from B into B such that G is a homomorphism
of B into B and P[B] there exists a many sorted function H
from A into B such that H is a homomorphism of A into B and
H o F = G and for every many sorted function K from A into B
such that K o ' =G holds H = K
provided the following conditions are met:

e For all non-empty algebras A, B over A such that A and B are
isomorphic and P[A] holds P[B],

e For every non-empty algebra A over A and for every strict non-
empty subalgebra B of A such that P[A] holds P[B], and

e Let I be a set and F' be an algebra family of I over A. Suppose
that for every set ¢ such that ¢ € I there exists an algebra A over
A such that A = F (i) and P[A]. Then P[[] F].

The scheme EzFreeAlg 2 concerns a non empty non void many sorted signa-
ture A, a non-empty many sorted set I3 indexed by the carrier of A, and a unary
predicate P, and states that:

There exists a strict non-empty algebra A over A and there exists
a many sorted function F' from B into the sorts of A such that
(i)  P[A], and
(ii)  for every non-empty algebra B over A and for every many
sorted function G from B into the sorts of B such that P[B] there
exists a many sorted function H from A into B such that H is a
homomorphism of A into B and H o F' = G and for every many
sorted function K from A into B such that K is a homomorphism
of Ainto Band Ko F =G holds H =K
provided the following requirements are met:
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e For all non-empty algebras A, B over A such that A and B are
isomorphic and P[A] holds P[B],

e For every non-empty algebra A over A and for every strict non-
empty subalgebra B of A such that P[A] holds P[B], and

e Let I be a set and F' be an algebra family of I over A. Suppose
that for every set ¢ such that ¢ € I there exists an algebra A over
A such that A = F (i) and P[A]. Then P[[] F].

The scheme Ezx hash concerns a non empty non void many sorted signature
A, non-empty algebras B, C over A, a many sorted function D from the carrier
of A — N into the sorts of B, a many sorted function £ from the carrier of
A — N into the sorts of C, and a unary predicate P, and states that:

There exists a many sorted function H from B into C such that
H is a homomorphism of B into C and £# = H o D#
provided the parameters have the following properties:

e P[C], and

e Let C be a non-empty algebra over A and G be a many sorted
function from (the carrier of A) — N into the sorts of C. Suppose
P[C]. Then there exists a many sorted function h from B into C'
such that A is a homomorphism of B into C' and G = h o D.

The scheme EqTerms concerns a non empty non void many sorted signature
A, a non-empty algebra B over A, a many sorted function C from the carrier of
A — N into the sorts of B, a sort symbol D of A, elements £, F of the sorts
of T4(N)(D), and a unary predicate P, and states that:

For every non-empty algebra B over A such that P[B] holds B |
(€, F)
provided the parameters have the following properties:

e C#(D)(&) = C#(D)(F), and

e Let C be a non-empty algebra over A and G be a many sorted
function from (the carrier of A) — N into the sorts of C'. Suppose
P[C]. Then there exists a many sorted function i from B into C'
such that A is a homomorphism of B into C' and G = hoC.

The scheme FreelsGen deals with a non empty non void many sorted signa-
ture A, a non-empty many sorted set B indexed by the carrier of A, a strict
non-empty algebra C over A, a many sorted function D from B into the sorts of
C, and a unary predicate P, and states that:

D ° B is a non-empty generator set of C
provided the parameters satisfy the following conditions:

e Let C be a non-empty algebra over A and G be a many sorted
function from B into the sorts of C. Suppose P[C]. Then there
exists a many sorted function H from C into C' such that

(i) H is a homomorphism of C into C,
(i) HoD=G, and
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(iii)  for every many sorted function K from C into C' such that
K is a homomorphism of C into C and K oD = G holds H = K,
e P[C], and
e For every non-empty algebra A over A and for every strict non-
empty subalgebra B of A such that P[A] holds P[B].

The scheme Hash is onto deals with a non empty non void many sorted
signature A, a strict non-empty algebra B over A, a many sorted function C
from the carrier of A — N into the sorts of B, and a unary predicate P, and
states that:

C# is an epimorphism of Free((the carrier of A) — N) onto B
provided the following conditions are satisfied:

e Let C be a non-empty algebra over A and G be a many sorted
function from (the carrier of .A) — N into the sorts of C. Suppose
P[C]. Then there exists a many sorted function H from B into C'
such that

(i) H is a homomorphism of B into C,

(i) HoC =G, and
(iii)  for every many sorted function K from B into C' such that
K is a homomorphism of B into C and K oC = G holds H = K,

e P[B], and

e For every non-empty algebra A over A and for every strict non-
empty subalgebra B of A such that P[A] holds P[B].

The scheme FinGenAlgInVar concerns a non empty non void many sorted
signature A, a strict finitely-generated non-empty algebra B over A, a non-
empty algebra C over A, a many sorted function D from the carrier of A —— N
into the sorts of C, and two unary predicates P, Q, and states that:

P[B]
provided the parameters satisfy the following conditions:

o 0[B],

e PlC],

e Let C be a non-empty algebra over A and G be a many sorted
function from (the carrier of A) — N into the sorts of C'. Suppose
Q|C]. Then there exists a many sorted function h from C into C
such that h is a homomorphism of C into C' and G = h o D,

e For all non-empty algebras A, B over A such that A and B are
isomorphic and P[A] holds P[B], and

e For every non-empty algebra A over A and for every congruence
R of A such that P[A] holds P[A/R).

The scheme QuotEpi concerns a non empty non void many sorted signature
A, non-empty algebras B, C over A, and a unary predicate P, and states that:

P[C]

provided the following conditions are satisfied:
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e There exists a many sorted function from B into C which is an
epimorphism of B onto C,

e PlB|,

e For all non-empty algebras A, B over A such that A and B are
isomorphic and P[A] holds P[B], and

e For every non-empty algebra A over A and for every congruence
R of A such that P[A] holds P[A/R)].

The scheme AllFinGen deals with a non empty non void many sorted si-
gnature A, a non-empty algebra B over A, and a unary predicate P, and states
that:

P[B]
provided the parameters satisfy the following conditions:

e For every strict non-empty finitely-generated subalgebra B of B
holds P[B],

e For all non-empty algebras A, B over A such that A and B are
isomorphic and P[A] holds P[B],

e For every non-empty algebra A over A and for every strict non-
empty subalgebra B of A such that P[A] holds P[B],

e For every non-empty algebra A over A and for every congruence
R of A such that P[A] holds P[A/R], and

e Let I be a set and F be an algebra family of I over A. Suppose
that for every set ¢ such that ¢ € I there exists an algebra A over
A such that A = F(i) and P[A]. Then P[[] F].

The scheme FreeInModlIsInVar 1 deals with a non empty non void many
sorted signature A, a non-empty algebra B over A, and two unary predicates
P, Q, and states that:

QB
provided the following requirements are met:

e Let A be a non-empty algebra over A. Then Q[A] if and only
if for every sort symbol s of A and for every element e of (the
equations of A)(s) such that for every non-empty algebra B over
A such that P[B] holds B |= e holds A = e, and

o PIB].

The scheme FreelnModlIsInVar deals with a non empty non void many sorted
signature A, a strict non-empty algebra B over A, a many sorted function C from
the carrier of A —— N into the sorts of B3, and two unary predicates P, Q, and
states that:

P[B]
provided the parameters meet the following conditions:

e Let A be a non-empty algebra over A. Then Q[A] if and only

if for every sort symbol s of A and for every element e of (the

393



394

ARTUR KORNILOWICZ

equations of A)(s) such that for every non-empty algebra B over
A such that P[B] holds B |= e holds A = e,

e Let C be a non-empty algebra over A and G be a many sorted
function from (the carrier of A) — N into the sorts of C'. Suppose
Q[C]. Then there exists a many sorted function H from B into C
such that

(i) H is a homomorphism of B into C,

(i) HoC=G,and
(iii)  for every many sorted function K from B into C such that
K is a homomorphism of B into C and K oC = G holds H = K,

. Q[B).

e For all non-empty algebras A, B over A such that A and B are
isomorphic and P[A] holds P[B],

e For every non-empty algebra A over A and for every strict non-
empty subalgebra B of A such that P[A] holds P[B], and

e Let I be a set and F' be an algebra family of I over A. Suppose
that for every set ¢ such that ¢ € I there exists an algebra A over
A such that A = F(i) and P[A]. Then P[[] F].

The scheme Birkhoff deals with a non empty non void many sorted signature

A and a unary predicate P, and states that:

There exists a set E of equations of A such that for every non-
empty algebra A over A holds P[A] iff A = E

provided the parameters meet the following conditions:

[1]
2]

3]
[4]
(5]
(6]

e For all non-empty algebras A, B over A such that A and B are
isomorphic and P[A] holds P[B],

e For every non-empty algebra A over A and for every strict non-
empty subalgebra B of A such that P[A] holds P[B],

e For every non-empty algebra A over A and for every congruence
R of A such that P[A] holds P[A/R], and

e Let I be a set and F be an algebra family of I over A. Suppose
that for every set ¢ such that ¢ € I there exists an algebra A over
A such that A = F(i) and P[A]. Then P[[] F].
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The terminology and notation used in this paper are introduced in the following
papers: [14], [17], [13], [12], [18], [3], [4], [1], [6], [5], [15], [16], [2], [11], [9], 7],
[8], and [10].

1. PRELIMINARIES

Let S be a non empty 1-sorted structure. One can verify that the 1-sorted
structure of S is non empty.

We now state three propositions:

(1) For every non empty set I and for all many sorted sets M, N indexed
by I holds M+-N = N.

(2) Let I be a set, M, N be many sorted sets indexed by I, and F be a
family of many sorted subsets indexed by M. If N € F, then [|:F:] C N.

(3) Let S be a non void non empty many sorted signature, M; be a strict
non-empty algebra over S, and F be a family of many sorted subsets
indexed by the sorts of M. Suppose F' C SubSorts(M;p). Let B be a
subset of M. If B =|:F":|, then B is operations closed.
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2. RELATIONSHIPS BETWEEN SUBSETS FAMILIES

Let I be a set, let M be a many sorted set indexed by I, let B be a family
of many sorted subsets indexed by M, and let A be a family of many sorted
subsets indexed by M. We say that A is finer than B if and only if:

(Def. 1)  For every set a such that a € A there exists a set b such that b € B and
a Cb.
Let us observe that the predicate A is finer than B is reflexive. We say that B
is coarser than A if and only if:
(Def. 2) For every set b such that b € B there exists a set a such that a € A and
a Cb.
Let us notice that the predicate B is coarser than A is reflexive.

We now state two propositions:

(4) Let I be a set, M be a many sorted set indexed by I, and A, B, C' be
families of many sorted subsets indexed by M. If A is finer than B and B
is finer than C, then A is finer than C.

(5) Let I be a set, M be a many sorted set indexed by I, and A, B, C be
families of many sorted subsets indexed by M. If A is coarser than B and
B is coarser than C, then A is coarser than C.

Let I be a non empty set and let M be a many sorted set indexed by 1. The
functor supp(M) yielding a set is defined by:

(Def. 3) supp(M) = {z, 2z ranges over elements of I: M (z) # 0}.

We now state four propositions:

(6) For every non empty set I and for every non-empty many sorted set M
indexed by I holds M = (;+-M | supp(M).

(7) Let I be a non empty set and Ms, M3 be non-empty many sorted sets in-
dexed by I. If supp(Ms) = supp(Ms) and M| supp(Msy) = M| supp(Ms3),
then M2 == Mg.

(8) Let I be a non empty set, M be a many sorted set indexed by I, and x
be an element of I. If x ¢ supp(M), then M (x) = 0.

(9) Let I be a non empty set, M be a many sorted set indexed by I, x be
an element of Bool(M), ¢ be an element of I, and y be a set. Suppose
y € x(i). Then there exists an element a of Bool(M) such that y € a(i)
and a is locally-finite and supp(a) is finite and a C z.

Let I be a set, let M be a many sorted set indexed by I, and let A be a
family of many sorted subsets indexed by M. The functor MSUnion(A) yielding
a many sorted subset indexed by M is defined by:

(Def. 4) For every set i such that ¢ € I holds (MSUnion(A))(7) = U{f(®9), f
ranges over elements of Bool(M): f € A}.
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Let I be a set, let M be a many sorted set indexed by I, and let B be a non
empty family of many sorted subsets indexed by M. We see that the element of
B is a many sorted set indexed by I.

Let I be a set, let M be a many sorted set indexed by I, and let A be
an empty family of many sorted subsets indexed by M. One can check that
MSUnion(A) is empty yielding.

We now state the proposition

(10) Let I be a set, M be a many sorted set indexed by I, and A be a family
of many sorted subsets indexed by M. Then MSUnion(A4) = |J|:A:].

Let I be a set, let M be a many sorted set indexed by I, and let A, B be
families of many sorted subsets indexed by M. Then AU B is a family of many
sorted subsets indexed by M.

The following propositions are true:

(11) Let I be a set, M be a many sorted set indexed by I, and A, B be
families of many sorted subsets indexed by M. Then MSUnion(AU B) =
MSUnion(A) U MSUnion(B).

(12) Let I be a set, M be a many sorted set indexed by I, and A, B be families
of many sorted subsets indexed by M. If A C B, then MSUnion(A4) C
MSUnion(B).

Let I be a set, let M be a many sorted set indexed by I, and let A, B be
families of many sorted subsets indexed by M. Then AN B is a family of many
sorted subsets indexed by M.

One can prove the following propositions:

(13) Let I be a set, M be a many sorted set indexed by I, and A, B be
families of many sorted subsets indexed by M. Then MSUnion(A N B) C
MSUnion(A) N MSUnion(B).

(14) Let I be a set, M be a many sorted set indexed by I, and A; be a
set. Suppose that for every set x such that x € A; holds z is a family
of many sorted subsets indexed by M. Let A, B be families of many
sorted subsets indexed by M. Suppose B = {MSUnion(X), X ranges over
families of many sorted subsets indexed by M: X € A;} and A = |J A;.
Then MSUnion(B) = MSUnion(A).

(15) Let I be a non empty set, M, N be many sorted sets indexed by I, and
A be a family of many sorted subsets indexed by M. If for every many
sorted set x indexed by I holds z C N, then MSUnion(A) C N.
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3. ALGEBRAIC OPERATION ON SUBSETS OF MANY SORTED SETS

Let I be a non empty set, let M be a many sorted set indexed by I, and let
S be a set operation in M. We say that S is algebraic if and only if the condition
(Def. 5) is satisfied.

(Def. 5) Let = be an element of Bool(M). Suppose z = S(z). Then there exi-
sts a family A of many sorted subsets indexed by M such that A =
{S(a),a ranges over elements of Bool(M): a is locally-finite A supp(a) is
finite A @ C z} and © = MSUnion(A).

Let I be a non empty set and let M be a many sorted set indexed by I. Note
that there exists a set operation in M which is algebraic, reflexive, monotonic,
and idempotent.

Let S be a non empty 1-sorted structure and let I1 be a closure system of
S. We say that I; is algebraic if and only if:

(Def. 6) ClOp(1y) is algebraic.

Let S be a non void non empty many sorted signature and let My be a non-
empty algebra over S. The functor SubAlgCl(M;) yields a strict closure system
structure over S and is defined by:

(Def. 7)  The sorts of SubAlgCl(M;) = the sorts of M; and the family of
SubAlgCl(M;) = SubSorts(Mi).

One can prove the following proposition

(16) Let S be a non void non empty many sorted signature and M; be a
strict non-empty algebra over S. Then SubSorts(M;) is an absolutely-
multiplicative family of many sorted subsets indexed by the sorts of Mj.

Let S be a non void non empty many sorted signature and let M be a strict
non-empty algebra over S. Note that SubAlgCl(M;) is absolutely-multiplicative.

Let S be a non void non empty many sorted signature and let M be a strict
non-empty algebra over S. Observe that SubAlgCl(M) is algebraic.
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The papers [5], [4], [8], [6], [2], [7], [10], [12], [3], [1], [9], [13], and [11] provide
the terminology and notation for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following convention: 71, ro, r3 are sequences of
real numbers, s1, sg, s3 are complex sequences, k, n, m are natural numbers,
and p, r are elements of R.

The following propositions are true:

(1) (n+1)4+0i#0c and 0+ (n+ 1) # Oc.

(2) If for every n holds ri(n) = 0, then for every m holds
(>a=o Ir1l(@))ren(m) = 0.

(3) If for every n holds ri(n) = 0, then 7, is absolutely summable.

Let us note that there exists a sequence of real numbers which is absolutely
summable.

One can check that every sequence of real numbers which is summable is
also convergent.

One can verify that every sequence of real numbers which is absolutely sum-
mable is also summable.

One can check that there exists a sequence of real numbers which is absolu-
tely summable.

Next we state several propositions:
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(4) Suppose r is convergent. Let given p. Suppose 0 < p. Then there exists
n such that for all natural numbers m, [ such that n < m and n <[ holds
[ri(m) — ()] <p.

(5) If for every n holds r1(n) < p, then for all natural numbers n, [ holds
(> a=o(r)(@))ren(n +1) = (26=0(r1)(@))sen(n) <p- 1.

(6) If for every m holds ri(n) < p, then for every n holds
(PCazo(r)(@))ren(n) <p- (n+1).

(7) If for every n such that n < m holds ra(n) < p - r3(n), then
(Xa=o(r2)(@))ren(m) < p- (3oq—o(rs)(c))ren(m).

(8) Suppose that for every n such that n < m holds ra(n) < p - r3(n).
Let given n. Suppose n < m. Let [ be a natural number. If n +
I < m, then (35 _o(r2)(@))en(n + 1) — (Xa—p(r2)(a))sen(n) < p-
(O a=o(rs)(@))ren(n +1) = (226=0(r3)(@))xen(n)).

(9) If for every n holds 0 < ri(n), then for all n, m such that
n < m holds [(3_0_o(r1)(a))ren(m) — (3oo—o(r)(@))ren(n)| =
(55 _o(r)(@))ner(m) — (35 _o(r)(@))wen(n) and for every n holds
|(XCao(r)(@))ren(n)] = (Xa—o(r1)(@))ren(n).

(10) If s9 is convergent and sg is convergent and lim(sy — s3) = Oc, then
lim s = lim s3.

2. THE OPERATIONS ON COMPLEX SEQUENCES

In the sequel z denotes an element of C and N7 denotes an increasing sequ-
ence of naturals.
Let z be an element of C. The functor (2").en yielding a complex sequence
is defined as follows:
(Def. 1) (2%)ken(0) = 1¢ and for every n holds (2")sen(n + 1) = (27)ken(n) - 2.
Let z be an element of C and let n be a natural number. The functor 2y
yielding an element of C is defined by:
(Def. 2) 28 = (2")nen(n).
The following proposition is true
(11) 2% = 1c.
Let ¢ be a complex sequence. The functor R(c) yields a sequence of real
numbers and is defined as follows:
(Def. 3) For every n holds R(c)(n) = R(c(n)).
Let ¢ be a complex sequence. The functor I(c) yielding a sequence of real
numbers is defined as follows:
(Def. 4) For every n holds (c)(n) = I(c(n)).



CONVERGENCE AND THE LIMIT OF COMPLEX ... 405

We now state a number of propositions:

(12) [2] < RG]+ [S(2)].
(13) |R(2)| < |z] and |S(2)] < |#].

(14) R(s2) = RN(s3) and I(s2) = J(s3) iff s9 = s3.

(15) R(s2) + R(s3) = R(s2 + s3) and I(s2) + I(s3) = J(s2 + s3).

(16) —R(s1) = R(—s1) and —F(s1) = I(—s1).

(17) 7-R(z) =R((r+0i)-2) and - I(z) = S((r + 07) - 2)

(18) R(s2) — RN(s3) = R(s2 — s3) and F(s2) — F(s3) = J(s2 — 53)

(19) 7rR(s1) = R((r+07) s1) and r I(s1) = I((r + 07) s1).

(20) R(zs1) = R(z) R(s1)—(2) I(s1) and F(z s1) = R(2) S(s1)+(2) R(s1)
(21) R(s2s3) = R(s2) N(s3) — I(s2) I(s3) and J(s2s3) = R(s2) I(s3) +

I(s2) R(s3).
Let s1 be a complex sequence and let N7 be an increasing sequence of natu-
rals. The functor s; N7 yielding a complex sequence is defined by:
(Def. 5) For every n holds (s1 N1)(n) = s1(N1(n)).
Next we state the proposition
(22) R(s1 N1) = R(s1) - N1 and I(s1 N1) = J(s1) - V1.
Let s1 be a complex sequence and let k£ be a natural number. The functor
s1 T k yields a complex sequence and is defined by:
(Def. 6) For every n holds (s1 1 k)(n) = s1(n + k).
The following proposition is true
(23) R(s1) Tk=R(s1Tk)and S(s1) Tk =(s1 1 k).
Let s1 be a complex sequence. The functor (3 . _(s1)())ken yields a com-
plex sequence and is defined as follows:

(Def. 7) (30 _o(s1)(@))ken(0) = s1(0) and for every n holds (35 _(s1)(@))ren(n+
1) = (3a—o(s1)(@))ken(n) + s1(n +1).
Let s1 be a complex sequence. The functor ) s; yields an element of C and
is defined as follows:

(Def. 8) 37 s1 = lm((3_q—0(s1)(@))ren)-

Next we state a number of propositions:

(24) If for every m holds si(n) = O¢, then for every m holds
(Xa=o(s1)(@))ren(m) = Oc.
(25) If for every m holds si(n) = O¢, then for every m holds

(X0 Is11(@))xen(m) = 0.
(26)  (Xon—o R(s1)(@)ren = R((io(s1)())wen) and (35— S(s1)(@))ren =
S((Xa=o(51)(@))nen)-
(27)  (Xh=o(s2)(a))wen + (X azo(s3)(@)ren = (Xa-o(52 + 53)(@))nen-
(> a=0(32)(@))ren — (Xon—o(s3)(@))nen = (Pa—o(52 — 53)(@)) eN-
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(29)  (Xa=o(zs1)(@))nen
(30) [ a=o(s1)(@))ren(k
(31) 1 a=o(s1)(@))ren(m
—(Xa=o Is11(@))ren(n )I
(32) (Xa—oR(s1)(a))ren Th =R((Z5—o(51)(@))ren T k) and
(>a=0 \S(Sl)(a))new Tk =S((2a=0(s1)(@)ren T k).
(33) If for every n holds sa(n) = s1(0), then (3_n_o(s1 T 1)(@))ken =
(Xa=o(s51)(@))ren T1 = s2.
(34) (Ooh_yIs1](@))ken is non-decreasing.
Let s1 be a complex sequence. Note that (>~ |s1](c))xen is non-decreasing.
Next we state three propositions:

(35) If for every m such that n < m holds sa(n) = s3(n), then
(>a=o(s2)(@))ren(m) = (3-6-0(53)(@))wen(m).

(36) 1If 1c # 2, then for every n holds (Yo (%) wery) (0))ren(n) = 225

(37) If z # 1¢ and for every n holds s;(n+ 1) = z - s1(n), then for every n

holds (3_5_o(s1)(a))ren(n) = 51(0) - 1C1f_§: :

=z (22:0(51)(0));@@-
)| < (EZ:O Is1|(c))ren(k)-
|

n)

\_/
M
Q

I

(=)
—
V)
—_
SN—
—~
Q
~—
~—
=
m
Z
—~

< (a0 Is1l(@))sen(m)

3. CONVERGENCE OF COMPLEX SEQUENCES

Next we state four propositions:

(38) Let a, b be sequences of real numbers and ¢ be a complex sequence.
Suppose that for every n holds R(c(n)) = a(n) and I(c(n)) = b(n). Then
a is convergent and b is convergent if and only if ¢ is convergent.

(39) Let a, b be convergent sequences of real numbers and ¢ be a complex
sequence. Suppose that for every n holds R(c(n)) = a(n) and S(c(n)) =
b(n). Then c is convergent and lim ¢ = lim a + lim bi.

(40) Let a, b be sequences of real numbers and ¢ be a convergent complex
sequence. Suppose that for every n holds (c(n)) = a(n) and I(c(n)) =
b(n). Then a is convergent and b is convergent and lima = R(limc) and
limb = (limc).

(41) For every convergent complex sequence ¢ holds R(c) is convergent and
() is convergent and lim R(c) = R(lim ¢) and lim F(c) = F(lim ¢).

Let ¢ be a convergent complex sequence. Observe that R(c) is convergent
and J(c) is convergent.
The following propositions are true:

(42) Let ¢ be a complex sequence. Suppose R(c) is convergent and J(c) is
convergent. Then ¢ is convergent and R(lim ¢) = lim %(c) and F(limc) =
lim (c).
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(43) If 0 < |z| and |z] < 1 and s1(0) = z and for every n holds s1(n + 1) =
s1(n) - z, then s; is convergent and lim s; = Oc.

(44) 1If |2| < 1 and for every n holds s1(n) = 2™, then s; is convergent and
lim s; = Oc¢.

(45) If r > 0 and there exists m such that for every n such that n > m holds
|si(n)| = r, then |s1| is not convergent or lim |s;| # 0.

(46) s1 is convergent iff for every p such that 0 < p there exists n such that
for every m such that n < m holds |s1(m) — s1(n)| < p.

(47) Suppose s; is convergent. Let given p. Suppose 0 < p. Then there exists
n such that for all natural numbers m, [ such that n < m and n <[ holds
[s1(m) — s1(1)] < p.

(48) If for every n holds |si(n)| < r1(n) and 7 is convergent and limr; = 0,
then s1 is convergent and lim s; = Oc.

4. SUMMABLE AND ABSOLUTELY SUMMABLE COMPLEX SEQUENCES

Let s1, sa be complex sequences. We say that s; is a subsequence of so if
and only if:
(Def. 9) There exists N7 such that s; = sg Ny.
Next we state three propositions:
(49) 1If s; is a subsequence of sg, then R(s1) is a subsequence of £(s2) and
S(s1) is a subsequence of (s2).
(50) If s1 is a subsequence of sy and sg is a subsequence of s3, then s; is a
subsequence of s3.
(51) If s; is bounded, then there exists so which is a subsequence of s; and
convergent.
Let s1 be a complex sequence. We say that s; is summable if and only if:
(Def. 10)  (3-n_o(s1)())ken is convergent.
Let us observe that there exists a complex sequence which is summable.
Let s; be a summable complex sequence. Observe that (35 (s1)(@))xen is
convergent.
Let us consider s;. We say that s; is absolutely summable if and only if:
(Def. 11) |s1] is summable.
One can prove the following proposition
(52) If for every n holds s;(n) = Oc, then s; is absolutely summable.
Let us observe that there exists a complex sequence which is absolutely
summable.
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Let s1 be an absolutely summable complex sequence. Observe that |s1] is
summable.
The following proposition is true
(53) If s is summable, then s; is convergent and lim s; = Oc.

One can verify that every complex sequence which is summable is also co-
nvergent.
We now state the proposition
(54) If s; is summable, then R(s1) is summable and J(sp) is summable and
Z S1 = Z %(81) + Z %(31)7;.
Let s1 be a summable complex sequence. One can verify that R(sq) is sum-
mable and (s1) is summable.
We now state two propositions:
(55) If so is summable and s is summable, then sy + s3 is summable and
d(s2+83) =) 52+ 83
(56) If so is summable and s3 is summable, then sy — s3 is summable and
2(82 - 53) = ZSQ — 253.
Let sg, s3 be summable complex sequences. One can check that so + s3 is
summable and sy — s3 is summable.
The following proposition is true
(57) If s; is summable, then z s; is summable and > (zs1) = 2 - Y 1.
Let z be an element of C and let s; be a summable complex sequence. One
can check that z s; is summable.
The following two propositions are true:
(58) If R(s1) is summable and (s1) is summable, then s; is summable and
>os51 =2 R(s1) + 2 S(s1)i.
(59) If s1 is summable, then for every n holds s; T n is summable.
Let s; be a summable complex sequence and let n be a natural number.
Note that s1 T n is summable.
One can prove the following propositions:
(60) If there exists n such that s; T n is summable, then s; is summable.
(61) If 51 is summable, then for every n holds > s1 = (3 _(s1)(@))ren(n)+
>_(s1T(n+1)).
(62)  (>on_ols1](@))ken is upper bounded iff s1 is absolutely summable.
Let s; be an absolutely summable complex sequence. One can check that
(>on_ols1](a))ken is upper bounded.
One can prove the following two propositions:
(63) s1 is summable iff for every p such that 0 < p there exists n such
that for every m such that n < m holds [(3_5_q(s1)(®))ken(m) —

(>a=o(s1)(@))ren(n)| < p.
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(64) If s; is absolutely summable, then s; is summable.

One can check that every complex sequence which is absolutely summable
is also summable.

Let us note that there exists a complex sequence which is absolutely sum-
mable.

The following propositions are true:

(65) If |z| <1, then (2%).ey is summable and 37((2%)xen) = 8

lg—z"

(66) If |z| < 1 and for every n holds s1(n+1) = z-s1(n), then s; is summable
_ 51(0)

and > s = fé—_z.

(67) If ro is summable and there exists m such that for every n such that
m < n holds |s3(n)| < r2(n), then s3 is absolutely summable.

(68) Suppose for every n holds 0 < [s2|(n) and |s2|(n) < |s3|(n) and s3
is absolutely summable. Then s is absolutely summable and > [sa| <
2 ssl-

(69) If for every n holds |s1|(n) > 0 and there exists m such that for every n

such that n > m holds % > 1, then s; is not absolutely summable.

(70) If for every n holds ra(n) = {/|s1|(n) and ra is convergent and limry < 1,
then s is absolutely summable.

(71) If for every n holds ra(n) = {/|s1|(n) and there exists m such that for
every n such that m < n holds ra(n) > 1, then |s1] is not summable.

(72) 1If for every n holds ro(n) = {/|s1|(n) and rq is convergent and limry > 1,
then s; is not absolutely summable.

(73) Suppose [s1| is non-increasing and for every n holds ra(n) = 2" - |s|(the
n-th power of 2). Then s; is absolutely summable if and only if ry is
summable.

(74) 1If p > 1 and for every n such that n > 1 holds |s1|(n) = -, then s; is

absolutely summable.

(75) 1If p < 1 and for every n such that n > 1 holds |s1|(n) = -5, then s; is
not absolutely summable.

(76) If for every n holds s1(n) # Oc and ra(n) = lsllsll('#:)l) and ry is convergent
and limry < 1, then s; is absolutely summable.

(77) 1If for every n holds s1(n) # Oc and there exists m such that for every n

such that n > m holds Isllsll(lrz:)l) > 1, then s1 is not absolutely summable.
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Summary. Finite-dimensional real linear spaces are defined. The dimen-
sion of such spaces is the cardinality of a basis. Obviously, each two basis have
the same cardinality. We prove the Steinitz theorem and the Exchange Lemma.
We also investigate some fundamental facts involving the dimension of real linear
spaces.
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[14], and [11].

1. PRELIMIARIES

For simplicity, we follow the rules: V' denotes a real linear space, W denotes
a subspace of V', x denotes a set, n denotes a natural number, v denotes a vector
of V, Ki, K5 denote linear combinations of V', and X denotes a subset of the
carrier of V.
We now state a number of propositions:
(1) If X is linearly independent and the support of K1 C X and the support
of K9 C X and ZKl = ZKQ, then K7 = K.
(2) Let V be a real linear space and A be a subset of V. If A is linearly
independent, then there exists a basis I of V such that A C I.

(3) Let L be a linear combination of V' and = be a vector of V. Then z € the
support of L if and only if there exists v such that x = v and L(v) # 0.
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(4) For every finite set X such that n < X there exists a finite subset A of
X such that A = n.

(5) Let L be a linear combination of V', F'; G be finite sequences of elements
of the carrier of V, and P be a permutation of dom F. If G = F' - P, then
2LF)=3(LG).

(6) Let L be alinear combination of V' and F be a finite sequence of elements
of the carrier of V. If the support of L misses rng F, then > (L F') = Oy.

(7) Let F be a finite sequence of elements of the carrier of V. Suppose F' is
one-to-one. Let L be a linear combination of V. If the support of L C rng F),
then > (LF)=>_L.

(8) Let L be alinear combination of V' and F be a finite sequence of elements
of the carrier of V. Then there exists a linear combination K of V such
that the support of K = rng F' N the support of L and L FF = K F.

(9) Let L be a linear combination of V, A be a subset of V, and F be
a finite sequence of elements of the carrier of V. Suppose rng F' C the
carrier of Lin(A). Then there exists a linear combination K of A such that
Y(LF)=> K.

(10) Let L be a linear combination of V' and A be a subset of V. Suppose the
support of L C the carrier of Lin(A). Then there exists a linear combina-
tion K of A such that ) L =) K.

(11) Let L be a linear combination of V. Suppose the support of L C the
carrier of W. Let K be a linear combination of W. Suppose K = L|the
carrier of W. Then the support of L = the support of K and ) L =) K.

(12) Let K be a linear combination of W. Then there exists a linear com-
bination L of V such that the support of K = the support of L and
YK => L.

(13) Let L be a linear combination of V. Suppose the support of L C the
carrier of W. Then there exists a linear combination K of W such that
the support of K = the support of L and Y K =5 L.

(14) For every basis I of V and for every vector v of V' holds v € Lin([).

(15) Let A be a subset of W. Suppose A is linearly independent. Then there
exists a subset B of V' such that B is linearly independent and B = A.

(16) Let A be a subset of V. Suppose A is linearly independent and A C the
carrier of W. Then there exists a subset B of W such that B is linearly
independent and B = A.

(17) For every basis A of W there exists a basis B of V such that A C B.

(18) Let A be a subset of V. Suppose A is linearly independent. Let v be a
vector of V. If v € A, then for every subset B of V such that B = A\ {v}
holds v ¢ Lin(B).
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(19) Let I be a basis of V and A be a non empty subset of V. Suppose A
misses I. Let B be asubset of V. If B = [UA, then B is linearly-dependent.

(20) For every subset A of V' such that A C the carrier of W holds Lin(A) is
a subspace of W.

(21) For every subset A of V and for every subset B of W such that A = B
holds Lin(A) = Lin(B).

2. THE STEINITZ THEOREM

Next we state two propositions:

(22) Let A, B be finite subsets of V' and v be a vector of V. Suppose v €
Lin(AU B) and v ¢ Lin(B). Then there exists a vector w of V' such that

we Aand w e Lin(((AU B) \ {w}) U {v}).
(23) Let A, B be finite subsets of V. Suppose the RLS structure of V' = Lin(A)

and B is linearly independent. Then B < A and there exists a finite

subset C' of V such that C C 4 and C = A — B and the RLS structure
of V. =Lin(BUC).

3. FINITE DIMENSIONAL VECTOR SPACES

Let V be a real linear space. We say that V is finite dimensional if and only
if:
(Def. 1) There exists a finite subset of the carrier of V' which is a basis of V.

Let us observe that there exists a real linear space which is strict and finite
dimensional.

Let V be a real linear space. Let us observe that V is finite dimensional if
and only if:

(Def. 2) There exists a finite subset of V' which is a basis of V.
We now state several propositions:
(24) 1If V is finite dimensional, then every basis of V' is finite.

(25) If V is finite dimensional, then for every subset A of V such that A is
linearly independent holds A is finite.

(26) If V is finite dimensional, then for all bases A, B of V holds A=1.
(27) Oy is finite dimensional.

(28) If V is finite dimensional, then W is finite dimensional.
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Let V be a real linear space. One can check that there exists a subspace of
V' which is finite dimensional and strict.

Let V' be a finite dimensional real linear space. Observe that every subspace
of V is finite dimensional.

Let V be a finite dimensional real linear space. Note that there exists a
subspace of V' which is strict.

4. THE DIMENSION OF A VECTOR SPACE

Let V be a real linear space. Let us assume that V' is finite dimensional. The
functor dim(V') yields a natural number and is defined as follows:
(Def. 3) For every basis I of V holds dim(V') = T.
We use the following convention: V' is a finite dimensional real linear space,
W, Wy, Ws are subspaces of V, and u, v are vectors of V.
Next we state a number of propositions:
(29) dim(W) < dim(V).
(30) For every subset A of V' such that A is linearly independent holds A

dim(Lin(A)).
(31) dim(V) = dim(Qy).
(32) dim(V) = dim(W) iff Qy = Q.
(33) dim(V) =0 iff Qy = 0y.
(34) dim(V) =1 iff there exists v such that v # Oy and Qy = Lin({v}).
(35) dim(V) = 2 iff there exist u, v such that v # v and {u,v} is linearly

independent and Qy = Lin({u,v}).

) dim(Wi + W) + dim(W, 0 Wa) = dim(W1) + dim(Ws).

) dim(Wy N Wa) > (dim(Wh) + dim(Ws)) — dim(V).

38) If V is the direct sum of W; and Wo, then dim(V') = dim (W7 )+dim(Wa).
) n < dim(V) iff there exists a strict subspace W of V' such that dim(W) =

Let V be a finite dimensional real linear space and let n be a natural number.
The functor Sub, (V) yields a set and is defined as follows:

(Def. 4) x € Sub, (V) iff there exists a strict subspace W of V' such that W =z
and dim(W) = n.
The following propositions are true:
(40) If n < dim(V'), then Sub, (V') is non empty.
(41) If dim(V) < n, then Sub, (V) = 0.
(42)  Sub, (W) C Sub, (V).
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The notation and terminology used in this paper are introduced in the following
papers: [19], [23], [13], [10], [22], [24], [6], [9], [7], [4], [8], [2], [20], [12], [3], [5],
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1. PRELIMINARIES

Let D be a set, let T' be a non empty set of finite sequences of D, and let .S
be a non empty subset of 7. We see that the element of S is a finite sequence
of elements of D.

Let i, j be even integers. One can verify that ¢ — j is even.

We now state two propositions:

(1) For all integers 4, j holds i is even iff j is even iff i — j is even.

(2) Let p be a finite sequence and m, n, a be natural numbers. Suppose
a € dom(p(m),...,p(n)). Then there exists a natural number k such that
k € domp and p(k) = (p(m),...,p(n))(a) and k+1=m+a and m < k
and k < n.

IThis work was partially supported by NSERC Grant OGP9207 and Shinshu Endowment
Fund for Information Science.
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Let G be a graph. A vertex of GG is an element of the vertices of G.

For simplicity, we follow the rules: G denotes a graph, v, v1, v denote vertices
of G, ¢, c1, ¢ denote chains of G, p, p1, p2 denote paths of G, vs, vy, vs denote
finite sequences of elements of the vertices of GG, e, X denote sets, and n, m
denote natural numbers.

One can prove the following propositions:

3
4

If v is vertex sequence of ¢, then vs is non empty.

If ¢ is cyclic and v3 is vertex sequence of ¢, then v3(1) = vz(lenwvs).

ot

If n € domp and m € domp and n # m, then p(n) # p(m).
€ is a path of G.

If e € the edges of G, then (e) is a path of G.
(p(m),...,p(n)) is a path of G.

Suppose rngp; misses rngpy and vy is vertex sequence of p; and vy is

J

e e e e T
=) =2
— Y ~— Y ~— ~— ~—

vertex sequence of ps and vg(lenwvy) = v5(1). Then p; 7 ps is a path of G.

(10) p is one-to-one.

(11) If ¢; " cg is a path of G, then rng ¢y misses rng cs.

(12) If ¢ = ¢, then c is cyclic.

Let G be a graph. Observe that there exists a path of G which is cyclic.
Next we state several propositions:

(13) For every cyclic path p of G holds (p(m + 1),...,p(lenp)) 7
(p(1),...,p(m)) is a cyclic path of G.

(14) If m+1 € domp, then len({(p(m +1),...,p(lenp)) ~ (p(1),...,p(m))) =
lenp and rng({(p(m + 1),...,p(lenp)) = (p(1),...,p(m))) = rngp and
((p(m +1),...,p(lenp)) = (p(1),...,p(m)))(1) = p(m + 1).

(15) For every cyclic path p of G such that n € domp there exists a cyclic
path p’ of G such that p'(1) = p(n) and lenp’ = lenp and rngp’ = rngp.

(16) Let s, t be vertices of G. Suppose s = (the source of G)(e) and t = (the
target of G)(e). Then (¢, s) is vertex sequence of (e).

(17) Suppose e € the edges of G and v3 is vertex sequence of ¢ and vz(lenwvs) =
(the source of G)(e). Then

(i) ¢~ (e) is a chain of G, and

(ii)  there exists a finite sequence v} of elements of the vertices of G such
that v} = v3 ~~ ((the source of G)(e), (the target of G)(e)) and v} is vertex
sequence of ¢ ™ (e) and v} (1) = v3(1) and v} (lenv}) = (the target of G)(e).

(18) Suppose e € the edges of G and vs is vertex sequence of ¢ and vs(lenvz) =

(the target of G)(e). Then

(i) ¢~ (e) is a chain of G, and

(ii)  there exists a finite sequence v| of elements of the vertices of G such
that v] = v3 ~ ((the target of G)(e), (the source of G)(e)) and v} is vertex
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sequence of ¢ (e) and v} (1) = v3(1) and v} (lenv}) = (the source of G)(e).

(19) Suppose vs is vertex sequence of c. Let n be a natural number. Suppose
n € domc. Then

(i)  w3(n) = (the target of G)(c¢(n)) and vs(n+1) = (the source of G)(c(n)),
or
(ii) ws(n) = (the source of G)(c(n)) and vs(n+1) = (the target of G)(c(n)).

(20) If w3 is vertex sequence of ¢ and e € rnge, then (the target of G)(e) €
rng vg and (the source of G)(e) € rngvs.

Let G be a graph and let X be a set. Then G-VSet(X) is a subset of the
vertices of G.
One can prove the following propositions:

(21) G-VSet(0) = 0.

(22) If e € the edges of G and e € X, then G-VSet(X) is non empty.

(23) @ is connected if and only if for all v1, ve such that vy # v there exist c,
v3 such that ¢ is non empty and vs is vertex sequence of ¢ and v3(1) = vy
and vz(lenwvs) = vo.

(24) Let G be a connected graph, X be a set, and v be a vertex of G. Suppose
X meets the edges of G and v ¢ G-VSet(X). Then there exists a vertex
v of G and there exists an element e of the edges of G such that v €
G-VSet(X) but e ¢ X but v/ = (the target of G)(e) or v’ = (the source of
G)(e).

2. DEGREE OF A VERTEX

Let G be a graph, let v be a vertex of GG, and let X be a set. The functor
EdgesIn(v, X) yields a subset of the edges of G and is defined as follows:

(Def. 1) For every set e holds e € EdgesIn(v, X) iff e € the edges of G and e € X
and (the target of G)(e) = v.
The functor EdgesOut(v, X) yields a subset of the edges of G and is defined as
follows:
(Def. 2) For every set e holds e € EdgesOut(v, X) iff e € the edges of G and
e € X and (the source of G)(e) = v.
Let G be a graph, let v be a vertex of G, and let X be a set. The functor
EdgesAt(v, X) yields a subset of the edges of G and is defined as follows:
(Def. 3) EdgesAt(v, X) = EdgesIn(v, X)) U EdgesOut(v, X).
Let G be a finite graph, let v be a vertex of G, and let X be a set. One can
check the following observations:
x  EdgesIn(v, X) is finite,
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*x  EdgesOut(v, X) is finite, and
*  EdgesAt(v, X) is finite.
Let G be a graph, let v be a vertex of G, and let X be an empty set. One
can verify the following observations:
x  EdgesIn(v, X) is empty,
x  EdgesOut(v, X) is empty, and
x  EdgesAt(v, X) is empty.
Let G be a graph and let v be a vertex of G. The functor EdgesInv yields a
subset of the edges of G and is defined as follows:
(Def. 4) EdgesInv = EdgesIn(v, the edges of G).
The functor EdgesOut v yields a subset of the edges of G and is defined by:
(Def. 5) EdgesOut v = EdgesOut(v, the edges of G).
One can prove the following propositions:
(25) EdgesIn(v, X) C EdgesInv.
(26) EdgesOut(v, X) C EdgesOut v.
Let G be a finite graph and let v be a vertex of G. Note that EdgesInv is
finite and EdgesOut v is finite.
For simplicity, we follow the rules: G denotes a finite graph, v denotes a
vertex of GG, ¢ denotes a chain of GG, vs denotes a finite sequence of elements of

the vertices of G, and X7, X9 denote sets.
One can prove the following two propositions:

(27) card EdgesInv = EdgIn(v).
(28) card EdgesOutv = EdgOut(v).

Let G be a finite graph, let v be a vertex of G, and let X be a set. The
functor Degree(v, X) yields a natural number and is defined as follows:

(Def. 6) Degree(v, X) = card EdgesIn(v, X') + card EdgesOut(v, X).
The following propositions are true:

(29) The degree of v = Degree(v, the edges of G).

(30) If Degree(v, X) # 0, then EdgesAt(v, X) is non empty.

(31) Suppose e € the edges of G but e ¢ X but v = (the target of G)(e) or
v = (the source of G))(e). Then the degree of v # Degree(v, X).

(32) If X9 C Xy, then card EdgesIn(v, X1 \ X2) = card EdgesIn(v, X1) —
card EdgesIn(v, X2).

(33) If X9 C Xy, then card EdgesOut(v, X7 \ X2) = card EdgesOut (v, X1) —
card EdgesOut (v, Xs).

(34) If X C Xy, then Degree(v, X1 \ X2) = Degree(v, X1) — Degree(v, X2).

(35) EdgesIn(v, X) = EdgesIn(v, X Nthe edges of G) and EdgesOut(v, X) =
EdgesOut(v, X N the edges of G).
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(36) Degree(v, X) = Degree(v, X N the edges of G).

(37) If ¢ is non empty and w3 is vertex sequence of ¢, then v € rnguws iff

Degree(v, rng c¢) # 0.

(38) For every non empty finite connected graph G and for every vertex v of

G holds the degree of v # 0.

3. ADDING AN EDGE TO A GRAPH

Let G be a graph and let v1, vy be vertices of G. The functor AddNewEdge(v1, v2)

yielding a strict graph is defined by the conditions (Def. 7).
(Def. 7)(i)  The vertices of AddNewEdge(v1, v2) = the vertices of G,

(ii))  the edges of AddNewEdge(vi,v2) = (the edges of G) U {the edges of

G}7

(iii)  the source of AddNewEdge(v1,v2) = (the source of G)+-((the edges of

G)——(v1)), and

(iv)  the target of AddNewEdge(vi,vs) = (the target of G)+-((the edges of

G)I—)(UQ))
Let G be a finite graph and let vy, vy be vertices of G. Observe that

AddNewEdge(v1, v2) is finite.

For simplicity, we adopt the following rules: G is a graph, v, vy, vy are

vertices of GG, ¢ is a chain of G, p is a path of GG, vs is a finite sequence of
elements of the vertices of G, v is a vertex of AddNewEdge(vy,vs), p’ is a path
of AddNewEdge(v1,v2), and v} is a finite sequence of elements of the vertices
of AddNewEdge(v1,v2).

We now state a number of propositions:

(39)(1) The edges of G € the edges of AddNewEdge(vy, v2),

(ii)  the edges of G = (the edges of AddNewEdge(vi,v2)) \ {the edges of
G},

(iii)  (the source of AddNewEdge(v1,v2))(the edges of G) = vy, and

(iv)  (the target of AddNewEdge(v1,v2))(the edges of G) = vs.

(40) Suppose e € the edges of G. Then (the source of AddNewEdge(v1, v2))(e)
(the source of G)(e) and (the target of AddNewEdge(vi,v2))(e) = (the
target of G)(e).

(41) If v} = v3 and v is vertex sequence of ¢, then v} is vertex sequence of c.
(42) cis a chain of AddNewEdge(v1, v2).

(43) pis a path of AddNewEdge(vy,vs).

(44) 1If o' = vy and vy # vy, then EdgesIn(v’, X) = EdgesIn(vy, X).

(45) If v' = vg and vy # v, then EdgesOut(v’, X) = EdgesOut(ve, X).
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(46) 1If o' = vy and vy # vy and the edges of G € X, then EdgesOut(v', X) =
EdgesOut(vy, X) U {the edges of G} and EdgesOut(v1, X) N {the edges of
G} =10.

(47) If v' = v9 and v1 # v9 and the edges of G € X, then EdgesIn(v', X) =
EdgesIn(vg, X) U {the edges of G} and EdgesIn(ve, X) N {the edges of
G} =10.

(48) If v' = v and v # vy and v # vy, then EdgesIn(v’, X)) = EdgesIn(v, X).

(49) If v/ = v and v # wv; and v # vy, then EdgesOut(v/,X) =
EdgesOut(v, X).

(50) If the edges of G ¢ rngp’, then p’ is a path of G.

(51) If the edges of G ¢ rngp’ and vz = v} and v} is vertex sequence of p/,
then v3 is vertex sequence of p'.

Let G be a connected graph and let v1, vo be vertices of G. One can check
that AddNewEdge(v1,v2) is connected.

For simplicity, we adopt the following rules: G is a finite graph, v, v1, vy are
vertices of G, v3 is a finite sequence of elements of the vertices of G, and v’ is a
vertex of AddNewEdge(v1,v2).

We now state two propositions:

(52) If v’ =wv and v1 # vy and v = v1 or v = v9 and the edges of G € X, then
Degree(v’, X)) = Degree(v, X) + 1.
(53) 1If o' = v and v # vy and v # vy, then Degree(v’, X) = Degree(v, X).

4. SOME PROPERTIES OF AND OPERATIONS ON CYCLES

The following two propositions are true:
(54) For every cyclic path ¢ of G holds Degree(v,rngc) is even.
(55) Let ¢ be a path of G. Suppose ¢ is non cyclic and v3 is vertex sequence of
c. Then Degree(v, rng ¢) is even if and only if v # v3(1) and v # vs3(lenvs).
In the sequel G is a graph, v is a vertex of G, and vs3 is a finite sequence of
elements of the vertices of G.
Let G be a graph. The functor G-CycleSet yields a non empty set of finite
sequences of the edges of G and is defined as follows:

(Def. 8) For every set x holds x € G-CycleSet iff x is a cyclic path of G.
One can prove the following propositions:
(56) ¢ is an element of G-CycleSet.

(57) Let ¢ be an element of G-CycleSet. Suppose v € G-VSet(rngc). Then
{c/, ¢’ ranges over elements of G-CycleSet: rngc’ = mge A V. (vs is
vertex sequence of ¢ A wv3(1) =)} is a non empty subset of G-CycleSet.
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Let us consider G, v and let ¢ be an element of G-CycleSet. Let us assume
that v € G-VSet(rng c). The functor cfy yields an element of G-CycleSet and is
defined as follows:

(Def. 9) ¢ty = choose({c/, ¢ ranges over elements of G-CycleSet: rng¢’ = rnge A
V., (vs is vertex sequence of ¢’ A v3(1) = v)}).
Let G be a graph and let ¢1, co be elements of G-CycleSet. Let us assume

that G-VSet(rng c1) meets G-VSet(rng c2) and rng ¢; misses rng cz. The functor
CatCycles(cy, ¢2) yields an element of G-CycleSet and is defined as follows:

(Def. 10) There exists a vertex v of G such that v = choose((G-VSet(rngc1)) N
(G-VSet(rng cz))) and CatCycles(ci, c2) = (c1ty) ™ cafs.

The following proposition is true

(58) Let G be a graph and ¢, c2 be elements of G-CycleSet. Suppose
G-VSet(rng ¢1) meets G-VSet(rng cz) but rngc; misses rng ey but ¢y # €
or ¢y # €. Then CatCycles(cy, c2) is non empty.

In the sequel G denotes a finite graph, v denotes a vertex of GG, and ws
denotes a finite sequence of elements of the vertices of G.

Let us consider G, v and let X be a set. Let us assume that Degree(v, X') # 0.
The functor X-PathSet(v) yielding a non empty set of finite sequences of the
edges of GG is defined as follows:

(Def. 11)  X-PathSet(v) = {c, c ranges over elements of X*: ¢ is a path of G A ¢ is
non empty A\, (vs is vertex sequence of ¢ A v3(1) = v)}.

One can prove the following proposition

(59) For every element p of X-PathSet(v) and for every finite set ¥ such that
Y = the edges of G and Degree(v, X) # 0 holds lenp < card Y.

Let us consider G, v and let X be a set. Let us assume that for every
vertex v; of G holds Degree(vy, X) is even and Degree(v, X)) # 0. The functor
X-CycleSetv yielding a non empty subset of G-CycleSet is defined as follows:

(Def. 12) X-CycleSetv = {¢, c ranges over elements of G-CycleSet: rngc C X A ¢ is
non empty A \/,. (vs is vertex sequence of ¢ A v3(1) =v)}.

Next we state two propositions:

(60) If Degree(v, X) # 0 and for every v holds Degree(v, X) is even, then for
every element ¢ of X-CycleSetv holds ¢ is non empty and rngc C X and
v € G-VSet(rngc).

(61) Let G be a finite connected graph and ¢ be an element of G-CycleSet.
Suppose rng ¢ # the edges of G and ¢ is non empty. Then {v’, v’ ranges over
vertices of G: v/ € G-VSet(rngc) A the degree of v' # Degree(v',rngc)}
is a non empty subset of the vertices of G.

Let G be a finite connected graph and let ¢ be an element of G-CycleSet.
Let us assume that rngc # the edges of G and c¢ is non empty. The functor
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ExtendCycle ¢ yields an element of G-CycleSet and is defined by the condition
(Def. 13).

(Def. 13) There exists an element ¢’ of G-CycleSet and there exists a vertex v of G
such that v = choose({v’, v’ ranges over vertices of G: v' € G-VSet(rngc) A
the degree of v' # Degree(v/,rngc)}) and ¢ = choose(((the edges of G) \
rng ¢)-CycleSetv) and ExtendCycle ¢ = CatCycles(c, ¢’).

One can prove the following proposition
(62) Let G be a finite connected graph and ¢ be an element of G-CycleSet.
Suppose rng ¢ # the edges of G and c is non empty and for every vertex v
of G holds the degree of v is even. Then ExtendCycle ¢ is non empty and
card rng ¢ < card rng ExtendCycle c.

5. EULER CIRCUITS AND PATHS

Let G be a graph and let p be a path of G. We say that p is Eulerian if and
only if:
(Def. 14) rngp = the edges of G.
We now state three propositions:

(63) Let G be a connected graph, p be a path of G, and v3 be a finite sequence
of elements of the vertices of G. Suppose p is Eulerian and v3 is vertex
sequence of p. Then rng v3 = the vertices of G.

(64) Let G be a finite connected graph. Then there exists a cyclic path of G
which is Eulerian if and only if for every vertex v of G holds the degree of
v is even.

(65) Let G be a finite connected graph. Then there exists a path of G which
is non cyclic and Eulerian if and only if there exist vertices vi, vo of G

such that v # vy and for every vertex v of GG holds the degree of v is even
iff v £ v1 and v # v.
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1. PRELIMINARIES
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Let us observe that there exists a set which is non empty and without zero
and there exists a set which is non empty and has zero.
Let us observe that there exists a subset of R which is non empty and without
zero and there exists a subset of R which is non empty and has zero.
Next we state the proposition
(1) For every set F' such that F' is non empty and C-linear and has non
empty elements holds F' is centered.
Let F' be a set. Note that every family of subsets of F' which is non empty
and C-linear and has non empty elements is also centered.
Let A, B be sets and let f be a function from A into B. Then rng f is a
subset of B.
Let X, Y be non empty sets and let f be a function from X into Y. Note
that f°X is non empty.
Let X, Y be sets and let f be a function from X into Y. The functor ~'f
yields a function from 2Y into 2% and is defined by:
(Def. 2) For every subset y of Y holds (7' f)(y) = f~(y).
We now state the proposition
(2) Let X, Y, z be sets, S be a subset of 2", and f be a function from X
into Y. If x € N(("1£)°S), then f(z) € NS.
We follow the rules: p, q, v, r1, 9, s, t are real numbers, s1 is a sequence of
real numbers, and X, Y are subsets of R.
One can prove the following propositions:
3) If |r|+|s| =0, then r =0 and s = 0.
4) Ifr <sand s <t, then |s| < |r|+ [¢].
5) If —s <rand r < s, then |r| < s.
)

6 1

is non boun-

~—~ I~

If s1 is convergent and non-zero and lim s; = 0, then s1~

ded.
(7) rngs; is bounded iff s1 is bounded.
Next we state four propositions:

(8) Let X be a non empty subset of R and given r. Suppose X is lower bo-

unded. Then r = inf X if and only if the following conditions are satisfied:
(i)  for every p such that p € X holds p > r, and

(ii)  for every ¢ such that for every p such that p € X holds p > ¢ holds
r2q.

(9) Let X be a non empty subset of R and given r. Suppose X is upper
bounded. Then r = sup X if and only if the following conditions are satis-
fied:

(i)  for every p such that p € X holds p < r, and

(ii)  for every ¢ such that for every p such that p € X holds p < ¢ holds

r<q.
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(10) For every non empty subset X of R and for every subset Y of R such
that X C Y and Y is lower bounded holds inf Y < inf X.

(11) For every non empty subset X of R and for every subset ¥ of R such
that X CY and Y is upper bounded holds sup X < supY.

Let X be a subset of R. We say that X has maximum if and only if:
(Def. 3) X is upper bounded and sup X € X.
We say that X has minimum if and only if:
(Def. 4) X is lower bounded and inf X € X.

One can verify that there exists a subset of R which is non empty, closed,
and bounded.
Let R be a family of subsets of R. We say that R is open if and only if:

(Def. 5) For every subset X of R such that X € R holds X is open.
We say that R is closed if and only if:
(Def. 6) For every subset X of R such that X € R holds X is closed.
Let X be a subset of R. The functor —X yielding a subset of R is defined
by:
(Def. 7) —X ={-r:re X}
Next we state the proposition
(12) re X iff —r € —X.
Let X be a non empty subset of R. One can check that —X is non empty.
One can prove the following propositions:
(13) ——X=X.
(14)
(15) X is lower bounded iff —X is upper bounded.
(16)

X is upper bounded iff —X is lower bounded.

For every non empty subset X of R such that X is lower bounded holds
inf X = —sup(—X).
(17) For every non empty subset X of R such that X is upper bounded holds
sup X = —inf(—X).
(18) X is closed iff —X is closed.
Let X be a subset of R and let p be a real number. The functor p+ X yields
a subset of R and is defined by:
(Def. 8) p+X={p+r:reX}.
One can prove the following proposition
(19) reXiff s+res+X.

Let X be a non empty subset of R and let s be a real number. Observe that
s+ X is non empty.
One can prove the following propositions:

(20) X =0+ X.
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(21) s+ (t+X)=(s+1t)+X.

(22) X is upper bounded iff s + X is upper bounded.

(23) X is lower bounded iff s + X is lower bounded.

(24) For every non empty subset X of R such that X is lower bounded holds

inf(s + X) = s +inf X.
(25) For every non empty subset X of R such that X is upper bounded holds
sup(s + X) = s +sup X.
(26) X is closed iff s + X is closed.
Let X be a subset of R. The functor Inv X yielding a subset of R is defined
by:
(Def. 9) InvX ={2:re X}
The following proposition is true
(27) For every without zero subset X of R such that r» # 0 holds r € X iff
lehvX.
Let X be a non empty without zero subset of R. One can verify that Inv X
is non empty and without zero.
Let X be a without zero subset of R. One can verify that Inv X is without
Zero.
The following propositions are true:
(28) For every without zero subset X of R holds InvInv X = X.

(29) For every without zero subset X of R such that X is closed and bounded
holds Inv X is closed.

(30) For every family Z of subsets of R such that Z is closed holds () Z is
closed.

Let X be a subset of R. The functor X yielding a subset of R is defined by:

(Def. 10) X = {A, A ranges over elements of 28: X C A A A is closed}.

Let X be a subset of R. Observe that X is closed.
Next we state several propositions:

(31) For every closed subset Y of R such that X C Y holds X C Y.
(32) X CX.

(33) X is closed iff X = X.

(34) Or =0.

(35) Qg =R.

(36) X = X.

(37) If X CY,then X CY.

(38) r € X iff for every open subset O of R such that r € O holds O N X is

non empty.
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(39) If r € X, then there exists s; such that rngs; € X and s is convergent
and lim sy = r.

2. FUNCTIONS INTO REALS

Let A be a set, let f be a function from A into R, and let a be a set. Then
f(a) is a real number.

Let X be a set and let f be a function from X into R. We say that f is lower
bounded if and only if:

(Def. 11)  f°X is lower bounded.
We say that f is upper bounded if and only if:
(Def. 12)  f°X is upper bounded.

Let X be a set and let f be a function from X into R. We say that f is
bounded if and only if:

(Def. 13) f is lower bounded and upper bounded.
We say that f has maximum if and only if:
(Def. 14)  f°X has maximum.
We say that f has minimum if and only if:
(Def. 15)  f°X has minimum.

Let X be a set. One can check that every function from X into R which is
bounded is also lower bounded and upper bounded and every function from X
into R which is lower bounded and upper bounded is also bounded.

Let X be a set and let f be a function from X into R. The functor — f yields
a function from X into R and is defined as follows:

(Def. 16) For every set p such that p € X holds (—f)(p) = —f(p)-
The following propositions are true:
(40) For all sets X, A and for every function f from X into R holds (—f)°A =
—f°A.
(41) For every set X and for every function f from X into R holds ——f = f.
(42) For every non empty set X and for every function f from X into R holds
f has minimum iff —f has maximum.
(43) For every non empty set X and for every function f from X into R holds
f has maximum iff — f has minimum.
(44) For every set X and for every subset A of R and for every function f
from X into R holds (—f)~1(A) = f~1(—A).
Let X be a set, let r be a real number, and let f be a function from X into
R. The functor r 4+ f yielding a function from X into R is defined as follows:

(Def. 17) For every set p such that p € X holds (r + f)(p) = r + f(p).
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One can prove the following two propositions:
(45) For all sets X, A and for every function f from X into R and for every
real number s holds (s + f)°A = s+ f°A.

(46) For every set X and for every subset A of R and for every function f
from X into R and for every s holds (s + f)~'(A) = f~1(—s + A).

Let X be a set and let f be a function from X into R. The functor Inv f
yields a function from X into R and is defined by:

(Def. 18) For every set p such that p € X holds (Inv f)(p) = ﬁ.

We now state the proposition
(47) Let X be a set, A be a without zero subset of R, and f be a function
from X into R. If 0 ¢ rng £, then (Inv f)~1(A) = f~!(Inv A).

3. REAL MAPS

Let T be a 1-sorted structure.
(Def. 19) A function from the carrier of 7" into R is called a real map of 7.

Let T be a non empty 1-sorted structure. Note that there exists a real map
of T which is bounded.

In this article we present several logical schemes. The scheme NonUnigFExRF
deals with a non empty topological structure A and a binary predicate P, and
states that:

There exists a real map f of A such that for every element x of
the carrier of A holds P[z, f(z)]
provided the parameters meet the following requirement:
e For every set x such that x € the carrier of A there exists r such
that Plz, r].

The scheme LambdaRF deals with a non empty topological structure A4 and
a unary functor F yielding a real number, and states that:

There exists a real map f of A such that for every element x of
the carrier of A holds f(z) = F(x)
for all values of the parameters.

Let T be a 1-sorted structure, let f be a real map of T, and let P be a set.
Then f~!(P) is a subset of 7.

Let T be a 1-sorted structure and let f be a real map of T". The functor inf f
yielding a real number is defined by:

(Def. 20) inf f = inf(f°(the carrier of T')).
The functor sup f yields a real number and is defined by:
(Def. 21) sup f = sup(f°(the carrier of T)).
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Next we state three propositions:

(48) Let T be a non empty topological space and f be a lower bounded
real map of T. Then r = inf f if and only if the following conditions are
satisfied:

(i)  for every point p of T holds f(p) > r, and
(ii)  for every real number ¢ such that for every point p of T holds f(p) > ¢
holds r > gq.

(49) Let T be a non empty topological space and f be an upper bounded
real map of T'. Then r = sup f if and only if the following conditions are
satisfied:

(i)  for every point p of T holds f(p) < r, and
(ii)  for every real number ¢ such that for every point p of 7" holds f(p) < ¢
holds r < gq.

(50) For every non empty 1-sorted structure 7" and for every bounded real
map f of T holds inf f < sup f.

Let T be a 1-sorted structure and let f be a real map of T'. The functor — f
yielding a real map of T is defined by:
(Def. 22) —f=—F.
Let T be a 1-sorted structure, let » be a real number, and let f be a real
map of T'. The functor r + f yields a real map of T" and is defined by:
(Def. 23) r+ f=r+f.
Let T be a 1-sorted structure and let f be a real map of T. The functor
Inv f yields a real map of T and is defined by:
(Def. 24) Inv f =Inv f.
Let T be a topological structure and let f be a real map of T. We say that
f is continuous if and only if:
(Def. 25) For every subset Y of R such that Y is closed holds f~!(Y) is closed.
Let T be a non empty topological space. Note that there exists a real map
of T" which is continuous.
Let T be a non empty topological space and let S be a non empty subspace
of T'. One can check that there exists a real map of S which is continuous.
In the sequel T is a topological space and f is a real map of T'.
Next we state several propositions:
(51) f is continuous iff for every subset Y of R such that Y is open holds
F7HY) is open.
(52) If f is continuous, then —f is continuous.
(53) If f is continuous, then r + f is continuous.

(54) 1If f is continuous and 0 ¢ rng f, then Inv f is continuous.
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(55) For every family R of subsets of R such that f is continuous and R is
open holds (~!f)°R is open.

(56) For every family R of subsets of R such that f is continuous and R is
closed holds (7! f)°R is closed.

Let T be a non empty topological space, let X be a subset of T', and let f
be a real map of T'. The functor f [ X yielding a real map of T'[ X is defined as
follows:

(Def. 26) f X = fIX.

Let T be a non empty topological space. One can check that there exists a
subset of T" which is compact and non empty.

Let T be a non empty topological space, let f be a continuous real map of T',
and let X be a compact non empty subset of 1. Note that f [ X is continuous.

Let T be a non empty topological space and let P be a compact non empty
subset of T'. Note that T'[P is compact.

4. PSEUDOCOMPACT SPACES

We now state two propositions:

(57) Let T be a non empty topological space. Then for every real map f of
T such that f is continuous holds f has maximum if and only if for every
real map f of T such that f is continuous holds f has minimum.

(58) Let T be a non empty topological space. Then for every real map f of T
such that f is continuous holds f is bounded if and only if for every real
map f of T such that f is continuous holds f has maximum.

Let T be a topological space. We say that T is pseudocompact if and only
if:

(Def. 27) For every real map f of T such that f is continuous holds f is bounded.

Let us mention that every non empty topological space which is compact is
also pseudocompact.

Let us mention that there exists a topological space which is compact and
non empty.

Let T be a pseudocompact non empty topological space. One can check that
every real map of T which is continuous is also bounded and has maximum and
minimum.

We now state two propositions:

(59) Let T be a non empty topological space, X, Y be non empty compact
subsets of T', and f be a continuous real map of 7. If X C Y, then inf(f |
Y) <inf(f [ X).
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(60) Let T be a non empty topological space, X, Y be non empty compact
subsets of T, and f be a continuous real map of 7. If X C Y, then sup(f |
X) <sup(f[Y).

5. BOUNDING BOXES FOR COMPACT SETS IN &2

Let n be a natural number and let p;, po be points of . Note that L(p1,p2)
is compact.

One can prove the following proposition

(61) For every natural number n and for all compact subsets X, Y of &F
holds X NY is compact.

In the sequel p is a point of 5%, P is a subset of 8%, and X is a non empty
compact subset of 5%.

The real map projl of S% is defined as follows:
(Def. 28) For every point p of £2 holds (projl)(p) = p1.
The real map proj2 of 5’% is defined by:
(Def. 29) For every point p of £2 holds (proj2)(p) = p2.
One can prove the following propositions:
(62) (proj1)~t(Jr,s]) = {[r1,re] : 7 <11 A 11 < s}
(63) For all r, s such that P = {[r1,r2] : r <r; A 71 < s} holds P is open.
(64) (proj2)~t(Jr,s[) = {[r1,m2] : 7 <7y A T2 < s}
(65) For all r, s such that P = {[r1,r2] : 7 <72 A 72 < s} holds P is open.
One can verify that projl is continuous and proj2 is continuous.
One can prove the following two propositions:

(66) For every non empty subset X of £2 and for every point p of £2 such
that p € X holds (projl | X)(p) = p1.

(67) For every non empty subset X of £2 and for every point p of £2 such
that p € X holds (proj2 | X)(p) = p2.

Let X be a non empty subset of E%. The functor W-bound X yielding a real
number is defined by:

(Def. 30) W-bound X = inf(projl [ X).
The functor N-bound X yielding a real number is defined as follows:
(Def. 31) N-bound X = sup(proj2 [ X).
The functor E-bound X yielding a real number is defined by:
(Def. 32) E-bound X = sup(projl [ X).
The functor S-bound X yielding a real number is defined by:
(Def. 33) S-bound X = inf(proj2 | X).
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We now state the proposition

(68) If p € X, then W-bound X < p;1 and p1 < E-bound X and S-bound X <
p2 and p2 < N-bound X.

Let X be a non empty subset of 5%. The functor SW-corner X yields a point
of £2 and is defined as follows:

(Def. 34) SW-corner X = [W-bound X, S-bound X].

The functor NW-corner X yielding a point of £2 is defined as follows:
(Def. 35) NW-corner X = [W-bound X, N-bound X].

The functor NE-corner X yields a point of £% and is defined as follows:
(Def. 36) NE-corner X = [E-bound X, N-bound X].

The functor SE-corner X yields a point of £% and is defined as follows:
(Def. 37) SE-corner X = [E-bound X, S-bound X].

Let X be a non empty subset of £2. The functor W-most X yielding a subset
of £2 is defined as follows:

(Def. 38) W-most X = L(SW-corner X, NW-corner X) N X.

The functor N-most X yielding a subset of £2 is defined as follows:
(Def. 39) N-most X = L(NW-corner X, NE-corner X) N X.

The functor E-most X yields a subset of £2 and is defined by:
(Def. 40) E-most X = L(SE-corner X, NE-corner X) N X.

The functor S-most X yielding a subset of £2 is defined by:
(Def. 41) S-most X = L(SW-corner X, SE-corner X) N X.

Let X be a non empty compact subset of S%. One can check the following
observations:

*  W-most X is non empty and compact,

% N-most X is non empty and compact,

* FE-most X is non empty and compact, and
% S-most X is non empty and compact.

Let X be a non empty compact subset of £2. The functor W-min X yielding
a point of £2 is defined by:

(Def. 42) W-min X = [W-bound X, inf(proj2 [ W-most X)].
The functor W-max X yielding a point of £2 is defined by:
(Def. 43) W-max X = [W-bound X, sup(proj2 [ W-most X)].
The functor N-min X yielding a point of £2 is defined by:
(Def. 44) N-min X = [inf(projl | N-most X'), N-bound X].
The functor N-max X yielding a point of £2 is defined by:
(Def. 45) N-max X = [sup(projl | N-most X'), N-bound X].
The functor E-max X yields a point of £% and is defined by:
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(Def. 46) E-max X = [E-bound X, sup(proj2 | E-most X)].
The functor E-min X yields a point of £% and is defined by:
(Def. 47)  E-min X = [E-bound X, inf(proj2 | E-most X)].
The functor S-max X yields a point of 8% and is defined by:
(Def. 48) S-max X = [sup(projl [ S-most X ), S-bound X].
The functor S-min X yielding a point of £2 is defined by:
(Def. 49) S-min X = [inf(projl | S-most X ), S-bound X].
Next we state a number of propositions:
(69) (SW-corner X); = W-bound X and (W-min X); = W-bound X and
(W-max X); = W-bound X and (NW-corner X ); = W-bound X.
(70) (SW-corner X ); = (NW-corner X )3 and (SW-corner X ); = (W-min X )
and (SW-corner X ); = (W-max X); and (W-min X ); = (W-max X ); and
(W-min X'); = (NW-corner X); and (W-max X ); = (NW-corner X);.
(71) (SW-corner X)z = S-boundX and (W-minX), = inf(proj2 |
W-most X) and (W-maxX)z = sup(proj2 [ W-mostX) and
(NW-corner X )2 = N-bound X.
(72) (SW-corner X)2 < (W-min X )z and (SW-corner X)2 < (W-max X)s
and (SW-corner X )2 < (NW-corner X))z and (W-min X )2 < (W-max X)2
and (W-min X)a < (NW-corner X )2 and (W-max X )2 < (NW-corner X )a.
(73) If p € W-most X, then p; = (W-min X); and (W-min X)z < p2 and

p2 < (W-max X)a.

(74) W-most X C £(W-min X, W-max X).

(75)  L(W-min X, W-max X) C L(SW-corner X, NW-corner X).

(76) W-min X € W-most X and W-max X € W-most X.

(77)  L(SW-corner X, W-min X) N X = {W-min X} and
L(W-max X, NW-corner X) N X = {W-max X }.

(78) If W-min X = W-max X, then W-most X = {W-min X }.

(79) (NW-corner X)2 = N-bound X and (N-minX)s = N-bound X and
(N-max X)g = N-bound X and (NE-corner X )3 = N-bound X.

(80) (NW-corner X )2 = (NE-corner X )2 and (NW-corner X ) = (N-min X )s
and (NW-corner X )2 = (N-max X )2 and (N-min X )2 = (N-max X)2 and
(N-min X)g = (NE-corner X )2 and (N-max X )2 = (NE-corner X),.

(81) (NW-corner X); = W-bound X and (N-minX); = inf(projl |
N-most X) and (N-maxX); = sup(projl [ N-mostX) and
(NE-corner X ); = E-bound X.

(82) (NW-corner X); < (N-minX); and (NW-corner X); < (N-max X);
and (NW-corner X); < (NE-corner X); and (N-min X); < (N-max X);
and (N-min X); < (NE-corner X); and (N-max X); < (NE-corner X)j.
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(83) If p € N-most X, then ps = (N-minX)2 and (N-min X); < p; and
p1 < (N-max X)p.

(84) N-most X C £(N-min X, N-max X).

(85) L(N-min X, N-max X) C L(NW-corner X, NE-corner X).

(86) N-min X € N-most X and N-max X € N-most X.

(87) L(NW-corner X, N-min X) N X = {N-min X'} and
L(N-max X, NE-corner X) N X = {N-max X }.

(88) If N-min X = N-max X, then N-most X = {N-min X }.

(89) (SE-corner X); = E-bound X and (E-minX); = E-bound X and
(E-max X'); = E-bound X and (NE-corner X); = E-bound X.

(90) (SE-corner X); = (NE-corner X); and (SE-corner X); = (E-min X);
and (SE-corner X); = (E-max X); and (E-min X); = (E-max X); and
(E-min X); = (NE-corner X ); and (E-max X); = (NE-corner X)q.

(91) (SE-corner X)2 = S-bound X and (E-min X )2 = inf(proj2 | E-most X)
and (E-max X)2 = sup(proj2 | E-mostX) and (NE-corner X)s =
N-bound X.

(92) (SE-corner X)g < (E-min X)g and (SE-corner X)g < (E-max X)2 and
(SE-corner X )2 < (NE-corner X)z and (E-min X)2 < (E-max X)2 and
(E-min X )2 < (NE-corner X )2 and (E-max X)2 < (NE-corner X),.

(93) If p € E-most X, then p; = (E-minX); and (E-min X )2 < p2 and
p2 < (E-max X),.

(94) E-most X C £(E-min X, E-max X).

(95) L(E-min X, E-max X) C L(SE-corner X, NE-corner X).
(96) E-min X € E-most X and E-max X € E-most X.

(97) L(SE-corner X, E-min X) N X = {E-min X} and

L(E-max X, NE-corner X) N X = {E-max X }.

(98) If E-min X = E-max X, then E-most X = {E-min X'}.

(99) (SW-corner X)2 = S-bound X and (S-minX)z = S-bound X and
(S-max X)2 = S-bound X and (SE-corner X )z = S-bound X.

(100) (SW-corner X ) = (SE-corner X )2 and (SW-corner X)a = (S-min X)),
and (SW-corner X )2 = (S-max X )2 and (S-min X)z = (S-max X)2 and
(S-min X)2 = (SE-corner X )2 and (S-max X )2 = (SE-corner X),.

(101) (SW-corner X); = W-bound X and (S-min X); = inf(projl [ S-most X)
and (S-maxX); = sup(projl [ S-mostX) and (SE-corner X); =
E-bound X.

(102) (SW-corner X); < (S-min X); and (SW-corner X ); < (S-max X); and
(SW-corner X); < (SE-corner X); and (S-min X); < (S-maxX); and
(S-min X); < (SE-corner X); and (S-max X); < (SE-corner X);.
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(103) If p € S-most X, then pa = (S-min X )2 and (S-min X); < p; and p1 <
(S-max X)1.

S-most X C £(S-min X, S-max X).

L(S-min X, S-max X)) C L(SW-corner X, SE-corner X).

S-min X € S-most X and S-max X € S-most X.

L(SW-corner X, S-min X) N X = {S-min X} and
L(S-max X, SE-corner X) N X = {S-max X }.

)
)
)
)

(108) If S-min X = S-max X, then S-most X = {S-min X }.
(109) If W-max X = N-min X, then W-max X = NW-corner X.
(110) If N-max X = E-max X, then N-max X = NE-corner X.
(111) If E-min X = S-max X, then E-min X = SE-corner X.
(112) If S-min X = W-min X, then S-min X = SW-corner X.
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1. PRELIMINARIES

The following propositions are true:

(1) Let X be a set and F' be a finite family of subsets of X. Then there
exists a finite family G of subsets of X such that G C F and | JG = F
and for every subset g of X such that g € G holds g Z | J(G \ {g}).

(2) Let S be a 1-sorted structure and X be a subset of the carrier of S. Then
—X = the carrier of S if and only if X is empty.

(3) Let R be an antisymmetric transitive non empty relational structure
with g.1.b.’s and z, y be elements of R. Then [(xMy) = |z N |y.

(4) Let R be an antisymmetric transitive non empty relational structure
with Lu.b.’s and z, y be elements of R. Then [(zUy) = Tz N Ty.
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(5) Let L be a complete antisymmetric non empty relational structure and
X be a lower subset of L. If sup X € X, then X = |sup X.

(6) Let L be a complete antisymmetric non empty relational structure and
X be an upper subset of L. If inf X € X, then X = Tinf X.

(7) Let R be a non empty reflexive transitive relational structure and z, y
be elements of R. Then x < y if and only if Ty C fz.

(8) Let R be a non empty reflexive transitive relational structure and z, y
be elements of R. Then z < y if and only if |z C ly.

(9) Let R be a complete reflexive antisymmetric non empty relational struc-
ture and z be an element of R. Then sup [z <  and z < inf fz.

(10) For every lower-bounded antisymmetric non empty relational structure
L holds 7(Lz) = the carrier of L.

(11) For every upper-bounded antisymmetric non empty relational structure
L holds [(Tr) = the carrier of L.

(12) For every poset P with Lu.b.’s and for all elements z, y of P holds
fzUfy STz Uy).

(13) For every poset P with g.l.b.’s and for all elements z, y of P holds
lenly C l(zNy).

(14) Let R be a non empty poset with L.u.b.’s and [ be an element of R. Then
l is co-prime if and only if for all elements x, y of R such that [ < z Uy
holds I <z orl <y.

(15) For every complete non empty poset P and for every non empty subset
V of P holds |inf V' = ({]u,u ranges over elements of P: u € V}.

(16) For every complete non empty poset P and for every non empty subset
V of P holds TsupV = ({Tu,u ranges over elements of P: u € V}.

Let L be a sup-semilattice and let x be an element of L.
Note that compactbelow(x) is directed.
We now state four propositions:

(17) Let T be a non empty topological space, S be an irreducible subset of
T, and V be an element of (the topology of T', C). If V' = —S, then V is
prime.

(18) Let T be a non empty topological space and x, y be elements of (the
topology of T, C). Then x Uy =z Uy and x My =z Ny.

(19) Let T be a non empty topological space and V' be an element of (the
topology of T', C). Then V is prime if and only if for all elements X, Y of
(the topology of T', C) such that X NY CV holds X CV orY C V.

(20) Let T be a non empty topological space and V' be an element of (the

topology of T', C). Then V' is co-prime if and only if for all elements X, YV
of (the topology of T', C) such that V C X UY holds VC X or V C Y.
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Let T be a non empty topological space. One can check that (the topology
of T, C) is distributive.
The following propositions are true:

(21) Let T be a non empty topological space, L be a TopLattice, ¢ be a point
of T', [ be a point of L, and X be a family of subsets of the carrier of L.
Suppose the topological structure of T" = the topological structure of L
and t =1 and X is a basis of . Then X is a basis of t.

(22) Let L be a TopLattice and x be an element of L. Suppose that for every
subset X of L such that X is open holds X is upper. Then Tz is compact.

2. THE SCOTT TOPOLOGY?

For simplicity, we use the following convention: L is a complete Scott To-
pLattice, x is an element of L, X, Y are subsets of L, V, W are elements of
(o(L),C), and V; is a subset of (o(L),C).

Let L be a complete lattice. One can check that (L) is non empty.

The following four propositions are true:

(23) o(L) = the topology of L.

(24) X € o(L) iff X is open.

(25) For every filtered subset X of L such that V; = {—|z: 2 € X} holds V;
is directed.

(26) If X is open and z € X, then inf X < z.

Let R be a non empty reflexive relational structure and let f be a map
from [ R, R] into R. We say that f is jointly Scott-continuous if and only if the
condition (Def. 1) is satisfied.

(Def. 1) Let T be a non empty topological space. Suppose the topological struc-
ture of T' = ConvergenceSpace(the Scott convergence of R). Then there
exists a map fi from [ 7, T'] into T such that f; = f and f; is continuous.

One can prove the following propositions:
(27) If V = X, then V is co-prime iff X is filtered and upper.

(28) If V = X and there exists = such that X = — |z, then V is prime and
V' # the carrier of L.

(29) If V = X and U, is jointly Scott-continuous and V' is prime and V' # the
carrier of L, then there exists x such that X = —|z.

(30) If L is continuous, then Lz, is jointly Scott-continuous.

(31) If Uy, is jointly Scott-continuous, then L is sober.

26(L) = sigma L, as defined in [34, p. 316, Def. 12] and Uy = sup_op(L), as defined in [21,
p. 163, Def. 5].
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(32) If L is continuous, then L is compact, locally-compact, sober, and Baire.
(33) If L is continuous and X € (L), then X = J{fz: 2z € X}.
(34) If for every X such that X € o(L) holds X = [J{fz : v € X}, then L is

continuous.

(35) If L is continuous, then there exists a basis B of = such that for every
X such that X € B holds X is open and filtered.

(36) If L is continuous, then (o(L), C) is continuous.

(37) Suppose for every x there exists a basis B of z such that for every Y
such that Y € B holds Y is open and filtered and (¢(L), C) is continuous.
Then z = | |;{iff X :2 € X N X €o(L)}.

(38) 1If for every x holds z = | |, {inf X : x € X A X € o(L)}, then L is
continuous.

(39) The following statements are equivalent
(i)  for every z there exists a basis B of = such that for every Y such that
Y € B holds Y is open and filtered,
(ii)  for every V there exists V; such that V' = sup V} and for every W such
that W € V; holds W is co-prime.

(40) For every V there exists V; such that V' = sup V; and for every W such
that W € V; holds W is co-prime and (o (L), C) is continuous if and only
if (o(L), C) is completely-distributive.

(41) (o(L),<) is completely-distributive iff (o(L),C) is continuous and
((o(L), C))°P is continuous.

(42) 1If L is algebraic, then there exists a basis B of L such that B = {]z :
x € the carrier of CompactSublatt(L)}.

(43) Given a basis B of L such that B = {lx : = € the carrier of
CompactSublatt(L)}. Then (o(L),C) is algebraic and for every V there
exists Vj such that V = sup V4 and for every W such that W € Vj holds
W is co-prime.

(44) Suppose (o(L), C) is algebraic and for every V there exists V; such that
V = supVp and for every W such that W € Vj holds W is co-prime.
Then there exists a basis B of L such that B = {1z : € the carrier of
CompactSublatt(L)}.

(45) If there exists a basis B of L such that B = {{z : € the carrier of
CompactSublatt(L)}, then L is algebraic.
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