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Summary. In this article we define the Discrete Fourier Transforma-
tion for univariate polynomials and show that multiplication of polynomials can
be carried out by two Fourier Transformations with a vector multiplication in-
between. Our proof follows the standard one found in the literature and uses
Vandermonde matrices, see e.g. [27].
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The articles [20], [26], 28], [5], [6], [19], [12], [3], [18], [13], [25], [2], [4], [23], [8],
[24], [14], [10], [11], [16], [7], [29], [22], [1], [15], [9], [21], and [17] provide the
notation and terminology for this paper.

1. PRELIMINARIES

The following proposition is true

(1) Let n be an element of N, L be a unital integral domain-like non de-
generated non empty double loop structure, and x be an element of L. If
x # 0p, then ™ # Of,.
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One can verify that every associative right unital add-associative right zeroed
right complementable left distributive non empty double loop structure which
is field-like is also integral domain-like.

The following four propositions are true:

(2) Let L be an add-associative right zeroed right complementable asso-
ciative commutative left unital field-like distributive non empty double
loop structure and z, y be elements of L. If x # 0y and y # Or, then
(@-y)t=a"tyh

(3) Let L be an associative commutative left unital distributive field-like non

empty double loop structure and z, z; be elements of L. If z # Or, then
zZ1 = 21_Zz

(4) Let L be a left zeroed right zeroed add-associative right complementable
non empty double loop structure, m be an element of N, and s be a finite
sequence of elements of L. Suppose len s = m and for every element k& of
N such that 1 < k and & < m holds s = 1. Then > s =m- 1.

(5) Let L be an add-associative right zeroed right complementable associa-
tive commutative left unital distributive field-like non empty double loop
structure, s be a finite sequence of elements of L, and ¢ be an element of
L. Suppose q # 11, and for every natural nulmber 7 such that 1 < i and
i <lens holds s(i) = ¢~ . Then > s = %

Let L be a unital non empty double loop structure and let m be an element
of N. The functor m, yielding an element of L is defined as follows:
(Def. 1) mp=m-1p.
Next we state several propositions:

(6) Let L be a field and m, n, k be elements of N. Suppose m > 0 and n > 0.
Let M7 be a matrix over L of dimension m x n and M5 be a matrix over
L of dimension n x k. Then (mp, - My) - My =myp, - (M; - My).

(7) Let L be a non empty zero structure, p be an algebraic sequence of L,
and i be an element of N. If p(i) # 0z, then lenp > i + 1.

(8) For every non empty zero structure L and for every algebraic sequence
s of L such that lens > 0 holds s(lens — 1) # 0p.

(9) Let L be an add-associative right zeroed right complementable distribu-
tive commutative associative left unital integral domain-like non empty
double loop structure and p, ¢ be polynomials of L. If lenp > 0 and
leng > 0, then len(p * ¢) < lenp + leng.

(10) Let L be an associative non empty double loop structure, k, [ be elements
of L, and s; be a sequence of L. Then k- (I -s1) = (k-1) - s1.
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2. MULTIPLICATION OF ALGEBRAIC SEQUENCES

Let L be a non empty double loop structure and let mq, msy be sequences of

L. The functor my - mo yields a sequence of L and is defined as follows:
(Def. 2) For every element ¢ of N holds (mq - ma)(i) = mq(2) - ma(0).

Let L be an add-associative right zeroed right complementable left distribu-
tive non empty double loop structure and let my, mo be algebraic sequences of
L. Observe that mq - mo is finite-Support.

We now state two propositions:

(11) Let L be an add-associative right zeroed right complementable distribu-
tive non empty double loop structure and mq, mo be algebraic sequences
of L. Then len(mq - my) < min(len my,len mo).

(12) Let L be an add-associative right zeroed right complementable distribu-
tive integral domain-like non empty double loop structure and my, ms be
algebraic sequences of L. If lenmq = lenmg, then len(my - ms) = lenm;.

3. POWERS IN DOUBLE LOOP STRUCTURES

Let L be an associative commutative left unital distributive field-like non
empty double loop structure, let a be an element of L, and let ¢ be an integer.
The functor a’ yielding an element of L is defined as follows:

(Def. 3) a' = {

Next we state a number of propositions:

powery (a, i), if 0 <,
power; (a, |i|)~!, otherwise.

(13) Let L be an associative commutative left unital distributive field-like non
empty double loop structure and x be an element of L. Then z° = 1.

(14) Let L be an associative commutative left unital distributive field-like non

empty double loop structure and x be an element of L. Then z! = .

(15) Let L be an associative commutative left unital distributive field-like non

empty double loop structure and z be an element of L. Then 27! =z~ 1.

(16) Let L be an associative commutative left unital distributive field-like non
degenerated non empty double loop structure and ¢ be an integer. Then
(1) =1p.

(17) Let L be an associative commutative left unital distributive field-like non
empty double loop structure, x be an element of L, and n be an element
of N. Then z"*! = 2" -z and 2" ! =z - 2™,

(18) Let L be an add-associative right zeroed right complementable associa-
tive commutative left unital distributive field-like non degenerated non

empty double loop structure, 7 be an integer, and x be an element of L.
If x # 0p, then (z¢)~! = 27"
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(19) For every field L and for every integer j and for every element x of L
such that & # 07, holds /Tt = 27 - 2!

(20) For every field L and for every integer j and for every element x of L
such that & # 07, holds 2/ ~! = 27 - 2~ L.

(21) For every field L and for all integers 4, j and for every element = of L
such that = # 0r, holds 2% - 2/ = 217,

(22) Let L be a field-like associative unital add-associative right zeroed right
complementable left distributive commutative non degenerated non empty
double loop structure, k£ be an element of N, and = be an element of L. If
x # 0p, then (z~1)*F = 27F,

(23) Let L be a field and x be an element of L. Suppose z # 0r. Let i, j, k
be natural numbers. Then z(—1) (k=1) . 5=G=1)(k=1) — z(i—=7)-(k=1)

(24) Let L be an associative commutative left unital distributive field-like non
empty double loop structure, x be an element of L, and n, m be elements
of N. Then z™™ = (z™)™.

(25) For every field L and for every element x of L such that x # 0y, and for
every integer i holds (z~ 1) = (z%)~L.

(26) For every field L and for every element x of L such that x # 0y, and for
all integers 4, j holds z%7 = (z%)/.

(27) Let L be an associative commutative left unital distributive field-like non

empty double loop structure, x be an element of L, and ¢, £ be elements
of N. If 1 < k, then 2**—1 = (xi)k—l‘

4. CONVERSION BETWEEN ALGEBRAIC SEQUENCES AND MATRICES

Let m be a natural number, let L be a non empty zero structure, and let p
be an algebraic sequence of L. The functor mConv(p, m) yielding a matrix over
L of dimension m x 1 is defined as follows:

(Def. 4) For every natural number ¢ such that 1 < ¢ and ¢ < m holds
(mConv(p,m));1 = p(i — 1).
We now state two propositions:

(28) Let m be a natural number. Suppose m > 0. Let L be a non empty zero
structure and p be an algebraic sequence of L. Then len mConv(p,m) = m
and widthmConv(p,m) = 1 and for every natural number i such that
i < m holds (mConv(p,m))iy+1,1 = p(i).

(29) Let m be a natural number. Suppose m > 0. Let L be a non empty
zero structure, a be an algebraic sequence of L, and M be a matrix over

L of dimension m x 1. Suppose that for every natural number ¢ such that
i < m holds M; 1,1 = a(i). Then mConv(a, m) = M.
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Let L be a non empty zero structure and let M be a matrix over L. The
functor aConv M yielding an algebraic sequence of L is defined by the conditions
(Def. 5).

(Def. 5)(1)  For every natural number i such that ¢ < len M holds (aConv M) (i) =
M;i1,1, and
(ii)  for every natural number i such that ¢ > len M holds (aConv M)(i) =
Or.

5. PRIMITIVE RooTs, DFT AND VANDERMONDE MATRIX

Let L be a unital non empty double loop structure, let = be an element of
L, and let n be an element of N. We say that x is primitive root of degree n if
and only if:

(Def. 6) n # 0 and 2™ = 1;, and for every element 7 of N such that 0 < ¢ and
i < n holds x* # 1y.

We now state three propositions:

(30) Let L be a unital add-associative right zeroed right complementable right
distributive non degenerated non empty double loop structure and n be
an element of N. Then 07, is Inot primitive root of degree n.

(31) Let L be an add-associative right zeroed right complementable associa-
tive commutative unital distributive field-like non degenerated non empty
double loop structure, m be an element of N, and x be an element of L.
If  is primitive root of degree m, then x~! is primitive root of degree m.

(32) Let L be an add-associative right zeroed right complementable associa-
tive commutative left unital distributive field-like non degenerated non
empty double loop structure, m be an element of N, and x be an element
of L. Suppose x is primitive root of degree m. Let i, j be natural numbers.
If1<iandi<mand1<jandj<mandi#j, then 27 # 1.

Let m be a natural number, let L be a unital non empty double loop struc-
ture, let p be a polynomial of L, and let x be an element of L. The functor
DFT(p,z,m) yielding an algebraic sequence of L is defined by the conditions
(Def. 7).

(Def. 7)(i)  For every element i of N such that ¢ < m holds (DFT(p, 2z, m))(i) =

eval(p, z'), and
(ii) for every element i of N such that ¢ > m holds (DFT(p,z,m))(i) = 0.

The following propositions are true:

(33) Let m be a natural number, L be a unital non empty double loop struc-
ture, and x be an element of L. Then DFT(0. L, z,m) = 0. L.

(34) Let m be a natural number, L be a field, p, ¢ be polynomials of L, and =
be an element of L. Then DFT(p, z, m)-DFT(q,z,m) = DFT(p*q,x,m).
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Let L be an associative commutative left unital distributive field-like non
empty double loop structure, let m be a natural number, and let z be an element
of L. The functor Vandermonde(z, m) yielding a matrix over L of dimension m
is defined as follows:

(Def. 8) For all natural numbers 4, j such that 1 < i and ¢ < m and 1 < j and
j < m holds (Vandermonde(z,m)); ; = x(~1-0=1),

Let L be an associative commutative left unital distributive field-like non
empty double loop structure, let m be a natural number, and let = be an element
of L. We introduce VM(z, m) as a synonym of Vandermonde(x,m).

One can prove the following propositions:

(35) Let L be a field and m, n be natural numbers. Suppose m > 0. Let M be

1 0 mXxXm

a matrix over L of dimension m x n. Then -M = M.
0 1/,

(36) Let L be a field and m be an element of N. Suppose 0 < m. Let u,
v, w1 be matrices over L of dimension m. Suppose that for all natural
numbers ¢, j such that 1 < ¢ and ¢ < mand 1 < j and j < m holds
(u-v)i; =mp - (u1);;. Then u-v=mp - u;.

(37) Let L be a field, x be an element of L, s be a finite sequence of elements
of L, and ¢, j, m be elements of N. Suppose that x is primitive root of
degreem and 1 <diand i <mand 1< jandj <m and lens = m and for
every natural number k such that 1 < k and k¥ < m holds s = 2(i=3) (k=1)
Then (VM(z,m) - VM(z71,m)); ; = s.

(38) Let L be a field, m, i, j be elements of N, and = be an element of L.
Suppose i # jand 1 < iandi < mand 1 < j and j < m and x is
primitive root of degree m. Then (VM (z,m) - VM(z~!,m)); ; = 0r.

(39) Let L be a field and m be an element of N. Suppose m > 0. Let z
be an element of L. If x is primitive root of degree m, then VM(z, m) -

1 0 mXxXm
VM(z=t,m) =my, - .
0 L),
(40) Let L be a field, m be an element of N, and = be an element of L. If
m > 0 and x is primitive root of degree m, then VM (z,m)-VM(x~!,m) =
VM(z~t,m) - VM(z,m).
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6. DFT-MULTIPLICATION OF POLYNOMIALS

We now state four propositions:

(41) Let L be a field, p be a polynomial of L, and m be an element of N. Sup-
pose m > 0 and lenp < m. Let  be an element of L and 7 be an element
of N. If i < m, then (DFT(p,x,m))(i) = (VM(z, m) - mConv(p,m));y1,1.

(42) Let L be a field, p be a polynomial of L, and m be a natural number. If
0 < m and lenp < m, then for every element x of L holds DFT(p,x,m) =
aConv(VM(z, m) - mConv(p, m)).

(43) Let L be a field, p, ¢ be polynomials of L, and m be an element of N.
Suppose m > 0 and len p < m and len ¢ < m. Let « be an element of L. If z
is primitive root of degree 2-m, then DET(DFT (p*q,x,2-m), 2~ %,2-m) =
(2-m)L-(pxq)

(44) Let L be a field, p, ¢ be polynomials of L, and m be an element of N.
Suppose m > 0 and lenp < m and leng < m. Let « be an element of
L. Suppose x is primitive root of degree 2 -m. If (2-m)y # 0r, then
((2-m)r)~t-DFT(DFT(p,x,2-m)-DFT(q,2,2-m),z~1,2-m) =pxq.
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The terminology and notation used here are introduced in the following articles:

[21, 91, [3], (2], [1], [5], [8], [4], [7], [11], [6], and [10].

1. SOME SPECIAL MATRICES OF REAL ELEMENTS

We use the following convention: a, b are elements of R, ¢, j, n are natural
numbers, and M, My, My, Ms, My are matrices over R of dimension n.
Let M be a matrix over R. We say that M is positive if and only if:

(Def. 1) For all 4, j such that (i, j) € the indices of M holds M; ; > 0.
We say that M is negative if and only if:

(Def. 2) For all 4, j such that (i, j) € the indices of M holds M; ; < 0.
We say that M is nonpositive if and only if:

@ 2006 University of Bialystok
129 ISSN 1426-2630



130 XIQUAN LIANG AND FUGUO GE AND XIAOPENG YUE

(Def. 3) For all 4, j such that (i, j) € the indices of M holds M; ; <O0.
We say that M is nonnegative if and only if:
(Def. 4) For all 4, j such that (i, j) € the indices of M holds M;; > 0.

Let My, Ms be matrices over R. The predicate M; T My is defined as
follows:

(Def. 5) For all 4, j such that (i, j) € the indices of M holds (M;);; < (Ma); ;.
We say that M is less or equal with Ms if and only if:
(Def. 6) For all 4, j such that (i, j) € the indices of M holds (M;); ; < (Ma); ;.

Let M be a matrix over R. The functor |:M:| yielding a matrix over R is

defined by:

(Def. 7) len|:M:| = len M and width|:M:| = width M and for all 4, j such that (7,
J) € the indices of M holds [:M:]; ; = [M; .

Let us consider n and let us consider M. Then —M is a matrix over R of
dimension n.

Let us consider n and let us consider My, Ms. Then M; + M, is a matrix
over R of dimension n.

Let us consider n and let us consider My, Ms. Then M7 — Ms is a matrix
over R of dimension n.

Let us consider n, let a be an element of R, and let us consider M. Then
a - M is a matrix over R of dimension n.

Let us observe that there exists a matrix over R which is positive and non-
negative and there exists a matrix over R which is negative and nonpositive.

Let M be a positive matrix over R. One can check that M is positive.

Let M be a negative matrix over R. Note that M T is negative.

Let M be a nonpositive matrix over R. One can verify that M T is nonposi-
tive.

Let M be a nonnegative matrix over R. Observe that M7 is nonnegative.

1.1\

Let us consider n. Observe that o is positive and nonneg-

nxn

-1 ... -1
ative and oo is negative and nonpositive.
-1 ... -1
Let us consider n. One can verify that there exists a matrix over R of
dimension n which is positive and nonnegative and there exists a matrix over R
of dimension n which is negative and nonpositive.
We now state a number of propositions:

(1) For every element z; of Rp and for every real number xy such that
T1 = xo holds —z1 = —x9.
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(2) For every matrix M over R such that (i, j) € the indices of M holds
(=M)ij = =M.

(3) For all matrices M;, My over R such that len M; = len My and
width My = width M5 and (4, j) € the indices of M; holds (M — Ms); j =
(M1)ij — (Ma)i ;-

(4) For every matrix M over R such that len(a - M) = len M and width(a -

M) = width M and (i, j) € the indices of M holds (a-M);; = a- M, ;.

The indices of M = the indices of |:M:|.

la - M:| = |a| - |: M:].

If M is negative, then —M is positive.

If My is positive and M> is positive, then M7 + My is positive.

If —Ms & My, then My + Ms is positive.

If M; is nonnegative and M, is positive, then My + My is positive.

If My is positive and My is negative and |:Mos:| C |:My:|, then My + M,
is positive.

A~ I/~ /N~
(O |
— — — Y ~— — —

If My is positive and M> is negative, then My — M> is positive.
If My C My, then My — Ms is positive.
If @ > 0 and M is positive, then a - M is positive.

If M is positive, then —M is negative.

If M; is negative and M5 is negative, then M; 4+ Ms is negative.

If My C —M,, then My + M> is negative.

If M, is positive and M is negative and |:Mi:| C [:My:|, then M; + M,
is negative.

If My € M>, then My — M5 is negative.

If My is positive and M> is negative, then My — M; is negative.

)
)
)
15) If a < 0 and M is negative, then a - M is positive.
)
)
)
)

If a < 0 and M is positive, then a - M is negative.

If @ > 0 and M is negative, then a - M is negative.

If M is nonnegative, then —M is nonpositive.

If M is negative, then M is nonpositive.

If M, is nonpositive and M, is nonpositive, then M; 4+ Ms is nonpositive.
If My is less or equal with — My, then M7 + M> is nonpositive.

If My is less or equal with Ms, then My — M> is nonpositive.

If a <0 and M is positive, then a - M is nonpositive.

If @ > 0 and M is negative, then a - M is nonpositive.

If @ > 0 and M is nonpositive, then a - M is nonpositive.

AAAAAA/_\A,_\/_\/_\,_\/_\
M O~ Y N N N~ Y N N N~ —

If @ <0 and M is nonnegative, then a - M is nonpositive.
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(33) |:M:| is nonnegative.

(34) If M; is positive, then M; is nonnegative.

(35) If M is nonpositive, then —M is nonnegative.

(36) If M; is nonnegative and My is nonnegative, then M; + M is nonnega-

tive.

w
JQ

If —M; is less or equal with My, then My + Ms is nonnegative.

(]
oo

If M> is less or equal with My, then M7 — M; is nonnegative.

W
Ne)

If @ > 0 and M is positive, then a - M is nonnegative.

If @ <0 and M is negative, then a - M is nonnegative.

N
—_

If @ <0 and M is nonpositive, then a - M is nonnegative.

AAAAAA,_\
=~ IS
\) ()
O — T T T —

If @ > 0 and M is nonnegative, then a - M is nonnegative.

N
w

If a >0 and b > 0 and M; is nonnegative and Ms is nonnegative, then
a- Mi +b- My is nonnegative.

2. SOME BASIC INEQUALITIES IN MATRICES OF REAL ELEMENTS

Next we state a number of propositions:

If My C Ms, then M is less or equal with Ms.

If M7 E My and My & Ms, then My E Ms.

If M7 E My and M3y E My, then My + Ms E My + My.
If My E Ms, then My + M3 C My + Mj.

If My C Ms, then M3 — Ms T M3 — M.

|: My + My:| is less or equal with [:My:| + |:My:|.

=
S O

N
o

AAAA,_\,_\A
IS =~
Ne) =~
D D e DD

50) If M is less or equal with Ms, then M; — Ms is less or equal with
My — Ms.

(51) If My — M3 is less or equal with My — M3, then M is less or equal with
M.

(52) If M is less or equal with My — M3, then Mj is less or equal with
Moy — M.

(53) If My — My is less or equal with M3, then M; — M3 is less or equal with
M.

(54) If My © My and Msy is less or equal with My, then My — My T My — Ms.

(55) If M is less or equal with My and M3 C My, then My — My T My — Ms.

(56) If My — Mj is less or equal with M3z — My, then M; — Ms is less or equal
with My — My.

(57) 1If My — M is less or equal with M3 — My, then My — My is less or equal
with My — M.
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(58) If My — Mj is less or equal with M3 — My, then My — Ms is less or equal
with M2 - Ml.

(59) If My + My is less or equal with Ms, then M is less or equal with
Mz — Ms.

(60) If My + M is less or equal with M3+ My, then M; — Mj is less or equal
with M4 - MQ.

(61) If My + M is less or equal with M3 — My, then M; + My is less or equal
with M3 — Mg.

(62) If My — My is less or equal with M3 + My, then M; — My is less or equal
with M3 + M.

(63) If M; is less or equal with My, then —Mj is less or equal with —Mj.
(64) If Mj is less or equal with —My, then Mj is less or equal with —Mj.
(65) If —Ms> is less or equal with M, then —M; is less or equal with M.
(66) If M, is positive, then My T My + M.

(67) If M; is negative, then My + My C M.

(68) If M) is nonnegative, then My is less or equal with M; + M.

(69) If M is nonpositive, then M; + My is less or equal with M.

(70) If M; is nonpositive and Mjy is less or equal with Ms, then Ms + M is

less or equal with M.

(71) If M; is nonpositive and Mg T Mo, then Ms + M; T M.
(72) If M, is negative and M3 is less or equal with My, then M3z + M; C My.
(73) If My is nonnegative and My is less or equal with M3, then Ms is less or
equal with M; + M3.

If M is positive and My is less or equal with Mgz, then My T My + Ms.

If M; is nonnegative and My C Ms, then My T My + Ms.

If My is nonnegative, then My — M is less or equal with M.

If M, is positive, then My — M7 E Mo.

If My is nonpositive, then My is less or equal with My — M;.

If My is negative, then My T My — M.

If M, is less or equal with Ms, then Ms — Mj is nonnegative.

If M is nonnegative and Mo E Mg, then My — My T Ms.

If M, is nonpositive and My is less or equal with Ms, then My is less or
equal with M3 — M;.

If M, is nonpositive and My E M3, then My T Mg — M.

If M, is negative and M is less or equal with M3, then My C Mg — M;.

If M7 © My and a > 0, then a- M; C a - Ms.

If M1 © My and a > 0, then a - M7 is less or equal with a - M.

If Mi C My and a < 0, then a- My C a - M.
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(88) If My C My and a <0, then a - Ms is less or equal with a - M;.

(89) If M;j is less or equal with Ms and a > 0, then a - M is less or equal
with a - Ms.

(90) If M is less or equal with My and a < 0, then a - My is less or equal
with a - M.

(91) If a > 0 and a < b and M; is nonnegative and less or equal with Mo,
then a - My is less or equal with b - M.

(92) If a <0 and b < a and M is nonpositive and My is less or equal with
M7, then a - M7 is less or equal with b - Ms.

(93) Ifa < 0and b < aand M; is negative and My = My, then a- My C b- Ms.

(94) If a > 0 and a < b and M; is nonnegative and My T Mo, then a - M; C
b- Ms.

(95) If a > 0 and a < b and M; is positive and less or equal with My, then
a - M1 E b- MQ.

(96) Ifa > 0and a < band M is positive and M; C My, then a-M; T b- My.
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Summary. A complex polynomial is called a Hurwitz polynomial if all
its roots have a real part smaller than zero. This kind of polynomial plays an
all-dominant role in stability checks of electrical networks.

In this article we prove Schur’s criterion [17] that allows to decide whether
a polynomial p(x) is Hurwitz without explicitly computing its roots: Schur’s
recursive algorithm successively constructs polynomials p;(x) of lesser degree by
division with = — ¢, #{c} < 0, such that p;(x) is Hurwitz if and only if p(z) is.
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1. PRELIMINARIES

One can prove the following propositions:
(1) Let L be an add-associative right zeroed right complementable associa-
tive commutative left unital distributive field-like non empty double loop
structure and z be an element of L. If x # 0p, then —z~! = (—z)7%.
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(2) Let L be an add-associative right zeroed right complementable asso-
ciative commutative left unital field-like distributive non degenerated non
empty double loop structure and k be an element of N. Then power; (—1y,
k) # 0.

(3) Let L be an associative right unital non empty multiplicative loop struc-
ture, = be an element of L, and k;, k2 be elements of N. Then power (z,
k1) - power (z, ko) = powery (z, k1 + ko).

(4) Let L be an add-associative right zeroed right complementable left unital
distributive non empty double loop structure and k be an element of N.
Then powery(—1z, 2-k) = 1, and power;(—1p,2-k+1) = —1p.

(5) For every element z of Cp and for every element k of N holds
powerc,. (2, k) = powerc, (%, k).

(6) Let F, G be finite sequences of elements of Cp. Suppose len G = len F’
and for every element i of N such that i € dom G holds G; = F;. Then
SG=3F.

(7) Let L be an add-associative right zeroed right complementable Abelian
non empty loop structure and Fi, F5 be finite sequences of elements of L.
Suppose len F; = len F5 and for every element ¢ of N such that ¢ € dom F;
holds (Fl)l = —(Fg)i. Then ZFI = —Z F2.

(8) Let L be an add-associative right zeroed right complementable distribu-
tive non empty double loop structure, x be an element of L, and F' be a
finite sequence of elements of L. Then z - Y F = > (z- F).

2. MORE ON POLYNOMIALS

We now state four propositions:

(9) For every add-associative right zeroed right complementable non empty
loop structure L holds —0. L = 0. L.

(10) Let L be an add-associative right zeroed right complementable non
empty loop structure and p be a polynomial of L. Then ——p = p.

(11) Let L be an add-associative right zeroed right complementable Abelian
distributive non empty double loop structure and p;, po be polynomials
of L. Then —(p1 + p2) = —p1 + —p2.

(12) Let L be an add-associative right zeroed right complementable distribu-
tive Abelian non empty double loop structure and pi, ps be polynomials
of L. Then —py % p2 = (—p1) * p2 and —p; * pa = p1 * —pa.

Let L be an add-associative right zeroed right complementable distributive
non empty double loop structure, let F' be a finite sequence of elements of
Polynom-Ring L, and let i be an element of N. The functor Coeff(F, 1) yielding
a finite sequence of elements of L is defined by the conditions (Def. 1).
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(Def. 1)(i)  len Coeff(F,i) = len F, and
(ii)  for every element j of N such that j € dom Coeff(F, i) there exists a
polynomial p of L such that p = F(j) and (Coeff(F,7))(j) = p(i).
One can prove the following propositions:

(13) Let L be an add-associative right zeroed right complementable distribu-
tive non empty double loop structure, p be a polynomial of L, and F be a
finite sequence of elements of Polynom-Ring L. If p = > F' then for every
element ¢ of N holds p(i) = > Coeff (F, ).

(14) Let L be an associative non empty double loop structure, p be a poly-
nomial of L, and x1, x2 be elements of L. Then x1 - (z2 - p) = (z1 - x2) - p.

(15) Let L be an add-associative right zeroed right complementable left dis-
tributive non empty double loop structure, p be a polynomial of L, and =
be an element of L. Then —x -p = (—x) - p.

(16) Let L be an add-associative right zeroed right complementable right
distributive non empty double loop structure, p be a polynomial of L, and
x be an element of L. Then —x-p=x - —p.

(17) Let L be a left distributive non empty double loop structure, p be a
polynomial of L, and z1, x2 be elements of L. Then (x1 + z2) - p =
T1-p+x2-D.

(18) Let L be a right distributive non empty double loop structure, p1, p2 be
polynomials of L, and z be an element of L. Then z-(p1+p2) = x-p1+x-pa.

(19) Let L be an add-associative right zeroed right complementable distribu-
tive commutative associative non empty double loop structure, pi, p2 be
polynomials of L, and z be an element of L. Then py*(x-p2) = x-(p1*p2).

Let L be a non empty zero structure and let p be a polynomial of L. The
functor degree(p) yields an integer and is defined by:
(Def. 2) degree(p) =lenp — 1.
Let L be a non empty zero structure and let p be a polynomial of L. We
introduce degp as a synonym of degree(p).
We now state several propositions:

(20) For every non empty zero structure L and for every polynomial p of L
holds degp = —1iff p = 0. L.

(21) Let L be an add-associative right zeroed right complementable non
empty loop structure and py, p2 be polynomials of L. If degp; # degpo,
then deg(p1 + p2) = max(deg p1,deg p2).

(22) Let L be an add-associative right zeroed right complementable Abelian
non empty loop structure and pi, p2 be polynomials of L. Then deg(p; +
p2) < max(degpy,degps).

(23) Let L be an add-associative right zeroed right complementable distribu-
tive commutative associative left unital integral domain-like non empty
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double loop structure and p;, po be polynomials of L. If p; # 0. L and
p2 # 0. L, then deg(py * p2) = degp1 + degpa.

(24) Let L be an add-associative right zeroed right complementable unital
non empty double loop structure and p be a polynomial of L such that
degp = 0. Then p does not have roots.

Let L be a unital non empty double loop structure, let z be an element of

L, and let k be an element of N. The functor rpoly(k, z) yields a polynomial of
L and is defined by:

(Def. 3) rpoly(k,z) = 0.L+-[0 — —powery(z, k), k— 1L].
One can prove the following propositions:

(25) Let L be a unital non empty double loop structure, z be an element of L,
and k be an element of N. If k # 0, then (rpoly(k, 2))(0) = —power (z, k)
and (rpoly(k, z))(k) = 1L.

(26) Let L be a unital non empty double loop structure, z be an element of L,
and 7, k be elements of N. If ¢ # 0 and i # k, then (rpoly(k,z))(i) = 0p,.

(27) Let L be a unital non degenerated non empty double loop structure, z
be an element of L, and k be an element of N. Then degrpoly(k, z) = k.

(28) Let L be an add-associative right zeroed right complementable left unital
commutative associative distributive field-like non degenerated non empty
double loop structure and p be a polynomial of L. Then degp = 1 if
and only if there exist elements x, z of L such that z # 07 and p =
x - rpoly(1, 2).

(29) Let L be an add-associative right zeroed right complementable Abelian
unital non degenerated non empty double loop structure and z, z be ele-
ments of L. Then eval(rpoly(1, z),z) = = — 2.

(30) Let L be an add-associative right zeroed right complementable unital
Abelian non degenerated non empty double loop structure and z be an
element of L. Then z is a root of rpoly(1, z).

Let L be a unital non empty double loop structure, let z be an element of
L, and let k£ be an element of N. The functor gpoly(k, z) yielding a polynomial
of L is defined by the conditions (Def. 4).
(Def. 4)(i)  For every element ¢ of N such that i« < & holds (qpoly(k,z))(i) =
powery (z, k —i— 1), and
(ii)  for every element i of N such that ¢ > k holds (qpoly(k, 2))(i) = Or.
Next we state three propositions:

(31) Let L be a unital non degenerated non empty double loop structure, z be
an element of L, and k be an element of N. If k£ > 1, then deg qpoly(k, z) =
k—1.

(32) Let L be an add-associative right zeroed right complementable left dis-
tributive unital commutative non empty double loop structure, z be an
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element of L, and k be an element of N. If k& > 1, then rpoly(1, z) *
gpoly(k, z) = rpoly(k, z).

(33) Let L be an Abelian add-associative right zeroed right complementable
unital associative distributive commutative non empty double loop struc-
ture, p be a polynomial of L, and z be an element of L. If z is a root of
p, then there exists a polynomial s of L such that p = rpoly(1, z) * s.

3. Di1vIiSION OF POLYNOMIALS

Let L be an Abelian add-associative right zeroed right complementable left
unital associative commutative distributive field-like non empty double loop
structure and let p, s be polynomials of L. Let us assume that s # 0. L. The
functor p + s yields a polynomial of L and is defined by:

(Def. 5) There exists a polynomial ¢t of L such that p = (p + s) *x s + ¢ and
degt < degs.

Let L be an Abelian add-associative right zeroed right complementable left
unital associative commutative distributive field-like non empty double loop
structure and let p, s be polynomials of L. The functor p mod s yielding a
polynomial of L is defined by:

(Def. 6) pmods=p— (p+s)*s.
Let L be an Abelian add-associative right zeroed right complementable left

unital associative commutative distributive field-like non empty double loop
structure and let p, s be polynomials of L. The predicate s | p is defined by:

(Def. 7) pmods=0.L.
One can prove the following three propositions:

(34) Let L be an Abelian add-associative right zeroed right complementable
left unital associative commutative distributive field-like non empty double
loop structure and p, s be polynomials of L. Suppose s # 0. L. Then s | p
if and only if there exists a polynomial ¢ of L such that ¢ x s = p.

(35) Let L be an Abelian add-associative right zeroed right complementable
left unital associative commutative distributive field-like non degenerated
non empty double loop structure, p be a polynomial of L, and z be an
element of L. If z is a root of p, then rpoly(1,z2) | p.

(36) Let L be an Abelian add-associative right zeroed right complementable
left unital associative commutative distributive field-like non degenerated
non empty double loop structure, p be a polynomial of L, and z be an
element of L. If p # 0. L and z is a root of p, then deg(p + rpoly(1,z)) =
degp — 1.
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4. SCHUR’S THEOREM

Let f be a polynomial of Cr. We say that f is Hurwitz if and only if:
(Def. 8) For every element z of Cg such that z is a root of f holds £(z) < 0.
We now state several propositions:
(37) 0.(Cg) is non Hurwitz.
(38) For every element z of Cy such that = # Oc,, holds z-1.(Cg) is Hurwitz.

(39) For all elements x, z of Cg such that = # Oc, holds z - rpoly(1, z) is
Hurwitz iff R(z) <0

(40) Let f be a polynomial of Cy and z be an element of Cg. If z # Oc,,
then f is Hurwitz iff z - f is Hurwitz.

(41) For all polynomials f, g of Cg holds f g is Hurwitz iff f is Hurwitz and
g is Hurwitz.

Let f be a polynomial of Cp. The functor f yielding a polynomial of Cp is
defined by:

(Def. 9)  For every element i of N holds f (i) = powerc_(—1c,, 1) - f(3).
We now state several propositions:
(42) For every polynomial f of Cy holds deg f = deg f.
(43) For every polynomial f of Cy holds ? =f.

(44) For every polynomial f of Cy and for every element z of Cg holds z - f =
z-f.

(45) For every polynomial f of Cr holds —f = — f.

(46) For all polynomials f, g of Cp holds f+g = f + 7.

(47) For all polynomials f, g of Cy holds f+g = f * 7.

(48) For all elements z, z of Cy holds eval(rpoly(1, 2),z) = —x — Z.

(49) For every polynomial f of Cy such that f is Hurwitz and for every

element z of Cp such that $(z) > 0 holds 0 < |eval(f, z)|.

(50) Let f be a polynomial of Cp. Suppose deg f > 1 and f is Hurwitz. Let
z be an element of Cg. Then
(i) if R(x) <0, then |eval(f,x)| < |eval(f,z)],
(i) if ®(x) > 0, then |eval(f,z)| > |eval(f,z)|, and
(iii)  if R(x) = 0, then |eval(f,x)| = |eval(f,z)|.
Let f be a polynomial of Cr and let z be an element of Cr. The functor
F « (f, z) yields a polynomial of Cg and is defined as follows:

(Def. 10) Fx(f,2) =eval(f,2) - f —eval(f,z)- f.
We now state four propositions:

(51) Let a, b be elements of Cp. Suppose |a| > |b]. Let f be a polynomial of
Cp. If deg f > 1, then f is Hurwitz iff - f — b- f is Hurwitz.
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(52) Let f be a polynomial of Cr. Suppose deg f > 1. Let r; be an element
of Cp. If R(r1) < 0, then if f is Hurwitz, then F « (f,r1) + rpoly(1,71) is
Hurwitz.

(53) Let f be a polynomial of Cr. Suppose deg f > 1. Given an element 7
of Cg such that R(ry) < 0 and |eval(f,r1)| > |eval(f,r1)|. Then f is non
Hurwitz.

(54) Let f be a polynomial of Cp. Suppose deg f > 1. Let r1 be an element
of Cr. Suppose R(r1) < 0 and |eval(f,r1)| < |eval(f,r1)|. Then f is
Hurwitz if and only if F' * (f,r1) + rpoly(1,r1) is Hurwitz.
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(2) Let X be a non empty set, S be a o-field of subsets of X, M be a
o-measure on S, f be a partial function from X to R, and r be a real
number. Suppose dom f € S and for every set x such that z € dom f
holds f(x) = r. Then f is simple function in S.

(3) For every set = holds x € LE-dom(f,a) iff z € dom f and there exists a
real number y such that y = f(x) and y < a.
Let us consider X, f, a. The functor LEQ-dom(f,a) yields a subset of X
and is defined as follows:
(Def. 2) LEQ-dom(f,a) = LEQ-dom(R(f),R(a)).
We now state the proposition
(4) For every set z holds x € LEQ-dom(f,a) iff z € dom f and there exists
a real number y such that y = f(z) and y < a.
Let us consider X, f, a. The functor GT-dom(f, a) yielding a subset of X
is defined as follows:
(Def. 3) GT-dom(f,a) = GT-dom(R(f),R(a)).
We now state the proposition
(5) For every set x holds € GT-dom(f,r) iff x € dom f and there exists a
real number y such that y = f(x) and r < y.
Let us consider X, f, a. The functor GTE-dom(f,a) yields a subset of X
and is defined as follows:
(Def. 4) GTE-dom(f,a) = GTE-dom(R(f),R(a)).
Next we state the proposition
(6) For every set = holds x € GTE-dom(f,r) iff x € dom f and there exists
a real number y such that y = f(z) and r < y.
Let us consider X, f, a. The functor EQ-dom(f, a) yielding a subset of X
is defined by:
(Def. 5) EQ-dom(f,a) = EQ-dom(R(f),R(a)).
The following propositions are true:

(7) For every set x holds x € EQ-dom(f,r) iff x € dom f and there exists a
real number y such that y = f(x) and r = y.

(8) If for every n holds F(n) = Y N GT-dom(f,r — %—H)’ then Y N
GTE-dom(f,r) = () rng F.

(9) If for every m holds F(n) = Y N LE-dom(f,r + %—H)’ then Y N
LEQ-dom(f,r) = (rng F.

(10) If for every m holds F(n) = Y N LEQ-dom(f,r — %‘H)’ then Y N

LE-dom(f,r) = Jrng F.
(11) If for every m holds F(n) = Y N GTE-dom(f,r +
GT-dom(f,r) = Jrng F.

n%rl), then Y N
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Let X be a non empty set, let S be a o-field of subsets of X, let f be a
partial function from X to R, and let A be an element of S. We say that f is
measurable on A if and only if:

(Def. 6) R(f) is measurable on A.
The following propositions are true:

(12)  f is measurable on A iff for every real number r holds ANLE-dom(f,r)
is measurable on S.

(13) Suppose A C dom f. Then f is measurable on A if and only if for every
real number r holds A N GTE-dom(f,r) is measurable on S.

(14)  f is measurable on A iff for every real number r holds ANLEQ-dom( f, r)
is measurable on S.

(15) Suppose A C dom f. Then f is measurable on A if and only if for every
real number r holds A N GT-dom(f,r) is measurable on S.

(16) If B C A and f is measurable on A, then f is measurable on B.

(17) If f is measurable on A and f is measurable on B, then f is measurable
on AUB.

(18) If f is measurable on A and A C dom f, then A N GT-dom(f,r) N
LE-dom(f, s) is measurable on S.

(19) If f is measurable on A and g is measurable on A and A C dom g, then
ANLE-dom(f,r) N GT-dom(g,r) is measurable on S.

(20) R(rf) =rR(f).

(21) If f is measurable on A and A C dom f, then r f is measurable on A.

2. THE MEASURABILITY OF f + g AND f — g FOR REAL-VALUED
FUNCTIONS f, g

For simplicity, we adopt the following rules: X denotes a non empty set, S
denotes a o-field of subsets of X, f, g denote partial functions from X to R,
A denotes an element of S, r denotes a real number, and p denotes a rational
number.

Next we state several propositions:

(22) R(f) is finite.

(23) R(f +4g) = (/) + R(g) and ’(f — g) = R(f) - Rg) and domR(f +
g) = domR(f)NdomR(g) and dom R(f — g) = dom R(f) Ndom R(g) and
domR(f + g) = dom f Ndom g and dom R(f — ¢g) = dom f N dom g.

(24) For every function F' from Q into S such that for every p holds F(p) =
ANLE-dom(f,p) N (ANLE-dom(g,r — p)) holds ANLE-dom(f +g,7) =

Urng F.
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(25) Suppose f is measurable on A and ¢ is measurable on A. Then there
exists a function F' from Q into S such that for every rational number p
holds F(p) = AN LE-dom(f,p) N (AN LE-dom(g,r — p)).

(26) If f is measurable on A and g is measurable on A, then f+g is measurable

on A.

(1) R(f)-Flo) =E() +B(-g).

(28) —R(f) =R((-1) f) and —R(f) = R(-f).

(29) 1If f is measurable on A and g is measurable on A and A C dom g, then
f — ¢ is measurable on A.

3. BAsiC PROPERTIES OF REAL-VALUED FUNCTIONS, max f AND max_ f

In the sequel X denotes a non empty set, f denotes a partial function from
X to R, and r denotes a real number.
Next we state a number of propositions:

30) maxy(R(f)) = max,(f) and max_(R(f)) = max_(f).
31) For every element = of X holds 0 < (maxy(f))(z).
(max_(f))(x).

33) max_(f) = max;(—f).

34) For every set x such that 2 € dom f and 0 < (max4(f))(z) holds

(max_(£))(z) = 0.
(35) For every set x such that z € dom f and 0 < (max_(f))(x) holds

(max (f))(x) = 0.

(36) dom(f ): dom(max, (f) — max_(f)) and dom f = dom(maxy(f) +
max_(f)).

(37) For every set = such that x € dom f holds (max4(f))(z) = f(z) or
(max (f))() = 0 but (max_(f))(z) = —f(z) or (max_

(38) For every set x such that x € dom f and (maxy(f))(z) = f(z) holds

(ma_(f))(x) = 0.

(39) For every set z such that z € dom f and (max4(f))(z) = 0 holds
(max_(f))(z) = —f(z).

(40) For every set = such that x € dom f and (max_(f))(x) = —f(x) holds

(max, () () = 0.

(41) For every set = such that z € dom f and (max_(f))(z) = 0 holds
(maxy (f))(x) = f(x).

(42) f = max;(f) — max_(f).

(43) | = [R(r)l-

(44) R(If]) = R(/)I-

(30)
(31)
(32) For every element x of X holds 0 <
(33)
(34)
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(45) |f] = max (f) + max_(f),

4. THE MEASURABILITY OF maxy f,max_ f AND |f]

In the sequel X denotes a non empty set, S denotes a o-field of subsets of
X, f denotes a partial function from X to R, and A denotes an element of S.
The following propositions are true:

(46) If f is measurable on A, then max (f) is measurable on A.

(47) If f is measurable on A and A C dom f, then max_(f) is measurable on

A.
(48) If f is measurable on A and A C dom f, then |f| is measurable on A.

5. THE DEFINITION AND THE MEASURABILITY OF A REAL-VALUED SIMPLE
FuNcTION

For simplicity, we adopt the following rules: X is a non empty set, Y is a
set, S is a o-field of subsets of X, f, g, h are partial functions from X to R, A
is an element of S, and r is a real number.

Let us consider X, S, f. We say that f is simple function in S if and only
if the condition (Def. 7) is satisfied.

(Def. 7) There exists a finite sequence F' of separated subsets of S such that
(i) dom f =JrngF, and
(ii)  for every natural number n and for all elements z, y of X such that
n € domF and z € F(n) and y € F(n) holds f(x) = f(y).
Next we state a number of propositions:
(49)  f is simple function in S iff R(f) is simple function in S.
(50) If f is simple function in S, then f is measurable on A.

(51) Let X be a set and f be a partial function from X to R. Then f is
non-negative if and only if for every set x holds 0 < f(x).

(52) Let X be aset and f be a partial function from X to R. If for every set
x such that z € dom f holds 0 < f(x), then f is non-negative.

(53) Let X be a set and f be a partial function from X to R. Then f is
non-positive if and only if for every set  holds f(z) <0.

(54) If for every set x such that x € dom f holds f(z) < 0, then f is non-
positive.

(55) If f is non-negative, then f[Y is non-negative.

(56) If f is non-negative and ¢ is non-negative, then f 4+ ¢ is non-negative.

(57) If f is non-negative, then if 0 < r, then r f is non-negative and if r <0,
then r f is non-positive.
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(58) If for every set x such that € dom f N dom g holds g(z) < f(z), then
f — ¢ is non-negative.
(59) If f is non-negative and ¢ is non-negative and h is non-negative, then
f + g + h is non-negative.
(60) For every set x such that z € dom(f + g+ h) holds (f + g+ h)(z) =
f(@) + g(x) + h(z).
max (f) is non-negative and max_(f) is non-negative.
(i) dom(max4(f+ ¢)+ max_(f)) =dom f Ndomyg,
) dom(max_(f+ g) + max,(f)) =dom fNdomyg,
) dom(max(f + g) + max_(f) +max_(g)) = dom f Ndomg,
(iv) dom(max_(f+ g¢)+ max(f)+ max;(g)) = dom f Ndomg,
) maxy(f+ g)+max_(f) is non-negative, and
) max_(f+ g) +max4(f) is non-negative.
) maxy(f+g)+max_(f)+max_(g) = max_(f+g)+max(f)+max(g).
(64) If 0 <r, then max(r f) = r maxy(f) and max_(r f) = r max_(f).
) If 0 < r, then max;((—r)f) = r max_(f) and max_((—r) f) =
r maxy (f).
(66) maxy(f]Y)=maxy(f)]Y and max_(f[Y) = max_(f)[Y-
(67) IfY C dom(f+g), then dom((f+¢)lY)=Y and dom(f[Y +¢lY)=Y
and (f +g)1Y = fIY +g[Y.
(68) EQ-dom(f,r)=f"'({r}).

6. LEMMAS FOR A REAL-VALUED MEASURABLE FUNCTION AND A SIMPLE
FuNcTIiON

For simplicity, we use the following convention: X is a non empty set, S
is a o-field of subsets of X, f, g are partial functions from X to R, A, B are
elements of S, and r, s are real numbers.

We now state a number of propositions:

(69) If f is measurable on A and A C dom f, then A N GTE-dom(f,r) N
LE-dom(f, s) is measurable on S.

(70) If f is simple function in S, then f[A is simple function in S.

(71) If f is simple function in S, then dom f is an element of S.

(72) If f is simple function in S and ¢ is simple function in S, then f + g is
simple function in S.

(73) If f is simple function in S, then r f is simple function in S.

(74) If for every set x such that x € dom(f —g) holds g(z) < f(z), then f—g
is non-negative.
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(75) There exists a partial function f from X to R such that f is simple
function in S and dom f = A and for every set x such that x € A holds
flz)=r.

(76) If f is measurable on B and A = dom f N B, then f[B is measurable on
A.

(77) If A C dom f and f is measurable on A and g is measurable on A, then
maxy (f + g) +max_(f) is measurable on A.

(78) If A C dom fNdomg and f is measurable on A and g is measurable on
A, then max_(f + g) + max, (f) is measurable on A.

(79) If dom f € S and dom g € S, then dom(f + g) € S.

(80) If dom f = A, then f is measurable on B iff f is measurable on AN B.

(81) Given an element A of S such that dom f = A. Let ¢ be a real number

and B be an element of S. If f is measurable on B, then ¢ f is measurable
on B.

7. THE INTEGRAL OF A REAL-VALUED FUNCTION

For simplicity, we follow the rules: X is a non empty set, S is a o-field of
subsets of X, M is a o-measure on .S, f, g are partial functions from X to R, r
is a real number, and F, A, B are elements of S.

Let X be a non empty set, let S be a o-field of subsets of X, let M be
a o-measure on S, and let f be a partial function from X to R. The functor
[ fdM yields an element of R and is defined by:

(Def. 8) [ fdM = [R(f)dM.

The following propositions are true:

(82) If there exists an element A of S such that A = dom f and f is measur-
able on A and f is non-negative, then [ fdM = f+ R(f)dM.

(83) If f is simple function in S and f is non-negative, then [ fdM =
[*R(f)dM and [ fdM = ["R(f)dM.

(84) If there exists an element A of S such that A = dom f and f is measur-
able on A and f is non-negative, then 0 < [ fdM.

(85) Suppose there exists an element E of S such that £ = dom f and f is
measurable on E and f is non-negative and A misses B. Then [ f[(AU
B)dM = [ flAdM + [ fIBdM.

(86) If there exists an element F of S such that £ = dom f and f is measur-
able on E and f is non-negative, then 0 < [ flAdM.

(87) Suppose there exists an element E of S such that £ = dom f and f is
measurable on E and f is non-negative and A C B. Then [ flAdM <
[ f1BdM.
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(88) If there exists an element F of S such that £ = dom f and f is measur-
able on E and M(A) =0, then [ fl|AdM = 0.
(89) If E =dom f and f is measurable on E and M(A) = 0, then [ f](E\
A)dM = [ fdM.
Let X be a non empty set, let .S be a o-field of subsets of X, let M be a
o-measure on S, and let f be a partial function from X to R. We say that f is
integrable on M if and only if:

(Def. 9) R(f) is integrable on M.
We now state a number of propositions:

(90) If f is integrable on M, then —oo < [ fdM and [ fdM < +oo.

(91) If f is integrable on M, then f[A is integrable on M.

(92) If f is integrable on M and A misses B, then [ f](A U B)dM =
[ fIAdM + [ f1BdM.

(93) If f is integrable on M and B = dom f \ A, then f[A is integrable on
M and [ fdM = [ flAdM + [ fIBdM.

(94) Given an element A of S such that A = dom f and f is measurable on
A. Then f is integrable on M if and only if |f| is integrable on M.

(95) If f is integrable on M, then | [ fdM| < [|f|dM.
(96) Suppose that
(i)  there exists an element A of S such that A = dom f and f is measurable

on A,
(i) dom f =domg,
(iii) g is integrable on M, and
(iv)  for every element x of X such that z € dom f holds |f(x)| < g(x).
Then f is integrable on M and [|f|dM < [gdM.
(97) If dom f € S and 0 < r and for every set x such that € dom f holds
f(z) =7, then [ fdM = R(r) - M(dom f).
(98) Suppose f is integrable on M and g is integrable on M and f is non-
negative and g is non-negative. Then f + ¢ is integrable on M.
(99) If f is integrable on M and g is integrable on M, then dom(f + g) € S.
(100) If f is integrable on M and g is integrable on M, then f+ g is integrable
on M.
(101) Suppose f is integrable on M and g is integrable on M. Then there
exists an element E of S such that E = dom f Ndomg and [ f+gdM =
[ fIEAM + [ g[EdM.
(102) If f is integrable on M, then r f is integrable on M and [r fdM =
R(r)- [ fdM.
Let X be a non empty set, let S be a o-field of subsets of X, let M be
a o-measure on S, let f be a partial function from X to R, and let B be an
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element of S. The functor [ fdM yielding an element of R is defined by:
B

(Def. 10) [ fdM = [ fIBdM.
B

Next we state two propositions:

(103) Suppose f is integrable on M and g is integrable on M and B C dom(f+

g). Then f + g is integrable on M and [ f+¢gdM = [ fdM + [ gdM.
B B B

(104) If f is integrable on M and f is measurable on B, then f[B is integrable

[1]

on M and [r fdM =R(r)- [ fdM.
B B
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1=
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numbers (starting from 0)

m—1
Cmy1 = Z Cit1 - Cmi.
i=0
Using the above recurrence relation we can see that
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i=0 =0
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The notation and terminology used here are introduced in the following papers:
[21, [23], [7], [25], [19], [27], [5], [28], [9], [1], [26], [21], [6], (3], [14], [12], [16], [13],
[20], [15], [8], [22], [11], [10], [18], [24], [17], and [4].

1. PRELIMINARIES

For simplicity, we adopt the following convention: x, D denote sets, i, j, k,
1, m, n denote elements of N, p, ¢ denote finite 0-sequences of N, p’, ¢’ denote
finite 0-sequences, and p1, g1 denote finite 0-sequences of D.

Next we state several propositions:

(1) (@'~ ¢)ldomp' =y

(2) If n < domp, then (p' ~¢)In=7p'In.

(3) Ifn=domp +k, then (p' "¢ )[n=1p"" (k).
(4) There exists ¢’ such that p’ = (p/[n) " ¢'.

(5) There exists ¢; such that p1 = (p1[n) ~ q.

Let us consider p. We say that p is dominated by 0 if and only if:
(Def. 1) rngp C {0,1} and for every k such that k& < domp holds 2- > (plk) < k.
The following propositions are true:
(6) If p is dominated by 0, then 2- Y (plk) < k.
(7) If p is dominated by 0, then p(0) = 0.
Let us consider k, m. Then k — m is a finite 0-sequence of N.
One can check that there exists a finite 0-sequence of N which is empty and
dominated by 0 and there exists a finite 0-sequence of N which is non empty

and dominated by 0.
The following propositions are true:

(8) m+— 0 is dominated by 0.
(9)
(10) 1If p is dominated by 0, then p[n is dominated by 0.
(11)

If n > m, then (n — 0) ~ (m +— 1) is dominated by 0.

If p is dominated by 0 and ¢ is dominated by 0, then p ™ ¢ is dominated

by 0.

(12) If p is dominated by 0, then 2- > (p[(2-n+1)) <2-n+1.

(13) 1If p is dominated by 0 and n < lenp —2- > p, then p ™ (n —— 1) is
dominated by 0.

(14) If p is dominated by 0 and n < (k + lenp) — 2 - > p, then (k +—
0) "p~ (n+—1) is dominated by 0.

(15) 1If p is dominated by 0 and 2- > (p[k) = k, then k < lenp and len(p[k) =
k.

(16) 1If p is dominated by 0 and 2- > (plk) = k and p = (p[k) " g, then ¢ is

dominated by 0.
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(17) 1If p is dominated by 0 and 2 - > (plk) = k and k = n + 1, then plk =
(pln) = (L r—1).

(18) Let given m, p. Suppose m = min*{n : 2-> (p[n) = n A n > 0}
and m > 0 and p is dominated by 0. Then there exists ¢ such that
pm=(1+0)" ¢~ (1 1) and ¢ is dominated by 0.

(19) Let given p. Suppose rngp C {0,1} and p is not dominated by 0. Then
there exists k such that 2-k+1 =min*{n:2-> (p/n) >n}and 2-k+1 <
domp and k= > (p[(2-k)) and p(2- k) = 1.

(20) Let given p, g, k. Suppose p[(2-k+leng) = (k+——0) "¢~ (k — 1)
and ¢ is dominated by 0 and 2- ) ¢ = lenq and k£ > 0. Then min*{n :
2-3 (pln)=n A n>0}=2-k+leng.

(21) Let given p. Suppose p is dominated by 0 and {i:2- > (p[i) =1 A i >
0} = 0 and lenp > 0. Then there exists ¢ such that p = (0) ~ ¢ and ¢ is
dominated by 0.

(22) If p is dominated by 0, then (0) ~p is dominated by 0 and {7 : 2-> (({(0) "
pI) =i A i>0}=0.

(23) If rngp C {0,1} and p is not dominated by 0 and 2-k + 1 = min*{n :
2-> (pIn) > n}, then p[(2 - k) is dominated by 0.

2. THE RECURRENCE RELATION FOR THE CATALAN NUMBERS

Let n, m be natural numbers. The functor Doming(n, m) yields a subset of
{0,1}* and is defined as follows:

(Def. 2) 2 € Doming(n, m) iff there exists a finite 0-sequence p of N such that
p = and p is dominated by 0 and domp =n and > p =m.

Next we state two propositions:
(24) p € Doming(n,m) iff p is dominated by 0 and domp =n and > p =m.
(25) Doming(n,m) C Choose(n,m,1,0).

Let us consider n, m. One can check that Doming(n,m) is finite.

One can prove the following propositions:
(26) Doming(n,m) is empty iff 2-m > n.
(27)
(28) card Doming(n,0) = 1.
(29)

Doming(n,0) = {n —— 0}.

Let given p, n. Suppose rngp C {0,n}. Then there exists ¢ such that
lenp = leng and rmgq C {0,n} and for every k such that & < lenp
holds > (plk) + > (qlk) = n - k and for every k such that k € lenp holds
q(k) =n — p(k).

(30) If m <mn, then (/1) > 0.
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(31) If2-(m+1) <n, then card(Choose(n,m+1,1,0) \ Doming(n,m+1)) =
card Choose(n, m, 1,0).

32) If 2 (m+1) <n, then card Doming(n, m +1) = (,,"1) — (,)-
33) If 2-m < n, then card Doming(n,m) = % (M.

(32)

(33)

(34) card Doming(2 + k,1) = k + 1.

(35) card Doming(4 + k,2) = w.
(36)

(37)

(38)

36) card Doming(6 + k,3) = w.

Ca)
n+1"°
card Doming(2 - n,n) = Catalan(n + 1).

37
38

Let us consider D. A functional non empty set is said to be a set of w-

card Doming(2 - n,n) =

sequences of D if:
(Def. 3) For every x such that = € it holds z is a finite O-sequence of D.
Let us consider D. Then D is a set of w-sequences of D. Let F be a set of
w-sequences of D. We see that the element of F' is a finite O-sequence of D.
In the sequel p2 denotes an element of N¥.
We now state several propositions:
(39) {p2:domps =2-n A pyis dominated by 0} = (an)
(40) Let given n, m, k, j, l. Suppose j =n—2-(k+1) and l =m — (k+1).
Then {p2 : p2 € Doming(n,m) A 2-(k+1) =min*{i:2-> (p2]i) =
i A i>0}} = card Doming(2 - k, k) - card Doming(j, [).
(41) Let given n, m. Suppose 2-m < n. Then there exists a finite 0-sequence

C4 of N such that

{p2 : p2 € Doming(n,m) A {i:2->(pali) =i A i >0} #0} = >S4
and domC; = m and for every j such that j < m holds Cy(j) =
card Doming(2 - 7, j) - card Doming(n =" 2- (j + 1),m =" (j + 1)).

(42) For every n such that n > 0 holds Doming(2-n,n) = {p2 : po € Doming(2-
n,n) A {i:2-> (p2li) =14 A i>0} # 0}

(43) Let given n. Suppose n > 0. Then there exists a finite 0-sequence Cy of
N such that ) Cy = Catalan(n + 1) and dom Cy = n and for every j such
that j < n holds Cs(j) = Catalan(j + 1) - Catalan(n —' j).

(44) {p2:p2 € Doming(n+1,m) A {i:2-> (p2li) =i A i >0} =0} =
card Doming(n, m).

(45) Let given n, m. Suppose 2-m < n. Then there exists a finite 0-sequence
C7 of N such that card Doming(n,m) = > Cy + card Doming(n —" 1,m)
and domC; = m and for every j such that j < m holds Ci(j) =
card Doming(2 - , j) - card Doming(n =" 2- (j +1),m =" (j + 1)).

(46) For all n, k there exists p such that > p = card Doming(2 - n + 2 +
k,n+ 1) and domp = k + 1 and for every i such that ¢ < k holds p(i) =
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card Doming(2 - n + 1 +14,n).

3. CaucHy ProbpucT

We use the following convention: si, s, s3 denote sequences of real numbers,
r denotes a real number, and Fy, Fy, F3 denote finite O-sequences of R.

Let us consider F;. The functor ) F yields a real number and is defined as
follows:

(Def 4) ZFI = +r ® F}.
Let us consider Fy, x. Then Fij(x) is a real number.
Let s1, s2 be sequences of real numbers. The functor s; (#) s2 yields a

sequence of real numbers and is defined by the condition (Def. 5).

(Def. 5) Let k be a natural number. Then there exists a finite 0-sequence F of

R such that dom F} = k + 1 and for every n such that n € k 4+ 1 holds
Fi(n) =s1(n)-s2(k —"n) and > F; = (s1 (#) s2)(k).
Let us notice that the functor sq (#) s2 is commutative.
One can prove the following propositions:

(47) For all Fy, n such that n € dom Fj holds > (Fy[n)+ Fi(n) = > (Fi[(n+
1)).

(48) For all Fy, F5 such that dom F» = dom F3 and for every n such that
n € len Fy holds Fy(n) = F3(len F» —' (1 +n)) holds > F, =Y F5.

(49) For all Fy, F5 such that dom F» = dom F3 and for every n such that

n € len I holds Fy(n) =7 - F3(n) holds > Fh =r- ) Fj.

s1(#) 1 s2 =1 (s1(#) s2).

s1(#)(s2 + s3) = (51 (#) s2) + (51 (#) 53)-

(s1 () 52)(0) = 1(0) - 52(0).

For all s1, s2, n there exists F such that (3 n_o(s1 (#) 52)())ren(n) =
> F; and dom F; = n + 1 and for every i such that ¢ € n + 1 holds
Fi(i) = 51(0) - (Ca=0(s2)(@))sen(n —"4).

(54) Let given s1, s, n. Suppose sg is summable. Then there exists F; such
that (3 a—o(s1 (#) s2)(@))sen(n) = 322 - (a—o(s1)(@))nen(n) — 3 Fi
and dom F; = n + 1 and for every i such that i € n + 1 holds F}(i) =
s1(6) - 2(s2 T ((n =) + 1))

(55) For every Fj there exists a finite 0-sequence a; of R such that doma; =
dom Fy and |>] Fi| < > ay and for every ¢ such that i € doma; holds
ar(i) = [F1(2)]-

(56) For every s; such that s; is summable there exists r such that 0 < r and
for every k holds |> (s T k)| <.
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(57) For all s1, n, m such that n < m and for every ¢ holds s1(7) > 0 holds
(X a=o(s1)(@))ren(n) < (Xa=o(s1)(@))ren(m).

(58) For all s1, sy such that s; is absolutely summable and sg is summable
holds s1 (#) s2 is summable and Y (s1 (#) s2) = >_ 51+ >, S2.

(59) If p= Fy, then Y p=> Fi.

4. THE GENERATING FUNCTION FOR THE CATALAN NUMBERS

Next we state the proposition

(60) Let given r. Then there exists a sequence Cy of real numbers such that
(i) for every n holds Cy(n) = Catalan(n + 1) - r", and
(i) if |r| < 1, then C5 is absolutely summable and > Cy = 147 (3 Cs)?

and ) Co = ﬁ and if r # 0, then > Cy = 1*27@
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Summary. In this article, we define the set H of quaternion numbers
as the set of all ordered sequences ¢ = (z,y,w, z) where z,y,w and z are real
numbers. The addition, difference and multiplication of the quaternion numbers
are also defined. We define the real and imaginary parts of ¢ and denote this by
xz=R(q), y = S1(q), w = F2(q), z = S3(q). We define the addition, difference,
multiplication again and denote this operation by real and three imaginary parts.
We define the conjugate of ¢ denoted by ¢’ and the absolute value of ¢ denoted
by |g|. We also give some properties of quaternion numbers.

MML identifier: QUATERNI, version: 7.8.03 4.75.958

The articles [14], [16], [2], [1], [12], [17], [4], [5], [6], [13], [3], [11], [7], [8], [15],
[18], [9], and [10] provide the terminology and notation for this paper.
We use the following convention: a, b, ¢, d, =, y, w, z, 1, T3, T3, x4 denote
sets and A denotes a non empty set.
The functor H is defined by:
(Def. 1) H = (R*\ {z; 2 ranges over elements of R*: x(2) =0 A z(3) = 0}) UC.
Let x be a number. We say that = is quaternion if and only if:
(Def. 2) x€H.
Let us observe that H is non empty.
Let us consider z, y, w, z, a, b, ¢, d. The functor [z — a,y +— b,w — ¢, z +— d]
yields a set and is defined as follows:
(Def. 3) [z +—a,y—bw c,z—d =[x+ a,y— b+ [wr— ¢, z+—d.
Let us consider z, y, w, z, a, b, ¢, d. Note that [z — a,y — b,w — ¢, z +— d]
is function-like and relation-like.
Next we state several propositions:
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(1) dom[z +— a,y — byw — ¢,z — d] = {z,y,w, z}.

(2) rnglz — a,y— b,w— ¢, z+—d] C{a,b,c,d}.

(3) Suppose z, y, w, z are mutually different. Then [z — a,y — b,w +—
¢,z—dl(x) =aand [x — a,y — byw— ¢,z — d|(y) =band [z — a,y —
byw ¢,z +—d|(w) =cand [z — a,y — bw— ¢, z+— d|(z) =d.

(4) If z, y, w, z are mutually different, then rnglz — a,y — b,w — ¢,z —
d] = {a,b,c,d}.

(5) {z1,z2,23,24} C X iff 1 € X and 29 € X and 23 € X and z4 € X.

Let us consider A, x, y, w, z and let a, b, ¢, d be elements of A. Then
[ +— a,y — b,w > ¢,z — d] is a function from {z,y,w, z} into A.
The functor j is defined by:

(Def. 4) j=[0+—0,1+—0,2— 1,3 0].
The functor k is defined by:
(Def. 5) k=[0+—0,1— 0,2 0,3+ 1].
One can check the following observations:
* ¢ is quaternion,
% j is quaternion, and
%k is quaternion.

Let us observe that there exists a number which is quaternion.

Let us mention that every element of H is quaternion.

Let z, y, w, z be elements of R. The functor (z,y,w, z)i yields an element
of H and is defined as follows:

(Def. 6) (x,y,w,z)m = {

Next we state three propositions:

r+yi, ifw=0and z =0,
0~ 2,1~ y,2+— w,3 — z|, otherwise.

(6) Let a, b, ¢, d, e, i, j, k be sets and g be a function. Suppose a # b and
¢ # d and dom g = {a,b,c,d} and g(a) = e and ¢(b) = ¢ and g(c) = j and
g(d) = k. Then g = [a+— e,b—i,c— j,d — k.

(7) For every element g of H there exist elements r, s, ¢, u of R such that
g=(r s, t,u)g.

(8) If a, ¢, x, w are mutually different, then [a — b,c+— d,z — y,w — z| =
{(a, b),{c, d), (z, y), (w, 2)}.

We adopt the following convention: a, b, ¢, d are elements of R and r, s, t
are elements of Q..
One can prove the following four propositions:

(9) Let A be a subset of Q4. Suppose there exists ¢ such that ¢ € A and
t # () and for all 7, s such that r € A and s < r holds s € A. Then there
exist elements ry, rq, r3, 14, 5 of Q4 such that
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rme€Aandro € Aand r3 € A and ry € A and r5 € A and r; # ro and
ry #rg and r1 # rq and 71 # r5 and 9 # r3 and ro # r4 and ro # r5 and
r3 # 14 and r3 # r5 and r4 # 75.

(10) [0+—a,1— b2+ c,3—d] ¢ C.

(11) Let a, b, ¢, d, z, y, z, w, ', 3/, 2/, W' be sets. Suppose a, b, ¢, d are
mutually different and [a — z,0 — y,¢c — z,d — w] = [a — 2')b —
y,c— 2 d—w']. Then x =2/ and y = 3’ and 2z = 2’ and w = w'.

(12) For all elements zj, =2, x3, x4, Y1, Y2, Y3, Ya of R such that
(w1, 22,23, 24)H = (Y1,Y2,Y3,Y4)m holds z1 =y and 29 = y» and x3 = y3
and x4 = y4.

Let x, y be quaternion numbers. The functor z + y is defined by:
(Def. 7) There exist elements x1, 2, x3, T4, Y1, Y2, Y3, y4 of R such that z =
(1,22, 23, x4)m and y = (Y1, Y2, Y3, ya)m and z+y = (1 +y1, T2+ y2, 23+
Y3, T4 + Ya)H-
Let us observe that the functor x + y is commutative.
Let z be a quaternion number. The functor —z yields a quaternion number
and is defined by:
(Def. 8) z+ —2z=0.
Let us observe that the functor —z is involutive.
Let x, y be quaternion numbers. The functor x — y is defined as follows:
(Def. 9) z—y=x+ —y.
Let x, y be quaternion numbers. The functor x-y is defined by the condition
(Def. 10).
(Def. 10) There exist elements =1, z2, 3, T4, Y1, Y2, Y3, Y4 of R such that x =
(w1, 22,23, 24)m and ¥y = (Y1, Y2, ¥3, ya)ym and x -y = (x1 - y1 — T2 - Y2 — T3 -
Y3 — T4 Ya, (T1 Y2 + X2 Y1 + T3 Ya) — T4 Y3, (T1 Y3+ Y1 T3+ Y2 - Ta) —
Ya - w2, (21 ya + T4 y1 + 22 Y3) — T3 Y2)H-
Let z, 2/ be quaternion numbers. One can verify the following observations:
* 2+ 2 is quaternion,
x 2z -2 is quaternion, and
* z — 7 is quaternion.
j Is an element of H and it can be characterized by the condition:
(Def. 11) j = (0,0,1,0)x.
Then k is an element of H and it can be characterized by the condition:
(Def. 12) k= (0,0,0,1).
One can prove the following propositions:
(13) i-i=—1.
(14) joj=-1.
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(15) k-k=-1
(16) i-j=k.
A7) j-k=3i
(18) k-i=3j
(19) i-j=—j-i.
(20) j-k=—k-j.
21) k-i=—i-k

Let z be a quaternion number. The functor R(z) is defined as follows:
(Def. 13)(1)  There exists a complex number z’ such that z = 2’ and R(z) = R(z’)
if z € C,
(ii)  there exists a function f from 4 into R such that z = f and R(z) = f(0),
otherwise.
The functor $1(z) is defined by:
(Def. 14)(1)  There exists a complex number 2’ such that z = 2’ and ¥ (z) = (/)
if z € C,
(ii)  there exists a function f from 4 into R such that z = f and J;(z) =
f(1), otherwise.
The functor J3(z) is defined as follows:
(Def. 15)(1)  S2(z) =01if z € C,
(ii)  there exists a function f from 4 into R such that z = f and Sy(z) =
f(2), otherwise.
The functor 3(z) is defined by:
(Def. 16)(1) S3(z) =01if z € C,
(ii)  there exists a function f from 4 into R such that z = f and J3(z) =
f(3), otherwise.
Let z be a quaternion number. One can check the following observations:
x  R(z) is real,
x  J1(2) is real,
*  Qo(z) is real, and
*  J3(z) is real.
Let z be a quaternion number. Then #(z) is a real number. Then J(z) is
a real number. Then J2(2) is a real number. Then J3(z) is a real number.
One can prove the following two propositions:
(22) For every function f from 4 into R there exist a, b, ¢, d such that
f=0~a,1—02—¢3—d.
(23) R({a,b,c,d)g) = a and I1((a,b, c,d)g) = b and I2({a, b, c,d)y) = ¢ and
%3((@, b, C, d>H) =d.

In the sequel z, z1, 22, 23, 24 denote quaternion numbers.
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Next we state two propositions:

(24) z= (R(2),S1(2),F2(2), I3(2))m.
(25) If R(z1) = R(z2) and F1(21) = F1(22) and Fa2(z1) = F2(22) and J3(21) =
J3(22), then 21 = 2.

The quaternion number O is defined as follows:
(Def. 17) O = 0.
The quaternion number 1y is defined as follows:
(Def. 18) 1y = 1.

One can prove the following propositions:

(26) If R(z) =0 and I1(z) =0 and Ia(2) = 0 and J3(z) = 0, then z = Oy
(27) Ttz =0, then (R(2))? + (31())2 + (32(2))? + (35(2))2 = 0.

(28) T (R(2))? + (31(2))? + (32(2))? + (35(2))? = 0, then 2 = Ogr.

(29) R(1lg) =1 and ¥ (1g) = 0 and J2(1g) = 0 and F3(1y) = 0.

(30) R(i) =0 and ¥1(7) = 1 and F2(i) = 0 and I3(i) = 0.

(31) R(j) =0 and I1(j) =0 and o 1 and J3(j) = 0 and R(k) = 0 and

() =
31(k) =0 and J9(k) = 0 and I3(k) = 1.
(32) R(z1+ 22 + 23+ z4) = R(z1) + R(22) + R(23) + R(z4) and (21 + 22 +
zg + 2z4) = S1(21) + S1(22) + S1(23) + S1(24) and (21 + 22 + 23 + 24) =
%2(21) + %2(22) + %2(23) + %2(24) and 33(2’1 + 29 + 23 + 24) = %3(2’1) +
S3(22) + S3(23) + S3(24).
In the sequel x denotes a real number.
We now state three propositions:
(33) 1If 2y = x, then R(21 -i) = 0 and (21 - i) = = and (21 - i) = 0 and
%3(21 . Z) =0.
(34) If z; = x, then R(21 - j) = 0 and I1(z1 - j) = 0 and Ja2(21 - j) = « and
%3(21 . ]) =0.
(35) If z; = =, then R(z - k) = 0 and (21 - k) = 0 and Ja(z; - k) = 0 and
%3(21 . k‘) = X.
Let z be a real number and let y be a quaternion number. The functor x4y
is defined as follows:
(Def. 19) There exist elements y1, y2, y3, y4 of R such that y = (y1,y2,ys, ya)m
and = +y = (z + y1,Y2, Y3, Ya)u-
Let x be a real number and let y be a quaternion number. The functor x —y
is defined by:
(Def. 20) z—y=x+ —y.
Let x be a real number and let y be a quaternion number. The functor z -y
is defined as follows:
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(Def. 21) There exist elements y1, y2, y3, y4 of R such that y = (y1,y2,y3, ya)m
and -y = (T y1,Z Y2, % - Y3, T - Y4)H-
Let = be a real number and let 2’ be a quaternion number. One can verify
the following observations:
* x + 2 is quaternion,
* x-2' is quaternion, and
x x — 7' is quaternion.
Let 21, 2o be quaternion numbers. Then z; + 29 is an element of H and it
can be characterized by the condition:
(Def 22) 21+ 290 = %(21) + %(22) + (%1(21) + 31(22)) -1+ (%2(21) + SQ(ZQ)) -7+
(33(21) + %3(22)) - k.
The following proposition is true
(36) R(z1 + 2z2) = R(z1) + R(z2) and V(21 + 22) = Fi1(21) + F1(22) and
%2(21 + 2’2) = %2(21) + %2(22) and 33(2’1 + 22) = %3(2’1) + %3(2’2).
Let z1, z9 be elements of H. Then zj - 25 is an element of H and it can be
characterized by the condition:

(Def. 23) Z1°292 = (%(21)%(2‘2)—%1(21) %1(22)—%2(2’1)-%2 22)—%3(21)-%3(22))—1—
(R(z1) - S1(22) + S1(21) - R(z2) + Sa2(21) - S3(22)) — V3(21) - So(22)) - i +
(R(z1) - S2(22) + V2(21) - R(22) + V3(21) - S1(22)) — S1(z1) - S3(22)) - j +
(R(z1) - S3(22) + B3(21) - R(22) + S1(21) - V2(22)) — Sa(21) - Su(22)) - k.
We now state four propositions:
(B7) z=R(2) +31(2) - i +X2(z) - 7+ 33(2) - k.
(38) Suppose Fi(z1) = 0 and Fi(z2) = 0 and Ja(z1) = 0 and Ja(z2) = 0
and J3(z1) = 0 and I3(z2) = 0. Then R(z; - 22) = R(z1) - R(z2) and
%1(21 . 22) = %2(2’1) . %3(22) — %3(2’1) . %2(2’2) and 32(2’1 . 2’2) = %3(2’1)
%1(22) -3 ( ) \5“3(2’2) and %3(21 -2’2) = %1(2’1) . %2(22) — %2(21) 1(22)

R

(39) Suppose R(z1) =0 and R(z2) = 0. Then R(z; - 22) = —=F1(21) - F1(22) —

2( ) \5“2(2’2) %3(21) -%3(2’2) and 31(2’1 -22) = \5“2( 1) %3(2’2) — %3 2’1) .

2(22) and \)“2(21 . 2’2) = %3(21) . %1(2’2) — %1(21) 3( ) and %3(21 . 22) =
1(21) - S2(22) — S2(21) - I1(22).

(40) R(z-2) = (R(2))* = (31(2))? = (32(2))? — (I3(2))* and Iy (2 - 2) =2

(R(2)-S1(2)) and Sa(z-2) = 2-(R(2)-S2(2)) and I3(z-2) = 2-(R(2)-I3(2)).

Let z be a quaternion number. Then —z is an element of H and it can be

characterized by the condition:

(Def. 24) —z=—-R(2) + (=S1(2)) - i + (=S2(2)) - j + (—=S3(2)) - k.
The following proposition is true
(41) R(—2) = —R(2) and F1(—2) = —1(2) and Fa2(—2) = —2(z) and
%3(—2’) = —%3(2’).

SR
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Let z1, 2o be quaternion numbers. Then z; — 29 is an element of H and it
can be characterized by the condition:
(Def 25) 21— 29 = (%(21) — %(22)) + (%1(21) — Sl(ZQ)) -1+ (%2(21) — SQ(ZQ)) -7+
(S3(21) — Si3(22)) - k.
One can prove the following proposition
(42) R(z1 — z2) = R(z1) — R(22) and Fi(z1 — 22) = F1(z1) — F1(22) and
Sa(21 — 22) = S2(21) — V2(22) and Js(z1 — 22) = F3(21) — 3(22).
Let z be a quaternion number. The functor Z yielding a quaternion number
is defined by:
(Def. 26) Z =R(2) + (=S1(2)) - i + (=S2(2)) - j + (—F3(2)) - k.
Let z be a quaternion number. Then Z is an element of H.
We now state a number of propositions:
(43) Z = (R(2),—S1(2), —S2(2), —3(2))m-
(44) R(Z) = R(z) and F1(Z) = —31(2) and F2(Z) = —F2(z) and I3(7) =
—33(2).

(45) If z =0, then 7 = 0.

(46) If Z =0, then z = 0.

(47) 1y = 1g.

(48) R(i) =0and I1(i) = —1 and I2(i) = 0 and J3(i) = 0.
(49) R(j)=0and $1(j) =0 and Sa(j) = —1 and I3(j) = 0.
(50) R(k)=0and (k) =0 and J2(k) =0 and I3(k) = —1.
(51) 7 = —i.

(52) 7=-j

(563) k= —k.

(54) =zt =z =71+ 2.

(55) —z =-Z.

(56) 21 — 29 =Z1 — Z2.

(57) If Sa(z1) - S3(22) # I3(21) - Sa(22), then z7 23 # Z1 - Z3.
(58) If ¥1(2) =0 and J2(2) =0 and F3(z) =0, then Z = 2.
(59) If R(z) =0, then z = —z.

(60) R(z-7Z) = (R(2)? + (31(2))? + (32(2))? + (V3(2))? and S1(2-7) =0

2
and J2(z-7Z) =0 and I3(2 - Z)

(61) R(2+7Z) =2-R(z) and F1(2+7Z) = 0and J2(2+7z) = 0 and I3(2+%Z) = 0.

(62) —z=(—R(2),—31(2), —S2(2), —S3(2))m.

(63) 21 — R = <§R(21) - %(22),%1(21) - 31(22),%2(21) - %2(22),%3(21) —
%3(22»]}]1-

(64) R(z—%)=0and ¥ (z—7) =2 -31(z) and V2(z —Z) = 2 - F2(2) and
%3(2 — 7) =2 %3(2)
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Let us consider z. The functor |z| yielding a real number is defined by:

(Def. 27) [z = /(R(2))? + (31(2))% + (S2(2))? + (S3(2))2.

We now state a number of propositions:

65
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|0m| = 0.

If |z] =0, then z = 0.

0< |z

lm| = 1.

li| = 1.

] = 1.

k| = 1.

|—2| = |2l

Z] = |zl.

0 < (R(2)) + (31(2)2 + (32(2))% + (S3(2))*.
$(z) < |z|.

Ia(2) < |z|.

I3(2) < |z|.

|21 + 22| < [21] + |22l

|21 — 22| < |21 + [22].

21| = |22| < [21 + 22].

|21] = |22| < [21 — 22].

|21 — 29| = |22 — 21].

|21 — 29| = 0 iff 29 = 2.

|21 — 29| < |21 — 2| + |2 — 22|
llz1] = [22]] <21 — 2.
|21 - 2| = [21] - |22.

|2+ 2] = (R(2))2 + (S1(2))% + (S2(2))% + (S3(2))*.
|z z] =z Z|.
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Let x, S be sets and let a be an element of S. The functor k.id(z, S, a) yields
an element of S and is defined by:
. x, if x €5,
(Def. 1) k.id(z, S,a) = { a. otherwise,
Let « be a set. The functor k.nat x yields an element of N and is defined by:
z, ifz €N,
(Def. 2)  kenate = { 0, otherwise.
Let f be a function and let z, a be sets. The functor UnivF(z, f, a) yielding
a set is defined by:
f(x), if x € dom f,
a, otherwise.

(Def. 3) UnivF(z, f,a) = {

Let a be a set. The functor Castboolean a yields a boolean set and is defined
by:
a, if a is a boolean set,
(Def. 4) Castboolean a = { false, otherwise.

Let X, a be sets. The functor CastBool(a, X) yielding a subset of X is
defined as follows:

i -
(Def. 5) CastBool(a, X) = { a, ifa € X,

(), otherwise.
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For simplicity, we adopt the following rules: n denotes an element of N, a
denotes a set, D denotes a non empty set, and p, ¢ denote finite sequences of
elements of N.

Let x be a variable. Then (z) is a finite sequence of elements of N.

Let us consider n. The functor atom. n yields a finite sequence of elements

of N and is defined by:
(Def. 6) atom.n = (5 + n).
Let us consider p. The functor —p yielding a finite sequence of elements of
N is defined by:
(Def. 7)  —p=(0) " p.

Let us consider ¢q. The functor p A q yielding a finite sequence of elements of N
is defined by:

(Def. 8) pAg=(1)"p ¢
Let us consider p. The functor EX p yielding a finite sequence of elements

of N is defined as follows:
(Def. 9) EXp=(2) " p.
The functor EG p yielding a finite sequence of elements of N is defined by:
(Def. 10) EGp = (3) " p.

Let us consider ¢q. The functor p EU ¢ yields a finite sequence of elements of N
and is defined as follows:

(Def. 11) pEUg¢=(4) "p~q.
The non empty set CTL-WFF is defined by the conditions (Def. 12).

(Def. 12) For every a such that a € CTL-WFF holds a is a finite sequence of
elements of N and for every n holds atom.n € CTL-WFF and for every
p such that p € CTL-WFF holds —-p € CTL-WFF and for all p, ¢ such
that p € CTL-WFF and g € CTL-WFF holds p A ¢ € CTL-WFF and for
every p such that p € CTL-WFF holds EXp € CTL-WFF and for every
p such that p € CTL-WFF holds EGp € CTL-WFF and for all p, ¢ such
that p € CTL-WFF and ¢ € CTL-WFF holds pEU q € CTL-WFF and for
every D such that for every a such that a € D holds a is a finite sequence
of elements of N and for every n holds atom.n € D and for every p such
that p € D holds =p € D and for all p, g such that p € D and ¢ € D holds
p A q € D and for every p such that p € D holds EXp € D and for every
p such that p € D holds EGp € D and for all p, ¢ such that p € D and
q € D holds pEU g € D holds CTL-WFF C D.

Let I be a finite sequence of elements of N. We say that I; is CTL-formula-
like if and only if:

(Def. 13) I; is an element of CTL-WFF.
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Let us mention that there exists a finite sequence of elements of N which is
CTL-formula-like.

A CTL-formula is a CTL-formula-like finite sequence of elements of N.

One can prove the following proposition

(1) ais a CTL-formula iff a € CTL-WFF .

In the sequel F', G, H, Hy, Hs denote CTL-formulae.
Let us consider n. One can verify that atom. n is CTL-formula-like.
Let us consider H. One can verify the following observations:

x —H is CTL-formula-like,
x EX H is CTL-formula-like, and
x+ EG H is CTL-formula-like.

Let us consider G. One can verify that H A G is CTL-formula-like and H EU G
is CTL-formula-like.
Let us consider H. We say that H is atomic if and only if:

(Def. 14) There exists n such that H = atom. n.
We say that H is negative if and only if:
(Def. 15) There exists H; such that H = —~H;.
We say that H is conjunctive if and only if:
(Def. 16) There exist F', G such that H = F A G.
We say that H is exist-next-formula if and only if:
(Def. 17)  There exists H; such that H = EX H;.
We say that H is exist-global-formula if and only if:
(Def. 18) There exists H; such that H = EG H;.
We say that H is exist-until-formula if and only if:
(Def. 19) There exist F', G such that H = FEUG.
Let us consider F', G. The functor F'V G yielding a CTL-formula is defined
by:
(Def. 20) FV G =—(-FA-G).
One can prove the following proposition
(2) H is atomic, or negative, or conjunctive, or exist-next-formula, or exist-
global-formula, or exist-until-formula.

Let us consider H. Let us assume that H is negative, or exist-next-formula,
or exist-global-formula. The functor Arg(H) yielding a CTL-formula is defined
as follows:

(Def. 21)(i) —Arg(H) = H if H is negative,
(i) EXArg(H)= H if H is exist-next-formula,
(ii) EGArg(H) = H, otherwise.
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Let us consider H. Let us assume that H is conjunctive or exist-until-
formula. The functor LeftArg(H) yields a CTL-formula and is defined as follows:

(Def. 22)(i)  There exists H; such that LeftArg(H) A Hy = H if H is conjunctive,
(ii)  there exists Hy such that LeftArg(H)EU H; = H, otherwise.

The functor RightArg(H) yielding a CTL-formula is defined by:

(Def. 23)(i)  There exists H; such that Hy ARightArg(H) = H if H is conjunctive,
(ii)  there exists H; such that Hy EU RightArg(H) = H, otherwise.

Let z be a set. The functor CastCTLformulax yields a CTL-formula and is

defined by:
(Def. 24) CastCTLformulax = { A CTL_WFF’
atom. 0, otherwise.

Let P; be a set. We consider Kripke structures over P; as systems

( worlds, starts, possibilities, a label ),
where the worlds constitute a set, the starts constitute a subset of the worlds,
the possibilities constitute a total relation between the worlds and the worlds,
and the label is a function from the worlds into 2.

We introduce CTL model structures which are systems

( assignations, basic assignations, a conjunction, a negation, a next-operation,
a global-operation, an until-operation ),
where the assignations constitute a non empty set, the basic assignations con-
stitute a non empty subset of the assignations, the conjunction is a binary oper-
ation on the assignations, the negation is a unary operation on the assignations,
the next-operation is a unary operation on the assignations, the global-operation
is a unary operation on the assignations, and the until-operation is a binary op-
eration on the assignations.

Let V be a CTL model structure. An assignation of V is an element of the
assignations of V.

The subset the atomic WFF of CTL-WFF is defined by:

(Def. 25) The atomic WFF = {x; x ranges over CTL-formulae: z is atomic}.

Let V be a CTL model structure, let K; be a function from the atomic WFF

into the basic assignations of V', and let f be a function from CTL-WFF into

the assignations of V. We say that f is an evaluation for K if and only if the
condition (Def. 26) is satisfied.
(Def. 26) Let H be a CTL-formula. Then

(i) if H is atomic, then f(H) = K;(H),

(ii) if H is negative, then f(H) = (the negation of V)(f(Arg(H))),

(i)  if H is conjunctive, then f(H) = (the conjunction of V') (f (LeftArg(H)),

f(RightArg(H))),
(iv) if H is exist-next-formula, then f(H) = (the next-operation of

V)(f(Arg(H))),
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(v) if H is exist-global-formula, then f(H) = (the global-operation of
V)(f(Arg(H))), and

(vi) if H is exist-until-formula, then f(H) = (the until-operation of
V) (f(LeftArg(H)), f(RightArg(H))).

Let V be a CTL model structure, let Ky be a function from the atomic
WEFF into the basic assignations of V', let f be a function from CTL-WFF
into the assignations of V, and let n be an element of N. We say that f is a
n-pre-evaluation for K if and only if the condition (Def. 27) is satisfied.

(Def. 27) Let H be a CTL-formula such that len H < n. Then

(i) if H is atomic, then f(H) = K(H),

(ii) if H is negative, then f(H) = (the negation of V)(f(Arg(H))),

(i)  if H is conjunctive, then f(H) = (the conjunction of V')( f(LeftArg(H)),
J(Right Arg(H))),

(iv) if H is exist-next-formula, then f(H) = (the next-operation of
V)(f (Arg(H))),

(v) if H is exist-global-formula, then f(H) = (the global-operation of
V)(f (Arg(H))), and

(vi) if H is exist-until-formula, then f(H) = (the until-operation of
V)(f(LeftArg(H)), J(Right Arg(H))

Let V be a CTL model structure, let K7 be a function from the atomic WFF
into the basic assignations of V', let f, h be functions from CTL-WFF into the
assignations of V', let n be an element of N, and let H be a CTL-formula. The
functor GraftEval(V, K1, f, h,n, H) yields a set and is defined as follows:

(Def. 28) GraftEval(V, Ky, f,h,n,H) =
( f(H), if len H>n+1,
Ky (H), if len H=n+1 and H is atomic,
(the negation of V))(h(Arg(H))), if len H =n+ 1 and H is negative,
(the conjunction of V')(h(LeftArg(H)), h(RightArg(H))),
if len H=n+1 and H is conjunctive,
(the next-operation of V))(h(Arg(H))), if len H =n+1 and H is
exist-next-formula,
(the global-operation of V)(h(Arg(H))), if len H =n+ 1 and H is
exist-global-formula,
(the until-operation of V')(h(LeftArg(H)), h(RightArg(H))),
if len H=n+1and H is exist-until-formula,
h(H), if len H < n + 1,
L 0, otherwise.

We follow the rules: V is a CTL model structure, K is a function from the
atomic WFF into the basic assignations of V, and f, f1, fo are functions from
CTL-WFF into the assignations of V.

Let V be a CTL model structure, let K7 be a function from the atomic
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WEFF into the basic assignations of V, and let n be an element of N. The
functor EvalSet(V, K1,n) yields a non empty set and is defined by:
(Def. 29) EvalSet(V, K1,n) = {h; h ranges over functions from CTL-WFF into the
assignations of V: h is a n-pre-evaluation for K }.
Let V be a CTL model structure, let vg be an element of the assignations of
V, and let x be a set. The functor CastEval(V,z,vg) yielding a function from
CTL-WFF into the assignations of V' is defined by:
x, if z € (the assignations of V)CTL-WFF
CTL-WFF —— vg, otherwise.
Let V be a CTL model structure and let K7 be a function from the atomic
WEFF into the basic assignations of V. The functor EvalFamily(V, K1) yielding
a non empty set is defined by the condition (Def. 31).
(Def. 31) Let p be a set. Then p € EvalFamily(V, K1) if and only if the following
conditions are satisfied:
(1) pe 9(the assignations of V , and
(ii)  there exists an element n of N such that p = EvalSet(V, K1,n).

We now state two propositions:

(Def. 30) CastEval(V,z,vg) = {

)CTL—WFF

(3) There exists f which is an evaluation for Kj.
(4) If f; is an evaluation for K and fs is an evaluation for K, then f; = fo.

Let V be a CTL model structure, let K7 be a function from the atomic
WEFF into the basic assignations of V, and let H be a CTL-formula. The
functor Evaluate(H, K;) yields an assignation of V' and is defined by:

(Def. 32) There exists a function f from CTL-WFF into the assignations of V'
such that f is an evaluation for K and Evaluate(H, K1) = f(H).

Let V be a CTL model structure and let f be an assignation of V. The
functor —f yields an assignation of V' and is defined as follows:

(Def. 33) —f = (the negation of V')(f).

Let V be a CTL model structure and let f, g be assignations of V. The
functor f A g yielding an assignation of V' is defined by:

(Def. 34) f A g = (the conjunction of V')(f, g).

Let V be a CTL model structure and let f be an assignation of V. The
functor EX f yields an assignation of V' and is defined by:

(Def. 35) EX f = (the next-operation of V')(f).
The functor EG f yielding an assignation of V is defined as follows:
(Def. 36) EG f = (the global-operation of V')(f).

Let V be a CTL model structure and let f, g be assignations of V. The
functor f EU g yields an assignation of V' and is defined as follows:

(Def. 37)  fEU g = (the until-operation of V')(f, g).
The functor fV g yielding an assignation of V' is defined as follows:
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(Def. 38) fVg=-—(=fA-g).

Next we state several propositions:

5) Evaluate(—H, K1) = - Evaluate(H, K).
6) Evaluate(H; A Ho, K1) = Evaluate(Hy, K1) A Evaluate(Ho, K7 ).

7) Evaluate(EX H, K;) = EX Evaluate(H, K7).

8) Evaluate(EG H, K;) = EG Evaluate(H, K7).

9) Evaluate(H; EU Hy, K1) = Evaluate(H;, K;) EU Evaluate(Ha, K7).
0) Evaluate(H; V Ho, K1) = Evaluate(Hy, K1) V Evaluate(Ho, K7 ).

Let f be a function and let n be an element of N. We introduce f" as a
synonym of f™.

=~ o~~~

)
)
)
)
)
(10)

Let S be a set, let f be a function from S into S, and let n be an element
of N. Then f" is a function from S into S.

We use the following convention: S is a non empty set, R is a total relation
between S and S, and s, sg, s1 are elements of S.

The scheme ExistPath deals with a non empty set A, a total relation B
between A and A, an element C of A, and a unary functor F yielding a set, and
states that:

There exists a function f from N into .4 such that f(0) = C
and for every element n of N holds (f(n), f(n + 1)) € B and
fn+1) € F(f(n))
provided the following requirement is met:
e For every element s of A holds B°{s}NF(s) is a non empty subset
of A.

Let S be a non empty set and let R be a total relation between S and S. A

function from N into S is said to be an infinity path of R if:
(Def. 39) For every element n of N holds (it(n), it(n + 1)) € R.

Let S be a non empty set. The functor ModelSP S yields a non empty set
and is defined by:
(Def. 40) ModelSP S = Boolean® .
Let S be a non empty set. Observe that ModelSP S is non empty.
Let S be a non empty set and let f be a set. The functor Fid(f, S) yielding

a function from S into Boolean is defined by:

. f, if f € ModelSP S,
(Def. 41) - Fid(f, 5) = { S +—— false, otherwise.

Now we present several schemes. The scheme FunclEX deals with a non
empty set A, a function B from A into Boolean, and a binary functor F yielding
a boolean set, and states that:

There exists a set g such that g € ModelSP A and for every set s
such that s € A holds F(s, B) = true iff (Fid(g,.A))(s) = true
for all values of the parameters.
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The scheme FunclUnique deals with a non empty set A, a function B from

A into Boolean, and a binary functor F yielding a boolean set, and states that:
Let g1, g2 be sets. Suppose that

(i) g1 € ModelSP A,
(ii)  for every set s such that s € A holds F(s,B) = true iff
Fid(g1,.A))(s) = true,
ili) g2 € ModelSP A, and
iv)  for every set s such that s € A holds F(s,B) = true iff
Fid(g2,.A))(s) = true.

Then g1 = g2

o~~~ —

for all values of the parameters.
The scheme UnOpEX deals with a non empty set A and a unary functor F
yielding an element of A, and states that:
There exists a unary operation o on A such that for every set f
such that f € A holds o(f) = F(f)
for all values of the parameters.
The scheme UnOpUnique deals with a non empty set A, a non empty set B,
and a unary functor F yielding an element of B, and states that:
Let 01, 09 be unary operations on B. Suppose for every set f such
that f € B holds o1(f) = F(f) and for every set f such that
f € B holds o2(f) = F(f). Then 01 = 02
for all values of the parameters.
The scheme Func2FEX deals with a non empty set A, a function B from
A into Boolean, a function C from A into Boolean, and a ternary functor F
yielding a boolean set, and states that:
There exists a set h such that h € ModelSP A and for every set s
such that s € A holds F(s, B,C) = true iff (Fid(h,.A))(s) = true
for all values of the parameters.
The scheme Func2Unique deals with a non empty set A, a function B from
A into Boolean, a function C from A into Boolean, and a ternary functor F
yielding a boolean set, and states that:
Let hi, ho be sets. Suppose that
(i)  h1 € ModelSP A,
(ii) for every set s such that s € A holds F(s,B,C) = true iff
(Fid(h1,.A))(s) = true,
(iii)  hg € ModelSP A, and
(iv)  for every set s such that s € A holds F(s,B,C) = true iff
(Fid(he, A))(s) = true.
Then hq = ho
for all values of the parameters.
Let S be a non empty set and let f be a set. The functor Notg(f,S) yielding
an element of ModelSP S is defined as follows:
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(Def. 42) For every set s such that s € S holds = Castboolean(Fid(f,S))(s) = true
iff (Fid(Noto(f,S),S))(s) = true.
Let S be a non empty set. The functor Not .S yields a unary operation on
ModelSP S and is defined by:

(Def. 43) For every set f such that f € ModelSP S holds (Not .S)(f) = Noto(f,.S).

Let S be a non empty set, let R be a total relation between S and S, let f bea
function from S into Boolean, and let x be a set. The functor EneXtyniv(z, f, R)
yielding an element of Boolean is defined by:
true,

if x € S and there exists an infinity path p;
of R such that p1(0) = x and f(p1(1)) = true,
false, otherwise.

(Def. 44) EneXtuniv(z, f, R) =

Let S be a non empty set, let R be a total relation between S and S, and
let f be a set. The functor EneXty(f, R) yielding an element of ModelSP S is
defined as follows:

(Def. 45) For every set s such that s € S holds EneXtyniv(s, Fid(f, S), R) = true
iff (Fid(EneXto(f, R),S))(s) = true.

Let S be a non empty set and let R be a total relation between S and S.

The functor EneXt R yields a unary operation on ModelSP S and is defined by:

(Def. 46) For every set f such that f € ModelSPS holds (EneXtR)(f) =
EneXto(f, R).

Let S be a non empty set, let R be a total relation between S and S5,
let f be a function from S into Boolean, and let  be a set. The functor
EGlobalyyiy(z, f, R) yielding an element of Boolean is defined by:

true,
if x € .S and there exists an infinity path
(Def. 47) EGlobalyiv(z, f, R) = p1 of R such that p;(0) = z and for every
element n of N holds f(pi(n)) = true,
false, otherwise.
Let S be a non empty set, let R be a total relation between S and S, and
let f be a set. The functor EGlobaly(f, R) yielding an element of ModelSP S is
defined as follows:

(Def. 48) For every set s such that s € S holds EGlobal iy (s, Fid(f, S), R) = true
iff (Fid(EGlobaly(f, R),S))(s) = true.

Let S be a non empty set and let R be a total relation between S and S.
The functor EGlobal R yields a unary operation on ModelSP S and is defined
as follows:

(Def. 49) For every set f such that f € ModelSP S holds (EGlobal R)(f) =
EGlobaly(f, R).
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Let S be a non empty set and let f, g be sets. The functor Andy(f,g,S)
yields an element of ModelSP S and is defined as follows:

(Def. 50) For every set s such that s € S holds Castboolean(Fid(f,S))(s) A
Castboolean(Fid(g, S))(s) = true iff (Fid(Ando(f,g,5),S5))(s) = true.

Let S be a non empty set. The and S yielding a binary operation on
ModelSP §' is defined by:

(Def. 51) For all sets f, g such that f € ModelSP S and g € ModelSP S holds (the

and S)(fa g) = Al’ld(](f,g,S).

Let S be a non empty set, let R be a total relation between S and S5,
let f, g be functions from S into Boolean, and let x be a set. The functor
EUntillypiv(z, f, g, R) yielding an element of Boolean is defined as follows:

true,if € S and there exists an infinity path
p1 of R such that p;(0) = x and there exists
an element m of N such that for every
element j of N such that j < m holds

f(p1(§)) = true and g(p1(m)) = true,
\ false, otherwise.

(Def. 52)  EUntillyyiy (2, f, g, R) =

Let S be a non empty set, let R be a total relation between S and S, and
let f, g be sets. The functor EUntilly(f, g, R) yields an element of ModelSP S
and is defined by:

(Def. 53) For every set s such that s € S holds EUntilly,iy (s, Fid(f, S), Fid(g, S), R)
= true iff (Fid(EUntilly(f, g, R),S))(s) = true.

Let S be a non empty set and let R be a total relation between S and S.
The functor EUntill R yields a binary operation on ModelSP S and is defined as
follows:

(Def. 54) For all sets f, g such that f € ModelSP S and g € ModelSP S holds
(EUntill R)(f, g) = EUntillo(f, g, R).

Let S be a non empty set, let X be a non empty subset of ModelSP S, and
let s be a set. The functor F-LABEL(s, X) yields a subset of X and is defined
as follows:

(Def. 55) For every set x holds z € F-LABEL(s, X) iff z € X and there exists a
function f from S into Boolean such that f =z and f(s) = true.

Let S be a non empty set and let X be a non empty subset of ModelSP S.
The functor Label X yields a function from S into 2% and is defined by:

(Def. 56) For every set x such that z € S holds (Label X)(x) = F-LABEL(x, X).

Let S be a non empty set, let Sy be a subset of S, let R be a total relation
between S and S, and let P; be a non empty subset of ModelSP S. The functor
KModel(R, So, P1) yields a Kripke structure over P; and is defined as follows:

(Def. 57) KModel(R, Sy, P1) = (S, So, R, Label P).
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Let S be a non empty set, let Sy be a subset of S, let R be a total relation
between S and S, and let P; be a non empty subset of ModelSP S. One can
check that the worlds of KModel(R, So, P;) is non empty.

Let S be a non empty set, let Sy be a subset of 5, let R be a total relation
between S and S, and let P; be a non empty subset of ModelSP S. One can
verify that ModelSP (the worlds of KModel(R, Sy, P;)) is non empty.

Let S be a non empty set, let R be a total relation between S and S, and
let B be a non empty subset of ModelSP S. The functor CTLModel(R, B1)
yielding a CTL model structure is defined as follows:

(Def. 58) CTLModel(R, B1) = (ModelSP S, By, the and S, Not S, EneXt R,
EGlobal R, EUntill R).
In the sequel B; is a non empty subset of ModelSP S and k; is a function
from the atomic WFF into the basic assignations of CTLModel(R, By).
Let S be a non empty set, let R be a total relation between S and S, let B;

be a non empty subset of ModelSP S| let s be an element of S, and let f be an
assignation of CTLModel(R, B1). The predicate s = f is defined by:

(Def. 59) (Fid(f,S))(s) = true.

Let S be a non empty set, let R be a total relation between S and S, let By
be a non empty subset of ModelSP S, let s be an element of S, and let f be an
assignation of CTLModel(R, By). We introduce s [~ f as an antonym of s = f.

Next we state several propositions:

(11) For every assignation a of CTLModel(R, B;) such that a € By holds
s = aiff a € (Label By)(s).

(12) For every assignation f of CTLModel(R, By) holds s = —f iff s [~ f.

(13) For all assignations f, g of CTLModel(R, B1) holds s = fAgiff s = f
and s | g.

(14) For every assignation f of CTLModel(R, By) holds s = EX f iff there
exists an infinity path p; of R such that p;(0) = s and p1(1) | f.

(15) Let f be an assignation of CTLModel(R, B;). Then s = EG f if and
only if there exists an infinity path p; of R such that p;(0) = s and for
every element n of N holds p;(n) = f.

(16) Let f, g be assignations of CTLModel(R, B1). Then s = fEUg if and
only if there exists an infinity path p; of R such that p;(0) = s and there
exists an element m of N such that for every element j of N such that
J <mholds p1(j) = f and p1(m) [= g.

(17) For all assignations f, g of CTLModel(R, By) holds s = fVgiff s = f
orskEg.

Let S be a non empty set, let R be a total relation between S and S, let
B be a non empty subset of ModelSP S, let k1 be a function from the atomic
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WFF into the basic assignations of CTLModel(R, B1), let s be an element of S,
and let H be a CTL-formula. The predicate s =g, H is defined by:
(Def. 60) s = Evaluate(H, k).

Let S be a non empty set, let R be a total relation between S and S, let By
be a non empty subset of ModelSP S, let k1 be a function from the atomic WFF
into the basic assignations of CTLModel(R, B1), let s be an element of S, and
let H be a CTL-formula. We introduce s j=;, H as an antonym of s =, H.

The following propositions are true:

(18) If H is atomic, then s =g, H iff k1(H) € (Label By)(s).

(19) s =g ~H i s [y H.

(20) s g, Hi AN Hyiff s =i, Hy and s =g, Ho.

(21) s =g, H1V Hy iff s =, Hy or s =g, Ha.

(22) s =g, EX H iff there exists an infinity path p; of R such that p;(0) = s

and pi(1) b, H.

(23) s f=k, EG H iff there exists an infinity path p; of R such that p;(0) = s
and for every element n of N holds pi(n) =g, H.

(24) s =k, H1 EU Hs if and only if there exists an infinity path p; of R such
that p1(0) = s and there exists an element m of N such that for every
element j of N such that 7 < m holds p1(j) Fx, Hi and p1(m) g, Ho.

(25) For every sg there exists an infinity path p; of R such that p;(0) = so.

(26) Let R be a relation between S and S. Then R is total if and only if for

every set x such that = € S there exists a set y such that y € S and (z,
y) € R.

Let S be a non empty set, let R be a total relation between S and S, let
sg be an element of S, let p; be an infinity path of R, and let n be a set. The
functor PrePath(n, so,p1) yielding an element of S is defined as follows:

S0, lf n = O,
Def. 61) PrePath =
(Def. 61) PrePath(n, s, p1) { pi1(k.nat(k.natn — 1)), otherwise.

The following propositions are true:

(27) If (so, s1) € R, then there exists an infinity path p; of R such that
p1(0) = s and pi(1) = s1.
(28) For every assignation f of CTLModel(R, By) holds s = EX f iff there
exists an element s; of S such that (s, s1) € R and s; | f.
Let S be a non empty set, let R be a total relation between S and S, and let
H be a subset of S. The functor Pred(H, R) yields a subset of S and is defined
by:
(Def. 62) Pred(H, R) = {s; s ranges over elements of S: \/;. joment of s (t € H A (s,
t) € R)}.
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Let S be a non empty set, let R be a total relation between S and S5,
let B; be a non empty subset of ModelSP S, and let f be an assignation of
CTLModel(R, By). The functor SIGMA f yields a subset of S and is defined as

follows:
(Def. 63) SIGMA f = {s; s ranges over elements of S: s = f}.

One can prove the following proposition

(29) For all assignations f, g of CTLModel(R, By) such that SIGMA f =
SIGMA g holds f = g.

Let S be a non empty set, let R be a total relation between S and S, let By
be a non empty subset of ModelSP S, and let T" be a subset of S. The functor
Tau(T, R, By) yielding an assignation of CTLModel(R, By) is defined as follows:

(Def. 64) For every set s such that s € S holds (Fid(Tau(T, R, B1),5))(s) =
Xt,5(8).

The following propositions are true:

(30) For all subsets T1, Ty of S such that Tau(Ty, R, B1) = Tau(T», R, By)
holds T1 = TQ.

(31) For every assignation f of CTLModel(R, B;) holds
Tau(SIGMA f, R, By) = f.

(32) For every subset T of S holds SIGMA Tau(T,R,B;) =T.

(33) For all assignations f, g of CTLModel(R, B1) holds SIGMA —f = S\
SIGMA f and SIGMA(fAg) = SIGMA fNSIGMA g and SIGMA(fVg) =
SIGMA f U SIGMA g.

(34) For all subsets G, G2 of S such that G; C G9 and for every element s
of S such that s = Tau(G1, R, B1) holds s = Tau(Gs, R, By).

(35) For all assignations fi, fo of CTLModel(R, By) such that for every ele-
ment s of S such that s = f; holds s = f, holds SIGMA f; C SIGMA f,.

Let S be a non empty set, let R be a total relation between S and S5,
let By be a non empty subset of ModelSP S, and let f, g be assignations of
CTLModel(R, B;). The functor Fax(f,g) yielding an assignation of

CTLModel(R, By) is defined by:

(Def. 65) Fax(f,g) = f NEXg.
Next we state the proposition

(36) Let f, g1, g2 be assignations of CTLModel(R, B1). Suppose that for
every element s of S such that s = g; holds s = g2. Let s be an element
of S. If s =Fax(f, ¢g1), then s |= Fax(f, g2).

Let S be a non empty set, let R be a total relation between S and .5, let By be
a non empty subset of ModelSP S, let f be an assignation of CTLModel(R, B1),
and let G be a subset of S. The functor SigFaxTau(f, G, R, By) yielding a subset
of S is defined by:
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(Def. 66) SigFaxTau(f, G, R, B1) = SIGMA Fax(f, Tau(G, R, B1)).
One can prove the following proposition

(37) For every assignation f of CTLModel(R,B;) and for all subsets
G1, G2 of S such that G; C Gy holds SigFaxTau(f,G1, R, B1) C
SigFaxTau(f, G2, R, By).

Let S be a non empty set, let R be a total relation between .S and S, let p; be
an infinity path of R, and let k be an element of N. The functor PathShift(p1, k)
yielding an infinity path of R is defined as follows:

(Def. 67) For every element n of N holds (PathShift(pi, k))(n) = pi(n + k).

Let S be a non empty set, let R be a total relation between S and S, let
p2, p3 be infinity paths of R, and let n, £ be elements of N. The functor
PathChange(pa, ps, k,n) yielding a set is defined by:

pa(n), if n <k,
(Def. 68) PathChange(p2,ps, k,n) = { pggn)_ b). otherwise,
Let S be a non empty set, let R be a total relation between S and S5,
let po, ps be infinity paths of R, and let k be an element of N. The functor

PathConc(pe, ps3, k) yielding a function from N into S is defined as follows:
(Def. 69) For every element n of N holds (PathConc(pa,ps,k))(n) =
PathChange(ps, ps, k,n).

We now state four propositions:

(38) Let po, ps be infinity paths of R and k be an element of N. If pa(k) =
p3(0), then PathConc(pe, ps, k) is an infinity path of R.

(39) For every assignation f of CTLModel(R, B;) and for every element s of
S holds s = EG f iff s | Fax(f,EG f).

(40) Let g be an assignation of CTLModel(R, B1) and sg be an element of
S. Suppose sy = g. Suppose that for every element s of S such that
s = g holds s = EX g. Then there exists an infinity path p; of R such that
p1(0) = sp and for every element n of N holds p1(n) [ g.

(41) Let f, g be assignations of CTLModel(R, By). Suppose that for every
element s of S holds s = ¢ iff s = Fax(f,g). Let s be an element of S. If
s =g, then s = EG f.

Let S be a non empty set, let R be a total relation between S and S5,
let B be a non empty subset of ModelSP S, and let f be an assignation of
CTLModel(R, By). The functor TransEG f yielding a C-monotone function
from 2% into 2° is defined as follows:

(Def. 70) For every subset G of S holds (TransEG f)(G) = SigFaxTau(f, G, R, By).
One can prove the following two propositions:

(42) Let f, g be assignations of CTLModel(R, B1). Then for every element s
of S holds s |= g iff s = Fax(f,g) if and only if SIGMA g is a fixpoint of
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TransEG f.

(43) For every assignation f of CTLModel(R, B1) holds SIGMAEG f =
gfp(S, TransEG f).

Let S be a non empty set, let R be a total relation between S and S, let
B; be a non empty subset of ModelSP S, and let f, g, h be assignations of
CTLModel(R, By). The functor Foax(g, f,h) yields an assignation of

CTLModel(R, By) and is defined as follows:

(Def. 71)  Foax(g, f,h) = g V Fax(f, h).
We now state the proposition
(44) Let f, g, h1, ha be assignations of CTLModel(R, B1). Suppose that for

every element s of S such that s = h; holds s = ho. Let s be an element
of S. If s = Foax(g, f, h1), then s = Foax(g, f, h2).

Let .S be a non empty set, let R be a total relation between S and .5, let By be
a non empty subset of ModelSP S, let f, g be assignations of CTLModel(R, B;),
and let H be a subset of S. The functor SigFoaxTau(g, f, H, R, B1) yields a
subset of S and is defined as follows:

(Def. 72) SigFoaxTau(g, f, H, R, B1) = SIGMA Foax(g, f, Tau(H, R, By)).
Next we state three propositions:

(45) For all assignations f, g of CTLModel(R,B;) and for all subsets
H,, Hy of S such that H; C Hy holds SigFoaxTau(g, f, Hi, R, B1) C
SigFoaxTau(g, f, Ha, R, B1).

(46) For all assignations f, g of CTLModel(R, B;) and for every element s of
S holds s = fEU g iff s = Foax(g, f, fEUg).

(47) Let f, g, h be assignations of CTLModel(R, B1). Suppose that for every

element s of S holds s = h iff s |= Foax(g, f,h). Let s be an element of S.
If s = fEUg, then s | h.

Let S be a non empty set, let R be a total relation between S and S5,
let By be a non empty subset of ModelSP S, and let f, g be assignations of
CTLModel(R, By). The functor TransEU(f, g) yields a C-monotone function
from 2% into 2° and is defined by:

(Def. 73) For every subset H of S holds
(TransEU(f, g))(H) = SigFoaxTau(g, f, H, R, B1).
One can prove the following propositions:

(48) Let f, g, h be assignations of CTLModel(R, B1). Then for every element
s of S holds s |= h iff s |= Foax(g, f, h) if and only if SIGMA h is a fixpoint
of TransEU(f, g).

(49) For all assignations f, g of CTLModel(R, B1) holds SIGMA(fEUg) =
Ifp(S, TransEU(f, g)).
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(50) For every assignation f of CTLModel(R, B;) holds SIGMAEX f =

Pred(SIGMA f, R).

(51) For every assignation f of CTLModel(R, B1) and for every subset X of

S holds (TransEG f)(X) = SIGMA f N Pred(X, R).

(52) For all assignations f, g of CTLModel(R, B1) and for every subset X of
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Summary. We are formalizing the algorithm for recognizing chordal
graphs by lexicographic breadth-first search as presented in [13, Section 3 of
Chapter 4, pp. 81-84]. Then we follow with a formalization of another algorithm
serving the same end but based on maximum cardinality search as presented by
Tarjan and Yannakakis [25].
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1. PRELIMINARIES

The following propositions are true:

(1) Let A, B be elements of N, X be a non empty set, and
F be a function from N into X. If F is one-to-one, then
{F(w);w ranges over elements of N: A<w AN w<A+ B} =B+1.

(2) For all natural numbers n, m, k such that m < k and n < m holds
k—"m<k—"n.
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(3) For all natural numbers n, k such that n < k holds (k=" (n+1)) +1=
k—'n.
(4) For all natural numbers n, m, k such that k£ # 0 holds (n+m - k) +k =
(n+k)+ m.
Let S be a set. We say that S has finite elements if and only if:
ef. very element o 1s finite.
Def. 1) E 1 f S is fini

Let us note that there exists a set which is non empty and has finite elements
and there exists a subset of 2V which is non empty and finite and has finite
elements.

Let S be a set with finite elements. One can check that every element of S
is finite.
Let f, g be functions. The functor f[U]g yielding a function is defined by:
(Def. 2)  dom(f[U]g) = dom f Udom g and for every set = such that x € dom f U
dom g holds (f[U]g)(x) = f(x) U g(x).
The following three propositions are true:
(5) For all natural numbers m, n, k holds m € Seg k\Seg(k—'n) iff k—'n < m
and m < k.
(6) For all natural numbers n, k, m such that n < m holds Segk \ Seg(k —’
n) C Segk \ Seg(k —' m).
(7) For all natural numbers n, k such that n < k holds (Segk \ Seg(k —’
n))U{k —"n} =Segk \ Seg(k —' (n+1)).
Let f be a binary relation. We say that f is natsubset yielding if and only
if:
(Def. 3) rng f C 2N
Let us mention that there exists a function which is finite-yielding and nat-
subset yielding.
Let f be a finite-yielding natsubset yielding function and let = be a set.
Then f(z) is a finite subset of N.
One can prove the following proposition
(8) For every ordinal number X and for all finite subsets a, b of X such that
a # b holds (a, 1)-bag # (b,1)-bag.
Let F' be a natural-yielding function, let S be a set, and let £ be a natural

number. The functor F'.incSubset(S, k) yielding a natural-yielding function is
defined by the conditions (Def. 4).
(Def. 4)(i) dom(F .incSubset(S, k)) = dom F, and
(ii) for every set y holds if y € S and y € domkF,
then (F .incSubset(S,k))(y) = F(y) + k and if y ¢ S, then
(F .incSubset(S, k))(y) = F(y).
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Let n be an ordinal number, let T" be a connected term order of n, and let
B be a non empty finite subset of Bagsn. The functor max(B,T') yields a bag
of n and is defined as follows:
(Def. 5) max(B,T) € B and for every bag x of n such that € B holds z <p
max(B,T).
Let O be an ordinal number. Observe that InvLexOrder O is connected.

2. MISCELLANY ON GRAPHS

Let G be a graph. Note that there exists a vertex sequence of G which is
non empty and one-to-one.
Let G be a graph and let V' be a non empty vertex sequence of G. A walk
of G is called a walk of V if:
(Def. 6) It.vertexSeq() = V.
Let G be a graph and let V' be a non empty one-to-one vertex sequence of
G. One can check that every walk of V' is path-like.
We now state two propositions:
(9) For every graph G and for all walks W7, Wy of G such that W7 is trivial
and W .last() = Wa.first() holds Wi.append(Ws) = Wa.
(10) Let G, H be graphs, A, B, C be sets, G1 be a subgraph of G induced by
A, Hy be a subgraph of H induced by B, G2 be a subgraph of G; induced
by C', and Hs be a subgraph of H; induced by C. Suppose G =¢ H and
A C Band C C A and C is a non empty subset of the vertices of G. Then
Gy =g Ho.
Let G be a v-graph. We say that GG is natural v-labeled if and only if:
(Def. 7) The vlabel of G is natural-yielding.

3. GRAPHS WITH TwO VERTEX LABELS

The natural number V2-LabelSelector is defined by:
(Def. 8) V2-LabelSelector = 8.
Let G be a graph structure. We say that G is v2-labeled if and only if:
(Def. 9) V2-LabelSelector € domG and there exists a function f such that
G(V2-LabelSelector) = f and dom f C the vertices of G.
Let us note that there exists a graph structure which is graph-like, weighted,
elabeled, vlabeled, and v2-labeled.
A v2-graph is a v2-labeled graph. A vv-graph is a vlabeled v2-labeled graph.
Let G be a v2-graph. The v2-label of G yields a function and is defined as
follows:
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(Def. 10) The v2-label of G = G(V2-LabelSelector).
Next we state the proposition
(11) For every v2-graph G holds dom (the v2-label of G) C the vertices of G.
Let G be a graph and let X be a set. Note that G.set(V2-LabelSelector, X)
is graph-like.
We now state the proposition

(12) For every graph G and for every set X holds
G.set(V2-LabelSelector, X) =¢ G.

Let G be a finite graph and let X be a set.

Note that G.set(V2-LabelSelector, X) is finite.

Let G be a loopless graph and let X be a set.

Observe that G.set(V2-LabelSelector, X) is loopless.

Let G be a trivial graph and let X be a set.

Note that G.set(V2-LabelSelector, X) is trivial.

Let G be a non trivial graph and let X be a set. One can check that
G.set(V2-LabelSelector, X) is non trivial.

Let G be a non-multi graph and let X be a set. One can check that
G.set(V2-LabelSelector, X) is non-multi.

Let G be a non-directed-multi graph and let X be a set. One can verify that
G.set(V2-LabelSelector, X)) is non-directed-multi.

Let G be a connected graph and let X be a set.

Note that G.set(V2-LabelSelector, X) is connected.

Let G be an acyclic graph and let X be a set.

One can verify that G.set(V2-LabelSelector, X) is acyclic.

Let G be a v-graph and let X be a set.

One can check that G.set(V2-LabelSelector, X) is vlabeled.

Let G be a e-graph and let X be a set. Observe that G.set(V2-LabelSelector, X)
is elabeled.

Let G be a w-graph and let X be a set. Observe that G.set(V2-LabelSelector, X)
is weighted.

Let G be a v2-graph and let X be a set.

One can verify that G.set(VLabelSelector, X) is v2-labeled.

Let G be a graph, let Y be a set, and let X be a partial function from the
vertices of G to Y. Observe that G.set(V2-LabelSelector, X) is v2-labeled.

Let G be a graph and let X be a many sorted set indexed by the vertices of
G. Observe that G.set(V2-LabelSelector, X) is v2-labeled.

Let G be a graph. One can verify that G.set(V2-LabelSelector, () is v2-
labeled.

Let G be a v2-graph. We say that G is natural v2-labeled if and only if:

(Def. 11) The v2-label of G is natural-yielding.
We say that G is finite v2-labeled if and only if:
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(Def. 12) The v2-label of G is finite-yielding.
We say that G is natsubset v2-labeled if and only if:
(Def. 13) The v2-label of G is natsubset yielding.

One can check that there exists a weighted elabeled vlabeled v2-labeled
graph which is finite, natural v-labeled, finite v2-labeled, natsubset v2-labeled,
and chordal and there exists a weighted elabeled vlabeled v2-labeled graph which
is finite, natural v-labeled, natural v2-labeled, and chordal.

Let G be a natural v-labeled v-graph. Observe that the vlabel of G is
natural-yielding.

Let G be a natural v2-labeled v2-graph. Observe that the v2-label of G is
natural-yielding.

Let G be a finite v2-labeled v2-graph. Observe that the v2-label of G is
finite-yielding.

Let G be a natsubset v2-labeled v2-graph. One can verify that the v2-label
of G is natsubset yielding.

Let G be a vv-graph and let v, = be sets. One can check that G.labelVertex(v, z)
is v2-labeled.

Next we state the proposition

(13) For every vv-graph G and for all sets v,  holds the v2-label of G = the
v2-label of G.labelVertex (v, ).

Let G be a natural v-labeled vv-graph, let v be a set, and let x be a natural
number. Observe that G.labelVertex (v, z) is natural v-labeled.

Let G be a natural v2-labeled vv-graph, let v be a set, and let x be a natural
number. Observe that G.labelVertex(v,x) is natural v2-labeled.

Let G be a finite v2-labeled vv-graph, let v be a set, and let « be a natural
number. Note that G.labelVertex(v, z) is finite v2-labeled.

Let G be a natsubset v2-labeled vv-graph, let v be a set, and let « be a
natural number. One can check that G.labelVertex(v, x) is natsubset v2-labeled.

Let G be a graph. Note that there exists a subgraph of G which is vlabeled
and v2-labeled.

Let G be a v2-graph and let G2 be a v2-labeled subgraph of G. We say that
G5 inherits v2-label if and only if:

(Def. 14) The v2-label of Gy = (the v2-label of G)[(the vertices of Ga2).

Let G be a v2-graph. Note that there exists a v2-labeled subgraph of G
which inherits v2-label.

Let G be a v2-graph. A v2-subgraph of G is a v2-labeled subgraph of G
inheriting v2-label.

Let G be a vv-graph. Note that there exists a vlabeled v2-labeled subgraph
of G which inherits vlabel and v2-label.

Let G be a vv-graph. A vv-subgraph of G is a vlabeled v2-labeled subgraph
of G inheriting vlabel and v2-label.
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Let G be a natural v-labeled v-graph. Note that every v-subgraph of G is
natural v-labeled.

Let G be a graph and let V', E be sets. Observe that there exists a subgraph
of G induced by V and E which is weighted, elabeled, vlabeled, and v2-labeled.

Let G be a vv-graph and let V, E be sets. Observe that there exists a
vlabeled v2-labeled subgraph of G induced by V and E which inherits vlabel
and v2-label.

Let G be a vv-graph and let V', E be sets. A (V, E)-induced vv-subgraph of
G is a vlabeled v2-labeled subgraph of G induced by V' and E inheriting vlabel
and v2-label.

Let G be a vv-graph and let V be a set. A V-induced vv-subgraph of G is
a (V, G.edgesBetween (V'))-induced vv-subgraph of G.

4. MORE ON GRAPH SEQUENCES

Let s be a many sorted set indexed by N. We say that s is iterative if and
only if:
(Def. 15) For all natural numbers k, n such that s(k) = s(n) holds s(k + 1) =
s(n+1).
Let G3 be a many sorted set indexed by N. We say that G3 is eventually
constant if and only if:

(Def. 16) There exists a natural number n such that for every natural number m
such that n < m holds G3(n) = Gs(m).
Let us observe that there exists a many sorted set indexed by N which is
halting, iterative, and eventually constant.
The following proposition is true
(14) For every many sorted set G4 indexed by N such that G4 is halting and
iterative holds G4 is eventually constant.

One can check that every many sorted set indexed by N which is halting and
iterative is also eventually constant.
The following proposition is true
(15) For every many sorted set G4 indexed by N such that G4 is eventually
constant holds G4 is halting.

Let us mention that every many sorted set indexed by N which is eventually
constant is also halting.
One can prove the following two propositions:
(16) Let G4 be an iterative eventually constant many sorted set indexed

by N and n be a natural number. If Gy.Lifespan() < n, then
G4(Gy.Lifespan()) = G4(n).
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(17) Let G4 be an iterative eventually constant many sorted set indexed by
N and n, m be natural numbers. If G4.Lifespan() < n and n < m, then
G4(m) = G4(n)
Let G5 be a v-graph sequence. We say that G3 is natural v-labeled if and
only if:
(Def. 17)  For every natural number x holds G3(x) is natural v-labeled.
Let G5 be a graph sequence. We say that (3 is chordal if and only if:
(Def. 18) For every natural number x holds G3(x) is chordal.
We say that Gz has fixed vertices if and only if:

(Def. 19) For all natural numbers n, m holds the vertices of G3(n) = the vertices
of G3(m).
We say that Gz is v2-labeled if and only if:
(Def. 20) For every natural number x holds Gz(x) is v2-labeled.

Let us observe that there exists a graph sequence which is weighted, elabeled,
vlabeled, and v2-labeled.

A v2-graph sequence is a v2-labeled graph sequence. A vv-graph sequence
is a vlabeled v2-labeled graph sequence.

Let G5 be a v2-graph sequence and let x be a natural number. Note that
G5(x) is v2-labeled.

Let G5 be a v2-graph sequence. We say that G5 is natural v2-labeled if and
only if:

(Def. 21) For every natural number x holds G5(x) is natural v2-labeled.
We say that G is finite v2-labeled if and only if:

(Def. 22) For every natural number x holds G5(x) is finite v2-labeled.
We say that G5 is natsubset v2-labeled if and only if:

(Def. 23) For every natural number x holds G5(x) is natsubset v2-labeled.

Let us mention that there exists a weighted elabeled vlabeled v2-labeled
graph sequence which is finite, natural v-labeled, finite v2-labeled, natsub-
set v2-labeled, and chordal and there exists a weighted elabeled vlabeled v2-
labeled graph sequence which is finite, natural v-labeled, natural v2-labeled,
and chordal.

Let G4 be a v-graph sequence and let z be a natural number. Then G4(z)
is a v-graph.

Let G5 be a natural v-labeled v-graph sequence and let x be a natural
number. Observe that G5(z) is natural v-labeled.

Let G5 be a natural v2-labeled v2-graph sequence and let « be a natural
number. One can check that G5(z) is natural v2-labeled.

Let G5 be a finite v2-labeled v2-graph sequence and let x be a natural
number. One can verify that G5(z) is finite v2-labeled.

193
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Let G5 be a natsubset v2-labeled v2-graph sequence and let x be a natural
number. Note that G5(x) is natsubset v2-labeled.

Let G5 be a chordal graph sequence and let  be a natural number. One
can check that Gs(x) is chordal.

Let G4 be a v-graph sequence and let n be a natural number. Then G4(n)
is a v-graph.

Let G4 be a finite v-graph sequence and let n be a natural number. One can
check that G4(n) is finite.

Let G4 be a vv-graph sequence and let n be a natural number. Then G4(n)
is a vv-graph.

Let G4 be a finite vv-graph sequence and let n be a natural number. One
can verify that G4(n) is finite.

Let G4 be a chordal vv-graph sequence and let n be a natural number. Note
that G4(n) is chordal.

Let G4 be a natural v-labeled vv-graph sequence and let n be a natural
number. One can check that G4(n) is natural v-labeled.

Let G4 be a finite v2-labeled vv-graph sequence and let n be a natural
number. Note that G4(n) is finite v2-labeled.

Let G4 be a natsubset v2-labeled vv-graph sequence and let n be a natural
number. One can check that G4(n) is natsubset v2-labeled.

Let G4 be a natural v2-labeled vv-graph sequence and let n be a natural
number. Observe that G4(n) is natural v2-labeled.

5. VERTICES NUMBERING SEQUENCES

Let G3 be a v-graph sequence. We say that 3 has initially empty v-label if
and only if:
(Def. 24) The vlabel of G3(0) = 0.

We say that G3 is adding one at a step if and only if the condition (Def. 25) is
satisfied.

(Def. 25) Let n be a natural number. Suppose n < Gg.Lifespan(). Then there
exists a set w such that w ¢ dom (the vlabel of G3(n)) and the vlabel of
Gs(n + 1) = (the vlabel of G3(n))+-(w——(Gs.Lifespan() =" n)).
Let GG3 be a v-graph sequence. We say that G3 is v-label numbering if and
only if the condition (Def. 26) is satisfied.

(Def. 26) Gj is iterative, eventually constant, finite, natural v-labeled, and adding
one at a step and has fixed vertices and initially empty v-label.
One can check that there exists a v-graph sequence which is iterative, even-

tually constant, finite, natural v-labeled, and adding one at a step and has fixed
vertices and initially empty v-label.
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Let us observe that there exists a v-graph sequence which is v-label num-
bering.

One can check the following observations:

* every v-graph sequence which is v-label numbering is also iterative,

* every v-graph sequence which is v-label numbering is also eventually
constant,

x every v-graph sequence which is v-label numbering is also finite,
% every v-graph sequence which is v-label numbering has also fixed vertices,

% every v-graph sequence which is v-label numbering is also natural v-

labeled,

% every v-graph sequence which is v-label numbering has also initially
empty v-label, and

* every v-graph sequence which is v-label numbering is also adding one at
a step.

A v-label numbering sequence is a v-label numbering v-graph sequence.
Let G5 be a v-label numbering sequence and let n be a natural number. The
functor G .PickedAtn yields a set and is defined by:

(Def. 27)(i) G5 .PickedAt n = choose(the vertices of G3(0)) if n > G3.Lifespan(),

(ii) G35 .PickedAtn ¢ dom (the vlabel of G3(n)) and the vlabel of G3(n +

1) = (the vlabel of G3(n))+-((Gs .PickedAt n)——(Gs.Lifespan() —' n)),
otherwise.

The following propositions are true:

(18) Let G3 be a v-label numbering sequence and n be a natural number.
If n < Gs.Lifespan(), then G3.PickedAtn € Gs(n + 1).JabeledV() and
Gs(n + 1).JabeledV() = G3(n).labeledV() U {G3 .PickedAt n}.

(19) Let G3 be a v-label numbering sequence and n be a natural number.
If n < G3.Lifespan(), then (the vlabel of G3(n + 1))(G3 .PickedAtn) =
G3.Lifespan() —' n.

(20) For every v-label numbering sequence G'3 and for every natural number
n such that n < G3.Lifespan() holds card(Gs(n).labeledV()) = n.

(21) For every v-label numbering sequence G'3 and for every natural number n
holds rng (the vlabel of G3(n)) = Seg(G3.Lifespan())\Seg(G3.Lifespan()—'

(22) Let G3 be a v-label numbering sequence, n be a natural number, and
x be a set. Then (the vlabel of G3(n))(x) < Gs.Lifespan() and if x €
Gs(n).JabeledV(), then 1 < (the vlabel of G3(n))(z).

(23) Let G3 be a v-label numbering sequence and n, m be natural numbers.
Suppose Gs.Lifespan() —' n < m and m < Gs.Lifespan(). Then there
exists a vertex v of G3(n) such that v € G3(n).labeledV() and (the vlabel
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of G3(n))(v) = m.

(24) Let G3 be a v-label numbering sequence and m, n be natural numbers.
If m < n, then the vlabel of G3(m) C the vlabel of G3(n).

(25) For every v-label numbering sequence G5 and for every natural number
n holds the vlabel of G3(n) is one-to-one.

(26) Let G3 be a v-label numbering sequence, m, n be natural numbers, and
v be a set. Suppose v € Gz(m).]abeledV() and v € G3(n).labeledV ().
Then (the vlabel of G3(m))(v) = (the vlabel of G3(n))(v).

(27) Let G5 be a v-label numbering sequence, v be a set, and m, n be natural
numbers. If v € G3(m).labeledV() and (the vlabel of G3(m))(v) = n, then
G35 .Picked At(Gs.Lifespan() —' n) = v.

(28) Let G3 be a v-label numbering sequence and m, n be natural numbers.
If n < Gs.Lifespan() and n < m, then G .PickedAt n € G3(m).labeledV()
and (the vlabel of G3(m))(Gs .PickedAt n) = G3.Lifespan() —' n.

(29) Let G3 be a v-label numbering sequence, m be a natural number, and v
be a set. Suppose v € G3(m).labeledV(). Then G3.Lifespan()—'(the vlabel
of G3(m))(v) < m and Gs.Lifespan() —' m < (the vlabel of G3(m))(v).

(30) Let G3 be a v-label numbering sequence, i be a natural number, and
a, b be sets. Suppose a € G3(i).labeledV() and b € G3(i).labeledV()
and (the vlabel of Gs(i))(a) < (the vlabel of G3(7))(b). Then b €
G3(Gs.Lifespan() — (the vlabel of G5(7))(a)).labeled V().

(31) Let G3 be a v-label numbering sequence, i be a natural number, and
a, b be sets. Suppose a € G3(i).labeledV() and b € G3(i).labeledV()
and (the vlabel of G3(i))(a) < (the vlabel of Gs3(i))(b). Then a ¢
G3(Gs.Lifespan() — (the vlabel of G3(4))(b)).labeledV ().

6. LEXICOGRAPHICAL BREADTH-FIRST SEARCH

Let G be a graph. The functor LexBFS:Init G yields a natural v-labeled
finite v2-labeled natsubset v2-labeled vv-graph and is defined as follows:

(Def. 28) LexBFS:InitG = G.set(VLabelSelector, §)).set(V2-LabelSelector, (the
vertices of G) — 0)).

Let G be a finite graph. Then LexBFS:Init G is a finite natural v-labeled
finite v2-labeled natsubset v2-labeled vv-graph.

Let G be a finite finite v2-labeled natsubset v2-labeled vv-graph. Let
us assume that dom (the v2-label of G) = the vertices of G. The functor
LexBFS:PickUnnumbered G yields a vertex of G and is defined by:

(Def. 29)(i) LexBFS:PickUnnumbered G = choose(the vertices of G) if dom (the
vlabel of G) = the vertices of G,
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(ii)  there exists a non empty finite subset S of 21 and there exists a non
empty finite subset B of Bags N and there exists a function F' such that S =
rng F' and F' = (the v2-label of G)[((the vertices of G)\ dom (the vlabel of
G)) and for every finite subset  of N such that x € S holds (x,1)-bag € B
and for every set x such that x € B there exists a finite subset y of N
such that y € S and z = (y, 1)-bag and LexBFS:PickUnnumbered G =
choose(F ! ({support max(B, InvLexOrder N)})), otherwise.

Let G be a vv-graph, let v be a set, and let k be a natural number. The
functor LexBFS:LabelAdjacent(G, v, k) yielding a vv-graph is defined as follows:

(Def. 30) LexBFS:LabelAdjacent(G, v, k) = G.set(V2-LabelSelector, (the v2-label
of G)[U]((G.adjacentSet({v})) \ dom (the vlabel of G) — {k})).

Next we state four propositions:

(32) Let G be a vv-graph, v, = be sets, and k£ be a natural number. If
x ¢ G.adjacentSet({v}), then (the v2-label of G)(x) = (the v2-label of
LexBFS:LabelAdjacent (G, v, k))(x).

(33) Let G be a vv-graph, v, x be sets, and k be a natural number. Suppose
x € dom (the vlabel of G). Then (the v2-label of G)(x) = (the v2-label of
LexBFS:LabelAdjacent (G, v, k))(x).

(34) Let G be a vv-graph, v, = be sets, and k be a natural number. Suppose
x € G.adjacentSet({v}) and = ¢ dom (the vlabel of G). Then (the v2-label
of LexBFS:LabelAdjacent(G, v, k))(z) = (the v2-label of G)(z) U {k}.

(35) Let G be a vv-graph, v be a set, and k be a natural number. Suppose
dom (the v2-label of G) = the vertices of G. Then dom (the v2-label of
LexBFS:LabelAdjacent (G, v, k)) = the vertices of G.

Let G be a finite natural v-labeled finite v2-labeled natsubset v2-labeled
vv-graph, let v be a vertex of G, and let k£ be a natural number. Then
LexBFS:LabelAdjacent(G, v, k) is a finite natural v-labeled finite v2-labeled nat-
subset v2-labeled vv-graph.

Let G be a finite natural v-labeled finite v2-labeled natsubset v2-labeled
vv-graph, let v be a vertex of GG, and let n be a natural number. The func-
tor LexBFS:Update(G, v, n) yielding a finite natural v-labeled finite v2-labeled
natsubset v2-labeled vv-graph is defined by:

(Def. 31) LexBFS:Update(G,v,n) =
LexBFS:LabelAdjacent (G labelVertex (v, G.order() —'n), v, G.order() —'n).

Let G be a finite natural v-labeled finite v2-labeled natsubset v2-labeled
vv-graph. The functor LexBFS:Step G yields a finite natural v-labeled finite
v2-labeled natsubset v2-labeled vv-graph and is defined as follows:

G, if G.order() < card dom (the vlabel of G),
(Def. 32) LexBFS:Step G = ¢ LexBFS:Update(G, LexBFS:PickUnnumbered G,
card dom (the vlabel of G)), otherwise.
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Let G be a finite graph. The functor LexBFS:CSeq G yields a finite natural
v-labeled finite v2-labeled natsubset v2-labeled vv-graph sequence and is defined
by:

(Def. 33) (LexBFS:CSeqG)(0) = LexBFS:Init G and for every natural number n
holds (LexBFS:CSeq G)(n + 1) = LexBFS:Step(LexBFS:CSeq G)(n).

We now state the proposition
(36) For every finite graph G holds LexBFS:CSeq G is iterative.

Let G be a finite graph. Observe that LexBFS:CSeq G is iterative.
Next we state a number of propositions:

(37) For every graph G holds the vlabel of LexBFS:Init G = ().

(38) Let G be a graph and v be a set. Then dom (the v2-
label of LexBFS:InitG) = the vertices of G and (the v2-label of
LexBFS:Init G)(v) = 0.

(39) For every graph G holds G =¢ LexBFS:Init G.

(40) Let G be a finite finite v2-labeled natsubset v2-labeled vv-graph and z
be a set. Suppose that
(i) ¢ dom (the vlabel of G),
(ii) dom (the v2-label of G) = the vertices of G, and
(ili) dom (the vlabel of G) # the vertices of G.
Then ((the v2-label of G)(z),1)-bag <invLexOrdern ((the v2-label of
G)(LexBFS:PickUnnumbered G), 1) -bag .

(41) Let G be a finite finite v2-labeled natsubset v2-labeled vv-graph. Sup-
pose dom (the v2-label of G) = the vertices of G and dom (the vlabel of
G) # the vertices of G. Then LexBFS:PickUnnumbered G ¢ dom (the
vlabel of G).

(42) For every finite graph G and for every natural number n holds
(LexBFS:CSeq G)(n) =¢ G.

(43) For every finite graph G and for all natural numbers m, n holds
(LexBFS:CSeq G)(m) =¢ (LexBFS:CSeq G)(n).

(44) Let G be a finite graph and n be a natural number.  Sup-
pose carddom (the vlabel of (LexBFS:CSeqG)(n)) < G.order().
Then the vlabel of (LexBFS:CSeqG)(n + 1) = (the vlabel of
(LexBFS:CSeq G)(n))+-(LexBFS:PickUnnumbered (LexBFS:CSeq G) (n)
——(G.order() = card dom (the vlabel of (LexBFS:CSeq G)(n)))).

(45) For every finite graph G and for every natural number n holds dom (the
v2-label of (LexBFS:CSeq G)(n)) = the vertices of (LexBFS:CSeq G)(n).

(46) For every finite graph G and for every natural number n such that n <
G.order() holds card dom (the vlabel of (LexBFS:CSeq G)(n)) = n.

(47) For every finite graph G and for every natural number n

such that G.order() < n holds (LexBFS:CSeqG)(G.order()) =
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(LexBFS:CSeq G)(n).

(48) For every finite graph G and for all natural numbers m, n such
that G.order() < m and m < n holds (LexBFS:CSeqG)(m) =
(LexBFS:CSeq G)(n).

(49) For every finite graph G holds LexBFS:CSeq G is eventually constant.

Let G be a finite graph. Note that LexBFS:CSeq G is eventually constant.
We now state two propositions:

(50) Let G be a finite graph and n be a natural number. Then dom (the
vlabel of (LexBFS:CSeqG)(n)) = the vertices of (LexBFS:CSeqG)(n) if
and only if G.order() < n.

(51) For every finite graph G holds (LexBFS:CSeq G).Lifespan() = G.order().

Let G be a finite chordal graph and let ¢ be a natural number. One can
check that (LexBFS:CSeq G)(i) is chordal.

Let G be a finite chordal graph. One can check that LexBFS:CSeqG is
chordal.

One can prove the following proposition
(52) For every finite graph G holds LexBFS:CSeq G is v-label numbering.

Let G be a finite graph. Note that LexBFS:CSeq G is v-label numbering.
We now state several propositions:

(53) For every finite graph G and for every natural number n
such that n < G.order() holds LexBFS:CSeqG .PickedAtn =
LexBFS:PickUnnumbered (LexBFS:CSeq G)(n).

(54) Let G be a finite graph and n be a natural number. Suppose n <
G.order(). Then there exists a vertex w of (LexBFS:CSeq G)(n) such that
(i)  w = LexBFS:PickUnnumbered(LexBFS:CSeq G)(n), and
(ii)  for every set v holds if v € G.adjacentSet({w}) and v ¢ dom (the vla-
bel of (LexBFS:CSeq G)(n)), then (the v2-label of (LexBFS:CSeq G)(n +
1))(v) = (the v2-label of (LexBFS:CSeq G)(n))(v)U{G.order() —='n} and if
v ¢ G.adjacentSet({w}) or v € dom (the vlabel of (LexBFS:CSeq G)(n)),
then (the v2-label of (LexBFS:CSeqG)(n + 1))(v) = (the v2-label of
(LexBFS:CSeq G)(n))(v).
(55) Let G be a finite graph, ¢ be a natural number, and v be a set. Then (the
v2-label of (LexBFS:CSeq G)(i))(v) C Seg(G.order())\ Seg(G.order() —'1).

(56) Let G be a finite graph, = be a set, and 4, j be natural numbers. If
i < j, then (the v2-label of (LexBFS:CSeqG)(i))(z) C (the v2-label of
(LexBFS:CSeq G)(j))(x).

(57) Let G be a finite graph, m, n be natural numbers, and =z,

y be sets. Suppose n < G.order() and n < m and y =
LexBFS:PickUnnumbered (LexBFS:CSeq G)(n) and x ¢ dom (the vlabel of
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(LexBFS:CSeq G)(n)) and z € G.adjacentSet({y}). Then G.order() —'n €
(the v2-label of (LexBFS:CSeq G)(m))(z).

(58) Let G be a finite graph and m, n be natural numbers. Suppose
m < n. Let x be a set. Suppose G.order() —' m ¢ (the v2-label of
(LexBFS:CSeq G)(m + 1))(x). Then G.order() —' m ¢ (the v2-label of
(LexBFS:CSeq G)(n))(x).

(59) Let G be a finite graph and m, n, k be natural numbers. Suppose
k < n and n < m. Let x be a set. Suppose G.order() —' k ¢ (the v2-
label of (LexBFS:CSeq G)(n))(x). Then G.order() —' k ¢ (the v2-label of
(LexBFS:CSeq G)(m))(x).

(60) Let G be a finite graph, m, n be natural numbers, and =z
be a vertex of (LexBFS:CSeqG)(m). Suppose n € (the v2-
label of (LexBFS:CSeqG)(m))(xz). Then there exists a vertex y of
(LexBFS:CSeq G)(m) such that LexBFS:PickUnnumbered (LexBFS:CSeq G)
(G.order()—'n) = y and y ¢ dom (the vlabel of (LexBFS:CSeq G)(G.order()—’
n)) and x € G.adjacentSet({y}).

Let G4 be a finite natural v-labeled vv-graph sequence. Then G4.Result() is
a finite natural v-labeled vv-graph.

The following four propositions are true:

(61) For every finite graph G holds (LexBFS:CSeq G).Result().labeledV() =
the vertices of G.

(62) For every finite graph G holds (the vlabel of (LexBFS:CSeq G).Result()) ~!

is a vertex scheme of G.

(63) Let G be a finite graph, 4, j be natural numbers, and a, b be vertices of
(LexBFS:CSeq G)(7). Suppose that
(i) a € dom (the vlabel of (LexBFS:CSeqG)(37)),
(ii) b € dom (the vlabel of (LexBFS:CSeq G)(7)),
(iii) (the wvlabel of (LexBFS:CSeqG)(i))(a) <  (the vlabel of
(LexBFS:CSeq G)(7))(b), and
(iv)  j = G.order() —' (the vlabel of (LexBFS:CSeqG)(7))(b).
Then ((the v2-label of (LexBFS:CSeqG)(j))(a),1)-bag <invLexOrderN
((the v2-label of (LexBFS:CSeq G)(j))(b),1)-bag.

(64) Let G be a finite graph, 4, j be natural numbers, and
v be a vertex of (LexBFS:CSeqG)(i). Suppose j € (the
v2-label of (LexBFS:CSeqG)(i))(v). Then there exists a vertex
w of (LexBFS:CSeqG)(i) such that w € dom (the vlabel of
(LexBFS:CSeq G)(7)) and (the vlabel of (LexBFS:CSeq G)(7))(w) = j and
v € G.adjacentSet({w}).

Let G be a natural v-labeled v-graph. We say that G has property L& if
and only if the condition (Def. 34) is satisfied.
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(Def. 34) Let a, b, ¢ be vertices of G. Suppose that a € dom (the vlabel of G) and
b € dom (the vlabel of G) and ¢ € dom (the vlabel of G) and (the vlabel
of G)(a) < (the vlabel of G)(b) and (the vlabel of G)(b) < (the vlabel of
G)(c) and a and c are adjacent and b and ¢ are not adjacent. Then there
exists a vertex d of G such that

) d € dom (the vlabel of G),
) (the vlabel of G)(c) < (the vlabel of G)(d),
(i) b and d are adjacent,
) aand d are not adjacent, and
)

for every vertex e of G such that e # d and e and b are adjacent and e
and a are not adjacent holds (the vlabel of G)(e) < (the vlabel of G)(d).

One can prove the following three propositions:

(65) For every finite graph G and for every natural number n holds
(LexBFS:CSeq G)(n) has property L3.

(66) Let G be a finite chordal natural v-labeled v-graph. Suppose G has
property L3 and dom (the vlabel of G) = the vertices of G. Let V be a
vertex scheme of G. If V~1 = the vlabel of G, then V is perfect.

(67) For every finite chordal vv-graph G holds

(the vlabel of (LexBFS:CSeq G).Result())~! is a perfect vertex scheme of
G.

7. THE MAXIMUM CARDINALITY SEARCH ALGORITHM

Let G be a finite graph. The functor MCS:Init G yields a finite natural
v-labeled natural v2-labeled vv-graph and is defined by:

(Def. 35) MCS:Init G = G.set(VLabelSelector, }).set(V2-LabelSelector, (the ver-
tices of G) — 0).
Let G be a finite natural v2-labeled vv-graph. Let us assume that dom (the
v2-label of G) = the vertices of G. The functor MCS:PickUnnumbered G yields
a vertex of G and is defined by:

(Def. 36)(1) MCS:PickUnnumbered G = choose(the vertices of G) if dom (the vla-
bel of G) = the vertices of G,
(ii) there exists a finite non empty natural-membered set .S and there exists
a function F' such that S = rngF’ and F' = (the v2-label of G)[((the
vertices of G) \ dom (the vlabel of G)) and MCS:PickUnnumbered G =
choose(F~!({max S})), otherwise.

Let G be a finite natural v2-labeled vv-graph and let v be a set. The func-
tor MCS:LabelAdjacent(G, v) yields a finite natural v2-labeled vv-graph and is
defined by:
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(Def. 37) MCS:LabelAdjacent(G,v) = G.set(V2-LabelSelector, (the v2-label of
G) .incSubset((G.adjacentSet({v})) \ dom (the vlabel of G), 1)).

Let G be a finite natural v-labeled natural v2-labeled vv-graph and let v
be a vertex of G. Then MCS:LabelAdjacent(G,v) is a finite natural v-labeled
natural v2-labeled vv-graph.

Let G be a finite natural v-labeled natural v2-labeled vv-graph, let v be a
vertex of GG, and let n be a natural number. The functor MCS:Update(G, v, n)
yielding a finite natural v-labeled natural v2-labeled vv-graph is defined as fol-
lows:

(Def. 38) MCS:Update(G,v,n) = MCS:LabelAdjacent (G label Vertex (v, G.order()—'
n),v).

Let G be a finite natural v-labeled natural v2-labeled vv-graph. The functor
MCS:Step G yielding a finite natural v-labeled natural v2-labeled vv-graph is
defined by:

G, if G.order() < card dom (the vlabel of G),
(Def. 39) MCS:Step G = { MCS:Update(G, MCS:PickUnnumbered G, card dom
(the vlabel of G)), otherwise.

Let G be a finite graph. The functor MCS:CSeq G yields a finite natural

v-labeled natural v2-labeled vv-graph sequence and is defined by:
(Def. 40) (MCS:CSeqG)(0) = MCS:Init G and for every natural number n holds
(MCS:CSeq G)(n + 1) = MCS:Step(MCS:CSeq G)(n).
The following proposition is true
(68) For every finite graph G holds MCS:CSeq G is iterative.

Let G be a finite graph. Observe that MCS:CSeq G is iterative.
We now state a number of propositions:

(69) For every finite graph G holds the vlabel of MCS:Init G = ().

(70) Let G be a finite graph and v be a set. Then dom (the v2-label of
MCS:Init G) = the vertices of G and (the v2-label of MCS:Init G)(v) = 0.
(71) For every finite graph G holds G =g MCS:Init G.
(72) Let G be a finite natural v2-labeled vv-graph and z be a set. Suppose
that
(i) ¢ dom (the vlabel of G),
(ii) dom (the v2-label of G) = the vertices of G, and
(ili) dom (the vlabel of G) # the vertices of G.
Then (the v2-label of G)(x) < (the v2-label of G)(MCS:PickUnnumbered G).
(73) Let G be a finite natural v2-labeled vv-graph. Suppose dom (the v2-label
of G) = the vertices of G and dom (the vlabel of G) # the vertices of G.
Then MCS:PickUnnumbered G ¢ dom (the vlabel of G).
(74) Let G be a finite natural v2-labeled vv-graph and v, x be sets. If
x ¢ G.adjacentSet({v}), then (the v2-label of G)(x) = (the v2-label of
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MCS:LabelAdjacent(G, v))(x).

(75) Let G be a finite natural v2-labeled vv-graph and v, x be sets. Suppose
x € dom (the vlabel of G). Then (the v2-label of G)(z) = (the v2-label of
MCS:LabelAdjacent(G, v))(x).

(76) Let G be a finite natural v2-labeled vv-graph and v, x be sets. Suppose
x € dom (the v2-label of G) and = € G.adjacentSet({v}) and x ¢ dom (the
vlabel of G). Then (the v2-label of MCS:LabelAdjacent(G,v))(x) = (the
v2-label of G)(x) + 1.

(77) Let G be a finite natural v2-labeled vv-graph and v be a set. Suppose
dom (the v2-label of G) = the vertices of G. Then dom (the v2-label of
MCS:LabelAdjacent(G, v)) = the vertices of G.

(78) For every finite graph G and for every natural number n holds
(MCS:CSeq G)(n) =¢ G.

(79) For every finite graph G and for all natural numbers m, n holds
(MCS:CSeq G)(m) =g (MCS:CSeq G)(n).

Let G be a finite chordal graph and let n be a natural number. Observe that
(MCS:CSeq G)(n) is chordal.

Let G be a finite chordal graph. Observe that MCS:CSeq G is chordal.

One can prove the following propositions:

(80) For every finite graph G and for every natural number n holds dom (the
v2-label of (MCS:CSeq G)(n)) = the vertices of (MCS:CSeqG)(n).

(81) Let G be a finite graph and n be a natural number. Suppose
card dom (the vlabel of (MCS:CSeqG)(n)) < G.order(). Then the vlabel
of (MCS:CSeqG)(n + 1) = (the vlabel of (MCS:CSeq G)(n))
+-(MCS:PickUnnumbered(MCS:CSeq G) (n)—— (G.order()—'card dom (the
vlabel of (MCS:CSeq G)(n)))).

(82) For every finite graph G and for every natural number n such that n <
G.order() holds card dom (the vlabel of (MCS:CSeqG)(n)) = n.

(83) For every finite graph G and for every natural number n such that
G.order() < n holds (MCS:CSeq G)(G.order()) = (MCS:CSeq G)(n).

(84) For every finite graph G and for all natural numbers m, n such that
G.order() <m and m < n holds (MCS:CSeq G)(m) = (MCS:CSeq G)(n).

(85) For every finite graph G holds MCS:CSeq G is eventually constant.
Let G be a finite graph. Observe that MCS:CSeq G is eventually constant.
The following propositions are true:

(86) Let G be a finite graph and n be a natural number. Then dom (the
vlabel of (MCS:CSeqG)(n)) = the vertices of (MCS:CSeqG)(n) if and
only if G.order() < n.

(87) For every finite graph G holds (MCS:CSeq G).Lifespan() = G.order().
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(88) For every finite graph G holds MCS:CSeq G is v-label numbering.

Let G be a finite graph. Note that MCS:CSeq G is v-label numbering.
Next we state three propositions:

(89) For every finite graph G and for every natural number n such that n <
G.order() holds MCS:CSeq G .PickedAt n =
MCS:PickUnnumbered(MCS:CSeq G)(n).

(90) Let G be a finite graph and n be a natural number. Suppose n <
G.order(). Then there exists a vertex w of (MCS:CSeq G)(n) such that
(i)  w = MCS:PickUnnumbered(MCS:CSeq G)(n), and
(ii)  for every set v holds if v € G.adjacentSet({w}) and v ¢ dom (the vlabel
of (MCS:CSeqG)(n)), then (the v2-label of (MCS:CSeqG)(n + 1))(v) =
(the v2-label of (MCS:CSeq G)(n))(v) + 1 and if v ¢ G.adjacentSet({w})
or v € dom (the vlabel of (MCS:CSeqG)(n)), then (the v2-label of
(MCS:CSeq G)(n + 1))(v) = (the v2-label of (MCS:CSeq G)(n))(v).

(91) Let G be a finite graph, n be a natural number, and x be a set. Sup-
pose ¢ dom (the vlabel of (MCS:CSeqG)(n)). Then (the v2-label of
(MCS:CSeq G)(n))(x) = card((G.adjacentSet({z})) N dom (the vlabel of
(MCS:CSeq G)(n))).

Let G be a natural v-labeled v-graph. We say that G has property T if and
only if the condition (Def. 41) is satisfied.

(Def. 41) Let a, b, ¢ be vertices of G. Suppose that a € dom (the vlabel of G) and
b € dom (the vlabel of G) and ¢ € dom (the vlabel of G) and (the vlabel
of G)(a) < (the vlabel of G)(b) and (the vlabel of G)(b) < (the vlabel of
G)(c) and a and c are adjacent and b and ¢ are not adjacent. Then there
exists a vertex d of G such that

d € dom (the vlabel of G),

(the vlabel of G)(b) < (the vlabel of G)(d),

b and d are adjacent, and

(i
(ii
(i
(iv

We now state three propositions:

)
)
)
) a and d are not adjacent.

(92) For every finite graph G and for every natural number n holds
(MCS:CSeq G)(n) has property T.

(93) For every finite graph G holds (LexBFS:CSeq G).Result() has property
T

(94) Let G be a finite chordal natural v-labeled v-graph. Suppose G has
property T and dom (the vlabel of G) = the vertices of G. Let V be a
vertex scheme of G. If V1 = the vlabel of G, then V is perfect.
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(3) For every binary relation R and for all sets A, B, C such that A C B
and A C C holds R[B[A = R|CTA.

(4) For all sets A, B, C such that A C B and A C C holds Xp plA =
XcclA.

(5) If a < b, then vol(['a,b']) = b — a.
(6) vol(['min(a,b), max(a,b)’]) = |b— al.

2. INTEGRABILITY AND THE INTEGRAL OF PARTIAL FUNCTIONS

The following propositions are true:

(7) If AC dom f and f is integrable on A and f is bounded on A, then |f]

is integrable on A and |/f(m)da:] < /\f\(m)dm
A A
(8) If a < b and [a,b/] C dom f and f is integrable on ['a,t’] and f is

b b
bounded on ['a,b’], then ]/f(m)da:| < /\f\(m)dm

(9) Let r be a real number. Suppose A C dom f and f is integrable on A
and f is bounded on A. Then r f is integrable on A and /(r fx)dx =

r / f(2)dz.
A

(10) If a < b and [a,t/] C dom f and f is integrable on ['a,b’] and f is
b b

bounded on ['a, V'], then /(c (@)dz =c- /f(x)dx

a

A

(11) Suppose A C dom f and A C domg and f is integrable on A and f is
bounded on A and g is integrable on A and ¢ is bounded on A. Then
f+g is integrable on A and f — g is integrable on A and /(f +9)(x)dx =

A

/f(m)d:c+/g(x)dz and /(f—g)(:z)dx - /f(m)d:c—/g(m)dm.
A A A A

A
(12) Suppose that a < b and ['a,b’] C dom f and ['a,b'] C domg and f is
integrable on ['a, b’] and g is integrable on ['a, '] and f is bounded on ['a, V']
b b

b
and g is bounded on ['a,?’]. Then /(f +9)(z)dx = /f(m)d:c—l—/g(m)dm

a a
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b b

and/(f g)( dx—/f dm—/()dm.

a

(13) If f is bounded on A and ¢ is bounded on A, then f g is bounded on A.

(14) Suppose A C dom f and A C domg and f is integrable on A and f is
bounded on A and g is integrable on A and g is bounded on A. Then f g
is integrable on A.

(15) Let n be an element of N. Suppose n > 0 and vol(A) > 0. Then there

exists an element D of divs A such that len D = n and for every element
i of N such that i € dom D holds D(i) = inf A + XA

3. INTEGRABILITY ON A SUBINTERVAL

The following propositions are true:
(16) Suppose vol(A) > 0. Then there exists a DivSequence T" of A such that
(i)  Op is convergent,
(i) lim(dr) =0, and
(i)  for every element n of N there exists an element T of divs A such that
T divides into equal n + 1 and T'(n) = T3.
(17) Suppose a < b and f is integrable on ['a,?’] and f is bounded on [a, V']
and ['a,b’] C dom f and ¢ E ['a,b']. Then f is 1ntegrable on ['a,d] and f is

integrable on ['c, b'] and/f dz—/f dz—i—/f

(18) Suppose a < c and ¢ < d and d <b and fis mtegrable on ['a,b’] and f
is bounded on ['a,b'] and ['a,b'] C dom f. Then f is integrable on ['c,d’]
and f is bounded on ['¢,d’] and ['¢,d’] C dom f.

(19) Suppose that a < cand ¢ < d and d < b and f is integrable on ['a, V']
and g is integrable on ['a,b’] and f is bounded on ['a, '] and g is bounded
on ['a,t] and ['a,b'] C dom f and ['a,b'] C dom g. Then f + g is integrable
on ['¢,d'] and f + g is bounded on ['¢, d'].

(20) Suppose a < b and f is integrable on ['a,?’] and f is bounded on [a, V']

d

and [‘a,t’] C dom f and ¢ € ['a,b'] and d € [a,]. Then /f(m)dm =

/cf(x)da:+/df(x)dx

(21) Suppose a < b and f is integrable on ['a,b’] and f is bounded
on [a,b] and [a,b/] € domf and ¢ € [a,0/] and d € [a,b].
Then ['min(e,d), max(c,d)’] < dom|f| and |f| is integrable on

209
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['min(c, d), max(c,d)’] and |f| is bounded on ['min(c,d), max(c,d)’] and

d max(c,d)
Mﬂmms /|mmm
c min(c,d)

(22) Suppose a < b and ¢ < d and f is integrable on ['a,b’] and f is bounded
on ['a,b'] and ['a,b'] C dom f and ¢ € ['a,b’] and d € ['a,b’]. Then ['c,d'] C
dom\f\ and \f\ is integrable on ['c,d’] and ]f] is bounded on ['¢,d’] and

szm</m Mwm/fdﬂaﬂﬂ

(23) Suppose that a <bandc § d and f is mtegrable on ['a,b'] and f is
bounded on ['a,b] and ['a,b'] € dom f and ¢ € [a,V/] and d € [a,V']
and for every real number x such that x € ['c,d’] holds |f(z)| < e. Then

|/f(x)dz| <e-(d—c)and /f(x)dz] <e-(d—c).

(24) Suppose that a < b and f is integrable on ['a,b’] and g is integrable
on ['a,b'] and f is bounded on ['a,b’| and g is bounded on ['a,b’] and

[a,b'] C dom f and ['a,b'] C domg and ¢ € ['a,V'] and d € ['a,b']. Then
d d d d d

/(f + 9)(z)dz = /f(x)dz+/g(m)d:c and /(f —g)(z)dz = /f(m)dx_

c Cc Cc Cc

/ g(x)da.

(25) Suppose a < b and f is integrable on ['a,b'] and f is bounded on ['a,t’]
d

and ['a,b'] C dom f and ¢ € ['a,V'] and d € ['a,V']. Then /(e (x)de =

; c
e- /f(a:)da:

(26) Suppose a < b and ['a,b'] C dom f and for every real number x such
that € [a,b’] holds f(z) = e. Then f is integrable on ['a,b’] and f is
b

bounded on ['a, '] and /f(x)dz =e-(b—a).

(27) Suppose a < b and for every real number x such that = € ['a,b’] holds
(m) = e and ['a,V'] € dom f and ¢ € ['a,b] and d € [a,b]. Then

/f (d—c).
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4. FUNDAMENTAL THEOREM OF CALCULUS

Next we state two propositions:

(28) Let zp be a real number and F' be a partial function from R to R.
Suppose that a < b and f is integrable on ['a,b’| and f is bounded on
[a,t] and ['a,b’] C dom f and ]a,b] C dom F and for every real number

x such that =z € Ja,b[ holds F(z) = /f(x)dx and xo € Ja,b[ and f is

a
continuous in xg. Then F is differentiable in z¢ and F'(z¢) = f(xo).

(29) Let zp be a real number. Suppose a < b and f is integrable on ['a, V']
and f is bounded on ['a,V/] and ['a,b'] C dom f and xy € Ja,b] and f is
continuous in xg. Then there exists a partial function F' from R to R such
that |a,b] C dom F' and for every real number x such that = € ]a, b[ holds

T

F(z) = /f(x)dac and F' is differentiable in xg and F’(x¢) = f(xo).
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2. METRIC SPACE GENERATED FROM REAL NORMED SPACE

Let X be a real normed space. The distance by norm of X yields a function
from [ the carrier of X, the carrier of X ] into R and is defined as follows:

(Def. 1) For all points z, y of X holds (the distance by norm of X)(z, y) = ||z—yl||.

Let X be a real normed space. The functor MetricSpaceNorm X yields a
non empty metric space and is defined by:

(Def. 2)  MetricSpaceNorm X = (the carrier of X, the distance by norm of X).
Next we state several propositions:

(2) Let X be a real normed space, z be an element of MetricSpaceNorm X,
and r be a real number. Then there exists a point x of X such that x = z
and Ball(z,r) = {y; y ranges over points of X: ||z — y|| < r}.

(3) Let X be a real normed space, z be an element of MetricSpaceNorm X,
and r be a real number. Then there exists a point x of X such that x = z
and Ball(z,r) = {y;y ranges over points of X: ||z —y| < r}.

(4) Let X be a real normed space, S be a sequence of X, S; be a se-
quence of MetricSpaceNorm X, = be a point of X, and z; be a point
of MetricSpaceNorm X. Suppose S = S; and x = x1. Then S, is conver-
gent to xq if and only if for every real number r such that 0 < r there
exists an element m of N such that for every element n of N such that
m < n holds ||S(n) — z|| < r.

(5) Let X be a real normed space, S be a sequence of X, and S; be a
sequence of MetricSpaceNorm X. If § = S, then Sy is convergent iff S is
convergent.

(6) Let X be a real normed space, S be a sequence of X, and S; be a
sequence of MetricSpaceNorm X. If S = S and S; is convergent, then
lim S; = lim S.

3. TOPOLOGICAL SPACE GENERATED FROM REAL NORMED SPACE

Let X be a real normed space. The functor TopSpaceNorm X yields a non
empty topological space and is defined by:

(Def. 3) TopSpaceNorm X = (MetricSpaceNorm X)op.
The following propositions are true:

(7) Let X be a real normed space and V be a subset of TopSpaceNorm X.
Then V is open if and only if for every point & of X such that x € V' there
exists a real number r such that r» > 0 and {y;y ranges over points of X:
lz—yll <ryCV.
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(8) Let X be areal normed space, = be a point of X, and r be a real number.
Then {y;y ranges over points of X: |z — y|| < r} is an open subset of
TopSpaceNorm X.

(9) Let X be areal normed space, = be a point of X, and r be a real number.
Then {y;y ranges over points of X: |z — y|| < r} is a closed subset of
TopSpaceNorm X.

(10) For every Hausdorff non empty topological space X such that X is
locally-compact holds X is Baire.

(11) For every real normed space X holds TopSpaceNorm X is sequential.

Let X be a real normed space. Observe that TopSpaceNorm X is sequential.
One can prove the following propositions:

(12) Let X be a real normed space, S be a sequence of X, S; be a se-
quence of TopSpaceNorm X, =z be a point of X, and x; be a point of
TopSpaceNorm X. Suppose S = 57 and = = z1. Then 57 is convergent to
z1 if and only if for every real number r such that 0 < r there exists an
element m of N such that for every element n of N such that m < n holds
15(n) —xf| <.

(13) Let X be a real normed space, S be a sequence of X, and S; be a
sequence of TopSpaceNorm X. If S = S, then S; is convergent iff S is
convergent.

(14) Let X beareal normed space, S be a sequence of X, and S be a sequence
of TopSpaceNorm X. If S = S; and S is convergent, then Lim Sy =
{lim S} and lim S; = lim S.

(15) Let X be a real normed space, V' be a subset of X, and V; be a subset
of TopSpaceNorm X. If V' = Vi, then V is closed iff V; is closed.

(16) Let X be a real normed space, V' be a subset of X, and V; be a subset
of TopSpaceNorm X. If V' = Vi, then V is open iff V7 is open.

(17) Let X be a real normed space, U be a subset of X, U; be a sub-
set of TopSpaceNorm X, z be a point of X, and z; be a point of
TopSpaceNorm X. Suppose U = Uy and ¢ = xq1. Then U is a neigh-
bourhood of « if and only if U; is a neighbourhood of ;.

(18) Let X, Y be real normed spaces, f be a partial function from X to Y, f;
be a function from TopSpaceNorm X into TopSpaceNorm Y, x be a point
of X, and z1 be a point of TopSpaceNorm X. Suppose f = fi and z = z7.
Then f is continuous in z if and only if f; is continuous at x;.

(19) Let X, Y be real normed spaces, f be a partial function from X to
Y, and f; be a function from TopSpaceNorm X into TopSpaceNorm Y.
Suppose f = fi1. Then f is continuous on the carrier of X if and only if f;
is continuous.
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4. LINEAR TOPOLOGICAL SPACE GENERATED FROM REAL NORMED SPACE

Let X be a real normed space. The functor LinearTopSpaceNorm X yields a
strict non empty real linear topological structure and is defined by the conditions
(Def. 4).

(Def. 4)(i)  The carrier of LinearTopSpaceNorm X = the carrier of X,
(ii)  the zero of LinearTopSpaceNorm X = the zero of X,
(iii)  the addition of LinearTopSpaceNorm X = the addition of X,
(iv)  the external multiplication of LinearTopSpaceNorm X = the external
multiplication of X, and
(v) the topology of LinearTopSpaceNorm X = the topology of

TopSpaceNorm X.

Let X be a real normed space. Note that LinearTopSpaceNorm X is add-
continuous, mult-continuous, topological space-like, Abelian, add-associative,
right zeroed, right complementable, and real linear space-like.

We now state several propositions:

(20) Let X be a real normed space, V' be a subset of TopSpaceNorm X, and
V1 be a subset of LinearTopSpaceNorm X. If V' = Vi, then V is open iff
V1 is open.

(21) Let X be a real normed space, V' be a subset of TopSpaceNorm X, and
V1 be a subset of LinearTopSpaceNorm X. If V' = Vi, then V is closed iff
V1 is closed.

(22) Let X be a real normed space and V be a subset of
LinearTopSpaceNorm X. Then V is open if and only if for every point
x of X such that x € V there exists a real number r such that » > 0 and
{y;y ranges over points of X: ||z —y|| <r} C V.

(23) Let X be a real normed space, x be a point of X, r be a real number,
and V be a subset of LinearTopSpaceNorm X. If V' = {y;y ranges over
points of X: ||z —y|| <}, then V is open.

(24) Let X be a real normed space, x be a point of X, r be a real number,
and V be a subset of TopSpaceNorm X. If V' = {y;y ranges over points of
X: ||z —y| < r}, then V is closed.

Let X be a real normed space. Observe that LinearTopSpaceNorm X is T5
and LinearTopSpaceNorm X is sober.
One can prove the following proposition

(25) Let X be a real normed space, S be a family of subsets of
TopSpaceNorm X, S7 be a family of subsets of LinearTopSpaceNorm X, x
be a point of TopSpaceNorm X, and x; be a point of LinearTopSpaceNorm X.
Suppose S = 57 and x = 1. Then S is a basis of x7 if and only if S is a
basis of x.
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Let X be a real normed space. One can verify the following observations:
* LinearTopSpaceNorm X is first-countable,

* LinearTopSpaceNorm X is Frechet, and

* LinearTopSpaceNorm X is sequential.

Next we state a number of propositions:

(26) Let X be a real normed space, S be a sequence of TopSpaceNorm X,
S1 be a sequence of LinearTopSpaceNorm X, z be a point of
TopSpaceNorm X, and 21 be a point of LinearTopSpaceNorm X. Suppose
S = 51 and x = z1. Then S7 is convergent to zp if and only if S is
convergent to x.

(27) Let X be a real normed space, S be a sequence of TopSpaceNorm X,
and S7 be a sequence of LinearTopSpaceNorm X. If S = Sy, then 5] is
convergent iff S is convergent.

(28) Let X be a real normed space, S be a sequence of TopSpaceNorm X,
and S7 be a sequence of LinearTopSpaceNorm X. If S = S; and 57 is
convergent, then Lim S = Lim S; and lim S = lim S;.

(29) Let X be a real normed space, S be a sequence of X, S; be a se-
quence of LinearTopSpaceNorm X, x be a point of X, and z; be a point
of LinearTopSpaceNorm X. Suppose S = 51 and © = x1. Then 5] is con-
vergent to x1 if and only if for every real number r such that 0 < r there
exists an element m of N such that for every element n of N such that
m < n holds ||S(n) — z|| < r.

(30) Let X be a real normed space, S be a sequence of X, and S; be a
sequence of LinearTopSpaceNorm X. If S = 51, then S is convergent iff
S is convergent.

(31) Let X be a real normed space, S be a sequence of X, and S; be a
sequence of LinearTopSpaceNorm X. If § = §; and 57 is convergent, then
Lim S; = {lim S} and lim S; = lim S.

(32) Let X be a real normed space, V' be a subset of X, and V; be a subset
of LinearTopSpaceNorm X. If V' = Vi, then V is closed iff V7 is closed.

(33) Let X be a real normed space, V be a subset of X, and V7 be a subset
of LinearTopSpaceNorm X. If V' = V7, then V is open iff V; is open.

(34) Let X be areal normed space, U be a subset of TopSpaceNorm X, Uy be
a subset of LinearTopSpaceNorm X, x be a point of TopSpaceNorm X, and
x1 be a point of LinearTopSpaceNorm X. Suppose U = Uy and = = z1.
Then U is a neighbourhood of z if and only if U; is a neighbourhood of
xIq.

(35) Let X, Y be real normed spaces, f be a function from TopSpaceNorm X
into TopSpaceNorm Y, f1 be a function from LinearTopSpaceNorm X into
LinearTopSpaceNorm Y, = be a point of TopSpaceNorm X, and z1 be a
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point of LinearTopSpaceNorm X. Suppose f = f; and © = 1. Then f is
continuous at x if and only if f; is continuous at .

(36) Let X, Y be real normed spaces, f be a function from TopSpaceNorm X
into TopSpaceNorm Y, and f; be a function from LinearTopSpaceNorm X
into LinearTopSpaceNorm Y. If f = f1, then f is continuous iff f; is con-
tinuous.
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1. PRELIMINARIES

One can prove the following propositions:
(1) For all finite O-sequences d, e of N holds Y (d ~e)=> d+ > e.

(2) Let S be a sequence of real numbers, d be a finite 0-sequence of N, and
n be a natural number. If d = S|(n+1), then > d = (% _, S(a))ken(n).

a=0
(3) For all natural numbers k, I, m holds (k (I")xen) [m is a finite O0-sequence
of N.
(4) Let d, e be finite 0-sequences of N. Suppose lend > 1 and lend = lene

and for every natural number ¢ such that ¢ € domd holds d(i) < e(4).
Then Y d <> e.
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(5) Let d be a finite 0-sequence of N and n be a natural number. If for every
natural number ¢ such that i € domd holds n | d(i), then n | >_d.

(6) Let d, e be finite 0-sequences of N and n be a natural number. Suppose
dom d = dom e and for every natural number ¢ such that ¢ € dom d holds
e(i) = d(i) mod n. Then Y dmodn =} emod n.

2. REPRESENTATION OF NUMBERS IN THE BASE-b NUMERAL SYSTEM

Let d be a finite 0-sequence of N and let b be a natural number. The functor
value(d, b) yields a natural number and is defined by the condition (Def. 1).
(Def. 1) There exists a finite 0-sequence d’ of N such that domd = domd and

for every natural number i such that i € domd’ holds d’(i) = d(i) - b* and
value(d,b) = > d'.
Let n, b be natural numbers. Let us assume that b > 1. The functor
digits(n, b) yields a finite 0-sequence of N and is defined as follows:

(Def. 2)(1)  value(digits(n,b),b) = n and (digits(n,b))(lendigits(n,b) — 1) # 0
and for every natural number ¢ such that ¢ € domdigits(n,b) holds 0 <
(digits(n, b))(7) and (digits(n,b))(i) < bif n # 0,

(i)  digits(n,b) = (0), otherwise.
One can prove the following two propositions:
(7) For all natural numbers n, b such that b > 1 holds len digits(n, b) > 1.
(8) For all natural numbers n, b such that b > 1 holds value(digits(n, b),b) =
n.

3. SELECTED DIVISIBILITY CRITERIA

One can prove the following propositions:
(9) For all natural numbers n, k such that k¥ = 10™ — 1 holds 9 | k.
(10) For all natural numbers n, b such that b > 1 holds b | n iff
(digits(n, b))(0) = 0.
(11) For every natural number n holds 2 | n iff 2 | (digits(n, 10))(0).
(12) For every natural number n holds 3 | n iff 3 | > digits(n, 10).
(13) For every natural number n holds 5 | n iff 5 | (digits(n, 10))(0).
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Further, we define completeness of probability, and its completion method, and
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The articles [18], [20], [2], [3], [5], [1], [12], [15], [21], [8], [19], [17], [4], [9], [14],
[23], [6], [11], [16], [22], [10], [7], and [13] provide the notation and terminology
for this paper.

For simplicity, we adopt the following convention: n denotes a natural num-
ber, X denotes a set, A; denotes a sequence of subsets of X, S; denotes a o-field
of subsets of X, X7 denotes a sequence of subsets of S1, O; denotes a non empty
set, Sy denotes a o-field of subsets of O, As denotes a sequence of subsets of
So, and P denotes a probability on Ss.

Let us consider X, Sy, X, n. Then X;(n) is an element of Sj.

Next we state two propositions:

(1) I‘Ingl g 51.
(2) For every function f holds f is a sequence of subsets of Sy iff f is a
function from N into Sj.

The scheme LambdaSigmaSSeq deals with a set A, a o-field B of subsets of
A, and a unary functor F yielding an element of B, and states that:

There exists a sequence f of subsets of B such that for every n

holds f(n) = F(n)
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for all values of the parameters.

Let us consider X. Note that there exists a sequence of subsets of X which
is disjoint valued.

Let us consider X, S;. Note that there exists a sequence of subsets of S
which is disjoint valued.

One can prove the following propositions:

(3) For all subsets A, B of X there exists A; such that A;(0) = A and
A1(1) = B and for every n such that n > 1 holds A;(n) = 0.

(4) Let A, B be subsets of X. Suppose A misses B and A;(0) = A and
Ai(1) = B and for every n such that n > 1 holds A;(n) = 0. Then A; is
disjoint valued and |JA; = AU B.

(5) Let S be a non empty set. Then S is a o-field of subsets of X if and
only if the following conditions are satisfied:

(i) S§c2¥,

(ii)  for every sequence A; of subsets of X such that for every n holds
Ai(n) € S holds |JA; € S, and

(iii)  for every subset A of X such that A € S holds A° € S.

) For all events A, B of Sy holds P(A\ B) = P(AUB) — P(B).
) For all events A, B of Sy such that A C B and P(B) = 0 holds P(A) = 0.
8) For every n holds P(Aa(n)) =0 iff P(J A2) = 0.
) For every set A such that A € rng As holds P(A) = 0iff P(|Jrng A2) = 0.
) For every function s; from N into R and for every function E; from N
into R such that s; = Ey holds (3% _,(s1)(a))xen = Ser Ej.
(11) Let s1 be a function from N into R and F; be a function from N into R.
If s;1 = FE7 and sy is upper bounded, then sup s; = suprng Ej.
(12) Let s1 be a function from N into R and F; be a function from N into R.
If sy = F1 and sy is lower bounded, then inf s; = inf rng Fy.
(13) Let s1 be a function from N into R and Ej be a function from N into R.
If s; = Fy and s is non-negative and summable, then > s; = > Ej.
(14) P is a o-measure on Ss.

Let us consider Oy, So, P. The functor P2M P yields a o-measure on So
and is defined as follows:

(Def. 1) P2MP = P.
One can prove the following proposition

(15) Let X be a non empty set, S be a o-field of subsets of X, and M be a
o-measure on S. If M(X) = R(1), then M is a probability on S.
Let X be a non empty set, let S be a o-field of subsets of X, and let M
be a o-measure on S. Let us assume that M(X) = R(1). The functor M2P M
yielding a probability on S is defined as follows:
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(Def. 2) M2P M = M.
One can prove the following propositions:
(16) If A; is non-decreasing, then the partial unions of A; = Aj;.

(17) Suppose A; is non-decreasing. Then (the partial diff-unions of A;)(0) =
A1(0) and for every n holds (the partial diff-unions of A;)(n+1) = A;(n+
1)\ 4i(n).

(18) 1If A; is non-decreasing, then for every n holds A;(n + 1) = (the partial
diff-unions of A;)(n+ 1) U A;(n).

(19) If A; is non-decreasing, then for every n holds (the partial diff-unions of
A1)(n+ 1) misses Aj(n).

(20) If X; is non-decreasing, then the partial unions of X; = X;.

(21) Suppose X is non-decreasing. Then (the partial diff-unions of X1)(0) =
X1(0) and for every n holds (the partial diff-unions of X;)(n+1) = X;(n+
1)\ X1(n).
(22) If X; is non-decreasing, then for every n holds (the partial diff-unions of
X1)(n 4+ 1) misses Xi(n).
Let us consider O1, So, P. We say that P is complete on S5 if and only if:
(Def. 3) For every subset A of O; and for every set B such that B € Sy holds if
A C B and P(B) =0, then A € Ss.
Next we state the proposition
(23) P is complete on Sy iff P2M P is complete on Ss.

Let us consider O1, Ss, P. A subset of O is called a set with measure zero
w.r.t. P if:

(Def. 4) There exists a set A such that A € Sy and it C A and P(A) = 0.
We now state three propositions:

(24) Let Y be a subset of O;. Then Y is a set with measure zero w.r.t. P if
and only if Y is a set with measure zero w.r.t. P2M P.

(25) 0 is a set with measure zero w.r.t. P.

(26) Let Bj, By be sets. Suppose By € Se and By € Sy. Let Cq, Cy be sets
with measure zero w.r.t. P. If By UC] = By Uy, then P(By) = P(B3).

Let us consider O, Sy, P. The functor COM(Ss, P) yields a non empty
family of subsets of O; and is defined by the condition (Def. 5).

(Def. 5) Let A be a set. Then A € COM(Ss, P) if and only if there exists a set
B such that B € S5 and there exists a set C with measure zero w.r.t. P
such that A = BUC.

Next we state two propositions:
(27) For every set C' with measure zero w.r.t. P holds C' € COM(Say, P).
(28) COM(Ss, P) = COM(Ss, P2M P).
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Let us consider Op, Sz, P and let A be an element of COM(S2, P). The
functor Pcom2Mcom A yields an element of COM(S3, P2M P) and is defined
by:

(Def. 6) Pcom2Mcom A = A.

Next we state the proposition

(29) Sy C COM(Ss, P).

Let us consider Op, Sz, P and let A be an element of COM(S2, P). The

functor ProbPart A yielding a non empty family of subsets of O is defined by:

(Def. 7) For every set B holds B € ProbPart A iff B € So and BC A and A\ B

is a set with measure zero w.r.t. P.
We now state several propositions:

(30) For every element A of COM(S3, P) holds
ProbPart A = MeasPart Pcom2Mcom A.

(31) For every element A of COM(S2, P) and for all sets A, A such that
Ay € ProbPart A and A3 € ProbPart A holds P(A;) = P(As3).

(32) For every function F' from N into COM(S2, P) there exists a sequence
Bs of subsets of Sy such that for every n holds Bsg(n) € ProbPart F'(n).

(33) Let F be a function from N into COM(S2, P) and Bs be a sequence of
subsets of S5. Then there exists a sequence C3 of subsets of O such that
for every n holds C3(n) = F(n) \ Bs(n).

(34) Let B3 be a sequence of subsets of O;. Suppose that for every n holds
Bs(n) is a set with measure zero w.r.t. P. Then there exists a se-
quence Cj5 of subsets of Sy such that for every n holds Bs(n) C Cs(n)
and P(Cs(n)) = 0.

(35) Let D be a non empty family of subsets of O;. Suppose that for every
set A holds A € D iff there exists a set B such that B € Sy and there
exists a set C' with measure zero w.r.t. P such that A = BUC. Then D
is a o-field of subsets of O;.

Let us consider O1, Sz, P. Then COM(Sy, P) is a o-field of subsets of Oy.

Let us consider Oy, Sy, P. We see that the set with measure zero w.r.t. P
is an event of COM(Sy, P).

Next we state two propositions:

(36) For every set A holds A € COM(Sy, P) iff there exist sets A;, A3 such
that A; € So and A3 € Sg and A1 C A and A C Az and P(A43\ 4;) =0.
(37) Let C be anon empty family of subsets of O1. Suppose that for every set
A holds A € C iff there exist sets Ay, Az such that A, € Sy and A3z € Sy
and A1 C Aand A C Az and P(A3z\ A1) =0. Then C = COM(Sq, P).
Let us consider Oq, Sy, P. The functor COM(P) yields a probability on
COM(S2, P) and is defined as follows:
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) For every set B such that B € S5 and for every set C' with measure zero
w.r.t. P holds (COM(P))(BUC) = P(B).

One can prove the following propositions:
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COM(P) = COM(P2M P).

COM(P) is complete on COM(Ss, P).

For every event A of Sy holds P(A) = (COM(P))(A).

For every set C' with measure zero w.r.t. P holds (COM(P))(C) = 0.

For every element A of COM(S3, P) and for every set B such that B €
ProbPart A holds P(B) = (COM(P))(A).
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