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Summary. Here, the so called Fashoda Meet Theorem is proven in the
case of rectangles. All cases of proper location of arcs are listed up, and it is
shown that the theorem is valid in each case. Such a list of cases will be useful
when one wants to apply the theorem.
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The articles [1], [6], [15], [17], [5], [2], [3], [16], [7], [14], [13], [10], [11], [8], [4],
[9], and [12] provide the notation and terminology for this paper.
One can prove the following propositions:

(1) For all real numbers a, b, d and for every point p of 5% such that a < b
and pa = d and a < py and p; < b holds p € L([a,d], [b, d)]).

(2) Let n be a natural number, P be a subset of £}, and p1, p2 be points of
ET. Suppose P is an arc from p; to pa. Then there exists a map f from
I into £F such that f is continuous and one-to-one and rng f = P and
f(0) = p1 and f(1) = po.

(3) Let p1, p2 be points of €% and b, ¢, d be real numbers. If (p1)1 < b
and (p1)1 = (p2)1 and ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d, then
p1 SRectangle((pl)l,b,c,d) p2.

(4) Let p1, p2 be points of £2 and b, ¢ be real numbers. Suppose (p1)1 < b
and ¢ < (p2)2 and ¢ < (p1)2 and (p1)2 < (p2)2 and (p1)1 < (p2)1 and
(p2)1 < b. Then py SRectangle((pl)1,b,c,(p2)2) p2.

(5) Let p1, pa be points of £2 and ¢, d be real numbers. Suppose (p1)1 <
(p2)1 and ¢ < d and ¢ < (p1)2 and (p1)2 < d and ¢ < (p2)2 and (p2)2 < d.
Then Y41 SRectangle((pl)l,(pg)l,c,d) b2.
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(6) Let p1, p2 be points of £2 and b, d be real numbers. If (p2)2 < d and
(p2)2 < (p1)2 and (p1)2 < d and (p1)1 < (p2)1 and (p2)1 < b, then
P1 SRectangle((p1)1,b,(p2)2,d) P2-

(7) Let p1, p2 be points of E% and a, b, ¢, d be real numbers. Suppose a < b
and ¢ < d and (p1)2 = d and (p2)2 = d and a < (p1)1 and (p1)1 < (P2)1
and (p2)1 < b. Then p1 <gectangle(a,b,c,d) P2-

(8) Let p1, p2 be points of £2 and a, b, ¢, d be real numbers. Suppose a < b
and ¢ < d and (p1)2 = d and (p2)1 = b and a < (p1)1 and (p1)1 < b and
c< (p2)2 and (p2)2 < d. Then P SRectangle(a,b,c,d) b2.

(9) Let p1, p2 be points of 5% and a, b, ¢, d be real numbers. Suppose a < b
and ¢ < d and (p1)2 = d and (p2)2 = c and a < (p1)1 and (p1)1 < b and
a < (p2)1 and (p2)1 < b. Then p1 <gectangle(a,b,c,d) P2-

(10) Let p1, p2 be points of 5% and a, b, ¢, d be real numbers. Suppose a < b
and ¢ < d and (p1)1 = b and (p2)1 = b and ¢ < (p2)2 and (p2)2 < (p1)2
and (p1)2 < d. Then p1 <gectangle(a,b,c,d) P2-

(11) Let p1, p2 be points of 5% and a, b, ¢, d be real numbers. Suppose a < b
and ¢ < d and (p1)1 = b and (p2)2 = ¢ and ¢ < (p1)2 and (p1)2 < d and
a < (p2)1 and (pQ)l < b. Then N SRectangle(a,b,c,d) b2.

(12) Let p1, po be points of £2 and a, b, ¢, d be real numbers. Suppose a < b
and ¢ < d and (p1)2 = ¢ and (p2)2 = c and a < (p2)1 and (p2)1 < (p1)1
and (pl)l < b. Then b1 éRectangle(a,b,C,d) b2.

(13) Let p1, p2 be points of 5% and a, b, ¢, d be real numbers. Suppose a < b
and ¢ < d and (p1)2 = d and (p2)1 = b and a < (p1)1 and (p1)1 < b and
¢ < (p2)2 and (p2)2 < d. Then p1 <gectangle(a,b,c,d) P2-

(14) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =aand (p2)1 =a and (p3)1 =a and (p4)1 = a
and ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < (p4)2 and
(pa)2 < d. Then p1, p2, p3, p4 are in this order on Rectangle(a, b, ¢, d).

(15) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)1 = a and (p2)1 = a and (p3)1 = a and
(pa)2 = dand ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < d
and a < (ps4)1 and (pg)1 < b. Then py, p2, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(16) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)1 = a and (p2)1 = a and (p3)1 = a and
(p4)1 = band ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < d
and ¢ < (p4)2 and (p4)2 < d. Then p;, p2, ps, ps are in this order on
Rectangle(a, b, ¢, d).

(17) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)1 = a and (p2)1 = a and (p3)1 = a and
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(p4)2 = cand ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < d
and a < (ps4)1 and (ps)1 < b. Then pi, p2, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(18) Let p1, p2, p3, p4 be points of S% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)1 = a and (p2)1 = a and (p3)2 = d and
(p4)2 = d and ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d and a < (p3)1
and (p3)1 < (p4)1 and (p4)1 < b. Then pq, po2, p3, p4 are in this order on
Rectangle(a, b, ¢, d).

(19) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =aand (p2)1 = a and (p3)2 =d and (ps)1 = b
and ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d and a < (p3)1 and
(p3)1 < b and ¢ < (p4)2 and (ps)2 < d. Then pi, p2, p3, ps are in this
order on Rectangle(a, b, ¢, d).

(20) Let p1, p2, p3, p4 be points of 5% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =aand (p2)1 = a and (p3)2 = d and (pg)2 = ¢
and ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d and a < (p3)1 and
(p3s)1 < band a < (p4)1 and (ps)1 < b. Then p1, pa2, p3, psa are in this
order on Rectangle(a, b, ¢, d).

(21) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)1 = a and (p2)1 = a and (p3)1 = b and
(p4)1 = b and ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d and ¢ < (p4)2
and (p4)2 < (p3)2 and (p3)2 < d. Then pi, pa, p3, p4 are in this order on
Rectangle(a, b, ¢, d).

(22) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)1 = a and (p2)1 = a and (p3)1 = b and
(p4)2 = c and ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d and ¢ < (p3)2
and (p3)2 < d and a < (p4)1 and (ps4)1 < b. Then py, pa2, p3, p4 are in this
order on Rectangle(a, b, ¢, d).

(23) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)1 = a and (p2)1 = a and (p3)2 = ¢ and
(pa)2 = cand ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d and a < (p4)1
and (p4)1 < (p3)1 and (p3)1 < b. Then py, pa, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(24) Let p1, p2, p3, pa be points of £2 and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)1 = a and (p2)2 = d and (p3)2 = d and
(pa)2 = d and ¢ < (p1)2 and (p1)2 < d and a < (p2)1 and (p2)1 < (p3)1
and (p3)1 < (p4)1 and (p4)1 < b. Then pq, p2, p3, p4 are in this order on
Rectangle(a, b, ¢, d).

(25) Let p1, p2, p3, p4 be points of S% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =aand (p2)2 =d and (p3)2 =d and (ps)1 = b
and ¢ < (p1)2 and (p1)2 < d and a < (p2)1 and (p2)1 < (p3)1 and
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(p3)1 < b and ¢ < (pa)2 and (ps)2 < d. Then pi, p2, p3, ps are in this
order on Rectangle(a, b, ¢, d).

(26) Let p1, p2, p3, p4 be points of S% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =aand (p2)2 =d and (p3)2 = d and (ps4)2 = ¢
and ¢ < (p1)2 and (p1)2 < d and a < (p2)1 and (p2)1 < (p3)1 and
(p3)1 < band a < (ps4)1 and (ps)1 < b. Then py, p2, p3, ps are in this
order on Rectangle(a, b, ¢, d).

(27) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =aand (p2)2 =d and (p3)1 = b and (ps)1 = b
and ¢ < (p1)2 and (p1)2 < d and a < (p2)1 and (p2)1 < b and ¢ < (p4)2
and (p4)2 < (p3)2 and (p3)2 < d. Then pi, pa, p3, p4 are in this order on
Rectangle(a, b, ¢, d).

(28) Let p1, pa, p3, pa be points of £2. Suppose (p1)1 # (p3)1 and
(p4)z # (p2)2 and (ps)2 < (p1)z and (p1)2 < (p2)2 and (p1)1 < (p2)1
and (p2)1 < (p3)1 and (ps4)2 < (p3)2 and (p3)2 < (p2)2 and (p1)1 <
(pa)1 and (p4)1 < (p3)1. Then pi1, p2, p3, ps are in this order on
Rectangle((p1)1, (p3)1, (p4)2; (P2)2)-

(29) Let p1, p2, p3, p4 be points of 5% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =aand (p2)2 =d and (p3)2 = c and (ps4)2 = ¢
and ¢ < (p1)2 and (p1)2 < d and a < (p2)1 and (p2)1 < b and a < (p4)1
and (p4)1 < (p3)1 and (p3)1 < b. Then p1, po2, p3, p4 are in this order on
Rectangle(a, b, ¢, d).

(30) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<bandc<dand (p1)1 =a and (p2)1 =band (p3)1 =band (ps)1 = b
and ¢ < (p1)2 and (p1)2 < d and d > (p2)2 and (p2)2 > (p3)2 and
(p3)2 > (p4)2 and (psg)2 > c. Then pi, p2, ps, ps are in this order on
Rectangle(a, b, ¢, d).

(31) Let p1, p2, p3, pa be points of £2 and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =aand (p2)1 =b and (p3)1 = b and (pg)2 = ¢
and ¢ < (p1)2 and (p1)2 < d and d > (p2)2 and (p2)2 > (p3)2 and
(p3)2 > c and a < (p4)1 and (pg)1 < b. Then p1, p2, p3, ps are in this
order on Rectangle(a, b, ¢, d).

(32) Let p1, p2, p3, pa be points of £2 and a, b, ¢, d be real numbers. Suppose
a<bandc<dand (p1)1 =a and (p2)1 = b and (p3)2 = c and (ps4)2 = ¢
and ¢ < (p1)2 and (p1)2 < d and ¢ < (p2)2 and (p2)2 < d and a < (p4)1
and (p4)1 < (p3)1 and (p3)1 < b. Then p1, p2, p3, p4 are in this order on
Rectangle(a, b, ¢, d).

(33) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<bandc<dand (p1)1 =a and (p2)2 = cand (p3)2 = c and (ps)2 = ¢
and ¢ < (p1)2 and (p1)2 < d and a < (p4)1 and (ps)1 < (p3)1 and
(p3)1 < (p2)1 and (p2)1 < b. Then pi, p2, p3, p4 are in this order on
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Rectangle(a, b, ¢, d).

(34) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)2 =dand (p2)2 =d and (p3)2 = d and (ps)2 = d
and a < (p1)1 and (p1)1 < (p2)1 and (p2)1 < (p3)1 and (p3)1 < (pa)1 and
(ps)1 < b. Then p1, p2, p3, p4 are in this order on Rectangle(a, b, ¢, d).

(35) Let p1, p2, p3, p4 be points of S% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)2 = d and (p2)2 = d and (p3)2 = d and
(p4)1 =band a < (p1)1 and (p1)1 < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b
and ¢ < (ps4)2 and (pg)2 < d. Then p1, p2, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(36) Let p1, p2, p3, p4 be points of 5% and a, b, ¢, d be real numbers. Suppose
a < band ¢ < d and (p1)2 = d and (p2)2 = d and (p3)2 = d and
(p4)2 = cand a < (p1)1 and (p1)1 < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b
and a < (ps4)1 and (pg)1 < b. Then py, p2, p3, p4 are in this order on
Rectangle(a, b, ¢, d).

(37) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)2 =dand (p2)2 =d and (p3)1 =b and (ps)1 =b
and a < (p1)1 and (p1)1 < (p2)1 and (p2)1 < b and ¢ < (p4)2 and
(pa)2 < (p3)2 and (p3)2 < d. Then py, pa, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(38) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<bandc<dand (p1)2 =dand (p2)2 =d and (p3)1 = b and (ps)2 = ¢
and ¢ < (p1)1 and (p1)1 < (p2)1 and (p2)1 < b and ¢ < (p3)2 and
(p3)2 < d and a < (ps)1 and (ps)1 < b. Then pi, pa, p3, ps are in this
order on Rectangle(a, b, ¢, d).

(39) Let p1, p2, p3, p4 be points of 5% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)2 =dand (p2)2 =d and (p3)2 = c and (ps4)2 = ¢
and a < (p1)1 and (p1)1 < (p2)1 and (p2)1 < b and a < (p4)1 and
(pa)1 < (p3)1 and (p3)1 < b. Then pi1, p2, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(40) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)2 =dand (p2)1 =band (p3)1 =band (ps)1 =b
and a < (p1)1 and (p1)1 < b and d > (p2)2 and (p2)2 > (p3)2 and

(p3s)2 > (pa)2 and (p4)2 > c. Then p1, pa2, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(41) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)2 =dand (p2)1 =band (p3)1 =b and (p4)2 = ¢
and a < (p1)1 and (p1)1 < b and d > (p2)2 and (p2)2 > (p3)2 and
(p3)2 > cand a < (p4)1 and (p4)1 < b. Then pi, p2, p3, ps are in this
order on Rectangle(a, b, ¢, d).
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(42) Let p1, p2, p3, pa be points of £% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)2 =dand (p2)1 =b and (p3)2 = c and (p4)2 = ¢
and a < (p1)1 and (p1)1 < b and ¢ < (p2)2 and (p2)2 < d and a < (p4)1
and (p4)1 < (p3)1 and (p3)1 < b. Then py, pa, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(43) Let p1, p2, p3, p4 be points of 5% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)2 =d and (p2)2 = cand (p3)2 = c and (p4)2 = ¢
and a < (p1)1 and (p1)1 < b and a < (p4)1 and (ps)1 < (p3)1 and
(p3)1 < (p2)1 and (p2)1 < b. Then p1, pa, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(44) Let p1, p2, p3, p4 be points of 5% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =band (p2)1 =band (p3)1 =b and (pg)1 = b
and d > (p1)2 and (p1)2 > (p2)2 and (p2)2 > (ps)2 and (p3)2 > (p4)2 and
(pa)2 > c. Then p1, pa2, p3, ps are in this order on Rectangle(a, b, ¢, d).

(45) Let p1, p2, p3, p4 be points of 5% and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)1 =band (p2)1 =b and (p3)1 = b and (pyg)2 =
cand d > (p1)2 and (p1)2 > (p2)2 and (p2)2 > (p3)2 and (p3)2 = c
and a < (ps4)1 and (ps)1 < b. Then pi, p2, p3, ps are in this order on
Rectangle(a, b, ¢, d).

(46) Let p1, p2, p3, pa be points of £2 and a, b, ¢, d be real numbers. Suppose
a<bandc<dand (p1)1 =band (p2)1 = b and (p3)2 = c and (ps)2 = ¢
and d > (p1)2 and (p1)2 > (p2)2 and (p2)2 > ¢ and b > (p3)1 and
(p3)1 > (p4)1 and (p4)1 > a. Then pi, p2, ps, ps are in this order on
Rectangle(a, b, ¢, d).

(47) Let p1, p2, p3, pa be points of £2 and a, b, ¢, d be real numbers. Suppose
a<bandc<dand (p1)1 =band (p2)2 = cand (p3)2 = cand (ps)2 = c
and ¢ < (p1)2 and (p1)2 < d and b > (p2)1 and (p2)1 > (p3)1 and
(p3)1 > (p4)1 and (p4)1 > a. Then pi, p2, ps, pa are in this order on
Rectangle(a, b, ¢, d).

(48) Let p1, p2, p3, pa be points of £2 and a, b, ¢, d be real numbers. Suppose
a<band c<dand (p1)2 =cand (p2)2 =cand (p3)2 = cand (ps)2 = c
and b > (p1)1 and (p1)1 > (p2)1 and (p2)1 > (p3)1 and (p3)1 > (pa)1 and
(p4)1 > a. Then pq, p2, p3, p4 are in this order on Rectangle(a, b, ¢, d).

(49) Let A, B, C, D be real numbers and h, g be maps from 2 into E2.
Suppose A > 0 and C' > 0 and h = AffineMap(A, B,C,D) and g =
AfﬁneMap(%, —%, %, —%). Then g =h ' and h =g~ %

(50) Let A, B, C, D be real numbers and h be a map from 5% into 8%.
Suppose A > 0 and C > 0 and h = AffineMap(A, B,C, D). Then h is a
homeomorphism and for all points py, pa of €% such that (p1)1 < (p2)1

holds h(p1)1 < h(p2)1-
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(51) Let A, B, C, D be real numbers and h be a map from £2 into E3.
Suppose A > 0 and C' > 0 and h = AffineMap(A, B,C, D). Then h is a
homeomorphism and for all points p;, pa of €% such that (p1)2 < (p2)2
holds h(p1)2 < h(p2)2.

(52) Let a, b, ¢, d be real numbers, h be a map from &3

into 8%, and f be a map from I into 5%. Suppose a <
2 b 2 d
b and ¢ < d and h = AffineMap(;Z;, —355, 7%, — %) and

rmg f C  ClosedInsideOfRectangle(a,b,¢,d). Then rng(h - f) C
ClosedInsideOfRectangle(—1,1, —1, 1).

(53) Let a, b, ¢, d be real numbers, h be a map from &£2 into &%, and
f be a map from I into 8%. Suppose @ < b and ¢ < d and h =
2 b+a 2 d+c

AffineMap (3%, — 559, 72> — =) and f is continuous and one-to-one.

Then h - f is continuous and one-to-one.

(54) Let a, b, ¢, d be real numbers, h be a map from £2 into €2, f be a map
from I into 6’%, and O be a point of I. Suppose a < b and ¢ < d and h =
AffineMap( 2 —ZJ_F—Z, =, —%) and f(O)1 = a. Then (h- f)(0)1 = —1.

b—a’
(55) Let a, b, ¢, d be real numbers, h be a map from E% into 5%, f be amap
from I into 5%, and I be a point of I. Suppose a < b and ¢ < d and h =
AffineMap (2., — 22, -2 — 94ty and f(I)a = d. Then (h- f)(I)2 = 1.

b—a’ c
(56) Let a, b, ¢, d be real numbers, h be a map from S% into 8%, f be a map
from I into 8%, and I be a point of I. Suppose a < b and ¢ < d and h =
AffineMap( 2 —2*_‘—3, =, —%) and f(I)1 =b. Then (h- f)(I)1 = 1.

b—a’ c

(57) Let a, b, ¢, d be real numbers, h be a map from 5% into S%, f be a map
from I into S%, and I be a point of I. Suppose a < b and ¢ < d and h =
AffineMap( ;2 —gf—g, 2, —%) and f(I)2 =c. Then (h- f)(I)2 = —1.

b—a’ c

(58) Let a, b, ¢, d be real numbers, h be a map from 5% into 5%, f be a map
from I into 5%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap(;2., —2¢ 2 _dt¢) and ¢ < f(0)z and f(O)2 < f(I)2

and f(I)2 < d. Then —1 < (h- f)(O)2 and (h- f)(O)2 < (h- f)(I)2 and

(h-f)I)2 < 1.

(59) Let a, b, ¢, d be real numbers, h be a map from 5% into 8%, f be a map
from I into 8%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap(;2., —2e 2 _dt¢) and ¢ < f(O)2 and f(O)2 < d and
a< f(I)y and f(I);1 <b. Then —1 < (h- f)(O)2 and (h- f)(O)2 <1 and
1< (h- f)(I)y and (h- f)(I)1 < 1.

(60) Let a, b, ¢, d be real numbers, h be a map from E% into 5%, f be a map
from I into 5%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap(;2, —2+¢ 2 —4t¢) and ¢ < f(O)2 and f(O)2 < d and
c< f(I)2 and f(I)2 <d. Then —1 < (h- f)(O)2 and (h- f)(O)2 <1 and

—1< (h- f)(I)2 and (h- f)(I)2 < 1.

205



206 YATSUKA NAKAMURA AND ANDRZEJ TRYBULEC

(61) Let a, b, ¢, d be real numbers, h be a map from 8% into 5%, f be a map
from I into 8%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap(;2., — 24 -2 &) and ¢ < f(O)2 and f(0)2 < d and
a< f(I)1 and f(I)1 <b. Then —1 < (h- f)(O)2 and (h- f)(O)2 <1 and
—1<(h-f)(I)y and (h- f)(I)1 <1.

(62) Let a, b, ¢, d be real numbers, h be a map from £2 into €2, f be a map
from I into 8%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap (2., — 2 2 45 and o < f(0)1 and f(O)1 < f(I)1
and f(I);1 <b. Then —1 < (h- f)(0)1 and (h- f)(0)1 < (h- f)(I)1 and
(h-f)I)1 <1

(63) Let a, b, ¢, d be real numbers, h be a map from 5% into 5%, f be a map
from I into S%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap (2., — 24 -2 4t and @ < f(0)1 and f(O)y < b and
c< f(I)2 and f(I)2 <d. Then —1 < (h- f)(O)1 and (h- f)(O)1 <1 and
=1 < (k- f)(I)2 and (h- f)(I)2 < 1.

(64) Let a, b, ¢, d be real numbers, h be a map from 5% into 5%, f be a map

from I into 8%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AfﬁneMap(%, _ZJ:Z> ﬁ, —%) and a < f(0)1 and f(O)1 < b and
a< f(I)1 and f(I)1 <b. Then —1 < (h- f)(O)1 and (h- f)(O)1 <1 and
—1<(h-f)(I)1 and (h- f)(I)1 < 1.

(65) Let a, b, ¢, d be real numbers, h be a map from 8% into 8%, f be a map
from I into E%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap (2., — 24 -2 45 and d > f(0) and f(O)2 > f(I)2
and f(I)2 > c¢. Then 1 > (h- f)(O)2 and (h- f)(O)2 > (h- f)(I)2 and
(h- )12 > 1.

(66) Let a, b, ¢, d be real numbers, h be a map from 8% into 5%, f be a map

from I into 5%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap(;2., —2t¢ 2 &) and ¢ < f(O)2 and f(0)2 < d and
a< f(I)y and f(I);1 <b. Then —1 < (h- f)(O)2 and (h- f)(O)2 <1 and
—1<(h-f)(I)y and (h- f)(I)1 <1.

(67) Let a, b, ¢, d be real numbers, h be a map from £2 into €2, f be a map
from I into 5%, and O, I be points of I. Suppose a < b and ¢ < d and
h = AffineMap(;2., - 22 -2 —4+¢) and a < f(I)1 and f(I)1 < f(O)
and f(O)1 <b. Then —1 < (h- f)(I)1 and (h- f)(I)1 < (h- f)(O)1 and
(h-£)(0)1 < 1.

One can prove the following propositions:

(68) Let p1, p2, p3, psa be points of E%, a, b, ¢, d be real numbers, and f, g
be maps from I into 8%. Suppose that a < b and ¢ < d and (p1)1 = a and
(p2)1 = aand (p3)1 =aand (ps)1 =aandc < (p1)2 and (p1)2 < (p2)2 and
(p2)2 < (p3)2 and (p3)z < (p4)2 and (p4)2 < d and f(0) = p1 and f(1) =
ps and g(0) = p and ¢g(1) = p4 and f is continuous and one-to-one and g is



THE FASHODA MEET THEOREM FOR RECTANGLES

continuous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d)
and rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(69) Let p1, p2, p3, pa be points of E2, a, b, ¢, d be real numbers, and P,
Q be subsets of £%. Suppose that a < b and ¢ < d and (p1)1 = a and
(p2)1 = aand (p3)1 = aand (ps)1 = aand ¢ < (p1)2 and (p1)2 < (p2)2 and
(p2)2 < (p3)2 and (p3)2 < (pa)2 and (ps)2 < d and P is an arc from p; to p3
and @ is an arc from ps to p4 and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(70) Let p1, p2, p3, pa be points of €%, a, b, ¢, d be real numbers, and
f, g be maps from I into S%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)1 = a and (p3)1 = a and (pg)2 = d and ¢ < (p1)2
and (p1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < d and a < (pa)1
and (p4)1 < b and f(0) = p; and f(1) = p3 and ¢(0) = p2 and
g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(71) Let p1, p2, p3, p4 be points of 5%, a, b, ¢, d be real numbers, and P,
@ be subsets of £%. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)1 = a and (p3)1 = a and (pg)2 = d and ¢ < (p1)2 and
(P1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < d and a < (ps)1
and (pg)1 < b and P is an arc from p; to ps and @ is an arc
from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and @ C
ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(72) Let pi1, p2, p3, pa be points of S%, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)1 = @ and (p3)1 = a and (pg)1 = b and ¢ < (p1)2
and (p1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < d and ¢ < (pa)2
and (ps4)2 < d and f(0) = p; and f(1) = p3 and ¢g(0) = p2 and
g(1) = ps and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(73) Let p1, p2, p3, pa be points of E2, a, b, ¢, d be real numbers, and P,
@ be subsets of £%. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)1 = a and (p3)1 = a and (pg)1 = b and ¢ < (p1)2 and
(P1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < d and ¢ < (p4)2
and (pg)2 < d and P is an arc from p; to ps and @ is an arc
from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and @ C
ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(74) Let p1, p2, p3, pa be points of 4, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that ¢ < b and ¢ < d and

(p1)1 = a and (p2)1 = a and (p3)1 = a and (ps)2 = c and ¢ < (p1)2
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and (p1)2 < (p2)2 and (p2)2 < (p3)2 and (p3)2 < d and a < (pa)1
and (p4)1 < b and f(0) = p; and f(1) = p3 and ¢g(0) = p2 and
g(1) = pg and f is continuous and one-to-one and g is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(75) Let p1, p2, p3, pa be points of £, a, b, ¢, d be real numbers, and P,

Q be subsets of £%. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)1 = a and (p3)1 = a and (ps)2 = ¢ and ¢ < (p1)2 and
(p1)z < (p2)2 and (p2)2 < (p3)2 and (p3)z < d and a < (pa)
and (pg)1 < b and P is an arc from p; to ps and @ is an arc
from ps to py and P C ClosedInsideOfRectangle(a,b,c,d) and @ C
ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(76) Let p1, pa2, p3, pa be points of 2, a, b, ¢, d be real numbers, and

f, g be maps from I into 8%. Suppose that a < b and ¢ < d and
(p1)1 = a and (p2)1 = a and (p3)2 = d and (p4)2 = d and ¢ < (p1)2
and (p1)2 < (p2)2 and (p2)2 < d and a < (p3)1 and (p3)1 < (pa)1
and (py)1 < b and f(0) = p; and f(1) = ps and ¢g(0) = pe and
g(1) = ps and f is continuous and one-to-one and g is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(77) Let p1, p2, p3, p4 be points of 8%, a, b, ¢, d be real numbers, and P, () be

subsets of £2. Suppose that a < b and ¢ < d and (p1)1 = a and (p2)1 = a
and (p3)2 = dand (p4)2 = dand ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d
and a < (p3)1 and (p3)1 < (p4)1 and (p4)1 < band P is an arc from p; to p3
and @ is an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(78) Let p1, p2, p3, pa be points of 4, a, b, ¢, d be real numbers, and

f, g be maps from I into 6’%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)1 = a and (p3)2 = d and (pg)1 = b and ¢ < (p1)2
and (p1)2 < (p2)2 and (p2)2 < d and a < (p3)1 and (p3)1 < b and
¢ < (ps)2 and (p4)2 < d and f(0) = p; and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢,d). Then rng f meets rng g.

(79) Let p1, p2, ps, pa be points of £2, a, b, ¢, d be real numbers, and P,

Q be subsets of £%. Suppose that a« < b and ¢ < d and (p1)1 = a
and (p2)1 = a and (p3)2 = d and (py)1 = b and ¢ < (p1)2 and
(p1)2 < (p2)2 and (p2)2 < d and a < (p3)1 and (p3)1 < b and
¢ < (ps)2 and (ps)2 < d and P is an arc from p; to ps and Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and
Q@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.
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(80) Let p1, p2, ps, psa be points of E4, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)1 = a and (p3)2 = d and (ps)2 = c and ¢ < (p1)2
and (p1)2 < (p2)2 and (p2)2 < d and a < (p3)1 and (p3)1 < b and
a < (p4)1 and (ps)1 < b and f(0) = p; and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(81) Let p1, p2, p3, pa be points of E2, a, b, ¢, d be real numbers, and P,
Q be subsets of 2. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)1 = a and (p3)2 = d and (pg)2 = ¢ and ¢ < (p1)2 and
(p1)2 < (p2)2 and (p2)2 < d and a < (p3)1 and (p3)1 < b and
a < (pg)1 and (pg)1 < b and P is an arc from p; to ps and Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, ¢,d) and
@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(82) Let p1, p2, p3, pa be points of %, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)1 = a and (p3)1 = b and (ps)1 = b and ¢ < (p1)2
and (p1)2 < (p2)2 and (p2)2 < d and ¢ < (p4)2 and (pa)2 < (p3)2
and (p3)2 < d and f(0) = p; and f(1) = ps and g¢(0) = p2 and
g(1) = ps and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(83) Let p1, p2, p3, pa be points of 2, a, b, ¢, d be real numbers, and P, @ be
subsets of £2. Suppose that a < b and ¢ < d and (p1)1 = a and (p2)1 = a
and (p3)1 =band (ps)1 = band ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d
and ¢ < (p4)2 and (p4)2 < (p3)2 and (p3)2 < d and P is an arc from p; to p3
and @ is an arc from ps to p4 and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(84) Let p1, pa2, p3, pa be points of 2, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)1 = a and (p3)1 = b and (pg)2 = ¢ and ¢ < (p1)2
and (p1)2 < (p2)2 and (p2)2 < d and ¢ < (p3)2 and (p3)2 < d and
a < (p4)1 and (pg)1 < b and f(0) = p; and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(85) Let p1, p2, p3, pa be points of 2, a, b, ¢, d be real numbers, and P,
Q be subsets of £%. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)1 = a and (p3)1 = b and (ps)2 = c and ¢ < (p1)2 and
(p1)2 < (p2)2 and (p2)2 < d and ¢ < (p3)2 and (p3)2 < d and
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a < (pg)1 and (p4)1 < b and P is an arc from p; to ps and Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, ¢,d) and
@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(86) Let p1, pa2, p3, pa be points of 2, a, b, ¢, d be real numbers, and

f, g be maps from I into 5%. Suppose that a < b and ¢ < d and
(p1)1 = a and (p2)1 = a and (p3)2 = ¢ and (p4)2 = ¢ and ¢ < (p1)2
and (p1)2 < (p2)2 and (p2)2 < d and a < (ps)1 and (ps)1 < (p3)1
and (p3)1 < b and f(0) = p; and f(1) = ps and ¢g(0) = p2 and
g(1) = ps and f is continuous and one-to-one and g is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(87) Let p1, p2, p3, pa be points of E2, a, b, ¢, d be real numbers, and P, @ be

subsets of £2. Suppose that a < b and ¢ < d and (p1)1 = a and (p2)1 = a
and (p3)2 = cand (p4)2 = cand ¢ < (p1)2 and (p1)2 < (p2)2 and (p2)2 < d
and a < (p4)1 and (p4)1 < (p3)1 and (p3)1 < band P is an arc from p; to p3
and @ is an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(88) Let p1, p2, p3, pa be points of 4, a, b, ¢, d be real numbers, and

f, g be maps from I into £2. Suppose that a < b and ¢ < d and
(p1)1 = a and (p2)2 = d and (p3)2 = d and (ps)2 = d and ¢ < (p1)2
and (p1)2 < d and a < (p2)1 and (p2)1 < (p3)1 and (p3)1 < (pa)1
and (py)1 < b and f(0) = p; and f(1) = ps and ¢g(0) = p2 and
g(1) = ps and f is continuous and one-to-one and g is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(89) Let p1, p2, p3, pa be points of E2, a, b, ¢, d be real numbers, and P,

Q be subsets of 2. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)2 = d and (p3)2 = d and (pg)2 = d and ¢ < (p1)2 and
(p1)z < d and a < (p2)1 and (p2)1 < (p3)1 and (p3)1 < (pa)1
and (pg)1 < b and P is an arc from p; to ps and @ is an arc
from p2 to py and P C ClosedInsideOfRectangle(a,b,c,d) and Q C
ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(90) Let p1, pa2, p3, pa be points of 2, a, b, ¢, d be real numbers, and

f, g be maps from I into 5%. Suppose that a < b and ¢ < d and
(p1)1 = a and (p2)2 = d and (p3)2 = d and (pg)1 = b and ¢ < (p1)2
and (p1)2 < d and @ < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b and
¢ < (p4)2 and (ps)2 < d and f(0) = p1 and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(91) Let p1, p2, p3, pa be points of E2, a, b, ¢, d be real numbers, and P,
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Q be subsets of £%. Suppose that a« < b and ¢ < d and (p1)1 = a
and (p2)2 = d and (p3)2 = d and (psy)1 = b and ¢ < (p1)2 and
(p1)2 < d and a < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b and
¢ < (p4)2 and (ps)2 < d and P is an arc from p; to ps and Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and
Q@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

Let p1, p2, p3, pa be points of €2, a, b, ¢, d be real numbers, and
f, g be maps from I into S%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)2 = d and (p3)2 = d and (ps)2 = ¢ and ¢ < (p1)2
and (p1)2 < d and a < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b and
a < (pa)1 and (ps)1 < b and f(0) = p1 and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(93) Let p1, p2, p3, pa be points of E2, a, b, ¢, d be real numbers, and P,

@ be subsets of £%. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)2 = d and (p3)2 = d and (p4)2 = ¢ and ¢ < (p1)2 and
(p1)2 < d and a < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b and
a < (p4)1 and (ps)1 < b and P is an arc from p; to p3 and @ is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and
Q@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

Let p1, p2, p3, pa be points of €2, a, b, ¢, d be real numbers, and
f, g be maps from I into S%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)2 = d and (p3)1 = b and (pg)1 = b and ¢ < (p1)2
and (p1)2 < d and a < (p2)1 and (p2)1 < b and ¢ < (p4)2 and
(p4)2 < (p3)2 and (ps3)z < d and f(0) = p1 and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(95) Let pi1, p2, p3, pa be points of 4 a, b, ¢, d be real numbers,

and P, () be subsets of 5%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)2 = d and (p3)1 = b and (ps)1 = b and ¢ < (p1)2
and (p1)2 < d and a < (p2)1 and (p2)1 < b and ¢ < (p4)2 and
(pa)2 < (p3)2 and (p3)2 < d and P is an arc from p; to ps and @ is
an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢, d) and
Q@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(96) Let p1, p2, p3, pa be points of S%, a, b, ¢, d be real numbers, and f, g

be maps from I into £%. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)2 = d and (p3)1 = b and (psg)2 = c and ¢ < (p1)2 and (p1)2 < d
and a < (p2)1 and (p2)1 < b and ¢ < (p3)2 and (p3)2 < d and a <
(pa)1 and (p4)1 < b and f(0) = p; and f(1) = p3 and ¢g(0) = py and
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g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(97) Let p1, p2, p3, pa be points of E2, a, b, ¢, d be real numbers, and P,
Q be subsets of £2. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)2 = d and (p3)1 = b and (ps)2 = c and ¢ < (p1)2 and
(p1)2 < dand a < (p2)1 and (p2)1 < b and ¢ < (p3)2 and (p3)2 < d
and a < (pg)1 and (pg)1 < b and P is an arc from p; to p3 and @
is an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢,d) and
@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(98) Let p1, pa2, p3, pa be points of 4, a, b, ¢, d be real numbers, and
f, g be maps from I into £2. Suppose that a < b and ¢ < d and
(p1)1 = a and (p2)2 = d and (p3)2 = ¢ and (pg)2 = ¢ and ¢ < (p1)2
and (p1)2 < d and a < (p2)1 and (p2)1 < b and a < (p4)1 and
(pa)1 < (p3)1 and (p3)1 < b and f(0) = p1 and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(99) Let p1, p2, p3, ps be points of 4 a, b, ¢, d be real numbers,
and P, () be subsets of 8%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)2 = d and (p3)2 = ¢ and (pg)2 = ¢ and ¢ < (p1)2
and (p1)2 < d and a < (p2)1 and (p2)1 < b and a < (p4)1 and
(ps)1 < (p3)1 and (p3)1 < b and P is an arc from p; to p3 and Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, ¢,d) and
@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(100) Let p1, p2, ps, pa be points of £2, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that a < b and ¢ < d and
(p1)1 = a and (p2)1 = b and (p3)1 = b and (p4)1 = b and ¢ < (p1)2
and (p1)2 < d and ¢ < (p4)2 and (ps)2 < (p3)2 and (p3)2 < (p2)2
and (p2)2 < d and f(0) = p; and f(1) = p3 and ¢g(0) = pe and
g(1) = ps and f is continuous and one-to-one and g is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(101)  Let p1, p2, ps, p4 be points of E2, a, b, ¢, d be real numbers, and P, Q be
subsets of £4. Suppose that a < b and ¢ < d and (p1)1 = a and (p2)1 = b
and (p3)1 =band (pg)1 = band ¢ < (p1)2 and (p1)2 < dand ¢ < (pg)2 and
(pa)2 < (p3)2 and (p3)2 < (p2)2 and (p2)2 < d and P is an arc from p; to p3
and @ is an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(102) Let p1, p2, ps, pa be points of £2, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that a < b and ¢ < d and
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(p1)1 = a and (p2)1 = b and (p3)1 = b and (pg)2 = c and ¢ < (p1)2
and (p1)2 < d and ¢ < (p3)2 and (p3)2 < (p2)2 and (p2)2 < d and
a < (p4)1 and (pg)1 < b and f(0) = p; and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(103) Let p1, p2, p3, pa be points of £%, a, b, ¢, d be real numbers, and P,
Q be subsets of £%. Suppose that a < b and ¢ < d and (p1)1 = a
and (p2)1 = b and (p3)1 = b and (ps)2 = ¢ and ¢ < (p1)2 and
()2 < d and ¢ < (p3)2 and (p3)2 < (p2)2 and (p2)2 < d and
a < (pg)1 and (p4)1 < b and P is an arc from p; to ps and Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and
Q@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(104) Let p1, p2, ps, pa be points of £2, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)1 = b and (p3)2 = ¢ and (p4)2 = ¢ and ¢ < (p1)2
and (p1)2 < d and ¢ < (p2)2 and (p2)2 < d and a < (p4)1 and
(pa)1 < (p3)1 and (p3)1 < b and f(0) = p1 and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(105) Let p1, p2, ps, psa be points of 8%, a, b, ¢, d be real numbers,
and P, Q be subsets of 5%. Suppose that ¢ < b and ¢ < d and
(p1)1 = a and (p2)1 = b and (p3)2 = c and (p4)2 = c and ¢ < (p1)2
and (p1)2 < d and ¢ < (p2)2 and (p2)2 < d and a < (p4)1 and
(pa)1 < (p3)1 and (p3)1 < b and P is an arc from p; to ps and @Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and
Q@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(106) Let p1, p2, ps, pa be points of £2, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that a < b and ¢ < d and
(p1)1 = a and (p2)2 = ¢ and (p3)2 = ¢ and (p4)2 = c and ¢ < (p1)2
and (p1)2 < d and @ < (ps)1 and (ps)1 < (p3)1 and (p3)1 < (P2)1
and (p2)1 < b and f(0) = p; and f(1) = p3 and ¢g(0) = p2 and
g(1) = ps and f is continuous and one-to-one and g¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(107) Let p1, p2, p3, p4 be points of 2, a, b, ¢, d be real numbers, and P, Q be
subsets of £2. Suppose that a < b and ¢ < d and (p1)1 = a and (p2)2 = ¢
and (p3)2 = cand (p4)2 = cand ¢ < (p1)2 and (p1)2 < dand a < (p4)1 and
(pa)1 < (p3)1 and (p3)1 < (p2)1 and (p2)1 < band P is an arc from p; to p3
and @ is an arc from ps to ps and P C ClosedInsideOfRectangle(a, b, ¢, d)
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and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(108) Let pi1, pa, p3, pa be points of 2, a, b, ¢, d be real numbers, and
f, g be maps from I into E%. Suppose that ¢ < b and ¢ < d
and (p1)2 = d and (p2)2 = d and (p3)2 = d and (ps)2 = d and
a < (p1)1 and (p1)1 < (p2)1 and (p2)1 < (p3)1 and (p3)1 < (Pa)1
and (p4)1 < b and f(0) = p; and f(1) = p3 and ¢(0) = p2 and
g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(109) Let p1, p2, p3, pa be points of 8%, a, b, ¢, d be real numbers, and P, () be
subsets of £2. Suppose that a < b and ¢ < d and (p1)2 = d and (p2)2 = d
and (p3)2 = d and (pg)2 = d and a < (p1)1 and (p1)1 < (p2)1 and
(p2)1 < (p3)1 and (p3)1 < (p4)1 and (pg)1 < band P is an arc from p; to p3
and @ is an arc from ps to p4 and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(110) Let pi1, pa, p3, psa be points of 2, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)2 = d and (p3)2 = d and (p4)1 = b and a < (p1)1
and (p1)1 < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b and ¢ < (pa)2
and (ps4)2 < d and f(0) = p; and f(1) = ps and ¢g(0) = p2 and
g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(111) Let p1, p2, p3, psa be points of 8%, a, b, ¢, d be real numbers,
and P, Q be subsets of 8%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)2 = d and (p3)2 = d and (p4)1 = b and a < (p1)1
and (p1)1 < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b and ¢ < (pa)2
and (py)2 < d and P is an arc from p; to p3s and @ is an arc
from ps to py and P C ClosedInsideOfRectangle(a,b,c,d) and @ C
ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(112) Let pi1, pa, p3, pa be points of 2, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)2 = d and (p3)2 = d and (p4)2 = ¢ and a < (p1)1
and (p1)1 < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b and a < (pa)1
and (p4)1 < b and f(0) = p; and f(1) = p3 and ¢(0) = p2 and
g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(113) Let p1, p2, ps, p4 be points of 2, a, b, ¢, d be real numbers, and P,
Q be subsets of £2. Suppose that a < b and ¢ < d and (p1)2 = d
and (p2)2 = d and (p3)2 = d and (pg)2 = ¢ and a < (p1)1 and
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(1)1 < (p2)1 and (p2)1 < (p3)1 and (p3)1 < b and a < (pi)1
and (pg)1 < b and P is an arc from p; to ps and @ is an arc
from pa to py and P C ClosedInsideOfRectangle(a,b,c,d) and Q C
ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(114) Let p1, p2, ps, pa be points of €%, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)2 = d and (p3)1 = b and (psg)1 = b and a < (p1)1
and (p1)1 < (p2)1 and (p2)1 < b and ¢ < (p4)2 and (pa)2 < (p3)2
and (p3)2 < d and f(0) = p; and f(1) = p3 and ¢g(0) = p2 and
g(1) = ps and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(115) Let p1, p2, ps, p4 be points of 2, a, b, ¢, d be real numbers, and P, Q be
subsets of £2. Suppose that a < b and ¢ < d and (p1)2 = d and (p2)2 = d
and (p3)1 =band (pg)1 =band a < (p1)1 and (p1)1 < (p2)1 and (p2)1 < b
and ¢ < (p4)2 and (p4)2 < (p3)2 and (p3)2 < d and P is an arc from p; to p3
and @ is an arc from ps to ps and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(116) Let p1, p2, ps, pa be points of €2, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)2 = d and (p3)1 = b and (ps)2 = c and a < (p1)1
and (p1)1 < (p2)1 and (p2)1 < b and ¢ < (p3)2 and (p3)2 < d and
a < (ps)1 and (p4)1 < b and f(0) = p; and f(1) = p3 and g(0) = p2
and ¢g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(117) Let p1, p2, ps, p4 be points of 2, a, b, ¢, d be real numbers, and P,
Q be subsets of £2. Suppose that a < b and ¢ < d and (p1)2 = d
and (p2)2 = d and (p3)1 = b and (ps)2 = ¢ and a < (p1)1 and
(p1)1 < (pg)l and (p2)1 < b and ¢ < (pg)z and (p3)2 < d and
a < (pg)1 and (p4)1 < b and P is an arc from p; to ps and Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and
@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(118) Let pi1, p2, ps, pa be points of E2, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)2 = d and (p3)2 = ¢ and (pg)2 = ¢ and a < (p1)1
and (p1)1 < (p2)1 and (p2)1 < b and a < (pa)1 and (pa)1 < (P31
and (p3)1 < b and f(0) = p; and f(1) = p3 and ¢g(0) = p2 and
g(1) = ps and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.
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(119) Let p1, p2, p3, p4 be points of 5%, a, b, ¢, d be real numbers, and P, () be
subsets of £2. Suppose that a < b and ¢ < d and (p1)2 = d and (p2)2 = d
and (p3)2 = cand (p4)2 = cand a < (p1)1 and (p1)1 < (p2)1 and (p2)1 < b
and a < (p4)1 and (pa)1 < (p3)1 and (p3)1 < band P is an arc from p; to p3
and @ is an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(120) Let pi1, pa, p3, pa be points of 2, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)1 = b and (p3)1 = b and (pg)1 = b and a < (p1)1
and (p1)1 < b and d > (p2)2 and (p2)2 > (p3)2 and (p3)2 > (pa)2
and (p4)2 > c and f(0) = p; and f(1) = p3 and ¢(0) = p2 and
g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(121) Let p1, p2, p3, p4 be points of 5%, a, b, ¢, d be real numbers, and P, ) be
subsets of £2. Suppose that a < b and ¢ < d and (p1)2 = d and (p2)1 = b
and (p3)1 =band (ps)1 = band a < (p1)1 and (p1)1 < band d > (p2)2 and
(p2)2 > (p3)2 and (p3)2 > (p4)2 and (p4)2 > c and P is an arc from p; to ps
and @ is an arc from ps to ps and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(122) Let p1, p2, ps, pa be points of €%, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)1 = b and (p3)1 = b and (p4)2 = c and a < (p1)1
and (p1)1 < b and d > (p2)2 and (p2)2 > (p3)2 and (p3)2 > c and
a < (p4)1 and (p4)1 < b and f(0) = p1 and f(1) = p3 and g(0) = p2
and g(1) = ps and f is continuous and one-to-one and ¢ is continu-
ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(123) Let p1, p2, ps, p4 be points of 2, a, b, ¢, d be real numbers, and P,
Q be subsets of £2. Suppose that a < b and ¢ < d and (p1)2 = d
and (p2)1 = b and (p3)1 = b and (pg)2 = ¢ and a < (p1)1 and
(p1)1 < b and d > (p2)2 and (p2)2 > (p3)2 and (p3)2 > ¢ and
a < (p4)1 and (ps)1 < b and P is an arc from p; to p3 and @ is
an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢, d) and
@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(124) Let p1, p2, ps, pa be points of €%, a, b, ¢, d be real numbers, and
f, g be maps from I into S%. Suppose that ¢ < b and ¢ < d and
(p1)2 = d and (p2)1 = b and (p3)2 = ¢ and (p4)2 = ¢ and a < (p1)1
and (p1)1 < b and ¢ < (p2)2 and (p2)2 < d and a < (p4)1 and
(p4)1 < (p3)1 and (p3)1 < b and f(0) = p1 and f(1) = ps and g(0) = p2
and g(1) = ps and f is continuous and one-to-one and ¢ is continu-
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ous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d) and
rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(125) Let p1, pa, ps, ps be points of €2, a, b, ¢, d be real numbers,
and P, () be subsets of 5%. Suppose that a < b and ¢ < d and
(p1)2 = d and (p2)1 = b and (p3)2 = ¢ and (p4)2 = c and a < (p1)1
and (p1)1 < b and ¢ < (p2)2 and (p2)2 < d and a < (pg)1 and
(pa)1 < (p3)1 and (p3)1 < b and P is an arc from p; to ps and @Q is
an arc from py to py and P C ClosedInsideOfRectangle(a, b, c,d) and
@ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(126) Let pi1, p2, p3, p4a be points of S%, a, b, ¢, d be real numbers, and
f, g be maps from I into 8%. Suppose that a < b and ¢ < d and
(p1)2 = d and (p2)2 = c and (p3)2 = ¢ and (pg)2 = ¢ and a < (p1)1
and (p1)1 < b and a < (p4)1 and (ps)1 < (p3)1 and (p3)1 < (P2)1
and (p2)1 < b and f(0) = p; and f(1) = p3 and ¢(0) = p2 and
g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(127)  Let p1, p2, ps, pa be points of 2, a, b, ¢, d be real numbers, and P, Q be
subsets of £4. Suppose that a < b and ¢ < d and (p1)2 = d and (p2)2 = ¢
and (p3)2 = cand (pg)2 = cand a < (p1)1 and (p1)1 < band a < (p4)1 and
(pa)1 < (p3)1 and (p3)1 < (p2)1 and (p2)1 < band P is an arc from p; to ps
and @ is an arc from ps to p4 and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(128) Let p1, p2, p3, pa be points of 8%, a, b, ¢, d be real numbers, and f, g
be maps from I into 5%. Suppose that a < b and ¢ < d and (p1)1 = b and
(p2)1 =band (p3)1 =band (ps)1 =band d > (p1)2 and (p1)2 > (p2)2 and
(p2)2 > (p3)2 and (p3)2 > (p4)z and (ps)2 > cand f(0) = p1 and f(1) = p3
and g(0) = p2 and g(1) = p4 and f is continuous and one-to-one and g is
continuous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d)
and rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(129) Let p1, p2, p3, pa be points of £2, a, b, ¢, d be real numbers, and P,
@ be subsets of £%. Suppose that a < b and ¢ < d and (p1)1 = b and
(p2)1 =band (p3)1 =band (ps)1 =band d > (p1)2 and (p1)2 > (p2)2 and
(p2)2 > (p3)2 and (p3)2 > (pa)2 and (ps)2 > cand P is an arc from p; to p3
and @ is an arc from ps to pg and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(130) Let pi1, p2, p3, pa be points of 5%, a, b, ¢, d be real numbers, and
f, g be maps from I into 5%. Suppose that ¢ < b and ¢ < d and
(p1)1 = b and (p2)1 = b and (p3)1 = b and (p4)2 = ¢ and d > (p1)2
and (p1)2 > (p2)2 and (p2)2 > (p3)2 and (p3)2 > c and a < (pa)1
and (ps4)1 < b and f(0) = p; and f(1) = p3 and ¢(0) = p2 and

217
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g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(131) Let p1, p2, ps, p4 be points of 2, a, b, ¢, d be real numbers, and P,
Q be subsets of £2. Suppose that a < b and ¢ < d and (p1)1 = b
and (p2)1 = b and (p3)1 = b and (pg)2 = c and d > (p1)2 and
(p1)2 > (p2)2 and (p2)2 > (p3)2 and (p3)2 = c and a < (pi)1
and (pg)1 < b and P is an arc from p; to ps and @ is an arc
from p2 to py and P C ClosedInsideOfRectangle(a,b,c,d) and Q C
ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(132) Let p1, p2, ps, pa be points of £2, a, b, ¢, d be real numbers, and
f, g be maps from I into £2. Suppose that a < b and ¢ < d and
(p1)1 = b and (p2)1 = b and (p3)2 = ¢ and (p4)2 = c and d > (p1)2
and (p1)2 > (p2)2 and (p2)2 > c and b > (p3)1 and (p3)1 > (Pa)1
and (py)1 > a and f(0) = p; and f(1) = p3 and ¢g(0) = pe and
g(1) = ps and f is continuous and one-to-one and g is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(133)  Let p1, p2, ps, pa be points of E2, a, b, ¢, d be real numbers, and P, Q be
subsets of £4. Suppose that a < b and ¢ < d and (p;)1 = b and (p2)1 = b
and (p3)2 = cand (p4)2 = cand d > (p1)2 and (p1)2 > (p2)2 and (p2)2 > ¢
and b > (p3)1 and (p3)1 > (p4)1 and (p4)1 > a and P is an arc from p; to p3
and @ is an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(134) Let p1, p2, ps, pa be points of £2, a, b, ¢, d be real numbers, and
f, g be maps from I into E%. Suppose that ¢ < b and ¢ < d and
(p1)1 = b and (p2)2 = ¢ and (p3)2 = ¢ and (pg)2 = c and ¢ < (p1)2
and (p1)2 < d and b > (p2)1 and (p2)1 > (p3)1 and (p3)1 > (Pa)1
and (pg)1 > a and f(0) = p; and f(1) = p3 and ¢g(0) = pe and
g(1) = p4 and f is continuous and one-to-one and ¢ is continuous and
one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢,d) and rngg C
ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(135) Let p1, p2, ps, p4 be points of E2, a, b, ¢, d be real numbers, and P, Q be
subsets of £4. Suppose that a < b and ¢ < d and (p;)1 = b and (p2)2 = ¢
and (p3)2 = cand (pg)2 = cand ¢ < (p1)2 and (p1)2 < dand b > (p2)1 and
(p2)1 > (p3)1 and (p3)1 > (p4)1 and (p4)1 > a and P is an arc from p; to p3
and @ is an arc from ps to p4 and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.

(136) Let pi1, p2, p3, pa be points of 5%, a, b, ¢, d be real numbers, and f, g
be maps from I into 2. Suppose that a < b and ¢ < d and (p;)2 = ¢ and
(p2)2 = cand (p3)2 = cand (p4)2 = cand b > (p1)1 and (p1)1 > (p2)1 and
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(p2)1 > (p3)1 and (p3)1 > (pa)1 and (pa)1 > a and f(0) = p1 and f(1) =
ps and ¢g(0) = p2 and ¢g(1) = p4 and f is continuous and one-to-one and g is
continuous and one-to-one and rng f C ClosedInsideOfRectangle(a, b, ¢, d)
and rng g C ClosedInsideOfRectangle(a, b, ¢, d). Then rng f meets rng g.

(137) Let p1, p2, ps, p4 be points of 2, a, b, ¢, d be real numbers, and P,
Q be subsets of £2. Suppose that a < b and ¢ < d and (p1)2 = ¢ and
(p2)2 = cand (p3)2 = cand (ps)2 = cand b > (p1)1 and (p1)1 > (p2)1 and
(p2)1 > (p3)1 and (p3)1 > (p4)1 and (p4)1 > a and P is an arc from p; to ps
and @ is an arc from ps to py and P C ClosedInsideOfRectangle(a, b, ¢, d)
and @ C ClosedInsideOfRectangle(a, b, ¢, d). Then P meets Q.
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The terminology and notation used here are introduced in the following articles:
[5], [1], 21, [6], [4], and [3].

1. THE DEFINITION OF EROSION AND DILATION AND THEIR ALGEBRAIC
PROPERTIES

In this paper n denotes a natural number and ¢, y, b denote points of £F.
Let us consider n, let p be a point of £F, and let X be a subset of £. The
functor X + p yielding a subset of £} is defined by:
(Def. 1) X+p={q+p:qe X}
Let us consider n and let X be a subset of £F. The functor X! yielding a
subset of £7 is defined as follows:
(Def. 2) X!={—¢q:qe€ X}.
Let us consider n and let X, B be subsets of £. The functor X © B yields
a subset of £} and is defined as follows:

(© 2005 University of Bialystok
221 ISSN 1426-2630
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(Def.3) XoB={y:B+yCX}.
Let us consider n and let X, B be subsets of £. The functor X @ B yields
a subset of £ and is defined as follows:
(Def.4) X@oB={y+b:ye X A be B}.
We follow the rules: n is a natural number, X, Y, Z, B, C, By, By are
subsets of £, and x, y, p are points of £F.
One can prove the following propositions:

B!l = B.

—_

(1)

(2) {0gp}+ = {a}.

(3) If By C By, then By +p C By + p.

(4) For every X such that X = () holds X + z = 0.
(5) X© {0z} =X

(6) X & {0} =X.

(7)) Xoe{zr}=X+uz.

(8) For all X, Y such that Y =0 holds X &Y = R".
(9) XCY, thnXeoBCYoBand X&@BCY @ B.
(10) If By C By, then X © By C X © B; and X ® By C X @ Bs.
(11) IfOgp € B, then X 0B C X and X C X @ B.
(12) X&Y =Y & X.

(13) Y+yCX+zif Y+ (y—2) CX.

(14) (X+peoY=XoY+p.

(15) (X+p) @Y =XaY +p.

(16) (X+2)+y=X+(x+y).

17) Xe (Y +p)=XOY +—p.

(18) X& (Y +p)=XaY +p.

(19) Ifx € X, then B+2C B® X.

(200 XC (X®B)oB.

(21) X +0gp = X.

(22) Xo{z}=X+—=.

(23) Xeo(YeZ)=XeYolZ

2) Xe(YaZ) =XezZeoY.

(25) Xo(YoZ) C(XaY)oZ

(26) Xo(YaoZ)=(XaY)sZ

(27) (BUC)4+y=(B+y)U(C+y).

(28) BNCH+y=(B+y)N({C+y).

(29) Xo(BUC)=(XeB)Nn(Xal).

(30) X&(BUC)=X®&BUX&C.
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(31) XeBUYoSBC(XUY)oB.
(32) (XUY)®B=X®BUY ®B.
(33) XNYoB=(XoB)N(YoB).
(34) XNY@BC(X®B)Nn(Y ®B).
(35) BeXnYC(BaX)N(BaY).
(36) BoXuBoY CBoXnY.
(37) (X°oB)=Xa®B.

(38) (X©B)°=X°® B\

2. THE DEFINITION OF ADJUNCTION OPENING AND CLOSING AND THEIR
ALGEBRAIC PROPERTIES

Let n be a natural number and let X, B be subsets of £&F. The functor
X O B yielding a subset of £} is defined by:

(Def. 5) XOB=(X©B)®B.
Let n be a natural number and let X, B be subsets of £&F. The functor
X © B yielding a subset of £ is defined as follows:
(Def. 6) X©@B=(X®B)oB.

We now state a number of propositions:

(39) (X*OB!)=X0oB.

(40) (X°@B!)*=X QO B.

(41) XOBCXand XC XoB.

(42) XOX=X.

(43) XOBeBCXoBand XOBa®BCXaB.
(44 XcBCX@©@BoBand X&BC X®B®B.
(45) X CY,then XOBCY(OBand X@BCY ®B.
(46) (X+p) QY =XQY +p.

(47) (X +p)eY =X0Y +p.

(48) fCCB,then X OBC (X&) B.

(49) If BCC,then X©BC (X®(C)o B.

(50) XeY=XeYaoYandXoY=XQYoVY.
(51) XY =(XapY)OYand XY =(X6Y)0Y.
(52) XOBOB=XQOB.

(53) X@©@B@®@B=X®B.

(54) XOBC(XUY)OB

(55) If B=B( Bi,then X O BC X O Bs.
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3. THE DEFINITION OF SCALING TRANSFORMATION AND ITS ALGEBRAIC
PROPERTIES

In the sequel a is a point of £F.
Let t be a real number, let us consider n, and let A be a subset of £7. The
functor ¢t ©® A yields a subset of £F and is defined as follows:

(Def. 7) t©@A={t-a:ac A}.
In the sequel ¢, s denote real numbers.
One can prove the following propositions:
For every subset X of & such that X = holds 0 ® X = 0.
For every non empty subset X of & holds 0 © X = {0Ogn }.
loX =X.
20X C XX
t-s)OX=to(soX).
fXCY, thenteo X CtoY.
toO(X+z)=tOX +t-1.

~ o~~~ o~~~ o~~~
S O O Ot Ot Ot L
N = O © 0 3 O
N N N S N D 2

63) tO(XPY)=tOoXatoY.

64) Ift#0,thent® (X 0Y)=t0XOtOY.

65) Ift+#0,thent® (X OQY)=(toX)OtoY).
66) Ift#0,thent®(X@Y)=(toX)o (tOY).

4. THE DEFINITION OF THINNING AND THICKENING AND THEIR
ALGEBRAIC PROPERTIES

Let n be a natural number and let X, By, By be subsets of £f. The functor
X ® (B1, By) yielding a subset of £ is defined as follows:

(Def. 8) X ® (B1,B2) = (X © B1)N (XS By).
Let n be a natural number and let X, By, By be subsets of £f. The functor
X ® (By, Bg) yields a subset of £} and is defined as follows:
(Def. 9) X ® (B1,B2) = X U (X ® (By, B2)).
Let n be a natural number and let X, By, By be subsets of £f. The functor
X ® (B1, By) yielding a subset of £F is defined by:
(Def. 10) X ® (B1,B2) = X \ (X ® (B1, B2)).
The following propositions are true:
If By =0, then X ® (B, Bs) = X° & Bs.
If By =0, then X ® (B,B2) = X © By.
If Ogn € By, then X ® (B1, By) C X.
If Ogn € Ba, then (X ® (By, B2)) N X = 0.

S O
[N
~

—~ o~ —~
(@)}
Nej

= =
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(T1) 1t Ogp € By, then X @ (By, By) =
( ) If Ogn € By, then X ® (Bl,Bz)
(73) X ® (B2, B1) = (X°® (B1, B2))".
(74) X @ (B2, B1) = (X°® (By, B2))".

5. PROPERTIES OF EROSION, DILATION, ADJUNCTION OPENING,
ADJUNCTION CLOSING ON CONVEX SETS

One can prove the following proposition
(75) Let n be a natural number and B be a subset of £&F. Then B is convex
if and only if for all points x, y of £ and for every real number r such
that 0 <randr<landze€ Bandye€ Bholdsr-z+ (1—r)-y € B.
Let n be a natural number and let B be a subset of £F. Let us observe that
B is convex if and only if:
(Def. 11) For all points z, y of £} and for every real number r such that 0 < r
andr<landzx€ Bandy€ Bholdsr-xz+(1—r)-y € B.
One can prove the following propositions:
(76) If X is convex, then X! is convex.
(77) If X is convex and B is convex, then X & B is convex and X © B is
convex.

(78) If X is convex and B is convex, then X () B is convex and X © B is

convex.
(79) If Bis convex and 0 <t and 0 < s, then (s +¢t)©B=s®OB &t B.
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The articles [21], [24], [1], [3], [2], [23], [4], [11], [9], [22], [16], [20], [19], [6],
(7], [12], [8], [13], [17], [14], [15], [5], [18], and [10] provide the terminology and
notation for this paper.
In this paper n is a natural number.
The following three propositions are true:
(1) For every finite sequence f of elements of £2 and for every point p of £2
such that p € £(f) holds len | p, f > 1.
(2) For every non empty finite sequence f of elements of £2 and for every
point p of 5% holds len | f,p > 1.
(3) For every finite sequence f of elements of £% and for all points p, g of
5% holds || p, f,q # 0.
Let x be a set. One can check that (x) is one-to-one.
Let f be a finite sequence. We say that f is almost one-to-one if and only
if:
(Def. 1) For all natural numbers ¢, j such that ¢ € dom f and j € dom f and
i#1lorj#lenfandi#lenforj#1and f(i) = f(j) holds i = j.
Let f be a finite sequence. We say that f is weakly one-to-one if and only
if:
(Def. 2) For every natural number i such that 1 < ¢ and ¢ < len f holds f(i) #
fl+1).
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Let f be a finite sequence. We say that f is poorly one-to-one if and only if:
(Def. 3)(i)  For every natural number ¢ such that 1 < i and ¢ < len f holds

FG) # fi+1) if len f #2,
(i) TRUE, otherwise.
The following three propositions are true:

(4) Let D be a set and f be a finite sequence of elements of D. Then f
is almost one-to-one if and only if for all natural numbers 7, j such that
i €domfand j €edomfandi# lorj#lenfandi#lenf orj#1
and f; = f; holds i = j.

(5) Let D be a set and f be a finite sequence of elements of D. Then f is
weakly one-to-one if and only if for every natural number ¢ such that 1 <74
and ¢ < len f holds f; # fiy1.

(6) Let D be a set and f be a finite sequence of elements of D. Then f is
poorly one-to-one if and only if if len f # 2, then for every natural number
i such that 1 <14 and ¢ <len f holds f; # fit1.

Let us note that every finite sequence which is one-to-one is also almost
one-to-one.

One can check that every finite sequence which is almost one-to-one is also
poorly one-to-one.

The following proposition is true

(7) For every finite sequence f such that len f # 2 holds f is weakly one-to-

one iff f is poorly one-to-one.

Let us note that () is weakly one-to-one.

Let = be a set. One can verify that (x) is weakly one-to-one.

Let z, y be sets. Observe that (z,y) is poorly one-to-one.

Let us mention that there exists a finite sequence which is weakly one-to-one
and non empty.

Let D be a non empty set. Observe that there exists a finite sequence of
elements of D which is weakly one-to-one, circular, and non empty.

We now state three propositions:

(8) For every finite sequence f such that f is almost one-to-one holds Rev(f)
is almost one-to-one.

(9) For every finite sequence f such that f is weakly one-to-one holds Rev(f)
is weakly one-to-one.
(10) For every finite sequence f such that f is poorly one-to-one holds Rev( f)
is poorly one-to-one.
Let us observe that there exists a finite sequence which is one-to-one and
non empty.
Let f be an almost one-to-one finite sequence. Observe that Rev(f) is almost
one-to-one.
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Let f be a weakly one-to-one finite sequence. Observe that Rev(f) is weakly
one-to-one.

Let f be a poorly one-to-one finite sequence. Observe that Rev(f) is poorly
one-to-one.

One can prove the following three propositions:

(11) Let D be a non empty set and f be a finite sequence of elements of D.
Suppose f is almost one-to-one. Let p be an element of D. Then f O pis
almost one-to-one.

(12) Let D be a non empty set and f be a finite sequence of elements of D.
Suppose f is weakly one-to-one and circular. Let p be an element of D.
Then f O p is weakly one-to-one.

(13) Let D be a non empty set and f be a finite sequence of elements of D.
Suppose f is poorly one-to-one and circular. Let p be an element of D.
Then f O p is poorly one-to-one.

Let D be a non empty set. One can check that there exists a finite sequence
of elements of D which is one-to-one, circular, and non empty.

Let D be a non empty set, let f be an almost one-to-one finite sequence
of elements of D, and let p be an element of D. Note that f O p is almost
one-to-one.

Let D be a non empty set, let f be a circular weakly one-to-one finite
sequence of elements of D, and let p be an element of D. Note that f O p is
weakly one-to-one.

Let D be a non empty set, let f be a circular poorly one-to-one finite sequence
of elements of D, and let p be an element of D. One can verify that f O p is
poorly one-to-one.

The following proposition is true

(14) Let D be a non empty set and f be a finite sequence of elements of D.

Then f is almost one-to-one if and only if f|; is one-to-one and f[(len f—'1)
is one-to-one.

Let C be a compact non vertical non horizontal subset of 8% and let n be a
natural number. Observe that Cage(C,n) is almost one-to-one.
Let C be a compact non vertical non horizontal subset of 5% and let n be a
natural number. One can check that Cage(C,n) is weakly one-to-one.
The following propositions are true:
(15) Let f be a finite sequence of elements of 5% and p be a point of 5%. If
p € L(f) and f is weakly one-to-one, then || p, f,p = (p).
(16) For every finite sequence f such that f is one-to-one holds f is weakly
one-to-one.

One can check that every finite sequence which is one-to-one is also weakly
one-to-one.
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The following propositions are true:

(17) Let f be a finite sequence of elements of 6’%. Suppose f is weakly one-to-
one. Let p, ¢ be points of E4. If p € L(f) and q € L(f), then || p, f,q =
Rev(llq, f,p).

(18) Let f be a finite sequence of elements of £2, p be a point of £2, and i
be a natural number. Suppose f is poorly one-to-one, unfolded, and s.n.c.
and 1 < iy and 43 <len f and p = f(i1). Then Index(p, f) + 1 = i;.

(19) Let f be a finite sequence of elements of &z Suppose [ is weakly one-to-
one. Let p, ¢ be points of E2. If p € L(f) and q € L(f), then (|| p, f,¢)1 =
p.

(20) Let f be a finite sequence of elements of 5%; Suppose [ is weakly
one-to-one. Let p, ¢ be points of £2. If p € L(f) and ¢ € L(f), then
(Lo, fs e 1p.rg = €

(21) For every finite sequence f of elements of 2 and for every point p of £2
such that p € L£(f) holds L(| p, f) C L(f).

(22) Let f be a finite sequence of elements of E2 and p, q be points of E2.
If p€ L(f) and g € L(f) and [ is weakly one-to-one, then L({]p, f,q) €
L(f).

(23) For all finite sequences f, g holds dom f C dom(f ~ g).

(24) For every non empty finite sequence f and for every finite sequence g
holds dom g C dom(f ~ g).

(25) For all finite sequences f, g such that f ~~ g is constant holds f is

constant.

(26) For all finite sequences f, g such that f ~~ g is constant and f(len f) =
g(1) and f # 0 holds g is constant.

(27) For every special finite sequence f of elements of £ and for all natural
numbers 4, j holds mid(f,,7) is special.

(28) For every unfolded finite sequence f of elements of £2 and for all natural
numbers 4, j holds mid(f,,7) is unfolded.

(29) Let f be a finite sequence of elements of 5%. Suppose f is special. Let
p be a point of E%. If p € L(f), then | p, f is special.

(30) Let f be a finite sequence of elements of 5%. Suppose f is special. Let
p be a point of E2. If p € L(f), then | f,p is special.

(31) Let f be a finite sequence of elements of 5%. Suppose [ is special and
weakly one-to-one. Let p, ¢ be points of £2. If p € L(f) and ¢ € L(f),
then || p, f, q is special.

(32) Let f be a finite sequence of elements of 8%. Suppose f is unfolded. Let
p be a point of E2. If p € L(f), then | p, f is unfolded.

(33) Let f be a finite sequence of elements of £%. Suppose f is unfolded. Let
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p be a point of E%. If p € L(f), then | f, p is unfolded.

(34) Let f be a finite sequence of elements of 5%. Suppose f is unfolded and
weakly one-to-one. Let p, ¢ be points of E4. If p € Z(f) and ¢ € Z(f),
then || p, f, q is unfolded.

(35) Let f, g be finite sequences of elements of £% and p be a point of £2.
Suppose f is almost one-to-one, special, unfolded, and s.n.c. and p € E( f)
and p # f(1) and g = (mid(f, 1, Index(p, f))) ~ (p). Then g is a special
sequence joining f1, p.

(36) Let f be a finite sequence of elements of £ and p be a point of £2.
Suppose f is poorly one-to-one, unfolded, and s.n.c. and p € Z(f) and p =
f(Index(p, f)+1) and p # f(len f). Then Index(p, Rev(f))+Index(p, )+
1 =len f.

(37) Let f be a non empty finite sequence of elements of £% and p be a point
of 2. If f is weakly one-to-one and len f > 2, then | f1, f = f.

(38) Let f be a non empty finite sequence of elements of £% and p be a point
of 2. Suppose f is poorly one-to-one, unfolded, and s.n.c. and p € L(f)
and p # f(len f). Then | p, Rev(f) = Rev(| £, p).

(39) Let f be a finite sequence of elements of £ and p be a point of £2.
Suppose f is almost one-to-one, special, unfolded, and s.n.c. and p € E( f)
and p # f(1). Then | f,p is a special sequence joining fi, p.

(40) Let f be a non empty finite sequence of elements of 5% and p be a point
of 5123; Suppose f is almost one-to-one, special, unfolded, and s.n.c. and
p € L(f) and p # f(len f) and p # f(1). Then | p, f is a special sequence
joining b, flenf-

(41) Let f be a finite sequence of elements of 5% and p be a point of 5%.
Suppose f is almost one-to-one, special, unfolded, and s.n.c. and p € £~( f)
and p # f(1). Then | f,p is a special sequence.

(42) Let f be a non empty finite sequence of elements of 5% and p be a point
of S%V. Suppose f is almost one-to-one, special, unfolded, and s.n.c. and
p€ L(f)and p# f(len f) and p # f(1). Then | p, f is a special sequence.

(43) Let f be a non empty finite sequence of elements of £2 and p, ¢ be points
of 5%. Suppose that f is almost one-to-one, special, unfolded, and s.n.c.
and len f # 2 and p € Z(f) and q € Z(f) and p # ¢ and p # f(1) and
q# f(1). Then || p, f,q is a special sequence joining p, gq.

(44) Let f be a non empty finite sequence of elements of 6’% and p, g be points
of E%. Suppose that f is almost one-to-one, special, unfolded, and s.n.c.
and len f # 2 and p € /j(f) and q € /j(f) and p # ¢ and p # f(1) and
q # f(1). Then || p, f,q is a special sequence.

(45) Let C be a compact non vertical non horizontal subset of £% and p, ¢
be points of £2. Suppose p € BDD E(Cage(C, n)). Then there exists a
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S-sequence B in R? such that

(i) B = ||South-Bound(p, £(Cage(C,n))),
(Cage(c’ n) O (Cage(c’ n))IndeX(South—Bound(p,E(Cage(C,n))),Cage(C,n))) r(len
(Cage(C, n) O (Cage(c’ n))Index(South—Bound(p,E(Cage(C,n))),Cage(C,n)) - 1)’
North-Bound(p, £(Cage(C,n))), and

(i)  there exists a S-sequence P in R? such that P is a sequence which el-
ements belong to the Go-board of B ~~ (North-Bound(p, £(Cage(C, n))),
South- Bound(p,L(Cage(C’ n)))) and E((North—Bound(p,E(Cage(C’, n))),
South-Bound(p, £ (Cage( n))))) = L(P) and
P, = North-Bound(p, £ (Cage(C n))) and
Pienp = South-Bound(p, £(Cage(C,n))) and len P > 2 and there ex-
ists a S-sequence B; in R? such that B; is a sequence which ele-
ments belong to the Go-board of B ~~ (North- Bound(p, £(Cage(C,n))),
South-Bound(p, £(Cage(C,n)))) and L(B) = L(B,) and B, = (By); and
Bien = (B1)lenB, and len B < len B; and there exists a non constant
standard special circular sequence g such that g = By ~ P.

REFERENCES

Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Czestaw Byliriski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

Czestaw Bylinski. Some properties of restrictions of finite sequences. Formalized Mathe-
matics, 5(2):241-245, 1996.

Czestaw Byliniski and Mariusz Zynel. Cages — the external approximation of Jordan’s
curve. Formalized Mathematics, 9(1):19-24, 2001.

Agata Darmochwal. Compact spaces. Formalized Mathematics, 1(2):383-386, 1990.
Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.
Agata Darmochwat and Yatsuka Nakamura. The topological space £%. Arcs, line segments
and special polygonal arcs. Formalized Mathematics, 2(5):617-621, 1991.

Katarzyna Jankowska. Matrices. Abelian group of matrices. Formalized Mathematics,
2(4):475-480, 1991.

Artur Kornitlowicz. The ordering of points on a curve. Part IV. Formalized Mathematics,
10(3):173-177, 2002.

Jarostaw Kotowicz. Functions and finite sequences of real numbers. Formalized Mathe-
matics, 3(2):275-278, 1992.

Jarostaw Kotowicz and Yatsuka Nakamura. Introduction to Go-board — part I. Formalized
Mathematics, 3(1):107-115, 1992.

Jarostaw Kotowicz and Yatsuka Nakamura. Introduction to Go-board — part II. Formal-
ized Mathematics, 3(1):117-121, 1992.

Yatsuka Nakamura and Czestaw Bylinski. Extremal properties of vertices on special
polygons. Part 1. Formalized Mathematics, 5(1):97-102, 1996.

Yatsuka Nakamura and Roman Matuszewski. Reconstructions of special sequences. For-
malized Mathematics, 6(2):255-263, 1997.

Yatsuka Nakamura and Piotr Rudnicki. Vertex sequences induced by chains. Formalized
Mathematics, 5(3):297-304, 1996.

Yatsuka Nakamura and Andrzej Trybulec. Decomposing a Go-board into cells. Formalized
Mathematics, 5(3):323-328, 1996.



SUBSEQUENCES OF ALMOST, WEAKLY AND POORLY ...

Yatsuka Nakamura, Andrzej Trybulec, and Czestaw Byliniski. Bounded domains and
unbounded domains. Formalized Mathematics, 8(1):1-13, 1999.

Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Formalized Mathematics,
4(1):83-86, 1993.

Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Andrzej Trybulec. On the decomposition of finite sequences. Formalized Mathematics,

5(3):317-322, 1996.
Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(3):575-579,

1990.
Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

Received February 1, 2005

233



234 ROBERT MILEWSKI



FORMALIZED MATHEMATICS
Volume 13, Number 2, Pages 235-252
University of Bialystok, 2005

Alternative Graph Structures!

Gilbert Lee? Piotr Rudnicki
University of Victoria University of Alberta
Victoria, Canada Edmonton, Canada

Summary. We define the notion of a graph anew without using the avail-
able Mizar structures. In our approach, we model graph structure as a finite
function whose domain is a subset of natural numbers. The elements of the do-
main of the function play the role of selectors for accessing the components of
the structure. As these selectors are first class objects, many future extensions
of the new graph structure turned out to be easier to formalize in Mizar than
with the traditional Mizar structures.

After introducing graph structure, we define its selectors and then conditions
that the structure needs to satisfy to form a directed graph (in the spirit of [13]).
For these graphs we define a collection of basic graph notions; the presentation
of these notions is continued in articles [16, 15, 17].

We have tried to follow a number of graph theory books in choosing graph
terminology but since the terminology is not commonly agreed upon, we had to
make a number of compromises, see [14].
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1. DEFINITIONS

A finite function is called a graph structure if:
(Def. 1) domit C N.

The natural number VertexSelector is defined as follows:
(Def. 2) VertexSelector = 1.
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The natural number EdgeSelector is defined as follows:
(Def. 3) EdgeSelector = 2.
The natural number SourceSelector is defined by:
(Def. 4) SourceSelector = 3.
The natural number TargetSelector is defined by:
(Def. 5) TargetSelector = 4.
The non empty subset the graph selectors of N is defined by:
(Def. 6) The graph selectors =
{VertexSelector, EdgeSelector, SourceSelector, TargetSelector}.
Let G be a graph structure. The vertices of G is defined by:
(Def. 7) The vertices of G = G(VertexSelector).
The edges of G is defined by:
(Def. 8) The edges of G = G(EdgeSelector).
The source of G is defined by:
(Def. 9) The source of G = G(SourceSelector).
The target of G is defined by:
(Def. 10) The target of G = G(TargetSelector).
Let G be a graph structure. We say that G is graph-like if and only if the
conditions (Def. 11) are satisfied.

(Def. 11) VertexSelector € domG and EdgeSelector € domG and
SourceSelector € dom G and TargetSelector € dom G and the vertices
of G is a non empty set and the source of GG is a function from the edges of
G into the vertices of G and the target of G is a function from the edges
of G into the vertices of G.

Let us note that there exists a graph structure which is graph-like.

A graph is a graph-like graph structure.

Let G be a graph. Observe that the vertices of G is non empty.

Let G be a graph. Then the source of G is a function from the edges of G
into the vertices of G. Then the target of G is a function from the edges of G
into the vertices of G.

Let V' be a non empty set, let E be a set, and let S, T be functions from F
into V. The functor createGraph(V, E, S, T') yielding a graph is defined by:

(Def. 12) createGraph(V, E,S,T) = (V,E,S,T).
Let x, y be sets. One can verify that x——y is finite.

Let G be a graph structure, let n be a natural number, and let x be a set.
The functor G.set(n,z) yielding a graph structure is defined as follows:

(Def. 13) G.set(n,z) = G+-(n——x).
Let G be a graph structure and let X be a set. The functor G.strict(X)
yielding a graph structure is defined by:
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(Def. 14) G.strict(X) = G X.
Let G be a graph. Observe that G.strict(the graph selectors) is graph-like.

Let G be a graph and let x, y, e be sets. We say that e joins z and y in G
if and only if the conditions (Def. 15) are satisfied.

(Def. 15)(i) e € the edges of G, and
(ii)  (the source of G)(e) = x and (the target of G)(e) = y or (the source of
G)(e) =y and (the target of G)(e) = z.
Let G be a graph and let x, y, e be sets. We say that e joins z to y in G if
and only if:
(Def. 16) e € the edges of G and (the source of G)(e) = z and (the target of
G)e) =y.
Let G be a graph and let X, Y, e be sets. We say that e joins a vertex from
X and a vertex from Y in G if and only if the conditions (Def. 17) are satisfied.

(Def. 17)(i) e € the edges of G, and
(ii)  (the source of G)(e) € X and (the target of G)(e) € Y or (the source
of G)(e) € Y and (the target of G)(e) € X.

We say that e joins a vertex from X to a vertex from Y in G if and only if:
(Def. 18) e € the edges of G and (the source of G)(e) € X and (the target of
G)(e) €Y.
Let G be a graph. We say that G is finite if and only if:
(Def. 19) The vertices of G is finite and the edges of G is finite.
We say that G is loopless if and only if:

(Def. 20) It is not true that there exists a set e such that e € the edges of G and
(the source of G)(e) = (the target of G)(e).

We say that G is trivial if and only if:

(Def. 21)  the vertices of G = 1.
We say that G is non-multi if and only if:

(Def. 22) For all sets ej, ea, v1, ve such that e; joins v; and vy in G and ey joins
v1 and v9 in G holds e; = es.
We say that G is non-directed-multi if and only if:
(Def. 23) For all sets eq, ez, v1, vo such that e; joins v1 to ve in G and eg joins v;
to v9 in G holds e; = es.
Let G be a graph. We say that G is simple if and only if:
(Def. 24) @ is loopless and non-multi.
We say that G is directed-simple if and only if:
(Def. 25) @ is loopless and non-directed-multi.
One can verify the following observations:

* every graph which is non-multi is also non-directed-multi,
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* every graph which is simple is also loopless and non-multi,
% every graph which is loopless and non-multi is also simple,
* every graph which is loopless and non-directed-multi is also directed-
simple,
* every graph which is directed-simple is also loopless and non-directed-
multi,
% every graph which is trivial and loopless is also finite, and
x every graph which is trivial and non-directed-multi is also finite.
Let us note that there exists a graph which is trivial and simple and there
exists a graph which is finite, non trivial, and simple.
Let G be a finite graph. Observe that the vertices of G is finite and the
edges of G is finite.
Let G be a trivial graph. One can verify that the vertices of G is finite.
Let V be a non empty finite set, let E be a finite set, and let S, T be
functions from F into V. One can check that createGraph(V, E, S,T) is finite.
Let V be a non empty set, let F be an empty set, and let .S, T be functions
from E into V. One can check that createGraph(V, E, S, T) is simple.
Let v be a set, let E be a set, and let S, T' be functions from E into {v}.
Observe that createGraph({v}, E, S, T) is trivial.

Let G be a graph. The functor G.order() yielding a cardinal number is
defined as follows:

(Def. 26) G.order() = the vertices of G.
Let G be a finite graph. Then G.order() is a non empty natural number.

Let G be a graph. The functor G.size() yields a cardinal number and is
defined by:
(Def. 27) G.size() = the edges of G.

Let G be a finite graph. Then G'.size() is a natural number.
Let G be a graph and let X be a set. The functor G.edgesInto(X) yields a
subset of the edges of G and is defined as follows:
(Def. 28) For every set e holds e € G.edgesInto(X) iff e € the edges of G and (the
target of G)(e) € X.
The functor G.edgesOutOf(X) yields a subset of the edges of G and is defined
by:
(Def. 29) For every set e holds e € G.edgesOutOf(X) iff e € the edges of G and
(the source of G)(e) € X.
Let G be a graph and let X be a set. The functor G.edgesInOut(X) yields
a subset of the edges of G and is defined by:

(Def. 30) G.edgesInOut(X) = G.edgesInto(X) U G.edgesOutOf (X).



ALTERNATIVE GRAPH STRUCTURES 239

The functor G.edgesBetween(X) yielding a subset of the edges of G is defined
as follows:
(Def. 31) G.edgesBetween(X) = G.edgesInto(X) N G.edgesOutOf(X).

Let G be a graph and let X, Y be sets. The functor G.edgesBetween(X,Y")

yielding a subset of the edges of G is defined by:
(Def. 32) For every set e holds e € G.edgesBetween(X,Y") iff e joins a vertex from
X and a vertex from Y in G.
The functor G.edgesDBetween(X,Y") yields a subset of the edges of G and is
defined as follows:
(Def. 33) For every set e holds e € G.edgesDBetween(X,Y) iff e joins a vertex
from X to a vertex from Y in G.
In this article we present several logical schemes. The scheme FinGraphOrder-
Ind concerns a unary predicate P, and states that:
For every finite graph G holds P[G]
provided the following conditions are met:
e For every finite graph G such that G.order() = 1 holds P[G], and
e Let k be a non empty natural number. Suppose that for every
finite graph G; such that Gj.order() = k holds P[G}]. Let G2 be
a finite graph. If Gy.order() = k + 1, then P[G3].
The scheme FinGraphSizelnd concerns a unary predicate P, and states that:
For every finite graph G holds P[G]
provided the following requirements are met:
e For every finite graph G such that G.size() = 0 holds P[G], and
e Let k be a natural number. Suppose that for every finite graph
G such that G.size() = k holds P[G1]. Let G2 be a finite graph.
If Go.size() = k + 1, then P[Gs).
Let G be a graph. A graph is called a subgraph of G if it satisfies the
conditions (Def. 34).
(Def. 34)(i) The vertices of it C the vertices of G,
(ii)  the edges of it C the edges of G, and
(iii) for every set e such that e € the edges of it holds (the source of it)(e) =
(the source of G)(e) and (the target of it)(e) = (the target of G)(e).

Let G3 be a graph and let G4 be a subgraph of G3. Then the vertices of G4
is a non empty subset of the vertices of G3. Then the edges of G4 is a subset of
the edges of Gj.

Let G be a graph. Note that there exists a subgraph of G which is trivial
and simple.

Let G be a finite graph. Note that every subgraph of G is finite.

Let G be a loopless graph. Observe that every subgraph of GG is loopless.

Let G be a trivial graph. One can check that every subgraph of G is trivial.

Let G be a non-multi graph. Observe that every subgraph of G is non-multi.
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Let G3 be a graph and let G4 be a subgraph of G3. We say that G4 is
spanning if and only if:
(Def. 35) The vertices of G4 = the vertices of G.

Let G be a graph. One can verify that there exists a subgraph of G which
is spanning.

Let G, G4 be graphs. The predicate G3 =g G4 is defined by the conditions
(Def. 36).

(Def. 36)(i) The vertices of G5 = the vertices of Gy,
(ii)  the edges of G3 = the edges of Gy,
(ili)  the source of G3 = the source of G4, and
(iv)  the target of G5 = the target of Gy.

Let us notice that the predicate G3 =g G4 is reflexive and symmetric.
Let G3, G4 be graphs. We introduce Gs #¢ G4 as an antonym of G3 =g G4.
Let G3, G4 be graphs. The predicate G3 C G4 is defined as follows:

(Def. 37) @3 is a subgraph of Gy.

Let us note that the predicate G3 C Gy is reflexive.
Let G3, G4 be graphs. The predicate Gs C (G4 is defined as follows:

(Def. 38) G3 - G4 and G3 7éG G4.
Let us note that the predicate Gg C G4 is irreflexive.

Let G be a graph and let V', E be sets. A subgraph of G is called a subgraph
of G induced by V and F if:

(Def. 39)() The vertices of it = V and the edges of it = E if V is a non empty
subset of the vertices of G and E C G.edgesBetween(V),

(ii) it =¢ G, otherwise.

Let G be a graph and let V be a set. A subgraph of G induced by V is a
subgraph of G induced by V and G.edgesBetween(V).

Let G be a graph, let V' be a finite non empty subset of the vertices of G, and
let E be a finite subset of G.edgesBetween(V'). Observe that every subgraph of
G induced by V and F is finite.

Let G be a graph, let v be an element of the vertices of G, and let E be a
subset of G.edgesBetween({v}). Note that every subgraph of G induced by {v}
and F is trivial.

Let G be a graph and let v be an element of the vertices of G. Note that
every subgraph of G induced by {v} and ) is finite and trivial.

Let G be a graph and let V' be a non empty subset of the vertices of G. Note
that every subgraph of G induced by V' and () is simple.

Let G be a graph and let E be a subset of the edges of G. Observe that
every subgraph of G induced by the vertices of G and E is spanning.

Let G be a graph. One can check that every subgraph of G induced by the
vertices of G and () is spanning.
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Let G be a graph and let v be a set. A subgraph of G with vertex v removed
is a subgraph of G induced by (the vertices of G) \ {v}.
Let G be a graph and let V be a set. A subgraph of G with vertices V'
removed is a subgraph of G induced by (the vertices of G) \ V.
Let G be a graph and let e be a set. A subgraph of G with edge e removed
is a subgraph of G induced by the vertices of G and (the edges of G) \ {e}.
Let G be a graph and let E be a set. A subgraph of G with edges F removed
is a subgraph of G induced by the vertices of G and (the edges of G) \ E.
Let G be a graph and let e be a set. Observe that every subgraph of G with
edge e removed is spanning.
Let G be a graph and let E be a set. Observe that every subgraph of G with
edges F removed is spanning.
Let G be a graph. A vertex of G is an element of the vertices of G.
Let G be a graph and let v be a vertex of G. The functor v.edgesIn() yielding
a subset of the edges of GG is defined as follows:
(Def. 40) wv.edgesIn() = G.edgesInto({v}).
The functor v.edgesOut() yields a subset of the edges of G and is defined as
follows:
(Def. 41) wv.edgesOut() = G.edgesOutOf ({v}).
The functor v.edgesInOut() yields a subset of the edges of G and is defined by:
(Def. 42) v.edgesInOut() = G.edgesInOut({v}).
Let G be a graph, let v be a vertex of GG, and let e be a set. The functor
v.adj(e) yields a vertex of G and is defined by:
(the source of G)(e), if e € the edges of G and
(the target of G)(e) = v,
(Def. 43) w.adj(e) = ¢ (the target of G)(e), if e € the edges of G and
(the source of G)(e) = v and (the target of G)(e) # v,
v, otherwise.
Let G be a graph and let v be a vertex of G. The functor v.inDegree() yields
a cardinal number and is defined as follows:
(Def. 44) v.inDegree() = Wesln().

The functor v.outDegree() yielding a cardinal number is defined as follows:

(Def. 45) wv.outDegree() = v.edgesOut().
Let G be a finite graph and let v be a vertex of G. Then v.inDegree() is a
natural number. Then v.outDegree() is a natural number.
Let G be a graph and let v be a vertex of G. The functor v.degree() yielding
a cardinal number is defined as follows:
(Def. 46) wv.degree() = v.inDegree() + v.outDegree().

Let G be a finite graph and let v be a vertex of G. Then v.degree() is a
natural number and it can be characterized by the condition:
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(Def. 47) wv.degree() = v.inDegree() + v.outDegree().

Let G be a graph and let v be a vertex of G. The functor v.inNeighbors()
yields a subset of the vertices of G and is defined as follows:

(Def. 48) w.inNeighbors() = (the source of G)°v.edgesIn().
The functor v.outNeighbors() yielding a subset of the vertices of G is defined
by:
(Def. 49) wv.outNeighbors() = (the target of G)°v.edgesOut().
Let G be a graph and let v be a vertex of G. The functor v.allNeighbors()
yields a subset of the vertices of G and is defined by:
(Def. 50) w.allNeighbors() = v.inNeighbors() U v.outNeighbors().
Let G be a graph and let v be a vertex of G. We say that v is isolated if and
only if:
(Def. 51) wv.edgesInOut() = 0.

Let G be a finite graph and let v be a vertex of G. Let us observe that v is
isolated if and only if:

(Def. 52) wv.degree() = 0.

Let G be a graph and let v be a vertex of G. We say that v is endvertex if
and only if:
(Def. 53) There exists a set e such that v.edgesInOut() = {e} and e does not join
v and v in G.

Let G be a finite graph and let v be a vertex of GG. Let us observe that v is
endvertex if and only if:

(Def. 54) wv.degree() = 1.
Let F' be a many sorted set indexed by N. We say that F'is graph-yielding
if and only if:
(Def. 55) For every natural number n holds F'(n) is a graph.
We say that F' is halting if and only if:
(Def. 56) There exists a natural number n such that F(n) = F(n + 1).
Let F be a many sorted set indexed by N. The functor F'.Lifespan() yielding
a natural number is defined by:
(Def. 57)(1)  F(F.Lifespan()) = F(F.Lifespan()+ 1) and for every natural number
n such that F'(n) = F(n+ 1) holds F.Lifespan() < n if F' is halting,
(ii)  F.Lifespan() = 0, otherwise.
Let F' be a many sorted set indexed by N. The functor F.Result() yielding
a set is defined by:

(Def. 58) F.Result() = F(F.Lifespan()).

Let us mention that there exists a many sorted set indexed by N which is
graph-yielding.
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A graph sequence is a graph-yielding many sorted set indexed by N.
Let G35 be a graph sequence and let z be a natural number. The functor
G5—x yields a graph and is defined by:
(Def. 59) Gs—x = Gs(x).
Let G5 be a graph sequence. We say that G5 is finite if and only if:
(Def. 60) For every natural number z holds Gs—= is finite.
We say that G5 is loopless if and only if:
(Def. 61) For every natural number z holds Gs—u= is loopless.
We say that G35 is trivial if and only if:
(Def. 62) For every natural number z holds Gs—u= is trivial.
We say that G5 is non-trivial if and only if:
(Def. 63) For every natural number z holds Gs—= is non trivial.
We say that G5 is non-multi if and only if:
(Def. 64) For every natural number z holds Gs—=z is non-multi.
We say that G5 is non-directed-multi if and only if:
(Def. 65) For every natural number z holds Gs—=z is non-directed-multi.
We say that G35 is simple if and only if:
(Def. 66) For every natural number z holds Gs—u= is simple.
We say that G5 is directed-simple if and only if:
(Def. 67) For every natural number z holds Gs—uz is directed-simple.
Let G5 be a graph sequence. Let us observe that Gj is halting if and only
if:
(Def. 68) There exists a natural number n such that Gs—n = Gs—(n + 1).

One can verify that there exists a graph sequence which is halting, finite,
loopless, trivial, non-multi, non-directed-multi, simple, and directed-simple and
there exists a graph sequence which is halting, finite, loopless, non-trivial, non-
multi, non-directed-multi, simple, and directed-simple.

Let G5 be a finite graph sequence and let x be a natural number. One can
check that Gs—x is finite.

Let G5 be a loopless graph sequence and let x be a natural number. Note
that Gs—ux is loopless.

Let G5 be a trivial graph sequence and let x be a natural number. Observe
that G5—x is trivial.

Let G5 be a non-trivial graph sequence and let x be a natural number.
Observe that G5—x is non trivial.

Let G5 be a non-multi graph sequence and let « be a natural number. Note
that G5—x is non-multi.

Let G5 be a non-directed-multi graph sequence and let « be a natural num-
ber. Observe that G5—xz is non-directed-multi.

243



244 GILBERT LEE AND PIOTR RUDNICKI

Let G35 be a simple graph sequence and let  be a natural number. Note
that Gs—ux is simple.

Let G5 be a directed-simple graph sequence and let x be a natural number.
Note that Gs—x is directed-simple.

One can check that every graph sequence which is non-multi is also non-
directed-multi.

Let us observe that every graph sequence which is simple is also loopless and
non-multi.

One can verify that every graph sequence which is loopless and non-multi is
also simple.

Let us note that every graph sequence which is loopless and non-directed-
multi is also directed-simple.

One can verify that every graph sequence which is directed-simple is also
loopless and non-directed-multi.

Let us note that every graph sequence which is trivial and loopless is also
finite.

Let us observe that every graph sequence which is trivial and non-directed-
multi is also finite.

2. THEOREMS

For simplicity, we adopt the following convention: Gg denotes a graph struc-
ture, G, G3, G4, G7 denote graphs, e, x, z1, T2, ¥, Y1, Y2, £, V, X, Y denote
sets, n, n1, no denote natural numbers, and v, v1, vo denote vertices of G.

We now state a number of propositions:

(1) VertexSelector = 1 and EdgeSelector = 2 and SourceSelector = 3 and
TargetSelector = 4.

(2) x € the graph selectors iff = VertexSelector or x = EdgeSelector or
x = SourceSelector or x = TargetSelector .

(3) The graph selectors C dom G.

(4) The vertices of G¢ = Gg(VertexSelector) and the edges of Gg =
Gg(EdgeSelector) and the source of Gg = Gg(SourceSelector) and the
target of Gg = G¢(TargetSelector).

(5)(i) dom (the source of G) = the edges of G,

ii) dom (the target of G) = the edges of G,

(iii) rng (the source of G) C the vertices of G, and

(iv)  rng (the target of G) C the vertices of G.

(7)® Gg is graph-like if and only if the following conditions are satisfied:
(i)  the graph selectors C dom G,

3The proposition (6) has been removed.
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(ii)  the vertices of G is non empty,
(iii)  the source of Gg is a function from the edges of Gg into the vertices of
G6, and
(iv)  the target of G is a function from the edges of Gg into the vertices of
Ge.
(8) Let V be a non empty set, E be a set, and S, T be functions from E
into V. Then
) the vertices of createGraph(V, E,S,T) =V,
) the edges of createGraph(V, E,S,T) = E,
(ili)  the source of createGraph(V, E, S, T) = S, and
) the target of createGraph(V, E, S, T) =T.
) dom(Gg.set(n,z)) = dom Gg U {n}.
) dom Gg C dom(Gg.set(n,x)).
11) (Gg.set(n,x))(n) = x.
) If nq # no, then Ge(ng) = (Gg.set(nl,x))(ng).
) Suppose n ¢ the graph selectors. Then
) the vertices of G = the vertices of G.set(n,x),
) the edges of G = the edges of G.set(n, ),

(iii)  the source of G = the source of G.set(n,x),

) the target of G = the target of G.set(n,z), and
) G.set(n,z) is a graph.

(14) The vertices of Gg.set(VertexSelector,x) = z and the edges of
Gg.set(EdgeSelector, z) = x and the source of Gg.set(SourceSelector, x) =
x and the target of Gg.set(TargetSelector,z) = .

(15) If ny # ng, then n; € dom(Gg.set(ny,x).set(ng,y)) and ng €
dom(Gg.set(n1, z).set(na,y)) and (Ge.set(ni,z).set(ne2,y))(n1) = = and
(Gg.set(ny, x).set(na, y))(n2) = y.

(16) 1If e joins « and y in G, then x € the vertices of G and y € the vertices
of G.

(17) 1If e joins x and y in G, then e joins y and z in G.

(18) 1If e joins x; and y; in G and e joins x9 and yy in G, then z; = z9 and
Y1 =y2 or x1 =y and y1 = za.

(19) e joins x and y in G iff e joins z to y in G or e joins y to = in G.

(20) Suppose e joins z and yin Gbut x € X andy €Y orz €Y andy € X.
Then e joins a vertex from X and a vertex from Y in G.

(21) G is loopless iff for every set v it is not true that there exists a set e such
that e joins v and v in G.

(22) For every finite loopless graph G and for every vertex v of G holds
v.degree() = card(v.edgesInOut()).
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(23) For every non trivial graph G and for every vertex v of G holds (the
vertices of G) \ {v} is non empty.

(24) For every non trivial graph G there exist vertices v1, vy of G such that
v1 # V9.

(25) For every trivial graph G there exists a vertex v of G such that the
vertices of G = {v}.

(26) For every trivial loopless graph G holds the edges of G = ().

(27) If the edges of G = 0, then G is simple.

(28) For every finite graph G holds G.order() > 1.

(29) For every finite graph G holds G.order() = 1 iff G is trivial.

(30) For every finite graph G holds G.order() = 1 iff there exists a vertex v

of G such that the vertices of G = {v}.

(31) e € the edges of G but (the source of G)(e) € X or (the target of
G)(e) € X iff e € G.edgesInOut(X).

(32) Gl.edgesInto(X) C G.edgesInOut(X) and G.edgesOutOf(X) C
G .edgesInOut(X).

(33) The edges of G = G.edgesInOut(the vertices of G).

(34) e € the edges of G and (the source of G)(e) € X and (the target of
G)(e) € X iff e € G.edgesBetween(X).

(35) If + € X and y € X and e joins z and y in G, then e €
G .edgesBetween(X).

(36) G.edgesBetween(X) C G.edgesInOut(X).

(37) The edges of G = G.edgesBetween(the vertices of G).

(38) (The edges of G) \ G.edgesInOut(X) = G.edgesBetween((the vertices of
G)\ X).

(39) If X CY, then G.edgesBetween(X) C G.edgesBetween(Y).

(40) For every graph G and for all sets X1, Xo, Y7, Y5 such that X; C X
and Y7 C Y5 holds G.edgesBetween(X1,Y7) C G.edgesBetween(Xs, Ys).

(41) For every graph G and for all sets X1, Xs, Y7, Yo such that X; C X, and
Y1 C Y5 holds G.edgesDBetween(X1,Y7) C G.edgesDBetween (X3, Y3).

(42) For every graph G and for every vertex v of G holds v.edgesIn() =
G.edgesDBetween(the vertices of G, {v}) and wv.edgesOut() =
G .edgesDBetween({v}, the vertices of G).

(43) G is a subgraph of G.

(44) Gs is a subgraph of G4 and G4 is a subgraph of Gj if and only if the
following conditions are satisfied:

(i)  the vertices of G3 = the vertices of Gy,
(ii)  the edges of G3 = the edges of Gy,
(iii)  the source of G3 = the source of G4, and
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(iv)  the target of G5 = the target of Gjy.

(45) Let G3 be a graph, G4 be a subgraph of G, and = be a set. Then
(i) if 2 € the vertices of G4, then x € the vertices of G5, and
(ii) if = € the edges of G4, then x € the edges of Gs.

(46) For every graph G3 and for every subgraph G4 of G3 holds every sub-
graph of G4 is a subgraph of Gj.
(47) Let G be a graph and G35, G4 be subgraphs of G. Suppose the vertices
of G3 C the vertices of G4 and the edges of G3 C the edges of G4. Then
(i3 is a subgraph of Gjy.
(48) Let G3 be a graph and G4 be a subgraph of G3. Then
(i)  the source of G4 = (the source of G3)[(the edges of G4), and
(ii)  the target of G4 = (the target of G3)[(the edges of Gy).

(49) Let G be a graph, V1, Va, E1, Es be sets, G3 be a subgraph of G induced
by V1 and E7, and G4 be a subgraph of G induced by V5 and E5. Suppose
Vo C Vi and Ey C Eq and Vs is a non empty subset of the vertices of G
and Fo C G.edgesBetween(V3). Then G4 is a subgraph of Gj.

(50) Let G5 be a non trivial graph, v be a vertex of G3, and G4 be a subgraph
of G5 with vertex v removed. Then the vertices of G4 = (the vertices
of G3) \ {v} and the edges of G4 = G3.edgesBetween((the vertices of
G3) \ {v}).

(51) Let G35 be a finite non trivial graph, v be a vertex of G5, and G4 be a
subgraph of G with vertex v removed. Then Gy.order() +1 = Gs.order()
and Gy.size() + card(v.edgesInOut()) = G3.size().

(52) Let G5 be a graph, V be a set, and G4 be a subgraph of G3 with vertices
V removed. Suppose V C the vertices of G3. Then the vertices of G4 =
(the vertices of G3) \ V and the edges of G4 = G3.edgesBetween((the
vertices of G3) \ V).

(53) Let G3 be a finite graph, V be a subset of the vertices of G3, and
G4 be a subgraph of G3 with vertices V removed. If V # the ver-
tices of G, then Gy.order() + cardV = Gs.order() and Gy.size() +
card(Gs.edgesInOut(V')) = G3.size().

(54) Let G3 be a graph, e be a set, and G4 be a subgraph of G5 with edge e
removed. Then the vertices of G4 = the vertices of GG3 and the edges of
G4 = (the edges of G3) \ {e}.

(55) Let G3 be a finite graph, e be a set, and G4 be a subgraph of G3 with
edge e removed. Then Gj.order() = Gy.order() and if e € the edges of G3,
then Gy.size() + 1 = Gg.size().

(56) Let G3 be a graph, E be a set, and G4 be a subgraph of G5 with edges

FE removed. Then the vertices of G4 = the vertices of G5 and the edges of
G4 = (the edges of G3) \ E.
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(57) For every finite graph G3 and for every set E and for every subgraph G4
of G5 with edges E removed holds Gs.order() = Gy.order().

(58) Let G3 be a finite graph, F be a subset of the edges of G3, and G4
be a subgraph of G with edges E removed. Then Gy.size() + card E =
G3.size().

) e € v.edgesIn() iff e € the edges of G and (the target of G)(e) = v.
) e € v.edgesIn() iff there exists a set z such that e joins = to v in G.

61) e € v.edgesOut() iff e € the edges of G and (the source of G)(e) = v.

) e € v.edgesOut() iff there exists a set = such that e joins v to = in G.
) wv.edgesInOut() = v.edgesIn() U v.edgesOut().
)

e € v.edgesInOut() iff e € the edges of G but (the source of G)(e) = v
or (the target of G)(e) = v.

(65) If e joins vy and x in G, then e € vy.edgesInOut().

(66) If e joins vy and v in G, then e € vy.edgesIn() and e € vg.edgesOut() or
e € vg.edgesIn() and e € v;.edgesOut().

(67) e € vy.edgesInOut() iff there exists a vertex va of G such that e joins vy
and vy in G.

68
69
70
71

If e € v.edgesInOut() and e joins x and y in G, then v = x or v = y.
If e joins v; and ve in G, then v;.adj(e) = vy and vy.adj(e) = vy.

(68)
(69)
(70) e € v.edgesInOut() iff e joins v and v.adj(e) in G.

(71) Let G be a finite graph, e be a set, and vy, vy be vertices of G. If e joins
v1 and vy in G, then 1 < v;.degree() and 1 < vg.degree().

(72) x € v.inNeighbors() iff there exists a set e such that e joins = to v in G.
(73) x € v.outNeighbors() iff there exists a set e such that e joins v to x in

G.

(74) x € v.allNeighbors() iff there exists a set e such that e joins v and z in
G.
(75) Let G3 be a graph, G4 be a subgraph of G, and z, y, e be sets. Then
(i) if e joins x and y in Gy, then e joins x and y in G3,
(ii)  if e joins x to y in Gy, then e joins z to y in Gj,
(ili) if e joins a vertex from x and a vertex from y in G4, then e joins a
vertex from x and a vertex from y in Gj3, and
(iv) if e joins a vertex from x to a vertex from y in G4, then e joins a vertex
from x to a vertex from y in Gs.
(76) Let G3 be a graph, G4 be a subgraph of Gs, and z, y, e be sets such
that e € the edges of G4. Then
(i) if e joins x and y in G3, then e joins x and y in Gy,
(ii) if e joins = to y in G, then e joins z to y in Gy,
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(iii)  if e joins a vertex from x and a vertex from y in G3, then e joins a
vertex from x and a vertex from y in G4, and

(iv) if e joins a vertex from z to a vertex from y in G3, then e joins a vertex
from z to a vertex from y in Gy4.

(77) For every graph G3 and for every spanning subgraph G4 of G3 holds
every spanning subgraph of G4 is a spanning subgraph of Gs.

(78) For every finite graph Gs3 and for every subgraph G4 of G3 holds
Gy.order() < Gs.order() and Gy.size() < G3.size().

(79) Let G3 be a graph, G4 be a subgraph of G5, and X be a set.
Then Gj4.edgesInto(X) C Gs.edgesInto(X) and Ga.edgesOutOf(X) C
G3.edgesOutOf(X) and Gs.edgesInOut(X) C Gs.edgesInOut(X) and
Gy.edgesBetween(X) C Gs.edgesBetween(X).

(80) For every graph Gs3 and for every subgraph G4 of G3 and for all
sets X, Y holds G4.edgesBetween(X,Y) C Gs.edgesBetween(X,Y) and
Gy.edgesDBetween(X,Y) C Gs.edgesDBetween(X,Y).

(81) Let G3 be a graph, G4 be a subgraph of G, v; be a vertex of G3, and
vg be a vertex of G4. If v; = vg, then vy.edgesIn() C vy.edgesIn() and
va.edgesOut() C vy.edgesOut() and vy.edgesInOut() C v;.edgesInOut().

(82) Let Gi3 be a graph, G4 be a subgraph of G3, v; be a vertex of G3, and vg
be a vertex of G4. Suppose v; = v9. Then v9.edgesn() = vy.edgesIn()Nthe
edges of G4 and v.edgesOut() = vj.edgesOut() N the edges of G4 and
vg.edgesInOut() = vy.edgesInOut() N the edges of Gy.

(83) Let G3 be a graph, G4 be a subgraph of G, v1 be a vertex of G3, vg be
a vertex of G4, and e be a set. If vy = vy and e € the edges of G4, then
vi.adj(e) = ve.adj(e).

(84) Let G3 be a finite graph, G4 be a subgraph of G3, v be a vertex of G3,
and ve be a vertex of G4. If v; = v9, then ve.inDegree() < v;.inDegree()
and vg.outDegree() < vi.outDegree() and ve.degree() < v;.degree().

(85) Let G3 be a graph, G4 be a subgraph of G, v; be a vertex of G, and
vy be a vertex of G4. If v1 = vg, then vy.inNeighbors() C v;.inNeighbors()
and wvy.outNeighbors() C wj.outNeighbors() and wy.allNeighbors() C
v;.allNeighbors().

(86) Let G3 be a graph, G4 be a subgraph of G, v1 be a vertex of G3, and
v9 be a vertex of G4. If v1 = vy and vy is isolated, then vy is isolated.
(87) Let G3 be a graph, G4 be a subgraph of G, v; be a vertex of G3, and
v9 be a vertex of G4. If v1 = v9 and vy is endvertex, then vs is endvertex

or isolated.

(88) If G3 =g G4 and G4 =¢ G7, then G3 =g G7.

(89) Let G be a graph and G5, G4 be subgraphs of G. Suppose the vertices
of G3 = the vertices of G4 and the edges of G3 = the edges of G4. Then
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G3 =¢ Gy4.
(90) Gs =g Gy iff Gs is a subgraph of G4 and G4 is a subgraph of Gjs.
(91) Suppose G =g G4. Then

1
(
(ii) if e joins x to y in G, then e joins z to y in Gy,

(iii) if e joins a vertex from X and a vertex from Y in G3, then e joins a

vertex from X and a vertex from Y in G4, and
(iv) if e joins a vertex from X to a vertex from Y in G3, then e joins a
vertex from X to a vertex from Y in Gy.
(92) Suppose G3 =g G4. Then
( if G5 is finite, then G4 is finite,

i) if e joins z and y in G3, then e joins z and y in Gy,

—

if G5 is loopless, then G4 is loopless,
if G3 is trivial, then G4 is trivial,

)
)
)

(iv)  if G3 is non-multi, then G4 is non-multi,

) if G3 is non-directed-multi, then G4 is non-directed-multi,
) if G is simple, then Gy is simple, and
) if Gg is directed-simple, then G4 is directed-simple.

(93) If G3 =g G4, then Gs.order() = Gy.order() and Gs.size() = Gy.size()
and Gg.edgesInto(X) = Gy.edgeslnto(X) and Gs.edgesOutOf(X) =
G4.edgesOutOf(X) and Gs.edgesInOut(X) = Gy.edgesInOut(X) and
G3.edgesBetween(X) = Gy4.edgesBetween(X ) and Gs.edgesDBetween(X,Y)
= G4.edgesDBetween(X,Y).

(94) If Gs =g G4 and G7 is a subgraph of G3, then G7 is a subgraph of Gj.

(95) If Gs =g G4 and Gj is a subgraph of G7, then Gy is a subgraph of G7.

(96) For all subgraphs G3, G4 of G induced by V and E holds G3 =g G4.

(97)

For every graph G35 and for every subgraph G4 of G3 induced by the
vertices of GG3 holds G3 =g G4.

(98) Let G3, G4 be graphs, V', E be sets, and G7 be a subgraph of G3 induced
by V and E. If G5 =g Gy, then G7 is a subgraph of G4 induced by V and
E.

(99) Let v; be a vertex of G3 and vy be a vertex of G4. Suppose
vy = vy and Gs =¢ G4. Then vi.edgesIn() = wvq.edgesIn() and
vi.edgesOut() = vo.edgesOut() and v;.edgesInOut() = wvy.edgesInOut()

and vj.adjle) = wvq9.adj(e) and wv;i.inDegree() = wy.inDegree() and
vi.outDegree() = wg.outDegree() and wj.degree() = wvq.degree()
and wvj.inNeighbors() = wv9.inNeighbors() and wv;.outNeighbors() =

vg.outNeighbors() and v;.allNeighbors() = vq.allNeighbors().

(100) Let v; be a vertex of G5 and vg be a vertex of G4 such that v; = vy and
G3 =g G4. Then
(i) if vy is isolated, then v9 is isolated, and
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(ii)  if vy is endvertex, then vy is endvertex.

(101) Let G be a graph and G3, G4 be subgraphs of G. Suppose G3 C Gjy.
Then the vertices of Gg C the vertices of G4 or the edges of Gg C the

edges of Gjy.
(102) Let G be a graph and Gs, G4 be subgraphs of G. Suppose G3 C Gjy.
Then
(i)  there exists a set v such that v € the vertices of G4 and v ¢ the vertices
of Gz, or
(ii)  there exists a set e such that e € the edges of G4 and e ¢ the edges of
Gs.

REFERENCES

[1] Grzegorz Bancerek. Cardinal arithmetics. Formalized Mathematics, 1(3):543-547, 1990.

[2] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.

[3] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[4] Grzegorz Bancerek. Sequences of ordinal numbers. Formalized Mathematics, 1(2):281—
290, 1990.

[6] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[6] Czestaw Bylinski. A classical first order language. Formalized Mathematics, 1(4):669-676,

1990.

[7] Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

[8] Czestaw Byliniski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
[9] Czestaw Byliniski. The modification of a function by a function and the iteration of the

composition of a function. Formalized Mathematics, 1(3):521-527, 1990.

[10] Czestaw Byliriski and Piotr Rudnicki. Bounding boxes for compact sets in £2. Formalized
Mathematics, 6(3):427-440, 1997.

[11] Jing-Chao Chen. A small computer model with push-down stack. Formalized Mathemat-
ics, 8(1):175-182, 1999.

[12] Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

[13] Krzysztof Hryniewiecki. Graphs. Formalized Mathematics, 2(3):365-370, 1991.

[14] Gilbert Lee. Verification of graph algorithms in Mizar. Dept. of Comp. Sci., Univer-
sity of Alberta, Edmonton, Canada, 2004. M Sc thesis, http://www.cs.ualberta.ca/-
“piotr/Mizar/Doc/GL-thesis.ps.

[15] Gilbert Lee. Trees and Graph Components. Formalized Mathematics, 13(2):271-277,
2005.

[16] Gilbert Lee. Walks in Graphs. Formalized Mathematics, 13(2):253-269, 2005.

[17] Gilbert Lee. Weighted and Labeled Graphs. Formalized Mathematics, 13(2):279-293,
2005.

[18] Andrzej Trybulec. Subsets of complex numbers. To appear in Formalized Mathematics.

[19] Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.

[20] Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

[21] Andrzej Trybulec. Many-sorted sets. Formalized Mathematics, 4(1):15-22, 1993.

[22] Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

[23] Josef Urban. Basic facts about inaccessible and measurable cardinals. Formalized Math-

ematics, 9(2):323-329, 2001.



252 GILBERT LEE AND PIOTR RUDNICKI

[24] Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

[25] Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Received February 22, 2005



FORMALIZED MATHEMATICS
Volume 13, Number 2, Pages 253-269
University of Bialystok, 2005

Walks in Graphs'

Gilbert Lee?
University of Victoria, Victoria, Canada

Summary. We define walks for graphs introduced in [9], introduce walk
attributes and functors for walk creation and modification of walks. Subwalks of
a walk are also defined. In our rendition, walks are alternating finite sequences
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and [11].

1. PRELIMINARIES

The following propositions are true:

(1) For all odd natural numbers x, y holds x < y iff z +2 < y.

(2) Let X be a set and k be a natural number. Suppose X C Segk. Let
m, n be natural numbers. If m € dom Sgm X and n = (Sgm X)(m), then
m <n.

(3) For every set X and for every finite sequence fy of elements of X and
for every FinSubsequence f; of f2 holds len Seq f1 < len f5.

(4) Let X be a set, fo be a finite sequence of elements of X, f; be a Fin-

Subsequence of fy, and m be a natural number. Suppose m € dom Seq f7.
Then there exists a natural number n such that n € dom fo and m < n

and (Seq f1)(m) = fa(n).
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(5) For every set X and for every finite sequence fo of elements of X and
for every FinSubsequence f1 of fs holds len Seq fi1 = card fi.

(6) Let X be a set, fo be a finite sequence of elements of X, and f; be a
FinSubsequence of fs. Then dom Seq fi = dom Sgm dom f.

2. WALK DEFINITIONS

Let G be a graph. A finite sequence of elements of the vertices of G is said
to be a vertex sequence of G if:

(Def. 1)  For every natural number n such that 1 < n and n < lenit there exists
a set e such that e joins it(n) and it(n + 1) in G.
Let G be a graph. A finite sequence of elements of the edges of G is said to
be a edge sequence of G if it satisfies the condition (Def. 2).

(Def. 2) There exists a finite sequence vy of elements of the vertices of G such
that lenv; = lenit + 1 and for every natural number n such that 1 < n
and n < lenit holds it(n) joins v1(n) and vi(n+ 1) in G.
Let G be a graph. A finite sequence of elements of (the vertices of G) U (the
edges of G) is said to be a walk of G if it satisfies the conditions (Def. 3).
(Def. 3)(i) lenit is odd,
(ii) it(1) € the vertices of G, and
(iii)  for every odd natural number n such that n < lenit holds it(n + 1)
joins it(n) and it(n + 2) in G.
Let G be a graph and let W be a walk of G. One can verify that len W is
odd and non empty.
Let G be a graph and let v be a vertex of G. The functor G.walkOf(v)
yielding a walk of G is defined as follows:
(Def. 4) G.walkOf(v) = (v).
Let G be a graph and let z, y, e be sets. The functor G.walkOf(z,e,y)
yielding a walk of G is defined as follows:
(x,e,y), if e joins x and y in G,
G .walkOf (choose(the vertices of G)), otherwise.
Let G be a graph and let W be a walk of G. The functor W first() yields a
vertex of G and is defined as follows:
(Def. 6) W first() = W(1).
The functor W.last() yields a vertex of G' and is defined by:
(Def. 7) W.last() = W(len W).

Let G be a graph, let W be a walk of G, and let n be a natural number.
The functor W.vertexAt(n) yielding a vertex of G is defined as follows:

(Def. 5) G.walkOf(x,e,y) = {
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W(n), if n is odd and n < len W,
W .first(), otherwise.
Let G be a graph and let W be a walk of G. The functor W .reverse() yielding
a walk of GG is defined as follows:
(Def. 9) W.reverse() = Rev(W).
Let G be a graph and let Wy, W5 be walks of G. The functor Wj.append(W3)
yields a walk of G and is defined by:
W1~ Who, if Wl.last() = WQ.ﬁrSt(),
W1, otherwise.

(Def. 8) W.vertexAt(n) = {

(Def. 10) Wj.append(Ws) = {

Let G be a graph, let W be a walk of GG, and let m, n be natural numbers.
The functor W.cut(m,n) yields a walk of G and is defined by:
(W(m),...,W(n)), if m is odd and n is odd and
(Def. 11) W.cut(m,n) = m <nandn <lenW,
W, otherwise.
Let G be a graph, let W be a walk of GG, and let m, n be natural numbers.
The functor W.remove(m,n) yielding a walk of G is defined by:
(W.cut(1,m)).append((W.cut(n,len W))),
if m is odd and n is odd and m < n and
n <lenW and W(m) = W(n),
W, otherwise.
Let G be a graph, let W be a walk of G, and let e be a set. The functor
W .addEdge(e) yields a walk of G and is defined as follows:
(Def. 13) W.addEdge(e) = W.append((G.walkOf(W last(), e, W.last().adj(e)))).
Let G be a graph and let W be a walk of G. The functor W .vertexSeq()
yielding a vertex sequence of G is defined by:

(Def. 14) lenW 4+ 1 = 2 - len(W.vertexSeq()) and for every natural number n
such that 1 < n and n < len(W .vertexSeq()) holds W.vertexSeq()(n) =
W(2-n-1).

Let G be a graph and let W be a walk of G. The functor W.edgeSeq() yields
a edge sequence of G and is defined by:

(Def. 15) lenW = 2 -len(W.edgeSeq()) + 1 and for every natural number n such

that 1 <n and n < len(W.edgeSeq()) holds W .edgeSeq()(n) = W (2 - n).
Let G be a graph and let W be a walk of G. The functor W .vertices() yields
a finite subset of the vertices of G and is defined as follows:

(Def. 16) W .vertices() = rng(W .vertexSeq()).

Let G be a graph and let W be a walk of G. The functor W.edges() yields
a finite subset of the edges of G and is defined by:

(Def. 17) W .edges() = rng(W .edgeSeq()).

Let G be a graph and let W be a walk of G. The functor W .length() yielding
a natural number is defined by:

(Def. 12) W .remove(m,n) =
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(Def. 18) W .length() = len(W .edgeSeq()).
Let G be a graph, let W be a walk of (G, and let v be a set. The functor
W .find(v) yields an odd natural number and is defined by:

(Def. 19)(i) W.find(v) <lenW and W (W find(v)) = v and for every odd natural
number n such that n < len W and W(n) = v holds W.find(v) < n if
v € W.vertices(),
(i) W.ind(v) = len W, otherwise.
Let G be a graph, let W be a walk of G, and let n be a natural number.
The functor W .find(n) yielding an odd natural number is defined by:

(Def. 20)(i) Wi.ind(n) < lenW and W(W.find(n)) = W(n) and for every
odd natural number k such that k¥ < len W and W (k) = W(n) holds
W .find(n) < k if n is odd and n < len W,
(i)  W.ind(n) = len W, otherwise.
Let G be a graph, let W be a walk of GG, and let v be a set. The functor
W .rfind(v) yields an odd natural number and is defined as follows:
(Def. 21)(i) W.rfind(v) <len W and W (W .rfind(v)) = v and for every odd natu-
ral number n such that n <len W and W (n) = v holds n < W.rfind(v) if
v € W.vertices(),
(i)  W.rfind(v) = len W, otherwise.
Let G be a graph, let W be a walk of GG, and let n be a natural number.
The functor W.rfind(n) yields an odd natural number and is defined by:
(Def. 22)(i) W.find(n) < lenW and W (W .rfind(n)) = W(n) and for every odd
natural number k such that £ < len W and W (k) = W(n) holds k <
W .rfind(n) if n is odd and n < len W,
(i)  W.rfind(n) = len W, otherwise.
Let G be a graph, let u, v be sets, and let W be a walk of G. We say that
W is walk from u to v if and only if:
(Def. 23) W first() = v and W.last() = v.
Let G be a graph and let W be a walk of G. We say that W is closed if and
only if:
(Def. 24) W first() = W .last().
We say that W is directed if and only if:
(Def. 25) For every odd natural number n such that n < len W holds (the source
of G)(W(n+1)) =W(n).
We say that W is trivial if and only if:
(Def. 26) W .length() = 0.
We say that W is trail-like if and only if:

(Def. 27) W .edgeSeq() is one-to-one.
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Let G be a graph and let W be a walk of G. We introduce W is open as an
antonym of W is closed.

Let G be a graph and let W be a walk of G. We say that W is path-like if
and only if the conditions (Def. 28) are satisfied.

(Def. 28)(1) W is trail-like, and
(ii)  for all odd natural numbers m, n such that m < n and n < len W holds
if W(m) =W {(n), then m =1 and n = len W.
Let G be a graph and let W be a walk of G. We say that W is vertex-distinct
if and only if:
(Def. 29) For all odd natural numbers m, n such that m <len W and n <len W
and W(m) = W(n) holds m = n.
Let G be a graph and let W be a walk of G. We say that W is circuit-like
if and only if:
(Def. 30) W is closed, trail-like, and non trivial.
We say that W is cycle-like if and only if:
(Def. 31) W is closed, path-like, and non trivial.
Let G be a graph. One can verify the following observations:
x every walk of G which is path-like is also trail-like,
x every walk of G which is trivial is also path-like,

x every walk of G which is trivial is also vertex-distinct,

*

every walk of G which is vertex-distinct is also path-like,

x every walk of G which is circuit-like is also closed, trail-like, and non
trivial, and

x every walk of G which is cycle-like is also closed, path-like, and non

trivial.

Let G be a graph. Observe that there exists a walk of G which is closed,
directed, and trivial.

Let G be a graph. Observe that there exists a walk of G which is vertex-
distinct.

Let G be a graph. A trail of G is a trail-like walk of G. A path of G is a
path-like walk of G.

Let G be a graph. A dwalk of G is a directed walk of G. A dtrail of G is a
directed trail of G. A dpath of GG is a directed path of G.

Let G be a graph and let v be a vertex of G. Note that G.walkOf(v) is
closed, directed, and trivial.

Let G be a graph and let z, e, y be sets. One can check that G.walkOf(z, e, y)
is path-like.

Let G be a graph and let x, e be sets. Note that G.walkOf(z, e, z) is closed.

Let G be a graph and let W be a closed walk of G. One can check that
W .reverse() is closed.
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Let G be a graph and let W be a trivial walk of G. One can verify that
W .reverse() is trivial.

Let G be a graph and let W be a trail of G. Note that W.reverse() is
trail-like.

Let G be a graph and let W be a path of G. Observe that W .reverse() is
path-like.

Let G be a graph and let W7, W5 be closed walks of G. Note that W;.append(W5)
is closed.

Let G be a graph and let Wi, Wy be dwalks of G. One can verify that
W1 .append(Ws) is directed.

Let G be a graph and let Wi, Wy be trivial walks of G. Observe that
Wi.append(Ws) is trivial.

Let G be a graph, let W be a dwalk of G, and let m, n be natural numbers.
Note that W.cut(m,n) is directed.

Let G be a graph, let W be a trivial walk of GG, and let m, n be natural
numbers. Observe that W.cut(m,n) is trivial.

Let G be a graph, let W be a trail of G, and let m, n be natural numbers.
Note that W.cut(m,n) is trail-like.

Let G be a graph, let W be a path of GG, and let m, n be natural numbers.
Note that W.cut(m,n) is path-like.

Let G be a graph, let W be a vertex-distinct walk of GG, and let m, n be
natural numbers. One can verify that W.cut(m,n) is vertex-distinct.

Let G be a graph, let W be a closed walk of G, and let m, n be natural
numbers. One can verify that W.remove(m,n) is closed.

Let G be a graph, let W be a dwalk of G, and let m, n be natural numbers.
Note that W .remove(m,n) is directed.

Let G be a graph, let W be a trivial walk of G, and let m, n be natural
numbers. One can check that W .remove(m,n) is trivial.

Let G be a graph, let W be a trail of G, and let m, n be natural numbers.
Observe that W .remove(m, n) is trail-like.

Let G be a graph, let W be a path of G, and let m, n be natural numbers.
Observe that W .remove(m,n) is path-like.

Let G be a graph and let W be a walk of G. A walk of G is called a subwalk
of W if:

(Def. 32) It is walk from W .first() to W .last() and there exists a FinSubsequence
e1 of W.edgeSeq() such that it.edgeSeq() = Seqe;.

Let G be a graph, let W be a walk of (G, and let m, n be natural numbers.
Then W.remove(m,n) is a subwalk of W.

Let G be a graph and let W be a walk of G. Note that there exists a subwalk
of W which is trail-like and path-like.
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Let G be a graph and let W be a walk of G. A trail of W is a trail-like
subwalk of W. A path of W is a path-like subwalk of W.

Let G be a graph and let W be a dwalk of G. One can verify that there
exists a path of W which is directed.

Let G be a graph and let W be a dwalk of G. A dwalk of W is a directed
subwalk of W. A dtrail of W is a directed trail of W. A dpath of W is a directed
path of W.

Let G be a graph. The functor G.allWalks() yields a non empty subset of
((the vertices of G) U (the edges of G))* and is defined by:

(Def. 33) G.allWalks() = {W : W ranges over walks of G}.

Let G be a graph. The functor G.allTrails() yielding a non empty subset of
G.allWalks() is defined by:

(Def. 34) G.allTrails() = {WW : W ranges over trails of G}.

Let G be a graph. The functor G.allPaths() yields a non empty subset of
G.allTrails() and is defined as follows:

(Def. 35) G.allPaths() = {WW : W ranges over paths of G}.

Let G be a graph. The functor G.allDWalks() yields a non empty subset of
G.allWalks() and is defined by:

(Def. 36) G.allDWalks() = {IW : W ranges over dwalks of G}.

Let G be a graph. The functor G.allDTrails() yields a non empty subset of
G.allTrails() and is defined as follows:

(Def. 37) G.allDTrails() = {W : W ranges over dtrails of G}.

Let G be a graph. The functor G.allDPaths() yields a non empty subset of
G.allDTrails() and is defined by:

(Def. 38) G.allDPaths() = {W : W ranges over directed paths of G}.

Let G be a finite graph. One can check that G.allTrails() is finite.

Let G be a graph and let X be a non empty subset of G.allWalks(). We see
that the element of X is a walk of G.

Let G be a graph and let X be a non empty subset of G.allTrails(). We see
that the element of X is a trail of G.

Let G be a graph and let X be a non empty subset of G.allPaths(). We see
that the element of X is a path of G.

Let G be a graph and let X be a non empty subset of G.allDWalks(). We
see that the element of X is a dwalk of G.

Let G be a graph and let X be a non empty subset of G.allDTrails(). We
see that the element of X is a dtrail of G.

Let G be a graph and let X be a non empty subset of G.allDPaths(). We
see that the element of X is a dpath of G.

259
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3. WALK THEOREMS

For simplicity, we adopt the following rules: G, GGy, G2 are graphs, W, Wy,
Wy are walks of G, e, x, y, z are sets, v is a vertex of GG, and n, m are natural
numbers.

We now state a number of propositions:

(8) For every odd natural number n such that n < len W holds W (n) € the
vertices of G.

(9) For every even natural number n such that n € dom W holds W (n) € the
edges of G.

(10) Let n be an even natural number. Suppose n € dom W. Then there
exists an odd natural number ny such that ny =n—1andn—1 &€ dom W
and n+ 1 € dom W and W (n) joins W(ny) and W(n +1) in G.

(11) For every odd natural number n such that n < len W holds W(n+1) €
(W .vertexAt(n)).edgesInOut().

(12) For every odd natural number n such that 1 < n and n < len W holds
W(n —1) € (W.vertexAt(n)).edgesInOut().

(13) For every odd natural number n such that n < len W holds n € dom W
and n+1€ domW and n+2 € domW.

(14) len(G.walkOf(v)) =1 and (G.walkOf(v))(1) = v and
(G.walkOf (v)).first() = v and (G.walkOf(v)).last() = v and G.walkOf(v)

is walk from v to v.
(15) If e joins x and y in G, then len(G.walkOf(z,e,y)) = 3.

(16) If e joins x and y in G, then (G.walkOf(z,e,y)).first() = =z and
(G.walkOf(z, e, y)).last() = y and G.walkOf(x, e, y) is walk from z to y.

(17) For every walk Wj of G and for every walk W5 of G such that W = Wy
holds Wi first() = Wa.first() and Wi.last() = Wa.last().

(18) W is walk from z to y iff W (1) = x and W(len W) = y.
(19) If W is walk from x to y, then z is a vertex of G and y is a vertex of G.

(20) Let W; be a walk of G; and W5 be a walk of Go. If Wi = Ws, then W)
is walk from x to y iff W5 is walk from z to y.

(21) For every walk W; of G and for every walk Wy of G such that W; = Wy
and for every natural number n holds Wj.vertexAt(n) = Wa.vertexAt(n).

(22) lenW = len(W .reverse()) and dom W = dom(W .reverse()) and rng W =
rng(W .reverse()).

(23) W.first() = W.reverse().last() and W.last() = W .reverse().first().
(24) W is walk from z to y iff W.reverse() is walk from y to .

3The proposition (7) has been removed.
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(25) If n € dom W, then W(n) = W.reverse()((len W —n) + 1) and (len W —
n) + 1 € dom(W .reverse()).

(26) Ifn € dom(W .reverse()), then W.reverse()(n) = W((len W —n)+1) and
(lenW —n)+1 € dom W.

(27) W .reverse().reverse() = W.

(28) For every walk Wj of Gy and for every walk W5 of G such that Wy = Wy
holds Wj.reverse() = Wa.reverse().

(29) If Wi.dast() = Who.first(), then len(Wj.append(Ws)) + 1 = lenW; +
len Ws.

(30) If Wilast() = Wha.first(), then lenW; < len(W;.append(Ws)) and
len Wy < len(W;.append(Ws)).

(31) If Wy.last() = Wa.first(), then (W;.append(Wa)).first() = W first() and
(Wi.append(Ws)).last() = Wa.last() and Wi.append(Ws) is walk from
W first() to Wa.last().

(32) If Wy is walk from z to y and Wy is walk from y to z, then
Wi .append(Ws) is walk from z to z.

(33) If n € domWj, then (Wj.append(W3))(n) = Wi(n) and n €
dom(W7.append(W3)).

(34) If Wy.last() = Wa.first(), then for every natural number n such that n <
len W5 holds (W;.append(Ws))(len W1 +n) = Wa(n+1) and len Wi +n €
dom(W;.append(Ws)).

(35) If n € dom(W;.append(W2)), then n € dom Wi or there exists a natural
number k such that k < len W5 and n = len W7 + k.

(36) For all walks W3, Wy of G; and for all walks W5, Wy of Ga such that
W3 = W5 and Wy = Wg holds Ws.append(Wy) = Ws.append(Wg).

(37) Let m, n be odd natural numbers. Suppose m < n and n < len W.
Then len(W.cut(m,n)) +m = n + 1 and for every natural number i such
that i < len(W.cut(m,n)) holds (W.cut(m,n))(i + 1) = W(m + i) and
m+1 € domW.

(38) Let m, n be odd natural numbers. Suppose m < n and n < len W.
Then (W.cut(m,n)).first() = W(m) and (W.cut(m,n)).last() = W(n)
and W.cut(m,n) is walk from W (m) to W(n).

(39) For all odd natural numbers m, n, o such that m < n and n < o and
o <len W holds (W .cut(m,n)).append((W .cut(n,o0))) = W.cut(m, o).

(40) W.cut(1l,len W) = W.

(41) For every odd natural number n such that n < lenW holds
G.walkOf (W (n), W(n+1),W(n+2)) = W.cut(n,n + 2).

(42) For all odd natural numbers m, n such that m < n and n < len W holds
(W.cut(m,n)).addEdge(W (n + 1)) = W.cut(m,n + 2).
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(43) For every odd natural number n such that n < lenW holds
W.cut(n,n) = (W.vertexAt(n)).

(44) If m is odd and m < n, then W.cut(1,n).cut(1,m) = W.cut(1, m).

(45) For all odd natural numbers m, n such that m < n and n < len W; and
Wi last() = Wa first() holds (W;.append(W2)).cut(m,n) = Wi.cut(m,n).

(46) For every odd natural number m such that m < lenW holds
len(W.cut(1,m)) = m.

(47) For every odd natural number m and for every natural number x such
that = € dom(W.cut(1,m)) and m < len W holds (W.cut(1l,m))(x) =

(48) Let m, n be odd natural numbers and ¢ be a natural number. If m <
n and n < lenW and i € dom(W.cut(m,n)), then (W.cut(m,n))(i) =
W((m+1i)—1) and (m+1i)—1 € dom W.

(49) For every walk W of G; and for every walk Wy of G2 and for all natural
numbers m, n such that W; = Wy holds Wj.cut(m,n) = Wa.cut(m,n).

(50) For all odd natural numbers m, n such that m < n and n <len W and
W(m) = W(n) holds len(W .remove(m,n)) +n =len W + m.

(51) If W is walk from x to y, then W.remove(m,n) is walk from z to y.

(52) len(W.remove(m,n)) < len W.

(563) W.remove(m,m) = W.

(54) For all odd natural numbers m, n such that m <n and n < len W and

W(m) = W(n) holds (W.cut(1,m)).last() = (W.cut(n,len W)).first().

(55) Let m, n be odd natural numbers. Suppose m < n and n < len W
and W(m) = W(n). Let = be a natural number. If z € Segm, then
(W.remove(m,n))(x) = W(z).

(56) Let m, n be odd natural numbers. Suppose m < n and n < len W
and W(m) = W(n). Let  be a natural number. Suppose m < z and
x < len(W .remove(m,n)). Then (W.remove(m,n))(z) = W((z —m) +n)
and (r —m) + n is a natural number and (r — m) +n < len W.

(57) For all odd natural numbers m, n such that m <n and n <len W and
W(m) = W(n) holds len(W .remove(m,n)) = (len W +m) — n.

(58) For every natural number m such that W(m) = W.last() holds
W .remove(m,len W) = W.cut(1, m).

(59) For every natural number m such that W.first() = W(m) holds
W .remove(1,m) = W.cut(m,len W).

(60) (W.remove(m,n)).first() = Wi.first() and (W.remove(m,n)).last() =
W last().

(61) Let m, n be odd natural numbers and x be a natural number. Suppose
m <nandn <lenW and W(m) = W(n) and z € dom(W .remove(m,n)).
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Then x € Segm or m < z and x < len(W.remove(m,n)).

(62) For every walk Wp of G; and for every walk Wy of Gy and for all
natural numbers m, n such that W3 = Wy holds Wj.remove(m,n) =
Wy.remove(m, n).

(63) If e joins W.last() and x in G, then W.addEdge(e) = W ™ (e, z).

(64) 1If e joins W.last() and = in G, then (W.addEdge(e)).first() = W .first()
and (W.addEdge(e)).last() = z and W.addEdge(e) is walk from W first()

to x.
(65) 1If e joins W.last() and x in G, then len(W.addEdge(e)) = len W + 2.

(66) Suppose e joins W .last() and z in G. Then (W.addEdge(e))(len W+1) =
e and (W.addEdge(e))(len W + 2) = z and for every natural number n
such that n € dom W holds (W.addEdge(e))(n) = W (n).

(67) If W is walk from z to y and e joins y and z in G, then W.addEdge(e)
is walk from z to z.

(68) 1 < len(W .vertexSeq()).

(69) For every odd natural number n such that n < len W holds 2- ((n+1) +
2)—1l=nand1<(n+1)+2and (n+ 1)+ 2 < len(W.vertexSeq()).

(70) (G.walkOf(v)).vertexSeq() = (v).

(71) 1If e joins x and y in G, then (G.walkOf(z,e,y)).vertexSeq() = (x,y).

(72) W first() = W.vertexSeq()(1) and W .last() =
W .vertexSeq() (len(W .vertexSeq())).

(73) For every odd natural number n such that n < lenW holds
W .vertexAt(n) = W.vertexSeq()((n + 1) + 2).

(74) n € dom(W .vertexSeq()) iff 2-n — 1 € dom W.
(75)  (W.cut(1,n)).vertexSeq() C W.vertexSeq().

(76) 1If e joins W.last() and = in G, then (W.addEdge(e)).vertexSeq() =
W .vertexSeq() ™ (x).

(77) For every walk W; of G and for every walk W5 of G such that W = Wy
holds Wi .vertexSeq() = Wa.vertexSeq().

(78) For every even natural number n such that 1 <n and n < len W holds
n <+ 2 € dom(W.edgeSeq()) and W (n) = W.edgeSeq()(n + 2).

(79) n € dom(W.edgeSeq()) iff 2-n € dom W.

(80) For every natural number n such that n € dom(W.edgeSeq()) holds
W .edgeSeq()(n) € the edges of G.

(81) There exists an even natural number /; such that {; = len W — 1 and
len(W.edgeSeq()) = I1 + 2.

(82) (W.cut(1,n)).edgeSeq() C W.edgeSeq().

(83) If e joins W.last() and =z in G, then (W.addEdge(e)).edgeSeq() =
W .edgeSeq() ™ (e).
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(84) e joins x and y in G iff (G.walkOf(z,e,y)).edgeSeq() = (e).

(85) W .reverse().edgeSeq() = Rev(WW.edgeSeq()).

(86) If Whldast() = Wa.first(), then (Wj.append(Ws)).edgeSeq() =
Wi.edgeSeq() ~ Wa.edgeSeq().

(87) For every walk W; of G and for every walk Wy of G such that W; = Wy
holds Wj.edgeSeq() = Wa.edgeSeq().

(88) = € W.vertices() iff there exists an odd natural number n such that
n <lenW and W(n) = .

(89) W .first() € W.vertices() and W .last() € W.vertices().

(90) For every odd natural number n such that n < lenW holds
W .vertexAt(n) € W.vertices().

(91) (G.walkOf(v)).vertices() = {v}.

(92) 1If e joins z and y in G, then (G.walkOf(x,e,y)).vertices() = {z, y}.
(93) W .vertices() = W .reverse().vertices().

(94) If Whlast() = Walfirst(), then (Wj.append(Ws)).vertices() =

Wi .vertices() U Wa.vertices().

(95) For all odd natural numbers m, n such that m < n and n < len W holds
(W .cut(m,n)).vertices() C W.vertices().

(96) If e joins W.ast() and z in G, then (W.addEdge(e)).vertices() =
W .vertices() U {z}.

(97) Let G be a finite graph, W be a walk of G, and e, = be
sets. If e joins W.last() and x in G and =z ¢ W.vertices(), then
card((W.addEdge(e)).vertices()) = card(W .vertices()) + 1.

(98) If x € W.vertices() and y € W.vertices(), then there exists a walk of G
which is walk from z to y.

(99) For every walk W7 of G1 and for every walk W5 of G such that Wy = Wy
holds Wj.vertices() = Wa.vertices().

(100) e € W.edges() iff there exists an even natural number n such that 1 <n
and n <lenW and W(n) =e.

(101) e € W.edges() iff there exists an odd natural number n such that n <
len W and W(n+1) =e.

(102) rng W = W.vertices() U W.edges().

(103) If Wy.last() = Wa.first(), then (W7.append(W3)).edges() = Wi.edges()U
Wo.edges().

(104) Suppose e € W.edges(). Then there exist vertices va, vs of G and there
exists an odd natural number n such that n +2 <len W and vy = W(n)
and e = W(n + 1) and v3 = W(n + 2) and e joins v2 and v3 in G.

(105) e € W.edges() iff there exists a natural number n such that n €
dom (W .edgeSeq()) and W .edgeSeq()(n) = e.
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(106) If e € W.edges() and e joins = and y in G, then x € W.vertices() and
y € W.vertices().

(107) (W.cut(m,n)).edges() C W.edges().

(108) W .edges() = W.reverse().edges().

(109) e joins x and y in G iff (G.walkOf(x,e,y)).edges() = {e}.

(110) W.edges() C G.edgesBetween(W .vertices()).

(111) For every walk W7 of G; and for every walk W5 of Go such that Wy = Ws

holds W.edges() = Wa.edges().

(112) If e joins W.last() and z in G, then (W.addEdge(e)).edges() =
W .edges() U {e}.

(113) lenW = 2- W .length() + 1.

(114) lenW; = len Wy iff Wy .length() = Wa.length().

(115) For every walk W7 of G and for every walk Wy of Go such that W, = Wy

holds Wj.length() = Wa.length().

(116) For every odd natural number n such that n < lenW holds
W find(W(n)) < n and W.rfind(W(n)) > n.

(117) For every walk Wj of Gy and for every walk Wy of G5 and for every set
v such that W; = W holds Wi.find(v) = Wa.find(v) and Wi.rfind(v) =
Wa.rfind(v).

(118) For every odd natural number n such that n < len W holds W.find(n) <
n and W.rfind(n) > n.

(119) W is closed iff W (1) = W (len W).

(120) W is closed iff there exists a set x such that W is walk from z to .
(121) W is closed iff W.reverse() is closed.

(122) For every walk W7 of G; and for every walk Wj of Go such that W, = Ws

and W7 is closed holds Ws is closed.

(123) W is directed if and only if for every odd natural number n such that
n < len W holds W(n + 1) joins W(n) to W(n + 2) in G.

(124) Suppose W is directed and walk from z to y and e joins y to z in G.
Then W.addEdge(e) is directed and W.addEdge(e) is walk from x to z.

(125) For every dwalk W of G and for all natural numbers m, n holds
W .cut(m,n) is directed.

W is non trivial iff 3 <len W.

W is non trivial iff len W # 1.

If W first() # W.last(), then W is non trivial.

W is trivial iff there exists a vertex v of G such that W = G.walkOf(v).
W is trivial iff W.reverse() is trivial.

If Wy is trivial, then Wj.append(Ws) = Wi.
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(132) For all odd natural numbers m, n such that m < n and n < len W holds
W.cut(m,n) is trivial iff m = n.

(133) If e joins W.last() and x in G, then W.addEdge(e) is non trivial.

(134) If W is non trivial, then there exists an odd natural number /3 such that
lo =len W — 2 and (W.cut(1,l2)).addEdge(W (la + 1)) = W.

(135) If Wy is non trivial and Wy.edges() C Wi.edges(), then Wa.vertices() C
Wi .vertices().

(136) If W is non trivial, then for every vertex v of G such that v € W .vertices()
holds v is not isolated.

(137) W is trivial iff W.edges() = 0.
(138) For every walk W7 of G and for every walk Wj of Go such that W, = Ws
and W7 is trivial holds Wy is trivial.

(139) W is trail-like iff for all even natural numbers m, n such that 1 < m and
m < n and n <len W holds W (m) # W (n).

(140) If len W < 3, then W is trail-like.

(141) W is trail-like iff W.reverse() is trail-like.

(142) For every trail W of G and for all natural numbers m, n holds
W .cut(m,n) is trail-like.

(143) For every trail W of G and for every set e such that e €

W last().edgesInOut() and e ¢ W.edges() holds W.addEdge(e) is trail-
like.

(144) For every trail W of G and for every vertex v of G such that v €
W .vertices() and v is endvertex holds v = W first() or v = W last().
(145) For every finite graph G and for every trail W of G holds
len(W.edgeSeq()) < G.size().

(146) If len W < 3, then W is path-like.

(147) If for all odd natural numbers m, n such that m <len W and n < len W
and W(m) = W(n) holds m = n, then W is path-like.

(148) Let W be a path of G. Suppose W is open. Let m, n be odd natural
numbers. If m < n and n <len W, then W(m) # W (n).

(149) W is path-like iff W.reverse() is path-like.

(150) For every path W of G and for all natural numbers m, n holds
W .cut(m,n) is path-like.

(151) Let W be a path of G and e, v be sets. Suppose that

(i) e joins W.last() and v in G,

(ii) e ¢ W.edges(),

(ili) W is trivial or open, and

) for every odd natural number n such that 1 < n and n <len W holds

(iv
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Then W.addEdge(e) is path-like.

(152) Let W be a path of G and e, v be sets. Suppose e joins W .last() and v
in G and v ¢ W.vertices() and W is trivial or open. Then W.addEdge(e)
is path-like.

(153) If for every odd natural number n such that n < lenW holds
W find(W(n)) = W.rfind(W(n)), then W is path-like.

(154) If for every odd natural number n such that n < lenW holds
W .rfind(n) = n, then W is path-like.

(155) For every finite graph G and for every path W of G holds
len(W .vertexSeq()) < G.order() + 1.

(156) Let G be a graph, W be a vertex-distinct walk of G, and e, v be sets. If
e joins W.last() and v in G and v ¢ W.vertices(), then W.addEdge(e) is
vertex-distinct.

(157) If e joins x and =z in G, then G.walkOf(z, e, z) is cycle-like.

(158) Suppose e joins z and y in G and e € Wi.edges() and W is cycle-like.
Then there exists a walk Wy of G such that W5 is walk from x to y and
e ¢ Wh.edges().

(159) W is a subwalk of W.

(160) For every walk W; of G and for every subwalk W5 of W holds every
subwalk of W5 is a subwalk of Wj.

(161) If Wy is a subwalk of Wy, then W) is walk from x to y iff Wy is walk
from z to y.

(162) If Wy is a subwalk of Wo, then Wi .first() = Wa.first() and Wi.last() =
Wy last().

(163) 1If W7 is a subwalk of W5, then len Wy < len Wh.
(164) If Wy is a subwalk of Wy, then Wj.edges() C Whas.edges() and
Wi .vertices() C Wa.vertices().

(165) Suppose W is a subwalk of Ws. Let m be an odd natural number.
Suppose m < len Wj. Then there exists an odd natural number n such
that m <n and n <len Wy and Wi(m) = Wa(n).

(166) Suppose Wj is a subwalk of Wa. Let m be an even natural number.
Suppose 1 < m and m < len W7. Then there exists an even natural number
n such that m < n and n <len Wy and Wj(m) = Wa(n).

(167) For every trail W; of G such that Wj is non trivial holds there exists a
path of W7 which is non trivial.

(168) For every graph G and for every subgraph Gy of G holds every walk
of G5 is a walk of GG5.

(169) Let G be a graph, G2 be a subgraph of G, and W be a walk of G;. If
W is trivial and W .first() € the vertices of Ga, then W is a walk of G.
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(170) Let G be a graph, G be a subgraph of G1, and W be a walk of G;. If
W is non trivial and W.edges() C the edges of Gg, then W is a walk of
Go.

(171) Let G; be a graph, G5 be a subgraph of Gy, and W be a walk of Gj.
Suppose W .vertices() C the vertices of G2 and W.edges() C the edges of
Go. Then W is a walk of Gs.

(172) Let G7 be a non trivial graph, W be a walk of G1, v be a vertex of Gy,
and G2 be a subgraph of G; with vertex v removed. If v ¢ W.vertices(),
then W is a walk of Gs.

(173) Let G1 be a graph, W be a walk of G1, e be a set, and G5 be a subgraph
of G; with edge e removed. If e ¢ W.edges(), then W is a walk of Gs.

(174) Let G; be a graph, G5 be a subgraph of G1, and z, y, e be sets. If e
joins x and y in Gg, then G1.walkOf(z, e,y) = Go.walkOf (z, e, y).

(175) Let G; be a graph, G2 be a subgraph of G, W; be a walk of G1, W; be
a walk of G, and e be a set. If W; = Wy and e € Wa.last().edgesInOut(),
then W;.addEdge(e) = Wa.addEdge(e).

(176) Let G be a graph, Gy be a subgraph of G1, and W be a walk of G.
Then

(i) if W is closed, then W is a closed walk of Gy,
(ii) if W is directed, then W is a directed walk of G,
(iii)  if W is trivial, then W is a trivial walk of Gy,
(iv) if W is trail-like, then W is a trail-like walk of G,
(v) if W is path-like, then W is a path-like walk of G, and
(vi) if W is vertex-distinct, then W is a vertex-distinct walk of G;.

(177) Let G7 be a graph, G5 be a subgraph of Gy, W be a walk of G, and
W5 be a walk of G such that W7 = W5. Then
) Wi is closed iff Wy is closed,
) W is directed iff Wy is directed,
(iii) W7 is trivial iff W3 is trivial,
) W is trail-like iff Wy is trail-like,
) Wi is path-like iff W5 is path-like, and
) W is vertex-distinct iff Wy is vertex-distinct.

(178) If G1 =g G2 and z is a vertex sequence of G, then x is a vertex sequence
of GQ.

(179) If G; =¢ G2 and x is a edge sequence of G1, then x is a edge sequence
of GQ.

(180) If G; =¢ G2 and x is a walk of Gy, then x is a walk of Gs.

(181) If Gy =¢ Ga, then Gi.walkOf(x, e,y) = Ga.walkOf(x, e, y).

(182) Let W; be a walk of G; and Wy be a walk of G such that G; =g G»
and Wy, = Ws. Then
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W1 is closed iff Wy is closed,
W1 is directed iff W5 is directed,

W is trail-like iff W5 is trail-like,
W1 is path-like iff W5 is path-like, and
W1 is vertex-distinct iff W5 is vertex-distinct.

)
)
il) Wi is trivial iff Wy is trivial,
)
)
)
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The articles [15], [8], [14], [17], [12], [18], [6], [1], [16], [7], (3], [4], [5], [9], [2],
[11], [10], and [13] provide the terminology and notation for this paper.

1. PRELIMINARIES

Let X be a finite set. Observe that 2% is finite.
The following proposition is true

(1) For every finite set X such that 1 < card X there exist sets 1, x2 such
that 1 € X and 22 € X and x1 # xso.

2. DEFINITIONS

Let G be a graph. We say that G is connected if and only if:

(Def. 1) For all vertices u, v of G holds there exists a walk of G which is walk
from u to v.

Let G be a graph. We say that G is acyclic if and only if:
(Def. 2) There exists no walk of G which is cycle-like.
Let G be a graph. We say that G is tree-like if and only if:
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(Def. 3) G is acyclic and connected.

One can verify that every graph which is trivial is also connected.
Let us note that every graph which is trivial and loopless is also tree-like.
Let us note that every graph which is acyclic is also simple.
Let us observe that every graph which is tree-like is also acyclic and con-
nected.
Let us observe that every graph which is acyclic and connected is also tree-
like.
Let G be a graph and let v be a vertex of G. Observe that every subgraph
of G induced by {v} and 0 is tree-like.
Let G be a graph and let v be a set. We say that G is dtree rooted at v if
and only if:
(Def. 4) G is tree-like and for every vertex = of G holds there exists a dwalk of
G which is walk from v to z.
Let us observe that there exists a graph which is trivial, finite, and tree-like
and there exists a graph which is non trivial, finite, and tree-like.
Let G be a graph. Note that there exists a subgraph of G which is trivial,
finite, and tree-like.
Let G be an acyclic graph. Observe that every subgraph of G is acyclic.
Let G be a graph and let v be a vertex of G. The functor G.reachableFrom(v)
yields a non empty subset of the vertices of G and is defined as follows:
(Def. 5) For every set x holds x € G.reachableFrom(v) iff there exists a walk of
G which is walk from v to .
Let G be a graph and let v be a vertex of G. The functor G.reachableDFrom (v)
yielding a non empty subset of the vertices of G is defined by:
(Def. 6) For every set = holds x € G.reachableDFrom(v) iff there exists a dwalk
of G which is walk from v to x.

Let G1 be a graph and let G5 be a subgraph of G;. We say that G5 is
component-like if and only if:

(Def. 7) G5 is connected and it is not true that there exists a connected subgraph
G5 of GG such that Go C Gj3.

Let G be a graph. Note that every subgraph of G which is component-like
is also connected.

Let G be a graph and let v be a vertex of G. Note that every subgraph of
G induced by G.reachableFrom(v) is component-like.

Let G be a graph. Observe that there exists a subgraph of G which is
component-like.

Let G be a graph. A component of G is a component-like subgraph of G.

Let G be a graph. The functor G.componentSet() yielding a non empty
family of subsets of the vertices of G is defined as follows:
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(Def. 8) For every set x holds = € G.componentSet() iff there exists a vertex v of
G such that z = G.reachableFrom(v).
Let G be a graph and let X be an element of G.componentSet(). Observe
that every subgraph of G induced by X is component-like.
Let G be a graph. The functor G.numComponents() yielding a cardinal
number is defined by:

(Def. 9) G.numComponents() = G.componentSet().

Let G be a finite graph. Then G.numComponents() is a non empty natural
number.

Let G be a graph and let v be a vertex of G. We say that v is cut-vertex if
and only if:

(Def. 10) For every subgraph Gy of G with vertex v removed holds
G.numComponents() < Gz.numComponents().

Let G be a finite graph and let v be a vertex of G. Let us observe that v is
cut-vertex if and only if:

(Def. 11) For every subgraph Gy of G with vertex v removed holds
G .numComponents() < Ga.numComponents().

Let G be a non trivial finite connected graph. Observe that there exists a
vertex of G which is non cut-vertex.

Let G be a non trivial finite tree-like graph. One can check that there exists
a vertex of G which is endvertex.

Let G be a non trivial finite tree-like graph and let v be an endvertex vertex
of G. Observe that every subgraph of G with vertex v removed is tree-like.

Let G4 be a graph sequence. We say that G4 is connected if and only if:

(Def. 12) For every natural number n holds G4—n is connected.
We say that G4 is acyclic if and only if:
(Def. 13) For every natural number n holds G4—n is acyclic.
We say that G4 is tree-like if and only if:
(Def. 14) For every natural number n holds G4—n is tree-like.
One can check the following observations:
* every graph sequence which is trivial is also connected,
* every graph sequence which is trivial and loopless is also tree-like,
* every graph sequence which is acyclic is also simple,
* every graph sequence which is tree-like is also acyclic and connected, and
* every graph sequence which is acyclic and connected is also tree-like.

Let us note that there exists a graph sequence which is halting, finite, and
tree-like.

Let G4 be a connected graph sequence and let n be a natural number. Note
that G4—mn is connected.
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Let G4 be an acyclic graph sequence and let n be a natural number. Observe
that G4—n is acyclic.

Let G4 be a tree-like graph sequence and let n be a natural number. Note
that G4—n is tree-like.

3. THEOREMS

For simplicity, we use the following convention: G, G1, G5 are graphs, e, z,
y are sets, v, v1, vo are vertices of G, and W is a walk of G.
We now state a number of propositions:

(2) For every non trivial connected graph G and for every vertex v of G
holds v is not isolated.

(3) Let G be a non trivial graph, v be a vertex of G, and G2 be a subgraph
of G1 with vertex v removed. Suppose G3 is connected and there exists
a set e such that e € v.edgesInOut() and e does not join v and v in Gj.
Then G is connected.

(4) Let G7 be a non trivial connected graph, v be a vertex of G1, and Gs
be a subgraph of G; with vertex v removed. If v is endvertex, then G is
connected.

(5) Let G be a connected graph, W be a walk of G1, e be a set, and G2 be a
subgraph of G; with edge e removed. If W is cycle-like and e € W.edges(),
then G4 is connected.

(6) If there exists a vertex v; of G such that for every vertex vs of G holds
there exists a walk of G which is walk from v to v, then G is connected.

(7) Every trivial graph is connected.
(8) If G1 =g G2 and G is connected, then G5 is connected.
(9) v € G.reachableFrom(v).
(10) If x € G.reachableFrom(v;) and e joins = and y in G, then y €

G .reachableFrom(vy).

(11) G.edgesBetween(G.reachableFrom(v)) =
G.edgesInOut(G.reachableFrom(v)).

(12) If v; € G.reachableFrom(vq), then G.reachableFrom(v;) =
G .reachableFrom(vy).

(13) If v € W.vertices(), then W.vertices() C G.reachableFrom(v).

(14) Let Gp be a graph, G2 be a subgraph of Gi, v; be a vertex of Gy,
and ve be a vertex of Gg. If v; = wvg, then Gj.reachableFrom(vy) C
G .reachableFrom(vy).

(15) If there exists a vertex v of G such that G.reachableFrom(v) = the
vertices of G, then G is connected.
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(16) If G is connected, then for every vertex v of G holds G.reachableFrom(v) =
the vertices of G.

(17) For every vertex vy of G and for every vertex ve of Gy such that G1 =¢
G2 and v; = vg holds G;.reachableFrom(v;) = Ga.reachableFrom(vq).

(18) wv € G.reachableDFrom(v).

(19) If x € G.reachableDFrom(v;) and e joins = to y in G, then y €
G .reachableDFrom(v).

(20) G.reachableDFrom(v) C G.reachableFrom(v).

(21) Let Gp be a graph, G2 be a subgraph of Gy, v; be a vertex of Gy,
and ve be a vertex of Go. If v; = vy, then Ga.reachableDFrom(vy) C
G1.reachableDFrom(vy).

(22) For every vertex vy of G and for every vertex ve of Gy such that G1 =¢
G4 and v; = vy holds G;.reachableDFrom(v;) = Gg.reachableDFrom(v2).

(23) For every graph G and for every connected subgraph G of G such
that G2 is spanning holds G is connected.

(24) UJ(G.componentSet()) = the vertices of G.

(25) @ is connected iff G.componentSet() = {the vertices of G}.
(26) If G1 =g G2, then Gi.componentSet() = G2.componentSet().
(27)

27) If x € G.componentSet(), then z is a non empty subset of the vertices

of G.
28) @ is connected iff G.numComponents() = 1.
29
30

31

If G1 =¢ G2, then Gj.numComponents() = Go.numComponents().

(28)
(29)
(30) G is a component of G iff G is connected.

(31) For every component C of G holds the edges of C' = G.edgesBetween(the

vertices of C).

(32) For all components Cy, Co of G holds the vertices of C; = the vertices
of Cg iff Cl =G CQ.

(33) Let C be a component of G and v be a vertex of G. Then v € the
vertices of C' if and only if the vertices of C' = G.reachableFrom(v).

(34) Let C, Cy be components of G and v be a set. If v € the vertices of C;
and v € the vertices of Cy, then C7 =g (5.

(35) Let G be a connected graph and v be a vertex of G. Then v is non cut-
vertex if and only if for every subgraph Gs of G with vertex v removed
holds G2.numComponents() < G.numComponents().

(36) Let G be a connected graph, v be a vertex of G, and G2 be a subgraph
of G with vertex v removed. If v is not cut-vertex, then G is connected.

(37) Let G be a non trivial finite connected graph. Then there exist vertices

v1, vg of G such that v; # vy and vy is not cut-vertex and vy is not
cut-vertex.
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(38) If v is cut-vertex, then G is non trivial.

(39) Let v1 be a vertex of G; and ve be a vertex of Go. If G; =g G2 and
v1 = vg, then if vy is cut-vertex, then vy is cut-vertex.

(40) For every finite connected graph G holds G.order() < G.size() + 1.

(41) Every acyclic graph is simple.

(42) Let G be an acyclic graph, W be a path of G, and e be a set. If
e ¢ W.edges() and e € W.last().edgesInOut(), then W.addEdge(e) is
path-like.

(43) Let G be a non trivial finite acyclic graph. Suppose the edges of G # ().
Then there exist vertices vy, ve of G such that v; # v9 and vy is endvertex
and vy is endvertex and vy € G.reachableFrom(vy).

(44) If G1 =g G2 and G is acyclic, then Gy is acyclic.
(45) Let G be a non trivial finite tree-like graph. Then there exist vertices
v1, v2 of G such that v; # vo and vy is endvertex and vy is endvertex.

(46) For every finite graph G holds G is tree-like iff G is acyclic and
G.order() = G.size() + 1.

(47) For every finite graph G holds G is tree-like iff G is connected and
G.order() = G.size() + 1.

(48) If G; =g G2 and G is tree-like, then G is tree-like.
(49) If G is dtree rooted at x, then x is a vertex of G.
(50) If G; =g G2 and G is dtree rooted at x, then Gy is dtree rooted at z.
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1. PRELIMINARIES

Let D be a set, let f; be a finite sequence of elements of D, and let fy be a
FinSubsequence of fi. Then Seq fs is a finite sequence of elements of D.

Let F' be a real-yielding binary relation and let X be a set. One can check
that F'[ X is real-yielding.

Next we state two propositions:

(1) Letxy, zo, x3, x4, x5, Tg, T7, Ty, Tg, T19 be sets and p be a finite sequence.
Suppose p = (z1) " (w2) " (x3) " (24) " (w5) " (w6) " (x7) " (8) " (29) " (x10)-
Then lenp = 10 and p(1) = 1 and p(2) = x2 and p(3) = z3 and p(4) = x4
and p(5) = x5 and p(6) = x¢ and p(7) = z7 and p(8) = g and p(9) = xg
and p(10) = x1o.

(2) Let fi be a finite sequence of elements of R and f> be a FinSubsequence
of fi. If for every natural number ¢ such that ¢ € dom f; holds 0 < f; (1),

then Y Seq fo <> f1.
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2. DEFINITIONS

The natural number WeightSelector is defined by:
(Def. 1)  WeightSelector = 5.
The natural number ELabelSelector is defined as follows:
(Def. 2) ELabelSelector = 6.
The natural number VLabelSelector is defined as follows:
(Def. 3) VLabelSelector = 7.
Let G be a graph structure. We say that G is weighted if and only if:

(Def. 4) WeightSelector € dom G and G(WeightSelector) is a many sorted set
indexed by the edges of G.

We say that G is elabeled if and only if:
(Def. 5) ELabelSelector € domG and there exists a function f such that
G(ELabelSelector) = f and dom f C the edges of G.
We say that G is vlabeled if and only if:
(Def. 6) VLabelSelector € domG and there exists a function f such that
G(VLabelSelector) = f and dom f C the vertices of G.

Let us mention that there exists a graph structure which is graph-like,
weighted, elabeled, and vlabeled.

A w-graph is a weighted graph. A e-graph is a elabeled graph. A v-graph
is a vlabeled graph. A we-graph is a weighted elabeled graph. A wv-graph is a

weighted vlabeled graph. A ev-graph is a elabeled vlabeled graph. A wev-graph
is a weighted elabeled vlabeled graph.

Let G be a w-graph. The weight of G yielding a many sorted set indexed by
the edges of G is defined by:

(Def. 7) The weight of G = G(WeightSelector).

Let G be a e-graph. The elabel of G yields a function and is defined by:
(Def. 8) The elabel of G = G(ELabelSelector).

Let G be a v-graph. The vlabel of G yielding a function is defined by:
(Def. 9) The vlabel of G = G(VLabelSelector).

Let G be a graph and let X be a set. One can check the following observa-
tions:

x  G.set(WeightSelector, X)) is graph-like,
*  G.set(ELabelSelector, X) is graph-like, and
x  G.set(VLabelSelector, X) is graph-like.

Let G be a finite graph and let X be a set. One can check the following
observations:

*  G.set(WeightSelector, X) is finite,
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x  G.set(ELabelSelector, X) is finite, and
*  G.set(VLabelSelector, X) is finite.

Let G be a loopless graph and let X be a set. One can check the following
observations:

*  G.set(WeightSelector, X) is loopless,
x  G.set(ELabelSelector, X) is loopless, and
x  G.set(VLabelSelector, X) is loopless.

Let G be a trivial graph and let X be a set. One can check the following
observations:

x  G.set(WeightSelector, X) is trivial,
*  G.set(ELabelSelector, X) is trivial, and
% G.set(VLabelSelector, X) is trivial.

Let G be a non trivial graph and let X be a set. One can verify the following
observations:

x  G.set(WeightSelector, X) is non trivial,
x  G.set(ELabelSelector, X) is non trivial, and
* G.set(VLabelSelector, X) is non trivial.

Let G be a non-multi graph and let X be a set. One can check the following
observations:

x  G.set(WeightSelector, X) is non-multi,
*  G.set(ELabelSelector, X) is non-multi, and
*  G.set(VLabelSelector, X') is non-multi.

Let G be a non-directed-multi graph and let X be a set. One can verify the
following observations:

% G.set(WeightSelector, X) is non-directed-multi,
x  G.set(ELabelSelector, X) is non-directed-multi, and
x  G.set(VLabelSelector, X) is non-directed-multi.

Let G be a connected graph and let X be a set. One can check the following
observations:

% G.set(WeightSelector, X) is connected,
*  G.set(ELabelSelector, X) is connected, and
x  G.set(VLabelSelector, X) is connected.

Let G be an acyclic graph and let X be a set. One can verify the following
observations:

x  G.set(WeightSelector, X) is acyclic,
* G.set(ELabelSelector, X) is acyclic, and
* G.set(VLabelSelector, X) is acyclic.
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Let G be a w-graph and let X be a set. Observe that G.set(ELabelSelector, X)
is weighted and G.set(VLabelSelector, X) is weighted.

Let G be a graph and let X be a many sorted set indexed by the edges of
G. Note that G.set(WeightSelector, X) is weighted.

Let G be a graph, let W7 be a non empty set, and let W be a function from
the edges of G into W;. Note that G.set(WeightSelector, W) is weighted.

Let G be a e-graph and let X be a set. Note that G.set(WeightSelector, X)
is elabeled and G.set(VLabelSelector, X) is elabeled.

Let G be a graph, let Y be a set, and let X be a partial function from the
edges of G to Y. One can check that G.set(ELabelSelector, X) is elabeled.

Let G be a graph and let X be a many sorted set indexed by the edges of
G. One can verify that G.set(ELabelSelector, X) is elabeled.

Let G be a v-graph and let X be a set. Note that G.set(WeightSelector, X)
is vlabeled and G.set(ELabelSelector, X) is vlabeled.

Let G be a graph, let Y be a set, and let X be a partial function from the
vertices of G to Y. Note that G.set(VLabelSelector, X) is vlabeled.

Let G be a graph and let X be a many sorted set indexed by the vertices of
G. One can verify that G.set(VLabelSelector, X) is vlabeled.

Let G be a graph. Note that G.set(ELabelSelector, () is elabeled and

G.set(VLabelSelector, §)) is vlabeled.

Let G be a graph. Note that there exists a subgraph of G which is weighted,
elabeled, and vlabeled.

Let G be a w-graph and let G2 be a weighted subgraph of G. We say that
G2 inherits weight if and only if:

(Def. 10) The weight of Go = (the weight of G)[(the edges of G2).

Let G be a e-graph and let G2 be a elabeled subgraph of G. We say that Go
inherits elabel if and only if:

(Def. 11) The elabel of G2 = (the elabel of G)[(the edges of G2).

Let G be a v-graph and let G2 be a vlabeled subgraph of G. We say that
G inherits vlabel if and only if:

(Def. 12) The vlabel of G2 = (the vlabel of G)[(the vertices of G3).

Let G be a w-graph. Observe that there exists a weighted subgraph of G
which inherits weight.

Let G be a e-graph. One can check that there exists a elabeled subgraph of
G which inherits elabel.

Let G be a v-graph. One can verify that there exists a vlabeled subgraph of
G which inherits vlabel.

Let G be a we-graph. Note that there exists a weighted elabeled subgraph
of G which inherits weight and elabel.

Let G be a wv-graph. Observe that there exists a weighted vlabeled subgraph
of G which inherits weight and vlabel.
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Let G be a ev-graph. Observe that there exists a elabeled vlabeled subgraph
of G which inherits elabel and vlabel.

Let G be a wev-graph. One can verify that there exists a weighted elabeled
vlabeled subgraph of G which inherits weight, elabel, and vlabel.

Let G be a w-graph. A w-subgraph of G is a weighted subgraph of G
inheriting weight.

Let G be a e-graph. A e-subgraph of G is a elabeled subgraph of GG inheriting
elabel.

Let G be a v-graph. A v-subgraph of G is a vlabeled subgraph of GG inheriting
vlabel.

Let G be a we-graph. A we-subgraph of G is a weighted elabeled subgraph
of G inheriting weight and elabel.

Let G be a wv-graph. A wv-subgraph of G is a weighted vlabeled subgraph
of G inheriting weight and vlabel.

Let G be a ev-graph. A ev-subgraph of G is a elabeled vlabeled subgraph
of G inheriting elabel and vlabel.

Let G be a wev-graph. A wev-subgraph of G is a weighted elabeled vlabeled
subgraph of G inheriting weight, elabel, and vlabel.

Let G be a graph and let V', E be sets. One can verify that there exists a
subgraph of G induced by V and E which is weighted, elabeled, and vlabeled.

Let G be a w-graph and let V, E be sets. One can verify that there exists
a weighted subgraph of G induced by V and F which inherits weight.

Let G be a e-graph and let V| E be sets. One can verify that there exists a
elabeled subgraph of G induced by V and E which inherits elabel.

Let G be a v-graph and let V', E be sets. One can verify that there exists a
vlabeled subgraph of G induced by V and E which inherits vlabel.

Let G be a we-graph and let V', E be sets. Note that there exists a weighted
elabeled subgraph of GG induced by V and E which inherits weight and elabel.

Let G be a wv-graph and let V|, E be sets. Observe that there exists a
weighted vlabeled subgraph of G induced by V and E which inherits weight
and vlabel.

Let G be a ev-graph and let V', E be sets. Note that there exists a elabeled
vlabeled subgraph of G induced by V and E which inherits elabel and vlabel.

Let G be a wev-graph and let V, E be sets. Observe that there exists a
weighted elabeled vlabeled subgraph of G induced by V and E which inherits
weight, elabel, and vlabel.

Let G be a w-graph and let V, F be sets. A induced w-subgraph of G, V,
FE is a weighted subgraph of G induced by V' and F inheriting weight.

Let G be a e-graph and let V', E be sets. A induced e-subgraph of G, V, E
is a elabeled subgraph of GG induced by V and E inheriting elabel.

Let G be a v-graph and let V, FE be sets. A induced v-subgraph of G, V|, E
is a vlabeled subgraph of GG induced by V and E inheriting vlabel.
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Let G be a we-graph and let V', E be sets. A induced we-subgraph of G, V,
FE is a weighted elabeled subgraph of G induced by V and FE inheriting weight
and elabel.

Let G be a wv-graph and let V', E be sets. A induced wv-subgraph of G, V,
FE is a weighted vlabeled subgraph of G induced by V and E inheriting weight
and vlabel.

Let G be a ev-graph and let V', E be sets. A induced ev-subgraph of G, V,
E is a elabeled vlabeled subgraph of G induced by V and FE inheriting elabel
and vlabel.

Let G be a wev-graph and let V, E be sets. A induced wev-subgraph of
G, V, E is a weighted elabeled vlabeled subgraph of G induced by V and E
inheriting weight, elabel, and vlabel.

Let G be a w-graph and let V' be a set. A induced w-subgraph of G, V is a
induced w-subgraph of G, V, G.edgesBetween(V').

Let G be a e-graph and let V be a set. A induced e-subgraph of G, V is a
induced e-subgraph of G, V, G.edgesBetween(V').

Let G be a v-graph and let V' be a set. A induced v-subgraph of G, V is a
induced v-subgraph of G, V', G.edgesBetween(V).

Let G be a we-graph and let V' be a set. A induced we-subgraph of G, V' is
a induced we-subgraph of G, V', G.edgesBetween (V).

Let G be a wv-graph and let V' be a set. A induced wv-subgraph of G, V' is
a induced wv-subgraph of G, V, G.edgesBetween(V').

Let G be a ev-graph and let V be a set. A induced ev-subgraph of G, V' is
a induced ev-subgraph of G, V, G.edgesBetween(V').

Let G be a wev-graph and let V' be a set. A induced wev-subgraph of G, V
is a induced wev-subgraph of G, V', G.edgesBetween (V).

Let G be a w-graph. We say that G is real-weighted if and only if:

(Def. 13) The weight of G is real-yielding.
Let G be a w-graph. We say that G is nonnegative-weighted if and only if:
(Def. 14) rng (the weight of G) C R>.

Let us note that every w-graph which is nonnegative-weighted is also real-
weighted.
Let G be a e-graph. We say that G is real-elabeled if and only if:

(Def. 15) The elabel of G is real-yielding.

Let G be a v-graph. We say that G is real-vlabeled if and only if:
(Def. 16) The vlabel of G is real-yielding.

Let G be a wev-graph. We say that G is real-wev if and only if:
(Def. 17) G is real-weighted, real-elabeled, and real-vlabeled.

Let us note that every wev-graph which is real-wev is also real-weighted,
real-elabeled, and real-vlabeled and every wev-graph which is real-weighted,



WEIGHTED AND LABELED GRAPHS

real-elabeled, and real-vlabeled is also real-wev.

Let G be a graph and let X be a function from the edges of G into R. Note
that G.set(WeightSelector, X) is real-weighted.

Let G be a graph and let X be a partial function from the edges of G to R.
One can verify that G.set(ELabelSelector, X) is real-elabeled.

Let G be a graph and let X be a real-yielding many sorted set indexed by
the edges of G. One can verify that G.set(ELabelSelector, X) is real-elabeled.

Let G be a graph and let X be a partial function from the vertices of G to
R. Observe that G.set(VLabelSelector, X) is real-vlabeled.

Let G be a graph and let X be a real-yielding many sorted set indexed by
the vertices of G. One can verify that G.set(VLabelSelector, X) is real-vlabeled.

Let G be a graph. Observe that G.set(ELabelSelector, 0)) is real-elabeled and
G.set(VLabelSelector, 0)) is real-vlabeled.

Let G be a graph, let v be a vertex of GG, and let v; be a real number. Note
that G.set(VLabelSelector, v——w1) is vlabeled.

Let G be a graph, let v be a vertex of GG, and let v; be a real number. One
can verify that G.set(VLabelSelector, v——w1) is real-vlabeled.

One can check that there exists a wev-graph which is finite, trivial, tree-like,
nonnegative-weighted, and real-wev and there exists a wev-graph which is finite,
non trivial, tree-like, nonnegative-weighted, and real-wev.

Let G be a finite w-graph. Note that the weight of G is finite.

Let G be a finite e-graph. Note that the elabel of G is finite.

Let G be a finite v-graph. Note that the vlabel of G is finite.

Let G be a real-weighted w-graph. Observe that the weight of G is real-
yielding.

Let G be a real-elabeled e-graph. One can verify that the elabel of G is
real-yielding.

Let G be a real-vlabeled v-graph. Observe that the vlabel of G is real-
yielding.

Let G be a real-weighted w-graph and let X be a set. Observe that
G .set(ELabelSelector, X) is real-weighted and G.set(VLabelSelector, X) is real-
weighted.

Let G be a nonnegative-weighted w-graph and let X be a set.
One can check that G.set(ELabelSelector, X) is nonnegative-weighted and
G .set(VLabelSelector, X) is nonnegative-weighted.

Let G be a real-elabeled e-graph and let X be a set. One can verify that
G.set(WeightSelector, X) is real-elabeled and G.set(VLabelSelector, X) is real-
elabeled.

Let G be a real-vlabeled v-graph and let X be a set. Observe that
G.set(WeightSelector, X) is real-vlabeled and G.set(ELabelSelector, X) is real-
vlabeled.
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Let G be a w-graph and let W be a walk of G. The functor W.weightSeq()
yielding a finite sequence is defined as follows:

(Def. 18) len(W .weightSeq()) = len(W .edgeSeq()) and for every natural number
n such that 1 < n and n < len(W.weightSeq()) holds W.weightSeq()(n) =
(the weight of G)(W .edgeSeq()(n)).
Let G be a real-weighted w-graph and let W be a walk of G. Then
W .weightSeq() is a finite sequence of elements of R.
Let G be a real-weighted w-graph and let W be a walk of G. The functor
W .cost() yielding a real number is defined as follows:

(Def. 19) W .cost() = > (W .weightSeq()).

Let G be a e-graph. The functor G.labeledE() yields a subset of the edges
of G and is defined as follows:

(Def. 20) G.labeledE() = dom (the elabel of G).

Let G be a e-graph and let e, x be sets. The functor G.labelEdge(e, )
yielding a e-graph is defined as follows:

G.set(ELabelSelector, (the elabel of G)+-(e——x)),
(Def. 21) G.labelEdge(e, z) = if e € the edges of G,
G, otherwise.

Let G be a finite e-graph and let e, = be sets. Note that G.labelEdge(e, )
is finite.

Let G be a loopless e-graph and let e, x be sets. Observe that
G.labelEdge(e, =) is loopless.

Let G be a trivial e-graph and let e, x be sets. Omne can check that
G.labelEdge(e, =) is trivial.

Let G be a non trivial e-graph and let e, x be sets. One can verify that
G.labelEdge(e, ) is non trivial.

Let G be a non-multi e-graph and let e, = be sets. Observe that
G.labelEdge(e, z) is non-multi.

Let G be a non-directed-multi e-graph and let e, x be sets. One can check
that G.labelEdge(e, z) is non-directed-multi.

Let G be a connected e-graph and let e, x be sets. Observe that
G.labelEdge(e, =) is connected.

Let G be an acyclic e-graph and let e, = be sets. Observe that
G.labelEdge(e, =) is acyclic.

Let G be a we-graph and let e, x be sets. Observe that G.labelEdge(e, z) is
weighted.

Let G be a ev-graph and let e, x be sets. Note that G.labelEdge(e, z) is
vlabeled.

Let G be a real-weighted we-graph and let e, x be sets. Observe that
G.labelEdge(e, =) is real-weighted.
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Let G be a nonnegative-weighted we-graph and let e, = be sets. Observe
that G.labelEdge(e, x) is nonnegative-weighted.
Let G be a real-elabeled e-graph, let e be a set, and let x be a real number.
Observe that G.labelEdge(e, x) is real-elabeled.
Let G be a real-vlabeled ev-graph and let e, x be sets. Note that
G.labelEdge(e, x) is real-vlabeled.
Let G be a v-graph and let v, = be sets. The functor G.labelVertex(v, )
yielding a v-graph is defined as follows:
G .set(VLabelSelector,
(the vlabel of G)+-(v——x)),
if v € the vertices of G,
G, otherwise.
Let G be a v-graph. The functor G.labeledV() yielding a subset of the
vertices of G is defined as follows:

(Def. 23) G.labeledV() = dom (the vlabel of G).
Let G be a finite v-graph and let v, x be sets. One can check that
G.labelVertex(v, x) is finite.

Let G be a loopless v-graph and let v, = be sets. One can check that
G.labelVertex(v, x) is loopless.

(Def. 22) G.labelVertex(v, z) =

Let G be a trivial v-graph and let v, x be sets. One can check that
G.labelVertex(v, x) is trivial.

Let G be a non trivial v-graph and let v, x be sets. Observe that
G.labelVertex(v, ) is non trivial.

Let G be a non-multi v-graph and let v, =z be sets. Note that
G.labelVertex(v, ) is non-multi.

Let G be a non-directed-multi v-graph and let v, x be sets. One can verify
that G.labelVertex (v, z) is non-directed-multi.

Let G be a connected v-graph and let v, = be sets. Observe that
G labelVertex(v, z) is connected.

Let G be an acyclic v-graph and let v, = be sets. Note that
G.labelVertex(v, x) is acyclic.

Let G be a wv-graph and let v, = be sets. One can check that
G.labelVertex(v, x) is weighted.

Let G be a ev-graph and let v, = be sets. Observe that G.labelVertex(v, z)
is elabeled.

Let G be a real-weighted wv-graph and let v, = be sets. Observe that
G.labelVertex(v, x) is real-weighted.

Let G be a nonnegative-weighted wv-graph and let v, « be sets. Note that
G.labelVertex(v, ) is nonnegative-weighted.

Let G be a real-elabeled ev-graph and let v, = be sets. Observe that
G.labelVertex(v, x) is real-elabeled.
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Let G be a real-vlabeled v-graph, let v be a set, and let x be a real number.
Note that G.labelVertex (v, z) is real-vlabeled.

Let G be a real-weighted w-graph. Observe that every w-subgraph of G is
real-weighted.

Let G be a nonnegative-weighted w-graph. Observe that every w-subgraph
of G is nonnegative-weighted.

Let G be a real-elabeled e-graph. Observe that every e-subgraph of G is
real-elabeled.

Let G be a real-vlabeled v-graph. Observe that every v-subgraph of G is
real-vlabeled.

Let G be a graph sequence. We say that G is weighted if and only if:

(Def. 24) For every natural number z holds G;—= is weighted.
We say that (G is elabeled if and only if:

(Def. 25) For every natural number z holds G;—= is elabeled.
We say that G is vlabeled if and only if:

(Def. 26) For every natural number z holds G;—= is vlabeled.

Let us mention that there exists a graph sequence which is weighted, ela-
beled, and vlabeled.

A w-graph sequence is a weighted graph sequence. A e-graph sequence is a
elabeled graph sequence. A v-graph sequence is a vlabeled graph sequence. A
we-graph sequence is a weighted elabeled graph sequence. A wv-graph sequence
is a weighted vlabeled graph sequence. A ev-graph sequence is a elabeled vla-
beled graph sequence. A wev-graph sequence is a weighted elabeled vlabeled
graph sequence.

Let GG1 be a w-graph sequence and let  be a natural number. One can check
that G1—xz is weighted.

Let GG1 be a e-graph sequence and let x be a natural number. One can check
that G1—x is elabeled.

Let GG1 be a v-graph sequence and let  be a natural number. Observe that
G1—x is vlabeled.

Let G be a w-graph sequence. We say that (1 is real-weighted if and only
if:

(Def. 27)  For every natural number z holds G;—= is real-weighted.
We say that Gy is nonnegative-weighted if and only if:
(Def. 28) For every natural number z holds G;—x is nonnegative-weighted.

Let G1 be a e-graph sequence. We say that G is real-elabeled if and only
if:

(Def. 29) For every natural number z holds G;—u= is real-elabeled.

Let GG1 be a v-graph sequence. We say that (G; is real-vlabeled if and only
if:
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(Def. 30) For every natural number = holds G;—= is real-vlabeled.
Let G be a wev-graph sequence. We say that G is real-wev if and only if:
(Def. 31) For every natural number z holds G;—= is real-wev.

Let us note that every wev-graph sequence which is real-wev is also real-
weighted, real-elabeled, and real-vlabeled and every wev-graph sequence which
is real-weighted, real-elabeled, and real-vlabeled is also real-wev.

Let us observe that there exists a wev-graph sequence which is halting,
finite, loopless, trivial, non-multi, simple, real-wev, nonnegative-weighted, and
tree-like.

Let G be a real-weighted w-graph sequence and let x be a natural number.
One can check that G1—x is real-weighted.

Let G1 be a nonnegative-weighted w-graph sequence and let x be a natural
number. Observe that Gy —x is nonnegative-weighted.

Let G be a real-elabeled e-graph sequence and let x be a natural number.
Note that G1—x is real-elabeled.

Let GG1 be a real-vlabeled v-graph sequence and let x be a natural number.
One can verify that G1—z is real-vlabeled.

3. THEOREMS

The following propositions are true:
(3) WeightSelector = 5 and ELabelSelector = 6 and VLabelSelector = 7.
(4)(i) For every w-graph G holds the weight of G = G(WeightSelector),
(ii)  for every e-graph G holds the elabel of G = G(ELabelSelector), and
(iii)  for every v-graph G holds the vlabel of G = G(VLabelSelector).
(6)3 For every e-graph G holds dom (the elabel of G) C the edges of G.
(7) For every v-graph G holds dom (the vlabel of G) C the vertices of G.
(8)

8) For every graph G and for every set X holds
G =g G.set(WeightSelector, X)) and G =¢ G.set(ELabelSelector, X) and

G =¢ G.set(VLabelSelector, X).
(9) For every e-graph G and for every set X holds the elabel of G = the
elabel of G.set(WeightSelector, X).
(10) For every v-graph G and for every set X holds the vlabel of G = the
vlabel of G.set(WeightSelector, X).
(11) For every w-graph G and for every set X holds the weight of G = the
weight of G.set(ELabelSelector, X).
(12) For every v-graph G and for every set X holds the vlabel of G = the
vlabel of G.set(ELabelSelector, X).

3The proposition (5) has been removed.
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(13) For every w-graph G and for every set X holds the weight of G = the
weight of G.set(VLabelSelector, X).

(14) For every e-graph G and for every set X holds the elabel of G = the
elabel of G.set(VLabelSelector, X).

(15) Let G3, Gy be w-graphs and G4 be a w-graph. Suppose G3 =g G2 and
the weight of G3 = the weight of G2 and G35 is a w-subgraph of G4. Then
G is a w-subgraph of Gy4.

(16) For every w-graph Gs and for every w-subgraph Gs of G5 holds every
w-subgraph of G2 is a w-subgraph of Gs.

(17) Let G3, G2 be w-graphs and G4 be a w-subgraph of G3. Suppose G5 =¢
G2 and the weight of G5 = the weight of G2. Then G4 is a w-subgraph of
Go.

(18) Let Gs3 be a w-graph, G2 be a w-subgraph of G3, and = be a set. If
x € the edges of Ga, then (the weight of G3)(z) = (the weight of G3)(z).

(19) For every w-graph G and for every walk W of G such that W is trivial
holds W .weightSeq() = 0.

(20) For every w-graph G and for every walk W of G holds
len(W .weightSeq()) = W .length().

(21) For every w-graph G and for all sets z, y, e such that e joins x and y in
G holds (G.walkOf(z, e, y)).weightSeq() = ((the weight of G)(e)).

(22) For every w-graph G and for every walk W of G holds
W .reverse().weightSeq() = Rev(W .weightSeq()).

(23) For every w-graph G and for all walks Wa, W3 of G such that Ws.last() =
Wy first() holds (Ws.append(W3)).weightSeq() = Wa.weightSeq() ™
Ws5.weightSeq().

(24) Let G be a w-graph, W be a walk of G, and e be a set.
If e € W.ast().edgesInOut(), then (W.addEdge(e)).weightSeq() =
W .weightSeq() ~ ((the weight of G)(e)).

(25) Let G be a real-weighted w-graph, Wa be a walk of G, and W3 be a
subwalk of W5. Then there exists a FinSubsequence w; of Wa.weightSeq()
such that Ws3.weightSeq() = Seqw;.

(26) Let G3, G2 be w-graphs, W5 be a walk of G3, and W3 be a walk of Go. If
Wy = W3 and the weight of G5 = the weight of Ga, then Wy.weightSeq() =
Ws.weightSeq().

(27) Let G3 be a w-graph, Gy be a w-subgraph of Gz, W3 be a walk of G'3, and
W3 be a walk of Go. If Wy = W3, then Wa.weightSeq() = Ws.weightSeq().

(28) For every real-weighted w-graph G and for every walk W of G such that
W is trivial holds W.cost() = 0.

(29) Let G be a real-weighted w-graph, ve, vs be vertices of G, and e be a set.
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If e joins vy and v3 in G, then (G.walkOf(vg, e, v3)).cost() = (the weight
of G)(e).

(30) For every real-weighted w-graph G and for every walk W of G holds
W .cost() = W .reverse().cost().

(31) For every real-weighted w-graph G and for all walks Wy, W3 of G such
that Wa.last() = Ws.first() holds (Ws.append(W3)).cost() = Wa.cost() +
Ws.cost().

(32) Let G be a real-weighted w-graph, W be a walk of G, and e be a set. If
e € W.last().edgesInOut(), then (W.addEdge(e)).cost() = W.cost()+ (the
weight of G)(e).

(33) Let G3, G2 be real-weighted w-graphs, Wy be a walk of G3, and W3 be
a walk of Go. If Wy = W3 and the weight of G5 = the weight of G5, then
Ws.cost() = Wi.cost().

(34) Let G5 be a real-weighted w-graph, G2 be a w-subgraph of Gs, W be
a walk of G5, and W3 be a walk of Go. If Wy = W3, then Wi.cost() =
Wis.cost().

(35) Let G be a nonnegative-weighted w-graph, W be a walk of G, and n be a
natural number. If n € dom(W .weightSeq()), then 0 < W.weightSeq()(n).

(36) For every nonnegative-weighted w-graph G and for every walk W of G
holds 0 < W .cost().

(37) For every nonnegative-weighted w-graph G and for every walk Wy of G
and for every subwalk W3 of W5 holds Ws.cost() < Wa.cost().

(38) Let G be a nonnegative-weighted w-graph and e be a set. If e € the
edges of G, then 0 < (the weight of G)(e).

(39) Let G be a e-graph and e, = be sets. Suppose e € the edges of G. Then
the elabel of G.labelEdge(e, ) = (the elabel of G)+:(e——x).

(40) For every e-graph G and for all sets e, z such that e € the edges of G
holds (the elabel of G.labelEdge(e, x))(e) = =.

(41) For every e-graph G and for all sets e, x holds G =¢ G.labelEdge(e, x).

(42) For every we-graph G and for all sets e, z holds the weight of G = the
weight of G.labelEdge(e, z).

(43) For every ev-graph G and for all sets e, x holds the vlabel of G = the
vlabel of G.labelEdge(e, x).

(44) For every e-graph G and for all sets ey, e2, x such that e; # ey holds
(the elabel of G.labelEdge(eq, x))(e2) = (the elabel of G)(e2).

(45) Let G be a v-graph and v, x be sets. Suppose v € the vertices of G.
Then the vlabel of G.labelVertex(v,z) = (the vlabel of G)+-(v——x).

(46) For every v-graph G and for all sets v, x such that v € the vertices of G
holds (the vlabel of G.labelVertex(v, z))(v) = z.



292 GILBERT LEE

(47) For every v-graph G and for all sets v, x holds G =¢ G.labelVertex(v, ).

(48) For every wv-graph G and for all sets v, x holds the weight of G = the
weight of G.labelVertex(v, x).

(49) For every ev-graph G and for all sets v, = holds the elabel of G = the
elabel of G.labelVertex(v, x).

(50) For every v-graph G and for all sets vq, v3, z such that vy # v3 holds
(the vlabel of G.labelVertex(va,x))(vs) = (the vlabel of G)(v3).

(51) For all e-graphs G'3, G2 such that the elabel of G3 = the elabel of G
holds Gs.labeledE() = Ga.labeledE().

(52) For every e-graph G and for all sets e, z such that e € the edges of G
holds (G.labelEdge(e, z)).labeledE() = G.labeledE() U {e}.

(53) For every e-graph G and for all sets e, z such that e € the edges of G
holds G.labeledE() C (G.labelEdge(e, z)).labeledE().

(54) For every finite e-graph G and for all sets e, = such that e € the edges
of G and e ¢ G.labeledE() holds card((G.labelEdge(e, z)).labeledE()) =
card(G.labeledE()) + 1.

(55) For every e-graph G and for all sets eq, e2, x such that es ¢ G.labeledE()
and eg € (G.labelEdge(eq, z)).labeledE() holds e; = e and e; € the edges
of G.

(56) For every ev-graph G and for all sets v, = holds G.labeledE() =
(G.labelVertex(v, x)).labeledE().

(57) For every e-graph G and for all sets e, z such that e € the edges of G
holds e € (G.labelEdge(e, x)).labeledE().

(58) For all v-graphs G3, G2 such that the vlabel of G5 = the vlabel of Go
holds Gg.labeledV () = Ga.labeledV ().

(59) For every v-graph G and for all sets v, = such that v € the vertices of G
holds (G.labelVertex(v, z)).labeledV () = G.labeledV () U {v}.

(60) For every v-graph G and for all sets v, x such that v € the vertices of G
holds G.labeledV() C (G .labelVertex (v, z)).labeled V().

(61) For every finite v-graph G and for all sets v, = such that v € the vertices
of G and v ¢ G.labeledV() holds card((G.labelVertex(v, z)).labeledV()) =
card(G.labeledV()) + 1.

(62) For every v-graph G and for all sets ve, vs, z such that v3 ¢ G.labeled V()
and vz € (G.labelVertex(va, x)).labeledV() holds vo = vz and ve € the
vertices of G.

(63) For every ev-graph G and for all sets e, x holds G.labeledV() =
(G.labelEdge(e, )).labeled V().

(64) For every v-graph G and for every vertex v of G and for every set x
holds v € (G.labelVertex(v, z)).labeled V().
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1. PRELIMINARIES

One can prove the following propositions:

(1) For all functions f, g holds support(f+-g) C support f U support g.

(2) For every function f and for all sets x, y holds support(f+-(z——y)) C
support f U {x}.

(3) Let A, B be sets, b be a real bag over A, by be a real bag over B, and by
be a real bag over A\ B. If b = b1+-bo, then > b= b1 + > bo.

(4) For all sets X, = and for every real bag b over X such that domb = {z}
holds )" b = b(x).
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(5) For every set A and for all real bags by, bs over A such that for every set
x such that z € A holds by (x) < ba(z) holds > by < > bo.

(6) For every set A and for all real bags by, ba over A such that for every set
x such that z € A holds by (x) = ba(z) holds > by = > b.

(7) For all sets Ay, Ay and for every real bag by over A; and for every real
bag ba over Ag such that by = by holds > b1 = > ba.

(8) For all sets X, x and for every real bag b over X and for every real
number y such that b = EmptyBag X+ (z——y) holds > b =y.

(9) Let X, x be sets, b1, ba be real bags over X, and y be a real number. If
by = b1+-($i'—>y), then Z by = (Z b1 + y) — bl(x)

2. DIJKSTRA’S SHORTEST PATH ALGORITHM: DEFINITIONS

Let G1 be a real-weighted w-graph, let G3 be a w-subgraph of G, and let
v be a set. We say that G5 is mincost d-tree rooted at v if and only if the
conditions (Def. 1) are satisfied.
(Def. 1)(i)  Gq is tree-like, and
(ii)  for every vertex z of Gy there exists a dpath Wa of G such that Wy
is walk from v to z and for every dpath Wy of GG; such that Wy is walk
from v to x holds Ws.cost() < Wj.cost().
Let G be a real-weighted w-graph, let W be a dpath of GG, and let x, y be
sets. We say that W is mincost d-path from x to y if and only if:
(Def. 2) W is walk from x to y and for every dpath W5 of G such that W is walk
from z to y holds W.cost() < Wa.cost().
Let G be a finite real-weighted w-graph and let x, y be sets. The G .mincost-
d-path( z, y ) yielding a real number is defined as follows:
(Def. 3)(i) There exists a dpath W of G such that W is mincost d-path from z
to y and the G.mincost-d-path( z, y) = W.cost() if there exists a dwalk
of G which is walk from z to y,
(ii)  the G.mincost-d-path( z, y) = 0, otherwise.
Let G be a real-wev wev-graph. The functor DIJK : NextBestEdges(G)
yielding a subset of the edges of G is defined by the condition (Def. 4).
(Def. 4) Let e; be a set. Then e; € DIJK : NextBestEdges(G) if and only if the
following conditions are satisfied:
(i) ey joins a vertex from G.labeledV() to a vertex from (the vertices of
G) \ G.labeledV() in G, and
(ii)  for every set ey such that ez joins a vertex from G.labeledV() to a
vertex from (the vertices of G) \ G.labeledV() in G holds (the vlabel of
G)((the source of G)(e1)) + (the weight of G)(e1) < (the vlabel of G)((the
source of G)(e2)) + (the weight of G)(e2).
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Let G be a real-wev wev-graph. The functor DIJK : Step(G) yields a real-
wev wev-graph and is defined by:
G, if DIJK : NextBestEdges(G) = 0,
(G.labelEdge(e, 1)).label Vertex((the target of G)(e),
(the vlabel of G)((the source of G)(e))+
(the weight of G)(e)), otherwise.
Let G be a finite real-wev wev-graph. One can verify that DIJK : Step(G)
is finite.

(Def. 5) DIJK : Step(G) =

Let G be a nonnegative-weighted real-wev wev-graph. Observe that
DIJK : Step(G) is nonnegative-weighted.
Let G be a real-weighted w-graph and let s; be a vertex of G. The functor
DIJK : Init(G, s1) yielding a real-wev wev-graph is defined by:
(Def. 6) DIJK : Init(G, s1) = G.set(ELabelSelector, 0)).set(VLabelSelector, s;——0).

Let G be a real-weighted w-graph and let s; be a vertex of G. The functor
DIJK : CompSeq(G, s1) yielding a real-wev wev-graph sequence is defined as
follows:

(Def. 7) DIJK : CompSeq(G, s1)—0 = DIJK : Init(G, s1) and for every natural
number n holds DIJK : CompSeq(G, s1)—(n+ 1) =
DIJK : Step((DIJK : CompSeq(G, s1)—n)).

Let G be a finite real-weighted w-graph and let s; be a vertex of G. Observe
that DIJK : CompSeq(G, s1) is finite.

Let G be a nonnegative-weighted w-graph and let s; be a vertex of G. One
can verify that DIJK : CompSeq(G, s1) is nonnegative-weighted.

Let G be a real-weighted w-graph and let s; be a vertex of G. The functor
DIJK : SSSP(G, s1) yields a real-wev wev-graph and is defined by:

(Def. 8) DIJK : SSSP(G, s1) = (DIJK : CompSeq(G, s1)).Result().

Let G be a finite real-weighted w-graph and let s; be a vertex of G. One
can check that DIJK : SSSP(G, s1) is finite.

3. DIJKSTRA’S SHORTEST PATH ALGORITHM: THEOREMS

The following propositions are true:

(10) Let G be a finite nonnegative-weighted w-graph, W be a dpath of G, z, y
be sets, and m, n be natural numbers. Suppose W is mincost d-path from
x to y. Then W.cut(m,n) is mincost d-path from (W .cut(m,n)).first() to
(W.cut(m,n)).last().

(11) Let G be a finite real-weighted w-graph, Wi, Wj be dpaths of G, and =z,
y be sets. Suppose Wi is mincost d-path from z to y and Ws is mincost
d-path from z to y. Then Wj.cost() = Wa.cost().
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(12) Let G be a finite real-weighted w-graph, W be a dpath of G, and z, y
be sets. Suppose W is mincost d-path from = to y. Then the G.mincost-
d-path( z, y) = W.cost().

(13) Let G be a finite real-wev wev-graph. Then

(i) card((DIJK : Step(G)).labeledV()) = card(G.labeledV()) iff
DIJK : NextBestEdges(G) = ), and

(i)  card((DIJK : Step(G)).labeledV()) = card(G.labeledV()) + 1 iff
DIJK : NextBestEdges(G) # 0.

(14) For every real-wev wev-graph G holds G =g DIJK: Step(G)
and the weight of G = the weight of DIJK: Step(G) and
G.labeledE() < (DIJK: Step(G)).labeledE() and G.labeledV() C
(DIJK : Step(G)).labeled V().

(15) For every real-weighted w-graph G and for every vertex s; of G holds
(DIJK : Init(G, s1)).labeled V() = {s1}.

(16) Let G be a real-weighted w-graph, s; be a vertex of G, and i, j be
natural numbers. If i < j, then (DIJK : CompSeq(G, s1)—1).labeledV() C
(DIJK : CompSeq(G, s1)—j).labeledV() and (DIJK : CompSeq(G, s1)—1)
JabeledE() C (DIJK : CompSeq(G, s1)—7).labeledE().

(17) Let G be a real-weighted w-graph, s; be a vertex of G, and n be a
natural number. Then G =g DIJK : CompSeq(G, s1)—n and the weight
of G = the weight of DIJK : CompSeq(G, s1)—n.

(18) Let G be a finite real-weighted w-graph, s; be a vertex of G, and n

be a natural number. Then (DIJK : CompSeq(G, s1)—n).labeledV() C
G .reachableDFrom(sy).

(19) Let G be a finite real-weighted w-graph, s; be a vertex of G, and n be
a natural number.

Then DIJK : NextBestEdges((DIJK : CompSeq(G, s1)—n)) = § if and
only if (DIJK : CompSeq(G, s1)—n).labeledV() = G.reachableDFrom(sy).

(20) Let G be a finite real-weighted w-graph, s; be a vertex of G, and n
be a natural number. Then (DIJK : CompSeq(G, s;)—n).labeledV() =
min(n + 1, card(G.reachableDFrom(s1))).

(21) Let G be a finite real-weighted w-graph, s; be a vertex of G, and n
be a natural number. Then (DIJK : CompSeq(G, s1)—n).labeledE() C
(DIJK : CompSeq(G, s1)—n).edgesBetween((DIJK : CompSeq(G, s1)—n)
JabeledV()).

(22) Let G be a finite nonnegative-weighted w-graph, s; be a vertex of

G, n be a natural number, and G2 be a induced w-subgraph of G,
(DIJK : CompSeq(G, s1)—mn).labeledV(), (DIJK : CompSeq(G, s1)—n)
JlabeledE(). Then

(i) G2 is mincost d-tree rooted at si, and
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(ii)  for every vertex v of G such that v € (DIJK : CompSeq(G, s1)—n)
JabeledV() holds the G.mincost-d-path( s, v) =
(the vlabel of DIJK : CompSeq(G, s1)—n)(v).

(23) For every finite real-weighted w-graph G and for every vertex s; of G
holds DIJK : CompSeq(G, s1) is halting.
Let G be a finite real-weighted w-graph and let s; be a vertex of G. Observe
that DIJK : CompSeq(G, s1) is halting.
One can prove the following three propositions:

(24) For every finite real-weighted w-graph G and for every ver-
tex s; of G holds (DIJK:CompSeq(G,s;)).Lifespan() + 1 =
card(G.reachableDFrom(sy)).

(25) For every finite real-weighted w-graph G and for every vertex s; of G
holds (DIJK : SSSP(G, s1)).labeledV() = G.reachableDFrom(s;).

(26) Let G be a finite nonnegative-weighted w-graph, s; be a vertex of G,
and Go be a induced w-subgraph of G, (DIJK : SSSP(G, s1)).labeledV (),
(DIJK : SSSP(G, s1)).labeledE(). Then

(i) G2 is mincost d-tree rooted at sj, and

(ii)  for every vertex v of G such that v € G.reachableDFrom(s;) holds
v € the vertices of G2 and the G.mincost-d-path( si, v) = (the vlabel of
DIJK : SSSP(G, s1))(v).

4. PRIM’S ALGORITHM: PRELIMINARIES

The non empty finite subset WGraphSelectors of N is defined as follows:

(Def. 9) WGraphSelectors =
{VertexSelector, EdgeSelector, SourceSelector, TargetSelector,
WeightSelector}.
Let G be a w-graph. One can check that G.strict(WGraphSelectors) is
graph-like and weighted.
Let G be a w-graph. The functor G.allWSubgraphs() yields a non empty
set and is defined as follows:
(Def. 10) For every set x holds x € G.allWSubgraphs() iff there exists a w-
subgraph G2 of G such that z = G5 and dom G2 = WGraphSelectors.
Let G be a finite w-graph. One can check that G.allWSubgraphs() is finite.
Let G be a w-graph and let X be a non empty subset of G.allWSubgraphs().
We see that the element of X is a w-subgraph of G.
Let G be a finite real-weighted w-graph. The functor G.cost() yields a real
number and is defined by:
(Def. 11)  G.cost() = > (the weight of G).

The following propositions are true:
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(27) For every set = holds x € WGraphSelectors iff + = VertexSelector or
x = EdgeSelector or x = SourceSelector or x = TargetSelector or x =
WeightSelector.

(28) For every w-graph G holds WGraphSelectors C dom G.

(29) For every w-graph G holds G =g G.strict(WGraphSelectors) and the
weight of G = the weight of G .strict(WGraphSelectors).

(30) For every w-graph G holds dom(G.strict(WGraphSelectors)) =
WGraphSelectors.

(31) For every finite real-weighted w-graph G such that the edges of G = ()
holds G.cost() = 0.

(32) Let G1, G be finite real-weighted w-graphs. Suppose the edges of G =
the edges of Gy and the weight of G; = the weight of G3. Then G;.cost() =
Go.cost().

(33) Let G1 be a finite real-weighted w-graph, e be a set, and G be a weighted
subgraph of G with edge e removed inheriting weight. If e € the edges of
G1, then Gj.cost() = Ga.cost() + (the weight of G1)(e).

(34) Let G be a finite real-weighted w-graph, V; be a non empty subset of
the vertices of G, E; be a subset of G.edgesBetween(V;), G1 be a induced
w-subgraph of G, Vi1, E1, e be a set, and G2 be a induced w-subgraph of G,
Vi, EyU{e}. If e ¢ Ey and e € G.edgesBetween(V;), then G.cost() + (the
weight of G)(e) = G.cost().

5. PRIM’S MINIMUM WEIGHT SPANNING TREE ALGORITHM: DEFINITIONS

Let G be a real-weighted wv-graph. The functor PRIM : NextBestEdges(G)
yields a subset of the edges of G and is defined by the condition (Def. 12).
(Def. 12) Let e; be a set. Then e; € PRIM : NextBestEdges(G) if and only if the
following conditions are satisfied:
(i) e joins a vertex from G.labeledV() and a vertex from (the vertices of
G) \ G.labeledV() in G, and
(ii)  for every set ez such that ey joins a vertex from G.labeledV() and a
vertex from (the vertices of G) \ G.labeledV() in G holds (the weight of
G)(e1) < (the weight of G)(e2).
Let G be a real-weighted w-graph. The functor PRIM : Init(G) yields a
real-wev wev-graph and is defined by:
(Def. 13) PRIM : Init(G) = G.set(VLabelSelector, choose(the vertices of G)
——1).set(ELabelSelector, 0).
Let G be a real-wev wev-graph. The functor PRIM : Step(G) yielding a
real-wev wev-graph is defined by:
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G, if PRIM : NextBestEdges(G) = 0,
(G.labelEdge(e, 1)).labelVertex((the target of G)
(e),1), if PRIM : NextBestEdges(G) # () and

(the source of G)(e) € G.labeledV(),
(G.labelEdge(e, 1)).labelVertex((the source of G)
(e),1), otherwise.

Let G be a real-weighted w-graph. The functor PRIM : CompSeq(G) yields
a real-wev wev-graph sequence and is defined by:

(Def. 15) PRIM : CompSeq(G)—0 = PRIM : Init(G) and for every natural num-

ber n holds PRIM : CompSeq(G)—(n+1) =
PRIM : Step((PRIM : CompSeq(G)—n)).
Let G be a finite real-weighted w-graph. One can check that
PRIM : CompSeq(G) is finite.
Let G be a real-weighted w-graph. The functor PRIM : MST(G) yielding a
real-wev wev-graph is defined as follows:

(Def. 16) PRIM : MST(G) = (PRIM : CompSeq(G)).Result().

Let G be a finite real-weighted w-graph. Observe that PRIM : MST(G) is
finite.

Let G1 be a finite real-weighted w-graph and let n be a natural number. Ob-
serve that every subgraph of G1 induced by (PRIM : CompSeq(G1)—n).labeledV()
is connected.

Let G be a finite real-weighted w-graph and let n be a natural number. Note
that every subgraph of G induced by (PRIM : CompSeq(G1)—n).labeledV()
and (PRIM : CompSeq(G1)—mn).labeledE() is connected.

Let G be a finite connected real-weighted w-graph. Observe that there exists
a w-subgraph of G which is spanning and tree-like.

Let GG be a finite connected real-weighted w-graph and let G be a spanning
tree-like w-subgraph of G;. We say that G5 is min-cost if and only if:

(Def. 17) For every spanning tree-like w-subgraph Gs of G; holds Ga.cost() <

G3.cost().

Let G1 be a finite connected real-weighted w-graph. One can check that
there exists a spanning tree-like w-subgraph of G; which is min-cost.

Let G be a finite connected real-weighted w-graph. A minimum spanning
tree of G is a min-cost spanning tree-like w-subgraph of G.

6. PRIM’S MINIMUM WEIGHT SPANNING TREE ALGORITHM: THEOREMS

One can prove the following propositions:

(35) Let G1, G2 be finite connected real-weighted w-graphs and Gsz be a
w-subgraph of G;. Suppose G3 is a minimum spanning tree of G and
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G1 =g G2 and the weight of G; = the weight of Go. Then Gj is a
minimum spanning tree of Gs.

(36) Let G be a finite connected real-weighted w-graph, G; be a minimum
spanning tree of GG, and G2 be a w-graph. Suppose G1 =¢ G2 and the
weight of G1 = the weight of G3. Then G5 is a minimum spanning tree of

G.

(37) Let G be a real-weighted w-graph. Then
(i) G =g PRIM : Init(G),
(ii)  the weight of G = the weight of PRIM : Init(G),
(iii)  the elabel of PRIM : Init(G) = ), and
(iv)  the vlabel of PRIM : Init(G) = choose(the vertices of G)——1.
(38) For every real-weighted w-graph G holds (PRIM : Init(G)).labeledV() =
{choose(the vertices of G)} and (PRIM : Init(G)).labeledE() = 0.

(39) For every real-wev wev-graph G such that PRIM : NextBestEdges(G) #
() there exists a vertex v of G such that v ¢ G.labeledV() and
PRIM : Step(G) =
(G.labelEdge(choose(PRIM : NextBestEdges(G)), 1)).labelVertex(v, 1).

(40) For every real-wev wev-graph G holds G =g PRIM: Step(G)
and the weight of G = the weight of PRIM: Step(G) and
G.labeledE() C (PRIM: Step(G)).labeledE() and G.labeledV() C
(PRIM : Step(G)).labeled V().

(41) Let G be a finite real-weighted w-graph and n be a natural
number. Then G =g PRIM : CompSeq(G)—n and the weight of
PRIM : CompSeq(G)—n = the weight of G.

(42) Let G be a finite real-weighted w-graph and n be a natural num-
ber. Then (PRIM : CompSeq(G)—mn).labeledV() is a non empty sub-
set of the vertices of G and (PRIM : CompSeq(G)—n).labeledE() C
G .edgesBetween((PRIM : CompSeq(G)—n).labeledV()).

(43) For every finite real-weighted w-graph G and for every natural number n
holds every subgraph of G; induced by PRIM : CompSeq(G1)—n.labeled V()
and PRIM : CompSeq(G1)—n.labeledE() is connected.

(44) For every finite real-weighted w-graph G and for every natural number n
holds every subgraph of G1 induced by PRIM : CompSeq(G1)—n.labeled V()
is connected.

v

(45) For every finite real-weighted w-graph G and for every natural number n
holds (PRIM : CompSeq(G)—n).labeledV () C G.reachableFrom(choose(the
vertices of G)).

(46) Let G be a finite real-weighted w-graph and 4, j be natural
numbers. If ¢ < j, then (PRIM :CompSeq(G)—1i).labeledV() C
(PRIM : CompSeq(G)—j).labeledV() and (PRIM : CompSeq(G)—1)
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JlabeledE() C (PRIM : CompSeq(G)—j).labeledE().

(47) Let G be a finite real-weighted w-graph and n be a natural number.
Then PRIM : NextBestEdges((PRIM : CompSeq(G)—n)) = 0 if and only
if (PRIM : CompSeq(G)—n).labeledV() = G.reachableFrom(choose(the
vertices of G)).

(48) Let G be a finite real-weighted w-graph and n be a natural num-
ber.  Then card((PRIM : CompSeq(G)—n).labeledV()) = min(n +
1, card(G.reachableFrom(choose(the vertices of G)))).

(49) For every finite real-weighted w-graph G holds PRIM : CompSeq(G) is
halting and (PRIM : CompSeq(G)).Lifespan() + 1 =
card(G.reachableFrom(choose(the vertices of G))).

(50) For every finite real-weighted w-graph G and for every natural number n
holds every subgraph of G1 induced by PRIM : CompSeq(G1)—n.labeledV()
and PRIM : CompSeq(G1)—n.labeledE() is tree-like.

(51) For every finite connected real-weighted w-graph G holds
(PRIM : MST(G)).labeledV () = the vertices of G.

(52) For every finite connected real-weighted w-graph G and for ev-
ery natural number n holds (PRIM : CompSeq(G)—n).labeledE() C
(PRIM : MST(G)).labeledE().

(53) For every finite connected real-weighted w-graph G holds every induced
w-subgraph of G1, PRIM : MST(G).labeledV(),
PRIM : MST(G1).labeledE() is a minimum spanning tree of Gj.
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1. PRELIMINARY THEOREMS

Let = be a set and let y be a real number. One can verify that z——y is
real-yielding.

Let « be a set and let y be a natural number. One can verify that  — y
is natural-yielding.

Let f, g be real-yielding functions. Observe that f+-g is real-yielding.

2. PRELIMINARY DEFINTIONS FOR FORD-FULKERSON FLOW ALGORITHM

Let G be a e-graph. We say that G is complete-elabeled if and only if:
(Def. 1)  dom (the elabel of G) = the edges of G.
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Let G be a graph and let X be a many sorted set indexed by the edges of
G. Observe that G.set(ELabelSelector, X) is complete-elabeled.

Let G be a graph, let Y be a non empty set, and let X be a function
from the edges of G into Y. Omne can check that G.set(ELabelSelector, X) is
complete-elabeled.

Let G1 be a e-graph sequence. We say that GG is complete-elabeled if and
only if:

(Def. 2) For every natural number z holds G;—z is complete-elabeled.

Let G be a w-graph. We say that G is natural-weighted if and only if:

(Def. 3) The weight of G is natural-yielding.
Let G be a e-graph. We say that G is natural-elabeled if and only if:
(Def. 4) The elabel of G is natural-yielding.

Let G1 be a w-graph sequence. We say that (G is natural-weighted if and

only if:
(Def. 5) For every natural number = holds G;—= is natural-weighted.

Let G be a e-graph sequence. We say that (1 is natural-elabeled if and

only if:
(Def. 6) For every natural number x holds G;—= is natural-elabeled.

One can verify that every w-graph which is natural-weighted is also
nonnegative-weighted.

Let us observe that every e-graph which is natural-elabeled is also real-
elabeled.

One can verify that there exists a wev-graph which is finite, trivial, tree-like,
natural-weighted, natural-elabeled, complete-elabeled, and real-vlabeled.

One can verify that there exists a wev-graph sequence which is finite, natural-
weighted, real-wev, natural-elabeled, and complete-elabeled.

Let GG; be a complete-elabeled e-graph sequence and let x be a natural
number. Note that G;—x is complete-elabeled.

Let GG1 be a natural-elabeled e-graph sequence and let x be a natural number.
One can verify that G1—x is natural-elabeled.

Let G be a natural-weighted w-graph sequence and let « be a natural num-
ber. One can verify that G;—x is natural-weighted.

Let G be a natural-weighted w-graph. One can check that the weight of G
is natural-yielding.

Let G be a natural-elabeled e-graph. Note that the elabel of G is natural-
yielding.

Let G be a complete-elabeled e-graph. Then the elabel of G is a many sorted
set indexed by the edges of G.

Let G be a natural-weighted w-graph and let X be a set. Note that
G.set(ELabelSelector, X') is natural-weighted and G.set(VLabelSelector, X) is
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natural-weighted.
Let G be a graph and let X be a natural-yielding many sorted set indexed
by the edges of G. Observe that G.set(ELabelSelector, X) is natural-elabeled.
Let G be a finite real-weighted real-elabeled complete-elabeled we-graph and
let s1, so be sets. We say that G has valid flow from s; to so if and only if the
conditions (Def. 7) are satisfied.

(Def. 7)(i)  s1 is a vertex of G,
(ii)  s2is a vertex of G,
(ili)  for every set e such that e € the edges of G holds 0 < (the elabel of
G)(e) and (the elabel of G)(e) < (the weight of G)(e), and
(iv)  for every vertex v of G such that v # s; and v # s2 holds > ((the elabel
of G)Jv.edgesIn()) = > ((the elabel of G)[v.edgesOut()).

Let G be a finite real-weighted real-elabeled complete-elabeled we-graph and
let s1, s9 be sets. Let us assume that G has valid flow from s; to so. The functor
G .flow(s1, s2) yields a real number and is defined as follows:

(Def. 8) G.flow(s1,s2) = > ((the elabel of G)[G.edgesInto({s2})) —>_((the elabel
of G)|G.edgesOutOf ({s2})).

Let G be a finite real-weighted real-elabeled complete-elabeled we-graph and
let s1, so be sets. We say that G has maximum flow from s; to sq if and only if
the conditions (Def. 9) are satisfied.

(Def. 9)(i) G has valid flow from s; to sz, and
(ii)  for every finite real-weighted real-elabeled complete-elabeled we-graph
G5 such that Go =g G and the weight of G = the weight of G9 and G
has valid flow from s; to sy holds Ga.flow(sy, s2) < G.flow(sq, $2).
Let G be a real-weighted real-elabeled wev-graph and let e be a set. We
say that e is forward labeling in G if and only if the conditions (Def. 10) are
satisfied.

(Def. 10)(i) e € the edges of G,
(ii)  (the source of G)(e) € G.labeledV(),
(iii)  (the target of G)(e) ¢ G.labeledV(), and
(iv)  (the elabel of G)(e) < (the weight of G)(e).
Let G be a real-elabeled ev-graph and let e be a set. We say that e is
backward labeling in G if and only if:
(Def. 11) e € the edges of G and (the target of G)(e) € G.labeledV() and (the
source of G)(e) ¢ G.labeledV() and 0 < (the elabel of G)(e).
Let G be a real-weighted real-elabeled we-graph and let W be a walk of G.
We say that W is augmenting if and only if the condition (Def. 12) is satisfied.
(Def. 12) Let n be an odd natural number such that n < len W. Then
(i) i W(n+1) joins W(n) to W(n+2) in G, then (the elabel of G)(W (n+
1)) < (the weight of G)(W(n + 1)), and
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(i)  if W(n+1) does not join W(n) to W(n+2) in G, then 0 < (the elabel

of G)(W(n+1)).

Let G be a real-weighted real-elabeled we-graph. One can check that every
walk of G which is trivial is also augmenting.

Let G be a real-weighted real-elabeled we-graph. Note that there exists a
path of G which is vertex-distinct and augmenting.

Let G be a real-weighted real-elabeled we-graph, let W be an augmenting
walk of G, and let m, n be natural numbers. Note that W.cut(m,n) is aug-
menting.

Next we state two propositions:

(1) Let G3, Gy be real-weighted real-elabeled we-graphs, W; be a walk of

(3, and Wy be a walk of Go. Suppose that

(i) Wi is augmenting,

(ii) Gz =g Go,
(iii)  the weight of G3 = the weight of Ga,
(iv)  the elabel of G5 = the elabel of Gy, and

) Wy =Wa.
Then W3 is augmenting.

iv

(v

(2) Let G be a real-weighted real-elabeled we-graph, W be an augmenting
walk of GG, and e, v be sets. Suppose that

(i) v ¢ W.vertices(), and

(ii) e joins W.last() to v in G and (the elabel of G)(e) < (the weight of

G)(e) or e joins v to W.last() in G and 0 < (the elabel of G)(e).
Then W.addEdge(e) is augmenting.

3. ALGORITHM FOR FINDING AUGMENTING PATH IN A GRAPH

Let G be a real-weighted real-elabeled wev-graph. The functor
AP : NextBestEdges(G) yielding a subset of the edges of G is defined as fol-
lows:
(Def. 13) For every set e holds e € AP : NextBestEdges(G) iff e is forward labeling
in G or backward labeling in G.
Let G be a real-weighted real-elabeled wev-graph. The functor AP : Step(G)
yields a real-weighted real-elabeled wev-graph and is defined by:
G, if AP : NextBestEdges(G) = 0,
G labelVertex((the source of G)(e),e),
(Def. 14) AP : Step(G) = if AP : NextBestEdges(G) # () and (the source of G)
(e) ¢ G.labeledV(),
G labelVertex((the target of G)(e),e), otherwise.
Let G be a finite real-weighted real-elabeled wev-graph. One can check that
AP : Step(G) is finite.
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Let G be a real-weighted real-elabeled we-graph and let s; be a vertex of G.
The functor AP : CompSeq(G, s1) yielding a real-weighted real-elabeled wev-
graph sequence is defined as follows:
(Def. 15) AP : CompSeq(G, s1)—0 = G.set(VLabelSelector, s;——1) and for
every natural number n holds AP :CompSeq(G,si)—(n + 1) =
AP : Step((AP : CompSeq(G, s1)—n)).
Let G be a finite real-weighted real-elabeled we-graph and let s; be a vertex
of G. One can check that AP : CompSeq(G, s1) is finite.
The following three propositions are true:

(3) Let G be a real-weighted real-elabeled we-graph and s; be a vertex of
G. Then

(i) G =¢ AP : CompSeq(G, s1)—0,

(ii)  the weight of G = the weight of AP : CompSeq(G, s1)—0,
(iii)  the elabel of G = the elabel of AP : CompSeq(G, s1)—0, and
(iv) (AP : CompSeq(G, s1)—0).labeledV() = {s1}.

(4) Let G be a real-weighted real-elabeled we-graph, s; be a ver-
tex of G, and ¢, j be natural numbers. If ¢ < 4, then
(AP : CompSeq(G, s1)—1).labeledV() C
(AP : CompSeq(G, s1)—j).labeled V().

(5) Let G be a real-weighted real-elabeled we-graph, s; be a vertex of G,
and n be a natural number. Then G =g AP : CompSeq(G, s1)—n and
the weight of G = the weight of AP : CompSeq(G, s1)—n and the elabel
of G = the elabel of AP : CompSeq(G, s1)—n.

Let G be a real-weighted real-elabeled we-graph and let s; be a vertex of
G. The functor AP : FindAugPath(G, s1) yielding a real-weighted real-elabeled
wev-graph is defined as follows:

(Def. 16) AP : FindAugPath(G, s1) = (AP : CompSeq(G, s1)).Result().
We now state two propositions:

(6) For every finite real-weighted real-elabeled we-graph G and for every
vertex s1 of G holds AP : CompSeq(G, s1) is halting.

(7) Let G be a finite real-weighted real-elabeled we-graph, s; be
a vertex of G, n be a natural number, and v be a set.
If v € (AP :CompSeq(G,si)—n).labeledV(), then (the vlabel of

AP : CompSeq(G, s1)—n)(v) = (the vlabel of AP : FindAugPath(G, s1))(v).
Let G be a finite real-weighted real-elabeled we-graph and let s1, so be
vertices of G. The functor AP : GetAugPath(G, s1, s2) yielding a vertex-distinct

augmenting path of G is defined by:

(Def. 17)(i) AP : GetAugPath(G, s1, s2) is walk from s; to s2 and for every even

natural number n such that n € dom AP : GetAugPath(G, s1, s2) holds
(AP : GetAugPath(G, s1, s2))(n) = (the vlabel of AP : FindAugPath(G, s1))
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((AP : GetAugPath(G, s1,$2))(n + 1)) if s2 € (AP : FindAugPath(G, s1))
JabeledV (),

(ii) AP : GetAugPath(G, s1, s2) = G.walkOf(s;), otherwise.

Next we state three propositions:

(8) Let G be a real-weighted real-elabeled we-graph, s; be a vertex
of G, n be a natural number, and v be a set. Suppose v €
(AP : CompSeq(G, s1)—n).labeledV(). Then there exists a path P of G
such that P is augmenting and walk from s; to v and P.vertices() C
(AP : CompSeq(G, s1)—n).labeled V().

(9) Let G be a finite real-weighted real-elabeled we-graph, s; be a vertex of
G, and v be a set. Then v € (AP : FindAugPath(G, s1)).labeledV() if and
only if there exists a path of G which is augmenting and walk from s; to
v.

(10) Let G be a finite real-weighted real-elabeled we-graph and s; be a
vertex of G. Then s; € (AP :FindAugPath(G, s;)).labeledV() and
G =¢ AP :FindAugPath(G, s;) and the weight of G = the weight
of AP :FindAugPath(G,s;) and the elabel of G = the elabel of
AP : FindAugPath(G, s1).

4. DEFINITION OF FORD-FULKERSON MAXIMUM FLOW ALGORITHM

Let G be a real-weighted real-elabeled we-graph and let W be an augmenting
walk of G. The functor W.flowSeq() yields a finite sequence of elements of R
and is defined by the conditions (Def. 18).

(Def. 18)(i) dom(W.flowSeq()) = dom (W .edgeSeq()), and
(ii)  for every natural number n such that n € dom(W.flowSeq()) holds if
W(2:n) joins W(2-n—1) to W(2-n+1) in G, then W.flowSeq()(n) = (the
weight of G)(W (2 - n)) — (the elabel of G)(W(2-n)) and if W(2-n) does
not join W(2-n—1) to W(2-n+ 1) in G, then W.flowSeq()(n) = (the
elabel of G)(W (2 - n)).
Let G be a real-weighted real-elabeled we-graph and let W be an augmenting
walk of G. The functor W .tolerance() yielding a real number is defined as
follows:

(Def. 19)(i) W.tolerance() € rng(W .flowSeq()) and for every real number k such
that k € rng(W .flowSeq()) holds W .tolerance() < k if W is non trivial,
(ii)  W.tolerance() = 0, otherwise.

Let G be a natural-weighted natural-elabeled we-graph and let W be an
augmenting walk of G. Then W .tolerance() is a natural number.

Let G be a real-weighted real-elabeled we-graph and let P be an augmenting
path of G. The functor FF : PushFlow(G, P) yielding a many sorted set indexed
by the edges of G is defined by the conditions (Def. 20).
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(Def. 20)(i)  For every set e such that e € the edges of G and e ¢ P.edges() holds
(FF : PushFlow(G, P))(e) = (the elabel of G)(e), and
(ii)  for every odd natural number n such that n < len P holds if P(n + 1)
joins P(n) to P(n+2) in G, then (FF : PushFlow(G, P))(P(n+1)) = (the
elabel of G)(P(n+ 1)) + P.tolerance() and if P(n+ 1) does not join P(n)
to P(n+2) in G, then (FF : PushFlow(G, P))(P(n + 1)) = (the elabel of
G)(P(n+ 1)) — P.tolerance().

Let GG be a real-weighted real-elabeled we-graph and let P be an augmenting
path of G. Observe that FF : PushFlow(G, P) is real-yielding.

Let G be a natural-weighted natural-elabeled we-graph and let P be an
augmenting path of G. Note that FF : PushFlow(G, P) is natural-yielding.

Let G be a real-weighted real-elabeled we-graph and let P be an augmenting
path of G. The functor FF : AugmentPath(G, P) yielding a real-weighted real-
elabeled complete-elabeled we-graph is defined as follows:

(Def. 21) FF : AugmentPath(G, P) = G.set(ELabelSelector, FF : PushFlow(G, P)).

Let G be a finite real-weighted real-elabeled we-graph and let P be an aug-
menting path of G. Observe that FF : AugmentPath(G, P) is finite.

Let G be a finite nonnegative-weighted real-elabeled we-graph and let P be
an augmenting path of G. Note that FF : AugmentPath(G, P) is nonnegative-
weighted.

Let G be a finite natural-weighted natural-elabeled we-graph and let P be an
augmenting path of G. Note that FF : AugmentPath(G, P) is natural-weighted
and natural-elabeled.

Let G be a finite real-weighted real-elabeled complete-elabeled we-graph and
let s9, s1 be vertices of G. The functor FF : Step(G, s1, s2) yields a finite real-
weighted real-elabeled complete-elabeled we-graph and is defined by:

FF : AugmentPath(G, AP : GetAugPath(G, s1,
s2)), if so € (AP : FindAugPath(G, s1))
JlabeledV (),

G, otherwise.

(Def. 22) FF : Step(G, s1,s2) =

Let G be a finite nonnegative-weighted real-elabeled complete-elabeled we-
graph and let s1, s2 be vertices of G. One can check that FF : Step(G, s1, s2) is
nonnegative-weighted.

Let G be a finite natural-weighted natural-elabeled complete-elabeled we-
graph and let s1, so be vertices of G. One can verify that FF : Step(G, s1, s2) is
natural-weighted and natural-elabeled.

Let G be a finite real-weighted w-graph and let si, so be vertices of G.
The functor FF : CompSeq(G, s1, s2) yields a finite real-weighted real-elabeled
complete-elabeled we-graph sequence and is defined by the conditions (Def. 23).

(Def. 23)(i) FF : CompSeq(G, s1,s2)—0 = G.set(ELabelSelector, (the edges of
G)+—0), and
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(ii) for every natural number n there exist vertices s}, s, of
FF : CompSeq(G, s1,s2)—n such that s§ = s and s, = sy and
FF : CompSeq(G, s1, s2)—(n+ 1) =
FF : Step(FF : CompSeq(G, s1, s2)—n, s}, s5).

Let G be a finite nonnegative-weighted w-graph and let so, s1 be vertices of
G. One can verify that FF : CompSeq(G, s1, s2) is nonnegative-weighted.

Let G be a finite natural-weighted w-graph and let ss, s; be vertices of G.
One can check that FF : CompSeq(G, s1, $2) is natural-weighted and natural-
elabeled.

Let G be a finite real-weighted w-graph and let s2, s; be vertices of G.
The functor FF : MaxFlow(G, s1, s2) yields a finite real-weighted real-elabeled
complete-elabeled we-graph and is defined by:

(Def. 24) FF : MaxFlow(G, s1, s2) = (FF : CompSeq(G, s1, s2)).Result().

5. THEOREMS FOR FORD-FULKERSON MAXIMUM FLOW ALGORITHM

One can prove the following propositions:

(11) Let G be a finite real-weighted real-elabeled complete-elabeled we-graph,
s1, S2 be sets, and V' be a subset of the vertices of G. Suppose G has valid
flow from s; to sy and s; € V and sy ¢ V. Then G.flow(si,s2) = > ((the
elabel of G)[G.edgesDBetween(V, (the vertices of G)\ V')) — > ((the elabel
of G)[G.edgesDBetween((the vertices of G) \ V,V)).

(12) Let G be a finite real-weighted real-elabeled complete-elabeled we-graph,
s1, S9 be sets, and V' be a subset of the vertices of G. Suppose G has valid
flow from s; to sy and s; € V and sy ¢ V. Then G.flow(s1,s2) < > ((the
weight of G)[G.edgesDBetween(V, (the vertices of G) \ V)).

(13) Let G be a real-weighted real-elabeled we-graph and P be an augmenting
path of G. Then G =g FF : AugmentPath(G, P) and the weight of G =
the weight of FF : AugmentPath(G, P).

(14) Let G be a finite real-weighted real-elabeled we-graph and W be an
augmenting walk of G. If W is non trivial, then 0 < W .tolerance().

(15) Let G be a finite real-weighted real-elabeled complete-elabeled we-graph,
s1, S2 be sets, and P be an augmenting path of G. Suppose s; # so
and G has valid flow from s; to sy and P is walk from s; to s;. Then
FF : AugmentPath(G, P) has valid flow from s; to sa.

(16) Let G be a finite real-weighted real-elabeled complete-elabeled we-graph,
s1, S2 be sets, and P be an augmenting path of G. Suppose s; # so
and G has valid flow from s to s9 and P is walk from s; to so. Then
(G.flow(s1, s2)) + P.tolerance() = FF : AugmentPath(G, P).flow(sy, s2).
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(17) Let G be a finite real-weighted w-graph, s1, so be vertices of G, and n
be a natural number. Then FF : CompSeq(G, s1,s2)—n =g G and the
weight of G = the weight of FF : CompSeq(G, s1, s2)—n.

(18) Let G be a finite nonnegative-weighted w-graph, s, so be vertices of G,
and n be a natural number. If s; # s, then FF : CompSeq(G, s1, $2)—n
has valid flow from s1 to ss.

(19) For every finite natural-weighted w-graph G and for all vertices s1, so of
G such that s; # s2 holds FF : CompSeq(G, s1, s2) is halting.

(20) Let G be a finite real-weighted real-elabeled complete-elabeled we-graph
and s1, s9 be sets such that s; # s9 and G has valid flow from s; to s and
there exists no augmenting path of G which is walk from s; to so. Then
G has maximum flow from s; to ss.

(21) Let G be a finite real-weighted w-graph and sj, sy be vertices of G.
Then G =g FF : MaxFlow(G, s1, s2) and the weight of G = the weight of
FF : MaxFlow(G, s1, s2).

(22) Let G be a finite natural-weighted w-graph and sj, so be vertices of G.
If s9 # s1, then FF : MaxFlow(G, s1, s2) has maximum flow from s; to ss.
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1. PRELIMINARIES

Let X be a non empty set. Observe that {2x is non empty.
Let us observe that every subspace of the metric space of real numbers is
real-membered.
Let S be a real-membered 1-sorted structure. One can check that the carrier
of S is real-membered.
One can check that there exists a real-membered set which is non empty,
finite, lower bounded, and upper bounded.
We now state three propositions:
(1) For every non empty lower bounded real-membered set X and for every
closed subset Y of R such that X C Y holds inf X € Y.
(2) For every non empty upper bounded real-membered set X and for every
closed subset Y of R such that X C Y holds sup X €Y.

(3) For all subsets X, Y of R holds XUY = X UY.
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2. INTERVALS

In the sequel a, b, r, s are real numbers.

Let us consider r, s. One can check the following observations:
x [r, s[ is bounded,

x |r, s] is bounded, and

% |r, s[ is bounded.

Let us consider r, s. One can verify the following observations:
* [r, s] is connected,

% [r,s[ is connected,
% |r,s] is connected, and
% |r, s[ is connected.

Let us observe that there exists a subset of R which is open, bounded,
connected, and non empty.
One can prove the following propositions:

If r < s, then inf[r, s|=r.

(G2 NN

If r < s, then sup|r, s[= s.
If r < s, then inf]r, s] = r.

(=2}

If r < s, then sup]r, s] = s.
Ifa<borr<sandif [a,b
Ifa<borr<sandif|a,b
Ifa<borr<sandif|a,b
Ifa<borr<sandif [a,b[=[r s, then a =7 and b = s.
If a < b and [a,b[C [r,s], then r < a and b < s.
If a < b and [a,b[C [r,s[, then r < a and b < s.
If a < b and |a,b] C [r,s], then r <a and b < s.
If a < b and |a,b] C |r,s], then r <a and b < s.

co

| = [r, s], then a = r and b = s.
[=]r,s[, then a = r and b = s.
| =

|r, s], then a = r and b = s.

_ =~~~ —~
— =] ~

—_
w

[u—y
=~ (=]
— — Y Y~ Y Y N N Y —

A~~~ A~ /N~~~
—_
[\)

[
(@)

(€
[
}
}

3. HALFLINES

One can prove the following propositions:

(16) [a,b]® =]—o00,a[ U ]b, +o0.
(17) Ja,b[® =]—o00,a] U [b, +o0.
(18) [a,b[® =]—00,a[ U [b,+o0].
(19) Ja,b]¢ = ]—=00,a] U]b, +oo].
(20) Ifa <, then [a,b] N (]—o0,a] U [b,+00]) = {a, b}.

Let us consider a. One can verify the following observations:
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]—00, a] is non lower bounded, upper bounded, and connected,
% |—00,a[ is non lower bounded, upper bounded, and connected,
* [a,+oo[ is lower bounded, non upper bounded, and connected, and
% |a, +o0o[ is lower bounded, non upper bounded, and connected.

The following propositions are true:

[\)
—_
~—

sup|—o0, a] = a.

[\
[\

sup|—o0, a[ = a.

inf[a, +oo[ = a.

—~ ~ —~
NN

-~ W

~— — ~—

inf]a, 400 = a.

4. CONNECTEDNESS

Let us observe that g is connected, non lower bounded, and non upper
bounded.
One can prove the following propositions:

(25) For every bounded connected subset X of R such that inf X € X and
sup X € X holds X = [inf X, sup X].

(26) For every bounded subset X of R such that inf X ¢ X holds X C
Jinf X, sup X].

(27) For every bounded connected subset X of R such that inf X ¢ X and
sup X € X holds X = |inf X, sup X].

(28) For every bounded subset X of R such that sup X ¢ X holds X C
[inf X, sup X|.

(29) For every bounded connected subset X of R such that inf X € X and
sup X ¢ X holds X = [inf X, sup X|.

(30) For every bounded subset X of R such that inf X ¢ X and sup X ¢ X
holds X C Jinf X, sup X|.

(31) For every non empty bounded connected subset X of R such that inf X ¢
X and sup X ¢ X holds X = |inf X, sup X|.

(32) For every subset X of R such that X is upper bounded holds X C
|—00, sup X|.

(33) For every connected subset X of R such that X is not lower bounded
and X is upper bounded and sup X € X holds X = |—o0,sup X].

(34) For every subset X of R such that X is upper bounded and sup X ¢ X
holds X C |—o0,sup X|.

(35) For every non empty connected subset X of R such that X is not lower
bounded and X is upper bounded and sup X ¢ X holds X = |—oo,sup X|.

(36) For every subset X of R such that X is lower bounded holds X C
[inf X, +-00][.
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(37) For every connected subset X of R such that X is lower bounded and
X is not upper bounded and inf X € X holds X = [inf X, +o0].

(38) For every subset X of R such that X is lower bounded and inf X ¢ X
holds X C Jinf X, +o0[.

(39) For every non empty connected subset X of R such that X is lower
bounded and X is not upper bounded and inf X ¢ X holds X =
Jinf X, +o0].

(40) For every connected subset X of R such that X is not upper bounded
and X is not lower bounded holds X = R.

(41) Let X be a connected subset of R. Then X is empty or X = R or there
exists a such that X = |—o00,a] or there exists a such that X = |—o0,af
or there exists a such that X = [a, +oo[ or there exists a such that X =
|a, +oo[ or there exist a, b such that a < b and X = [a, b] or there exist a,
b such that a < b and X = [a, b[ or there exist a, b such that a < b and
X =a,b] or there exist a, b such that a < b and X = |a, b|.

(42) For every non empty connected subset X of R such that r ¢ X holds
r<infX orsupX <.

(43) Let X, Y be non empty bounded connected subsets of R. Suppose
inf X <infY and supY < sup X and if inf X =inf Y and inf Y € Y, then
inf X € X and if sup X =supY and supY € Y, then sup X € X. Then
Y CX.

Let us observe that there exists a subset of R which is open, closed, con-
nected, non empty, and non bounded.

Next we state several propositions:

(44) For every subset X of R! such that @ < b and X = [a,b] holds Fr X =
{a,b}.

(45) TFor every subset X of Rl such that a < b and X = ]a,b[ holds Fr X =
{a,b}.

(46) For every subset X of Rl such that a < b and X = [a,b[ holds Fr X =
{a,b}.

(47) For every subset X of R such that a < b and X = ]a,b] holds Fr X =
{a,b}.

(48) TFor every subset X of R! such that X = [a,b] holds Int X = ]a, b].
(49) For every subset X of R! such that X = ]a,b[ holds Int X = ]a, b|.
(50) For every subset X of R! such that X = [a, ] holds Int X = ]a, b].
(51) For every subset X of R! such that X = ]a,b] holds Int X = ]a, b].
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Let X be a convex subset of Rl. Observe that R!'[ X is convex.
Let A be a connected subset of R. One can check that R'A is convex.
We now state the proposition

(52) Let X be a subset of R! and Y be a subset of R. If X =Y, then X is
connected iff Y is connected.

6. TOPOLOGY OF CLOSED INTERVALS

Let us consider r. Note that [r, 7| is trivial.
The following four propositions are true:

(563) If r <'s, then every subset of [r, s|T is a bounded subset of R.

(54) If r < s, then for every subset X of [r, s]T such that X = [a,b[ and r < a
and b < s holds Int X = |a, b[.

(55) If r < s, then for every subset X of [r, s|T such that X = ]a,b] and r < a
and b < s holds Int X = |a, b[.

(56) Let X be a subset of [r, sT and Y be a subset of R. If X =Y, then X
is connected iff Y is connected.

Let T be a topological space. Observe that there exists a subset of T" which
is open, closed, and connected.

Let T be a non empty connected topological space. Observe that there exists
a subset of T" which is non empty, open, closed, and connected.

We now state the proposition

(57) Suppose r < s. Let X be an open connected subset of [r, s|]p. Then
(i) X is empty, or
(i) X =]rs],or
(iii)  there exists a real number a such that r < a and a < s and X = [r, a],
or
(iv)  there exists a real number a such that r < a and a < s and X = ]a, s|,
or
(v)  there exist real numbers a, b such that r < a and a < b and b < s and

X =]a,bl.

7. MINIMAL COVER OF INTERVALS

Next we state three propositions:
(58) Let T be a 1-sorted structure and F' be a family of subsets of 7. Then
Fis a cover of T if and only if F' is a cover of Qp.

(59) Let T be a 1-sorted structure, F' be a finite family of subsets of T', and F}
be a family of subsets of T'. Suppose F'is a cover of T and F} = F\{X; X
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ranges over subsets of T: X € F A Vy et of 7 (Y EFAXCY AN X #
Y)}. Then Fj is a cover of T'.

(60) Let S be a trivial non empty 1-sorted structure, s be a point of S, and
F be a family of subsets of S. If F'is a cover of S, then {s} € F.

Let T be a topological structure and let F' be a family of subsets of T'. We
say that F' is connected if and only if:

(Def. 1) For every subset X of T such that X € F' holds X is connected.

Let T be a topological space. Note that there exists a family of subsets of
T which is non empty, open, closed, and connected.

In the sequel n, m are natural numbers and F' is a family of subsets of [r, s|.

The following two propositions are true:

(61) Let L be a topological space and G, G; be families of subsets of L.
Suppose G is a cover of L and finite. Let A; be a set such that Gy =
G\ {X; X ranges over subsets of L: X € G A Vy . qbset of . (¥ €
G ANXCY AN X#Y)}and A; = {C; C ranges over families of subsets
of L: Cis acover of L A C C G1}. Then A; has the lower Zorn property
w.r.t. Q(Al)'

(62) Let L be a topological space and G, A; be sets. Suppose A1 = {C;C
ranges over families of subsets of L: C' is a cover of L A C C G}. Let
M be a set. Suppose M is minimal in Q(Al) and M € ﬁeld(g(Al)). Let Ay
be a subset of L. Suppose A4 € M. Then it is not true that there exist
subsets A, Ag of L such that Ay € M and A3 € M and Ay C As U Ag
and A4 75 A2 and A4 75 A3.

Let 7, s be real numbers and let F' be a family of subsets of [r, s|p. Let us
assume that F' is a cover of [r, s|7 F' is open F' is connected and r < s. A finite
sequence of elements of 2% is said to be an interval cover of F if it satisfies the
conditions (Def. 2).

(Def. 2)(i) rngit C F,

(i) Urngit = [r,s],

(ili)  for every natural number n such that 1 < n holds if n < lenit, then
it,, is non empty and if n + 1 < lenit, then inf(it,) < inf(it,4+1) and
sup(it,) < sup(itp4+1) and inf(it,4+1) < sup(it,) and if n + 2 < lenit, then
sup(it,) < inf(itp42),

(iv) if [r,s] € F, then it = ([r, s]), and

(v) if [r,s] ¢ F, then there exists a real number p such that » < p and
p < s and it(1) = [r,p[ and there exists a real number p such that r < p
and p < s and it(lenit) = |p, s] and for every natural number n such that
1 < n and n < lenit there exist real numbers p, ¢ such that r < p and
p < qand g < s and it(n) = |p, q|.

We now state the proposition
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(63) If F is a cover of [r, s|T, open, and connected and r < s and [r, s] € F,
then ([r, s]) is an interval cover of F.

In the sequel C' denotes an interval cover of F.
One can prove the following propositions:

(64) Let F be a family of subsets of [r, rJr and C be an interval cover of F.
If F' is a cover of [r, r]T, open, and connected, then C' = ([r,7]).

(65) If F is a cover of [r, s, open, and connected and r < s, then 1 < len C.

(66) If F'is a cover of [r, s|T, open, and connected and r < s and len C' = 1,
then C = ([r, s]).

(67) If F is a cover of [r, s|t, open, and connected and r < s and n € dom C
and m € dom C and n < m, then inf(C),) < inf(Cy,).

(68) If F'is a cover of [r, s|T, open, and connected and r < s and n € dom C'
and m € dom C and n < m, then sup(C),) < sup(Cp,).

(69) If F is a cover of [r, s]T, open, and connected and r < s and 1 < n and
n+ 1 <lenC, then |inf(Cp41),sup(Cy)[ is non empty.
(70) If F'is a cover of [r, s|T, open, and connected and r < s, then inf(Cy) = 7.
(71) If F is a cover of [r, s|T, open, and connected and r < s, then r € C}.
(72) If F is a cover of [r, s|7, open, and connected and r < s, then
sup(Clenc) = 8.
(73) If Fis a cover of [r, s, open, and connected and r < s, then s € Cley ¢
Let 7, s be real numbers, let F' be a family of subsets of [r, s, and let C' be
an interval cover of F'. Let us assume that F' is a cover of [r, s|7 F is open F is

connected and r < s. A finite sequence of elements of R is said to be a chain of
rivets in interval cover C' if it satisfies the conditions (Def. 3).

(Def. 3)(i) lenit =lenC +1,

(i) it(1) =,
(iii)  it(lenit) = s, and
(iv)  for every natural number n such that 1 < n and n + 1 < lenit holds

it(n+ 1) € Jinf(Cp41),sup(Cy)].
In the sequel G denotes a chain of rivets in interval cover C.
One can prove the following propositions:
(74) If F is a cover of [r, s|T, open, and connected and r < s, then 2 < lenG.
(75) 1If F is a cover of [r, |, open, and connected and r < s and len C' = 1,
then G = (r, s).
(76) 1If F is a cover of [r, s]T, open, and connected and r < s and 1 < n and
n+1<len@, then G(n + 1) < sup(Cy).

(77) If F is a cover of [r, s]T, open, and connected and r» < s and 1 < n and
n < len C, then inf(C,) < G(n).
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(78) If F is a cover of [r, s]T, open, and connected and r < s and 1 < n and
n < lenC, then G(n) < inf(Cphi1).

(79) 1If F is a cover of [r, s|p, open, and connected and r < s, then G is
increasing.

(80) If F is a cover of [r, s]T, open, and connected and r» < s and 1 < n and
n < len @G, then [G(n),G(n+ 1)] C C(n).
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1. PRELIMINARIES

Let us observe that every element of ZT is integer.

Let us note that ZT is infinite.

Let S be an infinite 1-sorted structure. Note that the carrier of .S is infinite.
In the sequel a, r, s denote real numbers.

One can prove the following propositions:

(1) Ifr < sandO < a, then for every point p of [r, s|y holds Ball(p, a) = [r, s]
or Ball(p,a) = [r,p+a[ or Ball(p,a) = |p—a, s] or Ball(p,a) = |p—a,p+al.
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(2) Suppose r < s. Then there exists a basis B of [r, s|t such that
(i)  there exists a many sorted set f indexed by [r, s]T such that for every
point y of [r, slu holds f(y) = {Ball(y, 2); n ranges over natural numbers:
n# 0} and B =] f, and
(ii)  for every subset X of [r, s|T such that X € B holds X is connected.
(3) For every topological structure 7" and for every subset A of T and for
every point ¢ of T' such that ¢ € A holds skl(¢, A) C A.
Let T be a topological space and let A be an open subset of T'. Observe that
TTA is open.
Next we state several propositions:
(4) Let T be a topological space, S be a subspace of T', A be a subset of T,
and B be a subset of S. If A = B, then T[A = S[B.

(5) Let S, T be topological spaces, A, B be subsets of T', and C, D be
subsets of S. Suppose that
(i)  the topological structure of S = the topological structure of T,
(i) A=C,
(ii) B =D, and
(iv) A and B are separated.
Then C and D are separated.

(6) Let S, T be topological spaces. Suppose the topological structure of S =
the topological structure of T" and S is connected. Then T' is connected.

(7) Let S, T be topological spaces, A be a subset of S, and B be a subset
of T'. Suppose the topological structure of S = the topological structure
of T'and A = B and A is connected. Then B is connected.

(8) Let S, T be non empty topological spaces, s be a point of S, t be a point
of T', and A be a neighbourhood of s. Suppose the topological structure of
S = the topological structure of T" and s = t. Then A is a neighbourhood
of t.

(9) Let S, T be non empty topological spaces, A be a subset of S, B be a
subset of T, and N be a neighbourhood of A. Suppose the topological
structure of S = the topological structure of 7" and A = B. Then N is a
neighbourhood of B.

(10) Let S, T be non empty topological spaces, A, B be subsets of T', and
f be a map from S into T. Suppose f is a homeomorphism and A is a
component of B. Then f~!(A) is a component of f~!(B).
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2. LocAL CONNECTEDNESS

The following propositions are true:

(11) Let T be a non empty topological space, S be a non empty subspace of
T, A be a non empty subset of T, and B be a non empty subset of S. If
A = B and A is locally connected, then B is locally connected.

(12) Let S, T be non empty topological spaces. Suppose the topological
structure of S = the topological structure of T" and S'is locally connected.
Then T is locally connected.

(13) For every non empty topological space T" holds T is locally connected iff
Qr is locally connected.

(14) Let T be a non empty topological space and S be a non empty open
subspace of T'. If T is locally connected, then S is locally connected.

(15) Let S, T be non empty topological spaces. Suppose S and T' are home-
omorphic and S is locally connected. Then T is locally connected.

(16) Let T be a non empty topological space. Given a basis B of T such that
let X be a subset of T. If X € B, then X is connected. Then T is locally
connected.

(17) If r <'s, then [r, s|t is locally connected.

Let us mention that I is locally connected.
Let A be a non empty open subset of I. Observe that I A is locally connected.

3. SOME USEFUL FUNCTIONS

Let 7 be a real number. The functor ExtendInt r yielding a map from I into
R?! is defined as follows:
(Def. 1)  For every point z of I holds (ExtendIntr)(z) = r - x.
Let 7 be a real number. One can check that ExtendInt r is continuous.
Let r be a real number. Then ExtendInt r is a path from R'0 to R'r.
Let S, T, Y be non empty topological spaces, let H be a map from [.S, T']
into Y, and let ¢ be a point of T. The functor Prjl(¢, H) yields a map from S
into Y and is defined by:
(Def. 2) For every point s of S holds (Prjl(¢t, H))(s) = H(s, t).
Let S, T, Y be non empty topological spaces, let H be a map from [.S, T"]
into Y, and let s be a point of S. The functor Prj2(s, H) yields a map from T’
into Y and is defined as follows:
(Def. 3) For every point ¢t of T holds (Prj2(s, H))(t) = H(s, t).
Let S, T, Y be non empty topological spaces, let H be a continuous map
from [ .S, T'] into Y, and let ¢ be a point of T'. Note that Prj1(¢, H) is continuous.
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Let S, T, Y be non empty topological spaces, let H be a continuous map
from [ .S, T] into Y, and let s be a point of S. One can check that Prj2(s, H)
is continuous.

One can prove the following two propositions:

(18) Let T be a non empty topological space, a, b be points of T\, P, @ be
paths from a to b, H be a homotopy between P and (), and ¢ be a point
of I. If H is continuous, then Prjl(¢, H) is continuous.

(19) Let T be a non empty topological space, a, b be points of T, P, @ be
paths from a to b, H be a homotopy between P and (), and s be a point
of I. If H is continuous, then Prj2(s, H) is continuous.

Let r be a real number. The functor cLoopr yielding a map from I into
TopUnitCircle 2 is defined as follows:

(Def. 4) For every point x of I holds (cLoopr)(z) = [cos(2-7-7-z),sin(2-7-7-x)].

The following proposition is true

(20) cLoopr = CircleMap - ExtendInt .

Let n be an integer. Then cLoopn is a loop of ¢[10].

4. MAIN THEOREMS

Next we state four propositions:

(21) Let Uy be a family of subsets of TopUnitCircle 2. Suppose U; is a cover
of TopUnitCircle 2 and open. Let Y be a non empty topological space, F
be a continuous map from [ Y, I] into TopUnitCircle 2, and y be a point
of Y. Then there exists a non empty finite sequence 1" of elements of R

such that
G T(1) =0,
(i) T(lenT) =1,
(iii) T is increasing, and
(iv)  there exists an open subset N of Y such that y € N and for every

natural number ¢ such that ¢ € dom7 and ¢ +1 € dom7T there exists a
non empty subset Us of TopUnitCircle2 such that Uy € Uy and F°} N,
[T(i),T(i +1)]] C Us.

(22) Let Y be a non empty topological space, F' be a map from [Y, I] into
TopUnitCircle 2, and Fy be a map from [Y, Sspace(0p) ] into Rt. Suppose
F' is continuous and F} is continuous and F'[[the carrier of Y, {0}] =
CircleMap - F;. Then there exists a map G from [ Y, I] into R! such that

(i) G is continuous,

(i) F = CircleMap -G,

(iii)  G[}the carrier of Y, {0} ] = F, and

(iv)  for every map H from [ Y, I] into R! such that H is continuous and
F = CircleMap -H and H || the carrier of Y, {0} ] = F} holds G = H.
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(23) Let z9, yo be points of TopUnitCircle 2, z1 be a point of R, and f be a
path from z to yo. Suppose x1 € CircleMap ~!({zo}). Then there exists
amap f1 from I into R! such that

() £(0) =21,
(i)  f = CircleMap - fi,
(iii)  f1 is continuous, and
(iv)  for every map fo from I into R! such that f; is continuous and f =

CircleMap - fo and f2(0) = 21 holds f1 = fo.

(24) Let z, yo be points of TopUnitCircle2, P, @ be paths from zy to yo,
F be a homotopy between P and @, and 1 be a point of R!. Suppose
P, @ are homotopic and x; € CircleMap ~*({zo}). Then there exists a
point y; of R and there exist paths P;, Q1 from z1 to y; and there exists
a homotopy Fj between P; and @) such that P, ()1 are homotopic and
F = CircleMap -F; and y; € CircleMap ~!({yo}) and for every homotopy
F5 between P; and Q1 such that F' = CircleMap -F5 holds F; = Fs.

The map Ciso from Z* into 71 (TopUnitCircle 2, ¢[10]) is defined by:
(Def. 5)  For every integer n holds (Ciso)(n) = [cLoop n]gqrel(TopUnitCircle 2,¢[10]) -
One can prove the following proposition
(25) For every integer i and for every path f from R0 to R'i holds (Ciso)(i) =

[CircleMap - f]gqrel(TopUnitCircle 2,¢[10]) -

Ciso is a homomorphism from Z* to 71 (TopUnitCircle 2, ¢[10]).

Let us mention that Ciso is one-to-one and onto.

We now state two propositions:

(26) Ciso is isomorphism.
(27) Let S be a subspace of £% satisfying conditions of simple closed curve
and z be a point of S. Then Z* and 71(S,x) are isomorphic.

Let S be a subspace of 8% satisfying conditions of simple closed curve and
let = be a point of S. Note that 71 (S, z) is infinite.
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Summary. The article formalizes the proof of Brouwer’s Fixed Point
Theorem for 2-dimensional disks. Assuming, on the contrary, that the theorem
is false, we show that a circle is a retract of a disk. Next, using the retraction,
we prove that any loop in the circle is homotopic to the constant loop what
contradicts with infiniteness of the fundamental group of a circle, see [15].
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The terminology and notation used in this paper are introduced in the following
papers: [26], [9], [29], [2], [22], [28], [30], [6], 8], [7], [5], [4], [12], [3], [25], [16],
[23], [21], [20], [27], [11], [13], [14], [18], [17], [19], [10], [1], and [24].
In this paper n is a natural number, a, 7 are real numbers, and z is a point
of &F.
Let S, T be non empty topological spaces. The functor DiffElems(S,T")
yielding a subset of [ .S, T'] is defined by:
(Def. 1) DiffElems(S,T) = {(s, t); s ranges over points of S, ¢ ranges over points
of T: s # t}.
One can prove the following proposition
(1) Let S, T be non empty topological spaces and x be a set. Then x €
DiffElems (.S, T') if and only if there exists a point s of S and there exists
a point t of T' such that z = (s, t) and s # t.

!The paper was written during the first author’s post-doctoral fellowship granted by Shinshu
University, Japan.
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Let S be a non trivial non empty topological space and let T be a non empty
topological space. One can check that DiffElems(S,T') is non empty.

Let S be a non empty topological space and let T' be a non trivial non empty
topological space. Note that DiffElems(.S,T') is non empty.

We now state the proposition

(2) Ball(z,0) = {z}.
Let n be a natural number, let z be a point of £}, and let r be a real number.
The functor Tdisk(z, ) yields a subspace of £} and is defined by:

(Def. 2) Tdisk(z,r) = (E%)] Ball(z, 7).

Let n be a natural number, let z be a point of £}, and let  be a non negative
real number. Note that Tdisk(x, ) is non empty.

We now state the proposition

(3) The carrier of Tdisk(x,r) = Ball(z,r).

Let n be a natural number, let  be a point of £7, and let r be a real number.
Note that Tdisk(zx,r) is convex.

We adopt the following convention: n denotes a natural number, r denotes
a non negative real number, and s, ¢, z denote points of £F.

One can prove the following two propositions:

(4) If s # t and s is a point of Tdisk(z, r) and s is not a point of Tcircle(z, ),
then there exists a point e of Tcircle(x,r) such that {e} = halfline(s,t) N
Sphere(zx, ).

(5) Suppose s # t and s € the carrier of Tcircle(x,r) and ¢ is a point of
Tdisk(x,r). Then there exists a point e of Tcircle(z,r) such that e # s
and {s, e} = halfline(s, t) N Sphere(z, 7).

Let n be a non empty natural number, let o be a point of £F, let s, ¢ be
points of £, and let r» be a non negative real number. Let us assume that s
is a point of Tdisk(o,r), and t is a point of Tdisk(o,r) and s # t. The functor
HC(s,t,0,7) yields a point of £} and is defined as follows:

(Def. 3) HC(s,t,o0,7) € halfline(s, t) N Sphere(o,r) and HC(s,t,0,r) # s.
In the sequel n is a non empty natural number and s, ¢, o are points of £F.
We now state three propositions:

(6) If s is a point of Tdisk(o,7) and ¢ is a point of Tdisk(o,r) and s # ¢,
then HC(s,t,0,7) is a point of Tcircle(o, ).

(7) Let S, T, O be elements of R™. Suppose S = s and T' = t and
O = o. Suppose s is a point of Tdisk(o,r) and ¢ is a point of Tdisk(o,r)
and s # t and a = _|(t_8’8_0)H\/‘(t_s’sgz)gw_,%:(T_S)‘(Z%S_O)_Tz). Then
HC(s,t,0,r)=(1—a)-s+a-t.

(8) Let 71, 72, s1, s2 be real numbers and s, ¢, o be points of 2. Sup-
pose that s is a point of Tdisk(o,7) and ¢ is a point of Tdisk(o,r) and
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s # tand 11 = t1 — s1 and 1o = ta — s2 and s; = s3 — o1 and
—(s1m14s2m2)+1/ (51 71+852:m2)2—(r12+722) (512 +522) —12)
12412 )

89 = 89 — 02 and a =
Then HC(s,t,0,7) = [s1 +a- 711,82 + a-7r3].

Let n be a non empty natural number, let o be a point of £F, let r be a non
negative real number, let = be a point of Tdisk(o,r), and let f be a map from
Tdisk(o,r) into Tdisk(o,r). Let us assume that x is not a fixpoint of f. The
functor HC(z, f) yielding a point of Tcircle(o,r) is defined as follows:

(Def. 4) There exist points y, z of &} such that y = 2 and z = f(z) and
HC(z, f) = HC(z,y,0,71).

The following two propositions are true:

(9) Let x be a point of Tdisk(o,r) and f be a map from Tdisk(o,r) into
Tdisk(o, 7). If x is not a fixpoint of f and x is a point of Tcircle(o, ), then
HC(z, f) = .

(10) Let r be a positive real number, o be a point of £4, and Y be a non empty
subspace of Tdisk(o,r). If Y = Tcircle(o,r), then Y is not a retract of
Tdisk(o, 7).

Let n be a non empty natural number, let 7 be a non negative real number,
let o be a point of £}, and let f be a map from Tdisk(o, r) into Tdisk(o, ). The
functor BR-map f yielding a map from Tdisk(o,r) into Tcircle(o,r) is defined
as follows:

(Def. 5) For every point z of Tdisk(o, ) holds (BR-map f)(z) = HC(z, f).

The following propositions are true:

(11) Let o be a point of £}, = be a point of Tdisk(o, ), and f be a map from
Tdisk(o,r) into Tdisk(o,r). If x is not a fixpoint of f and z is a point of
Tcircle(o, r), then (BR-map f)(z) = x.

(12) For every continuous map f from Tdisk(o,r) into Tdisk(o,r) such that
f has no fixpoint holds BR-map f | Sphere(o,7) = idrcircie(o,r)-

(13) Let r be a positive real number, o be a point of 5%, and f be a continuous
map from Tdisk(o, r) into Tdisk(o, ). If f has no fixpoint, then BR-map f
is continuous.

(14) For every non negative real number r and for every point o of €% holds
every continuous map from Tdisk(o, ) into Tdisk(o,r) has a fixpoint.

(15) Let r be a non negative real number, o be a point of £2, and f be
a continuous map from Tdisk(o,r) into Tdisk(o,r). Then there exists a
point  of Tdisk(o, r) such that f(x) = =.
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Summary. In this paper we define Stirling numbers of the second kind
by cardinality of certain functional classes so that

S(n,k) = {f where f is function of n,k : f is onto increasing}

After that we show basic properties of this number in order to prove recursive
dependence of Stirling number of the second kind. Consecutive theorems are
introduced to prove formula

S(n, k) = % E(—ui <k) (k — i)

(3

where k < n.

MML identifier: STIRL2_1, version: 7.5.01 4.39.921

The papers [18], [9], [21], [14], [23], [6], [24], [2], [3], [8], [10], [1], [22], [7], [11],
[20], [16], [19], [4], [5], [13], [12], [17], and [15] provide the terminology and
notation for this paper.

For simplicity, we adopt the following convention: k, I, m, n, i, j denote
natural numbers, K, N denote non empty subsets of N, K7, N1, M7 denote
subsets of N, and X, Y denote sets.

Let us consider k. Then {k} is a subset of N. Let us consider [. Then {k,[}
is a subset of N. Let us consider m. Then {k,[,m} is a non empty subset of N.

The following propositions are true:

(1) min N = min*N.
(2) min(min K, min N) = min(K U N).
(3) min(min*Kq, min*N;) < min*(K; U Ny).

(© 2005 University of Bialystok
337 ISSN 1426-2630
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(4) If min*N; ¢ Ni N Ky, then min*N; = min*(N; \ K3).
(5) min*{n} =n and min{n} = n.

(6) min*{n,k} = min(n, k) and min{n, k} = min(n, k).
(7) min*{n, k,l} = min(n, min(k,1)).

(8) n is a subset of N.

Let us consider n. One can verify that every element of n is natural.
We now state several propositions:
(9) If N Cn, then n — 1 is a natural number.
(10) If k €n, then k <n—1and n — 1 is a natural number.
(11) min*n =0.
(12) If N Cn, then min*N <n — 1.
(13) If N Cnand N # {n — 1}, then min*N <n — 1.
(14) If Ny Cnand n > 0, then min*N; <n — 1.
In the sequel f, g are functions from n into k.
Let us consider n, X, let f be a function from n into X, and let x be a set.
Then f~!(z) is a subset of N.
Let us consider X, k, let f be a function from X into k, and let = be a set.
Then f(x) is an element of k.
Let us consider X, Ny, let f be a function from X into Nj, and let x be a
set. One can verify that f(z) is natural.
Let us consider n, k and let f be a function from n into k. We say that f is
increasing if and only if:
(Def. 1) n =0 iff k = 0 and for all [, m such that [ € rng f and m € rng f and
I < m holds min*(f~1({1})) < min*(f~*({m})).
We now state several propositions:
15) If n =0 and k = 0, then f is onto and increasing.
16) If n > 0, then min*(f~1({m})) <n —1.
17) If f is onto, then n > k.
18) If f is onto and increasing, then for every m such that m < k holds
m < min® (£~ ({m})).
(19) If f is onto and increasing, then for every m such that m < k holds
min® (f~1({m})) < (n— k) +m.
(20) If f is onto and increasing and n = k, then f = id,.
(21) If f =1id,, and n > 0, then f is increasing.
(22) If n =0 iff £ = 0, then there exists a function from n into k£ which is
increasing.
(23) Ifn=0iff k =0 and n > k, then there exists a function from n into k
which is onto and increasing.

(
(
(
(
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The scheme Schl deals with natural numbers A, B and a unary predicate
P, and states that:
{f; f ranges over functions from A into B : P[f]} is finite
for all values of the parameters.
In the sequel f is a function from n into k.
One can prove the following propositions:

(24) For all n, k holds {f : f is onto and increasing} is finite.

(25) For all n, k holds {f : f is onto and increasing} is a natural number.

Let us consider n, k. The functor n block k yields a natural number and is
defined by:

(Def. 2) nblockk = {f : f is onto and increasing}.

Next we state several propositions:

32) Ifn #0, then nblockl = 1.
33) 1<kandk<nork=niff nblockk > 0.

In the sequel z, y denote sets.
Now we present three schemes. The scheme Sch2 deals with sets A, B, C,
D, a function £ from A into B, and a unary functor F yielding a set, and states
that:
There exists a function h from C into D such that AJA = £ and
for every x such that x € C\ A holds h(x) = F(x)
provided the parameters satisfy the following conditions:
e For every x such that z € C \ A holds F(z) € D,
e ACCand BCD, and
e If B is empty, then A is empty.
The scheme Sch8 deals with sets A, B, C, D, a unary functor F yielding a
set, and a ternary predicate P, and states that:
{f; f ranges over functions from A into B :P[f, A, B|} =
{f; f ranges over functions from C into D :P[f,C, D]
A mg(flA) CB AN A, (eC\NA = fz)=F(2))}
provided the following requirements are met:
e For every x such that =z € C \ A holds F(z) € D,
e ACCand BCD,
e If B is empty, then A is empty, and

(26) mblockn =1.

(27) If k # 0, then Oblock k = 0.
(28) Oblockk =1 iff k =0.

(29) If n <k, then nblock k = 0.
(30) mblock0=1iff n =0.

(31) If n# 0, then nblock0 = 0.
(32)

(
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e Let f be a function from C into D. Suppose that for every = such
that z € C\ A holds F(x) = f(x). Then P[f,C,D] if and only if
PIf1A, A, B.

The scheme Sch4 deals with sets A, B, C, D and a ternary predicate P, and
states that:
{f; f ranges over functions from A into B: P[f, A, B]} =
{f; f ranges over functions from AU {C} into BU {D} :
Plf, AU{C}, BU{D}] A mg(flA) S B A f(C) =D}
provided the parameters meet the following conditions:

e If B is empty, then A is empty,

e C¢ A and

e For every function f from AU{C} into BU{D} such that f(C) =D
holds P[f, AU{C},BU{D}| iff P[f|A, A, B].

We now state several propositions:

(34) For every function f from n + 1 into k& + 1 such that f is onto and
increasing and f~1({f(n)}) = {n} holds f(n) = k.

(35) For every function f from n+1 into k such that k # 0 and f~1({f(n)}) #
{n} there exists m such that m € f~1({f(n)}) and m # n.

(36) Let f be a function from n into k and g be a function from n + m into
k 4+ 1. Suppose g is increasing and f = g|n. Let given 4, j. If ¢ € rng f and
j€rng f and i < j, then min*(f~1({3})) < min*(f~1({5})).

(37) Let f be a function from n+1 into k+1. Suppose f is onto and increasing
and f~1({f(n)}) = {n}. Then rng(f[n) C k and for every function g from
n into k such that g = f[n holds ¢ is onto and increasing.

(38) Let f be a function from n + 1 into k& and g be a function from n into
k. Suppose f is onto and increasing and f~'({f(n)}) # {n} and fIn = g.
Then g is onto and increasing.

(39) Let f be a function from n into k and g be a function from n + 1 into
k + m. Suppose f is onto and increasing and f = g[n. Let given ¢, j. If
i €rngg and j € tng g and i < j, then min*(g~1({i})) < min*(g~*({j})).

(40) Let f be a function from n into k and g be a function from n + 1 into
k + 1. Suppose f is onto and increasing and f = g[n and g(n) = k. Then
g is onto and increasing and g~!({g(n)}) = {n}.

(41) Let f be a function from n into k and g be a function from n + 1 into
k. Suppose f is onto and increasing and f = g[n and g(n) < k. Then g is
onto and increasing and g~ ({g(n)}) # {n}.

In the sequel f1 denotes a function from n + 1 into k£ 4+ 1 and f denotes a
function from n into k.
We now state the proposition

(42) {f1: f1 is onto and increasing A fi~'({fi(n)}) = {n}} =
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{f : f is onto and increasing}.

In the sequel f’ is a function from n + 1 into k.
The following proposition is true

(43) For every [ such that [ < k holds
{f": f"is onto and increasing A f'~L1({f'(n)}) #{n} A f'(n)=1} =

{f : f is onto and increasing}.

For simplicity, we adopt the following convention: D denotes a non empty
set, F', G denote finite 0-sequences of D, F} denotes a finite 0-sequence of N, b
denotes a binary operation on D, and d, d;, do denote elements of D.

Let us consider D, F', b. Let us assume that b has a unity or len F' > 1. The
functor b ® F yielding an element of D is defined as follows:

(Def. 3)(i) b® F = 1; if b has a unity and len F' = 0,

(ii)  there exists a function f from N into D such that f(0) = F(0) and for
every n such that n + 1 < len F holds f(n+ 1) = b(f(n), F(n+ 1)) and
b® F = f(len F — 1), otherwise.

One can prove the following three propositions:

(44) boO (d) =d.
(45) If b has a unity or len F' > 0, then b® F ~ (d) = b(b© F, d).
(46) If F # (), then there exist G, d such that F' = G ™ (d).
The scheme Schd deals with a non empty set A and a unary predicate P,
and states that:
For every finite 0-sequence F' of A holds P[F]
provided the parameters satisfy the following conditions:
e PI{),. and
e For every finite O-sequence F' of A and for every element d of A
such that P[F] holds P[F ™ (d)].
Next we state the proposition
(47) 1If b is associative and if b has a unity or len F/ > 1 and len G > 1, then
bOF~G=bbOF, bOG).

Let us consider D and let us consider d, d;. Then (d, d;) is a finite 0-sequence
of D. Let us consider dy. Then (d, d;,ds) is a finite 0-sequence of D.

The following propositions are true:

(48) b® <d1,d2> = b(dl, dg).
(49) b© (d,di,d2) = b(b(d, d1), d2).

Let us consider Fj. The functor ) Fj yields a natural number and is defined
by:

(Def. 4) Y F1 =4y © F.
Let us consider Fij, . Then Fi(z) is a natural number.
One can prove the following propositions:
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(50) If for every m such that n € dom F; holds Fi(n) < k, then > F; <
len F; - k.

(51) If for every m such that n € dom F; holds Fi(n) > k, then > Fy >
len F; - k.

(52) If len F; > 0 and there exists x such that z € dom F} and Fy(x) = k,
then > Fy > k.

(563) >_Fy = 0 iff len F; = 0 or for every n such that n € dom F; holds

(54) For every function f and for every n holds [Jrng(f[n) U f(n) =
Urng(fI(n +1)).
Now we present three schemes. The scheme Sché deals with a non empty
set A, a natural number B, and a binary predicate P, and states that:
There exists a finite 0-sequence p of A such that domp = B and
for every k such that k € B holds P[k, p(k)]
provided the parameters have the following property:
e For every k such that k € B there exists an element x of A such
that P[k, x].
The scheme Sch7 deals with a non empty set A and a finite 0-sequence B of
A, and states that:
There exists a finite 0-sequence C of N such that dom Cy = dom B

and for every ¢ such that ¢ € domCj holds Ci(i) = B(i) and
UmgB = .0
provided the following requirements are met:
e For every i such that ¢ € dom B holds B(i) is finite, and
e For all ¢, j such that i € dom B and j € dom B and i # j holds
B(i) misses B(j).
The scheme Sch8 deals with finite sets A, B, a set C, a function D from
card B into B, and a unary predicate P, and states that:
There exists a finite 0-sequence F' of N such that
(i) dom F = card B,
(ii)  {g;g ranges over functions from A into B :P[g]} = > F,
and
(iii)  for every ¢ such that ¢ € domF holds F(i) =
{g; g ranges over functions from A into B :P[g] A ¢(C) =D(i)}
provided the parameters have the following properties:

e D is onto and one-to-one,

e 3 is non empty, and

e Cc A

One can prove the following propositions:

(55) k-(nblockk) = {f": f’ is onto and increasing A f/~L({f'(n)}) # {n}}.




STIRLING NUMBERS OF THE SECOND KIND 343

(56) (n+ 1)block(k + 1) = (k+ 1) - (nblock(k + 1)) + (nblock k).

(57) If n > 1, then nblock2 = % - (2" —2).

(58) If n > 2, then nblock3 =% - ((3" —3-2") + 3).

(59) If n >3, then nblock4 = 55 - (4" —4-3") +6-2") —4).

(60) 3! =6 and 4! = 24.

(61) () = n and () = "G and (5) = “C=gC2 and (]) =

n-(n—1)-(n—2)-(n—3)
24 :

(62) (n+1)blockn = ("11).

(63) (n+2)blockn =3-("1?) + ("3?).

(64) For every function F' and for every y holds rng(F [(dom F\ F~1({y}))) =
rmg F' \ {y} and for every x such that z # y holds (F[(domF \
F{yh) " '({a}) = F1({=}).

(65) If X =k+1and x € X, then X \ {z} = k.

The scheme Sch9 concerns a unary predicate P and a binary predicate Q,
and states that:
For every function F such that rng F' is finite holds P[F]
provided the following conditions are met:
° P[m, and
e For every function F' such that for every x such that x € rng F’
and Q[z, F] holds P[F[(dom F \ F~1({z}))] holds P[F].
We now state several propositions:

(66) For every subset N of N such that N is finite there exists k£ such that
for every n such that n € N holds n < k.

(67) Let given X, Y, x, y. Suppose if Y is empty, then X is empty and
x ¢ X. Let F be a function from X into Y. Then there exists a function
G from X U{z} into Y U{y} such that G| X = F and G(z) = y.

(68) Let given X, Y, z, y such that if Y is empty, then X is empty. Let F' be
a function from X into Y and G be a function from X U {z} into Y U {y}
such that G[X = F and G(z) = y. Then

(i) if F is onto, then G is onto, and
(i) ify ¢ Y and F is one-to-one, then G is one-to-one.

(69) Let N be a finite subset of N. Then there exists a function O; from N
into card N such that O is bijective and for all n, k such that n € dom O;
and k € dom O; and n < k holds O;1(n) < O1(k).

(70) Let X, Y be finite sets and F' be a function from X into Y. If card X =
card Y, then F' is onto iff F' is one-to-one.

(71) Let F, G be functions and given y. Suppose y € rng(G - F') and G is
one-to-one. Then there exists x such that x € dom G and = € rng F' and

G ({y}) = {z} and F~'({z}) = (G- F)"'({y}).
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Let us consider N1, K7 and let f be a function from N7 into K. We say
that f is increasing if and only if:
(Def. 5) For all I, m such that [ € mgf and m € rngf and | < m holds
min®(f~1({1})) < min*(f~1({m})).
The following four propositions are true:
(72) For every function F' from N; into K such that F' is increasing holds
min* rng F' = F(min* dom F).
(73) Let F be a function from Nj into Kj. Suppose rng F' is finite. Then
there exists a function I from N7 into K7 and there exists a permutation
P of rng F' such that FF = P - I and rng F' = rng ] and [ is increasing.

(74) Let F be a function from Nj into K;. Suppose rng F' is finite. Let I, I»
be functions from Ny into M7 and P;, P» be functions. Suppose that P is
one-to-one and P; is one-to-one and rng I = rng I» and rng [y = dom P;
and dom P, =dom P, and F'= P, -I; and F' = P, -5 and I; is increasing
and Is is increasing. Then P} = P; and I} = Is.

(75) Let F be a function from Nj into Kj. Suppose rng F' is finite. Let I3,
I be functions from N;j into K7 and P;, P, be permutations of rng F.
Suppose F'= P;-I1 and F = P»-1s and rng F' = rng I; and rng F' = rng I»
and I is increasing and Is is increasing. Then P, = P, and I} = Is.
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Summary. A concept of “limit of sequence of subsets” is defined here.
This article contains the following items: 1. definition of the superior sequence
and the inferior sequence of sets, 2. definition of the superior limit and the inferior
limit of sets, and additional properties for the sigma-field of sets, 3. definition
of the limit value of a convergent sequence of sets, and additional properties for
the sigma-field of sets.

MML identifier: SETLIM_1, version: 7.5.01 4.39.921

The notation and terminology used here are introduced in the following papers:
91, [1], [13], [2], [10], (6], (1], [4], [12], [14], (8], [7], 3], and [5]

For simplicity, we adopt the following rules: n, m, k, k1, ko denote natural
numbers, z, X, Y, Z denote sets, A denotes a subset of X, B, A1, Ao, A3 denote
sequences of subsets of X, S; denotes a o-field of subsets of X, and S, Ss, S3,
S4 denote sequences of subsets of 5.

Next we state a number of propositions:

(1) For every function f from N into Y and for every n holds {f(k) : n <
k} #0.

(2) For every function f from N into Y holds f(n +m) € {f(k) : n < k}.

(3) For every function f from N into Y holds {f(k1) : n < k1} = {f(k2) :
n+1<k}uUu{f(n)}

(4) Let f be a function from N into Y. Then for every k; holds = € f(n+k;)
if and only if for every Z such that Z € {f(k2) : n < k2} holds x € Z.

(5) For every non empty set Y and for every function f from N into Y holds
x € rng f iff there exists n such that z = f(n).

(6) For every non empty set Y and for every function f from N into Y holds
mg f = {f(k)}.

(© 2005 University of Bialystok
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(7) For every non empty set Y and for every function f from N into Y holds
mg(f 1k)={f(n):k<n}

(8) x €(\rng B iff for every n holds x € B(n).
(9) Intersection B = (rng B.
10) Intersection B C |J B.

)
)
)
11) If for every n holds B(n) = A, then | B = A.
) If for every n holds B(n) = A, then Intersection B = A.
)
)

13) If B is constant, then | J B = Intersection B.

14) If B is constant and the value of B = A, then for every n holds | J{B(k) :
n <k} =A.

(15) If B is constant and the value of B = A, then for every n holds ({B(k) :
n <k} =A.

(16) Let given X, B and f be a function. Suppose dom f = N and for every
n holds f(n) = ({B(k) : n < k}. Then f is a sequence of subsets of X.
(17) Let X be a set, B be a sequence of subsets of X, and f be a function.
Suppose dom f = N and for every n holds f(n) = (J{B(k) : n < k}. Then
f is a function from N into 2%.
Let us consider X, B. We say that B is monotone if and only if:
(Def. 1) B is non-decreasing or non-increasing.
Let B be a function. The inferior setsequence B yields a function and is
defined by the conditions (Def. 2).
(Def. 2)(i)  dom (the inferior setsequence B) = N, and
(ii)  for every n holds (the inferior setsequence B)(n) = ({B(k) : n < k}.
Let X be a set and let B be a sequence of subsets of X. Then the inferior
setsequence B is a sequence of subsets of X.

Let B be a function. The superior setsequence B yields a function and is
defined by the conditions (Def. 3).
(Def. 3)(i) dom (the superior setsequence B) = N, and
(ii)  for every n holds (the superior setsequence B)(n) = |J{B(k) : n < k}.
Let X be a set and let B be a sequence of subsets of X. Then the superior
setsequence B is a sequence of subsets of X.

Next we state several propositions:

(18) (The inferior setsequence B)(0) = Intersection B.

(19) (The superior setsequence B)(0) = | B.

(20) =z € (the inferior setsequence B)(n) iff for every k holds = € B(n + k).

(21) =z € (the superior setsequence B)(n) iff there exists k such that z €

B(n + k).

(22) (The inferior setsequence B)(n) = (the inferior setsequence B)(n + 1) N
(

B(n).
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(23) (The superior setsequence B)(n) = (the superior setsequence B)(n+1)U
B(n).
(24) The inferior setsequence B is non-decreasing.
(25) The superior setsequence B is non-increasing.
(26) The inferior setsequence B is monotone and the superior setsequence B
is monotone.
Let X be a set and let A be a sequence of subsets of X. Observe that the
inferior setsequence A is non-decreasing.
Let X be a set and let A be a sequence of subsets of X. Observe that the
superior setsequence A is non-increasing.
The following propositions are true:

(27) Intersection B C (the inferior setsequence B)(n).

(28) (The superior setsequence B)(n) C |J B.

(29) For all B, n holds {B(k) : n < k} is a family of subsets of X.

(30) | B = (Intersection Complement B)°.

(31) (The inferior setsequence B)(n) = (the superior setsequence
Complement B)(n)°.

(32) (The superior setsequence B)(n) = (the inferior setsequence
Complement B)(n)°.

(33) Complement (the inferior setsequence B) = the superior setsequence
Complement B.

(34) Complement (the superior setsequence B) = the inferior setsequence
Complement B.

(35) Suppose that for every n holds A3(n) = A1(n)UAz(n). Let given n. Then
(the inferior setsequence B)(n) U (the inferior setsequence As)(n) C (the
inferior setsequence As)(n).

(36) Suppose that for every n holds A3(n) = A1(n)NAz(n). Let given n. Then
(the inferior setsequence Ag)(n) = (the inferior setsequence A;)(n) N (the
inferior setsequence As)(n).

(37) Suppose that for every n holds As(n) = A1(n)UAs(n). Let given n. Then
(the superior setsequence As3)(n) = (the superior setsequence A;)(n)U(the
superior setsequence As)(n).

(38) Suppose that for every n holds A3(n) = A1(n)NAz(n). Let given n. Then
(the superior setsequence As3)(n) C (the superior setsequence A;)(n)N(the
superior setsequence As)(n).

(39) If B is constant and the value of B = A, then for every n holds (the
inferior setsequence B)(n) = A.

(40) If B is constant and the value of B = A, then for every n holds (the
superior setsequence B)(n) = A.

349
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(41) If B is non-decreasing, then B(n) C (the superior setsequence B)(n+1).

(42) If B is non-decreasing, then (the superior setsequence B)(n) = (the
superior setsequence B)(n + 1).

(43) If B is non-decreasing, then (the superior setsequence B)(n) = |J B.

(44) If B is non-decreasing, then Intersection (the superior setsequence B) =

UB.

If B is non-decreasing, then B(n) C (the inferior setsequence B)(n + 1).

=~
D Ot

If B is non-decreasing, then (the inferior setsequence B)(n) = B(n).

N
\]

If B is non-decreasing, then the inferior setsequence B = B.

If B is non-increasing, then (the superior setsequence B)(n+1) C B(n).

AN N N N N N N N
SN
© oo

S N e e N N N N

If B is non-increasing, then (the superior setsequence B)(n) = B(n).

ot
=)

If B is non-increasing, then the superior setsequence B = B.

Ut
—

If B is non-increasing, then (the inferior setsequence B)(n + 1) C B(n).

(S
\)

If B is non-increasing, then (the inferior setsequence B)(n) = (the infe-
rior setsequence B)(n + 1).
(563) If B is non-increasing, then (the inferior setsequence B)(n) =
Intersection B.
(54) If B is non-increasing, then |J(the inferior setsequence B) =
Intersection B.
Let X be a set and let B be a sequence of subsets of X. Then liminf B can
be characterized by the condition:
(Def. 4) liminf B = | (the inferior setsequence B).
Let X be a set and let B be a sequence of subsets of X. Then limsup B can
be characterized by the condition:
(Def. 5) limsup B = Intersection (the superior setsequence B).
Let X be a set and let B be a sequence of subsets of X. We introduce lim B
as a synonym of limsup B.
Next we state a number of propositions:

(55) Intersection B C liminf B.

(56) liminf B = lim (the inferior setsequence B).

(57) limsup B = lim (the superior setsequence B).

(58) limsup B = (lim inf Complement B)°.

(59) If B is constant and the value of B = A, then B is convergent and

lim B = A and liminf B = A and limsup B = A.
If B is non-decreasing, then limsup B = J B.
If B is non-decreasing, then liminf B = (J B.

If B is non-increasing, then lim sup B = Intersection B.

=)
@)

D
[\

o o
o —
S N N N

o~~~ o~

If B is non-increasing, then lim inf B = Intersection B.
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(64) If B is non-decreasing, then B is convergent and lim B = | B.
(65) If B is non-increasing, then B is convergent and lim B = Intersection B.
(66) If B is monotone, then B is convergent.

Let X be a set, let S; be a o-field of subsets of X, and let S be a sequence
of subsets of S7. Let us observe that S is constant if and only if:

(Def. 6) There exists an element A of Sy such that for every n holds S(n) = A.

Let X be a set, let S; be a o-field of subsets of X, and let S be a sequence
of subsets of S1. Then the inferior setsequence S is a sequence of subsets of S7.
Let X be a set, let S; be a o-field of subsets of X, and let S be a sequence
of subsets of S7. Then the superior setsequence S is a sequence of subsets of 5.
The following propositions are true:

(67) x € limsup S iff for every n there exists k such that =z € S(n + k).
(68) x € liminf S iff there exists n such that for every k holds = € S(n + k).
(69) Intersection S C liminf S.
(70) limsupS C |JS.

(71) liminfS C limsup S.

Let X be a set, let S1 be a o-field of subsets of X, and let S be a sequence of
subsets of S;. The functor S¢ yields a sequence of subsets of 57 and is defined
by:

(Def. 7) S = Complement S.
Next we state a number of propositions:
(72) liminfS = (limsup(S°))°.
(73) limsup S = (liminf(S€))°.
(74) If for every n holds Sy(n) = S2(n) U S3(n), then liminf Sy Uliminf S3 C
lim inf Sy.
(75) If for every n holds S4(n) = Sa(n) N S3(n), then liminf Sy = liminf Ss N
lim inf S5.
(76) If for every n holds Si(n) = Sa(n)US3(n), then limsup Sy = lim sup S U
lim sup S3.
(77) 1If for every n holds S4(n) = Sa2(n)NS3(n), then limsup Sy C limsup SN
lim sup S3.
(78) 1If S is constant and the value of S = A, then S is convergent and
lim S = A and liminf S = A and limsup S = A.
If S is non-decreasing, then limsup S = J S.
If S is non-decreasing, then liminf S = JS.

(79)
(80)
(81) If S is non-decreasing, then S is convergent and lim .S = J S.
(82) If S is non-increasing, then limsup S = Intersection S.

(83)

If S is non-increasing, then liminf S = Intersection S.
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(84) If S is non-increasing, then S is convergent and lim S = Intersection S.

(85) If S is monotone, then S is convergent.

(1]

3]
[4]

[6]
[7
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(11]
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Summary. We formalized the article “New concepts in the theory of
topological space — supercondensed set, subcondensed set, and condensed set”
by Yoshinori Isomichi [4]. First we defined supercondensed, subcondensed, and
condensed sets and then gradually, defining other attributes such as regular open
set or regular closed set, we formalized all the theorems and remarks that one
can find in Isomichi’s article.

In the last section, the classification of subsets of a topological space is given,
depending on the inclusion relation between the interior of the closure and the
closure of the interior of a given subset.
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The notation and terminology used in this paper are introduced in the following
papers: [10], [11], [1], [6], [8], [9], [7], [12], [2], [3], and [5].

1. PRELIMINARIES

In this paper T denotes a topological space and A, B denote subsets of T

Let D be a non trivial set. Note that ADTS(D) is non trivial.

One can check that there exists a topological space which is anti-discrete,
non trivial, non empty, and strict.

One can prove the following propositions:

!This work has been partially supported by the KBN grant 4 T11C 039 24 and the FP6
IST grant TYPES No. 510996.
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(1) IntInt ANIntInt B = IntInt(AN B).
(2) IntAUB =1IntAUIntB.

2. CONNECTIONS BETWEEN SUPERCONDENSED, CONDENSED, AND
SUBCONDENSED SETS

Let T be a topological structure and let A be a subset of T'. We say that A
is supercondensed if and only if:

(Def. 1) Int A = Int A.
We say that A is subcondensed if and only if:
(Def. 2) Int A = A.
Next we state two propositions:
(3) If Ais closed, then A is supercondensed.
(4) If A is open, then A is subcondensed.

Let T be a topological space and let A be a subset of T'. Let us observe that
A is condensed if and only if:

(Def. 3) Int A= A and Int A = Int A.
We now state the proposition
(5) A is condensed iff A is subcondensed and supercondensed.
Let T be a topological space. One can verify that every subset of 7" which

is condensed is also subcondensed and supercondensed and every subset of T
which is subcondensed and supercondensed is also condensed.

Let T be a topological space. Observe that there exists a subset of T which
is condensed, subcondensed, and supercondensed.

One can prove the following propositions:

6) If A is supercondensed, then A€ is subcondensed.

8) A is supercondensed iff Int A C A.

(
(7) If A is subcondensed, then A€ is supercondensed.
(
(9) A is subcondensed iff A C Int A.

Let T be a topological space. Note that every subset of 1" which is sub-
condensed is also semi-open and every subset of 7" which is semi-open is also
subcondensed.

We now state the proposition
(10) A is condensed iff Int A C A and A C Int A.
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3. REGULAR OPEN AND REGULAR CLOSED SETS

Let T be a topological structure and let A be a subset of T. We introduce
A is regular open as a synonym of A is open condensed.
Let T be a topological structure and let A be a subset of T. We introduce
A is regular closed as a synonym of A is closed condensed.
The following proposition is true
(11) For every topological space T holds Q7 is regular open and Qr is regular
closed.
Let T be a topological space. Note that Qp is regular open and regular
closed.
We now state the proposition
(12) For every topological space X holds (x is regular open and (y is regular
closed.
Let T be a topological space. One can verify that (7 is regular open and
regular closed.
The following propositions are true:
(14)% Intfr = Or.
(15) If A is regular open, then A€ is regular closed.
Let T be a topological space. Observe that there exists a subset of 1" which
is regular open and regular closed.
Let T be a topological space and let A be a regular open subset of T. Observe
that A€ is regular closed.
One can prove the following proposition
(16) If A is regular closed, then A° is regular open.
Let T be a topological space and let A be a regular closed subset of T. One
can check that A€ is regular open.
Let T be a topological space. Note that every subset of 1" which is regular
open is also open and every subset of T" which is regular closed is also closed.
Next we state the proposition
(17) Int A is regular open and Int A is regular closed.
Let T be a topological space and let A be a subset of 7. Observe that Int A
is regular open and Int A is regular closed.
Next we state two propositions:
(18) A is regular open iff A is supercondensed and open.
(19) A is regular closed iff A is subcondensed and closed.
Let T be a topological space. One can check the following observations:

* every subset of T" which is regular open is also condensed and open,

2The proposition (13) has been removed.
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x every subset of 7" which is condensed and open is also regular open,

x every subset of T" which is regular closed is also condensed and closed,
and

* every subset of T" which is condensed and closed is also regular closed.
One can prove the following two propositions:

(20) A is condensed iff there exists B such that B is regular open and B C A
and A C B.

(21) Ais condensed iff there exists B such that B is regular closed and Int B C
A and A C B.

4. BOUNDARIES AND BORDERS

Let T be a topological structure and let A be a subset of T. We introduce
Bound A as a synonym of Fr A.
Let T be a topological structure and let A be a subset of 7. Then Fr A can
be characterized by the condition:
(Def. 4) FrA= A\ Int A.
One can prove the following proposition
(22) Fr A is closed.
Let T be a topological space and let A be a subset of T. Observe that Fr A
is closed.
One can prove the following proposition
(23) A is condensed iff Fr A = Int A\ Int A and Fr A = Int A N Int(A°).
Let T be a topological structure and let A be a subset of T. The functor
Border A yields a subset of T and is defined by:
(Def. 5) Border A = Int Fr A.
One can prove the following proposition
(24) Border A is regular open and Border A = Int A \ Int A and Border A =
Int AN Int Ac.
Let T be a topological space and let A be a subset of T. One can verify that
Border A is regular open.
One can prove the following two propositions:

(25) A is supercondensed iff Int A is regular open and Border A is empty.
(26) A is subcondensed iff A is regular closed and Border A is empty.

Let T be a topological space and let A be a subset of T'. One can verify that
Border Border A is empty.
The following proposition is true

(27) A is condensed iff Int A is regular open and A is regular closed and
Border A is empty.
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5. AUXILIARY THEOREMS ABOUT INTERVALS

Next we state a number of propositions:

(28) For every subset A of R! and for every real number a such that A =
|—00, a] holds Int A = |—00, a].

(29) For every subset A of R! and for every real number a such that A =
[a, +oo[ holds Int A = |a, +o0|.

(30) For every subset A of R! and for all real numbers a, b such that A =
]—00,alUla, blig U [b, +0o] holds A = the carrier of RY.

(31) For every subset A of R! and for all real numbers a, b such that A =]a, b[g
holds Int A = 0.

(32) For every subset A of Rl and for all real numbers a, b such that A =

la, blig holds Int A = ().

(33) For all real numbers a, b holds |—o0,a] \ |—00,b] = [b, a].

(34) For all real numbers a, b such that a < b holds [b, +oo[ misses |—o0, al.

(35) For all real numbers a, b such that a > b holds ]a, b[ig = 0.

(36) For all real numbers a, b holds |a, b[1g C [a, +0o0].

(37) TFor every subset A of R! and for all real numbers a, b, ¢ such that

A =]—o00,alU]b,c[g and a < b and b < ¢ holds Int A = |—o0, al.

(38) For all real numbers a, b holds [a, b] misses |b, +o0|.

(39) For every real number b holds [b, +00] \ |b, +00[ = {b}.

(40) For all real numbers a, b such that a < b holds [a, b] = [a, +00[\ |b, +00].

(41) For all real numbers a, b such that a < b holds R = |—o00,a[ U [a,b] U

1b, 4-00.

(42) For all real numbers a, b holds |a, b[ = |a, +oo[ \ [b, +00].

(43) For all real numbers a, b, ¢ such that b < ¢ and ¢ < a holds |—o0,a| \
[b, c] = ]—00,b[U]e,al.

(44) For every subset A of R and for all real numbers a, b, ¢ such that
A =]—00,a]Ub,c] and a < b and b < ¢ holds Int A = |—o0,a[U b, c[.

6. CLASSIFICATION OF SUBSETS

Let A, B be sets. We introduce A and B are C-incomparable as an antonym
of A and B are C-comparable.
We now state the proposition

(45) For all sets A, B holds A and B are C-incomparable or A C B or B C A.
Let us consider T, A. We say that A is of the 15 class if and only if:
(Def. 6) Int A C Int A.
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We say that A is of the 2" class if and only if:
(Def. 7) Int A C Int A.
We say that A is of the 3" class if and only if:
(Def. 8) Int A and Int A are C-incomparable.
The following proposition is true
(46) A is of the 1t class, or of the 2" class, or of the 3™ class.
Let T be a topological space. One can verify the following observations:

% every subset of T which is of the 15¢ class is also non of the 2" class and
non of the 3™ class,

2nd

x every subset of T which is of the class is also non of the 15t class and

non of the 3'¢ class, and
% every subset of T which is of the 3™ class is also non of the 1%* class and
non of the 2" class.

One can prove the following proposition
(47) A is of the 1%° class iff Border A is empty.

Let T be a topological space. Note that every subset of T" which is super-
condensed is also of the 15 class and every subset of T which is subcondensed
is also of the 15¢ class.

Let T be a topological space. We say that T has subsets of the 15 class if
and only if:

(Def. 9) There exists a subset of T" which is of the 1%¢ class.
We say that T has subsets of the 2™ class if and only if:
(Def. 10) There exists a subset of 7" which is of the 2"¢ class.
We say that T has subsets of the 3™ class if and only if:
(Def. 11) There exists a subset of 7' which is of the 3" class.

Let T be an anti-discrete non empty topological space. Note that every

ond clags.

subset of T" which is proper and non empty is also of the

Let T be an anti-discrete non trivial non empty strict topological space.
Observe that there exists a subset of 7' which is of the 2"¢ class.

One can verify that there exists a topological space which is non empty,
strict, and non trivial and has subsets of the 15 class and subsets of the 274
class and there exists a topological space which is non empty and strict and has
subsets of the 3" class.

Let us consider T'. Observe that there exists a subset of T" which is of the
15¢ class.

Let T be a topological space with subsets of the
that there exists a subset of T' which is of the 2" class.

Let T be a topological space with subsets of the 3™ class. Observe that

there exists a subset of T" which is of the 3'¢ class.

27d class. One can verify
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The following propositions are true:
(48) A is of the 1% class iff A° is of the 1°* class.
(49) A is of the 2" class iff A is of the 2" class.
(50) A is of the 3™ class iff A° is of the 3™ class.

Let us consider T and let A be an of the 15 class subset of T'. Observe that
AC¢ is of the 1% class.

Let T be a topological space with subsets of the 2°4 class and let A be an
of the 2" class subset of 7. Note that A° is of the 2" class.

Let T be a topological space with subsets of the 3" class and let A be an of
the 3™ class subset of T. Note that A€ is of the 3™ class.

Next we state four propositions:

(51) If A is of the 1%¢ class, then Int A = Int Int A and Int A = Int A.

(52) If Int A = IntInt A or Int A = Int A, then A is of the 1°¢ class.

(53) Suppose A is of the 1% class and B is of the 15! class. Then Int ANInt B =
Int AN B and Int AU Int B = Int(A U B).

(54) Suppose A is of the 15 class and B is of the 15 class. Then AU B is of
the 15 class and A N B is of the 15" class.
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