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The articles [13], [1], [2], [8], [11], [15], [9], [3], [10], [12], [4], [18], [5], [16], [6],
[19], [14], [17], and [7] provide the terminology and notation for this paper.

1. PRELIMINARIES

One can prove the following propositions:

(1) Let F be an add-associative right zeroed right complementable left di-
stributive non empty double loop structure and x be an element of the
carrier of F'. Then Op -z = Op.

(2) Let F be an add-associative right zeroed right complementable right
distributive non empty double loop structure and x be an element of the
carrier of F'. Then x -0 = Op.

The scheme Regr without 0 concerns a unary predicate P, and states that:
P[]
provided the parameters meet the following conditions:
e There exists a non empty natural number k£ such that P[k], and
e For every non empty natural number & such that k£ # 1 and P[k]
there exists a non empty natural number n such that n < k and
Pn].

One can prove the following propositions:

w

) For every element z of C holds R(z) > —|z|.
4 >

) For every element z of C holds ¥(z) > —|z|.
5) For every element z of the carrier of Cy holds R(z) > —|z|.
)

6
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=
For every element z of the carrier of Cg holds 3(z) > —|z|.

@ 2001 University of Bialystok
455 ISSN 1426-2630



456 ROBERT MILEWSKI

(7) For every element z of the carrier of Cr holds |z|2 = R(2)2 + S(2)2.

(8) For all real numbers x1, x2, y1, y2 such that z1 + z2ic, = y1 + Y2icy
holds x1 = 11 and x9 = yo.

(9) For every element z of the carrier of Cg holds z = R(2) + 3(2)icy.-
(10) Ocp = 0 + Oty -
(11) Oc, = the zero of Cp.
(12) For every unital non empty groupoid L and for every element x of the

carrier of L holds power; (z, 1) = x.

(13) For every unital non empty groupoid L and for every element x of the
carrier of L holds powery(z, 2) =z - z.

(14) Let L be an add-associative right zeroed right complementable right
distributive unital non empty double loop structure and n be a natural
number. If n > 0, then power; (0z, n) = 0f.

(15) Let L be an associative commutative unital non empty groupoid, z, y be
elements of the carrier of L, and n be a natural number. Then power; (z-y,
n) = powery (z, n) - powery (y, n).

(16) For every real number x such that = > 0 and for every natural number
n holds powerc, (x + Oicy, n) = 2" + Oicy,.

(17) For every real number = and for every natural number n such that = > 0
and n # 0 holds /z" = x.

2. SINUS AND COSINUS PROPERTIES

One can prove the following propositions:

20 7+Z=3 rand3 - 7+Z=2-7mand 3 - 7—7=1.

21) 0<Zand I <rmand0<7mand —3 <Zandm<2-7mand 3 < 3.7
and—%<Oand0<2‘7rand7r<%-Wand%‘ﬂ<2'7rand0<%'7r.
(22) For all real numbers a, b, ¢, x such that = € |a, ¢[ holds x € Ja,b[ or x = b

or x € )b, cl.

) For every real number x such that = € |0, 7[ holds sin(z) > 0.
) , 7| holds sin(x) >
25) For every real number z such that = € |r,2 - 7] holds sin(z)
) .

)

<
7] holds sin(x) <
>
>

0 0
For every real number x such that x € |0 0

For every real number z such that z €

)

—Z.Z] holds cos(x

10,7
[0,7
|7, 2
For every real number x such that x € [, 2
]=%, 5[ holds cos(x)
28) For every real number x such that z € [-F, T] (x)

!The notation of 7 has been changed, previously "Pai’. The propositions (18) and (19) have
been removed.
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(29) For every real number z such that = € ]Z, 3 - x| holds cos(z) < 0.

(30) For every real number z such that € [3, 3 - 7] holds cos(z) < 0.

(31) For every real number z such that z € |3 - 7,2 - 7[ holds cos(z) > 0
(32) For every real number z such that € [2 - 7,2 7] holds cos(z) > 0.
(33) For every real number = such that 0 < xz and x < 2 -7 and sinz = 0

holds z =0 or z = 7.

(34) For every real number z such that 0 < z and # < 2 -7 and cosz = 0
3

holds:v:gorxzi-w.

sin is increasing on |75, Z[.

w
t

. . . T 3
36) sin is decreasing on |5, 5 - 7[.
37) cos is decreasing on |0, 7].
38) cos is increasing on |m,2 - 7[.

sin is increasing on [—7, 7.
3
2

N
(e}

sin is decreasing on [7, 5 - 7].

N
—_

cos is decreasing on [0, 7].

W
o

cos is increasing on [, 2 - 7.

N N N N N /N /N /S
=~ w
w Ne)
~— O N N N N~ N~

sin is continuous on R and for all real numbers z, y holds sin is continuous
on [z,y] and sin is continuous on |z, y[.
(44) cos is continuous on R and for all real numbers x, y holds cos is conti-
nuous on [z,y] and cos is continuous on |z, y|.

(45) For every real number z holds sin(z) € [—1, 1] and cos(z) € [—1,1].
(46) rngsin = [—1,1].

(47) rngcos = [—1,1].

(48) mg(sin [[-3,7]) = [~1,1].

(49) rng(sin (3,3 - 7)) = [-1,1].

(50) rng(cos [[0,7]) = [-1,1]

(51) rng(cos [[r,2-7]) = [-1,1]

3. ARGUMENT OF COMPLEX NUMBER

Let z be an element of the carrier of Cg. The functor Argz yielding a real
number is defined as follows:
(Def. 1)(i) 2z =|z|-cosArgz+(|z|-sin Arg z)ic, and 0 < Argz and Argz < 2.7
if z # OCFv
(ii) Argz =0, otherwise.
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One can prove the following propositions:

(52) For every element z of the carrier of Cg holds 0 < Arg z and Argz < 2-7.
(53) For every real number x such that x > 0 holds Argz + Oic, = 0.

(54) For every real number z such that z < 0 holds Argz + Oic, = .

(55) For every real number x such that 2 > 0 holds Arg0 + zic, = 7.

(56) For every real number z such that z < 0 holds Arg0 + zic, = 3 - .
(57) Arg l(CF =0.

(58) Argic, = 3.

(59)

t
N}

For every element z of the carrier of Cy holds Argz € ]0, 5[ iff R(z) >0

and (z) > 0.

(60) For every element z of the carrier of Cr holds Arg z € |5, 7| iff R(2) <0
and J(z) > 0.

(61) For every element z of the carrier of Cy holds Arg z € |, 3-w[ iff R(2) < 0
and ¥(z) < 0.

(62) For every element z of the carrier of Cp holds Argz € |3 - 7,2 7[ iff
R(z) > 0 and J(z) < 0.

(63) For every element z of the carrier of Cp such that J(z) > 0 holds
sin Arg z > 0.

(64) For every element z of the carrier of Cp such that J(z) < 0 holds
sin Arg z < 0.

(65) For every element z of the carrier of Cp such that J(z) > 0 holds
sin Arg z > 0.

(66) For every element z of the carrier of Cp such that J(z) < 0 holds
sin Arg z < 0.

(67) For every element z of the carrier of Cp such that R(z) > 0 holds
cos Arg z > 0.

(68) For every element z of the carrier of Cp such that R(z) < 0 holds
cos Argz < 0.

(69) For every element z of the carrier of Cp such that R(z) > 0 holds
cosArgz > 0.

(70) For every element z of the carrier of Cr such that R(z) < 0 and z # Oc,,
holds cos Arg z < 0.

(71) For every real number z and for every natural number n holds
powerc, (cos x + sin xicy,, n) = cosn - & + sinn - Ticy.

(72) Let z be an element of the carrier of Cr and n be a natural number. If z #
Ocy or n # 0, then powerc, (2, n) = |z|"-cosn-Arg z+(|z|"-sinn-Arg 2)ic,..

(73) For every real number x and for all natural numbers n, k such that n # 0

holds powerc,, (cos g”rzliﬂk + sin %’”"%’CF, n) = cos x + sin zic,.
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(74) Let z be an element of the carrier of Cg and n, k be natural numbers. If

n # 0, then z = powerc, ({/]2] - cos W + ({/]z] - sin W)z}cw

Let « be an element of the carrier of Crp and let n be a non empty natural
number. An element of Cp is called a root of n, z if:

(Def. 2) powerc, (it, n) = =.
We now state four propositions:

(75) Let x be an element of the carrier of Cg, n be a non empty natural

number, and k be a natural number. Then {/|z|- cos W + (/x|
sin %)ZCF is a root of n, .

(76) For every element x of the carrier of Cy and for every root v of 1, x holds
v =1

(77) For every non empty natural number n and for every root v of n, Oc,
holds v = Ocy.

(78) Let n be a non empty natural number, z be an element of the carrier of
Cr, and v be a root of n, x. If v = O¢;,, then x = Oc,,.
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