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Summary. |In this paper we construct integral of measurable function.
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The terminology and notation used here are introduced in thefollowing articles:
[29], [12], [32], [1], [27], [18], [33], [9]. [2], [34], [191], [10], [28], [31], [20], [30],
[3], [4], [5], [14], [7], [17], [15], [16], [26], [8], [19]21]. [24], [23], [6], [22], and
[25].

1. Lemmas for Extended Real Numbers

One can prove the following propositions:
(1) For all extended real numbersx, y holdsjx yj=jy Xj:
(2) For all extended real numbersx, y holdsy x j x vyj:

(3) Let x, y be extended real numbers ande be a real number. Suppose
X yij<eandx6+1 ory6+1 butx6 1 ory6 1 :Then
Xx6+1 andx6 1 andy6+1 andy6 1

(4) For all extended real numbersx, y such that for every real number e
such that 0< e holdsx <y + R(e) holds x y:

(5) For all extended real numbersx, y, t suchthatt 6 1 andté + 1
andx<y holdsx +t<y + t:

(6) For all extended real numbersx, y,t suchthatt 6 1 andté + 1
andx<y holdsx t<y t
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(7) For all real numbers a, bholdsR(a) + R(b) = a+ band R(a)= a:

(8) Let n be a natural number andp be an extended real number. Suppose
0 pandp<n: Then there exists a natural numberk such that 1  k
andk 2" nand %! pandp< £

(9) Let n, k be natural numbers andp be an extended real number. If 1 k
andk 2" nandn pand&?! p;then £ p:

(10) For all extended real numbersx, y, w, z such that 1 < w holds if
X<y andw<z; thenx+w<y + z:

(11) Forall extended real numbersx, y, k suchthat0 k holdsk max(x;y) =
max(k x;k y)and k min(x;y) =min( k x;k y):

(12) For all extended real numbersx, y, k such thatk 0 holdsk min(x;y) =
max(k x;k y)and k max(x;y)=min( k x;k y):

(13) For all extended real numbersx, y, z suchthat 0 x and O z and
z+Xx yholdsz v:

2. Lemmas for Partial Function of Non-empty Set, Extended Re al
Numbers

Let 11 be a set. We say thatl ; is non-positive if and only if:
(Def. 1) For every extended real numberx such that x 2 |1 holdsx O:
Let R be a binary relation. We say that R is non-positive if and only if:
(Def. 2) rngR is non-positive.
The following propositions are true:
(14) Let X be a set andF be a partial function from X to R. Then F is
non-positive if and only if for every setn holds F(n) 0Og:

(15) Let X be a set andF be a partial function from X to R. If for every set
n such that n 2 domF holds F(n) Og; then F is non-positive.

Let R be a binary relation. We say that R is without 1 if and only if:
(Def.3) 1 2rngR:
We say that R is without + 1 if and only if:
(Def. 4) +1 ZrngR:

Let X be a non empty set and letf be a partial function from X to R. Let
us observe thatf is without 1 if and only if:

(Def. 5) For every setx holds 1 < f (x):
Let us observe thatf is without + 1 if and only if:
(Def. 6) For every setx holdsf (x) < +1 :
Next we state four propositions:
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(16) Let X be a non empty set andf be a partial function from X to R.
Then for every setx such that x 2 domf holds 1 <f (x) if and only if
f is without 1

(17) Let X be a non empty set andf be a partial function from X to R.
Then for every setx such that x 2 domf holdsf (x) < +1 if and only if
f is without + 1 .

(18) Let X be a non empty set andf be a partial function from X to R. If
f is non-negative, thenf is without 1

(19) Let X be a non empty set andf be a partial function from X to R. If
f is non-positive, thenf is without + 1 .

Let X be a non empty set. Note that every partial function from X to R
which is non-negative is also without 1  and every patrtial function from X to
R which is non-positive is also without +1 .

The following propositions are true:

(20) Let X be a non empty set,S be a -eld of subsets of X, and f be a

partial function from X to R. Supposef is simple function in S. Then f
is without + 1 and without 1

(21) Let X be a non empty set,Y be a set, andf be a partial function from
X to R. If f is non-negative, thenf Y is non-negative.

(22) Let X be a non empty set andf, g be partial functions from X to R.

Supposef is without 1 and g is without 1 . Then dom(f + g) =
domf \ domg:

(23) Let X be a non empty set andf, g be partial functions from X to R.
Supposef is without 1 and g is without + 1 . Then dom(f ) =
domf \ domg:

(24) Let X be a non empty set,S be a - eld of subsets of X, f, g be partial
functions from X to R, F be a function from Q into S, r be a real number,
and A be an element ofS. Supposef is without 1 and g is without
1 and for every rational number p holds F (p) = A\ LE-dongf; R(p)) \
(A\ LE-dom(g;R(r p))): Then A\ LE-dom(f + g;R(r))= rngF:

Let X be a non empty set and letf be a partial function from X to R. The
functor R(f) yielding a partial function from X to R is de ned as follows:
(Def. 7) R(f) = f:
Next we state a number of propositions:

(25) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, and f, g be partial functions from X to R. If f is non-
negative andg is non-negative, thenf + g is non-negative.
(26) Let X be a non empty set,f be a partial function from X to R, and ¢
be a real number such thatf is non-negative. Then
(i) if0 c;then cf is non-negative, and
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(i) if ¢ O; then cf is non-positive.

(27) Let X be a non empty set andf , g be partial functions from X to R.
Suppose that for every setx such that x 2 domf \ domgholdsg(x) f (x)
and 1 <g(x)andf(x)< +1:Thenf gis non-negative.

(28) Let X be a non empty set andf , g be partial functions from X to R.

Supposef is non-negative andg is non-negative. Then domf + @) =
domf \ domgandf + g is non-negative.

(29) Let X be a non empty set andf, g, h be partial functions from X to
R. Supposef is non-negative andg is non-negative andh is non-negative.
Then dom(f + g+ h) = dom f \ domg\ domh and f + g+ h is non-
negative and for every setx such that x 2 domf \ domg\ domh holds
(f + g+ h)(x)= f(x)+ g(x) + h(x):

(30) Let X be a non empty set andf, g be partial functions from X to R.
Supposef is without 1 and g is without 1 . Then

(i) dom(max. (f + g)+max (f))=dom f \ domg;

(i) dom(max (f + g)+max.(f))=dom f \ domg;
(i) dom(max .+ (f + g)+max (f)+max (g))=dom f\ domg;
(iv) dom(max (f + g)+max.(f)+max.(g)) =dom f \ domg;
(v) max.(f + gy+max (f) is non-negative, and

(vi) max (f + g)+max. (f) is non-negative.

(31) Let X be a non empty set andf , g be partial functions from X to R.
Supposef is without 1 and without + 1 and g is without 1 and
without + 1 . Then max; (f + g)+max (f)+max (g)=max (f +g)+
max. (f ) + max . (g):

(32) Let C be a non empty set,f be a partial function from C to R, and ¢ be
a real number. If 0 c; then max; (cf) = ¢ max, (f) and max (cf) =
c max (f):

(33) Let C be a non empty set,f be a partial function from C to R, and
c be a real number. If 0 ¢c; then max,(( ¢ f) = cmax (f) and
max (( ¢ f)= cmax:(f):

(34) Let X be a non empty set,f be a partial function from X to R, and A
be a set. Then max (f A)=max.(f) Aandmax (f A)=max (f) A:

(35) Let X be a non empty set, f, g be partial functions from X to R,
and B be a set. IfB  dom(f + g); then dom((f + g) B) = B and
dom(f B+gB)=Band(f +g) B=f B+ gB:

(36) Let X be a non empty set,f be a partial function from X to R, and a
be an extended real number. Then EQ-donfta) = f (fag):
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3. Lemmas for Measurable Function and Simple Valued Functio n

The following propositions are true:

(37) Let X be a non empty set,S be a - eld of subsets of X, f, g be partial
functions from X to R, and A be an element ofS. Supposef is without
1 andgiswithout 1 andf is measurable onA and g is measurable
on A. Thenf + gis measurable onA.

(38) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial function from X to R. Supposef is
simple function in S and domf = ;: Then there exists a nite sequenceF
of separated subsets of and there exist nite sequencesa, x of elements
of R such that

() F and a are representation off ,
(i) a(1)=0;

(i)  for every natural number n such that 2 n and n 2 doma holds
O<a(n)and a(n) < +1 ;

(iv) dom x =dom F;

(v) for every natural number n such that n 2 domx holds x(n) = a(n)
(Mp F)(n); and

(vi) x =0:

(39) Let X be a non empty set,S be a -eld of subsets of X, f be a
partial function from X to R, A be an element ofS, and r, s be real
numbers. Supposef is measurable onA and A domf: Then A\
GTE-dom(f; R(r)) \ LE-dom(f; R(s)) is measurable onS.

(40) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A be an element
of S. If f is simple function in S, then f A is simple function in S.

(41) Let X be a non empty set,S be a -eld of subsets of X, A be an
element of S, F be a nite sequence of separated subsets &, and G be a

nite sequence. Suppose donk = dom G and for every natural number n
such that n 2 domF holds G(n) = F(n)\ A: Then G is a nite sequence
of separated subsets o8.

(42) Let X be a non empty set,S be a - eld of subsets of X, f be a patrtial
function from X to R, A be an element ofS, F, G be nite sequences
of separated subsets of5, and a be a nite sequence of elements oR.
Suppose donF = dom G and for every natural number n such that n 2
domF holds G(n) = F(n)\ A and F and a are representation off . Then
G and a are representation off A:

(43) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial function from X to R. If f is simple
function in S, then domf is an element ofS.
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(44) Let X be a non empty set,S be a - eld of subsets of X, and f, g be
partial functions from X to R. Supposef is simple function in S and g is
simple function in S. Then f + g is simple function in S.

(45) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, f be a partial function from X to R, and c be a real
number. If f is simple function in S, then cf is simple function in S.

(46) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, and f , g be partial functions from X to R. Suppose that
() f is simple function in S,
(i)  gis simple function in S, and
(i)  for every set x such that x 2 dom(f @) holds g(x) f (x):
Thenf gis non-negative.

(47) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, A be an element ofS, and ¢ be an extended real number.
Supposec 6 +1 andc 6 1 : Then there exists a partial function f
from X to R such that f is simple function in S and domf = A and for
every setx such that x 2 A holds f (x) = c:

(48) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and B, B, be elements
of S. Supposef is measurable onB and By =dom f \ B: Thenf B is
measurable onB;.

(49) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, A be an element ofS, and f, g be partial functions from
X to R. Suppose that
() A domf,
(i) f is measurable onA,
(i) g is measurable onA,
(iv) f iswithout 1 , and
(v) giswithout 1
Then max; (f + g)+ max (f) is measurable onA.

(50) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, A be an element ofS, and f, g be partial functions from
X to R. Suppose that
() A domf \ domg;
(i) f is measurable onA,
(i) g is measurable onA,
(iv) f iswithout 1 , and
(v) giswithout 1
Then max (f + g) + max . (f ) is measurable onA.

(51) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, and A be aset. IfA2 S;then0 M (A):
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(52) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, and f , g be partial functions from X to R. Suppose that
() there exists an elementE; of S such that E; = dom f and f is mea-
surable onEq,
(i) there exists an elementE, of S such that E, = dom g and g is measur-
able onE»,
iy f Yf+1g)2sS;
(ivy, f (flg )2 S;
(vy g Yf+1g)2S;and
(vij g l(flg )2S:
Then dom(f + g) 2 S:
(53) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, and f , g be partial functions from X to R. Suppose that
(i) there exists an elementE; of S such that E; = dom f and f is mea-
surable onE 4, and
(i) there exists an elementE, of S such that E; = dom g and g is measur-
able onE».
Then there exists an elemente of S such that E =dom(f + g)andf + g
is measurable onE.

(54) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A, B be elements
of S. Suppose donf = A: Then f is measurable onB if and only if f is
measurable onA\ B:

(55) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial function from X to R. Given an element
A of S such that domf = A: Let c be a real number andB be an element
of S. If f is measurable onB, then cf is measurable onB.

4. Sequence of Extended Real Numbers

A sequence of extended reals is a function fron\ into R.
Let s; be a sequence of extended reals. We say thaj is convergent to nite
number if and only if the condition (Def. 8) is satis ed.
(Def. 8) There exists a real numberg such that for every real numberp if 0 < p;
then there exists a natural numbern such that for every natural number
m such thatn  m holdsjsi(m) R(g)j <p:
Let s1 be a sequence of extended reals. We say that is convergent to +1
if and only if the condition (Def. 9) is satis ed.
(Def. 9) Let g be a real number. Suppose & g: Then there exists a natural
number n such that for every natural number m such that n  m holds

g si(m):
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Let s1 be a sequence of extended reals. We say that is convergent to 1
if and only if the condition (Def. 10) is satis ed.

(Def. 10) Let g be a real number. Supposey < 0. Then there exists a natural
number n such that for every natural number m such that n  m holds
si(m) gt

We now state two propaositions:
(56) Let s; be a sequence of extended reals. Suppose is convergent to

+1 . Then s; is not convergentto 1  and s; is not convergent to nite
number.

(57) Let s; be a sequence of extended reals. Suppose is convergent to
1 . Then s; is not convergent to +1 and s; is not convergent to nite
number.

Let s; be a sequence of extended reals. We say that is convergent if and
only if:
(Def. 11) s; is convergent to nite number, or convergent to +1 , or convergent
to 1

Let s; be a sequence of extended reals. Let us assume thst is conver-
gent. The functor lim s; yields an extended real number and is de ned by the
conditions (Def. 12).

(Def. 12)(i) There exists a real numberg such that lim s; = g and for every real
number p such that 0 < p there exists a natural numbern such that for
every natural number m such thatn  m holds js;(m) lims;j <p and
s; is convergent to nite number, or

(i) lim s; =+ 1 ands; is convergent to +1 , or
(i) lim s;= 1 ands; is convergent to 1
We now state a number of propositions:

(58) Let s; be a sequence of extended reals arrdbe a real number. Suppose
that for every natural number n holds s;(n) = r. Then s; is convergent to
nite number and lim s; = r:

(59) Let F be a nite sequence of elements oR. If folgevery natural number
n such that n 2 domF holds 0 F(n); then O F:

(60) Let L be a sequence of extended reals. Suppose that for all natural
numbersn, m suchthatn m holdsL(n) L(m): Then L is convergent
and limL =suprng L:

(61) For all sequencesL, G of extended reals such that for every natural
number n holdsL(n) G(n) holds suprngL  suprngG:

(62) For every sequence. of extended reals and for every natural numbem
holdsL(n) suprngL:

(63) Let L be asequence of extended reals arkl be an extended real number.
If for every natural number n holdsL(n) K; then suprngL K:
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(64) Let L be a sequence of extended reals ari{l be an extended real num-
ber. If K 6 + 1 and for every natural number n holds L(n) K; then
suprngL < +1:

(65) Let L be a sequence of extended reals. Supposds without 1 . Then
suprngL 6 + 1 if and only if there exists a real number K such that
0< K and for every natural number n holdsL(n) K:

(66) Let L be a sequence of extended reals armbe an extended real number.
Suppose that for every natural numbern holds L(n) = c¢: Then L is
convergent and limL = cand limL =suprng L:

(67) Let J, K, L be sequences of extended reals. Suppose that
() for all natural numbers n, m such thatn m holdsJ(n) J(m);
(i) for all natural numbers n, m such thatn m holdsK (n) K (m);
(i)  J is without 1
(iv) K iswithout 1 , and
(v) for every natural number n holds J(n)+ K(n) = L(n):
Then L is convergent and limL = suprngL and limL =lim J +lim K
and suprngL =suprng K +suprng J:

(68) LetL, K be sequences of extended reals ambe a real number. Suppose
0 candL iswithout 1 and for every natural numbern holdsK (n) =
R(c) L(n): Then suprngK = R(c) suprngL and K is without 1

(69) Letl, K be sequences of extended reals ambe a real number. Suppose
that

@ 0 ¢
(i)  for all natural numbers n, m suchthat n  m holdsL(n) L(m);
(i)  for every natural number n holds K (n) = R(c) L(n); and
(iv) L is without 1
Then
(v) for all natural numbers n, m suchthatn m holdsK (n) K (m);
(vi) K is without 1 and convergent,
(viiy lim K =suprngK; and
(vii) lim K = R(c) limL:

5. Sequence of Extended Real Valued Functions

Let X be a non empty set, letH be a sequence of partial functions fromX
into R, and let x be an element ofX. The functor H# x yields a sequence of
extended reals and is de ned as follows:

(Def. 13) For every natural number n holds (H# x)(n) = H(n)(x):

Let D41, D5 be sets, letF be a function from N into D1! D»; and let n be a
natural number. Then F(n) is a partial function from D; to D».
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Next we state the proposition
(70) Let X be a non empty set,S be a -eld of subsets of X, and f be a
partial function from X to R. Suppose there exists an elemer of S such
that A =domf andf is measurable onA and f is non-negative. Then
there exists a sequenc& of partial functions from X into R such that
(i) for every natural number n holds F(n) is simple function in S and
domF (n) = dom f;
(i) for every natural number n holds F (n) is non-negative,
(i)  for all natural numbers n, m such that n  m and for every elementx
of X such that x 2 domf holds F(n)(x) F(m)(x); and
(iv) for every element x of X such that x 2 domf holds F# x is convergent
and lim(F# x) = f (x):

6. Integral of Non Negative Simple Valued Function

Let X be a non empty set, letS be a -eld of subsets of X, let M be
-measure onS, and let f be a partial function from X to R. The functor
% dM yielding an elgament ofR is de ned as follows:
f dM; if domf 6 ;;

Ro
(Def. 14)  fdM = X
Og; otherwise.

The following propositions are true:
(71) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, and f, g be partial functions from X to R. Suppose
f is simple function in S and g is simple function in S and f is non-
ﬂegatlve and gFQs non-negative. Theanom( + g) =domf \ domg and
% + gdM = Of dom(f + g)dM + g dom(f + g)dM:

(72) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and c be a real number.
§upposef is S|mpllg function in S and f is non-negative and 0 c: Then

Ocf dM = R(c) % dMm:

(73) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A, B be elements
of S. Supﬁosef is simple funchon in S and h is hon-negative andA misses
B. Then °f (A[ B)dM = % AdM + % BdM:

(74) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial function frq@ X to R. If f is simple
function in S and f is non-negative, then 0 % dMm:

(75) Let X be a non empty set,S be a -eld of subsets of X, M be a

-measure onS, and f , g be partial functions from X to R. Suppose that
(i) f is simple function in S,
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(i) f is non-negative,

(i) g is simple function in S,

(iv)  gis non-negative, and

(v) for every set x such that x 2 dom(f qQ holds g(x) f (x):
Then d(w(f g) = dom f \ domg and O dom(f g)dM = Of
gdM + °g dom(f  g)dM:

(76) Let X be a non empty set,S be a -eld of subsets of X, M be a

-measure onS, and f , g be partial functions from X to R. Suppose that
(i) f is simple function in S,
(i)  gis simple function in S,
(i) f is non-negative,
(iv) g is non-negative, and
(v) for ﬁvery set x such that ng dom(f @) holds g(x) f (x):
Then g dom(f g)dM Of dom(f g)dM:

(77) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and ¢ be an extended
real number. Suppose 0 cand f is simple fungtion in S and for every
set x such that x 2 domf holdsf (x) = c: Then %dM =c M (domf):

(78) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, andf be a partial function fremn X to R. Suppose is simple
functionin S andf is non-negative. Then O EQ-dom(f; R(0))dM =0:

(79) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, B be an element ofS, and f be a partial function from X to
R. SuRposef is simple functionin SandM (B) = 0 and f is non-negative.
Then °f BdM =0:

(80) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, g be a patrtial function from X to R, F be a sequence of
partial functions from X into R, and L be a sequence of extended reals.
Suppose thatg is simple functlon in S and for every setx such that x 2
domg holds 0< g(x) and for every natural number n holds F (n) is simple
function in S and for every natural number n holds domF (n) = dom g and
for every natural number n holds F (n) is non-negative and for all natural
numbersn, m such that N m and for every elementx of X such that
x 2 domg holds F(n)(x) F(m)(x) and for every elementx of X such
that x 2 domg holds F# x is convergﬁnt andg(x) lim(F# x) and for
everhnatural number n holds L(n) = F(n)dM Then L is convergent
and 0g dM limL:

(81) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, g be a partial function from X to R, and F be a sequence
of partial functions from X into R. Suppose thatg is simple function in S
and g is non-negative and for every natural numbern holds F (n) is simple
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function in S and for every natural numbern holds domF (n) = dom g and

for every natural number n holds F (n) is non-negative and for all natural

numbersn, m such that n m and for every elementx of X such that

x 2 domg holds F(n)(x) F(m)(x) and for every elementx of X such
that x 2 domg holdsF # x is convergent andg(x) lim(F# x): Then there

exists a sequenqu of extended reals such that for every natural number
n hollgs G(n) = F(n)dM and G is convergent and suprngs = lim G

and 0ng lim G:

(82) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, A be an element ofS, F, G be sequences of partial functions
from X into R, and K , L be sequences of extended reals. Suppose that for
every natural number n holdsF (n) is simple function in S and domF (n) =
A and for every natural number n holds F (n) is non-negative and for all
natural numbers n, m such that n m and for every elementx of X
such that x 2 A holds F(n)(x) F(m)(x) and for every natural number
n holds G(n) is simple function in S and domG(n) = A and for every
natural number n holds G(n) is non-negative and for all natural numbers
n, m such thatn  m and for every elementx of X such that x 2 A holds
G(n)(x) G(m)(x) and for every elementx of X such that x 2 A holds
F# x is convergent andG# x is convergent anq:ellm(F# X) = lim( G# x)
ﬁgd for every natural number n holds K (n) = F(n)dM and L(n) =

G(n)dM: Then K is convergent andL is convergent and limK =lim L:

Let X be a non empty set, letS be a -eld of subsets of X, let M be a
-measure onS, and let f be a partial function from X to R. Let us assume
that there exists an elementA of S such that A = dom f and f is measurable
on A and f is non-negative. The functor ' f dM vyielding an element ofR is
de ned by the condition (Def. 15).

(Def. 15) There exists a sequenc€& of partial functions from X into R and there
exists a sequenc& of extended reals such that
for every natural number n holds F(n) is simple function in S and
domF(n) = dom f and for every natural number n holds F(n) is non-
negative and for all natural numbers n, m such that n m and for
every elementx of X such that x 2 domf holds F(n)(x) F (m)(x)
and for every elementx of X such that x 2 domf holds F# x is con-
vergent ﬁnd lim(F#x) = f(x) and for ever}é natural number n holds
K(n)= F(n)dM and K is convergent and ~ f dM =lim K:

The following propositions are true:

(83) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial functlongrom X tchﬁ. If f is simple
function in S and f is non-negative, then ~ f dM = % dMm:

(84) Let X be a non empty set,S be a -eld of subsets of X, M be a
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-measure onS, and f , g be partial functions from X to R. Suppose that
(i) there exists an elementA of S such that A = dom f andf is measurable
on A,
(i) there exists an elementB of S such that B = dom g and g is measurable
on B,
(i) f is non-negative, and
(iv) g is non-negative.
Ehen there emﬁs an elemen;g of S such that C = dom(f + g) and
f +gdM = f CdM + g CdM:

(85) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial function from X to R. Suppose there
exists an elementA of S such thzﬁ A =dom f andf is measurable onA
and f is non-negative. Then 0 f dM:

(86) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A be an element
of S. Suppose there exists an elemerit of S such that E =dom f and f
is measurable onE and f is non-negative. Then0 " f AdM:

(87) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A, B be elements
of S. Suppose there exists an elemenE of S such that E = dom f

df is measurablejonE and f ig;non-negative andA missesB. Then
“f (A[B)dM = T f AdM + ' f BdM:

(88) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A be an element
of S. Suppose there exists an elemenE of S such that E = dom f

d f is measurable onE and f is non-negative andM (A) = 0: Then
“f AdM =0:

(89) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A, B be elements
of S. Suppose there exists an elemeriE of S such that E —Fgom f andf

measurable orE andf is non-negative andA  B: Then f AdM
T f BdMm:

(90) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and E, A be elements
of S. Supposef is non- rFxggatlve andE =do f and f is measurable on
E and M (A)=0: Then f (EnA)dM = " f dM:

(91) Let X be a non empty set,S be a -eld of subsets of X, M be a

-measure onS, and f , g be partial functions from X to R. Suppose that
() there exists an elementE of S such that E = domf and E =dom g
and f is measurable onE and g is measurable onk,
(i) f is non-negative,
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(i) g is non-negative, and

(iv) for gvery elem%gt x of X such that x 2 domg holds g(x) f (x):
Then ' gdMm T f dM:

(92) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and ¢ be a real number.
Suppose 0 ¢ and there exists an elementA of S such that, A = dom f
and f js measurable onA and f is non-negative. Then *cfdM =
R(c) *fdMm:

(93) Let X be a non empty set,S be a -eld of subsets of X, M be a

-measure onS, and f be a partial function from X to R. Suppose that
() there exists an elementA of S such that A =dom f andf is measurable
on A, and
@iy for pery element x of X such that x 2 domf holds 0 = f (x):

Then " fdM =0:

7. Integral of Measurable Function

Let X be a non empty set, letS be a -eld of subsets of X, let M be
-measure onS, and let f be a partial function from X to R. The functor
f dM yielding an element ofR is deRned as follows:
(Def.16) fdM = "max,(f)dM " max (f)dM:
We now state several propositions:

(94) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial function from X to R. Suppose there
exists an elementA of S sucligathat A =|gom f and f is measurable onA
and f is non-negative. Then f dM = * f dM:

(95) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial function from X' to R. gupposef is
ﬁ'mple funEztion in Sandf is non-negative. Then f dM = ' f dM and

fdv = °f dMm:

(96) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a partial function from X to R. Suppose there
exists an elementA of S such th% A =dom f andf is measurable onA
and f is non-negative. Then 0 f dM:

(97) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A, B be elements
of S. Suppose there exists an elemenE of S such that E = dom f

df is measurabf;g onE and fRis non-negative andA missesB. Then
f (A[ B)dM = f AdM + f BdM:
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(98) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A be an element
of S. Suppose there exists an elemerE of S such thfﬁ E =domf andf
is measurable onE and f is non-negative. Then O f AdM:

(99) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A, B be elements
of S. Suppose there exists an elemerit of S such that E = q;gm f and f
ls measurable onE and f is non-negative andA  B: Then f AdM
f B dM:

(100) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A be an element
of S. Suppose there exists an elemeri th such that E =dom f and f
is measurable onE and M (A) =0: Then f AdM =0:

(101) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and E, A be elements
S. IfE = donhf and f is measurable onE and M (A) = 0; then
f (EnA)dM = f dM:
Let X be a non empty set, letS be a - eld of subsets of X, let M be a
-measure onS, and let f be a partial function from X to R. We say that f is
integrable on M if and only if:

(Def. 17) There exists an elementA of S such that A = dom f andf is measurable
onAand " max;(f)dM < +1 and " max (f)dM < +1 :

One can prove the following propositions:

(102) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f be a pgtial function from X to Ez Supposef is
integrable gg M. Then 9 "max, (f)dM and 0 " max (f)dM
and 1 < fdM and fdM< +1:

(103) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, f be a partial function from X to, R, and A be an el-
ent of S. Supposelt2 is integrable on M . Ii’hen " max, (f A)dM
"max, (f)dM and " max (f A)dM "max (f)dM andf A is
integrable on M.

(104) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, f be a partial function from X to R, and A, B be
ements of S. Su&posef is iq_tggrable on M and A missesB. Then
f (A[ B)dM = f AdM + f BdM:

(105) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, and A, B be elements
of S. Supposef is irlgegrable en M and Bx domf nA: Thenf Ais
integrable onM and fdM = f AdM + f BdM:
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(106) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, and f be a partial function from X to R. Given an
element A of S such that A =dom f and f is measurable onA. Then f

is integrable onM if and only if jf j is integrable onM .

(107) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onSpand f be g partial function from X to R. If f is integrable
onM, thenj f dMj jf jdM:

(108) Let X be a non empty set,S be a -eld of subsets of X, M be a

-measure onS, and f , g be partial functions from X to R. Suppose that
(i) there exists an elementA of S such that A =dom f andf is measurable
onA,
(i) domf =dom g;
(i)  gis integrable onM, and
(iv) for every element x of X sucﬁ that x 2 dﬁmf holds jf (x)j  g(x):
Then f is integrable onM and jf jdM gdM:

(109) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, f be a partial function from X to R, and r be a real
number. Suppose donf 2 S and 0 r and dgomf 6 ; and for every set
x such that x 2 domf holdsf (x)=r. Then f dM = R(r) M (domf):
X

(110) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, f be a partial function from X to R, and r be a real
number. Suppose donf 2 S al?_g 0 r and for every setx such that
x 2 domf holdsf (x) = r. Then % dMm = R(r) M (domf):
(111) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, and f be a partial function from X to R. Suppose
f is integrable on M. Then f (f+1g) 2 Sandf %(flg ) 2 S
and M(f (f+1g)) =0and M(f (flg )) =0and f (f+1g)]|
f (flig )2 SandM(f (f+1g)[ f Xflg ))=0:

(112) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f, g be partial functions from X to R. Supposef is
integrable on M and g is integrable onM and f is non-negative andg is
non-negative. Thenf + g is integrable onM .

(113) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f , g be partial functions from X to R. If f is integrable
on M and g is integrable on M, then dom(f + g) 2 S:

(114) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f, g be partial functions from X to R. Supposef is
integrable on M and g is integrable onM . Then f + g is integrable onM .

(115) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, and f, g be partial functions from X to R. Supposef is
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integrable onM and g is integrable oM . Then thqf{e exists aanlemenlE
of SsuchthatE =dom f\ domgand f+gdM = f EdM+ g E dM:

(116) Let X be a non empty set,S be a -eld of subsets of X, M be a

-measure onS, f be a partial function from X to R, and c be a real

ﬂ.lmber. SuEposq2 is integrable onM . Then cf is integrable onM and
cfdM = R(¢) f dM:

Let X be a non empty set, letS be a -eld of subsets of X, let M be

a -measure ons, let f qg a partial function from X to R, and let B be an

element of S. The functor f dM yielding an element ofR is de ned as follows:
B

R R
(Def. 18)  fdM = f B dM:
B

The following propositions are true:

(117) Let X be a non empty set,S be a -eld of subsets of X, M be a
-measure onS, f, g be partial functions from X to R, and B be an
element of S. Supposef is integrable on M and g is intggrable onM

and B dom(f + g): Thenf + gis integrable onM and f + gdM =
B
Rf dM + Rng:
B B
(118) Let X be a non empty set,S be a -eld of subsets of X, M be a -
measure onS, f be a partial function from X to R, ¢ be a real number, and
B be an element ofS. Supposef is integﬁlble onM andf r!§ measurable

onB. Thenf B is integrable onM and cfdM = R(c) f dM:
B B
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