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The papers [22], [11], [25], [8], [9], [2], [3], [20], [21], [10], [1], [27], [7], [24],
[23], [15], [19], [26], [4], [5], [6], [14], [12], [17], [18], [13], and [16] provide the
terminology and notation for this paper.

1. INCcLUSION OF Fuzzy SETS

In this paper X, Y denote non empty sets.
Let X be a non empty set. Observe that every membership function of X is
real-yielding.
Let f, g be real-yielding functions. The predicate f C g is defined by:
(Def. 1) dom f C domg and for every set = such that x € dom f holds f(z) <
g(x).
Let X be a non empty set and let f, g be membership functions of X. Let
us observe that f C g if and only if:
(Def. 2) For every element x of X holds f(z) < g(z).

We introduce f C g as a synonym of f C g.
Let X, Y be non empty sets and let f, g be membership functions of X, Y.
Let us observe that f C g if and only if:

(Def. 3) For every element xz of X and for every element y of Y holds f({z,

y) < g9z, y)).
One can prove the following propositions:
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(1) For all membership functions R, S of X such that for every element x
of X holds R(z) = S(x) holds R = S.

(2) Let R, S be membership functions of X, Y. Suppose that for every
element = of X and for every element y of Y holds R({z, y)) = S({z, y)).

Then R=S.
(3) For all membership functions R, S of X holds R = S iff R C S and
SCR.

(4) For every membership function R of X holds R C R.

(5) For all membership functions R, S, T' of X such that RC S and S C T
holds RC T.

(6) Let X,Y, Z be non empty sets, R, S be membership functions of X, Y,
and T, U be membership functions of Y, Z. If R C S and T C U, then
RT CSU.

Let X be a non empty set and let f, g be membership functions of X. Let
us note that the functor min(f, g) is commutative. Let us note that the functor
max(f, g) is commutative.

We now state two propositions:

(7) For all membership functions f, g of X holds min(f,g) C f.
(8) For all membership functions f, g of X holds f C max(f,g).

2. PROPERTIES OF Fuzzy RELATIONS

Let X be a non empty set and let R be a membership function of X, X. We
say that R is reflexive if and only if:
(Def. 4) Imf(X,X) C R.
Let X be a non empty set and let R be a membership function of X, X. Let
us observe that R is reflexive if and only if:
(Def. 5) For every element = of X holds R({x, x)) = 1.
Let X be a non empty set and let R be a membership function of X, X. We
say that R is symmetric if and only if:
(Def. 6) converse R = R.
Let X be a non empty set and let R be a membership function of X, X. Let
us observe that R is symmetric if and only if:
(Def. 7) For all elements x, y of X holds R({z, y)) = R({y, z)).
Let X be a non empty set and let R be a membership function of X, X. We
say that R is transitive if and only if:
(Def. 8) RRCR.
Let X be a non empty set and let R be a membership function of X, X. Let
us observe that R is transitive if and only if:
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(Def. 9) For all elements z, y, z of X holds R({x, y)) 1M R({y, z)) < R({z, z)).

Let X be a non empty set and let R be a membership function of X, X. We
say that R is antisymmetric if and only if:

(Def. 10) For all elements z, y of X such that R({x, y)) # 0 and R({y, x)) # 0
holds z = y.

Let X be a non empty set and let R be a membership function of X, X. Let
us observe that R is antisymmetric if and only if:

(Def. 11) For all elements z, y of X such that R({z, y)) # 0 and x # y holds R({y,
x)) = 0.
Let us consider X. Note that Imf(X, X) is symmetric, transitive, reflexive,
and antisymmetric.
Let us consider X. Observe that there exists a membership function of X,
X which is reflexive, transitive, symmetric, and antisymmetric.
Next we state two propositions:
(9) For all membership functions R, S of X, X such that R is symmetric
and S is symmetric holds converse min(R, S) = min(R, 5).
(10) For all membership functions R, S of X, X such that R is symmetric
and S is symmetric holds converse max(R, S) = max(R, S).

Let us consider X and let R, S be symmetric membership functions of X,
X. Note that min(R, S) is symmetric and max(R, S) is symmetric.
One can prove the following proposition
(11) For all membership functions R, S of X, X such that R is transitive and
S is transitive holds min(R, S) min(R,S) C min(R, S).
Let us consider X and let R, S be transitive membership functions of X, X.
Observe that min(R, S) is transitive.
Let A be a set and let X be a non empty set. Then X4 x is a membership
function of X.
One can prove the following propositions:
(12) For every binary relation r on X such that r is reflexive in X holds
Xr x, x 1 is reflexive.
(13) For every binary relation r on X such that r is antisymmetric holds
Xr| x, x ] 1s antisymmetric.
(14) For every binary relation 7 on X such that r is symmetric holds X,.; x x

is symmetric.

(15) For every binary relation 7 on X such that 7 is transitive holds X,.; x x
is transitive.

(16) Zmf(X,X) is symmetric, antisymmetric, and transitive.

(17) Umf(X, X) is symmetric, transitive, and reflexive.
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(18) For every membership function R of X, X holds max(R, converse R) is
symmetric.

(19) For every membership function R of X, X holds min(R, converse R) is
symmetric.

(20) Let R be a membership function of X, X and R’ be a membership func-
tion of X, X. If R' is symmetric and R C R/, then max(R, converse R) C
R

(21) Let R be a membership function of X, X and R’ be a member-
ship function of X, X. If R’ is symmetric and R C R, then R’ C
min(R, converse R).

3. TRANSITIVE CLOSURE

Let X be a non empty set, let R be a membership function of X, X, and let
n be a natural number. The functor R" yielding a membership function of X,
X is defined by the condition (Def. 12).
(Def. 12) There exists a function F from N into [0, 1] X1 such that
i) R =F(n),
(i) F(0) =Imf(X, X), and
(ili)  for every natural number k there exists a membership function @ of
X, X such that Fi(k) =Q and F(k+1) =Q R.
In the sequel X denotes a non empty set and R denotes a membership
function of X, X.
Next we state several propositions:

22) Imf(X,X)R=R.

23) R Imf(X,X)=R.

24) R° =Imf(X, X).
R' =R

26) For every natural number n holds R("+1) = R* R.
27) For all natural numbers m, n holds R+ = R™ R™.
28) For all natural numbers m, n holds R = (R™)™.

Let X be a non empty set and let R be a membership function of X, X. The
functor TrCl R yields a membership function of X, X and is defined as follows:

(
(
(
(25
(
(
(
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(Def. 13)  TrClR = [ py,uyratticef x, x 12" 7 ranges over natural numbers: n > 0}.
Next we state several propositions:

(29) For all elements z, y of X holds
(TrCLR)({z, y)) = URealposet[o,H T, y) {R"™;n ranges over natural num-

bers: n > 0}.
(30) R C TiCIR.
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(31) For every natural number n such that n > 0 holds R" C TrCl R.
(32) For every subset @ of FuzzyLattice X and for every element x of X holds

(I—lFuzzyLatticeX Q)(:C) = I—lRealPoset[O,l] T2 Q.

(33) Let R be a complete Heyting lattice, X be a subset of R, and y be an
element of R. Then y M| |, X = [ |z{y M x;z ranges over elements of R:
x e X}

(34) Let R be a membership function of X, X and @ be a
subset of FuzzyLatticef X, X|. Then R (@UFuzzyLattice[:X,X:] Q) =
UruzzyLattice x, x 1122 (®r); r ranges over elements of FuzzyLatticef X, X ] :
reQ}.

(35) Let R be a membership function of X, X and @ be a
subset of FuzzyLatticef X, X |. Then (@l_lFuzzyLattice[:X,X:] Q)R =
UpuzsyLatticef x, X :]{(@r) R; r ranges over elements of FuzzyLattice} X, X ] :
reQ}.

(36) Let R be a membership function of X, X. Then TrClR TrClR =
UFuZZyLattice[: XX :]{Ri RJ;i ranges over natural numbers, j ranges over na-
tural numbers: ¢ >0 A j > 0}.

Let X be a non empty set and let R be a membership function of X, X.
Note that TrCl R is transitive.
We now state four propositions:

(37) Let R be a membership function of X, X and n be a natural number. If
R is transitive and n > 0, then R C R.

(38) For every membership function R of X, X such that R is transitive holds
R =TrClR.

(39) For all membership functions R, S of X, X and for every natural number
n such that R C S holds R™ C S™.

(40) For all membership functions R, S of X, X such that S is transitive and
R C S holds TrCIR C S.

REFERENCES

[1] Grzegorz Bancerek. Konig’s theorem. Formalized Mathematics, 1(3):589-593, 1990.

[2] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[3] Grzegorz Bancerek. Sequences of ordinal numbers. Formalized Mathematics, 1(2):281—
290, 1990.

[4] Grzegorz Bancerek. Complete lattices. Formalized Mathematics, 2(5):719-725, 1991.

[6] Grzegorz Bancerek. Bounds in posets and relational substructures. Formalized Mathe-
matics, 6(1):81-91, 1997.

[6] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps. Formalized Mathematics,
6(1):93-107, 1997.

[7] Czestaw Bylinski. Basic functions and operations on functions. Formalized Mathematics,
1(1):245-254, 1990.

[8] Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

19



[18]
[19]

[20]
21]

22]
[23]

[24]
[25]

[26]
[27]

TAKASHI MITSUISHI AND GRZEGORZ BANCEREK

Czestaw Byliniski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
Czestaw Byliniski. Partial functions. Formalized Mathematics, 1(2):357-367, 1990.
Czestaw Bylifiski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,

1990.

Czestaw Byliniski. Galois connections. Formalized Mathematics, 6(1):131-143, 1997.
Noboru Endou, Takashi Mitsuishi, and Keiji Ohkubo. Properties of fuzzy relation. For-
malized Mathematics, 9(4):691-695, 2001.

Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and pro-
ducts of relational structures. Formalized Mathematics, 6(1):117-121, 1997.

Jarostaw Kotowicz. Real sequences and basic operations on them. Formalized Mathema-
tics, 1(2):269-272, 1990.

Takashi Mitsuishi and Grzegorz Bancerek. Lattice of fuzzy sets. Formalized Mathematics,
11(4):393-398, 2003.

Takashi Mitsuishi, Noboru Endou, and Yasunari Shidama. The concept of fuzzy set and
membership function and basic properties of fuzzy set operation. Formalized Mathematics,
9(2):351-356, 2001.

Takashi Mitsuishi, Katsumi Wasaki, and Yasunari Shidama. The concept of fuzzy relation
and basic properties of its operation. Formalized Mathematics, 9(3):517-524, 2001.
Konrad Raczkowski and Pawel Sadowski. Topological properties of subsets in real num-
bers. Formalized Mathematics, 1(4):777-780, 1990.

Andrzej Trybulec. Subsets of complex numbers. To appear in Formalized Mathematics.
Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Andrzej Trybulec and Czestaw Bylinski. Some properties of real numbers. Formalized

Mathematics, 1(3):445-449, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,

1990.
Edmund Woronowicz and Anna Zalewska. Properties of binary relations. Formalized

Mathematics, 1(1):85-89, 1990.

Received November 23, 2003



