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The articles [15], [8], [9], [10], [14], [11], [18], [2], [4], [6], [7], [5], [16], [1], [3], [19],
[20], [12], [17], and [13] provide the notation and terminology for this paper.
For simplicity, we adopt the following rules: a, b are data-locations, i1, i2, i3
are instruction-locations of SCM, s1, s9 are states of SCM, T is an instruction
type of SCM, and k is a natural number.
We now state a number of propositions:

(1) a ¢ the instruction locations of SCM.

(2) Data-Locgcm # the instruction locations of SCM.

(3) For every object o of SCM holds 0 = ICgcm or o € the instruction

locations of SCM or o is a data-location.

(4) 1If ig # i3, then Next(ia) # Next(iz).

(5) If s1 and s9 are equal outside the instruction locations of SCM, then

s1(a) = sa(a).

(6) Let N be aset with non empty elements, S be a realistic IC-Ins-separated
definite non empty non void AMI over N, t, u be states of S, i1 be an
instruction-location of S, e be an element of ObjectKind(ICg), and I be
an element of ObjectKind(i1). If e = ¢; and u = t+-[ICg — e,i; — ],
then u(i1) = I and IC, = i1 and ICgjiowing(u) = (Exec(u(ICy),u))(ICs).
) AddressPart(haltscm) = 0.

) AddressPart(a:=b) = (a,b).
9) AddressPart(AddTo(a,b)) = (a,b).

) AddressPart(SubFrom(a,b)) = (a, b).
(11) AddressPart(MultBy(a,b)) = (a, b).

1This work has been partially supported by TYPES grant IST-1999-29001.
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AddressPart(Divide(a, b)) = (a, b).

AddressPart(goto i2) = (i2).

AddressPart(if a = 0 goto iz) = (i2, a).

AddressPart(if a > 0 goto iz) = (g, a).

If T'= 0, then AddressPartsT = {0}.

Let us consider T'. One can check that AddressPartsT is non empty.

A/_\A/_\A
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The following propositions are true:

If T'=1, then dom [ [ gdressparts = 11, 2}
If T = 2, then dom [Txqaressparts 7 = {1, 2}
If T'= 3, then dom [ [ 5 gdressparts = 11, 2}
If T'= 4, then dom [[ 5 gdressparts 7 = 11,2}
If T'=5, then dom [[ 5 gdressparts 7 = 11, 2}-
If T'= 6, then dom [y qqressparts = {1}-
If T'=7, then dom [ [ 5 gdressparts 7 = 11,2}
If T'= 8, then dom [ [ 5 gdressparts 7 = 11,2}

HAddressParts InsCode(a::b)( ) - Data'LOCSCM-
HAddressParts InsCode(a:= )( ) = Data-Locscm-
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36 HAddressParts InsCode(if a=0 goto 12)(1) = the instruction locations of
SCM.

(37) HAddressParts InsCode(if a=0 goto 12)(2) = Data-Locgom.

(38) HAddressParts InsCode(if a>0 goto 12)(1) = the instruction locations of
SCM.

(39)  TTAddressParts InsCode(if a>0 goto i2)(2) = Data-Locsom-
(40) NIC(haltscm,i1) = {i1}-

Let us note that JUMP (haltscn) is empty.

One can prove the following proposition
(41) NIC(a:=b,i1) = {Next(i1)}.
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Let us consider a, b. One can verify that JUMP(a:=b) is empty.
Next we state the proposition
(42) NIC(AddTo(a,b),i1) = {Next(i1)}.
Let us consider a, b. Note that JUMP(AddTo(a, b)) is empty.
The following proposition is true
(43) NIC(SubFrom(a,b),i1) = {Next(i1)}.
Let us consider a, b. One can check that JUMP(SubFrom(a, b)) is empty.
Next we state the proposition
(44) NIC(MultBy(a,b),i1) = {Next(i1)}.
Let us consider a, b. Observe that JUMP(MultBy(a, b)) is empty.
The following proposition is true
(45) NIC(Divide(a,b),i1) = {Next(i1)}.
Let us consider a, b. Note that JUMP (Divide(a, b)) is empty.
We now state two propositions:
(46) NIC(goto ig,i1) = {iz}.
(47)  JUMP(goto i9) = {iz}.
Let us consider ig. One can check that JUMP(goto i3) is non empty and
trivial.
The following two propositions are true:
(48) iy € NIC(if a = 0 goto iz, i1) and NIC(if a = 0 goto iz, i;) C
{ia2, Next(i1)}.
(49) JUMP(if a = 0 goto iz) = {i2}.
Let us consider a, i2. Note that JUMP(if a = 0 goto i2) is non empty and
trivial.
One can prove the following propositions:
(50) iy € NIC(if a > 0 goto iz, i) and NIC(if a > 0 goto iz, i;) C
{ig, Next(il)}.
(51) JUMP(if a > 0 goto iz) = {ia}.
Let us consider a, i3. One can check that JUMP(if a > 0 goto i2) is non
empty and trivial.
Next we state two propositions:
(52) SUCC(i1) = {i1, Next(i1)}.
(53) Let f be a function from N into the instruction locations of SCM. Sup-
pose that for every natural number & holds f(k) = ix. Then
(i)  f is bijective, and
(ii)  for every natural number k holds f(k+1) € SUCC(f(k)) and for every
natural number j such that f(j) € SUCC(f(k)) holds k£ < j.
Let us note that SCM is standard.
One can prove the following three propositions:
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(54) ilscm(k) = ik
(55) Next(ilscm(k)) = ilscm(k +1).
(56) Next(i1) = NextLoci;.

Let us observe that InsCode(haltgcn) is jump-only.

Let us observe that haltgcy is jump-only.

Let us consider ia. Observe that InsCode(goto iz) is jump-only.

Let us consider i5. Note that goto i is jump-only non sequential and non
instruction location free.

Let us consider a, i. One can verify that InsCode(if a = 0 goto i2) is jump-
only and InsCode(if a > 0 goto iz) is jump-only.

Let us consider a, i2. One can verify that if a = 0 goto 42 is jump-only non
sequential and non instruction location free and if a > 0 goto io is jump-only
non sequential and non instruction location free.

Let us consider a, b. One can verify the following observations:

* InsCode(a:=b) is non jump-only,

*x InsCode(AddTo(a, b)) is non jump-only,

* InsCode(SubFrom(a, b)) is non jump-only,

* InsCode(MultBy(a,b)) is non jump-only, and

* InsCode(Divide(a, b)) is non jump-only.

Let us consider a, b. One can check the following observations:

* a:=b is non jump-only and sequential,

* AddTo(a,b) is non jump-only and sequential,

* SubFrom(a, b) is non jump-only and sequential,

*  MultBy(a, b) is non jump-only and sequential, and

*  Divide(a, b) is non jump-only and sequential.

Let us note that SCM is homogeneous and has explicit jumps and no implicit
jumps.

Let us observe that SCM is regular.

We now state three propositions:

(57) IncAddr(goto iz, k) = goto ilgcm(locnum(iz) + k).

(58) IncAddr(if a = 0 goto i2, k) = if a = 0 goto ilscm(locnum(iz) + k).

(59) IncAddr(if a > 0 goto i2, k) = if a > 0 goto ilscm(locnum(iz) + k).
Let us note that SCM is 1C-good and Exec-preserving.
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The terminology and notation used here are introduced in the following articles:
[10], [5], 91, [6], (3], [1], [7], 4], [2], [11], [3], [12], and [8].

1. PRELIMINARIES

In this paper N is a set with non empty elements.
One can prove the following propositions:

(1) For all sets x, y, z such that x # y and z # z holds {z,y, z}\{z} = {y, z}.

(2) For every non empty non void AMI A over N and for every state s of A
and for every object o of A holds s(0) € ObjectKind (o).

(3) Let A be a realistic IC-Ins-separated definite non empty non void AMI
over N, s be a state of A, f be an instruction-location of A, and w be an
element of ObjectKind(IC,). Then (s +- (IC4,w))(f) = s(f).

Let N be a set with non empty elements, let A be an IC-Ins-separated
definite non empty non void AMI over N, let s be a state of A, let 0o be an
object of A, and let a be an element of ObjectKind(0). Then s+- (0, a) is a state
of A.

We now state several propositions:
(4) Let A be a steady-programmed IC-Ins-separated definite non empty
non void AMI over N, s be a state of A, o be an object of A, f be an

instruction-location of A, I be an instruction of A, and w be an element of
ObjectKind(o). If f # o, then (Exec(!,s))(f) = (Exec(I,s +- (o,w)))(f).

1This work has been partially supported by TYPES grant IST-1999-29001.
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(5) Let A be an IC-Ins-separated definite non empty non void AMI over N, s
be a state of A, o be an object of A, and w be an element of ObjectKind(o).
If 0 #IC4, then IC; =IC, (5 4)-

(6) Let A be a standard IC-Ins-separated definite non empty non void AMI
over N, I be an instruction of A, s be a state of A, o be an object of A,
and w be an element of ObjectKind(o). If I is sequential and o # IC4,
then ICExec(I,s) = ICExec(I,s+-(o,w))'

(7) Let A be a standard IC-Ins-separated definite non empty non void AMI
over N, I be an instruction of A, s be a state of A, o be an object of A,
and w be an element of ObjectKind(o). If I is sequential and o # ICy,
then ICExec(I,s+~(o,w)) = ICExec(I,s)+-(o,w)-

(8) Let A be a standard steady-programmed IC-Ins-separated definite non
empty non void AMI over N, I be an instruction of A, s be a state of
A, o be an object of A, w be an element of ObjectKind(o), and i be an
instruction-location of A. Then (Exec(I,s +- (o,w)))(i) = (Exec(I,s) +-
(0, w))(i).

2. INPUT AND OUTPUT OF INSTRUCTIONS

Let N be a set and let A be an AMI over N. We say that A has non trivial
instruction set if and only if:

(Def. 1) The instructions of A are non trivial.

Let N be a set and let A be a non empty AMI over N. We say that A has
non trivial ObjectKinds if and only if:

(Def. 2) For every object o of A holds ObjectKind(o) is non trivial.

Let N be a set with non empty elements. One can verify that STC(N) has
non trivial ObjectKinds.

Let N be a set with non empty elements. Observe that there exists a regu-
lar standard IC-Ins-separated definite non empty non void AMI over N which
is halting, realistic, steady-programmed, programmable, 1C-good, and Exec-
preserving and has explicit jumps, no implicit jumps, non trivial ObjectKinds,
and non trivial instruction set.

Let N be a set with non empty elements. Note that every definite non empty
non void AMI over N which has non trivial ObjectKinds has also non trivial
instruction set.

Let N be a set with non empty elements. One can check that every IC-Ins-
separated non empty AMI over N which has non trivial ObjectKinds has also
non trivial instruction locations.
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Let IV be a set with non empty elements, let A be a non empty AMI over
N with non trivial ObjectKinds, and let o be an object of A. Observe that
ObjectKind(o) is non trivial.

Let N be a set with non empty elements and let A be an AMI over N with
non trivial instruction set. Note that the instructions of A is non trivial.

Let N be a set with non empty elements and let A be an IC-Ins-separated non
empty AMI over N with non trivial instruction locations. Note that ObjectKind(IC 4)
is non trivial.

Let N be a set with non empty elements, let A be a non empty non void
AMI over N, and let I be an instruction of A. The functor Output I yielding a
subset of the carrier of A is defined as follows:

(Def. 3) For every object o of A holds o € Output I iff there exists a state s of A
such that s(o) # (Exec([, s))(0).

Let N be a set with non empty elements, let A be an IC-Ins-separated
definite non empty non void AMI over IV, and let I be an instruction of A. The
functor IODIff I yielding a subset of the carrier of A is defined by the condition
(Def. 4).

(Def. 4) Let o be an object of A. Then o € IODiff I if and only if for every
state s of A and for every element a of ObjectKind (o) holds Exec(/,s) =
Exec(I, s+ (0,a)).

The functor IOSum I yielding a subset of the carrier of A is defined by the
condition (Def. 5).

(Def. 5) Let o be an object of A. Then o € IOSum [ if and only if there exists
a state s of A and there exists an element a of ObjectKind(o) such that
Exec(I, s+ (0,a)) # Exec(1,s) +- (0,a).

Let N be a set with non empty elements, let A be an IC-Ins-separated
definite non empty non void AMI over IV, and let I be an instruction of A. The
functor Input I yielding a subset of the carrier of A is defined as follows:

(Def. 6) Inputl =IO0Sum/ \ IODiff I.
The following propositions are true:

(9) Let A be an IC-Ins-separated definite non empty non void AMI over N
and I be an instruction of A. Then IODiff I misses Input [.

(10) Let A be an IC-Ins-separated definite non empty non void AMI over
N with non trivial ObjectKinds and I be an instruction of A. Then
I0ODiff I € Output 1.

(11) For every IC-Ins-separated definite non empty non void AMI A over N
and for every instruction I of A holds Output I C IOSum /.

(12) For every IC-Ins-separated definite non empty non void AMI A over N
and for every instruction I of A holds Input I C IOSum [.
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(13) Let A be an IC-Ins-separated definite non empty non void AMI over
N with non trivial ObjectKinds and I be an instruction of A. Then
IODiff I = Output I \ Input I.

(14) Let A be an IC-Ins-separated definite non empty non void AMI over
N with non trivial ObjectKinds and I be an instruction of A. Then
10Sum I = Output I U Input 1.

(15) Let A be an IC-Ins-separated definite non empty non void AMI over N,
I be an instruction of A, and o be an object of A. If ObjectKind(o) is
trivial, then o ¢ IOSum I.

(16) Let A be an IC-Ins-separated definite non empty non void AMI over N,
I be an instruction of A, and o be an object of A. If ObjectKind(o) is
trivial, then o ¢ Input 1.

(17) Let A be an IC-Ins-separated definite non empty non void AMI over N,
I be an instruction of A, and o be an object of A. If ObjectKind(o) is
trivial, then o ¢ Output I.

(18) Let A be an IC-Ins-separated definite non empty non void AMI over N
and I be an instruction of A. Then [ is halting if and only if Output [ is
empty.

(19) Let A be an IC-Ins-separated definite non empty non void AMI over N
with non trivial ObjectKinds and I be an instruction of A. If [ is halting,
then IODiff I is empty.

(20) Let A be an IC-Ins-separated definite non empty non void AMI over N
and I be an instruction of A. If I is halting, then IOSum [ is empty.

(21) Let A be an IC-Ins-separated definite non empty non void AMI over N
and I be an instruction of A. If I is halting, then Input I is empty.

Let N be a set with non empty elements, let A be a halting IC-Ins-separated
definite non empty non void AMI over N, and let I be a halting instruction of
A. One can verify the following observations:

* Input I is empty,

*  QOutput [ is empty, and

% IOSum [ is empty.

Let N be a set with non empty elements, let A be a halting IC-Ins-separated
definite non empty non void AMI over N with non trivial ObjectKinds, and let
I be a halting instruction of A. Note that IODiff I is empty.

The following propositions are true:

(22) Let A be a steady-programmed IC-Ins-separated definite non empty non
void AMI over N with non trivial instruction set, f be an instruction-
location of A, and I be an instruction of A. Then f ¢ IODiff I.

(23) Let A be a standard IC-Ins-separated definite non empty non void AMI
over N and I be an instruction of A. If I is sequential, then IC 4 ¢ IODiff I.
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(24) Let A be an IC-Ins-separated definite non empty non void AMI over
N and I be an instruction of A. If there exists a state s of A such that
(Exec(I,s))(IC4) # IC, then IC4 € Output 1.

(25) Let A be a standard IC-Ins-separated definite non empty non void AMI
over N and I be an instruction of A. If I is sequential, then IC4 €
Output /.

(26) Let A be an IC-Ins-separated definite non empty non void AMI over
N and I be an instruction of A. If there exists a state s of A such that
(Exec(I,s))(IC4) # IC, then IC4 € IOSum I.

(27) Let A be a standard IC-Ins-separated definite non empty non void AMI
over N and I be an instruction of A. If I is sequential, then IC4 €
10OSum 7.

(28) Let A be an IC-Ins-separated definite non empty non void AMI over N,
f be an instruction-location of A, and I be an instruction of A. Suppose
that for every state s of A and for every programmed finite partial state
p of A holds Exec(I, s+-p) = Exec(I, s)+-p. Then f ¢ IOSum I.

(29) Let A be an IC-Ins-separated definite non empty non void AMI over N,
I be an instruction of A, and o be an object of A. If I is jump-only, then
if o € Output I, then 0 = IC,4.

3. INPUT AND OUTPUT OF THE INSTRUCTIONS OF SCM

In the sequel a, b are data-locations, f is an instruction-location of SCM,
and [ is an instruction of SCM.
We now state two propositions:

(30) For every state s of SCM and for every element w of
ObjectKind(ICscm) holds (s + (ICscm, w))(a) = s(a).
(31) f # Next(f).
Let s be a state of SCM, let d; be a data-location, and let k be an integer.
Then s +- (dy, k) is a state of SCM.
Let us observe that SCM has non trivial ObjectKinds.
Next we state a number of propositions:

32) IODiff(a:=a) = 0.
33) If a # b, then IODiff (a:=b) = {a}.
34) IODiff AddTo(a, b) = 0.

35
36
37

IODiff SubFrom(a, a) = {a}.
If a # b, then IODiff SubFrom(a, b) = ().

(
(
(
(
(
( IODiff MultBy(a, b) = 0.

~— — ~— ~— ~— ~—
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(38) IODiff Divide(a, a) = {a}.

(39) If a # b, then IODiff Divide(a, b) = 0.

(40) IODiff goto f = {ICscm}-

(41) IODiff(if a = 0 goto f) = 0.

(42) IODiff(if a > 0 goto f) = 0.

(43) Output(a:=a) = {ICscm}-

(44) If a # b, then Output(a:=b) = {a,ICscm}-
(45) Output AddTo(a,b) = {a,ICscm }-

(46) Output SubFrom(a, b) = {a,ICscm}-

(47) Output MultBy(a,b) = {a,ICscm}-

(48) Output Divide(a, b) = {a,b,ICscm}-

(49) Output goto f = {ICscm}-

(50) Output(if a = 0 goto f) = {ICscm}-

(51) Output(if a > 0 goto f) = {ICscm}-

(52) f ¢ 10SumI.

(563) IO0Sum(a:=a) = {ICscm}-

(54) If a # b, then I0Sum(a:=b) = {a,b,ICscm}-
(55) IOSum AddTo(a,b) = {a,b,ICscm}-

(56) IOSum SubFrom(a,b) = {a,b,ICscm}-
(57) I0Sum MultBy(a,b) = {a,b,ICscm}-

(58) IOSum Divide(a,b) = {a,b,ICscm}-

(59) IOSumgoto f = {ICscm}-

(60) IOSum(if a =0 goto f) = {a,ICscm}-
(61) IOSum(if a > 0 goto f) = {a,ICscm}-
(62) Input(a:=a) = {ICscm}-

(63) If a # b, then Input(a:=b) = {b,ICscm}-
(64) Input AddTo(a,b) = {a,b,ICscm}-

(65) Input SubFrom(a,a) = {ICscm}-

(66) If a # b, then Input SubFrom(a,b) = {a,b,ICscm}-
(67) Input MultBy(a,b) = {a,b,ICscm}-

(68) Input Divide(a,a) = {ICscm}-

(69) If a # b, then Input Divide(a, b) = {a,b,ICscm}-
(70) Inputgoto f = 0.

(71) Input(if a =0 goto f) = {a,ICscm}-

(72) Input(if a > 0 goto f) = {a,ICscm}-
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The articles [18], [10], [11], [12], [22], [5], [14], [3], [6], [20], [7], [8], [9], [4], [19], [1],
2], [23], [24], [17], [16], [13], [21], and [15] provide the terminology and notation
for this paper.

For simplicity, we use the following convention: a, b are integer locations, f
is a finite sequence location, i1, 9, i3 are instruction-locations of SCMgpgp, T
is an instruction type of SCMpga, and k is a natural number.

Next we state two propositions:

(1) For every function f and for all sets a, A, b, B, ¢, C such that a # b and
a # ¢ holds (f+:(a——A)+-(b——B)+-(c——C))(a) = A.
(2) For all sets a, b holds (a) +- (1,b) = (b).

Let I3, I be integer locations and let a, b be integers. Then [l; — a,ly — b]
is a finite partial state of SCMpga .
One can prove the following propositions:
3
4
5
6) Data*-Locgomygg, 7 the instruction locations of SCMpga .
7) Let o be an object of SCMpgga. Then
(i) o= ICscMyg, > OF
(ii) o € the instruction locations of SCMpgga, or
(iii) o is an integer location or a finite sequence location.
(8) If i9 # i3, then Next(ig) + NeXt(ig).
(9) a:=b=(1, (a,b)).
(10) AddTo(a,b) = (2, {(a,b)).

a ¢ the instruction locations of SCMpga .
f ¢ the instruction locations of SCMpgy .
Data-Locgomygg, 7 the instruction locations of SCMpga .

A~ N N~
— — — ~— —
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—
—_

SubFrom(a, b) = (3, (a,b)).
MultBy(a, b) = (4, (a,b)).
Divide(a, b) = (5, {(a,b)).
goto i1 = (6, (i1)).
if a =0 goto i1 = (7, (i1,a))
if a > 0 goto i; = (8, (i1, a)).
AddressPart(haltscmyg, ) = 0.
AddressPart(a:=b) = (a, b).
AddressPart(AddTo(a, b)) = (a,b).
AddressPart(SubFrom(a, b)) = (a, b).
AddressPart(MultBy(a, b)) = (a, b).
AddressPart(Divide(a, b)) = (a, b).
AddressPart(goto i) = (i2).
AddressPart(if a = 0 goto iz) = (i2, a).

(

(

(

(

(f:

e e N S SN
© 00 3 O Tt = W N

NN NN
UL = W N~

AddressPart(if a > 0 goto i) = (i2,a).
AddressPart(b:=f,) = (b, f,a).
AddressPart(fq:=b) = (b, f,a).
AddressPart(a:=lenf) = (a, f).

=(0,...,0) = {a, ).

(30) If T'=0, then AddressPartsT = {0}.
Let us consider T'. Observe that AddressPartsT is non empty.

N N N N N N N N N N N N N N N N~~~
N N DN DO
o g O S

D D D DO I DD DD

N
o)

AddressPart( f

Next we state a number of propositions:

(31) If T'=1, then dom ] gqressparts = {1,2}-
(32) If T = 2, then dom [T xqqressparts = {1, 2}-
(33) If T =3, then dom [ yyqesparcar = 11, 2}-
(34) If T =4, then dom [[xqqressparts = {1,2}-
(35) If T'=5, then dom [ dqressparts = {1,2}-
(36) If T'= 6, then dom []pqaressparts = {1}-

(37) IfT =7, then dom [Tyyqeepariar = {12}
(38) If T'= 8, then dom [ aqressparts = {1,2}-
(39) I T =9, then dom []pqaressparts = {1,2,3}-
(40) If T'= 10, then dom [ [ ggressparts = 11+2,3}
(41) If T'= 11, then dom [ [z qaressparts7 = 11+ 2}-
(42) If T'= 12, then dom [ [z qaressparts 7 = 11+ 2}-
(43)  [TaddressParts InsCode(a:=p) (1) = Data-Locscnpgy
(44)  TaddressParts InsCode(a:=b) (2) = Data-Locsomps, -
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(45)  TTAddressParts InsCode(AddTo(a,5)) (1) = Data-Locscnypg, -
(46)  TTAddressParts InsCode(AddTo(a,5)) (2) = Data-Locgcnypg, -
(47)  ITaddressparts InsCode(SubFrom(a,b)) (1) = Data-LocscMpg, -
(48)  ITaddressParts InsCode(SubFrom(a,p)) (2) = Data-Locgcmyg, -
(49)  TTAddressParts InsCode(MultBy (a,)) (1) = Data-Locscmgsg, -
(50)  ITaddressParts InsCode(MultBy (a b))(2) = Data-Locgcnpg, -
(51)  ITaddressParts insCode(Divide(a,5)) (1) = Data-Locscnpg s -
(52) I AddressParts InsCode(Divide(a,p)) (2) = Data-Locscngg, -
(53) [T Addressparts InsCode(goto iz)(l) = the instruction locations of SCMpga .
(54)  TTaddressparts InsCode(if a=0 goto 2-2)(1) = the instruction locations of
SCMrgpsa -
(55)  ITAddressParts InsCode(if a=0 goto i2)(2) = Data-Locscnpg s -
(56) [T Addressparts InsCode(if a>0 goto Z42)(1) = the instruction locations of
SCMgpsa -
(57) I addressParts InsCode(if a>0 goto iz) (2) = Data-Locsonps, -
(58) [T addressParts nsCode(b=£,) (1) = Data-Locscmps s -
(59)  [Taddressparts nsCode(t=£,) (2) = Data®-Locscnpg, -
(60)  ITaddressParts sCode(vi=f,) (3) = Data-Locsconyg,
(61)  TTaddressParts InsCode( fu:=t) (1) = Data-Locscmps s -
(62)  [TaddressParts InsCode( fo:=b) (2) = Data®-Locscngs, -
(63)  TTaddressParts InsCode(fui=b) (3) = Data-Locscaps, -
(64)  [TaddressParts InsCode(a:=len ) (1) = Data-Locsonps s -
(65)  [TaddressParts InsCode(a:=len ) (2) = Data™=Locscnpgy -
(66) [ Taddressparts msCode(f:=(0, . . ., 0y) (1) = Data-Locscnpg, -
—
(67)  ITaddressparts InsCode(f:=(0, ..., 0)) (2) = Data®-Locscmpg, -
~——

(68) NIC(haltSCMFSA,il) = {Zl}
One can verify that JUMP (haltgcm,g, ) is empty.
We now state the proposition

(69) NIC(a:=b,i1) = {Next(i1)}.
Let us consider a, b. Note that JUMP (a:=b) is empty.
One can prove the following proposition

(70) NIC(AddTo(a,b),i1) = {Next(i1)}.
Let us consider a, b. Note that JUMP(AddTo(a, b)) is empty.
Next we state the proposition

(71) NIC(SubFrom(a,b),i1) = {Next(i1)}.
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Let us consider a, b. Note that JUMP (SubFrom(a,b)) is empty.
One can prove the following proposition
(72) NIC(MultBy(a,b),i1) = {Next(i1)}.
Let us consider a, b. Note that JUMP (MultBy(a, b)) is empty.
Next we state the proposition
(73) NIC(Divide(a,b),i1) = {Next(i1)}.
Let us consider a, b. One can verify that JUMP(Divide(a, b)) is empty.
We now state two propositions:
(74) NIC(goto i9,i1) = {iz}.
(75) JUMP(goto ig) = {ia}.
Let us consider iy. One can verify that JUMP(goto i2) is non empty and
trivial.
We now state two propositions:
(76) ia € NIC(if @ = 0 goto is,i1) and NIC(if a = 0 goto is,i;) C
{ig, Next(z’l)}.
(77) JUMP(if a = 0 goto is) = {ia2}.
Let us consider a, i3. One can check that JUMP(if a = 0 goto i3) is non
empty and trivial.
One can prove the following two propositions:
(78) ia € NIC(if a > 0 goto iz, i) and NIC(if a > 0 goto iz, i;) C
{i2, Next(i1)}.
(79) JUMP(if a > 0 goto iz) = {iz}.
Let us consider a, i2. Note that JUMP(if a > 0 goto i2) is non empty and
trivial.
The following proposition is true
(80) NIC(a:=fp,i1) = {Next(i1)}.
Let us consider a, b, f. Observe that JUMP (a:=f3) is empty.
Next we state the proposition
(81) NIC(fp:=a,i1) = {Next(i1)}.
Let us consider a, b, f. One can check that JUMP( f,:=a) is empty.
The following proposition is true
(82) NIC(a:=lenf,i;) = {Next(i1)}.
Let us consider a, f. Observe that JUMP (a:=lenf) is empty.
The following proposition is true
(83) NIC(f:=(0,...,0),11) = {Next(i1)}.

a

Let us consider a, f. Note that JUMP(f:=(0,...,0)) is empty.
——

a
The following two propositions are true:
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(84) SUCC(i1) = {i1, Next(i1)}.
(85) Let f be a function from N into the instruction locations of SCMpga .
Suppose that for every natural number k holds f(k) = insloc(k). Then
(i)  f is bijective, and
(ii)  for every natural number k holds f(k+1) € SUCC(f(k)) and for every
natural number j such that f(j) € SUCC(f(k)) holds k < j.
Let us observe that SCMFpg, is standard.
The following propositions are true:
(86) ﬂSCMFSA (k) == inSlOC(kﬁ).
(87) NeXt(ﬂSCMFSA (k)) = ﬂSCMFSA (k‘ + 1).
(88) Next(i1) = NextLoc ;.

Let us mention that InsCode(haltscmyg, ) is jump-only.

Let us mention that haltscmyg, is jump-only.

Let us consider ia. One can verify that InsCode(goto i) is jump-only.

Let us consider i9. Observe that goto i9 is jump-only non sequential and non
instruction location free.

Let us consider a, iz. One can check that InsCode(if a = 0 goto iz) is jump-
only and InsCode(if a > 0 goto i2) is jump-only.

Let us consider a, i2. Observe that if a = 0 goto iy is jump-only non sequ-
ential and non instruction location free and if a > 0 goto iy is jump-only non
sequential and non instruction location free.

Let us consider a, b. One can verify the following observations:

* InsCode(a:=b) is non jump-only,

* InsCode(AddTo(a, b)) is non jump-only,

% InsCode(SubFrom(a, b)) is non jump-only,

* InsCode(MultBy(a, b)) is non jump-only, and

* InsCode(Divide(a, b)) is non jump-only.

Let us consider a, b. One can verify the following observations:

* @a:=b is non jump-only and sequential,

* AddTo(a,b) is non jump-only and sequential,

* SubFrom(a,b) is non jump-only and sequential,

*  MultBy(a, b) is non jump-only and sequential, and

* Divide(a, b) is non jump-only and sequential.

Let us consider a, b, f. One can check that InsCode(b:=f,) is non jump-only
and InsCode(f,:=b) is non jump-only.

Let us consider a, b, f. Observe that b:=f, is non jump-only and sequential
and f,:=b is non jump-only and sequential.
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Let us consider a, f. One can check that InsCode(a:=lenf) is non jump-only
and InsCode(f:=(0,...,0)) is non jump-only.
——

a
Let us consider a, f. Note that a:=lenf is non jump-only and sequential and
f:=(0,...,0) is non jump-only and sequential.
——

Oneacan verify that SCMpga is homogeneous and has explicit jumps and
no implicit jumps.
Let us note that SCMpggy is regular.
The following propositions are true:
(89) IncAddr(goto iz, k) = goto ilscmys, (locnum(ia) + k).
(90) IncAddr(if @ = 0 goto iz, k) = if a = 0 goto ilgcmyg, (locnum(iz) +
(91) IncAddr(if @ > 0 goto iz, k) = if a > 0 goto ilgcmyg, (locnum(iz) +
Let us note that SCMgga is IC-good and Exec-preserving.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[2] Grzegorz Bancerek. Sequences of ordinal numbers. Formalized Mathematics, 1(2):281—
290, 1990.

[3] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[4] Grzegorz Bancerek and Andrzej Trybulec. Miscellaneous facts about functions. Formalized
Mathematics, 5(4):485-492, 1996.

[5] Czestaw Bylinski. A classical first order language. Formalized Mathematics, 1(4):669-676,

1990.
[6] Czestaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formalized

Mathematics, 1(3):529-536, 1990.

[7] Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

[8] Czestaw Byliniski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.

[9] Czestaw Byliniski. The modification of a function by a function and the iteration of the

composition of a function. Formalized Mathematics, 1(3):521-527, 1990.

[10] Artur Kornitowicz. On the composition of macro instructions of standard computers.
Formalized Mathematics, 9(2):303-316, 2001.

[11] Yatsuka Nakamura and Andrzej Trybulec. A mathematical model of CPU. Formalized
Mathematics, 3(2):151-160, 1992.

[12] Yasushi Tanaka. On the decomposition of the states of SCM. Formalized Mathematics,

5(1):1-8, 1996.

Yozo Toda. The formalization of simple graphs. Formalized Mathematics, 5(1):137-144,

1996.
Andrzej Trybulec. Enumerated sets. Formalized Mathematics, 1(1):25-34, 1990.

]
]
| Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
]

1990.
Andrzej Trybulec, Yatsuka Nakamura, and Piotr Rudnicki. The SCMpsa computer.

Formalized Mathematics, 5(4):519-528, 1996.
[17] Andrzej Trybulec, Yatsuka Nakamura, and Piotr Rudnicki. An extension of scm. For-
malized Mathematics, 5(4):507-512, 1996.



ON THE INSTRUCTIONS OF SCMpgga 679

Andrzej Trybulec, Piotr Rudnicki, and Artur Kornilowicz. Standard ordering of instruc-
tion locations. Formalized Mathematics, 9(2):291-301, 2001.

Michat J. Trybulec. Integers. Formalized Mathematics, 1(3):501-505, 1990.

Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(3):575-579,
1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Zinaida Trybulec and Halina Swiqczkowska. Boolean properties of sets. Formalized Ma-
thematics, 1(1):17-23, 1990.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Received May 8, 2001



680 ARTUR KORNILOWICZ



FORMALIZED MATHEMATICS

Volume 9, Number 4, 2001
University of Bialystok

Robbins Algebras vs. Boolean Algebras!

Adam Grabowski
University of Bialystok

Summary. In the early 1930s, Huntington proposed several axiom sys-
tems for Boolean algebras. Robbins slightly changed one of them and asked if
the resulted system is still a basis for variety of Boolean algebras. The solution
(afirmative answer) was given in 1996 by McCune with the help of automated
theorem prover EQP/OTTER. Some simplified and restucturized versions of this
proof are known. In our version of proof that all Robbins algebras are Boolean
we use the results of McCune [5], Huntington [2, 4, 3] and Dahn [1].

MML Identifier: ROBBINS1.

The papers [7] and [6] provide the terminology and notation for this paper.

1. PRELIMINARIES

We introduce complemented lattice structures which are extensions of LI-
semi lattice structure and are systems

( a carrier, a join operation, a complement operation ),
where the carrier is a set, the join operation is a binary operation on the carrier,
and the complement operation is a unary operation on the carrier.

We introduce ortholattice structures which are extensions of complemented
lattice structure and lattice structure and are systems

( a carrier, a join operation, a meet operation, a complement operation ),
where the carrier is a set, the join operation and the meet operation are binary
operations on the carrier, and the complement operation is a unary operation
on the carrier.

The strict complemented lattice structure TrivComplLat is defined as fol-
lows:

1This work has been partially supported by TYPES grant IST-1999-29001.
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(Def. 1) TrivComplLat = ({0}, opy, opy).
The strict ortholattice structure TrivOrtLat is defined by:
(Def. 2) TrivOrtLat = ({0}, ops, 0py, 0py)-
Let us note that TrivComplLat is non empty and trivial and TrivOrtLat is
non empty and trivial.
Let us mention that there exists an ortholattice structure which is strict,
non empty, and trivial and there exists a complemented lattice structure which
is strict, non empty, and trivial.

Let L be a non empty complemented lattice structure and let z be an element
of the carrier of L. The functor z¢ yielding an element of L is defined as follows:

(Def. 3) z° = (the complement operation of L)(z).
Let L be a non empty complemented lattice structure and let x, y be elements
of the carrier of L. We introduce = + y as a synonym of x Ll y.

Let L be a non empty complemented lattice structure and let x, y be elements
of the carrier of L. The functor x * y yields an element of L and is defined by:

(Def. 4) z*xy = (z°Uy°)".

Let L be a non empty complemented lattice structure. We say that L is
Robbins if and only if:

(Def. 5) For all elements z, y of the carrier of L holds ((z +y)® + (z +y°)¢)° = «.
We say that L is Huntington if and only if:
(Def. 6) For all elements x, y of the carrier of L holds (z¢ 4 y°)° + (¢ + y)¢ = =.

Let G be a non empty Ll-semi lattice structure. We say that G is join-
idempotent if and only if:

(Def. 7) For every element z of the carrier of G holds z Uz = x.

Let us observe that TrivComplLat is join-commutative join-associative Rob-
bins Huntington and join-idempotent and TrivOrtLat is join-commutative join-
associative Huntington and Robbins.

Let us mention that TrivOrtLat is meet-commutative meet-associative meet-
absorbing and join-absorbing.

One can verify that there exists a non empty complemented lattice structure
which is strict, join-associative, join-commutative, Robbins, join-idempotent,
and Huntington.

Let us observe that there exists a non empty ortholattice structure which is
strict, lattice-like, Robbins, and Huntington.

Let L be a join-commutative non empty complemented lattice structure and
let x, y be elements of the carrier of L. Let us observe that the functor x + y is
commutative.

Next we state several propositions:
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(1) Let L be a Huntington join-commutative join-associative non empty
complemented lattice structure and a, b be elements of the carrier of L.
Then a x b+ a * b° = a.

(2) Let L be a Huntington join-commutative join-associative non empty
complemented lattice structure and a be an element of the carrier of L.
Then a + a® = a® + (a®)°.

(3) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and = be an element of the carrier of L.
Then (z)¢ = z.

(4) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b be elements of the carrier of L.
Then a + a® = b+ 0°.

(5) Let L be a join-commutative join-associative join-idempotent Hunting-
ton non empty complemented lattice structure. Then there exists an ele-
ment c¢ of the carrier of L such that for every element a of the carrier of L
holds
c+a=canda+a®=c

(6) Every join-commutative join-associative join-idempotent Huntington
non empty complemented lattice structure is upper-bounded.

One can verify that every non empty complemented lattice structure which
is join-commutative, join-associative, join-idempotent, and Huntington is also
upper-bounded.

Let L be a join-commutative join-associative join-idempotent Huntington
non empty complemented lattice structure. Then T can be characterized by
the condition:

(Def. 8) There exists an element a of the carrier of L such that Ty = a + a°.

One can prove the following propositions:

(7) Let L be a join-commutative join-associative join-idempotent Hunting-
ton non empty complemented lattice structure. Then there exists an ele-
ment c of the carrier of L such that for every element a of the carrier of L
holds
cxa=cand (a+a®)®=c.

(8) Let L be a join-commutative join-associative non empty complemented
lattice structure and a, b be elements of the carrier of L. Then axb = bxa.

Let L be a join-commutative join-associative non empty complemented lat-
tice structure and let x, y be elements of the carrier of L. Let us note that the
functor x * y is commutative.

Let L be a join-commutative join-associative join-idempotent Huntington
non empty complemented lattice structure. The functor Lg yielding an element
of L is defined as follows:
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(Def. 9) For every element a of the carrier of L holds 1§ xa = 1.
One can prove the following propositions:

(9) Let L be a join-commutative join-associative join-idempotent Hunting-
ton non empty complemented lattice structure and a be an element of the
carrier of L. Then LY = (a + a®)°.

(10) Let L be a join-commutative join-associative join-idempotent Hunting-
ton non empty complemented lattice structure. Then (Tp)¢ = J_g and
Tr=(LE)"

(11) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b be elements of the carrier of L. If
a® = b then a = b.

(12) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b be elements of the carrier of L.
Then a + (b+ b°)° = a.

(13) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a be an element of the carrier of L.
Then a +a = a.

Let us note that every non empty complemented lattice structure which is
join-commutative, join-associative, and Huntington is also join-idempotent.
One can prove the following propositions:

(14) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a be an element of the carrier of L.
Then a + J_% =a.

(15) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a be an element of the carrier of L.
Then a * T, = a.

(16) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a be an element of the carrier of L.
Then a * a® = J_g.

(17) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b, ¢ be elements of the carrier of L.
Then a * (b*c) = (axb) xc.

(18) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b be elements of the carrier of L.
Then a + b = (a® * b°)°.

(19) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a be an element of the carrier of L.
Then a *x a = a.

(20) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a be an element of the carrier of L.
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Thena+ T = Typ.
(21) Let L be a join-commutative join-associative Huntington non empty

complemented lattice structure and a, b be elements of the carrier of L.
Then a +a*b = a.

(22) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b be elements of the carrier of L.
Then a * (a + b) = a.

(23) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b be elements of the carrier of L. If
a°+b=Tg and b°+a = Ty, then a = b.

(24) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b be elements of the carrier of L. If
a+b=Typ anda*b:J_g, then a® = b.

(25) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b, ¢ be elements of the carrier of L.
Then axbxcH+axbxc®+axb*xc+axb’*xc®+a’xbxc+a®*xbx*xc+
a®*bxc+a®*xb°xc®=Typ.

(26) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b, ¢ be elements of the carrier of L.
Then

(i) axcx(bxc) =1,
(i) axbxcx(a*bxc)= 1%,
(iii) a*xbxcx*(axbxc)= 19,
) axbxcx(aC*bxc)= LY,
) axbxcx(aCxbxcS) = 1§ and
) axbSxck(aCxbxc)=LE.

(27) Let L be a join-commutative join-associative Huntington non empty

(iv
(v

(vi

complemented lattice structure and a, b, ¢ be elements of the carrier of L.
Thena*xb+axc=a*xbsxc+axb*xc®+ax*b®x*c.

(28) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b, ¢ be elements of the carrier of L.
Then (a*(b+¢))° = axbxc®+a’xbxc+a®xbxc®+a®*b°xc+a®*b®*c°.

(29) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b, ¢ be elements of the carrier of L.
Then axb+axc+ (ax(b+c¢))°=Tr.

(30) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b, ¢ be elements of the carrier of L.
Then (axb+axc)* (ax* (b+c)) = LS.

(31) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b, ¢ be elements of the carrier of L.
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Then ax (b+c)=axb+axc.

(32) Let L be a join-commutative join-associative Huntington non empty
complemented lattice structure and a, b, ¢ be elements of the carrier of L.
Then a +b*xc=(a+b)*(a+c).

2. PRE-ORTHOLATTICES

Let L be a non empty ortholattice structure. We say that L is well-comple-
mented if and only if:

(Def. 10) For every element a of the carrier of L holds a° is a complement of a.
Let us observe that TrivOrtLat is Boolean and well-complemented.
A pre-ortholattice is a lattice-like non empty ortholattice structure.

Let us mention that there exists a pre-ortholattice which is strict, Boolean,
and well-complemented.

We now state two propositions:
(33) Let L be a distributive well-complemented pre-ortholattice and x be an
element of the carrier of L. Then (z¢)¢ = z.

(34) Let L be a bounded distributive well-complemented pre-ortholattice and
x, y be elements of the carrier of L. Then x My = (z¢ U y°)°.

3. CORRESPONDENCE BETWEEN BOOLEAN PRE-ORTHOLATTICES AND
BOOLEAN LATTICES

Let L be a non empty complemented lattice structure. The functor CLatt L
yielding a strict ortholattice structure is defined by the conditions (Def. 11).
(Def. 11)(i)  The carrier of CLatt L = the carrier of L,
(ii)  the join operation of CLatt L = the join operation of L,
(iii)  the complement operation of CLatt L = the complement operation of
L, and
(iv)  for all elements a, b of the carrier of L holds (the meet operation of
CLatt L)(a, b) = a x b.
Let L be a non empty complemented lattice structure. One can verify that
CLatt L is non empty.
Let L be a join-commutative non empty complemented lattice structure.
One can check that CLatt L is join-commutative.

Let L be a join-associative non empty complemented lattice structure. One
can check that CLatt L is join-associative.
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Let L be a join-commutative join-associative non empty complemented lat-
tice structure. Observe that CLatt L is meet-commutative.
The following proposition is true
(35) Let L be a non empty complemented lattice structure, a, b be elements
of the carrier of L, and a’, / be elements of the carrier of CLatt L. If a = o
and b="V,thenaxb=aMNb and a +b=ad Ub and a® = d'°.
Let L be a join-commutative join-associative Huntington non empty comple-
mented lattice structure. Observe that CLatt L is meet-associative join-absorbing
and meet-absorbing.

Let L be a Huntington non empty complemented lattice structure. Note that
CLatt L is Huntington.

Let L be a join-commutative join-associative Huntington non empty com-
plemented lattice structure. Note that CLatt L is lower-bounded.

We now state the proposition
(36) For every join-commutative join-associative Huntington non empty com-
plemented lattice structure L holds 1§ = Lcratt L-
Let L be a join-commutative join-associative Huntington non empty com-

plemented lattice structure. One can check that CLatt L is complemented di-
stributive and bounded.

4. PROOFS ACCORDING TO BERND INGO DAHN

Let G be a non empty complemented lattice structure and let = be an element
of the carrier of G. We introduce —x as a synonym of z°.

Let GG be a join-commutative non empty complemented lattice structure. Let
us observe that GG is Huntington if and only if:

(Def. 12) For all elements x, y of the carrier of G holds —(—z + —y)+—(z + —y) =
Y.
Let G be a non empty complemented lattice structure. We say that G has
idempotent element if and only if:
(Def. 13) There exists an element = of the carrier of G such that x + = = z.
In the sequel G is a Robbins join-associative join-commutative non empty
complemented lattice structure and x, y, z are elements of the carrier of G.

Let G be a non empty complemented lattice structure and let x, y be ele-
ments of the carrier of G. The functor §(z,y) yielding an element of G is defined
by:

(Def. 14) §(z,y) = —(—x +y).
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Let G be a non empty complemented lattice structure and let x, y be ele-
ments of the carrier of G. The functor Expand(z,y) yields an element of G and
is defined by:

(Def. 15) Expand(z,y) = d(z + y,0(x,y)).

Let GG be a non empty complemented lattice structure and let « be an element
of the carrier of G. The functor xg yielding an element of G is defined by:

(Def. 16) zp = —(—x + x).
The functor 2z yielding an element of G is defined as follows:
(Def. 17) 2z =2+ z.

Let G be a non empty complemented lattice structure and let « be an element
of the carrier of G. The functor x; yielding an element of G is defined by:

(Def. 18) z1 = xo + =.

The functor xy yields an element of G and is defined as follows:
(Def. 19) x93 = x0 + 2.

The functor z3 yields an element of G and is defined by:
(Def. 20) z3 =9 + (22 + ).

The functor z4 yielding an element of G is defined as follows:
(Def. 21) x4 = x0 + (22 + 22).

We now state a number of propositions:

(37) d(z+y,0(z,y) =y.

(38) Expand(z,y) =y.

(39) d(—z+y,z)=—(0(z,y) + 2).
(40) d(z,x) = xo.

(41) (22, x0) = .

(42) O(x2,x) = .

(43) zo+x = x3.

(44) x4+ x0 = 23 + 71.

(45) x5+ x9 = 22 + 77.

(46) x3+ = = 4.

(47)  6(xs3,20) = .

(48) If —x = —y, then d(x, z) = i(y, 2).
(49) 6(z,—y) = o(y, —z).

(50) d(zs3,x) = xo.

(51) d(z1 + x3,x) = x0.

(52) d(z1 + x2,x) = x0

(63) d(x1+x3,20) =2
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Let us consider G, z. The functor (3(z) yielding an element of G is defined
as follows:
(Def. 22) B(z) = —(z1 + x3) + z + —x3.
We now state three propositions:
(54) 6(B(z),z) = —ms.
(55) d(B(x),x) = —(21 + x3).
(56) There exist y, z such that —(y + z) = —=z.

5. PROOFS ACCORDING TO WILLIAM MCCUNE

One can prove the following two propositions:
(57) 1If for every z holds ——z = z, then G is Huntington.
(58) If G has idempotent element, then G is Huntington.

Let us observe that TrivComplLat has idempotent element.

One can check that every Robbins join-associative join-commutative non
empty complemented lattice structure which has idempotent element is Hun-
tington.

One can prove the following two propositions:

(59) If there exist elements ¢, d of the carrier of G such that ¢ + d = ¢, then
G is Huntington.

(60) There exist y, z such that y + z = 2.

One can verify that every join-associative join-commutative non empty com-
plemented lattice structure which is Robbins is also Huntington.

Let L be a non empty ortholattice structure. We say that L is de Morgan if
and only if:

(Def. 23) For all elements x, y of the carrier of L holds z My = (z° U y°)°.

Let L be a non empty complemented lattice structure. One can verify that
CLatt L is de Morgan.

Next we state two propositions:

(61) Let L be a well-complemented join-commutative meet-commutative non
empty ortholattice structure and x be an element of the carrier of L. Then
r+a2°=Trpand xMNa®= 1.

(62) For every bounded distributive well-complemented pre-ortholattice L
holds (TL)C = J_L.

Let us observe that TrivOrtLat is de Morgan.

One can verify that there exists a pre-ortholattice which is strict, de Morgan,
Boolean, Robbins, and Huntington.
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Let us note that every non empty ortholattice structure which is join-associative,
join-commutative, and de Morgan is also meet-commutative.
One can prove the following proposition

(63) For every Huntington de Morgan pre-ortholattice L holds 1Y = 1.

One can verify that every well-complemented pre-ortholattice which is Bo-
olean is also Huntington.

Let us note that every de Morgan pre-ortholattice which is Huntington is
also Boolean.

One can verify that every pre-ortholattice which is Robbins and de Morgan
is also Boolean and every well-complemented pre-ortholattice which is Boolean
is also Robbins.
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Summary. In this article, we introduce four fuzzy relations and the com-
position, and some useful properties are shown by them. In section 2, the defini-
tion of converse relation R™! of fuzzy relation R and properties concerning it are
described. In the next section, we define the composition of the fuzzy relation
and show some properties. In the final section we describe the identity relation,
the universe relation and the zero relation.
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The notation and terminology used here are introduced in the following papers:
[5], 6], 2], [9], [4], [3], [8], [7], and [1].

1. BASIC PROPERTIES OF THE MEMBERSHIP FUNCTION

We follow the rules: z, y, z are sets and C7, Co, C3 are non empty sets.
Let C} be a non empty set and let F' be a membership function of C'i. One
can check that rng F' is non empty.
Next we state four propositions:
(1) Let F be a membership function of C;. Then rng F' is bounded and for
every x such that € dom F holds F(x) < suprng F' and for every x such
that € dom F holds F(z) > infrng F.
(2) For all membership functions F', G of Cy such that for every x such that
x € C7 holds F(x) < G(z) holds suprng F' < suprngG.
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(3) For every Membership function f of Cy, Co and for every element ¢ of
FCq, C2] holds 0 < f(c) and f(c) < 1.

(4) For every Membership function f of C7, Cy and for all x, y such that
(z,y) € [C1, Ca{ holds 0 < f({x, y)) and f({z, y)) < 1.

2. DEFINITION OF CONVERSE FUZZy RELATION AND SOME PROPERTIES

Let C'1, Cy be non empty sets and let h be a Membership function of Cj,
C1. The functor converse h yielding a Membership function of C7, Cs is defined
by:

(Def. 1) For all z, y such that (z, y) € [ C1, Ca] holds (converseh)({z, y)) =
h({y, z)).

Let C'1, C2 be non empty sets, let f be a Membership function of Cy, C, and
let R be a fuzzy relation of Cy, C1, f. The functor R™! yields a fuzzy relation
of C1, Cq, converse f and is defined by:

(Def. 2) R~!=[[}Cy, C2], (converse f)°} Cy, Co 1.
The following propositions are true:
(5) For every Membership function f of C7, Cs holds converse converse f =
f
(6) For every Membership function f of Cj, Cy and for every fuzzy relation
R of Cy, Cy, f holds (R™1)"! = R.
(7) For every Membership function f of Cj, Cy holds 1-minus converse f =
converse 1-minus f.
(8) For every Membership function f of Cy, Cy and for every fuzzy relation
R of C1, Cy, f holds (R™1)¢ = (R®)~ L.
(9) For all Membership functions f, g of C;, Cs holds converse max(f, g) =
max(converse f, converse g).
(10) Let f, g be Membership functions of C1, Cy, R be a fuzzy relation of C,
Ca, f, and S be a fuzzy relation of Cy, Cy, g. Then (RUS)™! = R71US—L.
(11) For all Membership functions f, g of C1, C2 holds converse min(f, g) =
min(converse f, converse g).
(12) Let f, g be Membership functions of C1, C, R be a fuzzy relation of C,
Cs, f, and S be a fuzzy relation of Cy, Cy, g. Then (RNS)~! = R7InS—L.
(13) Let f, g be Membership functions of C;, Cy and given z, y. If x € C}
and y € Cy, then if f({z, y)) < g({z, y)), then (converse f)({y, r)) <
(converse g)({y, z)).
(14) Let f, g be Membership functions of C, Cy, R be a fuzzy relation of Cf,
Cy, f, and S be a fuzzy relation of Cy, Cy, g. If R C S, then R~ C §—1,
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(15) For all Membership functions f, g of C7, Co holds
converse min( f, I-minus g) = min(converse f, I-minus converse g).
(16) Let f, g be Membership functions of C, Cy, R be a fuzzy relation of Cf,
Cs, f, and S be a fuzzy relation of C1, Co, g. Then (R\ S)~! = R~1\S~L.
(17) For all Membership functions f, g of C1, Cy holds converse
max (min(f, 1-minus g), min(1-minus f, g)) =
max(min(converse f, 1-minus converse g),
min(1-minus converse f, converse g)).
(18) Let f, g be Membership functions of C, Ca, R be a fuzzy relation of Cf,
Co, f, and S be a fuzzy relation of Cy, Cy, g. Then (R-S)~! = R~1=51.

3. DEFINITION OF THE COMPOSITION AND SOME PROPERTIES

Let Cq, Cy, C3 be non empty sets, let h be a Membership function of Cf,
Cy, let g be a Membership function of Cy, C3, and let x, z be sets. Let us
assume that = € C7 and z € C5. The functor min(h, g, x, z) yields a membership
function of C and is defined by:
(Def. 3) For every element y of Cy holds (min(h,g,z,2))(y) = min(h({z,
v)), 9y, 2)))-
Let Cq, Cy, C'5 be non empty sets, let A be a Membership function of C1,
Cs, and let g be a Membership function of Cy, C5. The functor h g yields a
Membership function of C7, C's and is defined by:
(Def. 4) For all z, z such that (z,z) € [Ci, C3] holds (hg)({(z, z)) =
suprng min(h, g, z, z).
Let Cy, Cy, C3 be non empty sets, let f be a Membership function of Cf,
(5, let g be a Membership function of Cy, (3, let R be a fuzzy relation of Cf,

Cs, f, and let S be a fuzzy relation of Cs, Cs, g. The functor R .S yields a fuzzy
relation of C1, Cs, f g and is defined as follows:

(Def. 5) RS =[}Ch, C3d, (f9)°kCh, O3
Next we state a number of propositions:
(19) For every Membership function f of Cy, Cs and for all Membership
functions g, h of C2, C5 holds f max(g,h) = max(f g, fh).

(20) Let f be a Membership function of Cy, Cs, g, h be Membership functions
of Co, C3, R be a fuzzy relation of Cy, Cs, f, S be a fuzzy relation of Co,
C3, g, and T be a fuzzy relation of Cy, C5, h. Then R (SUT) = RSURT.

(21) For all Membership functions f, g of C1, Co and for every Membership
function h of Cy, C3 holds max(f,g) h = max(f h,gh).
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(22) Let f, g be Membership functions of C7, C, h be a Membership function
of Cy, C3, R be a fuzzy relation of C7, Cs, f, S be a fuzzy relation of C,
Cs, g, and T be a fuzzy relation of Co, C3, h. Then (RUS)T = RTUST.

(23) Let f be a Membership function of C1, Ca, g, h be Membership functions
of Cy, C3, and z, z be sets. If x € C; and z € C3, then (f min(g, h))({(z,
z)) < (min(f g, f h))({z, 2)).

(24) Let f be a Membership function of C1, Cs, g, h be Membership functions
of Co, C3, R be a fuzzy relation of Cy, Cy, f, S be a fuzzy relation of Cs, Cs,
g, and T be a fuzzy relation of Co, C3, h. Then R(SNT) C (RS)N(RT).

(25) Let f, g be Membership functions of C7, C, h be a Membership function
of Cq, C3, and z, z be sets. If x € Cy and z € C3, then (min(f,g)h)({z,
z)) < (min(f b, g h))({z, 2)).

(26) Let f, g be Membership functions of Cy, C, h be a Membership function
of Cy, C'3, R be a fuzzy relation of C1, Cy, f, S be a fuzzy relation of Cy, Cs,
g, and T be a fuzzy relation of C, Cs3, h. Then (RNS)T C (RT)N(ST).

(27) For every Membership function f of Cy, Cs and for every Membership
function g of Co, C5 holds converse f g = converse g converse f.

(28) Let f be a Membership function of Cj, Co, g be a Membership function
of Cy, C3, R be a fuzzy relation of C7, Cs, f, and S be a fuzzy relation of
Cy, (3, g. Then (RS)_l =S 'R L

(29) Let f, g be Membership functions of Cy, Ca, h, k be Membership func-
tions of Cy, Cs, and x, z be sets. Suppose z € C; and z € C3 and for every
set y such that y € Cy holds f({z, y)) < g({z, y)) and h({y, 2)) < k({y,
z)). Then (f h)((z, 2)) < (9 k)({z, 2}).

(30) Let f, g be Membership functions of C1, Cs, h, k be Membership func-
tions of Cs, C3, R be a fuzzy relation of C1, Cs, f, S be a fuzzy relation
of Cy, Cs, g, T be a fuzzy relation of Cs, Cs, h, and W be a fuzzy relation
of Cy, C3, k., T RCSand T C W, then RT CSW.

4. DEFINITION OF IDENTITY RELATION AND PROPERTIES OF UNIVERSE AND
ZERO RELATION

Let C1, Cy be non empty sets. The functor Imf(Cy, Co) yields a Membership
function of Cy, Cy and is defined as follows:
(Def. 6) For all z, y such that (z,y) € [Cy, C2] holds if x = vy, then
(Imf(C1, C2))({z, y)) =1 and if = # y, then (Imf(Cy, C2))({z, y)) = 0.
One can prove the following propositions:
(31) For every element ¢ of [Cy, Co] holds (Zmf(Ci,Cs))(c) = 0 and
(Umf(Cl,C’g))(c) = 1.
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(32) For all z, y such that (x, y) € [ C1, C2{ holds (Zmf(Cy,Cs))({z, y)) =0
and (Umf(C1,Cs))({z, y)) = 1.

(33) Let f be a Membership function of Co, C3, O; be a zero relation of Cf,
Cs, O3 be a zero relation of C, Cs, and R be a fuzzy relation of Cy, Cs,
f. Then O1 R = Os.

(34) For every Membership function f of Cy, Cy holds f Zmf(Cs,C3) =
Zmf(Cy, Cs).

(35) Let f be a Membership function of C, Cy, O; be a zero relation of Cy,
('3, O3 be a zero relation of C, C3, and R be a fuzzy relation of C7, Co,
f. Then ROy = Os.

(36) For every Membership function f of Ci, C; holds f Zmf(Cy,C)) =
me(Cl, Cl) f

(37) Let f be a Membership function of C, C1, O be a zero relation of C,
C1, and R be a fuzzy relation of Cy, C'1, f. Then RO = O R.
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Summary. We have proven the “Fashoda Meet Theorem” in [12]. Here
we prove the outside version of it. It says that if Britain and France intended to
set the courses for ships to the opposite side of Africa, they must also meet.
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The axticles [19], (8], [1], (2}, 3], [4], [12], [13], [11], (5], [14], [7), [10], [20], [17),
[18], [16], [9], [15], and [6] provide the terminology and notation for this paper.
One can prove the following propositions:

) For all real numbers a, b such that a # 0 and b # 0 holds ¢ - g =1.

For every real number a such that 1 < @ holds a < a2.

—_

2
3

)

) For every real number a such that —1 > a holds —a < a?.
4) For every real number a such that —1 > a holds —a < a?.

)

A~ I~ T/~ /N

5) For all real numbers a, b such that b < a? and a > 0 holds —a < b and
b < a.

(6) For all real numbers a, b such that b2 < a? and a > 0 holds —a < b and
b < a.

(7) For all real numbers a, b such that —a < b and b < a holds b2 < a2.
(8) For all real numbers a, b such that —a < b and b < a holds b? < a2.

In the sequel T', T, 15, S denote non empty topological spaces.
Next we state a number of propositions:

(9) Let f be a map from T} into S, g be a map from T» into S, and Fy, F»
be subsets of T'. Suppose that T is a subspace of T and 75 is a subspace of
T and F} = Q(T1) and Fh = Q(Tg) and Q(Tl) U Q(TQ) = Qr and F} is closed
and F3y is closed and f is continuous and g is continuous and for every set
p such that p € Q1) N Qp,) holds f(p) = g(p). Then there exists a map
h from T into S such that h = f+-g and h is continuous.
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(10) Let n be a natural number, g2 be a point of £", ¢ be a point of £, and
r be a real number. If ¢ = g2, then Ball(ga,r) = {¢3; g3 ranges over points
of &L g — g3| < r}.

(11) (Og%)l =0 and (05—%)2 =0.

(12) 1.REAL2 = ((1 qua real number), (1 qua real number)).

(13) (1.REAL2); =1 and (1.REAL2), = 1.

(14) domprojl = the carrier of £2 and dom projl = R.

(15) dom proj2 = the carrier of £2 and dom proj2 = R?.

(16) projl is a map from 6% into R,

(17) proj2 is a map from 8% into R,

(18) For every point p of €% holds p = [projl(p), proj2(p)].

(19) For every subset B of the carrier of £3 such that B = {0g2 } holds B¢ # {)
T

and (the carrier of £2) \ B # 0.

(20) Let X, Y be non empty topological spaces and f be a map from X into
Y. Then f is continuous if and only if for every point p of X and for every
subset V' of Y such that f(p) € V and V is open there exists a subset W
of X such that p € W and W is open and f°W C V.

(21) Let p be a point of £2 and G be a subset of 2. Suppose G is open and
p € G. Then there exists a real number r such that » > 0 and {q; ¢ ranges
over points ofé’%: p1—T <@ Aq1 <p1+r Ap2—r < g2 Aqz < p2tr} CG.

(22) Let X, Y, Z be non empty topological spaces, B be a subset of Y, C
be a subset of Z, f be a map from X into Y, and h be a map from Y [B
into Z[C'. Suppose f is continuous and h is continuous and rng f C B and
B # () and C # (). Then there exists a map g from X into Z such that g
is continuous and g = h - f.

In the sequel p, g are points of 5%.
The function OutInSq from (the carrier of £2) \ {05% } into (the carrier of
E2)\ {Og%} is defined by the condition (Def. 1).

(Def. 1) Let p be a point of £2 such that p # Ogz - Then
(i) if p2 < p1 and —p1 < p2 or p2 > p1 and pz < —p1, then OutInSq(p) =
P2

) ma
(ii) , if p2 € p1 or —p1 K p2 and if pa % p1 or p2 £ —p1, then OutInSq(p) =
1
[E L]
p2’ p2!°

Next we state a number of propositions:
(23) Let p be a point of 2. Suppose p2 € p1 or —p1 L p2 but pa # p1 or
p2 £ —p1. Then p; < p2 and —pa < p1 or p1 > p2 and p1 < —pa.
(24) Let p be a point of €2 such that p # Ogz.- Then
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(i) if p1 < p2 and —p2 < p1 or p1 > p2 and p1 < —p2, then OutInSq(p) =

pP1

[22, ], and
(i) if P £ p2 or —pz £ p1 and if py % pa or p1 £ —p2, then OutInSq(p) =
P2

[ o]

(25) Let D be a subset of £2 and K be a subset of (£2)[D. Suppose K =
{fp:(p2<p1 A —p1<p2 V p2>2p1 A p2<-p1) A p#0g} Then
rng(OutInSq [ Ky) C the carrier of (£2)[D]Kj.

(26) Let D be a subset of £2 and K be a subset of (£2)[D. Suppose K =
{fp:(pr<p2 A —p2<p1 V p1>p2 A p1 <—p2) A p#0g}. Then
rng(OutInSq [Ky) C the carrier of (€2)D]Kj.

(27) Let K be a set and D be a non empty subset of £%. Suppose K1 = {p;p
ranges over points of 5%: (p2 < p1 A —p1 <p2 V pa=p1 A p2 <
—-p1) A p# Og%} and D¢ = {05%}. Then K is a non empty subset of
(E2)ID and a non empty subset of £2.

(28) Let K1 be a set and D be a non empty subset of £2. Suppose K1 = {p; p
ranges over points of 5%: (p1 < p2 A —p2<p1 V p1 =p2 A p1 <
—p2) A p# Og2} and D = {05%}. Then K is a non empty subset of
(E2)ID and a non empty subset of 2.

(29) Let X be a non empty topological space and fi, fo be maps from X
into R'. Suppose f; is continuous and f5 is continuous. Then there exists
a map g from X into R! such that for every point p of X and for all real
numbers 71, 7o such that fi(p) = r1 and fo(p) = r9 holds g(p) = r1 + o
and g is continuous.

(30) Let X be a non empty topological space and a be a real number. Then
there exists a map ¢ from X into R! such that for every point p of X holds
g(p) = a and ¢ is continuous.

(31) Let X be a non empty topological space and f;, fo be maps from X
into R!. Suppose fi is continuous and f5 is continuous. Then there exists
a map g from X into R! such that for every point p of X and for all real
numbers 71, 7o such that fi(p) = r1 and fao(p) = 72 holds g(p) = r1 — 72
and ¢ is continuous.

(32) Let X be a non empty topological space and f; be a map from X into
R1. Suppose f; is continuous. Then there exists a map g from X into R!
such that for every point p of X and for every real number r; such that
fi(p) = r1 holds g(p) = r1 - r1 and g is continuous.

(33) Let X be a non empty topological space, fi be a map from X into R!,
and a be a real number. Suppose f; is continuous. Then there exists a
map ¢ from X into R! such that for every point p of X and for every real
number 7 such that fi(p) = r; holds g(p) = a-r1 and g is continuous.
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(34) Let X be a non empty topological space, fi be a map from X into R,
and a be a real number. Suppose fi is continuous. Then there exists a
map g from X into R! such that for every point p of X and for every real
number 7 such that fi(p) = r1 holds ¢g(p) = r1 + a and g is continuous.

(35) Let X be a non empty topological space and f1, fo be maps from X
into R!. Suppose f; is continuous and f» is continuous. Then there exists
a map ¢ from X into R! such that for every point p of X and for all real
numbers 71, 7o such that fi(p) = r; and fa(p) = r2 holds g(p) = 71 - r2
and g is continuous.

(36) Let X be a non empty topological space and f; be a map from X into
R1. Suppose fi is continuous and for every point g of X holds fi(q) # 0.
Then there exists a map ¢ from X into R! such that for every point p of
X and for every real number r; such that fi(p) = 1 holds g(p) = % and
g is continuous.

(37) Let X be a non empty topological space and fi, fa be maps from X into
R!. Suppose fi is continuous and f5 is continuous and for every point g of
X holds fao(q) # 0. Then there exists a map g from X into R! such that
for every point p of X and for all real numbers r1, 79 such that fi(p) =
and f2(p) = r2 holds g(p) = I and g is continuous.

(38) Let X be a non empty topological space and f;, fo be maps from X into
R!. Suppose fi is continuous and f5 is continuous and for every point ¢ of
X holds fa(q) # 0. Then there exists a map g from X into R! such that

(i)  for every point p of X and for all real numbers r1, ro such that fi(p) = 1
1

and fa(p) = r2 holds g(p) = %, and
(ii) g is continuous.
39) Let Ky be a subset of £2 and f be a map from (£2)[K( into RY. If for
(39) T P T
every point p of (€2)[Kp holds f(p) = projl(p), then f is continuous.
40) Let Kg be a subset of £2 and f be a map from (£2)[ K, into RL. If for
(40) T P T
every point p of (€2) Ko holds f(p) = proj2(p), then f is continuous.
41) Let K5 be a non empty subset of £2 and f be a map from (£2)[Ks into
( y T T
R!. Suppose that
(i)  for every point p of £2 such that p € the carrier of (£2)[K2 holds

f(p) = 57, and
(ii) for every point ¢ of £% such that g € the carrier of (£2)[Ks holds
q1 # 0.

Then f is continuous.
(42) Let K5 be a non empty subset of £2 and f be a map from (€2)[ K> into
R!. Suppose that
(i)  for every point p of €2 such that p € the carrier of (£2)[K2 holds

f(p) = L? and

T p2
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(ii)  for every point g of £% such that ¢ € the carrier of (£2)[K> holds
g2 # 0.
Then f is continuous.
(43) Let Ko be a non empty subset of £2 and f be a map from (€2)] K> into
R!. Suppose that
(i)  for every point p of £2 such that p € the carrier of (£2)]K> holds
b2

/ (p) = %a and

(ii)  for every point g of £% such that ¢ € the carrier of (£2)[K> holds
a1 # 0.
Then f is continuous.

(44) Let K2 be a non empty subset of £2 and f be a map from (2)] K> into

R!. Suppose that

(i) for every point p of €% such that p € the carrier of (£2)[K> holds

P1

f(p) = ;%a and
(ii) for every point ¢ of £% such that q € the carrier of (£2)[Ks holds
g2 # 0.
Then f is continuous.
(45) Let Ko, By be subsets of £2, f be a map from (£2)[Ky into (£2)] By,
and f1, f2 be maps from (£2)Ky into R!. Suppose that

(i)  f1 is continuous,

(ii)  f2 is continuous,

(i) Ko #0,

(iv) By #0, and

(v)  for all real numbers z, y, r, s such that [z,y] € Ky and r = f1([z,y])
and s = fo([z,y]) holds f([x,y]) = [r, s].
Then f is continuous.

(46) Let Ko, By be subsets of £2 and f be a map from (£2)[ K into (£2)]Bo.
Suppose f = OutlnSq Ky and By = (the carrier of £2)\ {05%} and
Ko={p:(p2<p1 A —p1<p2 V p22>2p1 A p2<-p1) A p#0g}
Then f is continuous.

(47) Let Ko, By be subsets of £2 and f be a map from (£2)[ K into (£2)]Bo.
Suppose f = OutlnSq Ky and By = (the carrier of £2) \ {Og%} and
Ko={p:(p1<pz2 A —p2<p1 V p1>p2 A p1 <—p2) A p#0g}
Then f is continuous.

In this article we present several logical schemes. The scheme TopSubset
concerns a unary predicate P, and states that:
{p; p ranges over points of £4: P[p]} is a subset of £2
for all values of the parameters.
The scheme TopCompl deals with a subset A of 5% and a unary predicate
P, and states that:
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—A = {p; p ranges over points of £2: not P[p|}
provided the parameters meet the following requirement:
e A= {p;p ranges over points of Ex: P[p]}.
The scheme ClosedSubset deals with two unary functors F and G yielding
real numbers, and states that:
{p; p ranges over points of £2: F(p) < G(p)} is a closed subset of
&
provided the following conditions are met:
e For all points p, ¢ of €2 holds F(p — q) = F(p) — F(g) and
G(p—q) =6(p) — G(q), and
e For all points p, g of £2 holds [p—¢|? = |F(p—q)|* +1G(p — 9)|.
One can prove the following propositions:

(48) Let By be a subset of £2, K be a subset of (£2)[ By, and f be a map
from (E2)By| Ky into (E2)[By. Suppose f = OutInSq [K( and By = (the
carrier of £2) \ {Og%} and Ko = {p: (p2 <p1 AN —p1 <p2 V p2 >
p1 A p2<-—p1) A p# ()g%}. Then f is continuous and Kj is closed.

(49) Let By be a subset of £, K be a subset of (£2)]By, and f be a map
from (£2)[By| Ky into (€2)]By. Suppose f = OutInSq [ Ky and By = (the
carrier of £2) \ {05%} and Ko ={p: (p1 <p2 A —p2<p1 V p1 2
p2 A p1 < —p2) A p# 05%}. Then f is continuous and K| is closed.

(50) Let D be a non empty subset of £2. Suppose D¢ = {()5%}. Then there

exists a map h from (£2)]D into (€2)[D such that h = OutInSq and h is
continuous.
(51) Let B, Ky, K3 be subsets of 5%. Suppose that
() B={0g),
(i) Ko={p:—1<p1 Apt<l A —1<pa2 A p2 <1}, and
(i) Ks={g:—1=qg AN -1<g Ag@<1Vgag=1A-1<g¢g A qgc<
1V -1=¢g AN -1<¢g ANq@a<1Vi=g AN -1<q¢ N q1<1}.
Then there exists a map f from (€2)B¢ into (£2)] B¢ such that
(iv)  f is continuous and one-to-one,
(v)  for every point t of €% such that t € Ko and t # Ogz holds f(t) ¢
Ko U Ks,
(vi)  for every point r of £% such that r ¢ Ko U K3 holds f(r) € Ko, and
(vii)  for every point s of £2 such that s € K3 holds f(s) = s.

(52) Let f, g be maps from I into €2, Ky be a subset of £%, and O, I be
points of I. Suppose that O = 0 and I = 1 and f is continuous and one-
to-one and g is continuous and one-to-one and Ko ={p: —1 <p1 A p1 <
1 AN =1<p2 Apz<l}tand f(O)1 =—1and f(I)1 =1and —1 < f(O)2
and f(O)2 < 1 and —1 < f(I)2 and f(I)2 < 1 and ¢g(O)2 = —1 and
g(I)2 =1and —1 < ¢(0)1 and ¢g(0)1 <1 and —1 < g(I); and g(I)1 <1
and rng f N Ko = 0 and rtng g N Ky = (). Then rng f Nrng g # 0.
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(53) Let A, B, C, D be real numbers and f be a map from 2 into E2.
Suppose that for every point ¢ of 5% holds f(t) =[A-t1 + B,C - t2 + D].
Then f is continuous.

(54) Let f, g be maps from I into £2, a, b, ¢, d be real numbers, and O, I be
points of I. Suppose that O = 0 and I = 1 and f is continuous and one-to-
one and g is continuous and one-to-one and f(0); = a and f(I); = b and
¢ < f(O)g and f(O)2 < dand ¢ < f(I)2 and f(I)2 < d and g(O)2 = ¢
and g(I)2 =d and a < g(0)1 and ¢g(O)1 < band a < g()1 and g(1)1 < b
and a < b and ¢ < d and it is not true that there exists a point r of I such
that a < f(r)1 and f(r)1 <band ¢ < f(r)2 and f(r)2 < d and it is not
true that there exists a point 7 of I such that a < ¢g(r)1 and g(r)1 < b and
¢ < g(r)2 and g(r)2 < d. Then rng f Nrng g # 0.

(55)(1)  {p7;p7 ranges over points of E2: (pr)2 < (pr)1} is a closed subset of
E2, and

(ii)  {pr;pr ranges over points of E2: (p7)1 < (pr)2} is a closed subset of £2.

(56)(1)  {pr;pr ranges over points of £2: —(pr)1 < (pr)2} is a closed subset of

5%, and
(ii)  {pr;pr ranges over points of E%: (p7)2 < —(pr)1} is a closed subset of
Ez.
(57)(1)  {pr;pr ranges over points of E2: —(pr)2 < (p7)1} is a closed subset of
S%, and
(ii)  {pr;pr ranges over points of £%: (p7)1 < —(p7)2} is a closed subset of
E2.
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Summary. We follow [23] in defining the set of primitive recursive func-
tions. The important helper notion is the homogeneous function from finite se-
quences of natural numbers into natural numbers where homogeneous means
that all the sequences in the domain are of the same length. The set of all such
functions is then used to define the notion of a set closed under composition
of functions and under primitive recursion. We call a set primitively recursively
closed iff it contains the initial functions (nullary constant function returning
0, unary successor and projection functions for all arities) and is closed under
composition and primitive recursion. The set of primitive recursive functions is
then defined as the smallest set of functions which is primitive recursively closed.
We show that this set can be obtained by primitive recursive approximation.
We finish with showing that some simple and well known functions are primitive
recursive.
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1. PRELIMINARIES

For simplicity, we adopt the following rules: i, j, k, ¢, m, n are natural
numbers, a, x, y, z, X, Y are sets, D, E are non empty sets, R is a binary
relation, f, g are functions, and p, g are finite sequences.
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Let X be a non empty set, let n be a natural number, let p be an element
of X™, let i be a natural number, and let x be an element of X. Then p+- (i, )
is an element of X™.

Let n be a natural number, let ¢ be an element of N, and let 7 be a natural
number. Then #(7) is an element of N.

The following propositions are true:

(3)2 <3§',y> +- (152) = <Z7y> and <‘T7y> +- (27Z> = <SU,Z>.

(5)3 If f + (a7$) =g+ (aa y)v then f +- (CL, Z) =g+ (aa Z)

(6) (p+(4,2)n =Py

(7) pr =+ (i¢a) =q+ (i7a)7 then Pri = qyi-

(8) X°={0}.

(9)

10)
)
)
)

If n # 0, then (" = 0.

If ) € rng f, then [[" f = 0.

If rng f = D, then rng [["(f) = D'

If 1 <iandi < n+1, then for every element p of D™*! holds pr € D"

For every set X and for every set Y of finite sequences of X holds
Y C X*.

—_

12

(
(1
(
(13

2. SETS OF COMPATIBLE FUNCTIONS

Let X be a set. We say that X is compatible if and only if:
(Def. 1) For all functions f, g such that f € X and g € X holds f ~ g.
Let us observe that there exists a set which is non empty, functional, and
compatible.
Let X be a functional compatible set. One can verify that | J X is function-
like and relation-like.
The following proposition is true
(14) X is functional and compatible iff [ X is a function.
Let X, Y be sets. One can verify that there exists a non empty set of partial
functions from X to Y which is non empty and compatible.
The following propositions are true:
(15) For every non empty functional compatible set X holds domJX =
U{dom f : f ranges over elements of X}.
(16) Let X be a functional compatible set and f be a function. If f € X,
then dom f C dom|JX and for every set x such that x € dom f holds

(U X)(z) = f(z).

2The propositions (1) and (2) have been removed.
3The proposition (4) has been removed.
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(17) For every non empty functional compatible set X holds rng|JX =
(J{rng f : f ranges over elements of X}.
Let us consider X, Y. Observe that every non empty set of partial functions
from X to Y is functional.
We now state the proposition

(18) Let P be a compatible non empty set of partial functions from X to Y.
Then |J P is a partial function from X to Y.

3. HOMOGENEOUS RELATIONS

Let f be a binary relation. We introduce f is into N as a synonym of f is
natural-yielding.
Let f be a binary relation. We say that f is from tuples on N if and only if:
(Def. 2) dom f C N*.
One can check that there exists a function which is from tuples on N and
into N.
Let f be a binary relation from tuples on N. We say that f is length total if
and only if:
(Def. 3) For all finite sequences z, y of elements of N such that lenz = leny and
z € dom f holds y € dom f.

Let f be a binary relation. We say that f is homogeneous if and only if:

(Def. 4) For all finite sequences x, y such that x € dom f and y € dom f holds
lenz = leny.

One can prove the following proposition
(19) If dom R C D™, then R is homogeneous.

Let us observe that () is homogeneous.

Let p be a finite sequence and let = be a set. Observe that {p} —— x is non
empty and homogeneous.

Let us note that there exists a function which is non empty and homogeneous.

Let f be a homogeneous function and let g be a function. Observe that g - f
is homogeneous.

Let X, Y be sets. Note that there exists a partial function from X* to Y
which is homogeneous.

Let X, Y be non empty sets. Observe that there exists a partial function
from X* to Y which is non empty and homogeneous.

Let X be a non empty set. Observe that there exists a partial function from
X* to X which is non empty, homogeneous, and quasi total.

One can check that there exists a function from tuples on N which is non
empty, homogeneous, into N, and length total.
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One can check that every partial function from N* to N is into N and from
tuples on N.
Let us observe that every partial function from N* to N which is quasi total
is also length total.
The following proposition is true
(20) Every length total function from tuples on N into N is a quasi total
partial function from N* to N.
Let f be a homogeneous binary relation. The functor arity f yielding a na-
tural number is defined by:
(Def. 5)(i)  For every finite sequence x such that € dom f holds arity f = lenx
if there exists a finite sequence = such that x € dom f,
(ii)  arity f = 0, otherwise.
The following propositions are true:
(21) arity® = 0.
(22) For every homogeneous binary relation f such that dom f = {0} holds

arity f = 0.
(23) For every homogeneous partial function f from X* to Y holds dom f C
Xarity f'

(24) For every homogeneous function f from tuples on N holds dom f C
Narity f‘

(25) Let f be a homogeneous partial function from X* to X. Then f is quasi
total and non empty if and only if dom f = X2t f,

(26) Let f be a homogeneous function into N and from tuples on N. Then f
is length total and non empty if and only if dom f = Narty f,

(27) For every non empty homogeneous partial function f from D* to D and
for every n such that dom f C D" holds arity f = n.

(28) For every homogeneous partial function f from D* to D and for every
n such that dom f = D" holds arity f = n.

Let R be a binary relation. We say that R has the same arity if and only if

the condition (Def. 6) is satisfied.
(Def. 6) Let f, g be functions such that f € rng R and g € rng R. Then
(i) if f is empty, then g is empty or dom g = {@}, and
(i) if f is non empty and ¢ is non empty, then there exists a natural
number n and there exists a non empty set X such that dom f C X™ and
domg C X™".

Let us note that () has the same arity.

One can check that there exists a finite sequence which has the same arity.
Let X be a set. One can verify that there exists a finite sequence of elements of
X which has the same arity and there exists an element of X* which has the
same arity.
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Let F' be a binary relation with the same arity. The functor arity F' yielding
a natural number is defined as follows:
(Def. 7)(i)  For every homogeneous function f such that f € rngF holds
arity F' = arity f if there exists a homogeneous function f such that
f emgkF,
(ii) arity F' = 0, otherwise.
Next we state the proposition
(29) For every finite sequence F' with the same arity such that len F' = 0
holds arity F' = 0.
Let X be a set. The functor HFuncs X yielding a non empty set of partial
functions from X™* to X is defined by:
(Def. 8) HFuncs X = {f; f ranges over elements of X*-X : f is homogeneous}.
Next we state the proposition
(30) 0 € HFuncs X.
Let X be a non empty set. Note that there exists an element of HFuncs X
which is non empty, homogeneous, and quasi total.
Let X be a set. Observe that every element of HFuncs X is homogeneous.
Let X be a non empty set and let S be a non empty subset of HFuncs X.
Note that every element of S is homogeneous.
The following propositions are true:
(31) Every homogeneous function into N and from tuples on N is an element
of HFuncs N.
(32) Every length total homogeneous function from tuples on N into N is a
quasi total element of HFuncs N.
(33) Let X be a non empty set and F' be a binary relation such that rng F* C
HFuncs X and for all homogeneous functions f, g such that f € rng ' and
g € rng F' holds arity f = arity g. Then F' has the same arity.
Let n, m be natural numbers. The functor const, (m) yields a homogeneous
function into N and from tuples on N and is defined by:
(Def. 9) constp(m) = N" — m.
We now state the proposition
(34) const,(m) € HFuncsN.
Let n, m be natural numbers. One can check that const,(m) is length total
and non empty.
We now state two propositions:
(35) arity const,(m) = n.
(36) For every element ¢ of N™ holds (const,(m))(t) = m.
Let n, i be natural numbers. The functor succ,(i) yields a homogeneous
function into N and from tuples on N and is defined by:
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(Def. 10) domsuccy (i) = N™ and for every element p of N holds (succ,(i))(p) =
pi + 1.
We now state the proposition
(37) succy(i) € HFuncsN.

Let n, i be natural numbers. One can check that succy, (i) is length total and
non empty.
Next we state the proposition
(38) arity succy, (i) = n.
Let n, ¢ be natural numbers. The functor proj,, (i) yielding a homogeneous
function into N and from tuples on N is defined by:

(Def. 11) proj, (i) = proj(n — N, i).

The following two propositions are true:

(39) proj, (i) € HFuncsN.

(40) domproj, (i) = N™ and if 1 < ¢ and i < n, then rng proj,, (i) = N.
Let n, ¢ be natural numbers. One can verify that proj,, (i) is length total and

non empty.

We now state two propositions:

(41)  arity proj, (i) = n.

(42) For every element ¢t of N holds (proj,,(¢))(t) = t(i).
Let X be a set. Observe that HFuncs X is functional.
We now state three propositions:

(43) Let F be a function from D into HFuncs E. Suppose rng F' is compatible
and for every element = of D holds dom F(z) C E™. Then there exists an
element f of HFuncs E such that f = |J F and dom f C E™.

(44) For every function F' from N into HFuncs D such that for every i holds
F(i) C F(i+1) holds |J F € HFuncs D.
(45) For every finite sequence F' of elements of HFuncs D with the same arity
holds dom [[* F C D I,
Let X be a non empty set and let F' be a finite sequence of elements of
HFuncs X with the same arity. Observe that [[* F' is homogeneous.
The following proposition is true

(46) Let f be an element of HFuncs D and F' be a finite sequence of elements
of HFuncs D with the same arity. Then dom(f - [[*F) € D% F and
mg(f-[["F)C D and f-[[*F € HFuncs D.

Let X, Y be non empty sets, let P be a non empty set of partial functions
from X to Y, and let S be a non empty subset of P. We see that the element
of S is an element of P.

Let f be a homogeneous function from tuples on N. One can check that (f)
has the same arity.
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Next we state several propositions:

(47) For every homogeneous function f into N and from tuples on N holds
arity (f) = arity f.

(48) Let f, g be non empty elements of HFuncs N and F' be a finite sequence
of elements of HFuncs N with the same arity. If g = f-][* F, then arity g =
arity F.

(49) Let f be a non empty quasi total element of HFuncs D and F be a
finite sequence of elements of HFuncs D with the same arity. Suppose
arity f = len F' and F' is non empty and for every element h of HFuncs D
such that h € rng F holds h is quasi total and non empty. Then f-][" Fisa
non empty quasi total element of HFuncs D and dom(f-[[* F) = D% F,

(50) Let f be a quasi total element of HFuncs D and F' be a finite sequence
of elements of HFuncs D with the same arity. Suppose arity f = len F’ and
for every element h of HFuncs D such that h € rng F' holds h is quasi total.
Then f-[[" F is a quasi total element of HFuncs D.

(51) For all non empty quasi total elements f, g of HFuncs D such that
arity f = 0 and arity g = 0 and f(0) = g(0) holds f = g.

(52) Let f, g be non empty length total homogeneous functions from tuples
on N into N. If arity f = 0 and arity g = 0 and f(0) = g(0), then f = g.

4. PRIMITIVE RECURSIVENESS

We adopt the following convention: fi, fo are non empty homogeneous func-
tions into N and from tuples on N, e;, es are homogeneous functions into N and
from tuples on N, and p is an element of Nty fi+1,

Let g, f1, f2 be homogeneous functions into N and from tuples on N and let
7 be a natural number. We say that g is primitive recursively expressed by fi,
f2 and i if and only if the condition (Def. 12) is satisfied.

(Def. 12) There exists a natural number n such that
(i) domgC N,
(i) i>1,
(i) i <n,
iv) arity f1 + 1 =n,
)
)

=
<

—~

v) n+1=arity fo, and

for every finite sequence p of elements of N such that lenp = n holds
p+-(i,0) € domyg iff p;; € dom f; and if p +- (7,0) € dom g, then g(p +-
(2,0)) = fi(py) and for every natural number n holds p+-(i,n+1) € dom g
iff p+- (i,n) € domg and (p +- (i,n)) ~ (9(p +- (i,n))) € dom fo and if
p-(i,n-+1) € dom g, then g(p-+-(i, n+1)) = fa((p+(5, n))~(g(p-+- (i m)))).

(vi
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Let f1, fo be homogeneous functions into N and from tuples on N, let ¢ be
a natural number, and let p be a finite sequence of elements of N. The functor
primrec( f1, f2,4,p) yielding an element of HFuncs N is defined by the condition
(Def. 13).

(Def. 13) There exists a function F' from N into HFuncs N such that
(i)  primrec(fi, f2,%,p) = F(p:),

(ii) ifi € domp and py; € dom fi, then F(0)

(iii) if i ¢ domp or py; ¢ dom f1, then F(0) =

)

(iv

={r+ (Z 0)} — filpr),
0, a

for every natural number m holds if i € dom p and p + (i,m) €
dom F(m) and (p+-(i,m)) " (F(m)(p+-(i,m))) € dom fa, then F(m+1) =
F(m)+-({p+ (i, m+1)} — fo((p+-(i,m)) " (F(m)(p+-(i,m))))) and if
i ¢ domp or p+-(i,m) ¢ dom F(m) or (p+-(i,m)) " (F(m)(p+- (i, m))) ¢
dom fo, then F(m + 1) = F(m).

We now state several propositions:

(53) For all finite sequences p, ¢ of elements of N such that ¢ €

dom primrec(eq, €2, i, p) there exists k such that ¢ = p +- (i, k).
(54) For every finite sequence p of elements of N such that i ¢ domp holds

primrec(eq, e2,4,p) = 0.
(55) For all finite sequences p, g of elements of N holds primrec(eq, e2,,p) =

primrec(eq, €2, 1, q).
(56) For every finite sequence p of elements of N holds dom primrec(ey, e2, i, p) C

N1+arity er

(57) For every finite sequence p of elements of N such that e; is empty holds
primrec(eq, ez, 4, p) is empty.

(58) If fi is length total and fs is length total and arity f; 4+ 2 = arity fo and
1 <iand i <1+ arity f1, then p € dom primrec(f1, f2,1,p).

Let f1, fo be homogeneous functions into N and from tuples on N and let
i be a natural number. The functor primrec(fi, f2,7) yielding an element of
HFuncs N is defined as follows:

(Def. 14) There exists a function G from N /1+1 into HFuncsN such that
primrec(fi, f2,4) = (JG and for every element p of Nty fi+l holds
G(p) = primrec(fi, f2,4,p).
One can prove the following propositions:

(59) If e; is empty, then primrec(ey, ea,?) is empty.

(60) dom primrec(fi, fa,4) C Nty i+l

(61) If f1 is length total and fo is length total and arity f; 4+ 2 = arity f2 and
1 <iandi < 1+ arity fi, then dom primrec(fi, fo,i) = N# i+l and
arity primrec( f1, f2,7) = arity f1 + 1.

(62) If i € domp, then p+- (2,0) € dom primrec(f1, f2,%) iff p); € dom f;.
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(63) If i € domp and p +  (4,0) € domprimrec(fi, f2,7), then
(primrec(f1, f2,4))(p +- (4,0)) = f1(pr)-

(64) Ifi e domp and f; is length total, then (primrec(fi, f2,7))(p+- (¢,0)) =
fi(pri)-

(65) If i € domp, then p+- (i,m+ 1) € dom primrec(f1, f2,%) iff p+- (i,m) €
dom primrec(f1, f2,7) and (p+- (i, m)) ~ ((primrec(f1, f2,7))(p+- (i,m))) €

dOl’IlfQ.
(66) If ¢ € domp and p +  (i,mm + 1) € domprimrec(fi, f2,7),
then (primrec(fi, f2,4))(p + (i,m + 1)) = follp + (,m)) 7

((primrec(f1, f2,%))(p +- (i,m)))).

(67) Suppose fi is length total and fo is length total and arity fi1+2 = arity f2
and 1 < i and i < 1+ arity f1. Then (primrec(fi, f2,7))(p +- (i,m+1)) =
fo((p +- (i,m)) ~ ((primrec(f1, f2,7))(p + (i,m)))).

(68) If arity fi + 2 = arityfo and 1 < i and i < arity fi + 1, then
primrec( f1, f2,4) is primitive recursively expressed by fi, fo and i.

(69) Suppose 1 < iandi < arity fi+1. Let g be an element of HFuncs N. If g is
primitive recursively expressed by fi, f2 and i, then g = primrec(fi, f2,7).

5. THE SET OF PRIMITIVE RECURSIVE FUNCTIONS

Let X be a set. We say that X is composition closed if and only if the
condition (Def. 15) is satisfied.
(Def. 15) Let f be an element of HFuncs N and F' be a finite sequence of elements
of HFuncs N with the same arity. If f € X and arity f = len F and rng F' C
X, then f-J[*F € X.
We say that X is primitive recursion closed if and only if the condition (Def. 16)
is satisfied.
(Def. 16) Let g, f1, f2 be elements of HFuncs N and ¢ be a natural number. Suppose
g is primitive recursively expressed by f1, fo and i and f; € X and f, € X.
Then g € X.
Let X be a set. We say that X is primitive recursively closed if and only if
the conditions (Def. 17) are satisfied.
(Def. 17)(i)  consty(0) € X,
(il)  succq(1) € X,
(iii)  for all natural numbers n, ¢ such that 1 < and ¢ < n holds proj,, (i) €
X, and
(iv) X is composition closed and primitive recursion closed.

We now state the proposition
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(70) HFuncsN is primitive recursively closed.
One can check that there exists a subset of HFuncsN which is primitive
recursively closed and non empty.
In the sequel P is a primitive recursively closed non empty subset of HFuncs N.

We now state several propositions:

(71) For every element g of HFuncsN such that e; = () and ¢ is primitive
recursively expressed by ej, ex and ¢ holds g = ().

(72) Let g be an element of HFuncsN, fi, fo be quasi total elements of
HFuncs N, and 7 be a natural number. Suppose g is primitive recursively
expressed by f1, fo and ¢. Then g is quasi total and if f; is non empty,
then ¢ is non empty.

73) const,(c) € P.
74) If 1 <iand i < n, then succ, (i) € P.
75) 0e P

)

76) Let f be an element of P and F' be a finite sequence of elements of P
with the same arity. If arity f = len F, then f-[[* F € P.

(77) Let f1, fo be elements of P. Suppose arity fi + 2 = arity f2. Let i be a
natural number. If 1 < i and ¢ < arity f; + 1, then primrec(f1, fa,i) € P.

The subset PrimRec of HFuncs N is defined as follows:

(Def. 18) PrimRec = [{R; R ranges over elements of 2HFmesN: R ig primitive
recursively closed}.

(
(
(
(

The following proposition is true

(78) For every subset X of HFuncsN such that X is primitive recursively
closed holds PrimRec C X.

Let us observe that PrimRec is non empty and primitive recursively closed.
One can check that every element of PrimRec is homogeneous.
Let = be a set. We say that x is primitive recursive if and only if:
(Def. 19) 2 € PrimRec.
Let us note that every set which is primitive recursive is also relation-like
and function-like.
Let us observe that every binary relation which is primitive recursive is also
homogeneous, into N, and from tuples on N.
Let us observe that every element of PrimRec is primitive recursive.
Let us note that there exists a function which is primitive recursive and there
exists an element of HFuncs N which is primitive recursive.
The initial functions constitute a subset of HFuncs N defined as follows:
(Def. 20) The initial functions = {constg(0),succi(1)} U {proj, (i); n ranges over
natural numbers, i ranges over natural numbers: 1 <i A i < n}.
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Let @ be a subset of HFuncs N. The primitive recursion closure of @) is a subset
of HFuncs N and is defined by the condition (Def. 21).
(Def. 21) The primitive recursion closure of @ = @ U {g; g ranges over elements
of HFuncs N : vfl,fgzelement of HFuncsN vi:natural number (fl € Q A f2 €
@ A g is primitive recursively expressed by fi, fo and i)}.
The composition closure of @) is a subset of HFuncsN and is defined by the
condition (Def. 22).
(Def. 22) The composition closure of Q@ = QU {f - [[" F'; f ranges over elements
of HFuncs N, F' ranges over elements of (HFuncsN)* with the same arity:
fe@ N arityf=1lenF A rngF C Q}.

The function PrimRec™ from N into 2HFunesN

(Def. 23).

(Def. 23)(i) PrimRec™(0) = the initial functions, and

(ii))  for every natural number m holds PrimRec™(m + 1) = (the pri-
mitive recursion closure of PrimRec™(m)) U (the composition closure of
PrimRec™(m)).

One can prove the following propositions:

79) If m < n, then PrimRec™(m) C PrimRec™(n).

80) J(PrimRec™) is primitive recursively closed.

81) PrimRec = [J(PrimRec™).

82) For every element f of HFuncs N such that f € PrimRec™(m) holds f is
quasi total.

is defined by the conditions

(
(
(
(

Let us note that every element of PrimRec is quasi total and homogeneous.

Let us observe that every element of HFuncs N which is primitive recursive
is also quasi total.

Let us observe that every function from tuples on N which is primitive re-
cursive is also length total and there exists an element of PrimRec which is non
empty.

6. EXAMPLES

Let f be a homogeneous binary relation. We say that f is nullary if and only
if:
(Def. 24) arity f = 0.
We say that f is unary if and only if:
(Def. 25) arity f = 1.
We say that f is binary if and only if:
(Def. 26) arity f = 2.
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We say that f is ternary if and only if:
(Def. 27) arity f = 3.
One can check the following observations:
* every homogeneous function which is unary is also non empty,
% every homogeneous function which is binary is also non empty, and
% every homogeneous function which is ternary is also non empty.
One can check the following observations:
x  proj; (1) is primitive recursive,
% projy(1) is primitive recursive,
% Projy(2) is primitive recursive,
% succy (1) is primitive recursive, and
% succs(3) is primitive recursive.
Let 4 be a natural number. One can check the following observations:
% constg(4) is nullary,
* consty () is unary,
% consta (i) is binary,
% constg (i) is ternary,
% proj, (i) is unary,
% projo(¢) is binary,
% projs(i) is ternary,
(4)
(4)

% succy (2

is unary,

* succa(?) is binary, and

*

succs(7) is ternary.
Let j be a natural number. One can check that const;(j) is primitive recursive.

One can verify the following observations:

* there exists a homogeneous function which is nullary, primitive recursive,
and non empty,

* there exists a homogeneous function which is unary and primitive recur-
sive,

* there exists a homogeneous function which is binary and primitive re-

cursive, and

* there exists a homogeneous function which is ternary and primitive re-
cursive.

One can verify the following observations:

x there exists a homogeneous function from tuples on N which is non
empty, nullary, length total, and into N,
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* there exists a homogeneous function from tuples on N which is non
empty, unary, length total, and into N,

x there exists a homogeneous function from tuples on N which is non
empty, binary, length total, and into N, and

* there exists a homogeneous function from tuples on N which is non
empty, ternary, length total, and into N.

Let f be a nullary non empty primitive recursive function and let g be
a binary primitive recursive function. One can check that primrec(f,g,1) is
primitive recursive and unary.

Let f be a unary primitive recursive function and let g be a ternary primitive
recursive function. One can verify that primrec(f, g, 1) is primitive recursive and
binary and primrec(f, g,2) is primitive recursive and binary.

The following propositions are true:

(83) Let f; be a unary length total homogeneous function from tuples on N
into N and fo be a non empty homogeneous function into N and from

tuples on N. Then (primrec(fi, f2,2))({i,0)) = f1((3)).

(84) If fi is length total and arity fi = 0, then (primrec(fi, f2,1))((0)) =
f1(0).

(85) Let fi be a unary length total homogeneous function from tuples
on N into N and fo be a ternary length total homogeneous function
from tuples on N into N. Then (primrec(fi, f2,2))((i,j + 1)) = f2((3, J,
(primrec(f1, f2,2))((i, 1))))-

(86) If fq is length total and fo is length total and arity f; = 0 and arity fo =
2, then (primrec(f1, f2,1))((i + 1)) = fo((i, (primrec(f1, f2,1))((i))))-

1,2,2)

Let ¢ be a function. The functor 172y yielding a function is defined by:

(Def. 28) 1729 = g - [T"(projs(1), projs(3)).
Let g be a function into N and from tuples on N. Observe that (!
N and from tuples on N.

? . .
"’2>g 1s into

? .
"2)g is homogeneous.

Let g be a homogeneous function. Note that
Let g be a binary length total homogeneous function from tuples on N into
N. Observe that (472 is non empty ternary and length total.
The following propositions are true:
(87) Let f be a binary length total homogeneous function from tuples on N
into N. Then (‘U72f)((i, 4, k) = f((i,k)).

(88) For every binary primitive recursive function g holds (1,7.2)

g € PrimRec.
Let f be a binary primitive recursive homogeneous function. Observe that
(L7.2)f ig primitive recursive and ternary.
The binary primitive recursive function [+] is defined by:

(Def. 29) [+] = primrec(proj; (1), succs(3), 2).
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We now state the proposition

(89) [F]((g) =i+
The binary primitive recursive function [*] is defined by:
(Def. 30) [#] = primrec(consty (0), (&72[+], 2).
Next we state the proposition
(90) For all natural numbers ¢, j holds [«|({(i,j)) =i - j.
Let g, h be binary primitive recursive homogeneous functions. Note that (g,
h) has the same arity.
Let f, g, h be binary primitive recursive functions. Observe that f - []*(g,
h) is primitive recursive.
Let f, g, h be binary primitive recursive functions. Observe that f - []*(g,
h) is binary.
Let f be a unary primitive recursive function and let g be a primitive recur-
sive function. Note that f - [["(g) is primitive recursive.
Let f be a unary primitive recursive function and let g be a binary primitive
recursive function. One can verify that f - [["(g) is binary.
The unary primitive recursive function [!] is defined by:

(Def. 31) [!] = primrec(consto(1), [*] - [T"(succi(1) - [T*(proj, (1)), projs(2)), 1).

In this article we present several logical schemes. The scheme Primrec1 deals
with a unary length total homogeneous function A from tuples on N into N, a
binary length total homogeneous function B from tuples on N into N, a unary
functor F yielding a natural number, and a binary functor G yielding a natural
number, and states that:

For all natural numbers i, 7 holds (A-[["(B))((:,7)) = F(G(i, 7))
provided the parameters meet the following requirements:
e For every natural number i holds A((i)) = F (i), and
e For all natural numbers 4, j holds B((i, j)) = G(i, 7).

The scheme Primrec2 deals with binary length total homogeneous functions
A, B, C from tuples on N into N and three binary functors F, G, and H yielding
natural numbers, and states that:

For all natural numbers i, j holds (A-[[*(B,C))({(i, 5)) = F(G(i,7), H(i, j))
provided the parameters meet the following conditions:
e For all natural numbers 4, j holds A((i,j)) = F(i,7),
e For all natural numbers 4, j holds B((i,j)) = G(i,7), and
e For all natural numbers 4, j holds C((3, j)) = H(1, 7).
The following proposition is true

(1) [((0)) =1t
The binary primitive recursive function ["] is defined by:
(Def. 32) ["] = primrec(const; (1), (-72)]«], 2).

One can prove the following proposition
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92) 1) = .
The unary primitive recursive function [pred] is defined as follows:
(Def. 33) [pred] = primrec(consto(0), projy(1),1).
The following proposition is true
(93) [pred]((0)) = 0 and [pred]((i + 1)) = i.
The binary primitive recursive function [—] is defined as follows:

(Def. 34)  [~] = primrec(proj; (1), “([pred] - [T" (projy(2))), 2)-
The following proposition is true

94) [=1((,5) =i—"J.
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Summary. A Turing machine can be viewed as a simple kind of computer,
whose operations are constrainted to reading and writing symbols on a tape, or
moving along the tape to the left or right. In theory, one has proven that the
computability of Turing machines is equivalent to recursive functions. This ar-
ticle defines and verifies the Turing machines of summation and three primitive
functions which are successor, zero and project functions. It is difficult to com-
pute sophisticated functions by simple Turing machines. Therefore, we define the
combination of two Turing machines.

MML Identifier: TURING_1.

The notation and terminology used in this paper are introduced in the following
articles: [3], [4], [13], [2], [5], [18], [14], [6], [7], [8], [12], [17], [16], [1], [11], [20],
110], [19], [15], and [9]

1. PRELIMINARIES

In this paper n, i, j, k denote natural numbers.

Let A, B be non empty sets, let f be a function from A into B, and let g be
a partial function from A to B. Then f+-¢ is a function from A into B.

Let X, Y be non empty sets, let a be an element of X, and let b be an
element of Y. Then a——b is a partial function from X to Y.

Let n be a natural number. The functor Seg;,; n yielding a subset of N is
defined as follows:

(Def. 1) Segpn = {k:k <n}.
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Let n be a natural number. One can verify that Seg,,n is finite and non
empty.
One can prove the following propositions:
(1) ke Segyniff k <n.
(2) For every function f and for all sets z, y, 2z, u, v such that u # z holds
(f+(z, y)=—2))(u, v)) = f({u, v}).
(3) For every function f and for all sets z, y, z, u, v such that v # y holds
(f+(z, y)=—2))(u, v)) = f({u, v}).
In the sequel i1, 19, i3, 74 denote elements of Z.
We now state three propositions:

(4) Z<i17i2> =11 + i0.
(5)  D_(i1,i2,i3) = i1 + iz + i3.
(6) > (i1,42,13,14) = i1 + 2 + i3 + ia.
Let f be a finite sequence of elements of N and let ¢ be a natural number.
The functor Prefix(f,) yields a finite sequence of elements of Z and is defined
by:
(Def. 2) Prefix(f,i) = f|Segi.
Next we state two propositions:

(7) For all natural numbers z1, xo holds >  Prefix((z1,z2),1) = x; and
> Prefix({x1, z2),2) = x1 + x2.

(8) For all natural numbers x;, x2, x3 holds ) Prefix({x,z2,23),1) = 21
and > Prefix((z1, x2, x3),2) = x1+x2 and ) Prefix({x1, 2, 23),3) = 1+
T2 + X3.

2. DEFINITIONS AND TERMINOLOGY FOR TURING MACHINE

We consider Turing machine structures as systems

( symbols, control states, a transition, an initial state, an accepting state ),
where the symbols and the control states constitute finite non empty sets, the
transition is a function from [ the control states, the symbols ] into [ the control
states, the symbols, {—1,0, 1} |, and the initial state and the accepting state are
elements of the control states.

Let T be a Turing machine structure. A state of 1" is an element of the
control states of T. A tape of T is an element of (the symbols of T)%. A symbol
of T is an element of the symbols of T'.

Let T be a Turing machine structure, let ¢ be a tape of T', let h be an integer,
and let s be a symbol of T'. The functor Tape-Chg(t, h, s) yields a tape of T' and
is defined as follows:
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(Def. 3) Tape-Chg(t, h,s) = t+-(h——s).

Let T' be a Turing machine structure. A State of 7" is an element of [ the
control states of T, Z, (the symbols of T)%]. A transition-source of T is an
element of [ the control states of T', the symbols of T']. A transition-target of
T is an element of | the control states of T, the symbols of T, {—1,0,1}.

Let T be a Turing machine structure and let g be a transition-target of T'.
The functor offset(g) yields an integer and is defined as follows:

(Def. 4) offset(g) = g3.

Let T be a Turing machine structure and let s be a State of T'. The functor
Head(s) yielding an integer is defined by:

(Def. 5) Head(s) = sa.

(Def. 7) Following(s) =

Let T be a Turing machine structure and let s be a State of T'. The functor
s-target yielding a transition-target of T is defined by:

(Def. 6) s-target = (the transition of T')({s1, (s3 qua tape of T')(Head(s))})).

Let T be a Turing machine structure and let s be a State of T'. The functor
Following(s) yields a State of 7" and is defined as follows:

(s-target,, Head(s) + offset(s-target),
Tape-Chg(ss, Head(s), s-targety)),
if s1 # the accepting state of T,

s, otherwise.

Let T be a Turing machine structure and let s be a State of T'. The functor
Computation(s) yielding a function from N into [the control states of T, Z,
(the symbols of T)% ] is defined as follows:

(Def. 8) (Computation(s))(0) = s and for every ¢ holds (Computation(s))(i+1) =

Following((Computation(s))(7)).

In the sequel T is a Turing machine structure and s is a State of T'.
The following propositions are true:
(9) Let T be a Turing machine structure and s be a State of T'. If s = the
accepting state of T, then s = Following(s).
(10) (Computation(s))(0) = s.
(11) (Computation(s))(k + 1) = Following((Computation(s))(k)).
(12) (Computation(s))(1) = Following(s).
(13) (Computation(s))(i + k) = (Computation((Computation(s))(4)))(k).
(14) 1If ¢ < j and Following((Computation(s))(z)) = (Computation(s))(%),
then (Computation(s))(j) = (Computation(s))(7).
(15) If ¢ < j and (Computation(s))(i); = the accepting state of T', then
(Computation(s))(j) = (Computation(s))(7).

Let T be a Turing machine structure and let s be a State of T'. We say that

s is accepting if and only if:
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(Def. 9) There exists k such that (Computation(s))(k)1 = the accepting state of
T.
Let T be a Turing machine structure and let s be a State of T'. Let us assume
that s is accepting. The functor Result(s) yielding a State of T" is defined by:
(Def. 10) There exists k such that Result(s) = (Computation(s))(k) and
(Computation(s))(k)1 = the accepting state of T.
We now state the proposition
(16) Let T be a Turing machine structure and s be a State of T. Suppose s
is accepting. Then there exists a natural number k such that
(i)  (Computation(s))(k)1 = the accepting state of T,
(ii)  Result(s) = (Computation(s))(k), and
(ili) for every natural number i such that i < k holds (Computation(s))(i)1 #
the accepting state of T'.
Let A, B be non empty sets and let y be a set. Let us assume that y € B.
The functor id(A, B,y) yields a function from A into [ A, B ] and is defined as
follows:
(Def. 11) For every element x of A holds (id(A, B,y))(z) = (z, y).
The function SumTran from [ Seg,, 5, {0,1} ] into | Seg,, 5, {0,1}, {—1,0,1}]
is defined as follows:
(Def. 12) SumTran = id(ESegy, 5, {0, 1}, {~1,0, 1},0)-({0, 0)-—(0, 0, 1))+((0.
1e—(1, 0, 1)+((L, 1)=—=(1, 1, 1)+ ({1, 0)=—=(2, 1, 1))+((2, 1)=—(2,
Next we state the proposition
(17)  SumTran({0, 0)) = (0,0, 1) and SumTran({0, 1)) = (1,0, 1) and
SumTran((1, 1)) = (1,1,1) and SumTran({1,0)) = (2,1, 1) and
SumTran((2, 1)) = (2,1, 1) and SumTran({2,0)) = (3,0, —1) and
SumTran((3, 1)) = (4,0, —1) and SumTran((4, 1)) = (4, 1, —1) and
SumTran((4, 0)) = (5, 0, 0).
Let T' be a Turing machine structure, let ¢ be a tape of T, and let i, j be
integers. We say that t is 1 between i, j if and only if:
(Def. 13) t(i) = 0 and t(j) = 0 and for every integer k such that i < k and k < j
holds t(k) = 1.
Let f be a finite sequence of elements of N, let T" be a Turing machine
structure, and let ¢t be a tape of T. We say that t stores data f if and only if:
(Def. 14) For every natural number ¢ such that 1 < i and ¢ < len f holds ¢ is 1
between > Prefix(f,i) +2- (i — 1), > Prefix(f,i + 1) +2-4.

We now state several propositions:
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(18) Let T be a Turing machine structure, ¢t be a tape of T, and s, n be
natural numbers. If ¢ stores data (s, n), then ¢ is 1 between s, s +n + 2.

(19) Let T be a Turing machine structure, ¢t be a tape of T, and s, n be
natural numbers. If ¢ is 1 between s, s +n + 2, then ¢ stores data (s, n).

(20) Let T be a Turing machine structure, ¢ be a tape of T', and s, n be natural
numbers. Suppose t stores data (s,n). Then t(s) =0 and t(s+n+2) =0
and for every integer ¢ such that s <4 and i < s +n + 2 holds ¢(i) = 1.

(21) Let T be a Turing machine structure, ¢ be a tape of T, and s, ny, ns be
natural numbers. Suppose t stores data (s,ni,ns). Then ¢ is 1 between s,
s+ mn1+ 2 and 1 between s +n; + 2, s + n1 + no + 4.

(22) Let T be a Turing machine structure, t be a tape of 7', and s, n1, n2 be
natural numbers. Suppose t stores data (s, n1,n2). Then

(i) t(s) =0,
(i) t(s+mni1+2)=0,

(ili) t(s+mni+ne+4)=0,

(iv)  for every integer ¢ such that s < i and ¢ < s+ ny + 2 holds ¢(i) = 1,
and

(v) for every integer i such that s+ n; +2 < iand i < s+mnj +ng+4
holds ¢(i) = 1.

(23) Let f be a finite sequence of elements of N and s be a natural number. If
len f > 1, then ) Prefix((s) ~ f,1) = s and ) Prefix((s) ™ f,2) = s + fi.

(24) Let f be a finite sequence of elements of N and s be a natural number.
Suppose len f > 3. Then > Prefix((s) "~ f,1) = s and ) Prefix((s) " f,2) =
s+ fi1 and > Prefix((s) ~ f,3) = s+ f1 + f2 and >_ Prefix((s) ~ f,4) =
s+hi+fe+ /s

(25) Let T be a Turing machine structure, ¢t be a tape of T', s be a natural
number, and f be a finite sequence of elements of N. If len f > 1 and ¢
stores data (s) ™ f, then ¢ is 1 between s, s + f1 + 2.

(26) Let T be a Turing machine structure, ¢t be a tape of T, s be a natural
number, and f be a finite sequence of elements of N. Suppose len f > 3
and t stores data (s) ~ f. Then t is 1 between s, s + f1 + 2, 1 between
s+ fi+2, s+ fi+ fo+4, and 1 between s+ f1 + fo+4, s+ f1+ fo+ f3+6.

3. SUMMATION OF TwO NATURAL NUMBERS

The strict Turing machine structure SumTuring is defined by the conditions
(Def. 15).

(Def. 15)(i)  The symbols of SumTuring = {0, 1},

(ii)  the control states of SumTuring = Seg,; 5,
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(iii)  the transition of SumTuring = SumTran,
(iv)  the initial state of SumTuring = 0, and
(v)  the accepting state of SumTuring = 5.

Next we state several propositions:

(27) Let T be a Turing machine structure, s be a State of T', and p, h, t be
sets. If s = (p, h, t), then Head(s) = h.

(28) Let T be a Turing machine structure, ¢ be a tape of T', h be an integer,
and s be a symbol of T If t(h) = s, then Tape-Chg(t, h,s) = t.

(29) Let T be a Turing machine structure, s be a State of T, and
p, h, t be sets. Suppose s = (p, h,t) and p # the accepting
state of T. Then Following(s) = (s-target,, Head(s) + offset(s-target),
Tape-Chg(ss, Head(s), s -target,)).

(30) Let T be a Turing machine structure, ¢ be a tape of T, h be an integer,
s be a symbol of T', and i be a set. Then (Tape-Chg(t, h,s))(h) = s and if
i # h, then (Tape-Chg(t, h, s))(i) = t(7).

(31) Let s be a State of SumTuring, ¢ be a tape of SumTuring, and hj, nq,
ny be natural numbers. Suppose s = (0, hi, t) and ¢ stores data (h1,nq,
ng). Then s is accepting and (Result(s))2 = 1+ hy and (Result(s))s stores
data (1 + hy,nq + na).

Let T be a Turing machine structure and let F' be a function. We say that
T computes F' if and only if the condition (Def. 16) is satisfied.

(Def. 16) Let s be a State of T', ¢t be a tape of T, a be a natural number, and x
be a finite sequence of elements of N. Suppose € dom F' and s = (the
initial state of T, a, t) and ¢ stores data (a) ~ . Then s is accepting and
there exist natural numbers b, y such that (Result(s))2 = b and y = F(z)
and (Result(s))s stores data (b) ™ (y).

Next we state two propositions:
(32) dom[+] C N2.
(33) SumTuring computes [+].

4. COMPUTING SUCCESSOR FUNCTION

The function SuccTran from [ Seg,; 4, {0,1} ] into [ Seg,, 4, {0,1}, {-1,0,1}
is defined as follows:
(Def. 17) SuccTran = id(} Segy, 4, {0,1}1,{—1,0,1},0)+-({0, 0)——(1, 0, 1))+-({(1,
1)"—>(1a L, 1))+'(<17 0)"—><27 L, 1))+'(<27 0)"—><3> 0, _1))+'(<27 1)"—>(3a
0, _1))"1_'((3’ 1)"—>(3a L, _1))+'((3a O)"_)(4a 0, 0))
We now state the proposition
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(34) SuccTran({0, 0)) = (1,0, 1) and SuccTran({1, 1)) = (1,1, 1) and
SuccTran({1, 0)) = (2,1, 1) and SuccTran({2, 0)) = (3,0, —1) and
SuccTran((2, 1)) = (3,0, —1) and SuccTran((3, 1)) = (3, 1, —1) and
SuccTran((3, 0)) = (4, 0, 0).

The strict Turing machine structure SuccTuring is defined by the conditions
(Def. 18).
(Def. 18)()  The symbols of SuccTuring = {0, 1},
(ii)  the control states of SuccTuring = Seg,, 4,
(iii)  the transition of SuccTuring = SuccTran,
(iv)  the initial state of SuccTuring = 0, and
(v)  the accepting state of SuccTuring = 4.
The following propositions are true:
(36)! Let s be a State of SuccTuring, ¢ be a tape of SuccTuring, and hy, n be

natural numbers. Suppose s = (0, hq, t) and ¢ stores data (hj,n). Then s

is accepting and (Result(s))2 = h; and (Result(s))s stores data (hy,n+1).

(37) SuccTuring computes succy (1).

5. COMPUTING ZERO FUNCTION

The function ZeroTran from [ Seg,, 4, {0,1} ] into | Seg,, 4, {0,1}, {—1,0,1}]
is defined as follows:
(Def. 19) ZeroTran = id([ Seg,, 4, {0,1}1,{—1,0,1},1)+-({0, 0)——(1, 0, 1))+-((1,
De=(2, 1, 1)+((2, 0)=—=(3, 0, =1))+({2, 1)=—(3, 0, —1))+
((3, 1)——{4, 1, —1)).
Next we state the proposition
(38) ZeroTran({0, 0)) = (1,0,1) and ZeroTran({1, 1)) = (2,1, 1) and
ZeroTran((2, 0)) = (3,0, —1) and ZeroTran((2, 1)) = (3,0, —1) and
ZeroTran((3, 1)) = (4, 1, —1).
The strict Turing machine structure ZeroTuring is defined by the conditions
(Def. 20).

(Def. 20)(i) The symbols of ZeroTuring = {0, 1},

—~

(ii)  the control states of ZeroTuring = Seg,; 4,
(iii)  the transition of ZeroTuring = ZeroTran,
) the initial state of ZeroTuring = 0, and
) the accepting state of ZeroTuring = 4.

We now state two propositions:

!The proposition (35) has been removed.
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(39) Let s be a State of ZeroTuring, ¢t be a tape of ZeroTuring, h; be a natural
number, and f be a finite sequence of elements of N. Suppose len f > 1
and s = (0, hy, t) and ¢ stores data (h1) = f. Then s is accepting and
(Result(s))2 = h1 and (Result(s))s stores data (hq,0).

(40) If n > 1, then ZeroTuring computes consty(0).

6. COMPUTING n-ARY PROJECT FUNCTION

The function n-proj3Tran from [ Seg,, 3, {0,1} ] into
FSegas 3, {0,1}, {—1,0,1} ] is defined by:

(Def. 21) n-proj3Tran = id(fSegu,3,{0,1}4,{-1,0,1},0)+-({0, 0)——(1, 0,
1))+'(<17 1)'.—><17 0, 1>)+'((1a 0)*'—>(2, 0, 1))""((2’ 1)'.—><2’ 0, 1))+'(<2’
0)——(3, 0, 0)).

The following proposition is true
(41) m-proj3Tran((0, 0)) = (1, 0, 1) and n-proj3Tran((1, 1)) = (1, 0, 1) and
n-proj3Tran((1, 0)) = (2, 0, 1) and n-proj3Tran(({2, 1)) = (2, 0, 1) and
n-proj3Tran((2, 0)) = (3, 0, 0).
The strict Turing machine structure n-proj3Turing is defined by the condi-
tions (Def. 22).
(Def. 22)(i)  The symbols of n-proj3Turing = {0,1},
) the control states of n-proj3Turing = Seg;,, 3,
(ili)  the transition of n-proj3Turing = n-proj3Tran,
) the initial state of n-proj3Turing = 0, and
(v)  the accepting state of n-proj3Turing = 3.
Next we state two propositions:

(42) Let s be a State of n-proj3Turing, ¢ be a tape of n-proj3Turing, h; be
a natural number, and f be a finite sequence of elements of N. Suppose
len f >3 and s = (0, hi, t) and ¢ stores data (hy) ~ f. Then s is accepting
and (Result(s))2 = h1 + fi + fo + 4 and (Result(s))s stores data (h; +
fi+ fa+4, f3).

(43) If n > 3, then n-proj3Turing computes proj,,(3).

7. COMBINING TwoO TURING MACHINES INTO ONE

Let t1, t2 be Turing machine structures. The functor SeqStates(t1,t2) yiel-
ding a finite non empty set is defined by the condition (Def. 23).
(Def. 23) SeqStates(t1,t2) = | the control states of t1, {the initial state of to} ] U
[ {the accepting state of t1}, the control states of ¢ {.
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One can prove the following four propositions:

(44) Let t1, t2 be Turing machine structures. Then
(i)  (the initial state of ¢;, the initial state of t2) € SeqStates(t1,t2), and
(ii)  (the accepting state of t1, the accepting state of t3) € SeqStates(t1,t2).

(45) For all Turing machine structures s, ¢ and for every state = of s holds
(z, the initial state of t) € SeqStates(s,t).

(46) For all Turing machine structures s, ¢ and for every state z of ¢ holds
(the accepting state of s, z) € SeqStates(s,t).

(47) Let s, t be Turing machine structures and z be an element of
SeqStates(s,t). Then there exists a state z; of s and there exists a state
x9 of t such that x = (1, x2).

Let s, t be Turing machine structures and let = be a transition-target of
s. The functor 15'SeqTran(s,t,x) yielding an element of | SeqStates(s,t), (the
symbols of s) U (the symbols of ¢),{—1,0,1} ] is defined as follows:
(Def. 24) 1%'SeqTran(s,t,z) = ({x1, the initial state of ¢}, za, x3).
Let s, t be Turing machine structures and let x be a transition-target of
t. The functor 2"SeqTran(s, ¢, z) yielding an element of [ SeqStates(s, ), (the
symbols of s) U (the symbols of t),{—1,0,1} ] is defined as follows:
(Def. 25) 2"dSeqTran(s,t,z) = ({the accepting state of s, x1), x2, z3).
Let s, t be Turing machine structures and let = be an element of SeqStates(s, t).
Then 1 is a state of s. Then zo is a state of ¢.
Let s, t be Turing machine structures and let = be an element of [ SeqStates(s, t),
(the symbols of s) U (the symbols of ¢) ]. The functor 13*SeqState x yields a state
of s and is defined by:
(Def. 26) 1%'SeqStatex = (z1)1.
The functor 2"4SeqState 2 yielding a state of ¢ is defined as follows:
(Def. 27) 2"4SeqStatex = (71)a2.
Let X, Y, Z be non empty sets and let x be an element of [ X, YU Z ]. Let
us assume that there exist a set v and an element y of Y such that = (u, y).
The functor 15*SeqSymbol z yielding an element of Y is defined as follows:
(Def. 28) 1%'SeqSymbol z = z.
Let X, Y, Z be non empty sets and let z be an element of [ X, Y U Z . Let
us assume that there exist a set v and an element z of Z such that x = (u, z).
The functor 2"4SeqSymbol z yielding an element of Z is defined by:
(Def. 29) 2"4SeqSymbol z = z.
Let s, t be Turing machine structures and let « be an element of [ SeqStates(s, t),
(the symbols of s) U (the symbols of ¢) ]. The functor SeqTran(s, ¢, z) yielding an
element of | SeqStates(s,t), (the symbols of s) U (the symbols of ¢), {—1,0,1} ]
is defined by:
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15'SeqTran(s, t, (the transition of s)({ 15'SeqState z,
1tSeqSymbol x))), if there exists a state p of s
and there exists a symbol y of s such that x =
({(p, the initial state of t), y) and p # the accepting
state of s,

2MdSeqTran(s, ¢, (the transition of ¢)({ 2"4SeqState =,
2MdSeqSymbol z))), if there exists a state g of ¢
and there exists a symbol y of ¢ such that = =
({the accepting state of s, q), y),

| (z1, z2, —1), otherwise.

(Def. 30)  SeqTran(s,t,z) =

Let s, t be Turing machine structures. The functor SeqTran(s,t) yielding
a function from [ SeqStates(s,t), (the symbols of s) U (the symbols of ¢) ] into
F SeqStates(s, t), (the symbols of s) U (the symbols of ¢),{—1,0,1}] is defined
by:
(Def. 31) For every element x of | SeqStates(s, t), (the symbols of s)U(the symbols
of t) ] holds (SeqTran(s,t))(z) = SeqTran(s,t, z).
Let 11, T5 be Turing machine structures. The functor T7; T yielding a strict
Turing machine structure is defined by the conditions (Def. 32).

(Def. 32)() The symbols of T7; T5 = (the symbols of T7) U (the symbols of T3),

(ii)  the control states of T7; T5 = SeqStates(11,13),

(iii)  the transition of T7; Tb = SeqTran(11,T5),

(iv)  the initial state of T1; To = (the initial state of T}, the initial state of
T5), and

(v)  the accepting state of T1; To = (the accepting state of 71, the accepting
state of T3).

We now state several propositions:

(48) Let Ty, Ty be Turing machine structures, g be a transition-target of T3,
p be a state of 71, and y be a symbol of T7. Suppose p # the accepting
state of T and g = (the transition of T1)({p, y)). Then (the transition of
T1; To)({{p, the initial state of T2), y)) = ({g1, the initial state of T3), g2,
gs)-

(49) Let T3, Ty be Turing machine structures, g be a transition-target of Ts,
q be a state of Ty, and y be a symbol of T,. Suppose g = (the transition
of T5)({q, y)). Then (the transition of T7; T5)({(the accepting state of 11,
q), y)) = ((the accepting state of T1, g1), g2, g3)-

(50) Let Ty, To be Turing machine structures, s; be a State of 71, h be a
natural number, ¢ be a tape of 17, so be a State of T5, and s3 be a State
of T1; T5. Suppose that

(i)  s1 is accepting,
(ii)  s; = (the initial state of T3, h, t),
(ili)  sg is accepting,
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(iv)  s2 = (the initial state of T, (Result(s1))2, (Result(s1))s), and
(v)  s3 = (the initial state of Ty; T5, h, t).
Then s3 is accepting and (Result(sz))2 = (Result(s2))2 and
(Result(s3))s = (Result(s2))s.
(51) Let t3, t4 be Turing machine structures and ¢ be a tape of t3. If the
symbols of t3 = the symbols of t4, then t is a tape of t3; t4.

(52) Let ts3, t4 be Turing machine structures and ¢ be a tape of t3; t4. Suppose
the symbols of t3 = the symbols of 4. Then t is a tape of t3 and a tape of
ty.

(53) Let f be a finite sequence of elements of N, ¢3, t4 be Turing machine
structures, 1 be a tape of t3, and t9 be a tape of t4. If £ = £9 and ¢; stores
data f, then to stores data f.

(54) Let s be a State of ZeroTuring; SuccTuring, ¢ be a tape of ZeroTuring,
and hj, n be natural numbers. Suppose s = ({0, 0), h1, t) and t stores
data (hi,n). Then s is accepting and (Result(s))2 = h; and (Result(s))s
stores data (hy,1).
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Summary. In the paper we show equivalence of the convergence of filters
on a topological space and the convergence of nets in the space. We also give, five
characterizations of compactness. Namely, for any topological space T' we proved
that following condition are equivalent:

T is compact,

every ultrafilter on T is convergent,

every proper filter on T has cluster point,
every net in T has cluster point,

every net in 7" has convergent subnet,

[ ]
[ ]
[ ]
[ ]
[ ]
e every Cauchy net in T is convergent.

MML Identifier: YELLOW19.

The articles [18], [13], [4], [11], [6], [16], [12], [19], [10], [17], [14], [8], [5], [1], [2],
[9], [7], [15], and [3] provide the notation and terminology for this paper.
In this paper X is a set.
The following propositions are true:
(1) The carrier of 2% = 27X,
(2) For every non empty set X and for every proper filter F' of 2& and for
every set A such that A € F holds A is not empty. -
Let T be a non empty topological space and let x be a point of 1. The
neighborhood system of x is a subset of 22T and is defined by:
(Def. 1) The neighborhood system of z = {A : A ranges over neighbourhoods of

The following proposition is true
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(3) Let T be a non empty topological space,  be a point of T, and A
be a set. Then A € the neighborhood system of x if and only if A is a
neighbourhood of z.

Let T be a non empty topological space and let x be a point of T'. Observe
that the neighborhood system of x is non empty proper upper and filtered.
One can prove the following propositions:

(4) Let T be a non empty topological space, x be a point of T, and F' be an
upper subset of 28? Then z is a convergence point of F', T if and only if
the neighborhood system of z C F.

(5) For every non empty topological space T" holds every point z of T is a
convergence point of the neighborhood system of x, T'.

(6) Let T be a non empty topological space and A be a subset of 7. Then A
is open if and only if for every point x of T such that z € A and for every
filter F' of 22T such that z is a convergence point of F', T holds A € F.

Let S be a non empty 1-sorted structure and let N be a non empty net
structure over S. A subset of S is called a subset of S reachable by N if:

(Def. 2) There exists an element i of N such that it = rng (the mapping of N [7).
The following proposition is true

(7) Let S be anon empty 1-sorted structure, N be a non empty net structure
over S, and i be an element of N. Then rng (the mapping of N [4) is a subset
of S reachable by N.

Let S be a non empty 1-sorted structure and let N be a reflexive non empty
net structure over S. Note that every subset of S reachable by N is non empty.
We now state three propositions:

(8) Let S be anon empty 1-sorted structure, N be a net in S, 7 be an element
of N, and z be a set. Then = € rng (the mapping of N[7) if and only if
there exists an element j of NV such that i < j and = = N(j).

(9) Let S be a non empty l-sorted structure, N be a net in S, and A be a
subset of S reachable by N. Then N is eventually in A.

(10) Let S be a non empty 1-sorted structure, N be a net in S, and F be a
finite non empty set. Suppose every element of F' is a subset of S reachable
by N. Then there exists a subset B of S reachable by N such that B C (] F.

Let T' be a non empty 1-sorted structure and let N be a non empty net
structure over 7. The filter of N is a subset of 2SC2T and is defined by:

(Def. 3) The filter of N = {A; A ranges over subsets of 7: N is eventually in A}.
The following proposition is true

(11) Let T be a non empty 1-sorted structure, N be a non empty net structure
over T, and A be a set. Then A € the filter of N if and only if N is
eventually in A and A is a subset of 7.
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Let T' be a non empty 1-sorted structure and let N be a non empty net
structure over T'. Note that the filter of IV is non empty and upper.
Let T be a non empty 1-sorted structure and let N be a net in T'. One can
verify that the filter of N is proper and filtered.
We now state two propositions:
(12) Let T be a non empty topological space, N be a net in 7', and x be a
point of T'. Then x is a cluster point of IV if and only if = is a cluster point
of the filter of N, T.

(13) Let T be a non empty topological space, N be a net in T, and = be a
point of T. Then x € Lim N if and only if x is a convergence point of the
filter of N, T.

Let L be a non empty 1-sorted structure, let O be a non empty subset of
L, and let F be a filter of 28. The net of F' is a strict non empty net structure
over L and is defined by the conditions (Def. 4).

(Def. 4)(i)  The carrier of the net of F' = {{a, f);a ranges over elements of L, f
ranges over elements of F: a € f},
(ii)  for all elements i, j of the net of F holds ¢ < j iff jo C iz, and
(iii)  for every element i of the net of F' holds (the net of F)(i) = iy.

Let L be a non empty 1-sorted structure, let O be a non empty subset of L,
and let F' be a filter of 22. Note that the net of F is reflexive and transitive.

Let L be a non empty 1-sorted structure, let O be a non empty subset of L,
and let F' be a proper filter of 22. One can verify that the net of F is directed.

The following propositions are true:

(14) For every non empty l-sorted structure T" and for every filter F of QET
holds F'\ {0} = the filter of the net of F.

(15) Let T be a non empty 1-sorted structure and F' be a proper filter of 22T.
Then F' = the filter of the net of F'.

(16) Let T be a non empty 1-sorted structure, F' be a filter of QgT, and A
be a non empty subset of T. Then A € F' if and only if the net of F' is
eventually in A.

(17) Let T be a non empty topological space, F' be a proper filter of 22T, and
x be a point of T'. Then x is a cluster point of the net of F' if and only if
x is a cluster point of F, T.

(18) Let T be a non empty topological space, F' be a proper filter of QET,
and z be a point of 7. Then x € Lim (the net of F') if and only if x is a
convergence point of F, T

(19) Let T be a non empty topological space, A be a subset of T, and x be
a point of 7. Then = € A if and only if for every neighbourhood O of z
holds O meets A.
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(20) Let T be a non empty topological space, x be a point of T', and A be a
subset of T'. Suppose z € A. Let F be a proper filter of QET. If F = the
neighborhood system of z, then the net of F' is often in A.

(21) Let T be a non empty 1-sorted structure, A be a set, and N be a net in
T. If N is eventually in A, then every subnet of N is eventually in A.

(22) Let T be a non empty topological space and F, G, x be sets. Suppose
F C G and z is a convergence point of F', T. Then x is a convergence
point of G, T.

(23) Let T be a non empty topological space, A be a subset of T', and x be a
point of 7. Then x € A if and only if there exists a net N in T such that
N is eventually in A and z is a cluster point of N.

(24) Let T be a non empty topological space, A be a subset of T', and x be a
point of T. Then x € A if and only if there exists a convergent net N in
T such that N is eventually in A and = € Lim N.

(25) Let T be a non empty topological space and A be a subset of T. Then
A is closed if and only if for every net N in T such that N is eventually
in A and for every point x of T such that x is a cluster point of N holds
x e A

(26) Let T be a non empty topological space and A be a subset of 7. Then
A is closed if and only if for every convergent net N in T such that N
is eventually in A and for every point z of T" such that x € Lim N holds
T € A.

(27) Let T be a non empty topological space, A be a subset of T', and x be a
point of T. Then = € A if and only if there exists a proper filter F of 22T
such that A € F' and zx is a cluster point of F, T'.

(28) Let T be a non empty topological space, A be a subset of T', and x be a
point of T. Then = € A if and only if there exists an ultra filter F' of 22T
such that A € F' and x is a convergence point of F', T.

(29) Let T be a non empty topological space and A be a subset of T'. Then
A is closed if and only if for every proper filter F' of 2SC2T such that A € F
and for every point z of T such that z is a cluster point of F, T holds
x € A

(30) Let T be a non empty topological space and A be a subset of T'. Then A
is closed if and only if for every ultra filter F' of 2§C2T such that A € F and
for every point z of T such that z is a convergence point of F, T holds
x € A.

(31) Let T be a non empty topological space, N be a net in T, and s be a
point of T'. Then s is a cluster point of N if and only if for every subset
A of T reachable by N holds s € A.

(32) Let T be a non empty topological space and F' be a family of subsets of
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the carrier of T'. If F' is closed, then FinMeetCIl(F') is closed.

(33) Let T be a non empty topological space. Then T is compact if and only
if for every ultra filter F' of 22T holds there exists a point of 7" which is a
convergence point of F, T N

(34) Let T be a non empty topological space. Then T is compact if and only
if for every proper filter F' of 22T holds there exists a point of T" which is
a cluster point of F', T -

(35) Let T be a non empty topological space. Then T is compact if and only
if for every net NV in T holds there exists a point of T" which is a cluster
point of V.

(36) Let T be a non empty topological space. Then T" is compact if and only
if for every net N in T such that N € NetUniv(7") holds there exists a
point of T" which is a cluster point of N.

Let L be a non empty l-sorted structure and let N be a transitive net
structure over L. Note that every full structure of a subnet of IV is transitive.

Let L be a non empty 1-sorted structure and let NV be a non empty directed
net structure over L. Note that there exists a structure of a subnet of N which
is strict, non empty, directed, and full.

The following proposition is true

(37) For every non empty topological space T" holds T is compact iff for every
net N in T holds there exists a subnet of N which is convergent.

Let S be a non empty 1-sorted structure and let N be a non empty net
structure over S. We say that N is Cauchy if and only if:

(Def. 5) For every subset A of S holds N is eventually in A or eventually in —A.

Let S be a non empty 1-sorted structure and let F' be an ultra filter of 225 .
Observe that the net of F' is Cauchy.
Next we state the proposition

(38) Let T be a non empty topological space. Then T is compact if and only
if for every net NV in T such that N is Cauchy holds N is convergent.
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The papers [15], [9], [1], [18], [21], [14], [22], [17], [12], [8], [20], 6], [16], [3], [4],
[13], [7], [2], [11], [23], [19], and [5] provide the notation and terminology for this
paper.

Let L be a non empty poset, let X be a non empty subset of L, and let F'
be a filter of 2&. The functor liminf F' yielding an element of L is defined by:

(Def. 1) liminf F = | |; {inf B; B ranges over subsets of L: B € F'}.
One can prove the following proposition

(1) Let Ly, Ly be complete lattices. Suppose the relational structure of L; =
the relational structure of Ls. Let X1 be a non empty subset of Ly, X5 be
a non empty subset of Ly, F} be a filter of 2?, and Fy be a filter of 2)52.
If Fy = Fy, then liminf F} = liminf F. - -
Let L be a non empty FR-structure. We say that L is lim-inf if and only if:
(Def. 2) The topology of L = ¢(L).

Let us note that every non empty FR-structure which is lim-inf is also to-
pological space-like.
One can check that every top-lattice which is trivial is also lim-inf.
One can check that there exists a top-lattice which is lim-inf, continuous,
and complete.
We now state several propositions:
(2) Let Ly, Ly be non empty l-sorted structures. Suppose the carrier of
L1 = the carrier of Ly. Let N7 be a net structure over Li. Then there
exists a strict net structure Ny over Lo such that
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(i)  the relational structure of N7 = the relational structure of Ny, and

(ii)  the mapping of N; = the mapping of Nj.

(3) Let Ly, Ly be non empty 1-sorted structures. Suppose the carrier of
L1 = the carrier of Lo. Let N1 be a net structure over Lq. Suppose N1 €
NetUniv(L;). Then there exists a strict net Ny in Lo such that

(i) Nz € NetUniv(Ls),

(ii)  the relational structure of Nj = the relational structure of Ny, and

(iii)  the mapping of N; = the mapping of No.

(4) Let Ly, Ly be inf-complete up-complete semilattices. Suppose the rela-
tional structure of L1 = the relational structure of L. Let N7 be a net in
L1 and Ny be a net in Lo. Suppose that

(i)  the relational structure of N1 = the relational structure of Na, and

(i)  the mapping of N7 = the mapping of No.

Then lim inf Ny = lim inf Ns.

(5) Let Ly, Ly be non empty 1-sorted structures. Suppose the carrier of
L1 = the carrier of Ly. Let N7 be a net in L1 and Ny be a net in L.
Suppose that

(i)  the relational structure of N; = the relational structure of N2, and

(ii)  the mapping of N; = the mapping of Nj.

Let S be a subnet of 7. Then there exists a strict subnet Sy of Ny such
that

(iii)  the relational structure of S; = the relational structure of S, and

(iv)  the mapping of S; = the mapping of Ss.

(6) Let Ly, Ly be inf-complete up-complete semilattices. Suppose the rela-
tional structure of L; = the relational structure of Ls. Let N7 be a net
structure over L; and a be a set. Suppose (N1, a) € the lim inf convergence
of Li. Then there exists a strict net Ny in Lo such that

(i) (N2, a) € the lim inf convergence of Lo,

(ii)  the relational structure of Ni = the relational structure of Na, and

(ili)  the mapping of N; = the mapping of No.

(7) Let Ly, Ly be non empty 1-sorted structures, N; be a non empty net
structure over Lj, and Ny be a non empty net structure over Ly. Suppose
that

(i)  the relational structure of N; = the relational structure of Ny, and

(i)  the mapping of N; = the mapping of No.

Let X be a set. If N; is eventually in X, then Ns is eventually in X.

(8) Let Lj, Ly be inf-complete up-complete semilattices. Suppose the
relational structure of L; = the relational structure of L. Then
ConvergenceSpace(the lim inf convergence of L;) = ConvergenceSpace(the
lim inf convergence of Lg).
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(9) Let L1, Lo be inf-complete up-complete semilattices. Suppose the relatio-
nal structure of L; = the relational structure of Lo. Then &(L1) = &£(Lo).

Let R be an inf-complete non empty reflexive relational structure. Note that
every topological augmentation of R is inf-complete.

Let R be a semilattice. One can verify that every topological augmentation
of R has g.l.b.’s.

Let L be an inf-complete up-complete semilattice. One can check that there
exists a topological augmentation of L which is strict and lim-inf.

The following proposition is true

(10) Let L be an inf-complete up-complete semilattice and X be a lim-inf
topological augmentation of L. Then £(L) = the topology of X.

Let L be an inf-complete up-complete semilattice. The functor Z(L) yielding
a strict topological augmentation of L is defined by:
(Def. 3) Z(L) is lim-inf.
Let L be an inf-complete up-complete semilattice. One can check that Z(L)
is lim-inf.
Next we state a number of propositions:

(11) For every complete lattice L and for every net N in L holds liminf N =
L], {inf(IN]4) : i ranges over elements of N}.

(12) Let L be a complete lattice, F' be a proper filter of QZL, and f be a
subset of L. Suppose f € F. Let i be an element of the net of F. If i5 = f,
then inf f = inf((the net of F')[7).

(13) For every complete lattice L and for every proper filter F' of QEL holds
liminf F' = liminf (the net of F).

(14) For every complete lattice L and for every proper filter F' of QEL holds
the net of F' € NetUniv(L).

(15) Let L be a complete lattice, F' be an ultra filter of QEL, and p be a
greater or equal to id map from the net of F' into the net of F. Then
liminf F' > inf((the net of F) - p).

(16) Let L be a complete lattice, F' be an ultra filter of 2gL, and M be a
subnet of the net of F'. Then liminf F = lim inf M.

(17) Let L be a non empty 1-sorted structure, N be a net in L, and A be a
set. Suppose N is often in A. Then there exists a strict subnet N’ of N
such that rng (the mapping of N’') C A and N’ is a structure of a subnet
of N.

(18) Let L be a complete lim-inf top-lattice and A be a non empty subset of
L. Then A is closed if and only if for every ultra filter F' of ZEL such that
A € F holds liminf F € A.

(19) For every non empty reflexive relational structure L holds o(L) C &(L).
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(20) Let T7, T5 be non empty topological spaces and B be a prebasis of T7.
Suppose B C the topology of 15 and the carrier of 77 € the topology of
T5. Then the topology of T7 C the topology of T5.

(21) For every complete lattice L holds w(L) C &£(L).

(22) Let T3, T, be topological spaces and T' be a non empty topological space.
Suppose T is a topological extension of T and a topological extension of
T5. Let R be a refinement of 17 and T5. Then T is a topological extension
of R.

(23) Let T} be a topological space, T, be a topological extension of 77, and
A be a subset of T7. Then
(i) if A is open, then A is an open subset of T3, and
(ii) if A is closed, then A is a closed subset of Tb.

(24) For every complete lattice L holds (L) C &(L).
)

(25) Let L be a complete lattice, T' be a lim-inf topological augmentation of
L, and S be a Lawson correct topological augmentation of L. Then T is a
topological extension of S.

(26) For every complete lim-inf top-lattice L and for every ultra filter F' of
22L holds liminf F' is a convergence point of F', L.

(27) _Every complete lim-inf top-lattice is compact and T7.
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Summary. In the paper we show useful facts concerning reverse and inc-
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for the intersection of categories and the isomorphism under arbitrary functors.

MML Identifier: YELLOW20.

The notation and terminology used in this paper have been introduced in the
following articles: [11], [12], [15], [13], [7], [2], [3], [4], [9], [14], [5], [10], [16], [17],
[8], [1], and [6].

1. REVERSE FUNCTORS

The following propositions are true:

(1) Let A, B be transitive non empty category structures with units and
F Dbe a feasible reflexive functor structure from A to B. Suppose F' is
coreflexive and bijective. Let a be an object of A and b be an object of B.
Then F(a) = b if and only if F~(b) = a.

(2) Let A, B be transitive non empty category structures with units, F
be a precovariant feasible functor structure from A to B, and G be a
precovariant feasible functor structure from B to A. Suppose F is bijective
and G = F~1. Let aj, az be objects of A. Suppose (a1, as) # 0. Let f be a
morphism from a; to az and g be a morphism from F'(a;) to F(ag). Then
F(f) =g if and only if G(g) = f.

(3) Let A, B be transitive non empty category structures with units, F'
be a precontravariant feasible functor structure from A to B, and G be
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a precontravariant feasible functor structure from B to A. Suppose F' is
bijective and G = F~1. Let a1, as be objects of A. Suppose (a1, as) # 0.
Let f be a morphism from a; to az and g be a morphism from F'(as3) to
F(ay). Then F(f) = g if and only if G(g) = f.

(4) Let A, B be categories and F' be a functor from A to B. Suppose F' is
bijective. Let G be a functor from B to A. If F'-G = idp, then the functor
structure of G = F~1.

(5) Let A, B be categories and F' be a functor from A to B. Suppose F' is

bijective. Let G be a functor from B to A. If G- F = id 4, then the functor
structure of G = F~1.

(6) Let A, B be categories and F' be a covariant functor from A to B.
Suppose F' is bijective. Let G be a covariant functor from B to A. Suppose
that

(i)  for every object b of B holds F(G(b)) = b, and
(ii)  for all objects a, b of B such that (a,b) # () and for every morphism f
from a to b holds F(G(f)) = f.
Then the functor structure of G = F~1.
(7) Let A, B be categories and F' be a contravariant functor from A to B.

Suppose F' is bijective. Let G be a contravariant functor from B to A.
Suppose that

(i) for every object b of B holds F(G(b)) = b, and
(ii) for all objects a, b of B such that (a,b) # () and for every morphism f
from a to b holds F(G(f)) = f.
Then the functor structure of G = F~1.
(8) Let A, B be categories and F be a covariant functor from A to B.

Suppose I is bijective. Let G be a covariant functor from B to A. Suppose
that

(i)  for every object a of A holds G(F(a)) = a, and

(ii)  for all objects a, b of A such that (a,b) # () and for every morphism f
from a to b holds G(F(f)) = f.

Then the functor structure of G = F~1.

(9) Let A, B be categories and F' be a contravariant functor from A to B.
Suppose F is bijective. Let G be a contravariant functor from B to A.
Suppose that

(i)  for every object a of A holds G(F'(a)) = a, and

(ii)  for all objects a, b of A such that (a,b) # () and for every morphism f
from a to b holds G(F(f)) = f.

Then the functor structure of G = F~1.
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2. INTERSECTION OF CATEGORIES

Let A, B be category structures. We say that A and B have the same
composition if and only if:

(Def. 1) For all sets aj, ag, as holds (the composition of A)({a1, a2, az)) ~ (the
composition of B)({a1, ag, as)).

Let us note that the predicate A and B have the same composition is symmetric.
Next we state three propositions:

(10) Let A, B be category structures. Then A and B have the same com-
position if and only if for all sets aq, ag, as, x such that x € dom (the
composition of A)({a1, az, ag)) and = € dom (the composition of B)({a1,
az, az)) holds (the composition of A)({a1, az, as))(z) = (the composition
of B)({a1, az, as))(x).

(11) Let A, B be transitive non empty category structures. Then A and B
have the same composition if and only if for all objects a1, a2, ag of A such
that (a1,a2) # 0 and (ag,as) # 0 and for all objects by, ba, bg of B such
that (b1,ba) # 0 and (bg, b3) # 0 and by = aq and by = az and bs = a3 and
for every morphism f; from a; to as and for every morphism ¢; from by
to by such that g; = f; and for every morphism f5 from as to ag and for
every morphism g2 from by to b3 such that go = f5 holds fo- f1 = g2 - g1.

(12) For all para-functional semi-functional categories A, B holds A and B
have the same composition.

Let f, g be functions. The functor Intersect(f, g) yielding a function is defi-
ned as follows:
(Def. 2) dom Intersect(f,g) = dom f Ndom g and for every set = such that = €
dom f Ndom g holds (Intersect(f,g))(z) = f(z) N g(x).
Let us notice that the functor Intersect(f,g) is commutative.
One can prove the following propositions:

(13) For every set I and for all many sorted sets A, B indexed by I holds
Intersect(A, B) = AN B.

(14) Let I, J be sets, A be a many sorted set indexed by I, and B be a many
sorted set indexed by J. Then Intersect(A, B) is a many sorted set indexed
by I N.J.

(15) Let I, J be sets, A be a many sorted set indexed by I, B be a function,
and C' be a many sorted set indexed by J. If C' = Intersect(A, B), then
C CA.

(16) Let Ay, Aa, By, By be sets, f be a function from A; into Ay, and g be a
function from By into By. If f & g, then f N g is a function from A; N By
into Ay N Bs.
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(17) Let I, Is be sets, Aj, By be many sorted sets indexed by I;, Ay, B be
many sorted sets indexed by I, and A, B be many sorted sets indexed
by Iy N Is. Suppose A = Intersect(Ai, A2) and B = Intersect(Bi, Ba).
Let F' be a many sorted function from A; into B; and G be a many
sorted function from As into Bs. Suppose that for every set x such that
x € dom F and x € dom G holds F(z) ~ G(z). Then Intersect(F,G) is a
many sorted function from A into B.

(18) Let I, J be sets, F' be a many sorted set indexed by [ I, I], and G
be a many sorted set indexed by [.J, J]. Then there exists a many sor-
ted set H indexed by [I N J, I NJ] such that H = Intersect(F,G) and
Intersect({ F[}, {|G[}) = {|H[}-

(19) Let I, J be sets, F1, F be many sorted sets indexed by [ I, I], and Gy,
G2 be many sorted sets indexed by [ J, J]. Then there exist many sorted
sets Hy, Hy indexed by [ INJ, INJ ] such that H; = Intersect(F7, G1) and
Hjy = Intersect(Fy, G2) and Intersect({ F1, Fal}, {{G1, Gal}) = {{H1, Hal}.

Let A, B be category structures. Let us assume that A and B have the same
composition. The functor Intersect(A, B) yields a strict category structure and
is defined by the conditions (Def. 3).

(Def. 3)(i) The carrier of Intersect(A, B) = (the carrier of A) N (the carrier of
B)?
(ii)  the arrows of Intersect(A, B) = Intersect(the arrows of A, the arrows
of B), and
(iii)  the composition of Intersect(A, B) = Intersect(the composition of A,
the composition of B).

The following propositions are true:

(20) For all category structures A, B such that A and B have the same
composition holds Intersect(A, B) = Intersect(B, A).

(21) Let A, B be category structures. Suppose A and B have the same com-
position. Then Intersect(A, B) is a substructure of A.

(22) Let A, B be category structures. Suppose A and B have the same com-
position. Let aq, as be objects of A, by, by be objects of B, and o1, 0y be
objects of Intersect(A, B). If o1 = a1 and 0; = by and 03 = a2 and 09 = bo,
then <01, 02> = ((al,a2>) N (<b1, b2>)

(23) Let A, B be transitive category structures. If A and B have the same
composition, then Intersect(A, B) is transitive.

(24) Let A, B be category structures. Suppose A and B have the same com-
position. Let ai, as be objects of A, b1, by be objects of B, and o1, 0s be
objects of Intersect(A, B). Suppose 01 = a1 and 01 = by and 02 = ag and
09 = by and (aqy,as) # 0 and (by,bs) # 0. Let f be a morphism from a; to
az and g be a morphism from b; to by. If f = g, then f € (01,09).
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(25) Let A, B be non empty category structures with units. Suppose A and
B have the same composition. Let a be an object of A, b be an object of
B, and o be an object of Intersect(A, B). If o = a and o = b and id, = id,,
then id, € (o, 0).
(26) Let A, B be categories. Suppose that
(i) A and B have the same composition,
(ii) Intersect(A, B) is non empty, and
(iii)  for every object a of A and for every object b of B such that a = b
holds id, = id; .
Then Intersect(A, B) is a subcategory of A.

3. SUBCATEGORIES

The scheme SubcategoryUniq deals with a category A, non empty subcate-
gories B, C of A, a unary predicate P, and a ternary predicate Q, and states
that:

The category structure of B = the category structure of C
provided the following requirements are met:
e For every object a of A holds a is an object of B iff Pla],
e Let a, b be objects of A and a/, b’ be objects of B. Suppose a’ = a
and V' = b and (a,b) # 0. Let f be a morphism from a to b. Then
fe(d,b) if and only if Qla,b, f],
e For every object a of A holds a is an object of C iff P[a], and
e Let a, b be objects of A and d’, b/ be objects of C. Suppose a’ = a
and b’ = b and (a,b) # 0. Let f be a morphism from a to b. Then
f e (d,b) if and only if Qla, b, f].
The following proposition is true
(27) Let A be a non empty category structure and B be a non empty substruc-
ture of A. Then B is full if and only if for all objects a1, as of A and for all
objects by, b of B such that b; = a; and by = ag holds (by, ba) = (a1, a2).
Now we present two schemes. The scheme FullSubcategoryEzr deals with a
category A and a unary predicate P, and states that:
There exists a strict full non empty subcategory B of A such that
for every object a of A holds a is an object of B if and only if
Plal

provided the parameters satisfy the following condition:

e There exists an object a of A such that Pla].

The scheme FullSubcategoryUniq deals with a category A, full non empty
subcategories B, C of A, and a unary predicate P, and states that:

The category structure of B = the category structure of C



750 GRZEGORZ BANCEREK

provided the parameters meet the following conditions:
e For every object a of A holds a is an object of B iff P[a], and
e For every object a of A holds a is an object of C iff Pl[a].

4. INCLUSION FUNCTORS AND FUNCTOR RESTRICTIONS

Let f be a function yielding function and let x, y be sets. Observe that f(z,
y) is relation-like and function-like.
One can prove the following proposition

(28) Let A be a category, C' be a non empty subcategory of A, and a, b be
objects of C. If (a,b) # ), then for every morphism f from a to b holds
C —
(Z)() =1

Let A be a category and let C' be a non empty subcategory of A. Note that
g is id-preserving and comp-preserving.

Let A be a category and let C be a non empty subcategory of A. One can
verify that S is precovariant.

Let A be a category and let C' be a non empty subcategory of A. Then g
is a strict covariant functor from C to A.

Let A, B be categories, let C' be a non empty subcategory of A, and let F'
be a covariant functor from A to B. Then F'[C is a strict covariant functor from
C to B.

Let A, B be categories, let C be a non empty subcategory of A, and let F' be
a contravariant functor from A to B. Then F'[C is a strict contravariant functor
from C to B.

Next we state several propositions:

(29) Let A, B be categories, C' be a non empty subcategory of A, F' be a
functor structure from A to B, a be an object of A, and ¢ be an object of
C. If ¢ = a, then (F|C)(c) = F(a).

(30) Let A, B be categories, C' be a non empty subcategory of A, F' be a
covariant functor from A to B, a, b be objects of A, and ¢, d be objects of
C'. Suppose ¢ = a and d = b and (c,d) # 0. Let f be a morphism from a
to b and g be a morphism from c to d. If g = f, then (F'[C)(g) = F(f).

(31) Let A, B be categories, C' be a non empty subcategory of A, F' be a
contravariant functor from A to B, a, b be objects of A, and ¢, d be objects
of C. Suppose ¢ = a and d = b and (¢, d) # ). Let f be a morphism from
a to b and g be a morphism from ¢ to d. If g = f, then (F'[C)(g) = F(f).

(32) Let A, B be non empty graphs and F' be a bimap structure from A into

B. Suppose F' is precovariant and one-to-one. Let a, b be objects of A. If
F(a) = F(b), then a = b.
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(33) Let A, B be non empty reflexive graphs and F' be a feasible precovariant
functor structure from A to B. Suppose F' is faithful. Let a, b be objects of
A. Suppose (a,b) # (). Let f, g be morphisms from a to b. If F'(f) = F(g),
then f =g.

(34) Let A, B be non empty graphs and F' be a precovariant functor structure
from A to B. Suppose F' is surjective. Let a, b be objects of B. Suppose
{a,b) # . Let f be a morphism from a to b. Then there exist objects ¢, d
of A and there exists a morphism ¢ from ¢ to d such that a = F(c) and
b= F(d) and (c¢,d) # 0 and f = F(g).

(35) Let A, B be non empty graphs and F' be a bimap structure from A into
B. Suppose F' is precontravariant and one-to-one. Let a, b be objects of
A. If F(a) = F(b), then a = b.

(36) Let A, B be non empty reflexive graphs and F' be a feasible precontra-
variant functor structure from A to B. Suppose F' is faithful. Let a, b be
objects of A. Suppose (a,b) # 0. Let f, g be morphisms from a to b. If
F(f) = F(g), then f = g.

(37) Let A, B be non empty graphs and F' be a precontravariant functor
structure from A to B. Suppose F' is surjective. Let a, b be objects of B.
Suppose (a,b) # 0. Let f be a morphism from a to b. Then there exist

objects ¢, d of A and there exists a morphism ¢ from ¢ to d such that
b= F(c) and a = F(d) and (c,d) # 0 and f = F(g).

5. ISOMORPHISMS UNDER ARBITRARY FUNCTOR

Let A, B be categories, let F' be a functor structure from A to B, and let
A’, B’ be categories. We say that A’ and B’ are isomorphic under F if and only
if the conditions (Def. 4) are satisfied.

(Def. 4)(i) A’ is a subcategory of A,
(ii) B’ is a subcategory of B, and
(i)  there exists a covariant functor G from A’ to B’ such that G is bijective
and for every object a’ of A’ and for every object a of A such that a’ =a
holds G(a') = F(a) and for all objects b, ¢ of A’ and for all objects b, ¢
of A such that (V/, ') # 0 and b/ = b and ¢/ = ¢ and for every morphism f’
from b’ to ¢ and for every morphism f from b to ¢ such that f’ = f holds
G(f") = (Morph-Mapy (b, ¢))(f).
We say that A" and B’ are anti-isomorphic under F if and only if the conditions
(Def. 5) are satisfied.

(Def. 5)(i) A’ is a subcategory of A,
(ii) B’ is a subcategory of B, and
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(iii)  there exists a contravariant functor G from A’ to B’ such that G is
bijective and for every object a’ of A’ and for every object a of A such
that @' = a holds G(a’) = F(a) and for all objects ¥', ¢’ of A’ and for all
objects b, ¢ of A such that (b',¢’) # 0 and b’ = b and ¢/ = ¢ and for every
morphism f’ from b’ to ¢’ and for every morphism f from b to ¢ such that
f = £ holds G(f') = (Morph-Mapp (b, ¢))(/)-

We now state several propositions:

(38) Let A, B, Ay, B; be categories and F' be a functor structure from A to
B. If A1 and By are isomorphic under F, then A; and B; are isomorphic.

(39) Let A, B, Ay, By be categories and F' be a functor structure from A
to B. Suppose A; and B; are anti-isomorphic under F. Then A, B; are
anti-isomorphic.

(40) Let A, B be categories and F' be a covariant functor from A to B. If A
and B are isomorphic under F', then F' is bijective.

(41) Let A, B be categories and F be a contravariant functor from A to B.
If A and B are anti-isomorphic under F', then F' is bijective.

(42) Let A, B be categories and F' be a covariant functor from A to B. If F'
is bijective, then A and B are isomorphic under F'.

(43) Let A, B be categories and F' be a contravariant functor from A to B.
If F is bijective, then A and B are anti-isomorphic under F'.

Now we present two schemes. The scheme CoBijectRestriction deals with
non empty categories A, B, a covariant functor C from A to B, a non empty
subcategory D of A, and a non empty subcategory £ of B, and states that:

D and & are isomorphic under C
provided the parameters satisfy the following conditions:

e ( is bijective,

e For every object a of A holds a is an object of D iff C(a) is an
object of £, and

e Let a, b be objects of A. Suppose (a,b) # 0. Let a1, by be objects
of D. Suppose a1 = a and by = b. Let as, ba be objects of £.
Suppose ag = C(a) and by = C(b). Let f be a morphism from a to
b. Then f € (a1, b1) if and only if C(f) € (az, ba).

The scheme ContraBijectRestriction deals with non empty categories A, B,
a contravariant functor C from A to B, a non empty subcategory D of A, and a
non empty subcategory £ of B, and states that:

D and &£ are anti-isomorphic under C
provided the parameters meet the following conditions:
e ( is bijective,
e For every object a of A holds a is an object of D iff C(a) is an
object of £, and
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e Let a, b be objects of A. Suppose (a,b) # (). Let a1, by be objects
of D. Suppose a1 = a and by = b. Let ag, by be objects of £.
Suppose ag = C(a) and by = C(b). Let f be a morphism from a to
b. Then f S <a1, bl> if and only if C(f) S <b2, a2>.

The following propositions are true:

(44) For every category A and for every non empty subcategory B of A holds
B and B are isomorphic under id 4.

(45) For all functions f, g such that f C g holds nf C g.

(46) For all functions f, g such that dom f is a binary relation and \~f C g
holds f C g.

(47) Let I, J be sets, A be a many sorted set indexed by [ I, I ], and B be a
many sorted set indexed by |.J, J]. If A C B, then nA C ADB.

(48) Let A be a transitive non empty category structure and B be a transitive
non empty substructure of A. Then B°P is a substructure of A°P.

(49) For every category A and for every non empty subcategory B of A holds
B°P is a subcategory of A°P.

(50) Let A be a category and B be a non empty subcategory of A. Then B
and B°P are anti-isomorphic under the dualizing functor from A into A°P.

(51) Let Ay, Az be categories and F' be a covariant functor from A; to As.
Suppose F' is bijective. Let By be a non empty subcategory of A; and Bs
be a non empty subcategory of As. Suppose B and Bs are isomorphic
under F. Then B, and B; are isomorphic under F~1.

(52) Let Aj, Az be categories and F be a contravariant functor from A; to As.
Suppose F' is bijective. Let By be a non empty subcategory of A; and Bs
be a non empty subcategory of As. Suppose By and Bs are anti-isomorphic
under F. Then By and B; are anti-isomorphic under F~1.

(53) Let Aj, A2, A3 be categories, F' be a covariant functor from A; to Ag,
G be a covariant functor from A, to Az, B; be a non empty subcategory
of Ay, Bs be a non empty subcategory of As, and B3 be a non empty
subcategory of As. Suppose Bj and Bs are isomorphic under F' and Bs
and Bs are isomorphic under G. Then By and Bj3 are isomorphic under
G- F.

(54) Let Ay, Ay, As be categories, F' be a contravariant functor from A; to As,
G be a covariant functor from A, to Az, By be a non empty subcategory
of Ay, Bs be a non empty subcategory of As, and B3 be a non empty
subcategory of As. Suppose By and Bs are anti-isomorphic under F' and
Bs and Bj are isomorphic under G. Then B; and Bj3 are anti-isomorphic
under G - F.

(55) Let Ay, A2, As be categories, F be a covariant functor from A; to Az, G
be a contravariant functor from A, to A3, By be a non empty subcategory
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of Ay, By be a non empty subcategory of As, and B3 be a non empty
subcategory of As. Suppose B; and By are isomorphic under F' and Bs
and Bs are anti-isomorphic under G. Then B; and Bj3 are anti-isomorphic
under G - F.

(56) Let Aj, Ag, As be categories, F' be a contravariant functor from A;

1]

to As, G be a contravariant functor from As to Az, By be a non empty
subcategory of Ay, Bs be a non empty subcategory of Ay, and Bs be a
non empty subcategory of As. Suppose By and Bs are anti-isomorphic
under F' and By and Bjs are anti-isomorphic under G. Then B; and Bg
are isomorphic under G - F.
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continuous, and algebraic lattices, respectively, as objects and directed suprema
preserving maps as morphisms. Some useful schemes to construct categories of
lattices and functors between them are also presented.

MML Identifier: YELLOW21.

The terminology and notation used in this paper are introduced in the following
papers: [17], [18], [12], [20], [9], [14], [4], [19], [1], [15], [21], [22], [16], [10], [11],
[6], [7], [13], [2], [3], [8], and [5].

1. LATTICE-WISE CATEGORIES

In this paper z, y are sets.
Let a be a set. a as 1-sorted is a 1-sorted structure and is defined as follows:
(Def. 1) a as 1-sorted — { a, if a is a 1-sorted structure,
(a), otherwise.
Let W be a set. The functor POSETS(W) is defined as follows:

(Def. 2) 2 € POSETS(W) iff  is a strict poset and the carrier of = as 1-sorted
eW.
Let W be a non empty set. One can check that POSETS(W) is non empty.
Let W be a set with non empty elements. Note that POSETS(W) is poset-
membered.
Let C be a category. We say that C' is carrier-underlaid if and only if:
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(Def. 3) For every object a of C there exists a 1-sorted structure S such that
a = S and the carrier of a = the carrier of S.

Let C be a category. We say that C' is lattice-wise if and only if the conditions
(Def. 4) are satisfied.

(Def. 4)(i) C is semi-functional and set-id-inheriting,
(ii) every object of C' is a lattice, and
(iii)  for all objects a, b of C and for all lattices A, B such that A = a and
B = b holds (a,b) C Bé.
Let C be a category. We say that C' has complete lattices if and only if:
(Def. 5) C is lattice-wise and every object of C' is a complete lattice.

One can check that every category which has complete lattices is lattice-wise
and every category which is lattice-wise is also concrete and carrier-underlaid.

One can verify that there exists a category which is strict and has complete
lattices.

We now state two propositions:

(1) Let C be a carrier-underlaid category and a be an object of C. Then the
carrier of a = the carrier of a as 1-sorted.

(2) Let C be a set-id-inheriting carrier-underlaid category and a be an object
of C'. Then id, = id, as 1-sorted-

Let C be a lattice-wise category and let a be an object of C. Then a as
1-sorted is a lattice and it can be characterized by the condition:

(Def. 6) a as 1-sorted = a.

We introduce L, as a synonym of a as 1-sorted.

Let C be a category with complete lattices and let a be an object of C.
Then a as 1-sorted is a complete lattice. We introduce L, as a synonym of a as
1-sorted.

Let C be a lattice-wise category and let a, b be objects of C. Let us assume
that (a,b) # 0. Let f be a morphism from a to b. The functor ®f yielding a
monotone map from L, into Ly is defined as follows:

(Def. 7) ©f = f.
The following proposition is true

(3) Let C be a lattice-wise category and a, b, ¢ be objects of C. Suppose
(a,b) # 0 and (b,c) # 0. Let f be a morphism from a to b and g be a
morphism from b to ¢. Then g - f = (®g) - (¢f).

In this article we present several logical schemes. The scheme CLCatEzx1
deals with a non empty set A and a ternary predicate P, and states that:
There exists a lattice-wise strict category C such that
(i)  the carrier of C' = A, and
(ii)  for all objects a, b of C' and for every monotone map f from
L, into L holds f € (a, b) iff P[L,, Ly, f]
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provided the following conditions are met:
e Every element of A is a lattice,
e Let a, b, ¢ be lattices. Suppose a € Aand b € A and ¢ € A. Let f
be a map from a into b and g be a map from b into c. If Pla, b, f]
and PIb, c, g, then Pla,c, g - f], and
e For every lattice a such that a € A holds Pla, a,id,].
The scheme CLCatFEz2 deals with a non empty set A, a unary predicate P,
and a ternary predicate Q, and states that:
There exists a lattice-wise strict category C such that
(i)  for every lattice x holds z is an object of C' iff x is strict
and P[z] and the carrier of z € A, and
(ii) for all objects a, b of C' and for every monotone map f from
L, into Ly holds f € (a, b) iff Q[L,, Ly, f]
provided the parameters satisfy the following conditions:
e There exists a strict lattice = such that P[z] and the carrier of
reA,
e Let a, b, ¢ be lattices. Suppose Pla] and P[b] and P[c]. Let f be a
map from a into b and ¢g be a map from b into c. If Qfa, b, f] and
Q[b, ¢, g], then Qla,c, g - f], and
e For every lattice a such that Pla] holds Qla, a,id,].
The scheme CLCatUnigl deals with a non empty set A and a ternary pre-
dicate P, and states that:
Let C1, Cs be lattice-wise categories. Suppose that
(i)  the carrier of C; = A,
(ii)  for all objects a, b of C; and for every monotone map f
from L, into L, holds f € (a,b) iff Pla,b, f],
(iii)  the carrier of Cy = A, and
(iv)  for all objects a, b of Cy and for every monotone map f
from L, into Ly holds f € (a,b) iff Pla, b, f].
Then the category structure of Cy = the category structure of
Co
for all values of the parameters.
The scheme CLCatUniq2 deals with a non empty set A, a unary predicate
P, and a ternary predicate Q, and states that:
Let C1, C2 be lattice-wise categories. Suppose that
(i)  for every lattice x holds x is an object of C; iff x is strict
and P[z] and the carrier of x € A,
(ii)  for all objects a, b of Cy and for every monotone map f
from L, into Ly holds f € (a,b) iff Qla, b, f],
(iii)  for every lattice x holds z is an object of Cy iff z is strict
and P[z] and the carrier of z € A, and
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(iv)  for all objects a, b of Cy and for every monotone map f
from L, into Ly holds f € (a,b) iff Qla, b, f].
Then the category structure of C; = the category structure of
Co
for all values of the parameters.
The scheme CLCovariantFunctorEx deals with lattice-wise categories A, B,
a unary functor F yielding a lattice, a ternary functor G yielding a function,
and two ternary predicates P, O, and states that:
There exists a covariant strict functor F' from A to B such that
(i)  for every object a of A holds F(a) = F(L,), and
(ii)  for all objects a, b of A such that (a,b) # () and for every
morphism f from a to b holds F(f) = G(LLa, Ly, ©f)
provided the parameters meet the following conditions:

e Let a, b be lattices and f be a map from a into b. Then f € (the
arrows of A)(a, b) if and only if a € the carrier of A and b € the
carrier of A and Pla, b, f],

e Let a, b be lattices and f be a map from a into b. Then f € (the
arrows of B)(a, b) if and only if a € the carrier of B and b € the
carrier of B and Qla, b, f],

e For every lattice a such that a € the carrier of A holds F(a) € the
carrier of B,

e Let a, b be lattices and f be a map from a into b. If
Pla,b, f], then G(a,b, f) is a map from F(a) into F(b) and
Q[F(a), F(b),G(a,b, f)],

e For every lattice a such that a € the carrier of A holds
G(a,a,id,) = idr(,), and

e Let a, b, c be lattices, f be a map from a into b, and g be a
map from b into c. If Pla, b, f] and PIb, ¢, g, then G(a,c,g- f) =
g(b7 C?.g) ’ g(aa b> f)

The scheme CL ContravariantFunctorEz deals with lattice-wise categories A,

B, a unary functor F yielding a lattice, a ternary functor G yielding a function,
and two ternary predicates P, O, and states that:

There exists a contravariant strict functor F' from A to B such

that

(i)  for every object a of A holds F(a) = F(L,), and

(ii)  for all objects a, b of A such that (a,b) # () and for every

morphism f from a to b holds F(f) = G(LLa, Ly, ©f)
provided the parameters satisfy the following conditions:

e Let a, b be lattices and f be a map from a into b. Then f € (the
arrows of A)(a, b) if and only if a € the carrier of A and b € the
carrier of A and Pla, b, f],
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Let a, b be lattices and f be a map from a into b. Then f € (the
arrows of B)(a, b) if and only if a € the carrier of B and b € the
carrier of B and Qla, b, f],

For every lattice a such that a € the carrier of A holds F(a) € the
carrier of B,

Let a, b be lattices and f be a map from a into b. If
Pla,b, f], then G(a,b, f) is a map from F(b) into F(a) and
QIF(b), F(a), Gla,b, f)].

For every lattice a such that a € the carrier of A holds
G(a,a,id,) = idr(,), and

Let a, b, ¢ be lattices, f be a map from a into b, and g be a
map from b into c. If Pla,b, f] and P[b, ¢, g], then G(a,c,g- f) =
g(a7 b7 f) ’ g(b7 ¢ g)

two ternary predicates P, Q, and states that:

A and B are isomorphic

provided the parameters meet the following conditions:

The scheme CLCatAntilsomorphism deals with lattice-wise categories A, B,
a unary functor F yielding a lattice, a ternary functor G yielding a function,

Let a, b be lattices and f be a map from a into b. Then f € (the
arrows of A)(a, b) if and only if a € the carrier of A and b € the
carrier of A and Pla, b, f],
Let a, b be lattices and f be a map from a into b. Then f € (the
arrows of B)(a, b) if and only if a € the carrier of B and b € the
carrier of B and Qla, b, f],
There exists a covariant functor F' from A to B such that

(i) for every object a of A holds F'(a) = F(a), and

(i)  for all objects a, b of A such that (a,b) # () and for every
morphism f from a to b holds F'(f) = G(a,b, f),
For all lattices a, b such that a € the carrier of A and b € the
carrier of A holds if F(a) = F(b), then a = b,
For all lattices a, b and for all maps f, g from a into b such that
Pla,b, f] and Pla, b, g] holds if G(a,b, f) = G(a,b, g), then f = g,
and
Let a, b be lattices and f be a map from a into b. Suppose
Qla, b, f]. Then there exist lattices ¢, d and there exists a map
g from c into d such that ¢ € the carrier of A and d € the carrier
of A and Plc,d, g] and a = F(c) and b = F(d) and f = G(c, d, g).

and two ternary predicates P, Q, and states that:

A, B are anti-isomorphic

provided the following conditions are met:
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e Let a, b be lattices and f be a map from a into b. Then f € (the
arrows of A)(a, b) if and only if a € the carrier of A and b € the
carrier of A and Pla, b, f],

e Let a, b be lattices and f be a map from a into b. Then f € (the
arrows of B)(a, b) if and only if a € the carrier of B and b € the
carrier of B and Qla, b, f],

e There exists a contravariant functor F' from A to B such that

(i)  for every object a of A holds F(a) = F(a), and
(ii)  for all objects a, b of A such that (a,b) # () and for every
morphism f from a to b holds F(f) = G(a,b, f),

e For all lattices a, b such that a € the carrier of A and b € the
carrier of A holds if F(a) = F(b), then a = b,

e For all lattices a, b and for all maps f, g from a into b such that
G(a,b, f) =G(a,b,g) holds f = g, and

e Let a, b be lattices and f be a map from a into b. Suppose
Qla, b, f]. Then there exist lattices ¢, d and there exists a map
g from ¢ into d such that ¢ € the carrier of A and d € the carrier
of A and Plc,d, g] and b = F(c) and a = F(d) and f = G(c,d, g).

2. EQUIVALENCE OF LATTICE-WISE CATEGORIES

Let C be a lattice-wise category. We say that C' has all isomorphisms if and
only if:
(Def. 8) For all objects a, b of C and for every map f from L, into LL; such that
f is isomorphic holds f € (a,b).
One can verify that there exists a strict lattice-wise category which has all
isomorphisms.
The following propositions are true:

(4) Let C be a lattice-wise category with all isomorphisms, a, b be objects
of C, and f be a morphism from a to b. If ©f is isomorphic, then f is iso.

(5) Let C be a lattice-wise category and a, b be objects of C. Suppose
(a,b) # (0 and (b,a) # 0. Let f be a morphism from a to b. If f is iso, then
@ f is isomorphic.

The scheme CLCatEquivalence deals with lattice-wise categories A, B, two
unary functors F and G yielding lattices, two ternary functors H and Z yiel-
ding functions, two unary functors A and B yielding functions, and two ternary
predicates P, Q, and states that:

A and B are equivalent
provided the parameters satisfy the following conditions:
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e For all objects a, b of A and for every monotone map f from L,
into Ly holds f € (a,b) iff P[L,, Ly, f],

e For all objects a, b of B and for every monotone map f from L,
into Ly holds f € (a,b) iff Q[L,, Ly, f],

e There exists a covariant functor F' from A to B such that

(i)  for every object a of A holds F(a) = F(a), and
(ii)  for all objects a, b of A such that (a,b) # () and for every
morphism f from a to b holds F(f) = H(a,b, ),

e There exists a covariant functor G from B to A such that

(i) for every object a of B holds G(a) = G(a), and
(i) for all objects a, b of B such that (a,b) # () and for every
morphism f from a to b holds G(f) = Z(a,b, f),

e Let a be a lattice. Suppose a € the carrier of A. Then there exists
a monotone map f from G(F(a)) into a such that f = A(a) and
f is isomorphic and P[G(F(a)), a, f] and Pla,G(F(a)), f1],

e Let a be a lattice. Suppose a € the carrier of B. Then there exists
a monotone map f from a into F(G(a)) such that f = B(a) and
f is isomorphic and Q[a, F(G(a)), f] and Q[F(G(a)),a, f~1],

e For all objects a, b of A such that (a,b) # 0 and for every
morphism f from a to b holds A(b) - Z(F(a), F(b), H(a,b, f)) =
(°f) - Afa), and

e For all objects a, b of B such that (a,b) # 0 and for every
morphism f from a to b holds H(G(a),G(b),Z(a,b, f)) - B(a) =
B(b) - (°f).

3. UPS CATEGORY

Let R be a binary relation. We say that R is upper-bounded if and only if:

(Def. 9) There exists x such that for every y such that y € field R holds (y,
z) € R.
Let us note that every binary relation which is well-ordering is also reflexive,
transitive, antisymmetric, connected, and well founded.
Let us mention that there exists a binary relation which is well-ordering.
Next we state the proposition
(6) Let f be an one-to-one function and R be a binary relation. Then (z,
y) € f-R-f1if and only if # € dom f and y € dom f and (f(z),
fy)) € R.
Let f be an one-to-one function and let R be a reflexive binary relation.
Note that f- R- f~! is reflexive.
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Let f be an one-to-one function and let R be an antisymmetric binary rela-
tion. Note that f- R - f~! is antisymmetric.
Let f be an one-to-one function and let R be a transitive binary relation.
Note that f- R- f~! is transitive.
Next we state the proposition
(7) Let X be a set and A be an ordinal number. If X &~ A, then there exists
an order R in X such that R well orders X and R = A.

Let X be a non empty set. Observe that there exists an order in X which is
upper-bounded and well-ordering.
Next we state four propositions:
(8) Let P be a reflexive non empty relational structure. Then P is upper-
bounded if and only if the internal relation of P is upper-bounded.
(9) Let P be an upper-bounded non empty poset. Suppose the internal rela-
tion of P is well-ordering. Then P is connected, complete, and continuous.
(10) Let P be an upper-bounded non empty poset. Suppose the internal re-
lation of P is well-ordering. Let z, y be elements of P. If y < x, then there
exists an element z of P such that z is compact and y < z and z < x.
(11) Let P be an upper-bounded non empty poset. If the internal relation of
P is well-ordering, then P is algebraic.

Let X be a non empty set and let R be an upper-bounded well-ordering order
in X. Observe that (X, R) is complete connected continuous and algebraic.

Let us observe that every set which is non trivial has a non-empty element.

Let W be a non empty set. Let us assume that there exists an element w of
W such that w is non empty. The functor UPSyy yielding a lattice-wise strict
category is defined by the conditions (Def. 10).

(Def. 10)(i)  For every lattice « holds x is an object of UPSy iff x is strict and
complete and the carrier of x € W, and
(ii)  for all objects a, b of UPSyw and for every monotone map f from L,
into Ly holds f € (a,b) iff f is directed-sups-preserving.
Let W be a set with a non-empty element. Observe that UPSy has complete
lattices and all isomorphisms.
One can prove the following four propositions:

(12) For every set W with a non-empty element holds the carrier of UPSy, C
POSETS(W).

(13) Let W be a set with a non-empty element and given z. Then x is an
object of UPSyy if and only if z is a complete lattice and x € POSETS(W).

(14) Let W be a set with a non-empty element and L be a lattice. Suppose
the carrier of L € W. Then L is an object of UPSy if and only if L is
strict and complete.
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(15) Let W be a set with a non-empty element, a, b be objects of UPSyy, and
f be a set. Then f € (a,b) if and only if f is a directed-sups-preserving
map from L, into L.
Let W be a set with a non-empty element and let a, b be objects of UPSyy .
Observe that (a,b) is non empty.

4. LATTICE-WISE SUBCATEGORIES

Next we state the proposition
(16) Let A be a category, B be a non empty subcategory of A, a be an object

of A, and b be an object of B. If b = a, then the carrier of b = the carrier
of a.

Let A be a set-id-inheriting category. Observe that every non empty subca-
tegory of A is set-id-inheriting.

Let A be a para-functional category. One can verify that every non empty
subcategory of A is para-functional.

Let A be a semi-functional category. Note that every non empty transitive
substructure of A is semi-functional.

Let A be a carrier-underlaid category. Note that every non empty subcate-
gory of A is carrier-underlaid.

Let A be a lattice-wise category. Observe that every non empty subcategory
of A is lattice-wise.

Let A be a lattice-wise category with all isomorphisms. Observe that every
non empty subcategory of A which is full has all isomorphisms.

Let A be a category with complete lattices. One can check that every non
empty subcategory of A has complete lattices.

Let W be a set with a non-empty element. The functor CONTy, yielding a
strict full non empty subcategory of UPSy is defined by:

(Def. 11) For every object a of UPSy holds a is an object of CONTy iff L, is
continuous.

Let W be a set with a non-empty element. The functor ALGw yielding a

strict full non empty subcategory of CONTy is defined by:
(Def. 12) For every object a of CONTyw holds a is an object of ALGy iff L, is
algebraic.

The following four propositions are true:

(17) Let W be a set with a non-empty element and L be a lattice. Suppose
the carrier of L € W. Then L is an object of CONTy if and only if L is
strict, complete, and continuous.
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(18) Let W be a set with a non-empty element and L be a lattice. Suppose
the carrier of L € W. Then L is an object of ALGy if and only if L is
strict, complete, and algebraic.

(19) Let W be a set with a non-empty element, a, b be objects of CONTyy,
and f be aset. Then f € (a,b) if and only if f is a directed-sups-preserving
map from L, into L.

(20) Let W be a set with a non-empty element, a, b be objects of ALGyy, and
f be a set. Then f € (a,b) if and only if f is a directed-sups-preserving
map from L, into L.

Let W be a set with a non-empty element and let a, b be objects of CONTyy .
One can check that (a,b) is non empty.

Let W be a set with a non-empty element and let a, b be objects of ALGyy .
One can check that (a,b) is non empty.
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Summary. In the paper, we investigate the duality of categories of com-
plete lattices and maps preserving suprema or infima according to [12, p. 179-183;
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and notation for this paper.

1. INFS-PRESERVING AND SUPS-PRESERVING MAPS

Let S, T be complete lattices. One can check that there exists a connection
between S and T which is Galois.
Next we state the proposition
(1) Let S, T, S’ T' be non empty relational structures. Suppose that
(i)  the relational structure of S = the relational structure of S’, and
(ii)  the relational structure of T = the relational structure of 7".
Let ¢ be a connection between S and T and ¢’ be a connection between S’
and T". If ¢ = ¢/, then if ¢ is Galois, then ¢’ is Galois.
Let S, T be lattices and let g be a map from S into T'. Let us assume that
S is complete and T is complete and g is infs-preserving. The lower adjoint of g
is a map from T into S and is defined as follows:

(Def. 1) (g, the lower adjoint of g) is Galois.
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Let S, T be lattices and let d be a map from 7" into S. Let us assume that
S is complete and T is complete and d is sups-preserving. The upper adjoint of
d is a map from S into 71" and is defined as follows:

(Def. 2) (the upper adjoint of d, d) is Galois.
Let S, T be complete lattices and let g be an infs-preserving map from S
into T'. One can verify that the lower adjoint of g is lower adjoint.
Let S, T be complete lattices and let d be a sups-preserving map from T’
into S. One can check that the upper adjoint of d is upper adjoint.
The following two propositions are true:
(2) Let S, T be complete lattices, g be an infs-preserving map from S into 7T,
and ¢ be an element of 7. Then (the lower adjoint of g)(t) = inf(g~(1t)).

(3) Let S, T be complete lattices, d be a sups-preserving map from 7" into S,
and s be an element of S. Then (the upper adjoint of d)(s) = sup(d—!(]s)).

Let S, T be relational structures and let f be a function from the carrier
of S into the carrier of T'. The functor f°P yielding a map from S°P into T°P is
defined as follows:

(Def. 3) foP = f.

Let S, T be complete lattices and let g be an infs-preserving map from S
into T'. One can verify that ¢g°P is lower adjoint.

Let S, T' be complete lattices and let d be a sups-preserving map from S
into T'. Observe that d°P is upper adjoint.

We now state several propositions:

(4) Let S, T be complete lattices and g be an infs-preserving map from S
into T'. Then the lower adjoint of g = the upper adjoint of g°P.

(5) Let S, T be complete lattices and d be a sups-preserving map from S
into T'. Then the lower adjoint of d°P? = the upper adjoint of d.

(6) For every non empty relational structure L holds (idy, idz) is Galois.

(7) For every complete lattice L holds the lower adjoint of id; = id; and
the upper adjoint of idy, = idy,.

(8) Let Ly, Lo, L3 be complete lattices, g1 be an infs-preserving map from
L1 into Ls, and go be an infs-preserving map from Lo into Ls. Then the
lower adjoint of gs - g1 = (the lower adjoint of g;) - (the lower adjoint of
92)-

(9) Let Ly, Lo, Ls be complete lattices, di be a sups-preserving map from
L1 into Lo, and do be a sups-preserving map from Lo into Ls. Then the
upper adjoint of ds - d; = (the upper adjoint of d;) - (the upper adjoint of
ds).

(10) Let S, T be complete lattices and g be an infs-preserving map from S
into 7. Then the upper adjoint of the lower adjoint of g = g.
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(11) Let S, T be complete lattices and d be a sups-preserving map from S
into T'. Then the lower adjoint of the upper adjoint of d = d.
(12) Let C be a non empty category structure and a, b, f be sets. Suppose
f € (the arrows of C)(a, b). Then there exist objects o1, 02 of C such that
o1 =a and o9 = b and f € (01,092) and f is a morphism from o; to 0s.
Let W be a non empty set. Let us assume that there exists an element w
of W such that w is non empty. The functor INFy yields a lattice-wise strict
category and is defined by the conditions (Def. 4).
(Def. 4)(i)  For every lattice x holds = is an object of INFyy iff x is strict and
complete and the carrier of x € W, and
(ii)  for all objects a, b of INFy and for every monotone map f from L,
into Ly holds f € (a,b) iff f is infs-preserving.
Let W be a non empty set. Let us assume that there exists an element w
of W such that w is non empty. The functor SUPyy yields a lattice-wise strict
category and is defined by the conditions (Def. 5).

(Def. 5)(i)  For every lattice = holds x is an object of SUPyw iff z is strict and
complete and the carrier of x € W, and
(ii)  for all objects a, b of SUPw and for every monotone map f from L,
into Ly holds f € (a,b) iff f is sups-preserving.
Let W be a set with a non-empty element. Observe that INF'y has complete
lattices and SUPyw has complete lattices.
One can prove the following propositions:
(13) Let W be a set with a non-empty element and L be a lattice. Then L is
an object of INF'y if and only if L is strict and complete and the carrier
of Le W.
(14) Let W be a set with a non-empty element, a, b be objects of INFy, and
f be aset. Then f € (a,b) if and only if f is an infs-preserving map from
L, into L.
(15) Let W be a set with a non-empty element and L be a lattice. Then L is
an object of SUPyy if and only if L is strict and complete and the carrier
of Le W.
(16) Let W be a set with a non-empty element, a, b be objects of SUPyy, and
f be a set. Then f € (a,b) if and only if f is a sups-preserving map from
L, into L.
(17) For every set W with a non-empty element holds the carrier of INFy =
the carrier of SUPyy.

Let W be a set with a non-empty element. The functor LowerAdjy, yields
a contravariant strict functor from INFy to SUPyw and is defined by the con-
ditions (Def. 6).
(Def. 6)(i)  For every object a of INFy holds LowerAdjy, (a) = L, and
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(ii)  for all objects a, b of INF'yy such that (a,b) # 0 and for every morphism
f from @ to b holds LowerAdjyy, (f) = the lower adjoint of @ f.
The functor UpperAdjy, yields a contravariant strict functor from SUPy to
INFy and is defined by the conditions (Def. 7).
(Def. 7)(i)  For every object a of SUPy holds UpperAdjy, (a) = L, and
(ii)  for all objects a, b of SUPy such that (a,b) # () and for every morphism
f from a to b holds UpperAdjyy, (f) = the upper adjoint of ©f.
Let W be a set with a non-empty element. Observe that LowerAdjy, is
bijective and UpperAdjy, is bijective.
We now state several propositions:
(18) For every set W with a non-empty element holds (LowerAdjy, )=t =
UpperAdjy, and (UpperAdjyy, ) ~! = LowerAdjy, .
(19) For every set W with a non-empty element holds LowerAdjy;, - UpperAdjy;,
= idgyp,, and UpperAdjy, - LowerAdjy, = idnr,, -
(20) For every set W with a non-empty element holds INFy,, SUPy are
anti-isomorphic.
(21) For every set W with a non-empty element holds INFy, and SUPyy are
anti-isomorphic under LowerAdjy;.
(22) For every set W with a non-empty element holds SUPy and INFyy are
anti-isomorphic under UpperAdjy;.

2. ScoTT CONTINUOUS MAPS AND CONTINUOUS LATTICES

Next we state the proposition

(23) Let S, T be complete lattices and g be an infs-preserving map from S
into T'. Then g is directed-sups-preserving if and only if for every Scott
topological augmentation X of T" and for every Scott topological augmen-
tation Y of S and for every open subset V' of X holds T((the lower adjoint
of g)°V) is an open subset of Y.

Let S, T' be non empty reflexive relational structures and let f be a map
from S into T'. We say that f is waybelow-preserving if and only if:
(Def. 8) For all elements x, y of S such that z < y holds f(z) < f(y).
We now state two propositions:

(24) Let S, T be complete lattices and g be an infs-preserving map from S
into T'. Suppose g is directed-sups-preserving. Then the lower adjoint of ¢
is waybelow-preserving.

(25) Let S be a complete lattice, T' be a complete continuous lattice, and g
be an infs-preserving map from .S into 7". Suppose the lower adjoint of g
is waybelow-preserving. Then g is directed-sups-preserving.
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Let S, T be topological spaces and let f be a map from S into 7. We say
that f is relatively open if and only if:

(Def. 9) For every open subset V' of S holds f°V is an open subset of T'[rng f.
One can prove the following propositions:

(26) Let X, Y be non empty topological spaces and d be a map from X into
Y. Then d is relatively open if and only if d° is open.

(27) Let S, T be complete lattices, g be an infs-preserving map from S into
T, X be a Scott topological augmentation of 7', Y be a Scott topological
augmentation of S, and V' be an open subset of X. Then (the lower adjoint
of g)°V = rng (the lower adjoint of g) N T((the lower adjoint of ¢)°V).

(28) Let S, T be complete lattices, g be an infs-preserving map from S into 7',
X be a Scott topological augmentation of T, and Y be a Scott topological
augmentation of S. Suppose that for every open subset V' of X holds 1((the
lower adjoint of ¢)°V') is an open subset of Y. Let d be a map from X into
Y. If d = the lower adjoint of g, then d is relatively open.

Let X, Y be complete lattices and let f be a sups-preserving map from X
into Y. One can check that Im f is complete.
Next we state four propositions:

(29) Let S, T be complete lattices, g be an infs-preserving map from S into
T, X be a Scott topological augmentation of T', Y be a Scott topological
augmentation of S, Z be a Scott topological augmentation of Im (the lower
adjoint of g), d be a map from X into Y, and d’ be a map from X into
Z. Suppose d = the lower adjoint of g and d’ = d. If d is relatively open,
then d’ is open.

(30) Let Ty, Ty, S1, S2 be topological structures. Suppose that
(i)  the topological structure of T7 = the topological structure of T, and
(ii)  the topological structure of S; = the topological structure of So.
If S is a subspace of 11, then Sy is a subspace of T5.

(31) For every topological structure 7" holds T'[Q27 = the topological structure
of T.

(32) Let S, T be complete lattices and ¢ be an infs-preserving map from S into
T. Suppose g is one-to-one. Let X be a Scott topological augmentation of
T,Y be a Scott topological augmentation of S, and d be a map from X into
Y. Suppose d = the lower adjoint of g. Then g is directed-sups-preserving
if and only if d is open.

Let X be a complete lattice and let f be a projection map from X into X.
One can verify that Im f is complete.
We now state a number of propositions:
(33) Let L be a complete lattice and k be a kernel map from L into L. Then
(i)  k° is infs-preserving,
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(ii) ko is sups-preserving,
(iii)  the lower adjoint of k° = ko, and
(iv)  the upper adjoint of ko = k°.
(34) Let L be a complete lattice and k be a kernel map from L into L. Then
k is directed-sups-preserving if and only if k° is directed-sups-preserving.

(35) Let L be a complete lattice and k be a kernel map from L into L.
Then k is directed-sups-preserving if and only if for every Scott topological
augmentation X of Im k and for every Scott topological augmentation Y
of L and for every subset V of L such that V is an open subset of X holds
TV is an open subset of Y.

(36) Let L be a complete lattice, S be a sups-inheriting non empty full rela-
tional substructure of L, x, y be elements of L, and a, b be elements of S.
If a =2 and b =y, then if x < y, then a < b.

(37) Let L be a complete lattice and k be a kernel map from L into L.
Suppose k is directed-sups-preserving. Let x, y be elements of L and a, b
be elements of Imk. If a = x and b = y, then * < y iff a < b.

(38) Let L be a complete lattice and k be a kernel map from L into L. Suppose
that
(i) Imk is continuous, and

(ii) for all elements x, y of L and for all elements a, b of Imk such that
a=2zand b=y holds z < y iff a < b.

Then k is directed-sups-preserving.
(39) Let L be a complete lattice and ¢ be a closure map from L into L. Then
(i

)
(i)
i)
)

c® is sups-preserving,

Co is infs-preserving,

—_

ii)  the upper adjoint of ¢° = ¢,, and

(i
(iv
(40) Let L be a complete lattice and ¢ be a closure map from L into L. Then

the lower adjoint of ¢, = ¢°.

Im c is directed-sups-inheriting if and only if ¢, is directed-sups-preserving.

(41) Let L be a complete lattice and ¢ be a closure map from L into L. Then
Im ¢ is directed-sups-inheriting if and only if for every Scott topological
augmentation X of Imc and for every Scott topological augmentation Y
of L and for every map f from Y into X such that f = ¢ holds f is open.

(42) Let L be a complete lattice and ¢ be a closure map from L into L. If
Im c is directed-sups-inheriting, then ¢° is waybelow-preserving.

(43) Let L be a continuous complete lattice and ¢ be a closure map from L
into L. If ¢° is waybelow-preserving, then Im c is directed-sups-inheriting.
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3. DUALITY OF SUBCATEGORIES OF INF AND SUP

Let W be a non empty set. The functor INF 1,[, yielding a strict non empty
subcategory of INFyy is defined by the conditions (Def. 10).

(Def. 10)(i)  Every object of INFyy is an object of INFI/V, and
(ii)  for all objects a, b of INFy and for all objects a/, b’ of INF},, such
that @’ = a and b’ = b and (a,b) # () and for every morphism f from a to
b holds f € (a/, V') iff @f is directed-sups-preserving.
Let W be a set with a non-empty element. The functor S UP?/V yields a strict
non empty subcategory of SUPyy and is defined by the conditions (Def. 11).

(Def. 11)(1)  Every object of SUPy is an object of SUPY,, and
(ii)  for all objects a, b of SUPy and for all objects a’, ' of SUPY, such
that ' = a and ¥ = b and (a, b) # ) and for every morphism f from a to
b holds f € (a/, V) iff the upper adjoint of @ f is directed-sups-preserving.
The following propositions are true:

(44) Let S be a non empty relational structure, 7' be a non empty reflexive
antisymmetric relational structure, ¢ be an element of 7', and X be a non
empty subset of S. Then S —— t preserves sup of X and S — t preserves
inf of X.

(45) Let S be a non empty relational structure and 7" be a lower-bounded
non empty reflexive antisymmetric relational structure. Then S +—— 17 is
sups-preserving.

(46) Let S be a non empty relational structure and 7' be an upper-bounded
non empty reflexive antisymmetric relational structure. Then S +—— T is
infs-preserving.

Let S be a non empty relational structure and let 7" be an upper-bounded
non empty reflexive antisymmetric relational structure. Observe that S —— T
is directed-sups-preserving and infs-preserving.

Let S be a non empty relational structure and let T" be a lower-bounded non
empty reflexive antisymmetric relational structure. Observe that S —— L7 is
filtered-infs-preserving and sups-preserving.

Let S be a non empty relational structure and let 7" be an upper-bounded
non empty reflexive antisymmetric relational structure. Note that there exists
a map from S into T which is directed-sups-preserving and infs-preserving.

Let S be a non empty relational structure and let T" be a lower-bounded non
empty reflexive antisymmetric relational structure. One can check that there
exists a map from S into T which is filtered-infs-preserving and sups-preserving.

Next we state several propositions:
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(47) Let W be a set with a non-empty element and L be a lattice. Then L is
an object of INF IT/V if and only if L is strict and complete and the carrier
of Le W.

(48) Let W be a set with a non-empty element, a, b be objects of INFLV, and
f be a set. Then f € (a,b) if and only if f is a directed-sups-preserving
infs-preserving map from IL, into L.

(49) Let W be a set with a non-empty element and L be a lattice. Then L is
an object of S UP?/V if and only if L is strict and complete and the carrier
of Le W.

(50) Let W be a set with a non-empty element, a, b be objects of SUP?,V, and
f be a set. Then f € (a,b) if and only if there exists a sups-preserving
map g from L, into L, such that ¢ = f and the upper adjoint of ¢ is
directed-sups-preserving.

(51) For every set W with a non-empty element holds INF;, =
Intersect(INFy, UPSy).

Let W be a set with a non-empty element. The functor CLy yielding a strict
full non empty subcategory of INFIT/V is defined as follows:

(Def. 12) For every object a of INF l/v holds a is an object of CLyy iff L, is conti-
nuous.
Let W be a set with a non-empty element. Observe that CLy, has complete
lattices.
One can prove the following two propositions:

(52) Let W be a set with a non-empty element and L be a lattice. Suppose
the carrier of L € W. Then L is an object of CLyy if and only if L is strict,
complete, and continuous.

(53) Let W be a set with a non-empty element, a, b be objects of CLyy, and
f be a set. Then f € (a,b) if and only if f is an infs-preserving directed-
sups-preserving map from IL, into L.

Let W be a set with a non-empty element. The functor C’L?,[I; yields a strict
full non empty subcategory of § UP?/V and is defined by:
(Def. 13) For every object a of S UP?,V holds a is an object of CL%‘} iff L, is conti-
nuous.
Next we state several propositions:

(54) Let W be a set with a non-empty element and L be a lattice. Suppose
the carrier of L € W. Then L is an object of CL?,E if and only if L is strict,
complete, and continuous.

(55) Let W be a set with a non-empty element, a, b be objects of CL}, and
f be a set. Then f € (a,b) if and only if there exists a sups-preserving
map g from L, into L, such that ¢ = f and the upper adjoint of ¢ is
directed-sups-preserving.
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(56) For every set W with a non-empty element holds INF I/V and SUPY;, are
anti-isomorphic under LowerAdjy.

(57) For every set W with a non-empty element holds S UP?,V and INF LV are
anti-isomorphic under UpperAdjy;.

(58) For every set W with a non-empty element holds CLy and CLy} are
anti-isomorphic under LowerAdjy; .

(59) For every set W with a non-empty element holds C’L?,[I,) and CLy are
anti-isomorphic under UpperAdjy;,.

4. COMPACT PRESERVING MAPS AND SUP-SEMILATTICES MORPHISMS

Let S, T be non empty reflexive relational structures and let f be a map
from S into T'. We say that f is compact-preserving if and only if:

(Def. 14) For every element s of S such that s is compact holds f(s) is compact.

One can prove the following propositions:

(60) Let S, T be complete lattices and d be a sups-preserving map from T
into S. If d is waybelow-preserving, then d is compact-preserving.

(61) Let S, T be complete lattices and d be a sups-preserving map from 7T’
into S. Suppose T is algebraic and d is compact-preserving. Then d is
waybelow-preserving.

(62) Let R, S, T be non empty relational structures, X be a subset of R, f be
a map from R into S, and g be a map from S into T'. Suppose f preserves
sup of X and g preserves sup of f°X. Then g - f preserves sup of X.

Let S, T be non empty relational structures and let f be a map from S into
T. We say that f is finite-sups-preserving if and only if:

(Def. 15) For every finite subset X of S holds f preserves sup of X.
We say that f is bottom-preserving if and only if:
(Def. 16)  f preserves sup of 0g.

Next we state the proposition

(63) Let R, S, T be non empty relational structures, f be a map from R into
S, and g be a map from S into T'. Suppose f is finite-sups-preserving and
g is finite-sups-preserving. Then g - f is finite-sups-preserving.

Let S, T be non empty antisymmetric lower-bounded relational structures
and let f be a map from S into T'. Let us observe that f is bottom-preserving
if and only if:

(Def. 17)  f(Lls) = L.

Let L be a non empty relational structure and let S be a relational substruc-

ture of L. We say that S is finite-sups-inheriting if and only if:
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(Def. 18) For every finite subset X of S such that sup X exists in L holds | |, X €

the carrier of S.

We say that S is bottom-inheriting if and only if:

(Def. 19) L1 € the carrier of S.

Let S, T be non empty relational structures. Observe that every map from
S into T which is sups-preserving is also bottom-preserving.

Let L be a lower-bounded antisymmetric non empty relational structure.
Note that every relational substructure of L which is finite-sups-inheriting is
also bottom-inheriting and join-inheriting.

Let L be a non empty relational structure. One can check that every rela-
tional substructure of L which is sups-inheriting is also finite-sups-inheriting.

Let S, T be lower-bounded non empty posets. One can verify that there
exists a map from S into 7" which is sups-preserving.

Let L be a lower-bounded antisymmetric non empty relational structure.
Observe that every full relational substructure of L which is bottom-inheriting
is also non empty and lower-bounded.

Let L be a lower-bounded antisymmetric non empty relational structure.
Note that there exists a relational substructure of L which is non empty, sups-
inheriting, finite-sups-inheriting, bottom-inheriting, and full.

Next we state the proposition

(64) Let L be a lower-bounded antisymmetric non empty relational structure
and S be a non empty bottom-inheriting full relational substructure of L.
Then 1g= 1.

Let L be a lower-bounded non empty poset with l.u.b.’s. Note that every
full relational substructure of L which is bottom-inheriting and join-inheriting
is also finite-sups-inheriting.

Next we state two propositions:

(65) Let S, T be non empty relational structures and f be a map from S
into T'. Suppose f is finite-sups-preserving. Then f is join-preserving and
bottom-preserving.

(66) Let S, T be lower-bounded posets with L.u.b.’s and f be a map from
S into T'. Suppose f is join-preserving and bottom-preserving. Then f is
finite-sups-preserving.

Let S, T be non empty relational structures. One can check that every map
from S into T which is sups-preserving is also finite-sups-preserving and every
map from S into T" which is finite-sups-preserving is also join-preserving and
bottom-preserving.

Let S be a non empty relational structure and let T" be a lower-bounded non
empty reflexive antisymmetric relational structure. Observe that there exists a
map from S into T" which is sups-preserving and finite-sups-preserving.
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Let L be a lower-bounded non empty poset. One can check that
CompactSublatt(L) is lower-bounded.
One can prove the following propositions:

(67) Let S be a relational structure, 7' be a non empty relational structure,
f be a map from S into T, S’ be a relational substructure of S, and T” be
a relational substructure of T'. Suppose f°(the carrier of S’) C the carrier
of T”. Then f[the carrier of S’ is a map from S’ into T".

(68) Let S, T be lattices, f be a join-preserving map from S into T, S’ be
a non empty join-inheriting full relational substructure of S, 7’ be a non
empty join-inheriting full relational substructure of 7', and g be a map
from S’ into T". If g = f|the carrier of S’ then g is join-preserving.

(69) Let S, T be lower-bounded lattices, f be a finite-sups-preserving map
from S into T, S’ be a non empty finite-sups-inheriting full relational
substructure of S, T” be a non empty finite-sups-inheriting full relational
substructure of T, and g be a map from S’ into T”. If g = f|the carrier of
S’, then g is finite-sups-preserving.

Let L be a complete lattice. One can verify that CompactSublatt(L) is finite-
sups-inheriting.
Next we state two propositions:

(70) Let S, T be complete lattices and d be a sups-preserving map
from T into S. Then d is compact-preserving if and only if d[the
carrier of CompactSublatt(7) is a finite-sups-preserving map from
CompactSublatt(7) into CompactSublatt(.S).

(71) Let S, T be complete lattices. Suppose T is algebraic. Let g be an infs-
preserving map from S into 7. Then g is directed-sups-preserving if and
only if (the lower adjoint of g) [the carrier of CompactSublatt(T) is a finite-
sups-preserving map from CompactSublatt(7") into CompactSublatt(S).
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In this paper X, x, z are sets.

Let S be a non empty non void many sorted signature and let A be a non
empty algebra over S. Observe that J (the sorts of A) is non empty.

Let S be a non empty non void many sorted signature and let A be a non
empty algebra over S.

(Def. 1)  An element of | J (the sorts of A) is said to be an element of A.
We now state two propositions:

(1) For every function f such that X C dom f and f is one-to-one holds
fHfeX) = X

(2) Let I be a set, A be a many sorted set indexed by I, and F' be a many
sorted function indexed by I. If F'is “1-1” and A C domy F(k), then
F~YF°A)=A.

Let S be a non void signature and let X be a many sorted set indexed by the
carrier of S. The functor Freeg(X) yields a strict algebra over S and is defined
by:

(Def. 2) There exists a subset A of Free(X U ((the carrier of S) —— {0})) such
that Freeg(X) = Gen(A) and A = (Reverse(X U ((the carrier of S) —
{0D)~H(X).

We now state four propositions:

1This work has been partially supported by TYPES grant IST-1999-29001.
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(3) Let S be anon void signature, X be a non-empty many sorted set indexed
by the carrier of S, and s be a sort symbol of S. Then (z, s) € the carrier
of DTConMSA(X) if and only if z € X (s).

(4) Let S be anon void signature, Y be a non-empty many sorted set indexed
by the carrier of S, X be a many sorted set indexed by the carrier of S,
and s be a sort symbol of S. Then z € X(s) and = € Y (s) if and only if
the root tree of (x, s) € ((Reverse(Y))™1(X))(s).

(5) Let S be a non void signature, X be a many sorted set indexed by the
carrier of S, and s be a sort symbol of S. If x € X (s), then the root tree
of (x, s) € (the sorts of Freeg(X))(s).

(6) Let S be a non void signature, X be a many sorted set indexed by the
carrier of S, and o be an operation symbol of S. Suppose Arity(o) = 0.
Then the root tree of (o, the carrier of S) € (the sorts of Freeg(X))(the
result sort of o).

Let S be a non void signature and let X be a non empty yielding many
sorted set indexed by the carrier of S. Observe that Freeg(X) is non empty.
One can prove the following three propositions:

(7) Let S be a non void signature and X be a non-empty many sorted set
indexed by the carrier of S. Then z is an element of Free(X) if and only
if x is a term of S over X.

(8) Let S be anon void signature, X be a non-empty many sorted set indexed
by the carrier of S, s be a sort symbol of S, and = be a term of .S over X.
Then x € (the sorts of Free(X))(s) if and only if the sort of z = s.

(9) Let S be a non void signature and X be a non empty yielding many
sorted set indexed by the carrier of S. Then every element of Freeg(X) is
a term of S over X U ((the carrier of S) —— {0}).

Let S be a non empty non void many sorted signature and let X be a non
empty yielding many sorted set indexed by the carrier of S. Note that every
element of Freeg(X) is relation-like and function-like.

Let S be a non empty non void many sorted signature and let X be a non
empty yielding many sorted set indexed by the carrier of S. Note that every
element of Freeg(X) is finite and decorated tree-like.

Let S be a non empty non void many sorted signature and let X be a non
empty yielding many sorted set indexed by the carrier of S. Observe that every
element of Freeg(X) is finite-branching.

One can check that every decorated tree is non empty.

Let S be a many sorted signature and let £ be a non empty binary relation.
The functor Vargt yields a many sorted set indexed by the carrier of S and is
defined as follows:

(Def. 3) For every set s such that s € the carrier of S holds (Varst)(s) = {a1;a
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ranges over elements of rngt : ag = s}.

Let S be a many sorted signature, let X be a many sorted set indexed by
the carrier of S, and let ¢ be a non empty binary relation. The functor Varx ¢
yielding a many sorted subset indexed by X is defined by:

(Def. 4) Varyt= X N Vargt.
We now state several propositions:

(10) Let S be a many sorted signature, X be a many sorted set indexed by
the carrier of S, t be a non empty binary relation, and V' be a many sorted
subset indexed by X. Then V = Varx t if and only if for every set s such
that s € the carrier of S holds V(s) = X (s) N {a1;a ranges over elements
of rngt: ag = s}.

(11) Let S be a many sorted signature and s, = be sets. Then

(i) if s € the carrier of S, then (Varg (the root tree of (z, s)))(s) = {=z},
and

(i) for every set s’ such that s’ # s or s ¢ the carrier of S holds (Varg (the
root tree of {(z, s)))(s') = 0.

(12) Let S be a many sorted signature and s be a set. Suppose s € the carrier
of S. Let p be a decorated tree yielding finite sequence. Then xz € (Varg((z,
the carrier of S)-tree(p)))(s) if and only if there exists a decorated tree ¢
such that ¢ € rngp and = € (Vargt)(s).

(13) Let S be a many sorted signature, X be a many sorted set indexed by
the carrier of S, and s, z be sets. Then

(i) if z € X(s), then (Varx (the root tree of (z, s)))(s) = {z}, and
(ii) for every set s’ such that s’ # s or z ¢ X (s) holds (Vary (the root tree
of (z, 5)))(s') = 0.

(14) Let S be a many sorted signature, X be a many sorted set indexed by
the carrier of S, and s be a set. Suppose s € the carrier of S. Let p be
a decorated tree yielding finite sequence. Then x € (Varx({z, the carrier
of S)-tree(p)))(s) if and only if there exists a decorated tree ¢ such that
t e rngp and = € (Varx t)(s).

(15) Let S be a non void signature, X be a non-empty many sorted set indexed
by the carrier of S, and ¢ be a term of S over X. Then Vargt C X.

Let S be a non void signature, let X be a non-empty many sorted set indexed
by the carrier of S, and let ¢ be a term of S over X. The functor Var; yielding
a many sorted subset indexed by X is defined by:
(Def. 5)  Var; = Vargt.
The following proposition is true

(16) Let S be anon void signature, X be a non-empty many sorted set indexed
by the carrier of S, and t be a term of S over X. Then Var; = Varx t.
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Let S be a non void signature, let Y be a non-empty many sorted set indexed
by the carrier of S, and let X be a many sorted set indexed by the carrier of S.
The functor S-TermsY (X) yielding a subset of Free(Y) is defined as follows:

(Def. 6)  For every sort symbol s of S holds (S-Terms? (X))(s) = {t;t ranges over
terms of S over Y: the sort of t =s A Var, C X}.

One can prove the following propositions:

(17) Let S be a non void signature, Y be a non-empty many sorted set indexed
by the carrier of S, X be a many sorted set indexed by the carrier of S,
and s be a sort symbol of S. If z € (S-TermsY (X))(s), then z is a term
of S over Y.

(18) Let S be a non void signature, Y be a non-empty many sorted set indexed
by the carrier of S, X be a many sorted set indexed by the carrier of .S, ¢ be
a term of S over Y, and s be a sort symbol of S. If t € (S-Terms” (X))(s),
then the sort of t = s and Var; C X.

(19) Let S be anon void signature, Y be a non-empty many sorted set indexed
by the carrier of .S, X be a many sorted set indexed by the carrier of S, and
s be a sort symbol of S. Then the root tree of (z, s) € (S-Terms (X))(s)
if and only if x € X (s) and x € Y (s).

(20) Let S be anon void signature, Y be a non-empty many sorted set indexed
by the carrier of S, X be a many sorted set indexed by the carrier of S, o
be an operation symbol of S, and p be an argument sequence of Sym(o,Y).
Then Sym(o, Y)-tree(p) € (S-TermsY (X))(the result sort of o) if and only
if rngp C |J(S-Terms" (X)).

(21) Let S be a non void signature, X be a non-empty many sorted set
indexed by the carrier of S, and A be a subset of Free(X). Then A is
operations closed if and only if for every operation symbol o of S and
for every argument sequence p of Sym(o, X) such that rngp C [J A holds
Sym(o, X )-tree(p) € A(the result sort of o).

(22) Let S be anon void signature, Y be a non-empty many sorted set indexed
by the carrier of S, and X be a many sorted set indexed by the carrier of
S. Then S-Terms” (X) is operations closed.

(23) Let S be a non void signature, Y be a non-empty many sorted set indexed
by the carrier of S, and X be a many sorted set indexed by the carrier of
S. Then (Reverse(Y)) 1 (X) C S-Terms" (X).

(24) Let S be a non void signature, X be a many sorted set indexed by the
carrier of S, t be a term of S over X U ((the carrier of S) — {0}), and
s be a sort symbol of S. If ¢ € (S -Terms™V((the carrier of $H—{0}) (X)) (5),
then ¢ € (the sorts of Freeg(X))(s).

(25) Let S be a non void signature and X be a many sorted set
indexed by the carrier of S. Then the sorts of Freeg(X) =
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S _TermSXU((the carrier of S)——{0}) (X) )

(26) Let S be a non void signature and X be a many sorted set in-
dexed by the carrier of S. Then Free(X U ((the carrier of S) —
{0})) [(S _TermSXu((the carrier of S)}—>{O})(X)) — FreeS(X).

(27) Let S be a non void signature, X, Y be non-empty many sorted sets
indexed by the carrier of S, A be a subalgebra of Free(X), and B be a
subalgebra of Free(Y). Suppose the sorts of A = the sorts of B. Then the
algebra of A = the algebra of B.

(28) Let S be a non void signature, X be a non empty yielding many sorted
set indexed by the carrier of S, Y be a many sorted set indexed by the
carrier of S, and ¢ be an element of Freeg(X). Then Vargt C X.

(29) Let S be anon void signature, X be a non-empty many sorted set indexed
by the carrier of S, and ¢t be a term of S over X. Then Var; C X.

(30) Let S be a non void signature, X, Y be non-empty many sorted sets
indexed by the carrier of S, t; be a term of S over X, and ¢3 be a term of
S over Y. If t; = to, then the sort of t; = the sort of 5.

(31) Let S be a non void signature, X, Y be non-empty many sorted sets
indexed by the carrier of S, and t be a term of S over Y. If Var; C X,
then t is a term of S over X.

(32) Let S be a non void signature and X be a non-empty many sorted set
indexed by the carrier of S. Then Freeg(X) = Free(X).

(33) Let S be anon void signature, Y be a non-empty many sorted set indexed
by the carrier of S, t be a term of S over Y, and p be an element of dom ¢.
Then Vary, C Var;.

(34) Let S be a non void signature, X be a non empty yielding many sorted
set indexed by the carrier of S, t be an element of Freeg(X), and p be an
element of dom¢. Then ¢[p is an element of Freeg(X).

(35) Let S be anon void signature, X be a non-empty many sorted set indexed
by the carrier of S, t be a term of S over X, and a be an element of rngt.
Then a = (a1, az).

(36) Let S be a non void signature, X be a non empty yielding many sorted
set indexed by the carrier of S, ¢ be an element of Freeg(X), and s be a
sort symbol of S. Then

(i) ifx € (Vargt)(s), then (x, s) € rngt, and
(i) if (z, s) € rngt, then z € (Vargt)(s) and = € X(s).

(37) Let S be a non void signature and X be a many sorted set indexed by the
carrier of S. Suppose that for every sort symbol s of S such that X (s) = ()
there exists an operation symbol o of S such that the result sort of o = s
and Arity(o) = (). Then Freeg(X) is non-empty.

(38) Let S be a non void signature, A be an algebra over S, B be a subalgebra

783
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of A, and o be an operation symbol of S. Then Args(o, B) C Args(o, A).

(39) For every non void signature S and for every feasible algebra A over S
holds every subalgebra of A is feasible.

The following proposition is true

(40) Let S be a non void signature and X be a many sorted set indexed by
the carrier of S. Then Freeg(X) is feasible and free.
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1. PRELIMINARIES

In this paper n is a natural number.
One can prove the following propositions:

(1) For every non empty subset X of £2 and for every compact subset Y of
E% such that X C Y holds N-bound X < N-boundY.

(2) For every non empty subset X of £2 and for every compact subset Y of
5% such that X C Y holds E-bound X < E-boundY.

(3) For every non empty subset X of £2 and for every compact subset Y of
5% such that X C Y holds S-bound X > S-bound Y.

(4) For every non empty subset X of £ and for every compact subset Y of
5% such that X C Y holds W-bound X > W-boundY.

(5) Let f, g be finite sequences of elements of £2. Suppose f is in the area
of g. Let p be an element of the carrier of 5%. If perngf, then f—:pis
in the area of g.

(6) Let f, g be finite sequences of elements of 5%. Suppose f is in the area
of g. Let p be an element of the carrier of £%. If p € rng f, then f:—p is
in the area of g.

!This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.

@ 2001 University of Bialystok

787 ISSN 1426-2630



788 ROBERT MILEWSKI

(7) For every non empty finite sequence f of elements of £2 and for every
point p of £ such that p € Z(f) holds | p, f # 0.

(8) Let f be a non empty finite sequence of elements of £2 and p be a point
of 2. 1f p e L(f) and len | f,p > 2, then f(1) € L(| f,p).

(9) Let f be a non empty finite sequence of elements of 5%. Suppose f is
a special sequence. Let p be a point of E2. If p € L(f), then f(1) ¢
L(mid(f, Index(p, f) + 1,len f)).

(10) For all natural numbers ¢, j, m, n such that i +j = m+n and i < m
and j < n holds i = m.

(11) Let f be a non empty finite sequence of elements of 5’%. Suppose f is a
special sequence. Let p be a point of E2. If p € L(f) and f(1) e L(] p, ),
then f(1) = p.

2. ABouT UPPER AND LOWER SEQUENCE OF A CAGE

Let C' be a compact non vertical non horizontal subset of 5% and let n
be a natural number. The functor UpperSeq(C, n) yielding a finite sequence of
elements of £ is defined as follows:

(Def. 1) UpperSeq(C,n) = ((Cage(C, n))g_mins(cage(c’n)))—:E—max L(Cage(C,n)).
The following proposition is true
(12) For every compact non vertical non horizontal subset C of

5% and for every natural number n holds lenUpperSeq(C,n) =

(E-max Z(Cage(C’, n))) <f ((Cage(C, n))g—min E(Cage(c,n)))'

Let C be a compact non vertical non horizontal subset of £2 and let n be a
natural number. The functor LowerSeq(C, n) yields a finite sequence of elements
of 5’% and is defined as follows:

(Def. 2) LowerSeq(C,n) = ((Cage(C,n))% ™™ #C2Cn)y. B max £(Cage(C,n)).
Next we state the proposition

(13) Let C be a compact non vertical non horizontal subset of
€2 and n be a natural number. Then lenLowerSeq(C,n) =

(len((Cage(C, n))yy ™ &Caee@m)y _ (B max £(Cage(C, n)))

((Cage(07 n))g—min E(Cage(C,n)))) 1
Let C be a compact non vertical non horizontal subset of 5% and let n be a
natural number. Note that UpperSeq(C,n) is non empty and LowerSeq(C,n) is
non empty.
Let C' be a compact non vertical non horizontal subset of £% and let n be
a natural number. Observe that UpperSeq(C,n) is one-to-one special unfolded
and s.n.c. and LowerSeq(C,n) is one-to-one special unfolded and s.n.c..
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The following propositions are true:

(14) For every compact non vertical non horizontal subset C' of £% and for
every natural number n holds len UpperSeq(C,n) + len LowerSeq(C, n) =
len Cage(C,n) + 1.

(15) For every compact non vertical non horizontal subset C of &3

and for every natural number n holds (Cage(C, n))g_ming(cage(c’n)) =

UpperSeq(C, n) ~~ LowerSeq(C,n).
(16) For every compact non vertical non horizontal subset C' of &% and for

every natural number n holds £(Cage(C,n)) = L(UpperSeq(C,n) ~
LowerSeq(C, n)).

(17) For every compact non vertical non horizontal non empty subset
C of &% and for every natural number n holds L(Cage(C,n)) =
L(UpperSeq(C, n)) U L(LowerSeq(C, n)).

(18) For every simple closed curve P holds W-min P # E-min P.

(19) For every compact non vertical non horizontal subset C of &2
and for every natural number n holds len UpperSeq(C,n) > 3 and
len LowerSeq(C, n) > 3.

Let C' be a compact non vertical non horizontal subset of E% and let n
be a natural number. Observe that UpperSeq(C,n) is special sequence and
LowerSeq(C, n) is special sequence.

Next we state several propositions:

(20) For every compact non vertical non horizontal subset C' of €2 and for
every natural number n holds £(UpperSeq(C,n)) N £(LowerSeq(C, n)) =
{W-min £(Cage(C, n)), E-max £(Cage(C, n))}.

(21) For every compact non vertical non horizontal subset C' of 2 holds
UpperSeq(C, n) is in the area of Cage(C,n).

(22) For every compact non vertical non horizontal subset C' of €2 holds
LowerSeq(C, n) is in the area of Cage(C,n).

(23) For every compact connected non vertical non horizontal subset C' of £
holds ((Cage(C, n))z2)2 = N-bound £(Cage(C, n)).

(24) Let C be a compact connected non vertical non horizontal subset of
E2 and k be a natural number. If 1 < k and k + 1 < len Cage(C,n)
and (Cage(C,n)), = BE-max £(Cage(C,n)), then ((Cage(C,n))ps1)1 =
E-bound £(Cage(C, n)).

(25) Let C be a compact connected non vertical non horizontal subset o
&% and k be a natural number. If 1 < k and k + 1 < len Cage(C,n
and (Cage(C,n)), = S-max £(Cage(C,n)), then ((Cage(C,n))ps1)z
S-bound £(Cage(C, n)).

(26) Let C be a compact connected non vertical non horizontal subset of

3

~— =



790

1]
2]
3]
[4]

[11]
[12]
[13]
[14]

[15]
[16]

[17]
[18]

[19]

[20]
[21]

[22]

ROBERT MILEWSKI

&2 and k be a natural number. If 1 < k and k + 1 < lenCage(C,n)
and (Cage(C,n))r = W-min £(Cage(C,n)), then ((Cage(C,n))g+1)1 =

W-bound £L(Cage(C, n)).
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Summary. The main result of the paper is, that the ring of polynomials
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The papers [18], [4], [3], [6], [15], [14], [9], [1], [2], [13], [12], [10], [5], [16], 7],
[17], [8], and [11] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this paper o1, 02 are ordinal numbers.

Let L1, Lo be non empty double loop structures. Let us note that the pre-
dicate L is ring isomorphic to Lo is reflexive. We introduce L; and Ly are
isomorphic as a synonym of L is ring isomorphic to Ls.

We now state the proposition

(1) Let B be a set. Suppose that for every set x holds « € B iff there exists
an ordinal number o such that x = o1+o0 and o € 02. Then 01 +02 = 01UB.

Let 01 be an ordinal number and let 05 be a non empty ordinal number.
Note that 01 4+ 02 is non empty and oy + 01 is non empty.

One can prove the following proposition

(2) Let n be an ordinal number and a, b be bags of n. Suppose a < b. Then
there exists an ordinal number o such that o € n and a(o) < b(0) and for
every ordinal number [ such that [ € o holds a(l) = b(l).
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2. ABOUT BAGS

Let 01, 02 be ordinal numbers, let a be an element of Bags o, and let b be
an element of Bags 0o. The functor a + b yielding an element of Bags(o1 + 02) is
defined as follows:

(Def. 1)  For every ordinal number o holds if o € o1, then (a+b)(0) = a(o) and if
0 € (01 +02) \ 01, then (a+b)(0) = b(o — 01).

One can prove the following propositions:

(3) For every element a of Bagso; and for every element b of Bags oy such
that 09 = () holds a + b = a.

(4) For every element a of Bagso; and for every element b of Bags oy such
that 0; = 0 holds a + b = b.

(5) For every element b; of Bagso; and for every element by of Bags 02 holds
b1 +by = EmptyBag(o1 +02) iff by = EmptyBag 01 and by = EmptyBag os.

(6) For every element c of Bags(o1 +02) there exists an element ¢; of Bags o;
and there exists an element co of Bags oo such that ¢ = ¢ + ¢o.

(7) For all elements by, c; of Bagso; and for all elements be, co of Bags oo
such that by + by = ¢1 + ¢ holds by = ¢ and by = cs.

(8) Let n be an ordinal number, L be an Abelian add-associative right ze-
roed right complementable distributive associative non empty double loop
structure, and p, ¢, r be serieses of n, L. Then (p+q) xr =pxr 4+ qx*r.

3. MAIN RESULTS

Let n be an ordinal number and let L be a right zeroed Abelian add-
associative right complementable unital distributive associative non trivial non
empty double loop structure. Observe that Polynom-Ring(n, L) is non trivial
and distributive.

Let 01, 02 be non empty ordinal numbers, let L be a right zeroed add-
associative right complementable unital distributive non trivial non empty do-
uble loop structure, and let P be a polynomial of 01, Polynom-Ring (o2, L). The
functor Compress P yields a polynomial of o1 + 09, L and is defined by the
condition (Def. 2).

(Def. 2) Let b be an element of Bags(o; + 02). Then there exists an element
b1 of Bagso; and there exists an element by of Bagsoo and there exists
a polynomial @1 of o9, L such that @1 = P(b;) and b = by + be and
(Compress P)(b) = Q1(b2).

Next we state several propositions:
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(9) For all elements by, ¢; of Bagso; and for all elements by, co of Bags os
such that by | ¢1 and b | ¢o holds by + by | ¢1 + c2.

(10) Let b be a bag of 01 + 02, by be an element of Bagso;, and bs be an
element of Bagsos. Suppose b | by + ba. Then there exists an element ¢y
of Bagso; and there exists an element ¢y of Bags o such that ¢; | by and
Co ‘ bQ andb:c1+02.

(11) For all elements aj, by of Bagso; and for all elements ag, by of Bags o2
holds a1 +ao < by + by iff a1 < by or a1 = by and as < bo.

(12) Let by be an element of Bags o1, ba be an element of Bags oz, and G be
a finite sequence of elements of (Bags(o1 + 02))*. Suppose that

(i) domG = Seglendivisors by, and

(ii)  for every natural number i such that i € Seglen divisorsb; there exists
an element a’1 of Bagso; and there exists a finite sequence Fi of elements
of Bags(o1 + 02) such that F, = G; and m; divisorsb; = a} and len F} =
lendivisors by and for every natural number m such that m € dom Fj
there exists an element af of Bagsos such that 7, divisorsby = af and
1 = a} + af.
Then divisors(b; + b2) = Flat(G).

(13) For all elements ai, b1, ¢1 of Bagso; and for all elements ag, b2, ca of
Bags 0y such that ¢; = by —"a; and ¢y = by—"az holds (by+b2)—'(a14a2) =
c1 + co.

(14) Let by be an element of Bags o1, b2 be an element of Bagsos, and G be
a finite sequence of elements of ((Bags(o1 + 02))?)*. Suppose that

(i) domG = Seglendecomp by, and

(ii)  for every natural number ¢ such that i € Seglen decomp b; there exist
elements a, b} of Bagso; and there exists a finite sequence F; of elements
of (Bags(o1 + 02))? such that [} = G; and 7; decompb; = (a},b;) and
len I} = lendecomp by and for every natural number m such that m €
dom Fy there exist elements af, b} of Bagsos such that m,, decomp by =
(af,b]) and 7, F1 = (a} + aff, b} + bY).
Then decomp(b; + b2) = Flat(G).

(15) Let o1, 02 be non empty ordinal numbers and L be an Abelian ri-
ght zeroed add-associative right complementable unital distributive as-
sociative well unital non trivial non empty double loop structure. Then
Polynom-Ring(01, Polynom-Ring (o2, L)) and Polynom-Ring(o1+o02, L) are
isomorphic.
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The terminology and notation used in this paper are introduced in the following
articles: [13], [20], [1], [3], [4], [7], [6], [2], [18], [12], [15], [11], [14], [5], [10], [21],
116], [19], [17], [9], and [8].

1. PRELIMINARIES ON FINITE SEQUENCES

Let D be a set, let p be a finite sequence of elements of D, and let i, j be
natural numbers. The functor Del(p, i, j) yields a finite sequence of elements of
D and is defined by:

(Def. 1) Del(p,i,7) = (pI(i =" 1)) ™ (p);)-
We now state several propositions:

(1) For every set D and for every finite sequence p of elements of D and for
all natural numbers 4, j holds rng Del(p, i, j) C rngp.

(2) Let D be a set, p be a finite sequence of elements of D, and 7, j be natural
numbers. If i € domp and j € domp, then lenDel(p,i,j) = ((lenp — j) +
i) — 1.

(3) Let D be a set, p be a finite sequence of elements of D, and i, j be
natural numbers. If i € domp and j € dom p, then if len Del(p,,j) = 0,
then ¢ =1 and j = lenp.

@ 2001 University of Bialystok
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(4) Let D be a set, p be a finite sequence of elements of D, and i, j,
k be natural numbers. If ¢ € domp and 1 < k and k£ < ¢ — 1, then
(Del(p, i, 5)) (k) = p(k).
(5) For all finite sequences p, ¢ and for every natural number k such that
lenp+ 1 < k holds (p ™~ q)(k) = q(k — lenp).
(6) Let D be a set, p be a finite sequence of elements of D, and i, j, k be
natural numbers. Suppose ¢ € domp and j € domp and ¢ < j and 7 < k
and k < ((lenp — j) +4) — 1. Then (Del(p,i,7))(k) = p((j —"4) + k+ 1).
The scheme FinSeqOneToOne deals with sets A, B, C, a finite sequence D
of elements of C, and a binary predicate P, and states that:
There exists an one-to-one finite sequence g of elements of C such
that A = ¢g(1) and B = g(leng) and rngg C rng D and for every
natural number j such that 1 < j and j < len g holds P[g(j), g(j+
1)]
provided the following requirements are met:
e A=D(1) and B =D(lenD), and
e For every natural number ¢ and for all sets dy, do such that 1 < i
and ¢ < lenD and d; = D(i) and dy = D(i + 1) holds P[dy, da].

2. SEGRE COSETS

Next we state the proposition

(7) Let I be a non empty set, A be a 1l-sorted yielding many sorted set
indexed by I, L be a many sorted subset indexed by the support of A, i
be an element of I, and S be a subset of the carrier of A(7). Then L+-(4,.5)
is a many sorted subset indexed by the support of A.

Let I be a non empty set and let A be a non-Trivial-yielding TopStruct-
yielding many sorted set indexed by I. A subset of Segre_Product A is called a
Segre-Coset of A if it satisfies the condition (Def. 2).

(Def. 2) There exists a Segre-like non trivial-yielding many sorted subset L in-
dexed by the support of A such that it = [[L and L(index(L)) =
Q A(index(L))-
The following proposition is true
(8) Let I be a non empty set, A be a non-Trivial-yielding TopStruct-yielding
many sorted set indexed by I, and B, By be Segre-Cosets of A. If 2 C
Bi N By, then By = Bo.

Let S be a topological structure and let X, Y be subsets of the carrier of
S. We say that X and Y are joinable if and only if the condition (Def. 3) is
satisfied.
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(Def. 3) There exists a finite sequence f of elements of 2the carrier of S gyich that
i) X =f),
(i) Y= f(lenf),
(iii)  for every subset W of the carrier of S such that W € rng f holds W is
closed under lines and strong, and
(iv)  for every natural number i such that 1 < ¢ and ¢ < len f holds 2 C

)N fi+1).
One can prove the following three propositions:

(9) Let S be a topological structure and X, Y be subsets of the carrier of
S. Suppose X and Y are joinable. Then there exists an one-to-one finite
sequence f of elements of 2the carrier of S gyich that

M) X =70

(i) Y= fenf),

(iii)  for every subset W of the carrier of S such that W € rng f holds W is
closed under lines and strong, and

(iv)  for every natural number ¢ such that 1 < ¢ and ¢ < len f holds 2 C
fa)nfli+1).

(10) Let S be a topological structure and X be a subset of the carrier of S.
If X is closed under lines and strong, then X and X are joinable.
(11) Let I be a non empty set, A be a PLS-yielding many sorted set indexed
by I, and X, Y be subsets of the carrier of Segre_Product A. Suppose that
(i) X is non trivial, closed under lines, and strong,

(ii) Y is non trivial, closed under lines, and strong, and

(ili) X and Y are joinable.

Let X1, Y1 be Segre-like non trivial-yielding many sorted subsets indexed
by the support of A. Suppose X = [[ X1 and Y = [[Y1. Then index(X;) =
index (Y1) and for every set i such that ¢ # index(X1) holds X (i) = Y1 (7).

3. COLLINEATIONS OF SEGRE PRODUCT

One can prove the following proposition

(12) Let S be a 1-sorted structure, 7' be a non empty 1-sorted structure, and
f be a map from S into T. If f is bijective, then f~! is bijective.

Let S, T be topological structures and let f be a map from S into T. We
say that f is isomorphic if and only if:
(Def. 4) f is bijective and open and f~! is bijective and open.

Let S be a non empty topological structure. Observe that there exists a map
from S into S which is isomorphic.
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Let S be a non empty topological structure. A collineation of S is an iso-
morphic map from S into S.

Let S be a non empty non void topological structure, let f be a collineation
of S, and let [ be a block of S. Then f°l is a block of S.

Let S be a non empty non void topological structure, let f be a collineation
of S, and let I be a block of S. Then f~1(i) is a block of S.

Next we state a number of propositions:

(13) For every non empty topological structure S and for every collineation
f of S holds f~!is a collineation of S.

(14) Let S be a non empty topological structure, f be a collineation of S,
and X be a subset of the carrier of S. If X is non trivial, then f°X is non
trivial.

(15) Let S be a non empty topological structure, f be a collineation of S,
and X be a subset of the carrier of S. If X is non trivial, then f~(X) is
non trivial.

(16) Let S be a non empty non void topological structure, f be a collineation
of S, and X be a subset of the carrier of S. If X is strong, then f°X is
strong.

(17) Let S be a non empty non void topological structure, f be a collineation
of S, and X be a subset of the carrier of S. If X is strong, then f~1(X) is
strong.

(18) Let S be a non empty non void topological structure, f be a collineation
of S, and X be a subset of the carrier of S. If X is closed under lines, then
f°X is closed under lines.

(19) Let S be a non empty non void topological structure, f be a collineation
of S, and X be a subset of the carrier of S. If X is closed under lines, then
f~Y(X) is closed under lines.

(20) Let S be a non empty non void topological structure, f be a collineation
of S, and X, Y be subsets of the carrier of S. Suppose X is non trivial
and Y is non trivial and X and Y are joinable. Then f°X and f°Y are
joinable.

(21) Let S be a non empty non void topological structure, f be a collineation
of S, and X, Y be subsets of the carrier of S. Suppose X is non trivial
and Y is non trivial and X and Y are joinable. Then f~!(X) and f~(Y)

are joinable.

(22) Let I be a non empty set and A be a PLS-yielding many sorted set
indexed by I. Suppose that for every element i of I holds A(7) is strongly
connected. Let W be a subset of the carrier of Segre_Product A. Suppose
W is non trivial, strong, and closed under lines. Then [ J{Y; Y ranges over
subsets of the carrier of Segre_Product A : Y is non trivial, strong, and
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closed under lines A W and Y are joinable} is a Segre-Coset of A.

(23) Let I be a non empty set and A be a PLS-yielding many sorted set
indexed by I. Suppose that for every element i of I holds A(%) is strongly
connected. Let B be a set. Then B is a Segre-Coset of A if and only if
there exists a subset W of the carrier of Segre_Product A such that W is
non trivial, strong, and closed under lines and B = [J{Y;Y ranges over
subsets of the carrier of Segre_Product A : Y is non trivial, strong, and
closed under lines A W and Y are joinable}.

(24) Let I be a non empty set and A be a PLS-yielding many sorted set
indexed by I. Suppose that for every element ¢ of I holds A(7) is stron-
gly connected. Let B be a Segre-Coset of A and f be a collineation of
Segre_Product A. Then f°B is a Segre-Coset of A.

(25) Let I be a non empty set and A be a PLS-yielding many sorted set
indexed by I. Suppose that for every element i of I holds A(7) is stron-
gly connected. Let B be a Segre-Coset of A and f be a collineation of
Segre_Product A. Then f~!(B) is a Segre-Coset of A.
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The terminology and notation used in this paper have been introduced in the
following articles: [17], [5], [7), [1], [2]. [11], [3], [12], [4], [13], [10], [18], [15], [16],
[14], [8], [9], and [6].

1. PRELIMINARIES

In this paper x, ¥y, z, u, a are real numbers.
We now state a number of propositions:

[u—

If 22 = y2, then x = y or x = —y.
Ifz2=1,thenz=1orz = —1.

If 0 < z and 2 < 1, then 22 < z.

Ifa>0and (x—a)-(r+a) <0, then —a <z and z < a.
If 22 —1 <0, then —1 <z and = < 1.

r <yandz < ziff v <min(y, z).

If 0 <, then § <z and 7 <z.

If x > 1, then /x > 1 and if z > 1, then /z > 1.

-~ W N

~N

N T e e N
co ot
N e e e N N N N

@ 2001 University of Bialystok
801 ISSN 1426-2630



802 YATSUKA NAKAMURA

(9) If z <yand z<u, then [y, 2] C [z,u].
(10) For every point p of £ holds |p| = v/(p1)? + (p2)? and |p|? = (p1)? +
(p2)2~
(11) For every function f and for all sets B, C holds (f[B)°C = f°(C' N B).
(12) Let X be a topological structure, Y be a non empty topological structure,
f be a map from X into Y, and P be a subset of X. Then f[P is a map
from X [P into Y.

(13) Let X, Y be non empty topological spaces, pyg be a point of X, D be a
non empty subset of X, F be a non empty subset of Y, and f be a map
from X into Y. Suppose that D¢ = {pg} and E° = {f(po)} and X is a T
space and Y is a T space and for every point p of X [D holds f(p) # f(po)
and there exists a map h from X|D into Y [E such that h = f[D and h
is continuous and for every subset V' of Y such that f(pg) € V and V is
open there exists a subset W of X such that pg € W and W is open and
f°W C V. Then f is continuous.

2. THE CIRCLE IS A SIMPLE CLOSED CURVE

In the sequel p, ¢ denote points of 5%.
The function SqCirc from the carrier of 5% into the carrier of 5% is defined
by the condition (Def. 1).

(Def. 1) Let p be a point of £%. Then
(i) ifp= Ogz, then SqCirc(p) = p,
(ii)  if p2 < p1 and —p1 < pz or p2 > p1 and p2 < —p1 and if p # Ogz, then
3 — o 1 a 2
SqCire(p) = | .1f(%)2, .Hp(%)z], and
(iii)  if pa € p1 or —p1 £ p2 but p2 % p1 or p2 £ —p1 and p # Oz, then

SqCirc(p) = [r‘.lf(l = n'1+p(2”—1)2]'
p2

We now state a number of propositions:
(14) Let p be a point of £2 such that p # Og%. Then
(i) if p1 < p2 and —p2 < p1 or p1 > p2 and p1 < —p2, then SqCirc(p) =
["Elf(lﬂ)z, q1f(2‘°—1)2]’ and
P2 p2
(i) if p1 £ p2 or —p2 £ p1 and if p1 2 pa or p1 L —p2, then SqCirc(p) =
g_P1 oDz
o b ]
(15) Let X be a non empty topological space and f; be a map from X into
R!. Suppose fi is continuous and for every point g of X there exists a real
number 7 such that fi(q) = r and r > 0. Then there exists a map g from

P1
p2

X into R! such that for every point p of X and for every real number r;
such that fi(p) = holds g(p) = \/r1 and g is continuous.



ON THE SIMPLE CLOSED CURVE PROPERTY OF THE ... 803

(16) Let X be a non empty topological space and fi, fo be maps from X into
R!. Suppose f is continuous and fs is continuous and for every point g of
X holds f2(q) # 0. Then there exists a map g from X into R such that
(i) for every point p of X and for all real numbers r1, 75 such that f1(p) =
and fa(p) = re holds g(p) = (%)2, and
(ii) g is continuous.
(17) Let X be a non empty topological space and fi, fo be maps from X into
R!. Suppose f is continuous and f is continuous and for every point ¢ of
X holds f2(q) # 0. Then there exists a map g from X into R! such that
(i) for every point p of X and for all real numbers r1, 3 such that f1(p) =
and fo(p) = r9 holds g(p) =1+ (%)2, and
(ii) g is continuous.
(18) Let X be a non empty topological space and fi, fo be maps from X into
R!. Suppose f; is continuous and fs is continuous and for every point g of
X holds f2(q) # 0. Then there exists a map g from X into R! such that
(i) for every point p of X and for all real numbers r1, 75 such that f1(p) =

and fa(p) = ro holds g(p) = m7 and

(ii) g is continuous.

(19) Let X be a non empty topological space and fi, fo be maps from X into
R1. Suppose fi is continuous and f5 is continuous and for every point g of

X holds f2(g) # 0. Then there exists a map g from X into R! such that

(i) for every point p of X and for all real numbers r1, 3 such that fi(p) =

and fa(p) = ro holds g(p) = %, and
7'2

(ii) g is continuous.

(20) Let X be a non empty topological space and fi, fo be maps from X into
R!. Suppose f; is continuous and fs is continuous and for every point g of

X holds f2(q) # 0. Then there exists a map g from X into R such that
(i) for every point p of X and for all real numbers r1, 75 such that f1(p) =

and fa(p) = re holds g(p) = %, and
T2

(ii) ¢ is continuous.
(21) Let K; be a non empty subset of €2 and f be a map from (€2)]K; into
R!. Suppose that
(i)  for every point p of £2 such that p € the carrier of (£2)]K; holds

f(p) = a5, and

1+(32)2’
(ii)  for every point g of £% such that ¢ € the carrier of (£2)[K; holds

a1 # 0.
Then f is continuous.

22) Let K be a non empty subset of £2 and f be a map from (£2)[K; into
T T
R!. Suppose that
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(i) for every point p of £ such that p € the carrier of (£2)]K; holds

_ b2
f(p) = q@, and

(ii)  for every point ¢ of £% such that q € the carrier of (£2)[K; holds
a1 # 0.
Then f is continuous.
(23) Let K; be a non empty subset of £2 and f be a map from (£2)] K7 into
R!. Suppose that
(i) for every point p of £ such that p € the carrier of (£2)]K; holds

= g p2
f(p)_ 1+(%)27a‘nd

(ii)  for every point ¢ of £% such that g € the carrier of (£2)[K; holds
g2 # 0.
Then f is continuous.
(24) Let K; be a non empty subset of £2 and f be a map from (£2)] K} into
R!. Suppose that
(i) for every point p of £ such that p € the carrier of (£2)]K; holds

_ P1
f(p) = QT%)Q’ and

(ii) for every point q of £% such that g € the carrier of (£2)[K; holds
g2 # 0.
Then f is continuous.

(25) Let Ky, By be subsets of £2 and f be a map from (£2) Ky into (2)]By.
Suppose f = SqCirc [Ky and By = (the carrier of 5%) \ {05%} and Ky =
{p:(p2<p1 A =p1<pz V p2>p1 A p2<-—p1) A p#0g}. Then f
is continuous.

(26) Let Ko, By be subsets of £2 and f be a map from (£2)[ K into (£2)]Bo.
Suppose f = SqCirc [ Ky and By = (the carrier of £2) \ {Og%} and Ko =

{fp:(pr<p2 A —p2<p1 V p1>p2 A pr<—p2) A p#0g} Then f
is continuous.

In this article we present several logical schemes. The scheme ToplIncl con-
cerns a unary predicate P, and states that:
{p:Plp] N p#0g} C (the carrier of E2)\ {Og2}
for all values of the parameters.
The scheme ToplInter concerns a unary predicate P, and states that:
{p:Plp] N p#0g2} = {pr; pr ranges over points of E2: Plp7|} N
((the carrier of £2) \ {Oggr})
for all values of the parameters.
Next we state several propositions:
(27) Let By be a subset of £2, K be a subset of (£2)] By, and f be a map
from (E2)Bo[Ko into (E2)]By. Suppose f = SqCirc [Kq and By = (the
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carrier of £2) \ {05%} and Ko = {p: (p2 <p1 A —p1 <p2 V p2 >
p1 A p2<-—p1) A p# Og%}. Then f is continuous and Kj is closed.

(28) Let By be a subset of £2, Ky be a subset of (£2)] By, and f be a map
from (£2)]Bol Ko into (€2)]By. Suppose f = SqCirc [Ky and By = (the
carrier of £2) \ {05%} and Ko ={p: (p1 <p2 A —p2<p1 V p1 2
p2 A p1 < —p2) A p# 05%}. Then f is continuous and Kj is closed.

(29) Let D be a non empty subset of 2. Suppose D¢ = {Og%}. Then there
exists a map h from (£2)]D into (£2)]D such that h = SqCirc [D and h
is continuous.

(30) For every non empty subset D of £ such that D = (the carrier of
E2)\ {Og2} holds D® = {0Og2 }.

(31) There exists a map h from 5% into S% such that h = SqCirc and h is
continuous.

(32) SqCirc is one-to-one.

Let us observe that SqCirc is one-to-one.
One can prove the following propositions:
(33) Let K, Cy be subsets of 2. Suppose that
(i) Ko={g:-1=q1 AN -1<g@ AN @<1Va=1A-1<¢gAqg<
1V —-1l=g¢g AN -1<@ag AN@a<1Vi=gp AN-1<q@ AN q@<1}, and
(ii)  C1 = {p2;po ranges over points of E2: |p2| = 1}.
Then SqCirc® Ko = C.
(34) Let P, K5 be subsets of £2 and f be a map from (2)[K> into (€2)]P.
Suppose that
(i) Ko={q:-1=q1 AN -1<q@ AN@<1Va=1A-1<¢gAq¢<
1V -1l=g¢gAN-1<ag ANa<lVi=g¢gA-1<g¢ A q@<1},and
(ii)  f is a homeomorphism.
Then P is a simple closed curve.

(35) Let K3 be a subset of £2. Suppose Ko = {q: —1=q¢1 A =1 < g2 A g2 <
1Vg@=1AN-1<qgp ANgp<lV -1l=gpAN-1<¢aAq@u<lVvi=
g2 N =1 < g1 AN @1 <1}. Then K is a simple closed curve and compact.

(36) For every subset Cy of £2 such that C; = {p; p ranges over points of £2:
|p| = 1} holds C} is a simple closed curve.

3. THE FASHODA MEET THEOREM FOR THE CIRCLE

Next we state a number of propositions:
(37) Let Ko, Co be subsets of £2. Suppose Ko = {p: =1 < p1 A p1 <
1 A =1 <p2 A p2 <1} and Cy = {p1;p1 ranges over points of E3:
Ip1| < 1}. Then SqCirc ~1(Cy) C Kp.
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(38) Let given p. Then
(i) ifp= Ogz, then SqCirc™1(p) = Oz,
(ii) if p2 < p1 and —p1 < p2 or p2 > p1 and p2 < —pp and if p # Og%, then

SqCirc™*(p) = [p1 - \/@,m : \/@]v and

(i)  if p2 £ p1 or —p1 £ p2 but p2 # p1 or p2 £ —p1 and p # Ogz, then
ire—1 — . pP1)2 . P12
SqCire™(p) = [p1 - /1 + (B1)%,p2 - /1 + (13)?].
(39) SqCirc™! is a map from &3 into E2.
(40) Let p be a point of £ such that p # Ogz- Then
(i) ifp1 < p2 and —pa < py or p1 > pa and py < —pa, then SqCirc™! (p) =
. P12 . P1)2
/T (B)2,p /14 (2)2], and
(i) if p1 € p2 or —pa £ p1 and if p; ¥ p2 or p; £ —pa, then SqCirc™!(p) =
e /1T (B2 1+ (2)2)
(41) Let X be a non empty topological space and fi, fa be maps from X into
RL. Suppose fi is continuous and f5 is continuous and for every point g of

X holds f2(g) # 0. Then there exists a map ¢ from X into R! such that
(i)  for every point p of X and for all real numbers 7y, ro such that fi(p) =

and fa(p) = r2 holds g(p) =71+ /1+ (71)?, and

(ii) ¢ is continuous.
(42) Let X be a non empty topological space and f;, fo be maps from X into
RY. Suppose f is continuous and fs is continuous and for every point ¢ of
X holds fa(q) # 0. Then there exists a map g from X into R such that
(i) for every point p of X and for all real numbers 71, 72 such that fi(p) = r;
and fa(p) = r2 holds g(p) =72+ /1 + (71)2, and
(ii) g is continuous.
43) Let K; be a non empty subset of £2 and f be a map from (£2)[K; into
T T
R!. Suppose that
(i)  for every point p of €2 such that p € the carrier of (£2)]K; holds

J®) =p1- /14 (2)2, and

(ii)  for every point g of £% such that ¢ € the carrier of (£2)]K; holds
a1 # 0.

Then f is continuous.
(44) Let K be a non empty subset of £2 and f be a map from (£2)] K} into
R!. Suppose that
(i)  for every point p of £% such that p € the carrier of (£2)]K; holds

f(p) =p2-/1+(52)% and

(ii)  for every point ¢ of £% such that q € the carrier of (£2)[K; holds
a1 # 0.
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Then f is continuous.
(45) Let K; be a non empty subset of £2 and f be a map from (£2)]K; into
R!. Suppose that
(i)  for every point p of £2 such that p € the carrier of (£2)]K; holds

F(p) = p2- 1+ (B2, and

(ii)  for every point ¢ of £% such that q € the carrier of (£2)[K; holds
q2 # 0.
Then f is continuous.
(46) Let K be a non empty subset of £2 and f be a map from (£2)] K} into
R!. Suppose that
(i)  for every point p of £2 such that p € the carrier of (£2)]K; holds

fp) =p1-y/1+(5)? and

(ii) for every point q of £% such that g € the carrier of (£2)[K; holds
g2 # 0.
Then f is continuous.

(47) Let Ko, By be subsets of £2 and f be a map from (£2)[ K into (£2)]Bo.
Suppose f = SqCirc™'|Ky and By = (the carrier of £2)\ {05%} and
Ko={p:(p2<p1 A —p1<p2 V p22>2p1 A p2<—p1) N p#0g}
Then f is continuous.

(48) Let Ko, By be subsets of £2 and f be a map from (£2)[ K into (£2)]Bo.
Suppose f = SqCirc™'|Ky and By = (the carrier of £2)\ {05%} and
Ko={p:(pr <p2 A =p2<p1 V p1>p2 A p1<-p2) A p#0g}
Then f is continuous.

(49) Let By be a subset of £2, K be a subset of (£2)] By, and f be a map
from (€2)[ Byl Ko into (£2)]By. Suppose f = SqCirc™![Kj and By = (the
carrier of £2) \ {05%} and Ko = {p: (p2 <p1 A —p1 <p2 V p2 2>
p1 A p2<—p1) A p# Og%}. Then f is continuous and Kj is closed.

(50) Let By be a subset of £, K be a subset of (%) By, and f be a map
from (E2)[By| Ky into (€2)]By. Suppose f = SqCirc ™' K( and By = (the
carrier of £2) \ {Og%} and Ko ={p: (p1 <p2 A —p2<p1 V p1 2
p2 A p1 < —p2) A p# Og%}. Then f is continuous and K is closed.

(51) Let D be a non empty subset of £2. Suppose D¢ = {Og%}. Then there
exists a map h from (£2)]D into (2)]D such that h = SqCirc™'[D and
h is continuous.

(52) There exists a map h from €2 into 2 such that h = SqCirc™! and h is
continuous.

(54)(i)  SqCirc is a map from £2 into 2,

(ii) rngSqCirc = the carrier of £2, and

!The proposition (53) has been removed.
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(iii)  for every map f from E2% into 2 such that f = SqCirc holds f is a
homeomorphism.

(55) Let f, g be maps from I into 6’%, Co, K3, K4, K5, K¢ be subsets of
8%, and O, I be points of I. Suppose that O = 0 and I = 1 and f is
continuous and one-to-one and g is continuous and one-to-one and Cy =
{p:|p| <1} and K3 = {q1; q1 ranges over points of £2: [¢1| =1 A (q1)2 <
(g1)1 N (q1)2 = —(q1)1} and K4 = {qo2;q2 ranges over points of 5%:
lg2l =1 A (g2)2 > (@2)1 A (g2)2 < —(g2)1} and K5 = {g3; g3 ranges over
points of £3: [g3] =1 A (g3)2 > (¢3)1 A (g3)2 > —(g3)1} and K¢ = {qu; qu
ranges over points of 5%: lgal =1 A (qa)2 < (q4)1 A (qa)2 < —(qa)1} and
f(O) € Ky and f(I) € K3 and ¢g(O) € K¢ and g(I) € K5 and rng f C Cy
and rng g C Cy. Then rng f Nrng g # 0.
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Pythagorean Triples

Freek Wiedijk
University of Nijmegen

Summary. A Pythagorean triple is a set of positive integers {a, b, c} with
a® + b? = ¢*. We prove that every Pythagorean triple is of the form

2 2 2 2
a=n"—m b=2mn c=n"+m

or is a multiple of such a triple. Using this characterization we show that for
every n > 2 there exists a Pythagorean triple X with n € X. Also we show that
even the set of simplified Pythagorean triples is infinite.

MML Identifier: PYTHTRIP.

The articles [6], [7], [2], [8], [5], [1], [3], [4], and [9] provide the terminology and
notation for this paper.

1. RELATIVE PRIMENESS

We follow the rules: a, b, ¢, k, m, n are natural numbers and ¢ is an integer.
Let us consider m, n. Let us observe that m and n are relative prime if and
only if:
(Def. 1) For every k such that k | m and k | n holds k = 1.
Let us consider m, n. Let us observe that m and n are relative prime if and
only if:
(Def. 2) For every prime natural number p holds p tm or p t n.

@ 2001 University of Bialystok
809 ISSN 1426-2630
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2. SQUARES

Let n be a number. We say that n is square if and only if:
(Def. 3) There exists m such that n = m?2.

Let us observe that every number which is square is also natural.

Let n be a natural number. Observe that n? is square.

Let us observe that there exists a natural number which is even and square.
One can check that there exists a natural number which is odd and square.
One can check that there exists a number which is even and square.

One can check that there exists a number which is odd and square.

Let m, n be square numbers. Observe that m - n is square.

We now state the proposition

(1) If m-n is square and m and n are relative prime, then m is square and
n is square.

Let i be an even integer. Observe that 72 is even.
Let i be an odd integer. Observe that 72 is odd.
Next we state three propositions:

(2) i is even iff 42 is even.

(3) If i is even, then i2 mod 4 = 0.

(4) Ifiis odd, then %2 mod 4 = 1.
Let m, n be odd square numbers. Note that m + n is non square.
One can prove the following two propositions:

(5) If m2 = n2, then m = n.

(6) m | niff m? | n2.

3. DISTRIBUTIVE LAw FOR HCF

We now state two propositions:
(7) mlnork=0iff k-m|k-n.
(8) ged(k-m,k-n)=Fk-gced(m,n).

4. UNBOUNDED SETS ARE INFINITE

We now state the proposition

(9) For every set X such that for every m there exists n such that n > m
and n € X holds X is infinite.
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5. PYTHAGOREAN TRIPLES

We now state three propositions:

(10) If @ and b are relative prime, then a is odd or b is odd.

(11) Suppose a? + b2 = c2 and a and b are relative prime and a is odd. Then
there exist m, n such that m < n and a =n? —m?2 and b=2-m - n and
c=n?+m?2

(12) Ifa=n%2—-m2and b=2-m-n and ¢ = n? +m?, then a? + b2 = 2.

A subset of N is called a Pythagorean triple if:

(Def. 4) There exist a, b, ¢ such that a® + b% = ¢? and it = {a, b, c}.
In the sequel X is a Pythagorean triple.
Let us note that every Pythagorean triple is finite.

Let us note that the Pythagorean triple can be characterized by the following
(equivalent) condition:

(Def. 5) There exist k, m, n such that m < n and it = {k - (n? —m?2),k-(2-m -
n), k- (n2 +m?2)}.

Let us consider X. We say that X is degenerate if and only if:
(Def. 6) 0€ X.
We now state the proposition
(13) If n > 2, then there exists X such that X is non degenerate and n € X.
Let us consider X. We say that X is simplified if and only if:

(Def. 7) For every k such that for every n such that n € X holds k | n holds
k=1

Let us consider X. Let us observe that X is simplified if and only if:

(Def. 8) There exist m, n such that m € X and n € X and m and n are relative
prime.
One can prove the following proposition
(14) Ifn > 0, then there exists X such that X is non degenerate and simplified
and 4-n € X.
Let us note that there exists a Pythagorean triple which is non degenerate
and simplified.
The following propositions are true:
(15) {3,4,5} is a non degenerate simplified Pythagorean triple.
(16) {X : X is non degenerate A X is simplified} is infinite.
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Some Remarks on Finite Sequences on
Go-boards!

Adam Naumowicz
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Summary. This paper shows some properties of finite sequences on Go-
boards. It also provides the partial correspondence between two ways of decom-
position of curves induced by cages.

MML Identifier: JORDAN1F.

The articles [20], [24], [8], [19], [9], [2], [3], [22], [4], [15], [14], [16], [18], [5],
(7], [13], [1], [6], [12], [17], [23], [21], [10], and [11] provide the terminology and
notation for this paper.

We follow the rules: 4, j, k, n denote natural numbers, f denotes a finite
sequence of elements of the carrier of 5%, and G denotes a Go-board.

We now state several propositions:
(1) Suppose that
(i)  f is a sequence which elements belong to G,
(i) L£(Go(i,5),G o (i, k) meets L(f),
(iii) (4, j) € the indices of G,
) (i, k) € the indices of G, and
) j<k
Then there exists n such that j < n and n < k and (Go(i,n))2 =
inf (proj2°(L(G o (i,5), G o (i,k)) N L(f))).
(2) Suppose that
(

i)  f is a sequence which elements belong to G,
(i) L(Go(i,5),G o (i,k)) meets L(f),
(iii) (4, j) € the indices of G,

(iv) (¢, k) € the indices of G, and

!This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.
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(v) j<k.
Then there exists n such that j < n and n < k and (Go(i,n))2 =
sup(proj2°(L(G o (i, 7), G o (i, k)) N L([)))-

(3) Suppose that

(i)  f is a sequence which elements belong to G,

(i) L(Go(j,i),Go (ki) meets £(f),

(iii) (4, i) € the indices of G,

(iv)  (k, i) € the indices of G, and

(v) j<k.
Then there exists n such that 7 < n and n < k and (Go(n,i)); =
inf (proj1°(L(G o (j.),G o (k,i)) N L(f))).

(4) Suppose that

) f is a sequence which elements belong to G,

) L(Go(j,i),G o (k,i)) meets L(f),

(iii) (4, i) € the indices of G,

) (k, i) € the indices of G, and

) J<k.

Then there exists n such that j < n and n < k and (G o (n,i))1 =

sup(proj1°(L(G o (j,1), G o (k1)) N L(f)))-

(5) For every compact non vertical non horizontal subset C of €2 and for
every natural number n holds (UpperSeq(C, n)); = W-min £(Cage(C, n)).

(6) For every compact non vertical non horizontal subset C of £2 and for
every natural number n holds (LowerSeq(C,n)); = E-max £(Cage(C, n)).

(7) For every compact non vertical non horizontal subset C' of % and
for every matural number n holds (UpperSeq(C,n))ien UpperSeq(C;n)
E-max £(Cage(C, n)).

(8) For every compact non vertical non horizontal subset C' of 2 and
for every natural number n holds (LowerSeq(C,n))ien LowerSeq(Cin)
W-min £(Cage(C, n)).

(9) Let C be a compact non vertical non horizontal subset of €2 and n be a
natural number. Then £(UpperSeq(C, n)) = UpperArc £(Cage(C,n)) and
L(LowerSeq(C,n)) = LowerArc £(Cage(C,n)) or L£(UpperSeq(C,n)) =
LowerArc £(Cage(C, n)) and £(LowerSeq(C, n)) = UpperArc £(Cage(C, n)).

We adopt the following convention: C' is a compact non vertical non hori-
zontal non empty subset of £2 satisfying conditions of simple closed curve, p is
a point of 2, and i1, j1, i2, j2 are natural numbers.

Next we state four propositions:

(10) Let C be a connected compact non vertical non horizontal subset of €%

and n be a natural number. Then UpperSeq(C,n) is a sequence which
elements belong to Gauge(C,n).
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(11) Let f be a finite sequence of elements of £2. Suppose that
(i)  f is a sequence which elements belong to G,
(ii)  there exist i, j such that (i, j) € the indices of G and p = G o (4,7),
and
(iii)  for all iy, 1, 42, jo such that (i1, 71) € the indices of G and (is, jo) € the
indices of G and p = Go(iy,71) and fi = Go(ia, j2) holds |ia—i1|+|j2—71| =
1.
Then (p) ™ f is a sequence which elements belong to G.

(12) Let C be a connected compact non vertical non horizontal subset of £2
and n be a natural number. Then LowerSeq(C,n) is a sequence which
elements belong to Gauge(C,n).

(13) Suppose py = W-bound C;E'b‘)‘mdc and p2 = inf(proj2°(L(Gauge(C, 1) o
(Center Gauge(C, 1), 1~), Gauge(C, 1) o (Center Gauge(C, 1), width Gauge
(C,1))) N UpperArc L(Cage(C,i + 1)))). Then there exists j such that
1
(

< j and j < width Gauge(C,i + 1) and p = Gauge(C,i + 1) o
Center Gauge(C,i + 1), 7).
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The terminology and notation used here are introduced in the following articles:
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In this paper n is a natural number.

Let us note that there exists a finite sequence which is trivial.

The following proposition is true

(1) For every trivial finite sequence f holds f is empty or there exists a set
x such that f = (z).

Let p be a non trivial finite sequence. Observe that Rev(p) is non trivial.
We now state four propositions:

(2) Let D be a non empty set, f be a finite sequence of elements of D, G be
a matrix over D, and p be a set. Suppose f is a sequence which elements
belong to G. Then f —: p is a sequence which elements belong to G.

(3) Let D be a non empty set, f be a finite sequence of elements of D, G be
a matrix over D, and p be an element of D. Suppose p € rng f. Suppose f
is a sequence which elements belong to G. Then f:—p is a sequence which
elements belong to G.

(4) Let C be a compact connected non vertical non horizontal subset of 2.
Then UpperSeq(C,n) is a sequence which elements belong to Gauge(C, n).

(5) Let C be a compact connected non vertical non horizontal subset of 2.
Then LowerSeq(C, n) is a sequence which elements belong to Gauge(C, n).
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Let C' be a compact connected non vertical non horizontal subset of 5%
and let n be a natural number. Note that UpperSeq(C,n) is standard and
LowerSeq(C, n) is standard.

One can prove the following propositions:

(6) Let G be a column Y-constant line Y-increasing matrix over £2 and iy,
i2, j1, j2 be natural numbers. Suppose (i1, j1) € the indices of G and (ig,
jg) € the indices of G. If (G o (’il,jl))z == (G @) (ig,jQ))z, then jl = jg.

(7) Let G be a line X-constant column X-increasing matrix over £2 and iy,
i2, j1, jo be natural numbers. Suppose (i1, j1) € the indices of G and (i2,
Jj2) € the indices of G. If (G o (i1,j1))1 = (G o (i2, j2))1, then iy = ia.

(8) For every mnon trivial finite sequence f of elements of E2 holds
N-min £(f) € rng f.

(9) For every mnon trivial finite sequence f of elements of E2 holds
N-max L(f) € rng f.

(10) For every non trivial finite sequence f of elements of E2 holds
E-min £(f) € rng f.

(11) For every non trivial finite sequence f of elements of E2 holds
E-max L(f) € rng f.

(12) For every non trivial finite sequence f of elements of E2 holds
S-min L(f) € rng f.

(13) For every non trivial finite sequence f of elements of E2 holds
S-max L(f) € g f.

(14) For every non trivial finite sequence f of elements of E2 holds
W-min £(f) € rng f.

(15) For every non trivial finite sequence f of elements of E2 holds
W-max L(f) € rng f.

(16) Let f be a standard special unfolded non trivial finite sequence of
clements of 2. If f; # N-minZ(f) and fim; # N-minZ(f) or
fi # N-maxZ(f) and fienf # N-max £(f), then (N-minZ(f)); <
(N-max £(f))1.

(17) Let f be a standard special unfolded non trivial finite sequence of
elements of £2. If fi # N—minE(f) and fienf # N—minEN(f) or fi #
N-max £(f) and fienf # N-max £(f), then N-min £(f) # N-max L(f).

(18) Let f be a standard special unfolded non trivial finite sequence
of elements of 2. If f; # S-minL(f) and fien; # S-minL(f) or
fi # S-maxL(f) and flenf # S-max £(f), then (S—minZ(f))l <
(S-max L(f))1.

(19) Let f be a standard special unfolded non trivial finite sequence of

elements of £2. If f; # S—min/:’(f) and fien s # S—rnin/j(f) or fi #



UPPER AND LOWER SEQUENCE ON THE CAGE. PART ... 819

S-max £(f) and fien f # S-max £(f), then S-min £(f) # S-max L(f).

(20) Let f be a standard special unfolded non trivial finite sequence of
elements of 2. If f1 # W-min £(f) and fienf # W-min £(f) or
fi # W-max £(f) and flenf # W-max £(f), then (W-minZ(f))s <
(W-max L(f))a-

(21) Let f be a standard special unfolded non trivial finite sequence of ele-
ments of 2. If f; # W—minZ(f) and fienf # W-minf(f) or fi #
W-max £(f) and fien f # W-max L(f), then W-min £(f) # W-max L(f).

(22) Let f be a standard special unfolded non trivial finite sequence
of elements of 2. If f; # E-minZ(f) and fim; # E-minZ(f) or
fi # BE-maxZ(f) and flenf # E-max £(f), then (E-minZ(f))z <
(E-max L(f))2.

(23) Let f be a standard special unfolded non trivial finite sequence of
elements of E2. If f; # E-min£(f) and fim; # E-min £(f) or fi #
E-max £(f) and fienf # E-max £(f), then E-min £(f) # E-max L(f).

(24) Let D be a non empty set, f be a finite sequence of elements of D, and
p, q¢ be elements of D. If p € rng f and ¢ € tng f and q «P f < p «P f,
then (f —:p):=q=(f:=q) —:p.

(25) Let C be a compact connected non vertical non horizontal sub-
set of ~5% and n be a natural number. Then L(Cage(C,n) —:
W-min £(Cage(C,n))) N L(Cage(C,n) :— W-minL(Cage(C,n))) =
{N-min £(Cage(C,n)), W-min £(Cage(C,n))}.

(26) For every compact connected non vertical non horizontal subset
C of SA% holds LowerSeq(C,n) = ((Cage(C,n))g_maxs(cage(c’n))) -
W-min £(Cage(C,n)).

(27) For every compact non vertical non horizontal subset C' of &2 holds
(W-min £(Cage(C,n))) <P UpperSeq(C,n) = 1.

(28) For every compact non vertical non horizontal subset C' of EZ holds
(W-min £(Cage(C,n))) <P UpperSeq(C,n) < (W-max L(Cage(C,n))) <P
UpperSeq(C, n).

(29) For every compact non vertical non horizontal subset C' of &2 holds
(W-max £(Cage(C,n))) «P UpperSeq(C,n) < (N-min £(Cage(C,n))) <P
UpperSeq(C, n).

(30) For every compact non vertical non horizontal subset C' of EZ holds
(N-min £(Cage(C,n))) <P UpperSeq(C,n) < (N-max L(Cage(C,n))) <P
UpperSeq(C, n).

(31) For every compact non vertical non horizontal subset C' of &% holds
(N-max £(Cage(C,n))) <P UpperSeq(C,n) < (E-max L(Cage(C,n))) <
UpperSeq(C, n).
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(32) For every compact non vertical non horizontal subset C of £2 holds
(E-max £(Cage(C, n))) «f UpperSeq(C, n) = len UpperSeq(C, n).

(33) For every compact non vertical non horizontal subset C' of €% holds
(E-max £(Cage(C, n))) <P LowerSeq(C,n) = 1.

(34) For every compact connected non vertical non horizontal sub-
set C' of &2 holds (E-max L(Cage(C,n))) <P LowerSeq(C,n) <
(E-min £(Cage(C,n))) <P LowerSeq(C, n).

(35) For every compact connected non vertical non horizontal sub-
set C of &% holds (E-min£(Cage(C,n))) «P LowerSeq(C,n) <
(S-max £(Cage(C, n))) <P LowerSeq(C, n).

(36) For every compact connected non vertical non horizontal sub-
set C of E% holds (S-max L(Cage(C,n))) <P LowerSeq(C,n) <
(S-min £(Cage(C,n))) «p LowerSeq(C, n).

(37) For every compact connected mnon vertical non horizontal sub-
set C of &2 holds (S-min L(Cage(C,n))) <P LowerSeq(C,n) <
(W-min £(Cage(C,n))) < LowerSeq(C, n).

(38) For every compact connected non vertical non horizontal subset C' of €2
holds (W-min £(Cage(C, n))) <p LowerSeq(C,n) = len LowerSeq(C, n).

(39) For every compact connected non vertical non horizontal subset C' of £2
holds ((UpperSeq(C,n))2)1 = W-bound £(Cage(C, n)).

(40) For every compact connected non vertical non horizontal subset C' of £%
holds ((LowerSeq(C,n))2)1 = E-bound £(Cage(C, n)).

(41) For every compact connected non vertical non horizontal subset C' of £
holds W-bound £(Cage(C, n)) 4+ E-bound £(Cage(C,n)) = W-bound C +
E-bound C.

(42) For every compact connected non vertical non horizontal subset C' of
€2 holds S-bound L(Cage(C,n))+ N-bound £(Cage(C, n)) = S-bound C +
N-bound C.

(43) Let C be a compact connected non vertical non horizontal subset of £%
and n, i be natural numbers. If 1 < 4 and ¢ < width Gauge(C,n) and n > 0,
then (Gauge(C,n) o (Center Gauge(C,n),i)); = W-bound CE-bound €

(44) Let C be a compact connected non vertical non horizontal subset of £2
and n, ¢ be natural numbers. If 1 < i and ¢ < len Gauge(C,n) and n > 0,
then (Gauge(C,n) o (i, Center Gauge(C,n)))e = S'boundC+N'b°undC

(45) Let f be a S-sequence in R? and kq, ko be natural numbers 1<k
and k1 <len f and 1 < kg and ko < len f and f; € E(mld(f, k1,k2)), then
k‘l =1or kz =1.

(46) Let f be a S-sequence in R? and k1, k2 be natural numbers. If 1 < ky
and k; <len f and 1 < ko and ky < len f and fien s € E(mld(f ki, k2)),
then k1 =len f or ky = len f.
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(47) Let C be a compact non vertical non horizontal subset of £2 and n
be a natural number. Then rng UpperSeq(C,n) C rng Cage(C,n) and
rng LowerSeq(C, n) C rng Cage(C, n).

(48) For every compact non vertical non horizontal subset C' of 2 holds
UpperSeq(C,n) is a h.c. for Cage(C,n).

(49) For every compact non vertical non horizontal subset C' of &% holds
Rev(LowerSeq(C,n)) is a h.c. for Cage(C,n).

(50) Let C be a compact connected non vertical non horizontal subset of
E2 and i be a natural number. If 1 < i and i < len Gauge(C,n), then
Gauge(C,n) o (i,1) ¢ rng UpperSeq(C, n).

(51) Let C be a compact connected non vertical non horizontal subset of
&2 and i be a natural number. If 1 < i and i < len Gauge(C,n), then
Gauge(C, n) o (i, width Gauge(C,n)) ¢ rng LowerSeq(C, n).

(52) Let C be a compact connected non vertical non horizontal subset of
£} and i be a natural number. If 1 < 7 and i < len Gauge(C,n), then
Gauge(C,n) o (i,1) ¢ L(UpperSeq(C,n)).

(53) Let C be a compact connected non vertical non horizontal subset of
E2 and i be a natural number. If 1 < 7 and @ < len Gauge(C,n), then
Gauge(C, n) o (i, width Gauge(C,n)) ¢ L(LowerSeq(C,n)).

(54) Let C be a compact connected non vertical non horizontal subset of £2
and i, j be natural numbers. Suppose 1 < i and i < len Gauge(C,n) and
1 < jand j < width Gauge(C, n) and Gauge(C,n)o(i,7) € L(Cage(C,n)).

Then £(Gauge(C,n)o(i,1), Gauge(C,n)o (i, 7)) meets L(LowerSeq(C,n)).
(55) Let C be a compact connected non vertical non horizontal sub-
set of NS% and n be a natural number. If n > 0, then
FPoint(L(UpperSeq(C,n)), W-min £(Cage(C,n)), E-max £L(Cage(C,n)),
W-bound £(Cage(C,n))+E-bound £(Cage(C,n)) )
2

VerticalLine € rng UpperSeq(C, n).
(56) Let C be a compact connected non vertical non horizontal sub-
set of Né’% and n be a natEral number. If n_> 0, then
LPoint(L(LowerSeq(C, n)), E-max £(Cage(C, n)), W-min £(Cage(C, n)),
W-bound £(Cage(C,n))+E-bound £(Cage(C,n)) )
2

VerticalLine € rng LowerSeq(C, n).

(57) For every S-sequence f in R? and for every point p of €% such that

p € rng f holds | f,p = mid(f,1,p <P f).
(58) Let f be a S-sequence in R? and @ be a closed subset of 2.

Suppose L(f) meets @ and f; ¢~Q and FPoint(L(f), f1, fienf, Q) €

I‘Ilgf- T}}Vell E(mid(fa17(FPOint(ﬁ(f)7f17flcnf7Q)) P f)) N Q =
{FPoint(L(f), f1, fien s, Q) }-

(59) Let C be a compact connected non vertical non horizontal sub-
set of 5% and m be a natural number. Suppose n > 0.
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Let k£ be a natural number. Suppose 1 < &k and k£ <
(FPoint(L(UpperSeq(C,n)), W-min £(Cage(C, n)), E-max L(Cage(C,n)),
W-bound E(Cage(C’,n));—E—bound £(Cage(C,n)) )) p ijperseq(cv7 TL) '

Then ((UpperSeq(C’, n))k)l < W—boundE(Cage(C,n));—E—boundE(Cage(C,n)).

(60) Let C be a compact connected non vertical non horizontal sub-
set of 5% and n be a natural number. Suppose n > 0.
Let k& be a natural number. Suppose 1 < k and k£ <
(FPoint(£(Rev(LowerSeq(C, n))), W-min £(Cage(C, n)), E-max £(Cage
(C, n)), VerticalLine W-bound E(Cage(C,n));—E—bound £(Cage(C,n)) )) p

Rev(LowerSeq(C,n)).
Then ((RGV(LOWGFSGQ(C, n)))k)l < W-bound E(Cage(C,n));—E-bound £(Cage(C,n)) )

(61) Let C be a compact connected non vertical non horizontal subset of £2
and n be a natural number. Suppose n > 0. Let ¢ be a point of 5%. Suppose
q € rng mid(UpperSeq(C,n), 2, (FPoint(E(UpperSeq(C’, n)), W-min E(Cage
(C,n)), E-max £(Cage(C, n)),

W-bound £(Cage(C,n))+E-bound £(Cage(C,n)) ))

VerticalLine

VerticalLine «p UpperSeq(C, n)).

2
Then q; < W—boundE(Cage(C,n));—E—bound £(Cage(C,n))

(62) Let C be a compact connected non vertical non horizontal sub-

set of 5;% and n be a natural number. Suppose n > 0. Then
(FPoint(L(UpperSeq(C,n)), W-min £(Cage(C, n)), E-max £(Cage(C,n)),
W-bound E(Cage(C,n));E—boundE(Cage(C,n))))2 > (LPOint(E

VerticalLine

(LowerSeq(C, n)), E-max £(Cage(C, n)), W-min £(Cage(C, n)),
W-bound £(Cage(C,n))+E-bound £(Cage(C,n)) ) )
2

VerticalLine 2.

(63) Let C be a compact connected non vertical non horizontal subset of
E2 and n be a natural number. If n > 0, then Z(UpperSeq(C, n)) =
UpperArc £(Cage(C, n)).

(64) Let C be a compact connected non vertical non horizontal subset of
&% and n be a natural number. If n > 0, then Z(LowerSeq(C, n)) =
LowerArc £(Cage(C, n)).

(65) Let C be a compact connected non vertical non horizontal subset of
5% and n be a natural number. Suppose n > 0. Let 4, j be natu-
ral numbers. Suppose 1 < i and i < len Gauge(C,n) and 1 < j and
j < width Gauge(C,n) and Gauge(C,n) o (i,j) € L£(Cage(C,n)). Then

L(Gauge(C,n)o(i,1), Gauge(C,n)o(i,j)) meets LowerArc £L(Cage(C,n)).

REFERENCES

[1] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.
[2] Jozef Biatas. Group and field definitions. Formalized Mathematics, 1(3):433-439, 1990.



UPPER AND LOWER SEQUENCE ON THE CAGE. PART ... 823

Czestaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formalized
Mathematics, 1(3):529-536, 1990.

Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

Czestaw Bylinski. Some properties of restrictions of finite sequences. Formalized Mathe-
matics, 5(2):241-245, 1996.

Czestaw Bylinski. Gauges. Formalized Mathematics, 8(1):25-27, 1999.

Czestaw Bylinski and Piotr Rudnicki. Bounding boxes for compact sets in £2. Formalized
Mathematics, 6(3):427-440, 1997.

Czestaw Bylifiski and Mariusz Zynel. Cages - the external approximation of Jordan’s
curve. Formalized Mathematics, 9(1):19-24, 2001.

Agata Darmochwal. Compact spaces. Formalized Mathematics, 1(2):383-386, 1990.
Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.
Agata Darmochwal and Yatsuka Nakamura. The topological space £2. Arcs, line segments
and special polygonal arcs. Formalized Mathematics, 2(5):617-621, 1991.

Adam Grabowski and Yatsuka Nakamura. The ordering of points on a curve. Part II.
Formalized Mathematics, 6(4):467-473, 1997.

Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

Katarzyna Jankowska. Matrices. Abelian group of matrices. Formalized Mathematics,
2(4):475-480, 1991.

Artur Kornitowicz, Robert Milewski, Adam Naumowicz, and Andrzej Trybulec. Gauges
and cages. Part I. Formalized Mathematics, 9(3):501-509, 2001.

Jarostaw Kotowicz and Yatsuka Nakamura. Introduction to Go-board - part I. Formalized
Mathematics, 3(1):107-115, 1992.

Robert Milewski. Upper and lower sequence of a cage. Formalized Mathematics, 9(4):787—
790, 2001.

Yatsuka Nakamura and Czestaw Bylinski. Extremal properties of vertices on special
polygons. Part 1. Formalized Mathematics, 5(1):97-102, 1996.

Yatsuka Nakamura and Roman Matuszewski. Reconstructions of special sequences. For-
malized Mathematics, 6(2):255-263, 1997.

Yatsuka Nakamura and Andrzej Trybulec. Decomposing a Go-board into cells. Formalized
Mathematics, 5(3):323-328, 1996.

Yatsuka Nakamura and Andrzej Trybulec. A decomposition of a simple closed curves and
the order of their points. Formalized Mathematics, 6(4):563-572, 1997.

Beata Padlewska. Connected spaces. Formalized Mathematics, 1(1):239-244, 1990.
Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Andrzej Trybulec. On the decomposition of finite sequences. Formalized Mathematics,

5(3):317-322, 1996.

Andrzej Trybulec and Yatsuka Nakamura. On the order on a special polygon. Formalized
Mathematics, 6(4):541-548, 1997.

Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(3):575-579,
1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Zinaida Trybulec and Halina Swieczkowska. Boolean properties of sets. Formalized Ma-
thematics, 1(1):17-23, 1990.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Received September 28, 2001



824 ROBERT MILEWSKI



FORMALIZED MATHEMATICS

Volume 9, Number 4, 2001
University of Bialystok

Zero-Based Finite Sequences

Tetsuya Tsunetou Grzegorz Bancerek Yatsuka Nakamura
Kyushu University Shinshu University Shinshu University
Nagano Nagano

MML Identifier: AFINSQ-1.

The terminology and notation used in this paper are introduced in the following
papers: [11], [4], (7, [6], [5], [1], [3], [2], [8], [12], [13], [10], and [9].

We follow the rules: k, n are natural numbers, x, y, z, y1, y2, X are sets,
and f is a function.

One can prove the following propositions:

1) nen+1.

2) If k<n,thenk=FknNn.

3) If k=knNmn, then k < n.

nU{n}=n+1.

Segn Cn+ 1.

n+ 1= {0} USegn.

For every function r holds r is finite and transfinite sequence-like iff there

N N N N N /S
(G2 NN
N e N N N N

exists n such that domr = n.

Let us mention that there exists a function which is finite and transfinite
sequence-like.

A finite 0-sequence is a finite transfinite sequence.

In the sequel p, g, r denote finite 0-sequences.

Observe that every set which is natural is also finite. Let us consider p. One
can verify that dom p is natural.

Let us consider p. Then P is a natural number and it can be characterized
by the condition:

(Def. 1) P = domp.

We introduce len p as a synonym of p.

Let us consider p. Then dom p is a subset of N.

Next we state the proposition

@ 2001 University of Bialystok
825 ISSN 1426-2630
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(8) If there exists k such that dom f C k, then there exists p such that f C p.

In this article we present several logical schemes. The scheme XSeqFx deals
with a natural number A and a binary predicate P, and states that:
There exists p such that domp = A and for every k such that
k € A holds Pk, p(k)]
provided the following conditions are satisfied:
e For all k, y1, y2 such that k € A and Pk, y1| and P[k, yz] holds
Y1 = y2, and
e For every k such that k € A there exists x such that Pk, z].
The scheme SeqLambda deals with a natural number A and a unary functor
F yielding a set, and states that:
There exists a finite O-sequence p such that lenp = A and for
every k such that k € A holds p(k) = F(k)
for all values of the parameters.
Next we state several propositions:

(9) 1If z € p, then there exists k such that k € domp and z = (k, p(k)).
(10) If dom p = dom ¢ and for every k such that k& € dom p holds p(k) = q(k),

then p = gq.
(11) If lenp = leng and for every k such that k < lenp holds p(k) = q(k),
then p =gq.

(12) pln is a finite O-sequence.
(13) If rngp C dom f, then f - p is a finite 0-sequence.
(14) If k <lenp and q = plk, then leng = k and dom g = k.
Let D be a set. Observe that there exists a transfinite sequence of elements
of D which is finite.
Let D be a set. A finite 0-sequence of D is a finite transfinite sequence of
elements of D.
We now state the proposition
(15) For every set D holds every finite 0-sequence of D is a partial function
from N to D.
One can verify that ) is transfinite sequence-like.
Let D be a set. Observe that there exists a partial function from N to D
which is finite and transfinite sequence-like.
In the sequel D is a set.
Next we state two propositions:

(16) For every finite 0-sequence p of D holds p[k is a finite 0-sequence of D.
(17) For every non empty set D there exists a finite 0-sequence p of D such
that lenp = k.
One can verify that there exists a finite 0-sequence which is empty.
One can prove the following propositions:
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(18) lenp=0iff p=0.
(19) For every set D holds ) is a finite 0-sequence of D.
Let D be a set. One can verify that there exists a finite 0-sequence of D
which is empty.
Let us consider x. The functor (gz) yielding a set is defined as follows:
(Def. 2) (o) = {(0, ) }.
Let D be a set. The functor (), yields an empty finite 0-sequence of D and
is defined by:

(Def. 3) ()p =0.
Let us consider p, g. Observe that p ™ ¢ is finite. Then p ™ ¢ can be charac-
terized by the condition:
(Def. 4) dom(p ™ q) = lenp + lenq and for every k such that k& € domp holds
(p~q)(k) = p(k) and for every k such that k € dom ¢ holds (p ™ ¢q)(lenp +
k) = q(k).
The following propositions are true:
(20) len(p " ¢q) =lenp+leng.
(21) Iflenp < k and k < lenp +leng, then (p ™ q)(k) = q(k — lenp).
(22) Iflenp < k and k <len(p " ¢q), then (p ™ q)(k) = q(k — lenp).
(23) If k € dom(p ™ q), then k € dom p or there exists n such that n € dom ¢
and k =lenp + n.
(24) For all transfinite sequences p, ¢ holds domp C dom(p " q).
(25) If x € domg, then there exists k such that kK = x and lenp + k €

dom(p ~ q).

(26) If k € domg, then lenp + k € dom(p ™ q).
(27) rngp Cng(p " q).

(28) rngg Cng(p " q).

(29) g(p~ q) =rngpUrnggq.

(30) (p"q@) " r=p~(q"7).

(31) Ifp~r=q " rorr " p=r"gq, then p=gq.
(32) p~0=pand 0~ p=np.

(33) Iftp~q=0, then p=10 and ¢ = 0.

Let D be a set and let p, ¢ be finite 0-sequences of D. Then p ~ ¢ is a
transfinite sequence of elements of D.

Let us consider z. Then (px) is a function and it can be characterized by the
condition:

(Def. 5) dom(px) =1 and {pz)(0) = =.

Let us consider z. One can verify that (px) is function-like and relation-like.
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Let us consider z. One can check that (gx) is finite and transfinite sequence-
like.
One can prove the following proposition
(34) Suppose p " ¢ is a finite 0-sequence of D. Then p is a finite 0-sequence
of D and q is a finite O-sequence of D.

Let us consider z, y. The functor (px,y) yielding a set is defined by:

(Def. 6) {0z, y) = (0x) ~ (0y)-
Let us consider z. The functor (oz,y, z) yields a set and is defined by:

(Def. 7)oz, y,2) = (0z) ~ {0y) ~ {02)-

Let us consider x, y. One can check that (ox,y) is function-like and relation-
like. Let us consider z. One can verify that (o, y, z) is function-like and relation-
like.

Let us consider z, y. One can check that (ox,y) is finite and transfinite
sequence-like. Let us consider z. Observe that (oz,y, z) is finite and transfinite
sequence-like.

One can prove the following propositions:

W W
(=2 NG

oz) iff domp =1 and rngp = {z}.

w
J

ox) iff lenp = 1 and rmgp = {z}.

w
co

ox) iff lenp = 1 and p(0) = x.
~p)(0) ==

=~
= O

<0$,y, Z> = <()CC> - <0y,Z> and <()$,y,2> = <[)(L',y> - <02>'
p = {oz,y) iff lenp = 2 and p(0) = x and p(1) = y.

=~
W N

p = (ox,y, 2) iff lenp = 3 and p(0) = x and p(1) = y and p(2) = z.
If p # (), then there exist ¢,  such that p = ¢~ {(ox).
Let D be a non empty set and let z be an element of D. Then (pzx) is a finite
0-sequence of D.
The scheme IndXSeq concerns a unary predicate P, and states that:
For every p holds P[p|
provided the following conditions are met:
o P[0, and
e For all p, z such that P[p| holds P[p ™ (oz)].
We now state the proposition

A~ N N N N N N/~ /N
W~ w
= Nej
—_— Y T N D T

(45) For all finite O-sequences p, g, r, s such that p~¢ =r"s and lenp < lenr
there exists a finite 0-sequence t such that p ~t = r.

Let D be a set. The functor D% yields a set and is defined as follows:
(Def. 8) x € D¥ iff x is a finite 0-sequence of D.



ZERO-BASED FINITE SEQUENCES 829

Let D be a set. One can check that D“ is non empty.
One can prove the following propositions:

(46) x € DY iff z is a finite 0-sequence of D.

(47) 0 e D~.

The scheme SepSeq deals with a non empty set A and a unary predicate P,
and states that:

There exists X such that for every x holds x € X iff there exists
p such that p € A¥ and P[p] and z = p
for all values of the parameters.

Let p be a finite 0-sequence and let i, = be sets. Note that p +- (i,x) is
finite and transfinite sequence-like. We introduce Replace(p, i, z) as a synonym
of p+- (i, x).

One can prove the following proposition

(48) Let p be a finite O-sequence, i be a natural number, and z be
a set. Then lenReplace(p,i,x) = lenp and if i < lenp, then
(Replace(p, i,x))(i) = x and for every natural number j such that j # ¢
holds (Replace(p,i,x))(5) = p(j)-

Let D be a non empty set, let p be a finite 0-sequence of D, let ¢ be a natural

number, and let a be an element of D. Then Replace(p, i, a) is a finite 0-sequence
of D.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[2] Grzegorz Bancerek. Increasing and continuous ordinal sequences. Formalized Mathema-
tics, 1(4):711-714, 1990.

[3] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[4] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[5] Grzegorz Bancerek and Andrzej Trybulec. Miscellaneous facts about functions. Formalized
Mathematics, 5(4):485-492, 1996.

[6] Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

[7] Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

[8] Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

[9] Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

[10] Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

[11] Zinaida Trybulec and Halina Swiqczkowska. Boolean properties of sets. Formalized Ma-
thematics, 1(1):17-23, 1990.

[12] Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

[13] Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Received September 28, 2001



830 TETSUYA TSUNETOU et al.



FORMALIZED MATHEMATICS

Volume 9, Number 4, 2001
University of Bialystok

More on the External Approximation of

a Continuum!

Andrzej Trybulec
University of Biatystok
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Some auxiliary facts are proved, too. At the end new notions needed for internal
approximation are defined and some useful lemmas are proved.
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The terminology and notation used in this paper have been introduced in the
following articles: [28], [40], [1], [3], [12], [29], [14], [4], [5], [37], [33], [13], [6],
[20], [21], [26], [32], [9], [35], [24], [18], [27], [25], 8], [11], [17], [2], [36], [38], [30],
[10], [16], [41], [43], [42], [19], [23], [34], [39], [31], [15], [44], [22], and [7].

1. PRELIMINARIES

For simplicity, we follow the rules: m, k, j, j1, ¢, 91, 42, n are natural numbers,
r, s, r1, t are real numbers, C', D are compact non vertical non horizontal non
empty subsets of E%, f is a finite sequence of elements of the carrier of 8%, G is
a Go-board, and p is a point of 5%.
We now state three propositions:

(1) For all sets A, z, y such that A meets {z,y} holds x € A or y € A.

(2) Ifr<0andr1<rand0<t,then%<%.

(3) For every set X and for every binary relation R such that R is reflexive

in X holds X C field R.

!This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.
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Let us observe that there exists a set which has a non-empty element.

Let D be a non empty set with a non-empty element. Observe that there
exists a finite sequence of elements of D* which is non empty and non-empty.

Let D be a non empty set with non empty elements. One can check that there
exists a finite sequence of elements of D* which is non empty and non-empty.

Let F' be a non-empty function yielding function. Note that rng, F(k) is
non-empty.

Let us note that every finite sequence of elements of R which is increasing
is also one-to-one.

One can prove the following propositions:

4
5
6
7

For all points p, g of £2 holds L(p,q) \ {p, ¢} is convex.

For all points p, ¢ of €% holds L(p, q) \ {p, ¢} is connected.

For all points p, ¢ of £2 such that p # ¢ holds p € Lp, )\ {p,q}.

For all points p, g of £2 such that p # ¢ holds L(p, q) \ {p,q} = L(p, q).

Let S be a subset of the carrier of £2 and p, ¢ be points of E2. If p # ¢
and L(p,q) \ {p,q} € S, then L(p,q) C S.

~~ /N~ /N
— — — — —

2. TRANSFORMING FINITE SETS TO FINITE SEQUENCES

The binary relation RealOrd on R is defined by:
(Def. 1) RealOrd = {(r, s) : r < s}.
Next we state two propositions:
(9) If (r, s) € RealOrd, then r < s.
(10) field RealOrd = R.

Let us note that RealOrd is ordering and linear-order.
The following propositions are true:
(11) RealOrd linearly orders R.
(12) For every finite subset A of R holds SgmX(RealOrd, A) is increasing.
(13) For every finite sequence f of elements of R and for every finite subset
A of R such that A = rng f holds SgmX(RealOrd, A) = Inc(f).
Let A be a finite subset of R. One can verify that SgmX(RealOrd, A) is
increasing.
Next we state two propositions:
(14) Let X be a non empty set, A be a finite subset of X, and R be an order
in X. If R linearly orders A, then len SgmX(R, A) = card A.

(15) For every non empty set X and for every finite subset A of X and for
every linear-order order R in X holds len SgmX(R, A) = card A.
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3. ON THE CONSTRUCTION OF (GO-BOARDS

Next we state two propositions:
(16) For every finite sequence f of elements of £2 holds X-coordinate(f) =
projl-f.
(17) For every finite sequence f of elements of £2 holds Y-coordinate(f) =
proj2-f.

Let D be a non empty set and let M be a finite sequence of elements of D*.
Then Values M is a subset of D.

Let D be a non empty set with non empty elements and let M be a non empty
non-empty finite sequence of elements of D*. One can verify that Values M is
non empty.

The following propositions are true:

(18) For every non empty set D and for every matrix M over D and for every
i such that i € Segwidth M holds rng(Mp;) € Values M.

(19) For every non empty set D and for every matrix M over D and for every
i such that ¢ € dom M holds rng Line(M, i) C Values M.

(20) For every column X-increasing non empty yielding matrix G over £
holds len G < card(proj1° Values G).

(21) For every line X-constant matrix G over €2 holds card(proj1° Values G) <
lenG.

(22) For every line X-constant column X-increasing non empty yielding ma-
trix G over €2 holds len G = card(proj1° Values G).

(23) For every line Y-increasing non empty yielding matrix G over €% holds
width G < card(proj2° Values G).

(24) For every column Y-constant non empty yielding matrix G over 5% holds
card(proj2° Values G) < width G.

(25) For every column Y-constant line Y-increasing non empty yielding ma-
trix G over €2 holds width G = card(proj2° Values G).

4. MORE ABOUT GO-BOARDS

Next we state several propositions:

(26) For every standard special circular sequence f such that 1 < k and
k+ 1 <len f holds L(f, k) C leftcell(f, k).

(27) For every standard special circular sequence f such that 1 < k and
k+ 1 <len f holds left_cell(f, k, the Go-board of f) = leftcell(f, k).

(28) For every standard special circular sequence f such that 1 < k and
k+1<len f holds L(f, k) C rightcell(f, k).
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(29) For every standard special circular sequence f such that 1 < k and
k+ 1 <len f holds right_cell(f, k, the Go-board of f) = rightcell(f, k).

(30) Let P be a subset of £% and f be a non constant standard special circular

sequence. If P is a component of (L£(f))¢, then P = RightComp(f) or
P = LeftComp( f).

(31) Let f be a non constant standard special circular sequence. Suppose
f is a sequence which elements belong to G. Let given k. If 1 < &k
and k + 1 < lenf, then Intright_cell(f,k,G) C RightComp(f) and
Int left_cell(f, k, G) C LeftComp(f).

(32) Let i1, j1, i2, j2 be natural numbers and G be a Go-board. Suppose (i1,
j1) € the indices of G and (iz, j2) € the indices of G and G o (i1,j1) =
Go (ig,jg). Then il = ig and j1 = jg.

(33) Let f be a finite sequence of elements of £2 and M be a Go-board.
Suppose f is a sequence which elements belong to M. Then mid(f, i1, 2)
is a sequence which elements belong to M.

Let us mention that every Go-board is non empty and non-empty.
The following propositions are true:

(34) For every Go-board G such that 1 < 4 and ¢ < lenG holds
(SgmX(RealOrd, proj1° Values G)) (i) = (G o (i,1))1.
(35) For every Go-board G such that 1 < j and j < widthG holds
(SgmX(RealOrd, proj2° Values G))(j) = (G o (1,7))2.
(36) Let f be a non empty finite sequence of elements of 6’% and G be a
Go-board. Suppose that
(i)  fis a sequence which elements belong to G,
(ii)  there exists i such that (1, ¢) € the indices of G and G o (1,7) € rng f,
and
(iii)  there exists ¢ such that (len G, i) € the indices of G and Go(lenG, i) €
rng f.
Then proj1°rng f = projl° Values G.
(37) Let f be a non empty finite sequence of elements of 5% and G be a
Go-board. Suppose that
(i)  f is a sequence which elements belong to G,
(ii)  there exists ¢ such that (i, 1) € the indices of G and G o (i,1) € rng f,
and
(iii)  there exists ¢ such that (i, widthG) € the indices of G and G o
(1, width G) € rng f.
Then proj2° rng f = proj2° Values G.
Let G be a Go-board. Observe that Values G is non empty.
One can prove the following three propositions:

(38) For every Go-board G holds G = the Go-board of SgmX(RealOrd,
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projl°® Values G), SgmX(RealOrd, proj2° Values G).

(39) Let f be a non empty finite sequence of elements of £2 and G
be a Go-board. If projl°rng f = projl° ValuesG and proj2°rng f =
proj2° Values G, then G = the Go-board of f.

(40) Let f be a non empty finite sequence of elements of £2 and G be a
Go-board. Suppose that

(i)  f is a sequence which elements belong to G,

(ii)  there exists ¢ such that (1, ¢) € the indices of G and G o (1,4) € rng f,

(iii)  there exists ¢ such that (i, 1) € the indices of G and G o (i,1) € rng f,

(iv)  there exists i such that (len G, i) € the indices of G and Go(len G, i) €

rng f, and

(v)  there exists i such that (i, widthG) € the indices of G and G o
(i, width G) € rng f.

Then G = the Go-board of f.

5. MORE ABOUT GAUGES

The following propositions are true:
(41) Ifm <nand1<iandi+1<lenGauge(C,n), then |-=2- +2] is a

on—'m

natural number.

(42) If m < mand 1 <7 and i+ 1 < lenGauge(C,n), then 1 < LQZ:,Qm + 2|
and L;;?m + 2] + 1 < len Gauge(C,m).

(43) Suppose m < nand 1 <iandi+1 <lenGauge(C,n) and 1 < j and j+
1 < width Gauge(C,n). Then there exist 41, j; such that i = sz;?m +2|
and j; = LQZ:/QM +2] and cell(Gauge(C,n), i, j) C cell(Gauge(C,m), i1, j1).

(44) Suppose m < nand 1 < ¢ and 7+ 1 < len Gauge(C,n) and 1 < j and
j + 1 < width Gauge(C,n). Then there exist i1, j; such that 1 < 4y and
i1+ 1 <len Gauge(C,m) and 1 < j; and j; + 1 < width Gauge(C, m) and
cell(Gauge(C, n),i,7) C cell(Gauge(C, m),i1,J1)-

(45) If i < len Gauge(C,n), then cell(Gauge(C,n),i,0) C UBD C.

(46) If i < lenGauge(C,n), then cell(Gauge(C,n), 7, width Gauge(C,n)) C
UBDC.

(47) For every subset P of £% such that P is Bounded holds UBD P is not
Bounded.

(48) Let f be a non constant standard special circular sequence. If f% is

clockwise oriented, then f is clockwise oriented.

(49) For every non constant standard special circular sequence f such that
LeftComp(f) = UBD L(f) holds f is clockwise oriented.
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6. MORE ABOUT CAGES

The following propositions are true:
(50) LeftComp(Cage(C,1))¢ = RightComp(Cage(C,1)).

(51) If C is connected, then the Go-board of Cage(C,n) = Gauge(C,n).

(52) If C is connected, then N-min C' € rightcell(Cage(C,n), 1).

(53) IfC'is connected and i < j, then £(Cage(C, j)) € RightComp(Cage(C,1)).
(54) If C is connected and i < j, then LeftComp(Cage(C,i)) C

LeftComp(Cage(C, j)).

(55) If C is connected and i < j, then RightComp(Cage(C,j)) C
RightComp(Cage(C, )).

7. PREPARING THE INTERNAL APPROXIMATION

Let us consider C, n. The functor X-SpanStart(C,n) yielding a natural number
is defined as follows:
(Def. 2) X-SpanStart(C,n) =2"""1 42,
Next we state three propositions:
(56) X-SpanStart(C,n) = Center Gauge(C, n).
(57) 2 < X-SpanStart(C,n) and X-SpanStart(C,n) < len Gauge(C, n).
(58) 1 < X-SpanStart(C,n) —' 1 and X-SpanStart(C,n) — 1 <
len Gauge(C, n).
Let us consider C, n. We say that n is sufficiently large for C' if and only if:
(Def. 3) There exists j such that j < width Gauge(C,n) and cell(Gauge(C, n),
X-SpanStart(C,n) =" 1,7) € BDDC.
One can prove the following propositions:
(59) If n is sufficiently large for C, then n > 1.
(60) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 5%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, j1
be natural numbers. Suppose that
(i) left_cell(f,len f —' 1, Gauge(C,n)) meets C,
(ii) (i1, j1) € the indices of Gauge(C,n),
(iii)  fien =1 = Gauge(C,n) o (i1, j1),
(iv) (i1, j1 + 1) € the indices of Gauge(C,n), and
(v)  fieny = Gauge(C,n) o (i1,j1 + 1).
Then (i1 —' 1, j1 + 1) € the indices of Gauge(C,n).
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(61) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 5%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, j1
be natural numbers. Suppose that

(i)  left_cell(f,len f —' 1, Gauge(C,n)) meets C,

(i1)  (é1, j1) € the indices of Gauge(C,n),

(ili)  fien =1 = Gauge(C,n) o (i1, j1),

(iv) (i1 + 1, j1) € the indices of Gauge(C,n), and

(v)  fienr = Gauge(C,n) o (i1 + 1, j1).

Then (i1 + 1, j1 + 1) € the indices of Gauge(C,n).

(62) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 5%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let j1, iy
be natural numbers. Suppose that

(i) left_cell(f,len f —' 1, Gauge(C,n)) meets C,

(ii)  (i2 + 1, j1) € the indices of Gauge(C,n),

(i) fien f—1 = Gauge(C,n) o (i2 + 1, j1),

(iv)  (i2, j1) € the indices of Gauge(C,n), and

(V) fieny = Gauge(C, n) o (i2, j1)

Then (ig, j1 —' 1) € the indices of Gauge(C, n).

(63) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 5%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, j2
be natural numbers. Suppose that

(i) left_cell(f,len f —' 1, Gauge(C,n)) meets C,

(ii) (41, j2 + 1) € the indices of Gauge(C,n),

(111) flenf—’l = Gauge(C, n) e) (il,jg + 1),

(iv) (i1, j2) € the indices of Gauge(C,n), and

(V) fieny = Gauge(C, n) o (i1, ja).

Then (i1 + 1, j2) € the indices of Gauge(C,n).

(64) Let C be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 5%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, j1
be natural numbers. Suppose that

(i)  front_left_cell(f,len f —' 1, Gauge(C,n)) meets C,

(ii) (i1, j1) € the indices of Gauge(C,n),

(iii)  fien -1 = Gauge(C,n) o (i1, j1),

(iv) (i1, j1 + 1) € the indices of Gauge(C,n), and

(V) flenf = Gauge(C7 n) ° (ilajl + 1)

Then (i1, j1 + 2) € the indices of Gauge(C,n).
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(65) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 6'%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, j1
be natural numbers. Suppose that

(i)  front_left_cell(f,len f =" 1, Gauge(C,n)) meets C,

(ii) (i1, j1) € the indices of Gauge(C,n),

(iii)  fien -1 = Gauge(C,n) o (i1, j1),

(iv) (i1 + 1, j1) € the indices of Gauge(C,n), and

(V) flenf = Gauge(C, n) ° (Zl + 1aj1)'

Then (i1 + 2, j1) € the indices of Gauge(C,n).

(66) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 6'%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let j1, i
be natural numbers. Suppose that

(i)  front_left_cell(f,len f —' 1, Gauge(C,n)) meets C,

(i1)  (i2+ 1, 71) € the indices of Gauge(C,n),

(iii) flenf—’l = Gauge(C, n) @) (ig + 1,j1),

(iv)  (i2, 71) € the indices of Gauge(C,n), and

(V) fieny = Gauge(C, n) o (i2, j1).

Then (is —' 1, j1) € the indices of Gauge(C, n).

(67) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 6'%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, j2
be natural numbers. Suppose that

(i)  front_left_cell(f,len f —' 1, Gauge(C, n)) meets C,

(i1) (41, j2 + 1) € the indices of Gauge(C,n),

(111) flenf—’l = Gauge(C, n) e (il,jg + 1),

(iv) (i1, j2) € the indices of Gauge(C,n), and

(V) fieny = Gauge(C, n) o (i1, ja2).

Then (i1, j2 —' 1) € the indices of Gauge(C, n).

(68) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 6'%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, j1
be natural numbers. Suppose that

(i)  front_right_cell(f,len f —' 1, Gauge(C,n)) meets C,

(ii) (i1, j1) € the indices of Gauge(C,n),

(iii)  fien -1 = Gauge(C,n) o (i1, j1),

(iv) (i1, j1 + 1) € the indices of Gauge(C,n), and

(V) flenf = Gauge(C, TL) ° (ilvjl + 1)

Then (i1 + 1, j1 + 1) € the indices of Gauge(C,n).
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(69) Let C' be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of 5%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, j1
be natural numbers. Suppose that

(i)  front.right_cell(f,len f —' 1, Gauge(C,n)) meets C,

(ii) (i1, j1) € the indices of Gauge(C,n),

(iii) Jien f-'1 = GaUge(Cv n) © (ilaj1)7

(iv) (i1 + 1, j1) € the indices of Gauge(C,n), and

(V) fiens = Gauge(C,n) o (i1 + 1, j1).

Then (i; + 1, j1 —' 1) € the indices of Gauge(C,n).

(70) Let C be a compact non vertical non horizontal non empty subset of

6’%, given n, and f be a finite sequence of elements of E%. Suppose f is a

sequence which elements belong to Gauge(C,n) and len f > 1. Let ji, iy

be natural numbers. Suppose that
front_right_cell(f,len f —' 1, Gauge(C
(ia + 1, j1) € the indices of Gauge(C

) ,n)) meets C,
) n

(111) flenf—’l = Gauge(C, n) ©) (22 + l,jl),
)
)

;)

(2, j1) € the indices of Gauge(C,n), and
fien f = Gauge(C, n) o (iz, j1).

Then (i2, j1 + 1) € the indices of Gauge(C,n).

(71) Let C be a compact non vertical non horizontal non empty subset of
5%, given n, and f be a finite sequence of elements of E%. Suppose f is a
sequence which elements belong to Gauge(C,n) and len f > 1. Let i1, jo
be natural numbers. Suppose that

(i)  front_right_cell(f,len f —' 1, Gauge(C,n)) meets C,
(ii) (41, j2 + 1) € the indices of Gauge(C,n),

(iii) flenf—’l = GaUge(Cv n) © (ilan + 1)7

(iv) (i1, j2) € the indices of Gauge(C,n), and
(V) fien s = Gauge(C,n) o (i1, j2).

Then (i; —' 1, j2) € the indices of Gauge(C,n).
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More on the Finite Sequences on the Plane!
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Summary. We continue proving lemmas needed for the proof of the Jordan
curve theorem. The main goal was to prove the last theorem being a mutation
of the first theorem in [13].
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The articles [16], [7], [2], [4], [19], [6], [18], [5], [12], [15], [14], [9], [1], [3], [21],
[22], [11], [10], [20], [17], and [8] provide the terminology and notation for this

paper.

1. PRELIMINARIES

The following proposition is true
(1) For all sets A, x, y such that A C {x,y} and x € A and y ¢ A holds
A= {z}.

Let us note that there exists a function which is trivial.

2. FINITE SEQUENCES

We adopt the following convention: G denotes a Go-board and i, j, k, m, n

denote natural numbers.
Let us note that there exists a finite sequence which is non constant.

Next we state a number of propositions:

!This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.
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(2) For every non trivial finite sequence f holds 1 < len f.

(3) For every non trivial set D and for every non constant circular finite
sequence f of elements of D holds len f > 2.

(4) For every finite sequence f and for every set = holds = € rng f or = <P
f=0.

(5) Let p be aset, D be a non empty set, f be a non empty finite sequence of
elements of D, and g be a finite sequence of elements of D. If p <P f = len f,
then f ~g—>p=g.

(6) For every non empty set D and for every non empty one-to-one finite
sequence f of elements of D holds fien f <P f = len f.

(7) For all finite sequences f, g holds len f <len(f ~ g).

(8) For all finite sequences f, g and for every set x such that 2 € rng f holds
xP f=xP(f ~g).

(9) For every non empty finite sequence f and for every finite sequence g
holds len g < len(f ~ g).

(10) For all finite sequences f, g holds rng f C rng(f ~ g).

(11) Let D be a non empty set, f be a non empty finite sequence of elements
of D, and g be a non trivial finite sequence of elements of D. If gien 4 = f1,
then f ~ g is circular.

(12) Let D be a non empty set, M be a matrix over D, f be a finite sequence
of elements of D, and g be a non empty finite sequence of elements of D.
Suppose fien f = g1 and f is a sequence which elements belong to M and
g is a sequence which elements belong to M. Then f ~ g is a sequence
which elements belong to M.

(13) For every set D and for every finite sequence f of elements of D such
that 1 < k holds (f(k+1),..., f(len f)) = fix.

(14) For every set D and for every finite sequence f of elements of D such
that k£ <len f holds (f(1),..., f(k)) = flk.

(15) Let p be a set, D be a non empty set, f be a non empty finite sequence of
elements of D, and g be a finite sequence of elements of D. If p <P f = len f,
then f ~g«—p={(f(1),...,f(len f —"1)).

(16) Let D be a non empty set and f, g be non empty finite sequences of
elements of D. If g1 <P f =len f, then (f ~~g):—g1 = g.

(17) Let D be a non empty set and f, g be non empty finite sequences of
elements of D. If g1 <P f =len f, then (f ~~g) —:g1 = f.

(18) Let D be a non trivial set, f be a non empty finite sequence of elements
of D, and g be a non trivial finite sequence of elements of D. Suppose
g1 = fiens and for every ¢ such that 1 < 7 and i < len f holds f; # g1.
Then (f = )5 =g~ .
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3. ON THE PLANE

We now state several propositions:

(19) For every non trivial finite sequence f of elements of EZ holds L(f,1) =
L(f12).

(20) For every s.c.c. finite sequence f of elements of 5% and for every n such
that n <len f holds f[n is s.n.c..

(21) For every s.c.c. finite sequence f of elements of £2 and for every n such
that 1 < n holds f|, is s.n.c..

(22) Let f be a circular s.c.c. finite sequence of elements of 5% and given n.
If n <len f and len f > 4, then f[n is one-to-one.

(23) Let f be a circular s.c.c. finite sequence of elements of 6%. Suppose
len f > 4. Let 4, j be natural numbers. If 1 < ¢ and ¢ < j and j < len f,
then fz 7& fj'

(24) Let f be a circular s.c.c. finite sequence of elements of £2 and given n.
If 1 <n and len f > 4, then f,, is one-to-one.

(25) For every special non empty finite sequence f of elements of £2 holds
(f(m),..., f(n)) is special.
(26) Let f be a special non empty finite sequence of elements of 5% and g be
a special non trivial finite sequence of elements of é’%. If fienf = g1, then
f ~~ g is special.
(27)  For every circular unfolded s.c.c. finite sequence f of elements of £2 such
that len f > 4 holds £(f,1) N L(fj1) = {f1, fo}-
Let us note that there exists a finite sequence of elements of 5% which is
one-to-one, special, unfolded, s.n.c., and non empty.
We now state several propositions:

(28) For all finite sequences f, g of elements of £2 such that j < len f holds
L(f ~g,7) = L(].])-

(29) For all non empty finite sequences f, g of elements of £% such that 1 < j
and j 4+ 1 < leng holds L(f ~ g,len f + j) = L(g,j + 1).

(30) Let f be a non empty finite sequence of elements of £% and g be a
non trivial finite sequence of elements of 6’%. If fienf = g1, then L(f —
g,len f) = L(g,1).

(31) Let f be a non empty finite sequence of elements of £% and ¢ be a non
trivial finite sequence of elements of 2. If j + 1 < leng and fienf = g1,
then L(f ~~g,lenf+j)=L(g,7+1).

(32) Let f be a non empty s.n.c. unfolded finite sequence of elements of £2
and given i. If 1 < i and ¢ < len f, then L(f,i) Nrng f = {fi, fi+1}

845
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(33) Let f, g be non trivial s.n.c. one-to-one unfolded finite sequences of

elements of 5%. If Z(f) N Z(g) ={fi,01} and fi = Gieng and g1 = fien f,
then f ~~ g is s.c.c..

In the sequel f, g are finite sequences of elements of 5%.
The following propositions are true:

(34) If f is unfolded and g is unfolded and fiens = g1 and L(f,len f —"1)N
L£(9,1) = {fien s}, then f ~~ g is unfolded.

(35) If f is non empty and g is non trivial and fien f = g1, then E(f ~g) =
L(f)UL(g)-
(36) Suppose that
(i)  for every m such that n € dom f there exist ¢, j such that (i, j) € the
indices of G and f,, = G o (i,7),
(ii)  f is non constant, circular, unfolded, s.c.c., and special, and
(iii) lenf > 4.
Then there exists g such that
g is a sequence which elements belong to GG, unfolded, s.c.c., and special,

)
) L(f) = L(g),
(Vl) fl = g1,
) flenf = Jleng, and
) lenf <leng.
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Summary. In this article we give some technical concepts for multivariate
polynomials with arbitrary number of variables. Monomials and constant poly-
nomials are introduced and their properties with respect to the eval functor are
shown. In addition, the multiplication of polynomials with coefficients is defined
and investigated.
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The notation and terminology used here are introduced in the following articles:
[6], [10], [15], [13], [1], [12], [7], [9], 8], [2], [14], [3], [11], [4], and [5].

1. PRELIMINARIES

Let us note that there exists a non empty zero structure which is non trivial.

Let us observe that every zero structure which is non trivial is also non
empty.

Let us mention that there exists a non trivial double loop structure which is
Abelian, left zeroed, right zeroed, add-associative, right complementable, unital,
associative, commutative, distributive, and integral domain-like.

Let R be a non empty zero structure and let a be an element of R. We say
that a is non-zero if and only if:

(Def. 1) a # Og.
Let R be a non trivial zero structure. Note that there exists an element of
R which is non-zero.
Let X be a set, let R be a non empty zero structure, and let p be a series of
X, R. We say that p is non-zero if and only if:

@ 2001 University of Bialystok
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(Def. 2) p#0.(X,R).
Let X be a set and let R be a non trivial zero structure. One can check that
there exists a series of X, R which is non-zero.
Let n be an ordinal number and let R be a non trivial zero structure. Note
that there exists a polynomial of n, R which is non-zero.
The following two propositions are true:
(1) Let X be a set, R be a non empty zero structure, and s be a series of
X, R. Then s = 0_(X, R) if and only if Support s = ().
(2) Let X be a set and R be a non empty zero structure. Then R is non
trivial if and only if there exists a series s of X, R such that Support s # ().
Let X be a set and let b be a bag of X. We say that b is univariate if and
only if:
(Def. 3) There exists an element u of X such that supportb = {u}.
Let X be a non empty set. Note that there exists a bag of X which is
univariate.
Let X be a non empty set. Note that every bag of X which is univariate is
also non empty.

2. POLYNOMIALS WITHOUT VARIABLES

We now state three propositions:

(3) For every bag b of () holds b = EmptyBag ().

(4) Let L be a right zeroed add-associative right complementable well unital
distributive non trivial double loop structure, p be a polynomial of (), L,
and x be a function from () into L. Then eval(p, z) = p(EmptyBag ).

(5) Let L be a right zeroed add-associative right complementable well unital
distributive non trivial double loop structure. Then Polynom-Ring((), L)
is ring isomorphic to L.

3. MONOMIALS

Let X be a set, let L be a non empty zero structure, and let p be a series of
X, L. We say that p is monomial-like if and only if:

(Def. 4) There exists a bag b of X such that for every bag b’ of X such that &’ # b
holds p(b') = 0.
Let X be a set and let L be a non empty zero structure. Note that there
exists a series of X, L which is monomial-like.
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Let X be a set and let L be a non empty zero structure. A monomial of X,
L is a monomial-like series of X, L.

Let X be a set and let L be a non empty zero structure. One can check that
every series of X, L which is monomial-like is also finite-Support.

The following proposition is true

(6) Let X be a set, L be a non empty zero structure, and p be a series of
X, L. Then p is a monomial of X, L if and only if Supportp = () or there
exists a bag b of X such that Support p = {b}.

Let X be a set, let L be a non empty zero structure, let a be an element of
L, and let b be a bag of X. The functor Monom(a, b) yields a monomial of X,
L and is defined as follows:

(Def. 5) Monom(a,b) = 0_(X, L) +- (b, a).
Let X be a set, let L be a non empty zero structure, and let m be a monomial
of X, L. The functor term m yielding a bag of X is defined by:

(Def. 6) m(termm) # 0y, or Supportm = () and term m = EmptyBag X.

Let X be a set, let L be a non empty zero structure, and let m be a monomial
of X, L. The functor coefficient m yields an element of L and is defined by:

(Def. 7)  coefficient m = m(termm).
One can prove the following propositions:

(7) For every set X and for every non empty zero structure L and for every
monomial m of X, L holds Support m = () or Support m = {termm}.

(8) For every set X and for every non empty zero structure L and for every
bag b of X holds coefficient Monom (0, b) = 0y, and term Monom(0z,, b) =
EmptyBag X.

(9) Let X be a set, L be a non empty zero structure, a be an element of L,
and b be a bag of X. Then coefficient Monom(a, b) = a.

(10) Let X be a set, L be a non trivial zero structure, a be a non-zero element
of L, and b be a bag of X. Then term Monom(a, b) = b.

(11) For every set X and for every non empty zero structure L and for every
monomial m of X, L holds Monom(coefficient m, termm) = m.

(12) Let n be an ordinal number, L be a right zeroed add-associative right
complementable unital distributive non trivial double loop structure, m be
a monomial of n, L, and = be a function from n into L. Then eval(m, z) =
coefficient m - eval(termm, z).

(13) Let n be an ordinal number, L be a right zeroed add-associative right
complementable unital distributive non trivial double loop structure, a be
an element of L, b be a bag of n, and x be a function from n into L. Then
eval(Monom(a, b),z) = a - eval(b, z).
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4. CONSTANT POLYNOMIALS

Let X be a set, let L be a non empty zero structure, and let p be a series of
X, L. We say that p is constant if and only if:

(Def. 8) For every bag b of X such that b # EmptyBag X holds p(b) = 0.

Let X be a set and let L be a non empty zero structure. Observe that there
exists a series of X, L which is constant.

Let X be a set and let L be a non empty zero structure. A constant poly-
nomial of X, L is a constant series of X, L.

Let X be a set and let L be a non empty zero structure. One can check that
every series of X, L which is constant is also monomial-like.

The following proposition is true

(14) Let X be a set, L be a non empty zero structure, and p be a series of X,
L. Then p is a constant polynomial of X, L if and only if p = 0_(X, L) or
Support p = {EmptyBag X }.

Let X be a set and let L be a non empty zero structure. Observe that
0_(X, L) is constant.

Let X be a set and let L be a unital non empty double loop structure. One
can check that 1_(X, L) is constant.

The following propositions are true:

(15) Let X be a set, L be a non empty zero structure, and ¢ be a constant
polynomial of X, L. Then Support ¢ = () or Support ¢ = {EmptyBag X }.

(16) Let X be a set, L be a non empty zero structure, and ¢ be a con-
stant polynomial of X, L. Then term ¢ = EmptyBag X and coeflicient ¢ =
c¢(EmptyBag X).

Let X be a set, let L be a non empty zero structure, and let a be an element
of L. The functor a (X, L) yielding a series of X, L is defined by:
(Def. 9) a_(X,L) =0-(X, L)+ (EmptyBag X, a).
Let X be a set, let L be a non empty zero structure, and let a be an element
of L. Observe that a (X, L) is constant.
We now state several propositions:

(17) Let X be a set, L be a non empty zero structure, and p be a series of X,
L. Then p is a constant polynomial of X, L if and only if there exists an
element a of L such that p=a_(X,L).

(18) Let X be a set, L be a non empty multiplicative loop with zero structure,
and a be an element of L. Then (a (X, L))(EmptyBag X) = a and for
every bag b of X such that b # EmptyBag X holds (a (X, L))(b) = 0f.

(19) For every set X and for every non empty zero structure L holds
0r (X,L)=0(X,L).
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(20) For every set X and for every unital non empty multiplicative loop with
zero structure L holds 1, (X, L) =1_(X,L).

(21) Let X be a set, L be a non empty zero structure, and a, b be elements
of L. Then a (X,L) =b_(X, L) if and only if a = b.

(22) For every set X and for every non empty zero structure L and for
every element a of L holds Supporta (X, L) = ) or Supporta (X,L) =
{EmptyBag X }.

(23) For every set X and for every non empty zero structure L and
for every element a of L holds terma_(X,L) = EmptyBagX and
coefficient a (X, L) = a.

(24) Let n be an ordinal number, L be a right zeroed add-associative right
complementable unital distributive non trivial double loop structure, ¢ be
a constant polynomial of n, L, and x be a function from n into L. Then
eval(c, z) = coefficient c.

(25) Let n be an ordinal number, L be a right zeroed add-associative ri-
ght complementable unital distributive non trivial double loop struc-
ture, a be an element of L, and = be a function from n into L. Then
eval(a _(n,L),z) = a.

5. MULTIPLICATION WITH COEFFICIENTS

Let X be a set, let L be a non empty multiplicative loop with zero structure,
let p be a series of X, L, and let a be an element of L. The functor a - p yields
a series of X, L and is defined by:

(Def. 10) For every bag b of X holds (a - p)(b) = a - p(b).
The functor p - a yields a series of X, L and is defined by:
(Def. 11) For every bag b of X holds (p-a)(b) = p(b) - a.

Let X be a set, let L be a left zeroed right zeroed add-cancelable distributive
non empty double loop structure, let p be a finite-Support series of X, L, and let
a be an element of L. Note that a-p is finite-Support and p - a is finite-Support.

One can prove the following propositions:

(26) Let X be a set, L be a commutative non empty multiplicative loop with
zero structure, p be a series of X, L, and a be an element of L. Then
a-p=p-a.

(27) Let n be an ordinal number, L be an add-associative right complemen-
table right zeroed left distributive non empty double loop structure, p be
a series of n, L, and a be an element of L. Then a-p = (a_(n, L)) * p.
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(28) Let n be an ordinal number, L be an add-associative right complemen-
table right zeroed right distributive non empty double loop structure, p
be a series of n, L, and a be an element of L. Then p-a =p* (a_(n,L)).

(29) Let n be an ordinal number, L be an Abelian left zeroed right ze-
roed add-associative right complementable unital associative commuta-
tive distributive non trivial double loop structure, p be a polynomial of
n, L, a be an element of L, and = be a function from n into L. Then
eval(a-p,x) = a-eval(p, x).

(30) Let n be an ordinal number, L be a left zeroed right zeroed add-left-
cancelable add-associative right complementable unital associative integral
domain-like distributive non trivial double loop structure, p be a polyno-
mial of n, L, a be an element of L, and x be a function from n into L.
Then eval(a - p,x) = a - eval(p, ).

(31) Let m be an ordinal number, L be an Abelian left zeroed right ze-
roed add-associative right complementable unital associative commuta-
tive distributive non trivial double loop structure, p be a polynomial of
n, L, a be an element of L, and x be a function from n into L. Then
eval(p - a,x) = eval(p, x) - a.

(32) Let n be an ordinal number, L be a left zeroed right zeroed add-left-
cancelable add-associative right complementable unital associative com-
mutative distributive integral domain-like non trivial double loop struc-
ture, p be a polynomial of n, L, a be an element of L, and x be a function
from n into L. Then eval(p - a,x) = eval(p, z) - a.

(33) Let m be an ordinal number, L be an Abelian left zeroed right ze-
roed add-associative right complementable unital associative commuta-
tive distributive non trivial double loop structure, p be a polynomial of
n, L, a be an element of L, and x be a function from n into L. Then
eval((a _(n, L)) * p,x) = a - eval(p, z).

(34) Let n be an ordinal number, L be an Abelian left zeroed right ze-
roed add-associative right complementable unital associative commuta-
tive distributive non trivial double loop structure, p be a polynomial of
n, L, a be an element of L, and z be a function from n into L. Then
eval(p * (a _(n, L)), x) = eval(p, x) - a.
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Summary. In this article, we show properties of calculating type state
machines. In the first section, we have defined calculating type state machines of
which the state transition only depends on the first input. We have also proved
theorems of the state machines. In the second section, we defined Moore machines
with final states. We also introduced the concept of result of the Moore machines.
In the last section, we proved the correctness of several calculating type of Moore
machines.

MML Identifier: FSM_2.

The terminology and notation used in this paper have been introduced in the
following articles: [10], [3], [L6], [11], [2], [14], [9], [4], [3], [1], [8], [17], [7]. [13],
[15], [12], and [6].

1. CALCULATING TYPE

For simplicity, we use the following convention: m denotes a natural number,
x, y denote real numbers, ¢, j denote non empty natural numbers, I, O denote
non empty sets, s, si, So, s3 denote elements of I, w, wy, wy denote finite
sequences of elements of I, ¢t denotes an element of O, S denotes a non empty
FSM over I, and ¢, g1 denote states of S.

Let us consider I, S, ¢, w. We introduce GEN(w,q) as a synonym of
(¢, w)-admissible.
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Let us consider I, S, ¢, w. Note that GEN(w, q) is non empty.
The following propositions are true:

(1) GEN((s),q) = (g, (the transition of S)({g, s))).

(2) GEN((s1,s2),q) = (g, (the transition of S)({g, s1)), (the transition of
S)({(the transition of S)({q, s1)), s2))).

(3) GEN((s1,s2,53),q) = (g, (the transition of S)({q, s1)), (the transition of
S)({(the transition of S)({g, s1)), s2)), (the transition of S)({(the transi-
tion of S)(((the transition of S)({q, s1)), s2)), s3))).

Let us consider I, S. We say that S is calculating type if and only if the
condition (Def. 1) is satisfied.

(Def. 1) Let given j and given wj, ws. Suppose wi(l) = wy(l) and j <
lenw; + 1 and j < lenws + 1. Then (GEN(wi,the initial state of
S))(j) = (GEN(wg, the initial state of S))(7).

The following propositions are true:

(4) Suppose S is calculating type. Let given wy, we. Suppose wi (1) = wa(1).
Then GEN(wq, the initial state of S) and GEN(ws, the initial state of .S)
are c=-comparable.

(5) Suppose that for all wi, we such that wy(1) = wz(1) holds GEN(wq, the
initial state of S) and GEN(ws, the initial state of S) are c=-comparable.
Then S is calculating type.

(6) Suppose S is calculating type. Let given wy, wsy. Suppose wi(1) = wa(1)
and lenw; = lenwy. Then GEN(wy, the initial state of S) = GEN(ws, the
initial state of S).

(7) Suppose that for all wy, wo such that wi(1) = we(1) and len w; = len we
holds GEN(wy, the initial state of S) = GEN(ws, the initial state of S).
Then S is calculating type.

Let us consider I, S, q, s. We say that q is accessible via s if and only if:

(Def. 2) There exists a finite sequence w of elements of I such that the initial
(s)"w
state of S '— ¢
Let us consider I, S, q. We say that g is accessible if and only if:

(Def. 3) There exists a finite sequence w of elements of I such that the initial
state of S — gq.

We now state four propositions:
(8) If g is accessible via s, then ¢ is accessible.
(9) 1If ¢ is accessible and g # the initial state of S, then there exists s such
that ¢ is accessible via s.
(10) The initial state of S is accessible.
(11) Suppose S is calculating type and ¢ is accessible via s. Then there exists
a non empty natural number m such that for every w if lenw +1 > m
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and w(1) = s, then ¢ = (GEN(w, the initial state of §))(m) and for every
i such that ¢ < m holds (GEN(w, the initial state of 5))(i) # q.

Let us consider I, S. We say that S is regular if and only if:
(Def. 4) Every state of S is accessible.
We now state several propositions:

(12) If for all s1, s2, ¢ holds (the transition of S)({(g, s1)) = (the transition of
S)({g, s2)), then S is calculating type.
(13) Let given S. Suppose that
(i)  for all s, s2, ¢ such that g # the initial state of S holds (the transition
of S)({g, s1)) = (the transition of S)({g, s2)), and
(ii) for all s, g1 holds (the transition of S)({q1, s)) # the initial state of S.
Then S is calculating type.

(14) Suppose S is regular and calculating type. Let given s1, so, ¢. If ¢ # the
initial state of S, then (GEN((s1),q))(2) = (GEN((s2),q))(2).

(15) Suppose S is regular and calculating type. Let given si, s2, ¢. Suppose
g # the initial state of S. Then (the transition of S)({(q, s1)) = (the
transition of S)({g, s2)).

(16) Suppose S is regular and calculating type. Let given s, s1, sa, ¢. Suppose
(the transition of S)({the initial state of S, s1)) # (the transition of
S)((the initial state of S, s2)). Then (the transition of S)({(q, s)) # the
initial state of .S.

2. STATE MACHINE WITH FINAL STATES

Let I be a set. We introduce state machines over I with final states which
are extensions of FSM over I and are systems

( a carrier, a transition, an initial state, final states ),
where the carrier is a set, the transition is a function from [ the carrier, I ] into
the carrier, the initial state is an element of the carrier, and the final states
constitute a subset of the carrier.

Let I be a set. One can check that there exists a state machine over I with
final states which is non empty.

Let us consider I, s and let S be a non empty state machine over I with
final states. We say that s leads to final state of S if and only if:

(Def. 5) There exists a state ¢ of S such that ¢ is accessible via s and ¢ € the
final states of S.
Let us consider I and let .S be a non empty state machine over I with final
states. We say that S is halting if and only if:
(Def. 6) s leads to final state of S.
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Let I be a set and let O be a non empty set. We consider Moore state
machines over I and O with final states as extensions of state machine over 1
with final states and Moore-FSM over I, O as systems

( a carrier, a transition, an output function, an initial state, final states ),
where the carrier is a set, the transition is a function from [ the carrier, I ] into
the carrier, the output function is a function from the carrier into O, the initial
state is an element of the carrier, and the final states constitute a subset of the
carrier.

Let I be a set and let O be a non empty set. Observe that there exists a
Moore state machine over I and O with final states which is non empty and
strict.

Let us consider I, O, let i, f be sets, and let o be a function from {i, f}
into O. The functor I-TwoStatesMooreSM(i, f,0) yielding a non empty strict
Moore state machine over I and O with final states is defined by the conditions
(Def. 7).

(Def. 7)(i)  The carrier of I-TwoStatesMooreSM(i, f,0) = {4, f},
(ii)  the transition of I-TwoStatesMooreSM(i, f,0) = [ {i, f}, I ]+— f,
(iii)  the output function of I - TWOStatesMooreSM( f,0) =o,
(iv)  the initial state of I-TwoStatesMooreSM(i, f 0) =1, and
(v)  the final states of I-TwoStatesMooreSM(z, f,0) = {f}.
One can prove the following proposition
(17) Let i, f be sets, o be a function from {i, f} into O, and given
j.-If 1 < 7 and 7 < lenw + 1, then (GEN(w,the initial state of
I -TwoStatesMooreSM(i, f,0)))(j) = f.

Let us consider I, O, let 4, f be sets, and let o be a function from {i, f} into
O. Observe that I-TwoStatesMooreSM(i, f, 0) is calculating type.

Let us consider I, O, let i, f be sets, and let o be a function from {i, f} into
O. One can check that I-TwoStatesMooreSM(i, f, 0) is halting.

In the sequel n, m are non empty natural numbers and M is a non empty
Moore state machine over I and O with final states.

Next we state the proposition

(18) Suppose that
(i) M is calculating type,
(ii) s leads to final state of M, and
(ili)  the initial state of M ¢ the final states of M.
Then there exists a non empty natural number m such that
(iv)  for every w such that lenw + 1 > m and w(1) = s holds (GEN(w, the
initial state of M))(m) € the final states of M, and
(v) for all w, j such that j < lenw + 1 and w(1) = s and 7 < m holds
(GEN(w, the initial state of M))(j) ¢ the final states of M.
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3. CORRECTNESS OF A RESULT OF STATE MACHINE

Let us consider I, O, M, s and let ¢t be a set. We say that t is a result of s
in M if and only if the condition (Def. 8) is satisfied.

(Def. 8) There exists m such that for every w if w(1) = s, then if m <lenw + 1,
then ¢t = (the output function of M )((GEN(w, the initial state of M))(m))
and (GEN(w, the initial state of M))(m) € the final states of M and for
every n such that n < m and n < lenw+1 holds (GEN(w, the initial state
of M))(n) ¢ the final states of M.

We now state several propositions:

(19) Suppose the initial state of M € the final states of M. Then (the output
function of M)(the initial state of M) is a result of s in M.

(20) Suppose that
(i) M is calculating type,
(ii) s leads to final state of M, and
(ili)  the initial state of M ¢ the final states of M.
Then there exists ¢ which is a result of s in M.

(21) Suppose M is calculating type and s leads to final state of M. Let t1, to
be elements of O. If ¢1 is a result of s in M and ¢5 is a result of s in M,
then t1 = to.

(22) Let X be a non empty set, f be a binary operation on X, and M be
a non empty Moore state machine over [ X, X ] and X U {X} with final
states. Suppose that

) M is calculating type,
) the carrier of M = X U{X},
(iii)  the final states of M = X,
) the initial state of M = X,
) the output function of M = id¢pe carrier of M, and
) for all elements x, y of X holds (the transition of M)({the initial state

of M, (xv y))) = f(z, y).

Then M is halting and for all elements x, y of X holds f(z, y) is a result

of (x, y) in M.

(23) Let M be a non empty Moore state machine over [ R, R] and R U {R}
with final states. Suppose that M is calculating type and the carrier of
M = RU{R} and the final states of M = R and the initial state of M = R
and the output function of M = idihe carrier of a7 and for all x, y such that
x > y holds (the transition of M)((the initial state of M, (z, y))) = =
and for all z, y such that < y holds (the transition of M)((the initial
state of M, (x, y))) = y. Let x, y be elements of R. Then max(x,y) is a
result of (x, y) in M.
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(24) Let M be a non empty Moore state machine over [ R, R] and R U {R}
with final states. Suppose that M is calculating type and the carrier of
M = RU{R} and the final states of M = R and the initial state of M =R
and the output function of M = idthe carrier of & and for all x, y such that
x < y holds (the transition of M)((the initial state of M, (z, y))) = =
and for all z, y such that > y holds (the transition of M)({the initial
state of M, (x, y))) = y. Let z, y be elements of R. Then min(z,y) is a
result of (z, y) in M.

(25) Let M be a non empty Moore state machine over [ R, R] and R U {R}
with final states. Suppose that
) M is calculating type,
) the carrier of M = RU {R},
) the final states of M =R,
(iv)  the initial state of M =R,
) the output function of M = idspe carrier of M, and
) for all z, y holds (the transition of M)((the initial state of M, (z,
yN) =z +y.
Let z, y be elements of R. Then x + y is a result of (x, y) in M.
(26) Let M be a non empty Moore state machine over [ R, R{ and R U {R}
with final states. Suppose that M is calculating type and the carrier of
M = RU{R} and the final states of M = R and the initial state of M = R
and the output function of M = idihe carrier of & and for all x, y such that
x > 0 or y > 0 holds (the transition of M)((the initial state of M, (x,
y))) = 1 and for all z, y such that z = 0 or y = 0 but z < 0 but y < 0 holds
(the transition of M)((the initial state of M, (z, y))) = 0 and for all z, y
such that < 0 and y < 0 holds (the transition of M)((the initial state of
M, (z,y))) = —1. Let z, y be elements of R. Then max(sgnx,sgny) is a
result of (z, y) in M.

Let us consider I, O. Note that there exists a non empty Moore state machine
over I and O with final states which is calculating type and halting.

Let us consider I. Observe that there exists a non empty state machine over
I with final states which is calculating type and halting.

Let us consider I, O, let M be a calculating type halting non empty Moore
state machine over I and O with final states, and let us consider s. The functor
Result(s, M) yields an element of O and is defined as follows:

(Def. 9) Result(s, M) is a result of s in M.

Next we state several propositions:

(27) For every function f from {0,1} into O holds
Result(s, I -TwoStatesMooreSM(0, 1, f)) = f(1).

(28) Let M be a calculating type halting non empty Moore state machine
over [R, R] and R U {R} with final states. Suppose that
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) the carrier of M = R U {R},
) the final states of M =R,
(iii)  the initial state of M =R,
) the output function of M = id¢pe carrier of M
)

for all z, y such that z > y holds (the transition of M)((the initial
state of M, (z, y))) =z, and
(vi)  for all z, y such that x < y holds (the transition of M)({the initial
state of M, (z, y))) =v.
Let x, y be elements of R. Then Result({z, y), M) = max(z,y).
(29) Let M be a calculating type halting non empty Moore state machine
over [R, R] and RU {R} with final states. Suppose that
) the carrier of M = R U {R},
) the final states of M =R,
(iii)  the initial state of M =R,
) the output function of M = idipe carrier of M
) for all z, y such that x < y holds (the transition of M)({the initial
state of M, (z, y))) =z, and
(vi)  for all z, y such that > y holds (the transition of M)({the initial
state of M, (z, y))) =v.
Let x, y be elements of R. Then Result({z, y), M) = min(z, y).
(30) Let M be a calculating type halting non empty Moore state machine
over [R, R] and RU {R} with final states. Suppose that
) the carrier of M = R U {R},
) the final states of M =R,
(ili)  the initial state of M =R,
) the output function of M = id¢pe carrier of M, and
) for all , y holds (the transition of M)((the initial state of M, (z,
yN) =z +y.
Let x, y be elements of R. Then Result({z, y), M) =z + y.
(31) Let M be a calculating type halting non empty Moore state machine
over [R,R] and R U {R} with final states. Suppose that the carrier of
M = RU{R} and the final states of M = R and the initial state of M = R
and the output function of M = idihe carrier of &z and for all x, y such that
x > 0 or y > 0 holds (the transition of M)((the initial state of M, (z,
y))) = 1 and for all x, y such that z =0 or y =0 but < 0 but y <0
holds (the transition of M)((the initial state of M, (z, y))) = 0 and for
all z, y such that < 0 and y < 0 holds (the transition of M)((the initial
state of M, (z, y))) = —1. Let x, y be elements of R. Then Result({z,
y), M) = max(sgnz,sgny).
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Summary. This article is a continuation of [2] article. Further properties
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1. TREE AND CLASSIFICATION OF A SET

For simplicity, we follow the rules: A denotes a relational structure, X de-
notes a non empty set, P, P>, P3, Y, a, b, ¢, x denote sets, and Sy denotes a
subset of Y.

Let us consider A. We say that A has superior elements if and only if:

(Def. 1) There exists an element of A which is superior of the internal relation of
A.

Let us consider A. We say that A has comparable down elements if and only
if:

(Def. 2) For all elements z, y of A such that there exists an element z of A such
that z < x and z < y holds x <y or y < x.

The following proposition is true
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(1) For every set a holds ({{a}}, C) is non empty, reflexive, transitive, and
antisymmetric and has superior elements and comparable down elements.

Let us observe that there exists a relational structure which is non empty,
reflexive, transitive, antisymmetric, and strict and has superior elements and
comparable down elements.

A tree is a poset with superior elements and comparable down elements.

Next we state four propositions:

(2) For every equivalence relation E; of X and for all sets z, y, z such that
z € [z](p,) and z € [y] p,) holds [z] gy = [yl (g,)-

(3) For every partition P of X and for all sets z, y, z such that x € P and
y€ Pand z € x and z € y holds z = y.

(4) For all sets C, x such that C is a classification of X and x € |JC holds
z C X.

(5) For every set C such that C is a strong classification of X holds (| J C, C)
is a tree.

2. THE HIERARCHY OF A SET

Let us consider Y. We say that Y is hierarchic if and only if:

(Def. 3) For all sets x, y such that z € Y and y € Y holds x Cyory Cz or x
misses .
One can verify that every set which is trivial is also hierarchic.
Let us note that there exists a set which is non trivial and hierarchic.
The following propositions are true:

(6) 0 is hierarchic.
(7) {0} is hierarchic.
Let us consider Y. A family of subsets of Y is said to be a hierarchy of Y if:
(Def. 4) Tt is hierarchic.
Let us consider Y. We say that Y is mutually-disjoint if and only if:
(Def. 5) For all sets z, y such that z € Y and y € Y and x # y holds x misses y.
In the sequel H denotes a hierarchy of Y.
Let us consider Y. Observe that there exists a family of subsets of Y which
is mutually-disjoint.
Next we state three propositions:
(8) 0 is mutually-disjoint.
(9) {0} is mutually-disjoint.
(10) {a} is mutually-disjoint.



HIERARCHIES AND CLASSIFICATIONS OF SETS 867

Let us consider Y and let F' be a family of subsets of Y. We say that F' is
Tj if and only if the condition (Def. 6) is satisfied.
(Def. 6) Let A be a subset of Y. Suppose A € F. Let x be an element of Y. If
x ¢ A, then there exists a subset B of Y such that © € B and B € F' and
A misses B.

We now state the proposition
(11) For every family F of subsets of Y such that F' = ) holds F' is Ts.
Let us consider Y. One can verify that there exists a hierarchy of Y which
is covering and T3.
Let us consider Y and let F' be a family of subsets of Y. We say that F' is
lower-bounded if and only if the condition (Def. 7) is satisfied.
(Def. 7) Let B be a set. Suppose B # () and B C F and for all a, b such that
a€ Bandb e Bholdsa CborbC a. Then there exists ¢ such that ¢ € F
and ¢ C () B.
Next we state the proposition
(12) Let B be a mutually-disjoint family of subsets of Y. Suppose that for
every set b such that b € B holds S7 misses b and Y # (). Then BU{S;} isa
mutually-disjoint family of subsets of Y and if S; # 0, then | J(BU{S1}) #
UB.
Let us consider Y and let F' be a family of subsets of Y. We say that F' has
maximum elements if and only if the condition (Def. 8) is satisfied.
(Def. 8) Let S be a subset of Y. Suppose S € F. Then there exists a subset T
of Y such that S C T and T € F and for every subset V of Y such that
TCVandV € Fholds V=Y.

3. SOME PROPERTIES OF PARTITIONS, HIERARCHIES AND CLASSIFICATIONS
OF SETS

The following propositions are true:

(13) For every covering hierarchy H of Y such that H has maximum elements
there exists a partition P of Y such that P C H.

(14) Let H be a covering hierarchy of Y and B be a mutually-disjoint family
of subsets of Y. Suppose B C H and for every mutually-disjoint family C
of subsets of Y such that C' C H and |JB C |JC holds B = C. Then B
is a partition of Y.

(15) Let H be a covering T3 hierarchy of Y. Suppose H is lower-bounded and
() ¢ H. Let A be a subset of Y and B be a mutually-disjoint family of

subsets of Y. Suppose that
(i) AeB,
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(i) BC H,and

(ili)  for every mutually-disjoint family C' of subsets of ¥ such that A € C
and C C H and |JB C|JC holds B =JC.
Then B is a partition of Y.

(16) Let H be a covering T3 hierarchy of Y. Suppose H is lower-bounded and
() ¢ H. Let A be a subset of Y and B be a mutually-disjoint family of
subsets of Y. Suppose A € B and B C H and for every mutually-disjoint
family C' of subsets of Y such that A € C and C C H and B C C holds
B = (. Then B is a partition of Y.

(17) Let H be a covering T3 hierarchy of Y. Suppose H is lower-bounded and
() ¢ H. Let A be a subset of Y. If A € H, then there exists a partition P
of Y such that A€ P and P C H.

(18) Let h be a non empty set, Py be a partition of X, and h; be a set.
Suppose h1 € Py and h C hy. Let Pg be a partition of X. Suppose h € P
and for every x such that © € Ps holds x C hy or hy C x or h; misses
x. Let P5 be a set. Suppose that for every a holds a € Ps iff a € Ps and
a C hy. Then Ps U (Py\ {h1}) is a partition of X and Ps U (Py \ {h1}) is
finer than Pj.

(19) Let h be a non empty set. Suppose h C X. Let Pg be a partition of X.
Suppose there exists a set hg such that hy € Pg and he C h and for every
x such that x € Ps holds  C h or h C x or h misses x. Let P; be a set.
Suppose that for every = holds x € P; iff x € Ps and x misses h. Then

(i) P;U{h} is a partition of X,
(ii)  Pg is finer than P U {h}, and

(ili)  for every partition Py of X such that Py is finer than P4 and for every

set hy such that hy € Py and h C hy holds P; U {h} is finer than Pj.

(20) Let H be a covering T3 hierarchy of X. Suppose that
(i) H is lower-bounded,
(i) 0 ¢ H, and
(iii)  for every set Cy such that C # () and C; € PARTITIONS(X) and for
all sets Py, Py such that Py € C and Pjg € C1 holds Py is finer than Pjq
or Pig is finer than Py there exist Py, P, such that P, € C; and P, € Cy
and for every Pj such that P3 € C7 holds Pj is finer than P, and P; is
finer than Ps.

Then there exists a classification C' of X such that |JC = H.
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