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The articles [16], [7], [17], [8], [2], [15], [4], [19], [3], [6], [11], [1], [13], [5], [10],
[21], [14], [20], [18], [9], and [12] provide the terminology and notation for this

paper.

1. PRELIMINARIES

For simplicity, we use the following convention: a, b, i, k, m, n are natural
numbers, r, s are real numbers, D is a non empty subset of 5%, and C is a
compact connected non vertical non horizontal subset of 5%.

Next we state the proposition

(1) For all sets A, B such that for every set = such that = € A there exists
a set K such that K C B and x C|JK holds | JA C | B.

Let m be an even integer. Note that m + 2 is even.

Let m be an odd integer. Observe that m + 2 is odd.

Let m be a non empty natural number. Observe that 2™ is even.

Let n be an even natural number and let m be a non empty natural number.
Note that n™ is even.

We now state several propositions:

2) Ifr#0, then 2. ritt =,

3) If £ is an integer and s # 0, then —[ %] = | 5"] + 1.

4) If % is an integer, then —[%| = [ ].

5) If n>0and kmodn # 0, then —(k +n) = (—k+n)+ 1.
If n >0 and kmodn =0, then —(k +n) = —k +n.
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2. GAUGES AND CAGES

We now state a number of propositions:

(7) If 2 < m and m < len Gauge(D,i) and 1 < a and a < len Gauge(D, )
and 1 < b and b < lenGauge(D,i + 1), then ((Gauge(D,?))ma)1 =
((Gauge(Dvi + 1))2-m7’2,b)1'

(8) If 2 < m and n < lenGauge(D,i) and 1 < a and a < len Gauge(D, 1)
and 1 < b and b < lenGauge(D,i + 1), then ((Gauge(D,i))qn)2 =
((Gauge(D, i+ 1))p2.n—12)2-

(9) Let D be a compact non vertical non horizontal subset of 8%. Suppose
2 < mand m+1 < len Gauge(D, i) and 2 < n and n+1 < len Gauge(D, 7).
Then cell(Gauge(D, i), m,n) = cell(Gauge(D,i+1),2-m—"2,2-n—"2)U
cell(Gauge(D,i 4+ 1),2-m —'1,2-n - 2) U cell(Gauge(D,i + 1),2 - m —’
2,2-n—"1)Ucell(Gauge(D,i+1),2-m—"1,2-n-"1).

(10) Let D be a compact non vertical non horizontal subset of £2 and k
be a natural number. Suppose 2 < m and m + 1 < len Gauge(D, 1)
and 2 < n and n + 1 < len Gauge(D, ). Then cell(Gauge(D,i),m,n) =
U{cell(Gauge(D, i+ k), a, b); a ranges over natural numbers, b ranges over
natural numbers: (2% -m — 281 +2<a A a < (28 -m - 2’“) +1 A (28

n—281)42<b A b< (28 n—28) 41}

(11) There exists a natural number ¢ such that 1 < ¢ and ¢ < len Cage(C,n)

and N-max C' € right_cell(Cage(C,n), i, Gauge(C, n)).

(12) There exists a natural number i such that 1 < i and i < len Cage(C,n)
and N-max C' € rightcell(Cage(C,n),1).

(13) There exists a natural number ¢ such that 1 < and ¢ < len Cage(C, n)
and E-min C € right_cell(Cage(C, n), i, Gauge(C, n)).

(14) There exists a natural number ¢ such that 1 < ¢ and ¢ < len Cage(C,n)
and E-min C € rightcell(Cage(C, n),1).

(15) There exists a natural number 7 such that 1 < i and ¢ < len Cage(C,n)
and E-max C' € right_cell(Cage(C, n), i, Gauge(C,n)).

(16) There exists a natural number ¢ such that 1 < and ¢ < len Cage(C, n)
and E-max C € rightcell(Cage(C, n), ).

(17) There exists a natural number ¢ such that 1 < ¢ and ¢ < len Cage(C,n)
and S-min C' € right_cell(Cage(C,n), i, Gauge(C, n)).

(18) There exists a natural number i such that 1 < i and i < len Cage(C,n)
and S-min C € rightcell(Cage(C, n), ).

(19) There exists a natural number ¢ such that 1 < and ¢ < len Cage(C, n)
and S-max C' € right_cell(Cage(C, n), i, Gauge(C, n)).
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(20) There exists a natural number ¢ such that 1 < i and ¢ < len Cage(C,n)

and S-max C' € rightcell(Cage(C, n), ).

(21) There exists a natural number ¢ such that 1 < and ¢ < len Cage(C, n)

and W-min C' € right_cell(Cage(C, n), i, Gauge(C, n)).

(22) There exists a natural number ¢ such that 1 < ¢ and ¢ < len Cage(C,n)

and W-min C € rightcell(Cage(C,n), ).

(23) There exists a natural number ¢ such that 1 < i and ¢ < len Cage(C, n)

and W-max C' € right_cell(Cage(C, n), i, Gauge(C, n)).

(24) There exists a natural number ¢ such that 1 < ¢ and ¢ < len Cage(C,n)

and W-max C € rightcell(Cage(C, n),1).

(25) There exists a natural number 4 such that 1 < i and ¢ < len Gauge(C,n)

and N-min Z(Cage(c> n)) = (Ga’Uge(Ca n))i,width Gauge(C,n)-

(26) There exists a natural number 4 such that 1 < i and ¢ < len Gauge(C,n)

and N-max Z(Cage(ca n)) = (GaUge(Ca n))i,width Gauge(C,n)-

(27) There exists a natural number 4 such that 1 <7 and i < len Gauge(C,n)

(28) There exists a natural number j such that 1 < j and j <
C,n)) )

and (Gauge(C,n)); width Gauge(C,n) € T0g Cage(C,n).

width Gauge(C, n) and E-min E(Cage(C, n)) = (Gauge(C, n))ien Gauge(C,n),

(29) There exists a natural number j such that 1 < j and j <
C

width Gauge(C, n) and E-max £(Cage(C,n)) = (Gauge( ;1) )len Gauge(C,n)

(30) There exists a natural number j such that 1 < j and j <

width Gauge(C,n) and (Gauge(C, n))ien Gauge(Cyn),j € g Cage(C,n).

(31) There exists a natural number 4 such that 1 < i and ¢ < len Gauge(C,n)

and S-min £(Cage(C,n)) = (Gauge(C,n))1.

(32) There exists a natural number ¢ such that 1 < ¢ and ¢ < len Gauge(C, n)

and S-max £(Cage(C,n)) = (Gauge(C, n))ii-

(33) There exists a natural number 4 such that 1 < i and ¢ < len Gauge(C,n)

and (Gauge(C,n));1 € rng Cage(C,n).

(34) There exists a natural number j such that 1 < j and j <
C

(35) There exists a natural number j such that 1 <

width Gauge(C,n) and W-min £(Cage(C,n)) = (Gauge( S, M))1,5
nl j and j <
width Gauge(C, n) and W-max L£(Cage(C,n)) = (Gauge(C,n))1,;-.

Q

(36) There exists a natural number j such that 1 < j and j <

2]

width Gauge(C, n) and (Gauge(C,n))1,; € rng Cage(C, n).

REFERENCES

Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

<

957

J



ARTUR KORNILOWICZ AND ROBERT MILEWSKI

Czestaw Bylinski. Gauges. Formalized Mathematics, 8(1):25-27, 1999.

Czestaw Bylinski. Some properties of cells on go-board. Formalized Mathematics,
8(1):139-146, 1999.

Czestaw Bylinski and Piotr Rudnicki. Bounding boxes for compact sets in £2. Formalized
Mathematics, 6(3):427-440, 1997.

Czestaw Bylifiski and Mariusz Zynel. Cages - the external approximation of Jordan’s
curve. Formalized Mathematics, 9(1):19-24, 2001.

Agata Darmochwal. Compact spaces. Formalized Mathematics, 1(2):383-386, 1990.
Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.
Agata Darmochwal and Yatsuka Nakamura. The topological space £%. Arcs, line segments
and special polygonal arcs. Formalized Mathematics, 2(5):617-621, 1991.

Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

Katarzyna Jankowska. Matrices. Abelian group of matrices. Formalized Mathematics,
2(4):475-480, 1991.

Andrzej Kondracki. The Chinese Remainder Theorem.  Formalized Mathematics,
6(4):573-577, 1997.

Rafal Kwiatek. Factorial and Newton coefficients. Formalized Mathematics, 1(5):887-890,
1990.

[14] Yatsuka Nakamura and Czeslaw Bylinski. Extremal properties of vertices on special

polygons. Part 1. Formalized Mathematics, 5(1):97-102, 1996.

[15] Yatsuka Nakamura and Andrzej Trybulec. Decomposing a Go-board into cells. Formalized

Mathematics, 5(3):323-328, 1996.

Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Formalized Mathematics,
4(1):83-86, 1993.

Beata Padlewska. Connected spaces. Formalized Mathematics, 1(1):239-244, 1990.
Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Michatl J. Trybulec. Integers. Formalized Mathematics, 1(3):501-505, 1990.
Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Received November 6, 2000



