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Summary. The Mazur-Ulam theorem [15] has been formulated as two regi-
strations: cluster bijective isometric -> midpoints-preserving Function
of E,F; and cluster isometric midpoints-preserving -> Affine Function
of E,F; A proof given by Jussi Viiséila [23] has been formalized.
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The notation and terminology used in this paper have been introduced in the
following papers: [19], [18], [4], [5], [20], [11], [10], [14], [17], [1], [6], [16], [24],
[25], [21], [13], [12], [22], [2], [9], [8], [3], and [7].

For simplicity, we use the following convention: E, F', G are real normed
spaces, f is a function from F into F', g is a function from F' into G, a, b are
points of F, and ¢ is a real number.

Let us note that I is closed.

Next we state four propositions:

1) DYADIC is a dense subset of L.

2) DYADIC = [0, 1].

3) ata=2-a.

4) (a+b)—b=a.

Let A be an upper bounded real-membered set and let r be a non negative
real number. Observe that r o A is upper bounded.

A~~~ I~ —~

Let A be an upper bounded real-membered set and let r» be a non positive
real number. Note that r o A is lower bounded.

Let A be a lower bounded real-membered set and let r be a non negative
real number. Observe that r o A is lower bounded.
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Let A be a lower bounded non empty real-membered set and let » be a non
positive real number. One can check that r o A is upper bounded.
Next we state three propositions:
(5) For every sequence f of real numbers holds f + (N+——t) =t + f.
(6) For every real number r holds lim(N +—— r) = r.
(7) For every convergent sequence f of real numbers holds lim(t + f) =
t+ lim f.
Let f be a convergent sequence of real numbers and let us consider t. One
can check that ¢ + f is convergent.
Next we state three propositions:
(8) For every sequence f of real numbers holds f - (N+—a) = f - a.
(9) lim(N+— a) =a.
(10) For every convergent sequence f of real numbers holds lim(f - a) =
lim f - a.
Let f be a convergent sequence of real numbers and let us consider F, a.
Note that f - a is convergent.
Let E, F be non empty normed structures and let f be a function from E
into F'. We say that f is isometric if and only if:
(Def. 1) For all points a, b of E holds || f(a) — f(b)|| = [a — b]|.

Let E, F be non empty RLS structures and let f be a function from E into
F'. We say that f is affine if and only if:

(Def. 2)  For all points a, b of E and for every real number ¢ such that 0 <¢ <1
holds f((1—t)-a+t-b)=(1—1t)- f(a)+t- f(b).
We say that f preserves midpoints if and only if:
(Def. 3) For all points a, b of E holds f(3 - (a+b)) = 5 - (f(a) + f(b)).
Let E be a non empty normed structure. Observe that idg is isometric.
Let E be a non empty RLS structure. Note that idg is affine and preserves
midpoints.
Let E be a non empty normed structure. Observe that there exists a unary
operation on E which is bijective, isometric, and affine and preserves midpoints.
Next we state the proposition
(11) If f is isometric and g is isometric, then g - f is isometric.
Let us consider E and let f, g be isometric unary operations on E. One can
verify that g - f is isometric.
The following proposition is true

(12) If f is bijective and isometric, then f~! is isometric.

Let us consider E and let f be a bijective isometric unary operation on F.
One can check that f~! is isometric.
We now state the proposition
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(13) If f preserves midpoints and g preserves midpoints, then g - f preserves
midpoints.

Let us consider E and let f, g be unary operations on E preserving midpo-
ints. Note that g - f preserves midpoints.
The following proposition is true

(14) If f is bijective and preserves midpoints, then f~! preserves midpoints.

Let us consider F and let f be a bijective unary operation on E preserving
midpoints. Observe that f~! preserves midpoints.
Next we state the proposition

(15) If f is affine and g is affine, then g - f is affine.

Let us consider E and let f, g be affine unary operations on E. Observe that
g - f is affine.
One can prove the following proposition
(16) If f is bijective and affine, then f~! is affine.

Let us consider £ and let f be a bijective affine unary operation on FE.
Observe that f~! is affine.

Let E be a non empty RLS structure and let a be a point of E. The functor
a-reflection yields a unary operation on E and is defined as follows:

(Def. 4) For every point b of E holds a-reflection(b) =2 -a — b.
The following proposition is true
(17) a-reflection - a-reflection = idg.
Let us consider E, a. Note that a-reflection is bijective.
We now state several propositions:

(18) a-reflection(a) = a and for every b such that a-reflection(b) = b holds
a=b.

(19) a-reflection(b) —a =a —b.

(20) ||a-reflection(b) — a|| = ||b — al|

(21) a-reflection(b) —b=2- (a — b).

(22) |la-reflection(b) — b|| =2-||b —a]|.

(23) 1

Let us consider FE, a. Observe that a-reflection is isometric.

a-reflection™" = a-reflection.
Next we state the proposition
(24) If f is isometric, then f is continuous on dom f.
Let us consider E, F. Observe that every function from E into F' which is
bijective and isometric also preserves midpoints.

Let us consider E, F. One can check that every function from E into F'
which is isometric and preserves midpoints is also affine.
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Summary. In this article, we formalize a set of points on an elliptic curve
over GF(p). Elliptic curve cryptography [10], whose security is based on a diffi-
culty of discrete logarithm problem of elliptic curves, is important for information
security.
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The notation and terminology used here have been introduced in the following
papers: [15], [1], [16], [13], [3], [8], [5], [6], [19], [18], [14], [17], [2], [12], [4], [9],
22], [23], [20], [21], [11], and [7].

1. FiniTE PRIME FIELD GF(p)

For simplicity, we use the following convention: z is a set, 7, j are integers,
n, ni, ne are natural numbers, and K, K1, K5 are fields.
Let K be a field. A field is called a subfield of K if it satisfies the conditions

(Def. 1).
(Def. 1)(i)  The carrier of it C the carrier of K,
(ii)  the addition of it = (the addition of K) [ (the carrier of it),
(ili)  the multiplication of it = (the multiplication of K) | (the carrier of it),
(iV) 1it = 1K7 and
(v) 0Oy =0g.

We now state two propositions:

! This work was supported by JSPS KAKENHI 22300285.
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K is a subfield of K.
Let S7 be a non empty double loop structure. Suppose that

(1)

2)

(i)  the carrier of S is a subset of the carrier of K,

(ii)  the addition of S; = (the addition of K) | (the carrier of S}),

(ili)  the multiplication of S; = (the multiplication of K) [ (the carrier of
S1),

(iV) 1(51) =1k,

(V) O(Sl) = OK, and

(vi) Sy is right complementable, commutative, almost left invertible, and
non degenerated.
Then S; is a subfield of K.

Let K be a field. One can check that there exists a subfield of K which is
strict.

In the sequel Ss, S3 denote subfields of K and e, es denote elements of K.

We now state several propositions:

(3) If K is a subfield of Ky, then for every x such that € K holds z € K.

(4) For all strict fields K, K2 such that K is a subfield of K3 and K> is a
subfield of K7 holds K1 = K5s.

(5) Let K1, K3, K3 be strict fields. Suppose K is a subfield of K9 and Ko
is a subfield of K3. Then K is a subfield of Kj3.

(6) S9 is a subfield of Sj iff the carrier of Sy C the carrier of Ss.
(7) So is a subfield of Sj iff for every z such that x € Sy holds x € Ss.
(8) For all strict subfields Sy, S3 of K holds S = Sj iff the carrier of So = the
carrier of Ss.
(9) For all strict subfields So, S3 of K holds S = Ss iff for every x holds
r € Sy iff x € Ss.
Let K be a finite field. Observe that there exists a subfield of K which is
finite. Then K is an element of N.
Let us mention that there exists a field which is strict and finite.
Next we state the proposition
(10) For every strict finite field K and for every strict subfield Sz of K such
that K = S5 holds Se = K.
Let I; be a field. We say that [ is prime if and only if:
(Def. 2) If K is a strict subfield of Iy, then Kj = I.
Let p be a prime number. We introduce GF(p) as a synonym of Z;}. One can
check that GF(p) is finite. One can check that GF(p) is prime.
One can check that there exists a field which is prime.
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2. ARITHMETIC IN GF(p)

In the sequel b, ¢ denote elements of GF(p) and F' denotes a finite sequence
of elements of GF(p).
Next we state a number of propositions:

—_
—

0= 0cr@):

—
[\]

I=1larp):
There exists ni such that ¢ = ny mod p.

[
- W

There exists a such that ¢ = ¢ mod p.

—
<t

If a =14 mod p and b= j mod p, then a4+ b= (i + j) mod p.

[
D

If a =i mod p, then —a = (p — i) mod p.

@
M N T Y Y N N~ N N N~ N N N

If a =4 mod p and b= j mod p, then a —b = (i — j) mod p.
If a =4 mod p and b =7 mod p, then a-b=1i-j mod p.

—
Ne)

If a =4 mod p and i-j mod p =1, then a~' = j mod p.
a=0orb=0iff a-b=0.
a0:1GF(p) and a0:1.

CL2ZCL'G.

N NN
N = O

n

[N}
w

If a = n1 mod p, then a” = n1™ mod p.
a"tt =a" - a.
If a # 0, then a™ # 0.

Let F' be an Abelian add-associative right zeroed right complementable

)
=~

N AN N N N N N AN N N N N /N /N /S A/
[\]
ot

[\)
D

associative commutative well unital almost left invertible distributive non
empty double loop structure and z, y be elements of F. Then z-z =y -y
if and only if x =y or z = —y.

(27) For every prime number p and for every element x of GF(p) such that
2 < p and x +x = OGF(p) holds z = OGF(p)'

(28) a"-b" = (a-b)".

(29) If a # 0, then (a™1)" = (a™)~L.
(30) a™ -a"? =a™t"2,

(31) (a™)"* = qm "2,

Let us consider p. One can verify that MultGroup(GF(p)) is cyclic.
The following two propositions are true:
(32) Let x be an element of MultGroup(GF(p)), z1 be an element of GF(p),
and n be a natural number. If x = z1, then 2™ = x1™.

(33) There exists an element g of GF(p) such that for every element a of GF(p)
if a # Ogr(p), then there exists a natural number n such that a = g".
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3. RELATION BETWEEN LEGENDRE SYMBOL AND THE NUMBER OF ROOTS
IN GF(p)

Let us consider p, a. We say that a is quadratic residue if and only if:
(Def. 3) a # 0 and there exists an element x of GF(p) such that 2 = a.
We say that a is not quadratic residue if and only if:
(Def. 4) a # 0 and it is not true that there exists an element = of GF(p) such
that 22 = a.
One can prove the following proposition
(34) If a # 0, then a? is quadratic residue.

Let p be a prime number. Observe that 1gp(,) is quadratic residue.

p)
Let us consider p, a. The functor Lege, a yields an integer and is defined as

follows:

0, if a =0,

(Def. 5) Lege,a=4q 1, if ais quadratic residue,
—1, otherwise.

Next we state several propositions:

(35) @ is not quadratic residue iff Lege, a = —1.

(36) a is quadratic residue iff Lege, a = 1.

(37) a=0iff Lege,a = 0.

(38) If a# 0, then Lege,(a?) = 1.

(39) Lege,(a-b) = Lege, a - Lege, b.

(40) If a # 0 and » mod 2 = 0, then Lege,(a") = 1.

(41) Ifn mod 2 =1, then Lege,(a") = Lege, a.

(42)

If 2 < p, then {b:b*=a} =1+ Lege, a.

4. SET OF POINTS ON AN ELLIPTIC CURVE OVER GF(p)

Let K be a field. The functor ProjCo K yields a non empty subset of (the
carrier of K) x (the carrier of K) x (the carrier of K) and is defined by:
(Def. 6) ProjCo K = ((the carrier of K) x (the carrier of K) x (the carrier of
K)\ {{0k, Ok, O) }-
One can prove the following proposition
(43) ProjCo GF(p) = ((the carrier of GF(p)) x (the carrier of GF(p)) x (the
carrier of GF(p))) \ {(0, 0, 0)}.
In the sequel P;, Py, Ps are elements of GF(p).
Let p be a prime number and let a, b be elements of GF(p). The functor
Disc(a, b, p) yields an element of GF(p) and is defined as follows:
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(Def. 7) For all elements g4, go7 of GF(p) such that g4 = 4 mod p and go7 =
27 mod p holds Disc(a, b, p) = g4 - a® + ga7 - b2
Let p be a prime number and let a, b be elements of GF(p). The functor
EC WEqProjCo(a, b, p) yielding a function from (the carrier of GF(p)) x (the
carrier of GF(p)) x (the carrier of GF(p)) into GF(p) is defined by the condition
(Def. 8).

(Def. 8) Let P be an element of (the carrier of GF(p)) x (the carrier of GF(p)) x
(the carrier of GF(p)). Then (EC WEqProjCo(a,b,p))(P) = (P2)2 - Pg —
((P1)*+a- Py (Ps)*+b-(P3)?).

We now state the proposition
(44) For all elements X, Y, Z of GF(p) holds (EC WEqProjCo(a, b, p))({X,
Y, Z)) :YQ-Z—(X3+a-X-Z2+b-Z3).
Let p be a prime number and let a, b be elements of GF(p). The functor
EC SetProjCo(a, b, p) yielding a non empty subset of ProjCo GF(p) is defined
by:

(Def. 9) EC SetProjCo(a,b,p) = {P € ProjCo GF(p) : (EC WEqProjCo(a,b,p))

(P) = 0gr(p)}-
One can prove the following two propositions:
(45) (0, 1, 0) is an element of EC SetProjCo(a, b, p).
(46) Let p be a prime number and a, b, X, Y be elements of GF(p). Then Y2 =
X3+a-X+bif and only if (X, Y, 1) is an element of EC SetProjCo(a, b, p).
Let p be a prime number and let P, @ be elements of ProjCo GF(p). We say
that P EQ @Q if and only if:
(Def. 10) There exists an element a of GF(p) such that a # Ogp(,) and P1 = a-Q1
and Po =a- Q2 and P3 =a- Q3.
Let us notice that the predicate P EQ @ is reflexive and symmetric.
We now state two propositions:
(47) For every prime number p and for all elements P, @, R of ProjCo GF(p)
such that P EQ @ and Q EQ R holds P EQ R.
(48) Let p be a prime number, a, b be elements of GF(p), P, @ be elements of
(the carrier of GF(p)) x (the carrier of GF(p)) x (the carrier of GF(p)), and
d be an element of GF(p). Suppose p > 3 and Disc(a, b,p) # Ogp(p) and
P € EC SetProjCo(a, b,p) and d # Ogp(p) and Q1 = d- Py and Q2 = d- P
and Q3 = d - P3. Then @ € EC SetProjCo(a, b, p).
Let p be a prime number. The functor R-ProjCo p yielding a binary relation
on ProjCo GF(p) is defined by:
(Def. 11) R-ProjCop = {(P, Q); P ranges over elements of ProjCo GF(p), @ ran-
ges over elements of ProjCoGF(p) : P EQ Q}.

One can prove the following proposition
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(49) For every prime number p and for all elements P, @ of ProjCo GF(p)
holds P EQ Q iff (P, Q) € R-ProjCop.

Let p be a prime number. Note that R-ProjCop is total, symmetric, and
transitive.

Let p be a prime number and let a, b be elements of GF(p). The functor
R-EllCur(a, b, p) yielding an equivalence relation of EC SetProjCo(a, b, p) is de-
fined as follows:

(DEf 12) R—EHCUI‘(Q, b, p) = R—PI‘OjCOp N VEC SetProjCo(a,b,p)‘
Next we state a number of propositions:

(50) Let p be a prime number, a, b be elements of GF(p), and P, @
be elements of ProjCoGF(p). Suppose Disc(a,b,p) # Ogp() and P,
@ € EC SetProjCo(a,b,p). Then P EQ @ if and only if (P, Q) €
R-EllCur(a, b, p).

(51) Let p be a prime number, a, b be elements of GF(p), and P be an
element of ProjCo GF(p). Suppose p > 3 and Disc(a,b,p) # Ogp(p) and
P € EC SetProjCo(a,b,p) and P3 # 0. Then there exists an element @
of ProjCo GF(p) such that @ € EC SetProjCo(a,b,p) and @ EQ P and
Q3 =1.

(52) Let p be a prime number, a, b be elements of GF(p), and P be an
element of ProjCo GF(p). Suppose p > 3 and Disc(a,b,p) # Ogp(p) and
P € EC SetProjCo(a,b,p) and P3 = 0. Then there exists an element @
of ProjCo GF(p) such that @ € EC SetProjCo(a,b,p) and @ EQ P and
Q1:0andQ2:1andQ3:0.

(53) Let p be a prime number, a, b be elements of GF(p), and z be a set.
Suppose p > 3 and Disc(a, b, p) # Ogr(p) and z € Classes R-EllCur(a, b, p).
Then

(i)  there exists an element P of ProjCoGF(p) such that P €
EC SetProjCo(a, b,p) and P = (0, 1, 0) and = = [Plp_gicus(a,bp)s O

(ii)  there exists an element P of ProjCo GF(p) and there exist elements X,
Y of GF(p) such that P € EC SetProjCo(a,b,p) and P = (X, Y, 1) and

T = [P]R—EllCur(a,b,p)'

(54) Let p be a prime number and a, b be elements of GF(p). Suppo-
se p > 3 and Disc(a,b,p) # Ogp(p). Then Classes R-EllCur(a,b,p) =
{10, 1, O)r-mncur(app)t Y {IPlr-Encur(app); I ranges over elements of
ProjCoGF(p) : P € EC SetProjCo(a,b,p) A Vxy :clement of GF(p) L =
(X, Y, 1)}

(55) Let p be a prime number and a, b, di, Y1, da, Y2 be elements of
GF(p). Suppose p > 3 and Disc(a,b,p) # Ogp(p) and (di, Y1, 1),
(d2, Y2, 1) € EC SetProjCo(a,b,p). Then [{d1, Y1, I)]p-gncur(a,bp)
[(d2, Yo, 1)]R—Ellcur(a,b,p) if and only if d; = dy and Y7 = Y5.
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(56) Let p be a prime number, a, b be elements of GF(p), and F;, F, be sets.
Suppose that
i p>3,
(11) Disc(a, b7p) 7& OGF(p)7
(iii) Fi = {[(0’ L, 0>]R—E110ur(a,b,p)}7 and
) F2 = {[Plr-gucur(app); P’ ranges over elements of ProjCoGF(p) : P €
EC SetProjCo(a,b,p) A Vxy :element of cr(p) £ = (X, Y, 1)}
Then Fy misses F5.

(iv

(57) Let X be a non empty finite set, R be an equivalence relation of X, S
be a Classes R-valued function, and ¢ be a set. If i € dom S, then S(i) is a
finite subset of X.

(58) Let X be a non empty set, R be an equivalence relation of X, and S be
a Classes R-valued function. If S is one-to-one, then S is disjoint valued.

(59) Let X be a non empty set, R be an equivalence relation of X, and S be
a Classes R-valued function. If S is onto, then |J S = X.

(60) Let X be a non empty finite set, R be an equivalence relation of X, S
be a Classes R-valued function, and L be a finite sequence of elements of
N. Suppose S is one-to-one and onto and dom S = dom L and for every
natural number i such that i € dom S holds L(i) = S(i). Then X =3 L.

(61) Let p be a prime number, a, b, d be elements of GF(p), and F, G be
sets. Suppose that
) p>3,
) DiSC(CL, b’p) # OGF(p)’
(iii) F={Y €GF(p):Y?2=d®+a-d+0b},
)
)

F #(, and

G = {[{d, Y, I)]p-gicur(ap) ¥ ranges over elements of GF(p): (d, Y,
1) € EC SetProjCo(a,b,p)}.
Then there exists a function from F' into G which is onto and one-to-one.
(62) Let p be a prime number and a, b, d be elements of GF(p). Suppose
p > 3 and Disc(a, b,p) # Ogr(p)-

Then {[{d, Y, 1)|r-pucur(ap): ¥ ranges over elements of GF(p):
(d, Y, 1) € EC SetProjCo(a,b,p)} =1+ Lege,(d* +a-d+b).

(63) Let p be a prime number and a, b be elements of GF(p). Suppose p > 3 and
Disc(a, b, p) # Ogr(p)- Then there exists a finite sequence F' of elements of N
such that

(i) lenF =p,
(ii)  for every natural number n such that n € Segp there exists an element d of
GF(p) such that d =n — 1 and F(n) = 1+ Lege,(d* + a - d +b), and
(ili)  {[Plr-Bucur(app); P ranges over elements of ProjCo GF(p) :

P cEC SetPI‘OjCO(CLJ),p) A \/X,Y:element of GF(p) P = (X’ Y, 1)} = ZF
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(64) Let p be a prime number and a, b be elements of GF(p). Suppose p > 3 and
Disc(a, b, p) # Ogr(p)- Then there exists a finite sequence F' of elements of Z
such that

(i)
(i)

len F' = p,
for every natural number n such that n € Segp there exists an element d of

GF(p) such that d = n — 1 and F(n) = Lege,(d® + a - d 4+ b), and

(i)

Classes R-EllCur(a,b,p) =1+ p+ > F.
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Summary. In this paper we present selected properties of barycentric
coordinates in the Euclidean topological space. We prove the topological corre-
spondence between a subset of an affine closed space of £" and the set of vectors
created from barycentric coordinates of points of this subset.
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The terminology and notation used here have been introduced in the following
articles: [1], [3], [15], [25], [13], [18], [5], [4], [6], [12], [7], [8], [33], [21], [24], [2],
[22], [20], [17], [30], [31], [23], [10], [28], [26], [11], [16], [29], [14], [19], [27], [32],
and [9].

1. PRELIMINARIES

For simplicity, we adopt the following rules: x denotes a set, n, m, k denote
natural numbers, r denotes a real number, V denotes a real linear space, v, w
denote vectors of V', A; denotes a finite subset of V', and Ay denotes a finite
affinely independent subset of V.

One can prove the following propositions:

(1) For all real-valued finite sequences f1, fo and for every real number r
holds (Intervals(fi,7)) ™ Intervals(fo,r) = Intervals(f1 = fo,7).

(2) Let f1, fa be finite sequences. Then = € [[(f1 ~ f2) if and only if there
exist finite sequences pi, py such that z = p; ~ ps and p; € [[ f1 and

p2 €[] fa-

(© 2011 University of Bialystok
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(3) V is finite dimensional iff Qy is finite dimensional.

Let V' be a finite dimensional real linear space. One can verify that every
affinely independent subset of V' is finite.
Let us consider n. One can check that £F is add-continuous and mult-
continuous and &7 is finite dimensional.
In the sequel p3 denotes a point of £F, A3 denotes a subset of £, A4 denotes
an affinely independent subset of £, and As denotes a subset of &’f.
Next we state three propositions:
(4) dim(&F) =n.
(5) Let V be a finite dimensional real linear space and A be an affinely
independent subset of V. Then A < 1+ dim(V).

(6) Let V' be a finite dimensional real linear space and A be an affinely
independent subset of V. Then A = dim(V)+1 if and only if Affin A = Qy .

2. OPEN AND CLOSED SUBSETS OF A SUBSPACE OF THE EUCLIDEAN
TOPOLOGICAL SPACE

One can prove the following propositions:

(7) If k <nand A3 = {v € E}: v[k € A5}, then Az is open iff A5 is open.

(8) Let A be a subset of E&™. Suppose A = {v ™ (n + 0) : v ranges over
elements of £&}. Let B be a subset of Sé“f" [A. Suppose B = {v; v ranges
over points of EJFFn: vlk € A5 AN v € A}. Then Ajs is open if and only if
B is open.

(9) For every affinely independent subset A of V' and for every subset B of
V such that B C A holds conv A N Affin B = conv B.

(10) Let V be a non empty RLS structure, A be a non empty set, f be
a partial function from A to the carrier of V, and X be a set. Then
(r-f)°PX =r-f°X.

(11) If (0,...,0) € A3, then Affin Az = QLin(Ag)‘

n
Let V be a non empty additive loop structure, let A be a finite subset of V,
and let v be an element of V. Note that v + A is finite.
Let V be a non empty RLS structure, let A be a finite subset of V', and let
us consider r. Observe that r - A is finite.
Next we state the proposition

(12) For every subset A of V holds A = r- A iff r # 0 or A is trivial.

Let V' be a non empty RLS structure, let f be a finite sequence of elements
of V, and let us consider r. Note that r - f is finite sequence-like.
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3. THE VECTOR OF BARYCENTRIC COORDINATES

Let X be a finite set. A one-to-one finite sequence is said to be an enumera-

tion of X if:
(Def. 1) rngit = X.

Let X be a 1-sorted structure and let A be a finite subset of X. We see that
the enumeration of A is a one-to-one finite sequence of elements of X.

In the sequel E; denotes an enumeration of A; and Es denotes an enume-
ration of Aj.

One can prove the following three propositions:

(13) Let V be an Abelian add-associative right zeroed right complementable
non empty additive loop structure, A be a finite subset of V', E be an
enumeration of A, and v be an element of V. Then E + A — v is an
enumeration of v + A.

(14) For every enumeration E of A; holds r - E is an enumeration of r - A; iff
r # 0 or Aj is trivial.

(15) Let M be a matrix over Rp of dimension n x m. Suppose rk(M) = n.
Let A be a finite subset of £} and E be an enumeration of A. Then
Mx2Tran M - E is an enumeration of (Mx2Tran M)°A.

Let us consider V', A1, let E be an enumeration of Ay, and let us consider
x. The functor x — FE yielding a finite sequence of elements of R is defined as
follows:
(Def. 2) z— E=(x— A1) E.
The following propositions are true:

(16) For every enumeration E of A; holds len(x — E) = Aj.

(17) For every enumeration E of v + Ag such that w € Affin Ay and F =
Ei+ Ay —vholdsw — E; =v+w — E.

(18) For every enumeration r1 of r - As such that v € Affin As and r; =7 E}
and r #0 holds v — Fy =1-v — ry.

(19) Let M be a matrix over Ry of dimension n x m. Suppose rk(M) = n. Let
M be an enumeration of (Mx2Tran M )°Ay. If M7 = Mx2Tran M - Es, then
for every ps such that ps € Affin A4 holds p3 — Fy = (Mx2Tran M )(p3) —
M;.

(20) Let A be a subset of V. Suppose A C Ay and x € Affin As. Then
x € Affin A if and only if for every set y such that y € dom(x — FEj)
and Ei(y) ¢ A holds (x — Eq)(y) = 0.

(21) For every Ej such that x € Affin Ay holds x € Affin(E;° Segk) iff v —
Ey = ((z — E1)lk) " ((A2 =" k) — 0).

(22) For every Ej such that k < Ay and x € Affin Ay holds z € Affin(4s \
E°Segk)iff « — Ey = (k—0) " ((z — E1) ).
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(23) Suppose (0,...,0) € Ay and Es(len Ey) = (0,...,0). Then
—— ——
n n

(i) rng(Ea(Ay —'1)) = A4\ {(0,...,0)}, and

(ii) for every subset A of the n-dimension vector space over Rp such that
Ay = A holds Ey[(A4 —'1) is an ordered basis of Lin(A).
(24) Let A be a subset of the n-dimension vector space over Rp. Suppose
Ay = A and (0,...,0) € Ay and Es(len E3) = (0,...,0). Let B be an
—— ~——
ordered basis of Lin(A4). If B = Eg@ —'1), then for every element v of
Lin(A) holds v — B = (v — Es)[(A44 —'1).
(25) For all Ey, Az such that £ < n and A; =n+1and Ag = {p3 : (p3 —
Es) |k € As} holds As is open iff Ag is open.
(26) For every Es such that k¥ < n and Ay =n+1and Ag = {ps : (ps —
Es) |k € As} holds Ajs is closed iff Ag is closed.
Let us consider n. One can verify that every subset of £F which is affine is
also closed.

In the sequel ps denotes an element of EF] Affin Ay4.
Next we state two propositions:

(27) For every Ep and for every subset B of EL[ Affin A4 such that k& < A,
and B = {ps : (p4 — E2)k € A5} holds Aj is open iff B is open.

(28) Let given Ey and B be a subset of &F] Affin A4. Suppose k < A4 and
B ={ps: (ps — E2)k € As}. Then Aj is closed if and only if B is closed.

Let us consider n and let p, ¢ be points of . Observe that halfline(p, ¢) is
closed.

4. CONTINUITY OF BARYCENTRIC COORDINATES

Let us consider V, let A be a subset of V', and let us consider x. The functor
- (A, z) yielding a function from V into R is defined as follows:

(Def. 3) (F (A, z))(v) = (v — A)(z).
One can prove the following four propositions:
(29) For every subset A of V such that x ¢ A holds F (4, z) = Qy +—— 0.

(30) For every affinely independent subset A of V such that + (A ,z) =
Qy —— 0 holds = ¢ A.

(31) F (A4, z)] Affin Ay is a continuous function from EX] Affin A4 into R1.
(32) If Ay =n+1, then I (A4, ) is continuous.

Let us consider n, A4. Note that conv A4 is closed.

We now state the proposition
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(33) If Ay =n+1, then Int A is open.
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Summary. In this article we prove the Brouwer fixed point theorem for
an arbitrary simplex which is the convex hull of its n 4+ 1 affinely indepedent
vertices of £". First we introduce the Lebesgue number, which for an arbitrary
open cover of a compact metric space 91 is a positive real number so that any
ball of about such radius must be completely contained in a member of the cover.
Then we introduce the notion of a bounded simplicial complex and the diame-
ter of a bounded simplicial complex. We also prove the estimation of diameter
decrease which is connected with the barycentric subdivision. Finally, we prove
the Brouwer fixed point theorem and compute the small inductive dimension of
E™. This article is based on [16].

MML identifier: SIMPLEX2, version: 7.11.07 4.160.1126
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[12], and [10] provide the terminology and notation for this paper.

1. THE LEBESGUE NUMBER

In this paper M is a non empty metric space and F, G are open families of
subsets of Mip.

Let us consider M. Let us assume that M, is compact. Let I’ be a family
of subsets of M. Let us assume that F' is open and F is a cover of Mio,. A
positive real number is said to be a Lebesgue number of F' if:

(Def. 1) For every point p of M there exists a subset A of My, such that A € F'
and Ball(p,it) C A.

(© 2011 University of Bialystok
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In the sequel L denotes a Lebesgue number of F'.
Next we state three propositions:

(1) If Miop is compact and F' is a cover of Mo, and F' C G, then L is a
Lebesgue number of G.

(2) If Miop is compact and F is a cover of Mo, and finer than G, then L is
a Lebesgue number of G.

(3) Let Ly be a positive real number. Suppose My, is compact and F is a
cover of Mo, and L1 < L. Then L; is a Lebesgue number of F'.

2. BOUNDED SIMPLICIAL COMPLEXES

In the sequel n, k denote natural numbers, X denotes a set, and K denotes
a simplicial complex structure.

Let us consider M. One can check that every subset of M which is finite is
also bounded.

Next we state the proposition

(4) For every finite non empty subset S of M there exist points p, ¢ of M
such that p, ¢ € S and p(p,q) = S.

Let us consider M, K. We say that K is M-bounded if and only if:

(Def. 2) There exists r such that for every A such that A € the topology of K
holds A is bounded and @A < r.

The following proposition is true

(5) Let K be a non void simplicial complex structure. If K is M-bounded
and A is a simplex of K, then A is bounded.

Let us consider M, X. Note that there exists a simplicial complex of X
which is M-bounded and non void.

Let us consider M. Note that there exists a simplicial complex structure
which is M-bounded, non void, subset-closed, and finite-membered.

Let us consider M, X and let K be an M-bounded simplicial complex str of
X. Note that every sub simplicial complex of K is M-bounded.

Let us consider M, X, let K be an M-bounded subset-closed simplicial
complex str of X, and let ¢ be an integer. One can verify that the skeleton of K
and ¢ is M-bounded.

The following proposition is true
(6) If K is finite-vertices, then K is M-bounded.
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3. THE DIAMETER OF A BOUNDED SIMPLICIAL COMPLEX

Let us consider M and let K be a simplicial complex structure. Let us assume
that K is M-bounded. The functor diameter(M, K) yielding a real number is
defined by:

(Def. 3)(i)  For every A such that A € the topology of K holds @A <
diameter(M, K) and for every r such that for every A such that A € the
topology of K holds @A < r holds r > diameter(M, K) if the topology of
K meets 29M

(ii)  diameter(M, K) = 0, otherwise.
One can prove the following three propositions:
(7) If K is M-bounded, then 0 < diameter(M, K).
(8) For every M-bounded simplicial complex str K of X and for every sub
simplicial complex K; of K holds diameter(M, K;) < diameter(M, K).
(9) Let K be an M-bounded subset-closed simplicial complex str of X
and i be an integer. Then diameter(M,the skeleton of K and i) <
diameter(M, K).
Let us consider M and let K be an M-bounded non void subset-closed
simplicial complex structure. Then diameter(M, K) is a real number and it can
be characterized by the condition:

(Def. 4)(i)  For every A such that A is a simplex of K holds oA <
diameter(M, K), and
(ii)  for every r such that for every A such that A is a simplex of K holds
@A < r holds r > diameter(M, K).

Next we state the proposition

(10) For every finite subset S of M holds diameter(M, the complex of {S}) =
8.

Let us consider n and let K be a simplicial complex str of £F. We say that
K is bounded if and only if:

(Def. 5) K is £™-bounded.
The functor @K yielding a real number is defined as follows:
(Def. 6) @K = diameter(E™, K).
Let us consider n. One can verify the following observations:
* every simplicial complex str of £} which is bounded is also £"-bounded,

* there exists a simplicial complex of £} which is bounded, affinely inde-
pendent, simplex-join-closed, non void, finite-degree, and total, and

* every simplicial complex str of £} which is finite-vertices is also bounded.
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4. THE ESTIMATION OF DIAMETER OF THE BARYCENTRIC SUBDIVISION

In the sequel V is a real linear space.
The following two propositions are true:

(11) Let S be a simplex of BCS K3 and F' be a C-linear finite finite-membered
family of subsets of V. Suppose S = (the center of mass V)°F and J F
is a simplex of Ky. Let a1, as be vectors of V. Suppose a1, ag € S. Then
there exist vectors by, be of V' and there exists a real number r such
that by € Vertices BCS (the complex of {{J F'}) and by € Vertices BCS (the
complex of {{JF'}) and a1 —ag =71 (by —b2) and 0 < r < JF_I.

(12) Let A be an affinely independent subset of £} and E be an enumeration
of A. If dom E \ X is non empty, then conv E°X = ({conv A\ {E(k)}; k
ranges over elements of N: k € dom E'\ X}.

In the sequel A denotes a subset of £F.
The following three propositions are true:

(13) For every bounded subset a of £" such that a = A and for every point
p of €™ such that p € conv A holds conv A C Ball(p, @a).

(14) A is Bounded iff conv A is Bounded.

(15) For all bounded subsets a, ¢; of " such that ¢; = convA and a = A
holds @a = Te;.

Let us consider n and let K be a bounded simplicial complex str of &F.
Observe that every subdivision str of K is bounded.
The following propositions are true:

(16) For every bounded finite-degree non void simplicial complex K of EF

such that |K| C Qg holds @ BCS K < 080 . oK.

(17) For every bounded finite-degree non void simplicial complex K of &f

k
such that |K| C Q holds @ BCS(k, K) < (355), )" - 0K,

(18) Let K be a bounded finite-degree non void simplicial complex of EF.
If |K| C Qg, then for every r such that r > 0 there exists k such that
gBCS(k,K) <.

(19) Let 4, j be elements of N. Then there exists a function f from &} x 5%
into Ef;” such that f is homeomorphism and for every element f; of EL
and for every element fo of & holds f(f1, f2) = f1 " f

(20) Let i, j be elements of N and f be a function from &L x 8% into &’;rj .
Suppose that for every element f; of £ and for every element fo of &7
holds f(f1, f2) = f1~ f2. Let given r, f1 be a point of £, fo be a point of £,
and f3 be a point of 7. If f3 = f1 ™ fo, then f°(OpenHypercube(f1,r) x
OpenHypercube( f2,7)) = OpenHypercube( f3, 7).
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(21) A is Bounded iff there exists a point p of £ and there exists r such that
A C OpenHypercube(p, 7).

Let us consider n. Observe that every subset of £F which is closed and
Bounded is also compact.

Let us consider n and let A be an affinely independent subset of £. One
can verify that conv A is compact.

5. MAIN THEOREMS

Next we state the proposition

(22) Let A be a non empty affinely independent subset of £, E be an enume-

ration of A, and F be a finite sequence of elements of 2the carrier of ExfconvA

Suppose len F = A and rng F is closed and for every subset S of dom F'
holds conv E°S C [J(F°S). Then (rng F' is non empty.

In the sequel A denotes an affinely independent subset of £F.

Next we state four propositions:

(23) Let given A. Suppose A = n + 1. Let f be a continuous function from
Eflconv A into EF[conv A. Then there exists a point p of £} such that

p € dom f and f(p) = p.
(24) For every A such that A = n + 1 holds every continuous function from
EFlconv A into £ [ conv A has a fixpoint.

(25) If A =n+1, then ind conv A = n.
(26) ind(&ER) = n.
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Summary. In this article we prove the Brouwer fixed point theorem for
an arbitrary convex compact subset of £" with a non empty interior. This article
is based on [15].
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The notation and terminology used here have been introduced in the following
papers: [17], [12], [1], [4], [7], [16], [6], [13], [10], [2], [3], [14], [9], [20], [18], [8],
[10], [11], [21], and [5].

1. PRELIMINARIES

For simplicity, we adopt the following convention: n is a natural number, p,
¢, u, w are points of £F, S is a subset of £F, A, B are convex subsets of £}, and
r is a real number.

Next we state several propositions:

(1) A=r)-ptr-g=p+r-(g—p).

(2) If u, w € halfline(p, ¢) and |u — p| = |w — p|, then u = w.

(3) Let given S. Suppose p € S and p # ¢ and S Nhalfline(p, ¢) is Bounded.
Then there exists w such that

(i)  w € Fr S Nhalfline(p, q),

(ii)  for every w such that u € S Nhalfline(p, ¢) holds |p — u| < |p — w|, and

(iii)  for every r such that r > 0 there exists u such that v € SNhalfline(p, q)
and |w —u| <.

(© 2011 University of Bialystok
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(4) For every A such that A is closed and p € Int A and p # ¢ and AN
halfline(p, ¢) is Bounded there exists u such that Fr Anhalfline(p, ¢) = {u}.

(5) If r > 0, then FrBall(p,r) = Sphere(p, ).
Let n be an element of N, let A be a Bounded subset of £}, and let p be a
point of £F. One can verify that p + A is Bounded.

2. MAIN THEOREMS

Next we state four propositions:

(6) Let n be an element of N and A be a convex subset of EF. Suppose
A is compact and non boundary. Then there exists a function h from
EplA into Tdisk(Ogn,1) such that h is homeomorphism and h°FrA =
Sphere((Ogz), 1).

(7) Let given A, B. Suppose A is compact and non boundary and B is
compact and non boundary. Then there exists a function h from E}[A
into & B such that h is homeomorphism and h° Fr A = Fr B.

(8)! For every A such that A is compact and non boundary holds every
continuous function from E7[A into EF[A has a fixpoint.

(9) Let A be a non empty convex subset of £fL. Suppose A is compact and
non boundary. Let F} be a non empty subspace of ER[A. If Qg = Fr A,
then F7 is not a retract of EF[A.

REFERENCES

1] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.

2] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-

matics, 1(1):41-46, 1990.

[3] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

4] Agata Darmochwal. Compact spaces. Formalized Mathematics, 1(2):383-386, 1990.

5] Agata Darmochwal. Families of subsets, subspaces and mappings in topological spaces.

Formalized Mathematics, 1(2):257-261, 1990.

6] Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.

7] Noboru Endou, Takashi Mitsuishi, and Yasunari Shidama. Convex sets and convex com-

binations. Formalized Mathematics, 11(1):53-58, 2003.

[8] Noboru Endou, Takashi Mitsuishi, and Yasunari Shidama. Dimension of real unitary
space. Formalized Mathematics, 11(1):23-28, 2003.

[9] Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

[10] Stanistawa Kanas, Adam Lecko, and Mariusz Startek. Metric spaces. Formalized Mathe-
matics, 1(3):607-610, 1990.

[11] Artur Kornilowicz and Yasunari Shidama. Intersections of intervals and balls in EF.
Formalized Mathematics, 12(3):301-306, 2004.

[12] Artur Kornitowicz and Yasunari Shidama. Brouwer fixed point theorem for disks on the
plane. Formalized Mathematics, 13(2):333-336, 2005.

[13] Yatsuka Nakamura, Andrzej Trybulec, and Czestaw Bylinski. Bounded domains and

unbounded domains. Formalized Mathematics, 8(1):1-13, 1999.

!Brouwer Fixed Point Theorem



BROUWER FIXED POINT THEOREM IN THE GENERAL ...

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Karol Sieklucki. Geometria i topologia. PWN, 1979.

Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.

Andrzej Trybulec. A Borsuk theorem on homotopy types. Formalized Mathematics,
2(4):535-545, 1991.

Wojciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291-296,

1990.
Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,

1990.
Mirostaw Wysocki and Agata Darmochwal. Subsets of topological spaces. Formalized

Mathematics, 1(1):231-237, 1990.

Received December 21, 2010

153






FORMALIZED MATHEMATICS
vol. 19, No. 3, Pages 155-167, 2011

Preliminaries to Classical First Order
Model Theory!

Marco B. Caminati?
Mathematics Department “G.Castelnuovo”
Sapienza University of Rome
Piazzale Aldo Moro 5, 00185 Roma, Italy

Summary. First of a series of articles laying down the bases for classical
first order model theory. These articles introduce a framework for treating ar-
bitrary languages with equality. This framework is kept as generic and modular
as possible: both the language and the derivation rule are introduced as a type,
rather than a fixed functor; definitions and results regarding syntax, semantics,
interpretations and sequent derivation rules, respectively, are confined to separa-
te articles, to mark out the hierarchy of dependences among different definitions
and constructions.

As an application limited to countable languages, satisfiability theorem and
a full version of the Godel completeness theorem are delivered, with respect to
a fixed, remarkably thrifty, set of correct rules. Besides the self-referential si-
gnificance for the Mizar project itself of those theorems being formalized with
respect to a generic, equality-furnished, countable language, this is the first step
to work out other milestones of model theory, such as Lowenheim-Skolem and
compactness theorems. Being the receptacle of all results of broader scope stem-
med during the various formalizations, this first article stays at a very generic
level, with results and registrations about objects already in the Mizar Mathe-
matical Library.

Without introducing the Language structure yet, three fundamental defini-
tions of wide applicability are also given: the ‘unambiguous’ attribute (see [20],
definition on page 5), the functor ‘-multiCat’, which is the iteration of ¢*’ over
a FinSequence of FinSequence, and the functor SubstWith, which realizes the
substitution of a single symbol inside a generic FinSequence.

MML identifier: FOMODELO, version: 7.11.07 4.160.1126
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The papers [11]7 [2]’ [4]7 [12]? [23]’ [7]7 [13]7 [19]7 [22]’ [14]7 [15]7 [10]7 [16}7 [9]7 [25]7
(1], [27], [8], [24], [6], [3], [5], [17], [28], [30], [29], [21], [26], and [18] provide the
notation and terminology for this paper.
For simplicity, we adopt the following rules: U, D are non empty sets, X is
a non empty subset of D, d is an element of D, A, B, C, Y, z, y, z are sets, f
is a binary operation on D, ¢, m, n are natural numbers, and ¢ is a function.
Let X be a set and let f be a function. We say that f is X-one-to-one if and
only if:
(Def. 1)  f[X is one-to-one.
Let us consider D, f and let X be a set. We say that X is f-unambiguous
if and only if:
(Def. 2) fis X x D-one-to-one.
Let us consider D and let X be a set. We say that X is D-prefix if and only
if:
(Def. 3) X is (the concatenation of D)-unambiguous.

Let D be a set. The functor D-prl yielding a binary operation on D is
defined by:
(Def. 4) D-prl = m(D x D).
One can prove the following propositions:
(1) Am"NB*=A"nNB™.
(2) A"NB*=(ANnB)™.
(3) (AnB)™ = A"nNB™.
(4) For all finite sequences x, y such that z is U-valued and y is U-valued
holds (the concatenation of U)(z, y) = =~ y.
(5) For every set x holds z is a non empty finite sequence of elements of D
iff x € D*\ {0}.
Let D be a non empty set. One can check that D-prl is associative.
Let D be a set. Note that there exists a binary operation on D which is
associative.
Let X be a set and let Y be a subset of X. Then Y™* is a non empty subset
of X*.
Let D be a non empty set. Observe that the concatenation of D is associative.
Observe that D* \ {(} is non empty.
Let m be a natural number. Note that there exists an element of D* which
is m-element.
Let X be a set and let f be a function. Let us observe that f is X-one-to-one
if and only if:
(Def. 5) For all sets x, y such that z, y € XNdom f and f(x) = f(y) holds z = y.

Let us consider D, f. Note that there exists a set which is f-unambiguous.
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Let f be a function and let = be a set. Note that f[{x} is one-to-one.

One can verify that every set which is empty is also empty-membered. Let
e be an empty set. Note that {e} is empty-membered.

Let us consider U and let mq be a non zero natural number. Observe that
U™ has non empty elements.

Let X be an empty-membered set. Note that every subset of X is empty-
membered.

Let us consider A and let mg be a zero number. Note that A™° is empty-
membered.

Let e be an empty set and let mq be a non zero natural number. Observe
that ™! is empty.

Let us consider D, f and let e be an empty set. One can verify that eN f is
f-unambiguous.

Let us consider U and let e be an empty set. One can check that e N U is
U-prefix.

Let us consider U. Observe that there exists a set which is U-prefix.

Let us consider D, f and let x be a finite sequence of elements of D. The
functor MultPlace(f, ) yields a function and is defined by:

(Def. 6) dom MultPlace(f,z) = N and (MultPlace(f,z))(0) = =z(1) and
for every natural number n holds (MultPlace(f,z))(n + 1) =
f(MultPlace(f, z))(n), z(n +2)).

Let us consider D, f and let = be an element of D* \ {0}. The functor
MultPlace(f, ) yields a function and is defined as follows:
(Def. 7)  MultPlace(f, z) = MultPlace(f, (z qua element of D*)).

Let us consider D, f. The functor MultPlace f yielding a function from
D*\ {0} into D is defined as follows:

(Def. 8) For every element z of D* \ {0} holds (MultPlacef)(z) =
(MultPlace(f,z))(lenz — 1).
Let us consider D, f and let X be a set. Let us observe that X is f-
unambiguous if and only if:
(Def. 9) For all sets z, y, di, do such that z, y € X N D and dy, dy € D and f(x,
dy) = f(y, d2) holds z = y and dy = ds.
Let us consider D. The functor D-firstChar yields a function from D* \ {(}}
into D and is defined as follows:
(Def. 10) D-firstChar = MultPlace(D-prl).
One can prove the following proposition
(6) For every finite sequence p such that p is U-valued and non empty holds
U-firstChar(p) = p(1).

Let us consider D. The functor D-multiCat yielding a function is defined as
follows:
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(Def. 11)  D-multiCat = ()——0)+- MultPlace (the concatenation of D).
Let us consider D. Then D-multiCat is a function from (D*)* into D*.
Let us consider D and let e be an empty set. One can check that
D-multiCat(e) is empty.
Let us consider D. Observe that every subset of D! is D-prefix.
The following propositions are true:

(7) If Ais D-prefix, then D-multiCat® A™ is D-prefix.
(8) If Ais D-prefix, then D-multiCat is A™-one-to-one.
(9) Y™t Cy*\ {0}

(10) If m is zero, then Y™ = {0}.

(11) Y? = ySest,

(12) If x € A™, then x is a finite sequence of elements of A.

Let A, X be sets. Then X4 x is a function from X into Boolean.
Next we state three propositions:

(13) (MultPlace f)((d)) = d and for every non empty finite sequence z of
elements of D holds (MultPlace f)(x ™ (d)) = f((MultPlace f)(x), d).

(14) For every non empty element d of (D*)* holds D-multiCat(d) =
(MultPlace (the concatenation of D))(d).

(15) For all elements dj, dy of D* holds D-multiCat((d;, d2)) = d1 ~ da.

Let f, g be finite sequences. One can verify that (f, g) is finite sequence-like.

Let us consider m and let f, g be m-element finite sequences. Note that
(f,g) is m-element.

Let X, Y be sets, let f be an X-defined function, and let g be a Y-defined
function. Observe that (f, g) is X N Y-defined.

Let X be a set and let f, g be X-defined functions. Observe that (f,g) is
X-defined.

Let X, Y be sets, let f be a total X-defined function, and let g be a total
Y-defined function. Note that (f, g) is total.

Let X be a set and let f, g be total X-defined functions. Note that (f, g) is
total.

Let X, Y be sets, let f be an X-valued function, and let g be a Y-valued
function. One can verify that (f,g) is X x Y-valued.

Let us consider D. Observe that there exists a finite sequence which is D-
valued.

Let us consider D, m. Note that there exists a D-valued finite sequence
which is m-element.

Let X, Y be non empty sets, let f be a function from X into Y, and let p
be an X-valued finite sequence. Observe that f - p is finite sequence-like.

Let us consider m, let f be a function from X into Y, and let p be an
m~element X-valued finite sequence. Note that f - p is m-element.
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Let us consider D, f and let p, g be elements of D*.
The functor f AppliedPairwiseTo(p, q) yields a finite sequence of elements of
D and is defined by:

(Def. 12)  f AppliedPairwiseTo(p,q) = f - (p,q).

Let us consider D, f, m and let p, ¢ be m-element elements of D*. Note that
f AppliedPairwiseTo(p, q) is m-element.
Let us consider D, f and let p, ¢ be elements of D*. We introduce f\ (p,q)
as a synonym of f AppliedPairwiseTo(p, q).
Z can be characterized by the condition:
(Def. 13) Z=NU ({0} x N\ {{0, 0)}).
We now state the proposition
(16) For every finite sequence p such that p is Y-valued and m-element holds
peY™.
Let us consider A, B. The functor A~ N B yields a subset of A and is defined
by:
(Def. 14) A~ NB=ANB.
The functor AN~ B yielding a subset of B is defined as follows:
(Def. 15) AN~ B=ANB.
Let us consider B, A. The functor Anull B is defined by:
(Def. 16) Anull B = A.

Let us consider A, B, C. One can check that (B\ A) N (AN C) is empty.

Let us consider A, B. The functor A\~ B yields a subset of A and is defined
as follows:

(Def. 17) A\~ B= A\ B.

Let us consider A, B. The functor A U™ B yielding a subset of A U B is
defined by:

(Def. 18) AUT B = A.

For simplicity, we adopt the following convention: X is a set, P, @), R are
binary relations, f is a function, p, ¢ are finite sequences, and Uy, Us are non
empty sets.

Let R be a binary relation. Note that R* is transitive and R* is reflexive.

The function plus from C into C is defined as follows:

(Def. 19) For every complex number z holds plus(z) = z + 1.
The following two propositions are true:
(17) If rng f C dom f, then f* = J{f™2 : mg ranges over elements of N}.
(18) 1If f C g, then f™ C g™.

Let X be a functional set. Note that | J X is relation-like.

Next we state the proposition
(19) IfY C B4 then JY C A x B.
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Let us consider Y. Observe that Y \ Y is empty.
Let us consider D, d. One can check that {idp(d)} \ {d} is empty.
One can prove the following propositions:

20) f={{(z, f(x));x ranges over elements of dom f : = € dom f}.

21) For every total Y-defined binary relation R holds idy C R- R™.

22) D™ = (the concatenation of D)°(D™ x D™).

23) For all binary relations P, Q holds (PUQ)~}(Y) = P L{(Y)uQ (V).

24
25
26

(Xa,5)""({0}) = B\ A and (Xa,5)"'({1}) = AN B.
For every non empty set y holds y = f(z) iff x € f~1({y}).

(
(
(
(
(
(
(

~— — — — ~— ' ~—

If f is Y-valued and finite sequence-like, then f is a finite sequence of
elements of Y.
Let us consider Y and let X be a subset of Y. Observe that every binary
relation which is X-valued is also Y-valued.
Let us consider A, U. One can verify that every relation between A and U
which is quasi total is also total.
The following propositions are true:

(27) Let @ be a quasi total relation between B and Uj, R be a quasi total
relation between B and Us, and P be a relation between A and B. If
P-Q-Q> - R is function-like, then P- Q- @Q~-R =P - R.

(28) For all finite sequences p, ¢ such that p is non empty holds (p ™~ ¢)(1) =
p(1).

Let us consider U and let p, ¢ be U-valued finite sequences. One can check
that p ™~ ¢ is U-valued.
Let X be a set. We see that the finite sequence of elements of X is an element
of X*.
Let us consider U, X. Let us observe that X is U-prefix if and only if:
(Def. 20) For all U-valued finite sequences p1, q1, p2, g2 such that p;, ps € X and
P11 =p2” g2 holds p1 = p2 and ¢1 = ¢o.
Let X be a set. Observe that every element of X* is X-valued.
Let us consider U, m and let X be a U-prefix set. Observe that
U-multiCat® X™ is U-prefix.
Next we state the proposition
(29) X-Y=0if X =Y.
Let us consider . Note that id,)~{(z, =)} is empty.
Let us consider z, y. Observe that (z——y)={(z, y)} is empty.
Let us consider . Note that idy,) =~ (z——wx) is empty.
The following proposition is true
(30) x € D*\ {0} iff x is a D-valued finite sequence and non empty.

In the sequel f denotes a binary operation on D.
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The following proposition is true

(31) (MultPlace f)((d)) = d and for every D-valued finite sequence x such
that x is non empty holds (MultPlace f)(z = (d)) = f((MultPlace f)(x),
d).
For simplicity, we adopt the following rules: A, B, C, X, Y, Z, x, z1, y, y1,
yo are sets, U, Uy, Uy, Us are non empty sets, u, uq, ug are elements of U, P,
R are binary relations, f, g are functions, k, m, n are natural numbers, ky, ms,
ny are elements of N, mq, no are non zero natural numbers, p, p1, p2 are finite
sequences, and ¢, g1, g2 are U-valued finite sequences.
Let us consider p, x, y. Note that p+(z,y) is finite sequence-like.
Let us consider z, y, p. The functor (z,y)-SymbolSubstIn p yielding a finite
sequence is defined by:
(Def. 21) (z,y)-SymbolSubstInp = p+(z,y).

Let us consider z, y, m and let p be an m-element finite sequence. Observe
that (z,y)-SymbolSubstIn p is m-element.

Let us consider X. Observe that there exists a finite sequence which is X-
valued.

Let us consider z, U, u and let p be a U-valued finite sequence. Observe that
(z,u)-SymbolSubstIn p is U-valued.

Let us consider X, z, y and let p be an X-valued finite sequence. Then
(x,y)-SymbolSubstIn p can be characterized by the condition:

(Def. 22) (z,y)-SymbolSubstInp = (idx +- (z,y)) - p.

Let us consider U, x, u, q. Then (z,u)-SymbolSubstIn ¢ is a finite sequence

of elements of U.

Let us consider U, z, u. The functor & SubstWith u yielding a function from
U™ into U™ is defined as follows:

(Def. 23) For every g holds (z SubstWithu)(q) = (x, u)-SymbolSubstln q.

Let us consider U, x, u. Note that x SubstWith u is finite sequence-yielding.

Let F' be a finite sequence-yielding function and let « be a set. Observe that
F(x) is finite sequence-like.

Let us consider U, x, u, m and let p be a U-valued m-element finite sequence.
Note that (x SubstWithu)(p) is m-element.

Let e be an empty set. One can verify that (x SubstWithu)(e) is empty.

Let us consider U. Note that U-multiCat is finite sequence-yielding.

One can verify that there exists a U-valued finite sequence which is non
empty.

Let us consider U, mi, n and let p be an m; + n-element U-valued finite
sequence. Observe that {p(m)} \ U is empty.

Let us consider U, m, n and let p be an m + 1 + n-element element of U*.
One can check that {p(m + 1)} \ U is empty.

Let us consider z. Note that (x)=—{(1, x)} is empty.
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Let us consider m and let p be an m + 1-element finite sequence. Observe
that (p] Segm) ™ (p(m + 1))=p is empty.
Let us consider m, n and let p be an m + n-element finite sequence. One can
verify that p| Segm is m-element.
Let us observe that every binary relation which is {(}-valued is also empty
yielding and every binary relation which is empty yielding is also {(}-valued.
The following two propositions are true:
(32) U-multiCat(z) = (MultPlace (the concatenation of U))(x).
(33) If p is U*-valued, then U-multiCat(p ~ (q)) = U-multiCat(p) ~ g.
Let us consider Y, let X be a subset of Y, and let R be a total Y-defined
binary relation. One can check that R[X is total.
The following propositions are true:
(34) If u = wy, then (uy,x2)-SymbolSubstIn(u) = (z2) and if u # wuj, then
(u1,x2)-SymbolSubstIn(u) = (u).
(35) If u = wuy, then (u; SubstWithus)((u)) = (ug) and if w # wq, then
(u1 SubstWith ug)((u)) = (u).
(36) (zSubstWithu)(q1 ~ g2) = (x SubstWithu)(q1) ~ (x SubstWith u)(g2).
(37) If p is U*-valued,
then (z SubstWith v)(U-multiCat(p)) = U-multiCat((z SubstWithu) - p).

(38) (The concatenation of U)°(idg1) = {(u,u) : u ranges over elements of
U}.
Let us consider f, U, u. One can verify that (f[U)(u)=f(u) is empty.
Let us consider f, Uy, Us, let u be an element of Uy, and let g be a function
from U; into Us. Observe that (f - ¢)(u)=f(g(u)) is empty.
One can verify that every integer number which is non negative is also na-
tural.
Let x, y be real numbers. One can verify that max(z,y) — = is non negative.
The following proposition is true

(39) If x is boolean, then x = 1 iff z # 0.

Let us consider Y and let X be a subset of Y. Note that X \ Y is empty.

Let us consider z, y. Observe that {z} \ {z,y} is empty and (z, y), =~z is
empty.

Let us consider z, y. Observe that (z, y),~y is empty.

Let n be a positive natural number and let X be a non empty set. Note that
there exists an element of X* \ {(}} which is n-element.

Let us consider m;. One can verify that every finite sequence which is mj +0-
element is also non empty.

Let us consider R, x. Note that Rnull x is relation-like.

Let f be a function-like set and let us consider x. One can check that f null z
is function-like.
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Let p be a finite sequence-like binary relation and let us consider x. One can
check that pnull z is finite sequence-like.

Let us consider p, . Observe that pnull x is len p-element.

Let p be a non empty finite sequence. Note that len p is non zero.

Let R be a binary relation and let X be a set. Observe that R[ X is X-defined.

Let us consider x and let e be an empty set. Observe that enull x is empty.

Let us consider X and let e be an empty set. One can verify that enull X is
X-valued.

Let Y be a non empty finite sequence-membered set. One can check that
every function which is Y-valued is also finite sequence-yielding.

Let us consider X, Y. Note that every element of (Y*)¥ is finite sequence-
yielding.

We now state the proposition

(40) If f is X*-valued, then f(x) € X*.

Let us consider m, n and let p be an m-element finite sequence. Observe
that pnulln is Seg m + n-defined.

Let us consider m, n, let p be an m-element finite sequence, and let ¢ be an
n-element finite sequence. Observe that p ™ ¢ is m + n-element.

The following two propositions are true:

(41) Let p1, p2, q1, g2 be finite sequences. Suppose p; is m-element but ¢ is
m~element but p;1 " p2 = q1 " q2 or po " p1 = q2 " q1. Then p; = ¢; and
b2 = q2.

(42) If U-multiCat(z) is Ui-valued and = € (U*)*, then z is a finite sequence
of elements of Uy*.

Let us consider U. One can verify that there exists a reflexive binary relation
on U which is total.
Let us consider m. Note that every finite sequence which is m + 1-element
is also non empty.
Let us consider U, u. Note that idy (u)=u is empty.
Let us consider U and let p be a U-valued non empty finite sequence. Observe
that {p(1)} \ U is empty.
Next we state the proposition
(43) 1If &1 = x9, then f+-(z1——y1)+:(xe——>y2) = f+-(x2——y2) and if x1 #
T2, then f+ (v1-—y1)+ (z2r-—y2) = f+-(v2——y2)+ (T1-—Yy1).
Let us consider X, U. Note that there exists an X-defined function which is
U-valued and total.
Let us consider X, U, let P be a U-valued total X-defined binary relation,
and let @ be a total U-defined binary relation. One can verify that P- (@ is total.
We now state the proposition
(44) If p~p1 " p2 is X-valued, then py is X-valued and p; is X-valued and p
is X-valued.

163
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Let us consider X and let R be a binary relation. One can check that Rnull X
is X Urng R-valued.

Let X, Y be functional sets. One can verify that X UY is functional.

Let us note that every set which is finite sequence-membered is also finite-
membered.

Let X be a functional set. The functor SymbolsOf X is defined by:

(Def. 24)  SymbolsOf X = [J{rng z; z ranges over elements of X U {0} : z € X}.

Let us observe that there exists a set which is trivial, finite sequence-
membered, and non empty.
Let X be a functional finite finite-membered set. Note that SymbolsOf X is
finite.
Let X be a finite finite sequence-membered set. One can verify that
SymbolsOf X is finite.
The following proposition is true
(45) SymbolsOf{f} = rng f.
Let z be a non zero complex number. One can check that |z| is positive.
The scheme Sc1 deals with a set A, a set 3, and a unary functor F yielding
a set, and states that:
{F(z); x ranges over elements of A : z € A} = {F(x);x ranges
over elements of B: x € A}
provided the following condition is satisfied:
e ACB.
Let X be a functional set. Then SymbolsOf X can be characterized by the
condition:
(Def. 25) SymbolsOf X = [J{rng z; z ranges over elements of X: z € X}.
One can prove the following propositions:
(46) For every functional set B and for every subset A of B holds
SymbolsOf A C SymbolsOf B.
(47) For all functional sets A, B holds SymbolsOf(A U B) = SymbolsOf A U
SymbolsOf B.
Let us consider X and let F be a subset of 2%. One can verify that |J F'\ X
is empty.
The following four propositions are true:
(48) X =(X\Y)uXnY.
(49) If A™ meets B", then m = n.
(50) If B is D-prefix and A C B, then A is D-prefix.
(51) f C g iff for every x such that € dom f holds = € domg and f(x) =
9(x).
Let us consider U. One can verify that every element of (U*\ {0})* which
is non empty is also non empty yielding.
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Let e be an empty set. One can verify that every element of e* is empty.
The following proposition is true
(62)(1)  If Up-multiCat(z) # 0 and Us-multiCat(z) # 0, then
Ur-multiCat(z) = Uz-multiCat(x),
(i)  if p is (*-valued, then U;-multiCat(p) = 0, and
(ii)  if Ur-multiCat(p) = 0 and p is Uy *-valued, then p is 0*-valued.
Let us consider U, z. Note that U-multiCat(z) is U-valued.
Let us consider x. The functor z null is defined by:
(Def. 26) znull = z.
Let Y be a set with non empty elements. Observe that every Y-valued binary
relation which is non empty is also non empty yielding.
Let us consider X. Observe that X \ {#} has non empty elements.
Let X be a set with non empty elements. One can check that every subset
of X has non empty elements.
Let us consider U. Note that U* is infinite. Observe that U* has a non-empty
element.
Let X be a set with a non-empty element. Note that there exists a subset
of X which is non empty and has non empty elements.
One can prove the following propositions:
(563) IfU; CUyand Y C U;* and p is Y-valued and p # () and Y has non
empty elements, then Uj-multiCat(p) = Us-multiCat(p).
(54) If there exists p such that = p and p is X *-valued, then U-multiCat(x)
is X-valued.
Let us consider X, m. Observe that X\ X* is empty.
The following two propositions are true:
(55) (AN B)" = A*N B*.
(56) (PUQ)IX =PIXUQIX.
Let us consider X. One can check that 2% \ X is non empty.
Let us consider X and let R be a binary relation. One can verify that R null X
is X U dom R-defined.
Next we state the proposition

(57) fI1X+g=fI(X\domg)Ug.
We now state the proposition
(68) If y ¢ ma(X), then A x {y} misses X.
Let us consider X. The functor X-freeCountableSet is defined by:
(Def. 27)  X-freeCountableSet = N x {the element of 2 72(X) \ my(X)}.
Next we state the proposition
(59) X-freeCountableSet NX = () and X-freeCountableSet is infinite.
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Let us consider X. Observe that X-freeCountableSet is infinite. Observe
that X-freeCountableSet NX is empty. One can verify that X-freeCountableSet
is countable.

One can check that N\ Z is empty.

Let us consider z, p. Observe that ((x) ~ p)(1)=z is empty.

Let us consider m, let mg be a zero number, and let p be an m-element finite
sequence. Note that pnull mg is total.

Let us consider U, ¢1, g2. One can check that U-multiCat({q1,¢2))~q1 ~ ¢2
is empty.
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Let us observe that there exists a real number which is negative and integer
and every integer number which is positive is also natural.

Let S be a non degenerated zero-one structure. Observe that (the carrier of
S) \ {the one of S} is non empty.

We introduce languages-like which are extensions of zero-one structure and
are systems

( a carrier, a zero, a one, an adicity ),
where the carrier is a set, the zero and the one are elements of the carrier, and
the adicity is a function from the carrier \{the one} into Z.

Let S be a language-like. The functor AllSymbolsOf S is defined by:
(Def. 1)  AllSymbolsOf S = the carrier of S.
The functor LettersOf S is defined as follows:
(Def. 2) LettersOf S = (the adicity of S)~1({0}).
The functor OpSymbolsOf S' is defined by:
(Def. 3) OpSymbolsOf S = (the adicity of S)~!(N\ {0}).
The functor RelSymbolsOf S is defined by:
(Def. 4) RelSymbolsOf S = (the adicity of S)~1(Z \ N).
The functor TermSymbolsOf S is defined as follows:
(Def. 5)  TermSymbolsOf S = (the adicity of S)~1(N).
The functor LowerCompoundersOf S is defined as follows:
(Def. 6) LowerCompoundersOf S = (the adicity of S)~1(Z\ {0}).
The functor TheEqSymbOf S is defined as follows:
(Def. 7) TheEqSymbOf S = the zero of S.
The functor TheNorSymbOf S is defined as follows:
(Def. 8) TheNorSymbOf S = the one of S.
The functor OwnSymbolsOf S is defined by:
(Def. 9) OwnSymbolsOf S = (the carrier of S) \ {the zero of S, the one of S}.

Let S be a language-like. An element of S is an element of AllSymbolsOf S.
The functor AtomicFormulaSymbolsOf S is defined by:

(Def. 10)  AtomicFormulaSymbolsOf S = AllSymbolsOf S\ {TheNorSymbOf S'}.
The functor AtomicTermsOf S is defined by:

(Def. 11)  AtomicTermsOf S = (LettersOf S)!.
We say that S is operational if and only if:

(Def. 12)  OpSymbolsOf S is non empty.
We say that S is relational if and only if:

(Def. 13) RelSymbolsOf S \ {TheEqSymbOf S} is non empty.

Let S be a language-like and let s be an element of S. We say that s is literal
if and only if:
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(Def. 14) s € LettersOf S.

We say that s is low-compounding if and only if:
(Def. 15) s € LowerCompoundersOf S.

We say that s is operational if and only if:
(Def. 16) s € OpSymbolsOf S.

We say that s is relational if and only if:
(Def. 17) s € RelSymbolsOf S.

We say that s is termal if and only if:
(Def. 18) s € TermSymbolsOf S.

We say that s is own if and only if:
(Def. 19) s € OwnSymbolsOf S.

We say that s is of-atomic-formula if and only if:
(Def. 20) s € AtomicFormulaSymbolsOf S.

Let S be a zero-one structure and let s be an element of (the carrier of

S) \ {the one of S}. The functor TrivialArity s yields an integer number and is
defined by:

.. . —2, if s = the zero of S,
(Def. 21) TrivialArity s = { 0. otherwise.
Let S be a zero-one structure and let s be an element of (the carrier of
S) \ {the one of S}. Then TrivialArity s is an element of Z.
Let S be a non degenerated zero-one structure. The functor S Trivial Arity

yielding a function from (the carrier of S) \ {the one of S} into Z is defined by:

(Def. 22) For every element s of (the carrier of S) \ {the one of S} holds
(S TrivialArity)(s) = TrivialArity s.
Let us observe that there exists a non degenerated zero-one structure which
is infinite.
Let S be an infinite non degenerated zero-one structure.
Observe that (S TrivialArity)~*({0}) is infinite.
Let S be a language-like. We say that S is eligible if and only if:
(Def. 23) LettersOf S is infinite and (the adicity of S)(TheEqSymbOf §) = —2.

One can check that there exists a language-like which is non degenerated.

One can check that there exists a non degenerated language-like which is
eligible.

A language is an eligible non degenerated language-like.

We follow the rules: S, S, So are languages and s, s1, so are elements of S.

Let S be a non empty language-like. Then AllSymbolsOf S is a non emp-
ty set.

Let S be an eligible language-like. Note that LettersOf S' is infinite.

Let S be a language.
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Then LettersOf S is a non empty subset of AllSymbolsOf S. Note that
TheEqSymbOf S is relational.
Let S be a non degenerated language-like. Then AtomicFormulaSymbolsOf .S
is a non empty subset of AllSymbolsOf S.
Let S be a non degenerated language-like. Then TheEqSymbOf S is an ele-
ment of AtomicFormulaSymbolsOf S.
We now state the proposition
(1) Let S be a language. Then LettersOf S N OpSymbolsOf S =
and TermSymbolsOf S N LowerCompoundersOf S = OpSymbolsOf S
and RelSymbolsOf S \ OwnSymbolsOf S = {TheEqSymbOf S} and
OwnSymbolsOf S C AtomicFormulaSymbolsOf S and RelSymbolsOf S C
LowerCompoundersOf S and OpSymbolsOf.S C TermSymbolsOf S
and LettersOf § C TermSymbolsOf S C OwnSymbolsOf.S and
OpSymbolsOf S C LowerCompoundersOf S C AtomicFormulaSymbolsOf S.

Let S be a language. One can verify the following observations:

*  TermSymbolsOf S is non empty,

* every element of S which is own is also of-atomic-formula,

x every element of S which is relational is also low-compounding,
x every element of S which is operational is also termal,

* every element of S which is literal is also termal,

* every element of S which is termal is also own,

* every element of S which is operational is also low-compounding,
x every element of S which is low-compounding is also of-atomic-formula,
x every element of S which is termal is also non relational,

* every element of S which is literal is also non relational, and

* every element of S which is literal is also non operational.

Let S be a language. Note that there exists an element of S which is re-
lational and there exists an element of S which is literal. Observe that every
low-compounding element of S which is termal is also operational. One can
check that there exists an element of S which is of-atomic-formula.

Let s be an of-atomic-formula element of S. The functor ars yielding an
element of Z is defined by:

(Def. 24) ars = (the adicity of S)(s).

Let S be a language and let s be a literal element of S. Note that ars is
zero. The functor S-cons yielding a binary operation on (AllSymbolsOf S)* is
defined as follows:

(Def. 25) S-cons = the concatenation of AllSymbolsOf S.
Let S be a language.
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The functor S-multiCat yields a function from ((AllSymbolsOf $)*)* into
(AllISymbolsOf S)* and is defined by:

(Def. 26) S-multiCat = (AllSymbolsOf S)-multiCat .

Let S be a language. The functor S-firstChar yielding a function from
(AllSymbolsOf S)* \ {0} into AllSymbolsOf S is defined as follows:

(Def. 27)  S-firstChar = (AllSymbolsOf S)-firstChar .

Let S be a language and let X be a set. We say that X is S-prefix if and
only if:
(Def. 28) X is AllSymbolsOf S-prefix.
Let S be a language. Note that every set which is S-prefix is also
AllSymbolsOf S-prefix and every set which is AllSymbolsOf S-prefix is also
S-prefix. A string of S is an element of (AllSymbolsOf S)* \ {0}.
Let us consider S. One can check that (AllSymbolsOf S)*\ {0} is non empty.
Note that every string of S is non empty.
Let us note that every language is infinite. Observe that AllISymbolsOf .S is
infinite.
Let s be an of-atomic-formula element of S, and let S3 be a set. The functor
Compound(s, S3) is defined by:
(Def. 29) Compound(s, S3) = {(s) ~ S-multiCat(S4); Sy ranges over elements of
((AlISymbolsOf S)*)*: tng Sy € S5 A Sy is |ar s|-element}.
Let S be a language, let s be an of-atomic-formula element of S, and let
S5 be a set. Then Compound(s, S3) is an element of 2(AlSymbolsOfS)"\{0} e
functor S-termsOfMaxDepth yields a function and is defined by the conditions
(Def. 30).
(Def. 30)(i) dom(S-termsOfMaxDepth) = N,
(ii)  S-termsOfMaxDepth(0) = AtomicTermsOf S, and
(iii) for every mnatural number n holds S-termsOfMaxDepth(n +
1) = U{Compound(s, S-termsOfMaxDepth(n)); s ranges over of-atomic-
formula elements of S: s is operational} U S-termsOfMaxDepth(n).
Let us consider S. Then AtomicTermsOf S is a subset of (AllSymbolsOf S)*.
Let S be a language. The functor AllTermsOf S is defined as follows:

(Def. 31)  AllTermsOf S = |Jrng(S-termsOfMaxDepth).
One can prove the following proposition
(2) S-termsOfMaxDepth(m;) C AllTermsOf S.
Let S be a language and let w be a string of S. We say that w is termal if
and only if:
(Def. 32) w € AllTermsOf S.

Let m be a natural number, let S be a language, and let w be a string of S.
We say that w is m-termal if and only if:
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(Def. 33) w € S-termsOfMaxDepth(m).

Let m be a natural number and let S be a language. Note that every string
of S which is m-termal is also termal.

Let us consider S. Then S-termsOfMaxDepth is a function from
N into 2(AlSymbolsOfS)™ = Then AllTermsOf S is a non empty subset of
(AllISymbolsOf S)*. Note that AllTermsOf S is non empty.

Let us consider m. One can verify that S-termsOfMaxDepth(m) is non emp-
ty. Observe that every element of S-termsOfMaxDepth(m) is non empty. Obse-
rve that every element of AllTermsOf .S is non empty.

Let m be a natural number and let S be a language. Note that there exists a
string of S which is m-termal. Observe that every string of S which is 0-termal
is also 1-element.

Let S be a language and let w be a 0O-termal string of S. Observe that
S-firstChar(w) is literal.

Let us consider S and let w be a termal string of S. Note that S-firstChar(w)
is termal.

Let us consider S and let ¢ be a termal string of S. The functor art yielding
an element of Z is defined as follows:

(Def. 34) art = ar S-firstChar(t).
Next we state the proposition

(3) For every m; + l-termal string w of S there exists an element T of
S-termsOfMaxDepth(my)* such that T is |ar S-firstChar(w)|-element and
w = (S-firstChar(w)) ~ S-multiCat(T).
Let us consider S, m. Note that S-termsOfMaxDepth(m) is S-prefix.
Let us consider S and let V be an element of (AllTermsOf S)*. Observe that
S-multiCat(V') is relation-like.
Let us consider S and let V' be an element of (AllTermsOf S)*. One can
verify that S-multiCat(V) is function-like.
Let us consider S and let p; be a string of S. We say that p; is 0-w.f.f. if
and only if:

(Def. 35) There exists a relational element s of S and there exists an |ar s|-element
element V of (AllTermsOf S)* such that p; = (s) = S-multiCat(V).
Let us consider S. Note that there exists a string of S which is 0-w.f.f..

Let p1 be a 0-w.f.f. string of S. Observe that S-firstChar(p;) is relational.
The functor AtomicFormulasOf S is defined as follows:

(Def. 36) AtomicFormulasOf S = {p1;p1 ranges over strings of S: p; is 0-w.f.f.}.

Let us consider S. Then AtomicFormulasOf S is a subset of (AllSymbolsOf S)*\
{0}. Note that AtomicFormulasOf S is non empty. Observe that every element
of AtomicFormulasOf S is O-w.f.f.. Observe that AllTermsOf S is S-prefix.
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Let us consider S and let ¢ be a termal string of S. The functor SubTerms ¢
yields an element of (AllTermsOf S)* and is defined by:

(Def. 37) SubTermst is |ar S-firstChar(t)|-element and ¢t = (S-firstChar(t)) ~
S-multiCat(SubTerms t).

Let us consider S and let ¢ be a termal string of S. One can verify that
SubTermst is |ar ¢|-element.

Let tg be a 0-termal string of S. Note that SubTermstg is empty.

Let us consider mq, S and let ¢ be an my + 1-termal string of S. One can
verify that SubTermst is S-termsOfMaxDepth(m;)-valued.

Let us consider S and let p; be a 0-w.f.f. string of S. The functor SubTerms p;
yields an |ar S-firstChar(p; )|-element element of (AllTermsOf S)* and is defined
as follows:

(Def. 38) p1 = (S-firstChar(p;)) ~ S-multiCat(SubTerms p; ).

Let us consider S and let p; be a O-w.f.f. string of S. Note that SubTerms p;
is |ar S-firstChar(p; )|-element.

Then AllTermsOf S is an element of 2(AlISYmbolsOfS)"\{0} ' Note that every

element of AllTermsOf S is termal. The functor S-subTerms yielding a function
from AllTermsOf S into (AllTermsOf S)* is defined by:

(Def. 39) For every element ¢ of AllTermsOf S holds S-subTerms(¢) = SubTerms .
We now state several propositions:
(4) S-termsOfMaxDepth(m) C S-termsOfMaxDepth(m + n).

(5) If = € AllTermsOfS, then there exists mn; such that = €
S-termsOfMaxDepth(n;).

(6) AllTermsOf S C (AllSymbolsOf S)* \ {0}.

(7)  AllTermsOf S is S-prefix.

(8) If x € AllTermsOf S, then z is a string of S.

(9) AtomicFormulaSymbolsOf S \ OwnSymbolsOf S = {TheEqSymbOf S}.
(10) TermSymbolsOf S\ LettersOf S = OpSymbolsOf S.
(11)  AtomicFormulaSymbolsOf S\ RelSymbolsOf S = TermSymbolsOf S.

Let us consider S. Observe that every of-atomic-formula element of S which
is non relational is also termal.

Then OwnSymbolsOf S is a subset of AllSymbolsOf S. Observe that every
termal element of .S which is non literal is also operational.

Next we state three propositions:

*

(12) =z is a string of S iff x is a non empty element of (AllSymbolsOf )

(13) =z is a string of S iff = is a non empty finite sequence of elements of
AllSymbolsOf S.

(14)  S-termsOfMaxDepth is a function from N into 2(AlSymbolsOfS)

*
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Let us consider S. Note that every element of LettersOf S is literal. One can
check that TheNorSymbOf S is non low-compounding.

Observe that TheNorSymbOf S is non own.

Next we state the proposition

(15) If s # TheNorSymbOfS and s # TheEqSymbOfS, then s €
OwnSymbolsOf S.

For simplicity, we use the following convention: [, l1, [ denote literal elements
of S, a denotes an of-atomic-formula element of S, r denotes a relational element
of S, w, wy denote strings of S, and ts denotes an element of AllTermsOf S.
Let us consider S, t. The functor Depth ¢ yielding a natural number is defined
by:
(Def. 40) tis Depth t-termal and for every n such that ¢ is n-termal holds Depth ¢ <
n.

Let us consider S, let mg be a zero number, and let ¢t be an mg-termal string
of S. Note that Deptht is zero.

Let us consider S and let s be a low-compounding element of S. Note that
ar s is non zero.

Let us consider S and let s be a termal element of S. Observe that ar s is
non negative and extended real.

Let us consider S and let s be a relational element of S. Note that ars is
negative and extended real.

Next we state the proposition

(16) Iftis non O-termal, then S-firstChar(¢) is operational and SubTermst #
0.

Let us consider S. Observe that S-multiCat is finite sequence-yielding.

Let us consider S and let W be a non empty AllSymbolsOf S* \ {(}-valued
finite sequence. One can verify that S-multiCat(W) is non empty.

Let us consider S, I. Note that (I) is O-termal.

Let us consider S, m, n. One can check that every string of S which is
m + 0 - n-termal is also m + n-termal.

Let us consider S. One can check that every own element of S which is non
low-compounding is also literal.

Let us consider S, t. One can check that SubTermst is rng¢*-valued.

Let pg be a 0-w.f.f. string of S. Observe that SubTerms pg is rng pg*-valued.
Then S-termsOfMaxDepth is a function from N into 2(AISymbolsOf S)™\ {0}

Let us consider S, m;. Observe that S-termsOfMaxDepth(m1) has non emp-
ty elements.

Let us consider S, m and let ¢ be a termal string of S. One can veri-
fy that tnullm is Deptht + m-termal. One can check that every string of S
which is termal is also TermSymbolsOf S-valued. Observe that AllTermsOf .S \
(TermSymbolsOf S)* is empty.
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Let po be a O-w.ff. string of S. Observe that SubTermspy is
TermSymbolsOf S*-valued. One can verify that every string of S which is 0-
w.f.f. is also

AtomicFormulaSymbolsOf S-valued. One can check that OwnSymbolsOf .S
is non empty.

In the sequel pg is a 0-w.f.f. string of S.

The following proposition is true

(17) 1If S-firstChar(pg) # TheEqSymbOf S, then py is OwnSymbolsOf S-
valued.

Let us observe that there exists a language-like which is strict and non empty.
Let S1, S2 be languages-like. We say that Sy is Si-extending if and only if:

(Def. 41) The adicity of S; C the adicity of Sz and TheEqSymbOfS; =
TheEqSymbOf S and TheNorSymbOf S7 = TheNorSymbOf Ss.

Let us consider S. One can verify that Snull is S-extending. Observe that
there exists a language which is S-extending.

Let us consider S7 and let So be an Si-extending language. Observe that
OwnSymbolsOf S; \ OwnSymbolsOf Sy is empty.

Let f be a Z-valued function and let L be a non empty language-like. The
functor LextendWith f yields a strict non empty language-like and is defined
by the conditions (Def. 42).

(Def. 42)(1)  The adicity of LextendWith f = f[(dom f \ {the one of L})+-the
adicity of L,
(ii)  the zero of LextendWith f = the zero of L, and
(ili)  the one of L extendWith f = the one of L.
Let S be a non empty language-like and let f be a Z-valued function. Note
that S extendWith f is S-extending.
Let S be a non degenerated language-like. Observe that every language-like
which is S-extending is also non degenerated.
Let S be an eligible language-like. One can check that every language-like
which is S-extending is also eligible.
Let E be an empty binary relation and let us consider X. Note that X [FE is
empty.
Let us consider X and let m be an integer number. Note that X —— m is
Z-valued.
Let us consider S and let X be a functional set.
The functor S addLettersNotIn X yields an S-extending language and is de-
fined as follows:

(Def. 43) S addLettersNotIln X =

S extendWith((AllSymbolsOf S U SymbolsOf X )-freeCountableSet +——
0 qua Z-valued function).
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Let us consider S7 and let X be a functional set.

Note that LettersOf(S; addLettersNotIn X) \ SymbolsOf X is infinite.

Let us note that there exists a language which is countable.

Let S be a countable language. Observe that AllSymbolsOf S is countable.
One can verify that (AllSymbolsOf S)* \ {0} is countable.

Let L be a non empty language-like and let f be a Z-valued function. Note
that AllSymbolsOf (L extendWith f)—=(dom f U AllSymbolsOf L) is empty.

Let S be a countable language and let X be a functional set. One can check
that S addLettersNotIn X is countable.
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Summary. Third of a series of articles laying down the bases for classical
first order model theory. Interpretation of a language in a universe set. Evaluation
of a term in a universe. Truth evaluation of an atomic formula. Reassigning the
value of a symbol in a given interpretation. Syntax and semantics of a non atomic
formula are then defined concurrently (this point is explained in [16], 4.2.1).
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For simplicity, we follow the rules: m, n denote natural numbers, m; denotes
an element of N, A, B, X, Y, Z, x, y denote sets, S, S, So denote languages, s
denotes an element of S, w, wy, we denote strings of S, U denotes a non empty
set, f, g denote functions, and p, ps denote finite sequences.

Let us consider S. Then TheNorSymbOf S is an element of S.

Let U be a non empty set. The functor U-deltalnterpreter yielding a function
from U? into Boolean is defined by:

(Def. 1) U-deltalnterpreter = X(the concatenation of 0)° (idy1), U2
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Let X be a set. Then idx is an equivalence relation of X.
Let S be a language, let U be a non empty set, and let s be an of-atomic-
formula element of S. Interpreter of s and U is defined as follows:

(Def. 2)(i) It is a function from U!* ¢l into Boolean if s is relational,
(ii) it is a function from Ul into U, otherwise.

Let us consider S, U and let s be an of-atomic-formula element of S. We see
that the interpreter of s and U is a function from U/?*5l into U U Boolean .

Let us consider S, U and let s be a termal element of S. One can verify that
every interpreter of s and U is U-valued.

Let S be a language. Note that every element of S which is literal is also
OWnL.

Let us consider S, U. A function is called an interpreter of S and U if:

(Def. 3) For every own element s of S holds it(s) is an interpreter of s and U.

Let us consider S, U, f. We say that f is (S, U)-interpreter-like if and only
if:

(Def. 4)  f is an interpreter of S and U and function yielding.

Let us consider S and let U be a non empty set. One can verify that every
function which is (S, U)-interpreter-like is also function yielding.

Let us consider S, U and let s be an own element of S. Observe that every
interpreter of s and U is non empty.

Let S be a language and let U be a non empty set. Note that there exists a
function which is (S, U)-interpreter-like.

Let us consider S, U, let I be an (S, U)-interpreter-like function, and let s
be an own element of S. Then I(s) is an interpreter of s and U.

Let S be a language, let U be a non empty set, let I be an (.S, U)-interpreter-
like function, let x be an own element of S, and let f be an interpreter of x and
U. One can check that I+-(z——f) is (S, U)-interpreter-like.

Let us consider f, x, y. The functor (z,y) Reassignln f yields a function and
is defined by:

(Def. 5) (x,y) Reassignln f = f+-(z——(0——y)).

Let S be a language, let U be a non empty set, let I be an (.S, U)-interpreter-
like function, let = be a literal element of S, and let u be an element of U. One
can verify that (z,u) Reassignln I is (S, U)-interpreter-like.

Let S be a language. One can check that AllISymbolsOf S is non empty.

Let Y be a set and let X, Z be non empty sets. Observe that every function
from X into ZY is function yielding.

Let X, Y, Z be non empty sets. One can verify that there exists a function
from X into Z¥ which is function yielding.

Let f be a function yielding function and let g be a function. The functor
[g, f] yields a function and is defined by:
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(Def. 6) domlg, f] = dom f and for every z such that x € dom f holds [g, f](x) =
g f(z).
Let f be an empty function and let g be a function. One can verify that
9, f] is empty.
Let f be a function yielding function and let g be a function. The functor
[f, g] yielding a function is defined as follows:

(Def. 7) dom|[f, g] = dom f N'dom g and for every set x such that z € dom|[f, g|
holds [f, g](x) = f(z)(g(z)).

Let f be a function yielding function and let g be an empty function. One
can check that [f, g] is empty.

Let X be a finite sequence-membered set. Observe that every function which
is X-valued is also function yielding.

Let E, D be non empty sets, let p be a D-valued finite sequence, and let h
be a function from D into E. Note that h - p is len p-element.

Let X, Y be non empty sets, let f be a function from X into Y, and let p
be an X-valued finite sequence. One can verify that f - p is finite sequence-like.

Let E, D be non empty sets, let n be a natural number, let p be an n-element
D-valued finite sequence, and let h be a function from D into E. Observe that
h - p is n-element.

We now state the proposition

(1) For every O-termal string to of S holds ¢ty = (S-firstChar(ty)).

Let us consider S, let U be a non empty set, let v be an element of U, and
let I be an (S, U)-interpreter-like function. The functor (I, u)-TermEval yields

UAllTermsOf S

a function from N into and is defined as follows:

(Def. 8) (I,u)-TermEval(0) = AllTermsOfS ~— wu and for every m; holds
(I,u)-TermEval(m; + 1) = [I - S-firstChar, [((I, u) -TermEval(m;) qua
function), S-subTerms]].

Let us consider S, U, let I be an (S, U)-interpreter-like function, and let ¢
be an element of AllTermsOf S. The functor I-TermEvalt yields an element of
U and is defined as follows:

(Def. 9) For every element w; of U and for every m; such that t €
S-termsOfMaxDepth(m;) holds I-TermEvalt = (I, u;)-TermEval(m; +
1)(¢t).

Let us consider S, U and let I be an (S, U)-interpreter-like function. The
functor I-TermEval yielding a function from AllTermsOf S into U is defined by:

(Def. 10) For every element ¢ of AllTermsOfS holds I-TermEval(t) =
I-TermEval t.

Let us consider S, U and let I be an (S, U)-interpreter-like function. The

functor I === yielding a function is defined as follows:

(Def. 11) [ ==== I+-(TheEqSymbOf S——U-deltalnterpreter).
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Let us consider S, U, let I be an (S, U)-interpreter-like function, and let x

be a set. We say that z is I-extension if and only if:
(Def. 12) z=1===.

Let us consider S, U and let I be an (S, U)-interpreter-like function. Note
that I === is I-extension and every set which is [-extension is also function-
like. Observe that there exists a function which is I-extension. Observe that

=== is (5, U)-interpreter-like.

Let f be an I-extension function, and let s be an of-atomic-formula element
of S. Then f(s) is an interpreter of s and U.

Let p1 be a 0-w.f.f. string of S. The functor I-AtomicEval p; is defined as
follows:

(Def. 13) I-AtomicEval p; = (I === (S-firstChar(p;)))(I/-TermEval - SubTerms p; ).

Let us consider S, U, let I be an (S, U)-interpreter-like function, and let p; be
a 0-w.f.f. string of S. Then I-AtomicEval p; is an element of Boolean. Note that
IT OwnSymbolsOf S is (U*—(U U Boolean))-valued and I OwnSymbolsOf S is
(S, U)-interpreter-like.

Let us consider S, U and let I be an (S, U)-interpreter-like function. Observe
that 1T OwnSymbolsOf S is total.

Let us consider S, U. The functor U-InterpretersOf S is defined by:

(Def. 14) U-InterpretersOf S = {f € (U*~>(U U Boolean))OWnSymbolsOf 5. ¢ g
(S, U)-interpreter-like}.

Let us consider S, U. Then U-InterpretersOf S is a subset of (U*=(U U
Boolean))OWnSymbolsOfS - Ohgerve that U-InterpretersOf S is non empty. One
can verify that every element of U-InterpretersOf S is (S, U)-interpreter-like.
The functor S-TruthEval U yields a function from

(U-InterpretersOf S) x AtomicFormulasOf S into Boolean and is defined by:

(Def. 15) For every element I of U-InterpretersOf S and for every element p; of
AtomicFormulasOf S holds (S-TruthEvalU)(, p1) = I-AtomicEval p;.

Let us consider S, U, let I be an element of U-InterpretersOf.S, let f be
a partial function from (U-InterpretersOf.S) x ((AllSymbolsOf S)* \ {0}) to
Boolean, and let p; be an element of (AllSymbolsOf S)* \ {#}. The functor
f-ExFunctor (I, p;) yielding an element of Boolean is defined as follows:

true, if there exists an element u of U and
there exists a literal element v of S such
(Def. 16)  f-ExFunctor(l,p;) = that pi(1) = v and
f((v,u) Reassignln I, (p1)1) = true,
false, otherwise.
Let us consider S, U and let g be an element of (U-InterpretersOf S) x
((AllSymbolsOf S)* \ {@})— Boolean . The functor ExIterator g yields a partial
function from (U-InterpretersOf S) x ((AllSymbolsOf S)*\ {#}) to Boolean and
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is defined by the conditions (Def. 17).

(Def. 17)(i)  For every element z of U-InterpretersOf S and for every element y
of (AllSymbolsOf S)* \ {0} holds (z, y) € dom ExlIterator g iff there exists
a literal element v of S and there exists a string w of S such that (z,
w) € domg and y = (v) ~ w, and
(ii)  for every element = of U-InterpretersOf S and for every element y
of (AllSymbolsOf S)* \ {#} such that {z, y) € dom ExIteratorg holds
(ExIterator g)(z, y) = g-ExFunctor(x, y).

Let us consider S, U, let f be a partial function from (U-InterpretersOf S) x
((AlISymbolsOf S)*\ {@}) to Boolean, let I be an element of U-InterpretersOf S,
and let p; be an element of (AllSymbolsOf S)* \ {0}.

The functor f-NorFunctor(7,p;) yielding an element of Boolean is defined
by:
true, if there exist elements wy, wg of

(AllSymbolsOf S)* \ {0} such that

(I, w1) € dom f and f(I, wy) = false

and f(I, wy) = false and

p1 = (TheNorSymbOf S) ™ w; ™ way,
false, otherwise.

(Def. 18)  f-NorFunctor(I,p1) =

Let us consider S, U and let g be an element of (U-InterpretersOf S) x
((AllSymbolsOf S)* \ {#})— Boolean . The functor Norlterator g yielding a par-
tial function from (U-InterpretersOf S) x ((AllSymbolsOf S)* \ {#}) to Boolean
is defined by the conditions (Def. 19).

(Def. 19)(i)  For every element x of U-InterpretersOf S and for every element
y of (AllSymbolsOf S)* \ {0} holds (z, y) € dom Norlterator g iff the-
re exist elements ps, py of (AllSymbolsOf S)* \ {0} such that y =
(TheNorSymbOf S) ™ p3 ™ ps and (x, p3), (z, pa) € domg, and

(ii)  for every element = of U-InterpretersOf S and for every element y
of (AllSymbolsOf S)* \ {#} such that (z,y) € dom Norlterator g holds
(Norlterator g)(x, y) = g-NorFunctor(z, y).

Let us consider S, U. The functor (S, U) -TruthEval yields a function from N

into (U-InterpretersOf S) x ((AllSymbolsOf S)* \ {#})— Boolean and is defined
as follows:

(Def. 20) (S,U)-TruthEval(0) = S-TruthEvalU and for every m; holds
(S,U) -TruthEval(m;+1) = ExlIterator(S, U) -TruthEval(m; )+ NorIterator
(S,U)-TruthEval(m;)+-(S, U) -TruthEval(m;).

Next we state the proposition

(2) For every (S, U)-interpreter-like function I holds IT OwnSymbolsOf S €
U-InterpretersOf S.

Let S be a language, let m be a natural number, and let U be a non empty set.



184 MARCO B. CAMINATI

The functor (S, U)-TruthEvalm yielding an element of (U-InterpretersOf S) x
((AllSymbolsOf S)* \ {#})— Boolean is defined as follows:

(Def. 21) For every m; such that m = my holds (S,U)-TruthEvalm =
(S,U)-TruthEval(m,).
Let us consider S, U, m and let I be an element of U-InterpretersOf S. The

functor (I, m)-TruthEval yields an element of
((AlISymbolsOf S)* \ {#})— Boolean and is defined by:

(Def. 22) (I, m)-TruthEval = (curry((S,U)-TruthEvalm))(I).

Let us consider S, m. The functor S-formulasOfMaxDepth m yielding a sub-
set of (AllSymbolsOf S)* \ {0} is defined as follows:

(Def. 23) For every non empty set U and for every element I of U-InterpretersOf S
and for every element mq of N such that m = mq holds
S-formulasOfMaxDepth m = dom((I, m) -TruthEval).

Let us consider S, m, w. We say that w is m-w.f.f. if and only if:
(Def. 24) w € S-formulasOfMaxDepth m.

Let us consider S, w. We say that w is w.f.f. if and only if:
(Def. 25) There exists m such that w is m-w.f.f..

Let us consider S. Note that every string of S which is 0-w.f.f. is also 0-w.f.f.
and every string of S which is 0-w.f.f. is also 0-w.f.f.. Let us consider m. One can
check that every string of S which is m-w.f.f. is also w.f.f.. Let us consider n.
One can check that every string of S which is m 40 - n-w.f.f. is also m + n-w.f.f..

Let us consider S, m. Observe that there exists a string of S which is m-
w.f.f.. Note that S-formulasOfMaxDepth m is non empty. One can verify that
there exists a string of S which is w.f.f..

Let us consider S, U, let I be an element of U-InterpretersOf S, and let w
be a w.f.f. string of S. The functor I-TruthEval w yields an element of Boolean
and is defined as follows:

(Def. 26) For every natural number m such that w is m-w.f.f. holds
I-TruthEvalw = (I, m)-TruthEval(w).

Let us consider S. The functor AllFormulasOf S is defined by:
(Def. 27)  AllFormulasOf S = {w; w ranges over strings of S:\/,, w is m-w.f.f.}.

Let us consider S. One can check that AllFormulasOf .S is non empty.

For simplicity, we follow the rules: u, ui, uo are elements of U, ¢ is a termal
string of S, I is an (S, U)-interpreter-like function, I, l1, I are literal elements
of S, mo, n1 are non zero natural numbers, pg is a 0-w.f.f. string of .S, and ps,
1, P3, p4 are w.f.f. strings of S.

The following propositions are true:

(3) (I,u)-TermEval(m + 1)(t) = I(S-firstChar(t))((,u)-TermEval(m) -
SubTermst) and if ¢ is O-termal, then (I,u)-TermEval(m + 1)(t) =
I(S-firstChar(t))(0).
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(4) For every m-termal string ¢ of S holds (I,u;)-TermEval(m + 1)(t) =
(I,u2)-TermEval(m + 1 4+ n)(t).

(5) curry((S,U)-TruthEvalm) is a function from U-InterpretersOf S into
((AlISymbolsOf S)* \ {#})— Boolean .

6) reXUYUZiffreXorzeYorzeZ

(7) S-formulasOfMaxDepth 0 = AtomicFormulasOf S.

Let us consider S, m. Then S-formulasOfMaxDepth m can be characterized
by the condition:

(Def. 28) For every non empty set U and for every element I of U-InterpretersOf S

holds S-formulasOfMaxDepth m = dom((Z, m)-TruthEval).
Next we state the proposition
(8) (S,U)-TruthEvalm € Boolean(U-TnterpretersOf §)x (S-formulasOfMaxDepth m)
and
(S,U)-TruthEval(m) € B oolean U-InterpretersOf §) x (S-formulasOfMaxDepth m)
Let us consider S, m. The functor m-ExFormulasOf S is defined by:

(Def. 29) m-ExFormulasOf S = {(v)"p; : v ranges over elements of LettersOf S, p

ranges over elements of S-formulasOfMaxDepthm}.
The functor m-NorFormulasOf S is defined as follows:

(Def. 30) m-NorFormulasOf S = {(TheNorSymbOfS) ™ p3 ™ ps : ps ranges
over elements of S-formulasOfMaxDepthm,ps ranges over elements of
S-formulasOfMaxDepth m}.

Let us consider S and let wy, we be strings of S. Then wy ~ ws is a string of
S.

Let us consider S, s. Then (s) is a string of S.

One can prove the following two propositions:

(9) S-formulasOfMaxDepth(m + 1) =
(m-ExFormulasOf S)U(m-NorFormulasOf S)U(S-formulasOfMaxDepth m).
(10) AtomicFormulasOf S is S-prefix.

Let us consider S. Note that AtomicFormulasOf S is S-prefix. Observe that
S-formulasOfMaxDepth 0 is S-prefix.

Let us consider p;. The functor Depth p; yielding a natural number is defined
by:

(Def. 31) p; is Depthpi-w.f.f. and for every n such that p; is n-w.f.f. holds
Depthp; < n.

Let us consider S, m and let ps, ps be m-w.f.f. strings of S. Note that
(TheNorSymbOf S) ™ p3 ™ pyg is m + 1-w.L.f..
Let us consider S, p3, ps. Observe that (TheNorSymbOf S) ~ps " py is w.f.f..

Let us consider S, m, let p; be an m-w.f.f. string of .S, and let v be a literal
element of S. Note that (v) ™ p; is m + 1-w.f.f..
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Let us consider S, [, p;. Note that (I) ™ py is w.f.f..

Let us consider S, w and let s be a non relational element of S. One can
check that (s) ™ w is non 0-w.f.f..

Let us consider S, w1, we and let s be a non relational element of .S. Observe
that (s) ~w; ~ wsy is non 0-w.f.f.

Let us consider S. Observe that TheNorSymbOf S is non relational.

Let us consider S, w. Observe that (TheNorSymbOf S) ™ w is non 0-w.f.f..

Let us consider S, I, w. Note that (I) ™ w is non 0-w.f.f..

Let us consider S, w. We say that w is exal if and only if:
(Def. 32) S-firstChar(w) is literal.

Let us consider S, w, . One can verify that (I) ™ w is exal.

Let us consider S, mo. Observe that there exists an mo-w.f.f. string of S
which is exal.

Let us consider S. Note that every string of S which is exal is also non
0-w.f.f..

Let us consider S, msy. One can check that there exists an exal mo-w.f.f.
string of S which is non 0-w.f.f..

Let us consider S. One can verify that there exists an exal w.f.f. string of S
which is non 0-w.f.f..

Let us consider S and let p; be a non 0-w.f.f. w.f.f. string of S. Note that
Depth p; is non zero.

Let us consider S and let w be a non 0-w.f.f. w.f.f. string of S. Observe that
S-firstChar(w) is non relational.

Let us consider S, m. Observe that S-formulasOfMaxDepthm is S-prefix.
Then AllFormulasOf S is a subset of (AllSymbolsOf S)*\{0}. Observe that every
element of AllFormulasOf S is w.f.f.. Note that AllFormulasOf S is S-prefix.

We now state three propositions:

(11) dom NorlIterator((S,U)-TruthEvalm) =
(U-InterpretersOf S) x (m-NorFormulasOf 5).

(12) dom ExlIterator((S,U)-TruthEvalm) =
(U-InterpretersOf S) x (m-ExFormulasOf S).

(13) U-deltalnterpreter ~*({1}) = {(u,u) : u ranges over elements of U}.

Let us consider S. Then TheEqSymbOf S is an element of S.
Let us consider S. One can verify that ar TheEqSymbOf S + 2 is zero and
|ar TheEqSymbOf S| — 2 is zero.
We now state two propositions:
(14) Let p; be a 0-w.f.f. string of S and I be an (S, U)-interpreter-like func-

tion. Then

(i)  if S-firstChar(p1) # TheEqSymbOfS, then I-AtomicEvalp; =
I(S-firstChar(p;))(I-TermEval - SubTerms p; ), and
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(i)  if S-firstChar(p;) = TheEqSymbOf S, then [-AtomicEvalp; =
U-deltalnterpreter(I-TermEval - SubTerms py ).
(15) Let I be an (S, U)-interpreter-like function and p; be a 0-w.f.f. string
of S. If S-firstChar(p;) = TheEqSymbOf S, then I-AtomicEvalp; = 1 iff
I-TermEval((SubTerms p;)(1)) = I-TermEval((SubTerms p;)(2)).

Let us consider .S, m. One can check that m-ExFormulasOf S is non empty.
Note that m-NorFormulasOf S is non empty. Then m-NorFormulasOf S is a
subset of (AllSymbolsOf S)* \ {0}.

Let us consider S and let w be an exal string of S. One can verify that
S-firstChar(w) is literal.

Let us consider S, m. Observe that every element of m-NorFormulasOf S is
non exal. Then m-ExFormulasOf S is a subset of (AllSymbolsOf S)* \ {0}.

Let wus consider S, m. One can check that every element of
m-ExFormulasOf S is exal.

Let us consider S. One can check that there exists an element of S which is
non literal.

Let us consider S, w and let s be a non literal element of S. Note that (s) ~w
is non exal.

Let us consider S, w1, we and let s be a non literal element of S. Observe
that (s) ™~ w; ™~ we is non exal.

Let us consider S. Note that TheNorSymbOf S is non literal.

Next we state the proposition

(16) p1 € AllFormulasOf S.

Let us consider S, m, w. We introduce w is m-non-w.f.f. as an antonym of
w is m-w.f.f..

Let us consider m, S. One can verify that every string of S which is non
m-w.f.f. is also m-non-w.f.f..

Let us consider S, p3, ps. Observe that (TheNorSymbOfS) ™ ps ™ py4 is
max(Depth ps, Depth py)-non-w.f.f..

Let us consider S, p1, I. Note that (I) ™ py is Depth p;-non-w.f.f..

Let us consider S, p1, . One can check that (I) ™ p; is 1 + Depth p;-w.f.f..

Let us consider S, U. Observe that every element of U-InterpretersOf S is
OwnSymbolsOf S-defined.

Let us consider S, U. Note that there exists an element of U-InterpretersOf S
which is OwnSymbolsOf S-defined.

Let us consider S, U. Note that every OwnSymbolsOf S-defined element of
U-InterpretersOf S is total.

Let us consider S, U, let I be an element of U-InterpretersOf .S, let x be a
literal element of S, and let u be an element of U. Then (z,u) Reassignln I is
an element of U-InterpretersOf S.

In the sequel I denotes an element of U-InterpretersOf S.

187
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Let us consider S, w. The functor xnot w yields a string of S and is defined
as follows:

(Def. 33) xnot w = (TheNorSymbOf S) ~ w ~ w.

Let us consider S, m and let p; be an m-w.f.f. string of S. Observe that
xnot py is m + 1-w.f.f..
Let us consider S, p1. Note that xnot p; is w.f.f..
Let us consider S. One can verify that TheEqSymbOf S is non own.
Let us consider S, X. We say that X is S-mincover if and only if:
(Def. 34) For every p; holds p; € X iff xnot p; ¢ X.
One can prove the following propositions:
(17) Depth({TheNorSymbOf S) ™~ p3 ~ps) = 1+ max(Depth p3, Depth ps) and
Depth({l) ™ p3) = Depth ps + 1.
(18) If Depthp; = m + 1, then p; is exal iff p; € m-ExFormulasOf S and p;
is non exal iff p; € m-NorFormulasOf S.
(19) I-TruthEval(l) ™ p; = true iff there exists u such that
((1,u) Reassignln I')-TruthEval p; = 1 and I-TruthEval(TheNorSymbOf S)™
p3 " pg = true iff I-TruthEval ps = false and I-TruthEval py = false.
In the sequel I denotes an (S, U)-interpreter-like function.
One can prove the following two propositions:
(20) (I,u)-TermEval(m + 1)[S-termsOfMaxDepth(m) =
I-TermEval [ S-termsOfMaxDepth(m).
(21) I-TermEval(t) = I(S-firstChar(¢))(/-TermEval - SubTermst).
Let us consider S, p;. The functor SubW{fsOf p; is defined as follows:

(Def. 35)(1)  There exist p3, p such that p is AllSymbolsOf S-valued and
SubWfsOf p1 = (ps, p) and p; = (S-firstChar(p;)) ~ ps ~ p if p1 is non
0-w.f.f.,

(i) SubWifsOf p; = (p1, 0), otherwise.
Let us consider S, p;. The functor head p; yields a w.f.f. string of S and is
defined as follows:

(Def. 36) headp; = (SubWHfsOf p1)1.

The functor tail p; yields an element of (AllSymbolsOf S)* and is defined by:

(Def. 37) tailp; = (SubWHsOf py)2.

Let us consider S, m. One can verify that (S-formulasOfMaxDepthm) \
AllFormulasOf S is empty.
Let us consider S. Observe that AtomicFormulasOf S\ AllFormulasOf S is
empty.
We now state two propositions:
(22) Depth((l) ™ p3) > Depth ps and Depth((TheNorSymbOf S) = p3 " ps) >
Depth ps and Depth((TheNorSymbOf S) ™ p3 ™ p4) > Depth py.
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(23) If py is not O-w.f.f., then p; = (z) " ps " po iff = S-firstChar(p;) and
ps = head p; and po = tail py.

Let us consider S, msy. Observe that there exists a non 0-w.f.f. mo-w.f.f.
string of S which is non exal.

Let us consider S and let p; be an exal w.f.f. string of S. One can verify that
tail p; is empty.

Let us consider S and let p; be a non exal non 0-w.f.f. w.ff. string of S.
Then tail p; is a w.f.f. string of S.

Let us consider S and let p; be a non exal non 0-w.f.f. w.f.f. string of S. One
can check that tail p; is w.f.f..

Let us consider S and let p; be a non 0-w.f.f. non exal w.f.f. string of S. One
can verify that S-firstChar(p;)— TheNorSymbOf S is empty.

Let us consider m, S and let p; be an m + 1-w.f.f. string of S. Note that
head py is m-w.f.f..

Let us consider m, S and let p; be an m+ 1-w.f.f. non exal non 0-w.f.f. string
of S. Observe that tail p; is m-w.f.f..

One can prove the following proposition

(24) For every element I of U-InterpretersOf S holds (I,m)-TruthEval €

BooleanS-formulasOfMaxDepth m

Let us consider S. One can check that there exists an of-atomic-formula
element of S which is non literal.
One can prove the following proposition

(25) 1If ly ¢ rngp, then ((I2,u) Reassignln I')-TermEval(p) = I-TermEval(p).
Let us consider X, S, s. We say that s is X-occurring if and only if:
(Def. 38) s € SymbolsOf(((AllSymbolsOf S)* \ {0}) N X).

Let us consider S, s and let us consider X. We say that X is s-containing if
and only if:

(Def. 39) s € SymbolsOf((AllSymbolsOf S)* \ {0} N X).

Let us consider X, S, s. We introduce s is X-absent as an antonym of s is
X-occurring.

Let us consider S, s, X. We introduce X is s-free as an antonym of X is
s-containing.

Let X be a finite set and let us consider S. Observe that there exists a literal
element of S which is X-absent.

Let us consider S, t. Note that rngt N LettersOf S is non empty.

Let us consider S, p1. One can verify that rng p; N LettersOf S is non empty.

Let us consider B, S and let A be a subset of B. Note that every element of
S which is A-occurring is also B-occurring.

Let us consider A, B, S. Observe that every element of S which is A null B-
absent is also A N B-absent.
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Let F' be a finite set and let us consider A, S. Note that every F-absent
element of S which is A-absent is also A U F-absent.

Let us consider S, U and let I be an (S, U)-interpreter-like function. One
can check that OwnSymbolsOf S\ dom I is empty.

One can prove the following proposition

(26) There exists u such that w = I(1)(0) and (I,u) ReassignIn I = 1.
Let us consider S, X. We say that X is S-covering if and only if:
(Def. 40) For every p; holds p; € X or xnotp; € X.

Let us consider S. One can check that every set which is S-mincover is also
S-covering.

Let us consider U, let p; be a non 0-w.f.f. non exal w.f.f. string of S, and let
I be an element of U-InterpretersOf S.

One can verify that (I-TruthEval p)=((/-TruthEval head p;) 'nor’

(I-TruthEval tailp;)) is empty.

The functor ExFormulasOf S yielding a subset of (AllSymbolsOf S)*\ {0} is
defined by:

(Def. 41) ExFormulasOf S = {p;;p; ranges over strings of S: p; is w.f.. A p; is
exal}.

Let us consider S. Note that ExFormulasOf S is non empty.

Let us consider S. One can check that every element of ExFormulasOf S is
exal and w.f.f..

Let us consider S. Note that every element of ExFormulasOf S is w.f.f..

Let us consider S. Observe that every element of ExFormulasOf S is exal.

Let us consider S. Observe that ExFormulasOf S\ AllFormulasOf S is empty.

Let us consider U, S1 and let So be an Sj-extending language. Note that
every function which is (Se, U)-interpreter-like is also (S1, U)-interpreter-like.

Let us consider U, S, let So be an Si-extending language, and let I be an
(S2, U)-interpreter-like function. Observe that I[ OwnSymbolsOf Sy is (S1,U)-
interpreter-like.

Let us consider U, Si, let Sy be an Si-extending language, let I; be an
element of U-InterpretersOf S, and let I be an (S, U)-interpreter-like function.
Note that Io+-1; is (Sz, U)-interpreter-like.

Let us consider U, S, let I be an element of U-InterpretersOf .S, and let us
consider X. We say that X is I-satisfied if and only if:

(Def. 42) For every p; such that p; € X holds I-TruthEvalp; = 1.

Let us consider S, U, X and let I be an element of U-InterpretersOf S. We
say that I satisfies X if and only if:

(Def. 43) X is I-satisfied.

Let us consider U, S, let e be an empty set, and let I be an element of
U-InterpretersOf S. Observe that enull I is [-satisfied.
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Let us consider X, U, S and let I be an element of U-InterpretersOf S.
Observe that there exists a subset of X which is I-satisfied.

Let us consider U, S and let I be an element of U-InterpretersOf S. One can
check that there exists a set which is I-satisfied.

Let us consider U, S, let I be an element of U-InterpretersOf S, and let X
be an [-satisfied set. One can check that every subset of X is I-satisfied.

Let us consider U, S, let I be an element of U-InterpretersOf S, and let X,
Y be [-satisfied sets. One can verify that X UY is [-satisfied.

Let us consider U, S, let I be an element of U-InterpretersOf S, and let X
be an I-satisfied set. Observe that I null X satisfies X .

Let us consider S, X. We say that X is S-correct if and only if the condition
(Def. 44) is satisfied.

(Def. 44) Let U be a non empty set, I be an element of U-InterpretersOf S, x be
an [-satisfied set, and given p;. If (x, p1) € X, then I-TruthEval p; = 1.

Let us consider S. Note that (null S is S-correct.

Let us consider S, X. Observe that there exists a subset of X which is
S-correct.

Next we state two propositions:

(27) For every element I of U-InterpretersOf S holds I-TruthEvalp; = 1 iff
{p1} is I-satisfied.
(28) s is {w}-occurring iff s € rngw.
Let us consider U, S, let us consider ps, p4, and let I be an element of
U-InterpretersOf S. Observe that (I-TruthEval(TheNorSymbOf S) ™~ ps ™ ps4)—
((I-TruthEval p3) 'nor’ (I-TruthEvalpy)) is empty.
Let us consider S, p1, U and let I be an element of U-InterpretersOf S. Note
that (I-TruthEval xnot p;)-——(I-TruthEval p;) is empty.
Let us consider X, S, p1. We say that p; is X-implied if and only if:

(Def. 45) For every non empty set U and for every element I of U-InterpretersOf S
such that X is I-satisfied holds I-TruthEvalp; = 1.

REFERENCES

[1] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.

[2] Grzegorz Bancerek. Curried and uncurried functions. Formalized Mathematics, 1(3):537—
541, 1990.

[3] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[4] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[5] Grzegorz Bancerek. Monoids. Formalized Mathematics, 3(2):213-225, 1992.

[6] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[7] Czestaw Bylinski. Binary operations. Formalized Mathematics, 1(1):175-180, 1990.

[8] Czestaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formalized
Mathematics, 1(3):529-536, 1990.



192

[9]
[10]
[11]

[12]
[13]

[14]

[15]

MARCO B. CAMINATI

Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.
Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
Czestaw Bylinski. The modification of a function by a function and the iteration of the

composition of a function. Formalized Mathematics, 1(3):521-527, 1990.
Czestaw Byliniski. Partial functions. Formalized Mathematics, 1(2):357-367, 1990.
Czestaw Bylinski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,

1990.
Marco B. Caminati. Preliminaries to classical first order model theory. Formalized Ma-

thematics, 19(3):155-167, 2011, doi: 10.2478/v10037-011-0025-2.

Marco B. Caminati. Definition of first order language with arbitrary alphabet. Syntax
of terms, atomic formulas and their subterms. Formalized Mathematics, 19(3):169-178,
2011, doi: 10.2478/v10037-011-0026-1.

M.B. Caminati. Basic first-order model theory in Mizar. Journal of Formalized Reasoning,
3(1):49-77, 2010.

Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

H.D. Ebbinghaus, J. Flum, and W. Thomas. Mathematical logic. Springer, 1994.
Jarostaw Kotowicz. Functions and finite sequences of real numbers. Formalized Mathe-
matics, 3(2):275-278, 1992.

Jarostaw Kotowicz and Yuji Sakai. Properties of partial functions from a domain to the
set of real numbers. Formalized Mathematics, 3(2):279-288, 1992.

Rafal Kwiatek and Grzegorz Zwara. The divisibility of integers and integer relative primes.
Formalized Mathematics, 1(5):829-832, 1990.

Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics,
1(2):329-334, 1990.

Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.

Andrzej Trybulec. Tuples, projections and Cartesian products. Formalized Mathematics,
1(1):97-105, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Many—argument relations. Formalized Mathematics, 1(4):733-737,

1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,

1(1):73-83, 1990.
Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Received December 29, 2010



FORMALIZED MATHEMATICS
vol. 19, No. 3, Pages 193-203, 2011

Free Interpretation, Quotient Interpretation
and Substitution of a Letter with a Term
for First Order Languages'

Marco B. Caminati?
Mathematics Department “G.Castelnuovo”
Sapienza University of Rome
Piazzale Aldo Moro 5, 00185 Roma, Italy

Summary. Fourth of a series of articles laying down the bases for classical
first order model theory. This paper supplies a toolkit of constructions to work
with languages and interpretations, and results relating them. The free interpre-
tation of a language, having as a universe the set of terms of the language itself,
is defined.

The quotient of an interpreteation with respect to an equivalence relation is
built, and shown to remain an interpretation when the relation respects it. Both
the concepts of quotient and of respecting relation are defined in broadest terms,
with respect to objects as general as possible.

Along with the trivial symbol substitution generally defined in [11], the more
complex substitution of a letter with a term is defined, basing right on the free
interpretation just introduced, which is a novel approach, to the author’s know-
ledge. A first important result shown is that the quotient operation commute
in some sense with term evaluation and reassignment functors, both introduced
in [13] (theorem 3, theorem 15). A second result proved is substitution lemma
(theorem 10, corresponding to II1.8.3 of [15]). This will be vital for proving sa-
tisfiability theorem and correctness of a certain sequent derivation rule in [14].
A third result supplied is that if two given languages coincide on the letters of a
given FinSequence, their evaluation of it will also coincide. This too will be in-
strumental in [14] for proving correctness of another rule. Also, the Depth functor
is shown to be invariant with respect to term substitution in a formula.
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The notation and terminology used in this paper are introduced in the following
articles: [1], [20], [17], [4], [5], [11], [12], [13], [19], [6], [7], [8], [16], [22], [2], [3],
[9], [23], [25], [24], [18], [21], and [10].

For simplicity, we adopt the following rules: X, Y, x are sets, U, Uy, Uy are
non empty sets, u, u; are elements of U, R is a binary relation, f is a function,
m, n are natural numbers, m1, n; are elements of N, S, S7, S5 are languages, s
is an element of S, [, l1, ls are literal elements of S, a is an of-atomic-formula
element of S, r is a relational element of S, w is a string of S, ¢ is a termal
string of S, po is a O-w.f.f. string of S, p1, po are w.f.f. strings of S, I is an
(S, U)-interpreter-like function, and ¢, ty are elements of AllTermsOf S.

Let us consider S, s and let V be an element of ((AllSymbolsOf S)* \ {0})".
The functor s-compound V' yields a string of S and is defined by:

(Def. 1) s-compound V' = (s) ~ S-multiCat (V).

Let us consider S, mi, let s be a termal element of S, and let V be
an |ar s|-element element of S-termsOfMaxDepth(ms)*. One can verify that
s-compound V' is m1 + 1-termal.

Let us consider S, let s be a termal element of S, and let V' be an |ars|-
element element of (AllTermsOf S)*. Observe that s-compound V' is termal.

Let us consider S, let s be a relational element of S, and let V' be an |ar s|-
element element of (AllTermsOf S)*. One can check that s-compoundV is 0-
w.f.f.

Let us consider S, s. The functor s-compound yielding a function from
((AlISymbolsOf S)* \ {#})" into (AllSymbolsOf S)* \ {}} is defined by:

(Def. 2) For every element V of ((AllSymbolsOf S)* \ {#})" holds s-compound (V)

s-compound V.

Let us consider S and let s be a termal element of S.
Observe that s-compound [(AllTermsOf S)/?*l is AllTermsOf S-valued.
Let us consider S and let s be a relational element of S.
Note that s-compound [(AllTermsOf S)/25l is AtomicFormulasOf S-valued.
Let us consider 5, let s be an of-atomic-formula element of .S, and let X be
a set. The functor X-freelnterpreter s is defined as follows:
s-compound [(AllTermsOf S)2r sl
if s is not relational,

(Def. 3) X-freeInterpreter s = { (s-compound [(AllTermsOf §)/2rsl).
(XX,AtomicForrnulasOfS qua binary relation),
otherwise.

Let us consider S, let s be an of-atomic-formula element of S, and let X be
a set. Then X-freelnterpreter s is an interpreter of s and AllTermsOf S.

Let us consider S, X. The functor (S, X)-freelnterpreter yields a function
and is defined as follows:
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(Def. 4)  dom((S, X)-freeInterpreter) = OwnSymbolsOf S and for every own ele-
ment s of S holds (S, X)-freeInterpreter(s) = X-freelnterpreter s.
Let us consider S, X. Note that (S, X)-freelnterpreter is function yielding.
Let us consider S, X. Then (S, X )-freelnterpreter is an interpreter of S and
AllTermsOf S.
Let us consider S, X. Note that (S, X )-freelnterpreter is (S, AllTermsOf 5)-
interpreter-like.
Then (S, X)-freelnterpreter is an element of AllTermsOf S-InterpretersOf S.
Let X, Y be non empty sets, let R be a relation between X and Y, and let

n be a natural number. The functor n-placesOf R yielding a relation between
X™ and Y™ is defined as follows:

(Def. 5) n-placesOf R = {(p, q);p ranges over elements of X", ¢ ranges over
elements of Y™: A;. . (j € Segn = (p(j), ¢(j)) € R)}.
Let X, Y be non empty sets, let R be a total relation between X and Y,
and let n be a non zero natural number. Observe that n-placesOf R is total.
Let X, Y be non empty sets, let R be a total relation between X and Y,
and let n be a natural number. Observe that n-placesOf R is total.
Let X, Y be non empty sets, let R be a relation between X and Y, and let
n be a zero natural number. One can check that n-placesOf R is function-like.
Let X be a non empty set, let R be a binary relation on X, and let n be a

natural number. The functor n-placesOf R yielding a binary relation on X" is
defined by:

(Def. 6) n-placesOf R = n-placesOf(R qua relation between X and X).
Let X be a non empty set, let R be a binary relation on X, and let n be a

zero natural number. Then n-placesOf R is a binary relation on X" and it can
be characterized by the condition:
(Def. 7) n-placesOf R = {{0, 0)}.

Let X be a non empty set, let R be a symmetric total binary relation on X,
and let us consider n. One can check that n-placesOf R is total.

Let X be a non empty set, let R be a symmetric total binary relation on X,
and let us consider n. Observe that n-placesOf R is symmetric.

Let X be a non empty set, let R be a symmetric total binary relation on X,
and let us consider n. Observe that n-placesOf R is symmetric and total.

Let X be a non empty set, let R be a transitive total binary relation on X,
and let us consider n. Observe that n-placesOf R is transitive and total.

Let X be a non empty set, let R be an equivalence relation of X, and let us
consider n. Observe that n-placesOf R is total, symmetric, and transitive.

Let X, Y be non empty sets, let E be an equivalence relation of X, let F'

be an equivalence relation of Y, and let R be a binary relation. The functor
R quotient(E, F) is defined by:
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(Def. 8) Rquotient(E, F') = {(e, f); e ranges over elements of Classes E, f ranges
over elements of Classes F': \/,, .ot (€€ A y€f A (z,9) € R)}.
Let X, Y be non empty sets, let E be an equivalence relation of X, let ' be an
equivalence relation of Y, and let R be a binary relation. Then R quotient(E, F')
is a relation between Classes F and Classes F.
Let F be a binary relation, let F' be a binary relation, and let f be a function.
We say that f is (E, F')-respecting if and only if:
(Def. 9) For all sets x1, x2 such that (x1, z2) € E holds (f(z1), f(z2)) € F.

Let us consider S, U, let s be an of-atomic-formula element of .S, let E be a
binary relation on U, and let f be an interpreter of s and U. We say that f is
FE-respecting if and only if:

(Def. 10)(i)  f is (ar s|-placesOf E, E)-respecting if s is not relational,

(i1)  f is (|ar s|-placesOf E, id gooican )-respecting, otherwise.

Let X, Y be non empty sets, let I be an equivalence relation of X, and let
F be an equivalence relation of Y. Observe that there exists a function from X
into Y which is (E, F')-respecting.

Let us consider S, U, let s be an of-atomic-formula element of S, and let E
be an equivalence relation of U. Note that there exists an interpreter of s and
U which is E-respecting.

Let X, Y be non empty sets, let E¥ be an equivalence relation of X, and let
F be an equivalence relation of Y. One can verify that there exists a function
which is (E, F')-respecting.

Let X be a non empty set, let E' be an equivalence relation of X, and let us
consider n. Then n-placesOf E is an equivalence relation of X™.

Let X be a non empty set and let  be an element of SmallestPartition(X).
The functor DeTrivial x yielding an element of X is defined as follows:

(Def. 11) 2 = {DeTrivial z}.

Let X be a non empty set. The functor peeler X yielding a function from
{{*} : % € X} into X is defined as follows:

(Def. 12) For every element z of {{x} : * € X} holds (peeler X)(z) = DeTrivial .

Let X be a non empty set and let £ be an equivalence relation of X. Note
that every element of Classes F1 is non empty.

Let X, Y be non empty sets, let E be an equivalence relation of X, let F' be
an equivalence relation of Y, and let f be an (FE, F)-respecting function. One
can check that f quotient(F, F) is function-like.

Let X, Y be non empty sets, let £ be an equivalence relation of X, let F
be an equivalence relation of Y, and let R be a total relation between X and
Y. One can check that R quotient(E, F') is total.

Let X, Y be non empty sets, let E be an equivalence relation of X, let F' be
an equivalence relation of Y, and let f be an (E, F')-respecting function from X
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into Y. Then f quotient(FE, F') is a function from Classes E into Classes F.
Let X be a non empty set and let £ be an equivalence relation of X. The
functor E-class yields a function from X into Classes E and is defined by:

(Def. 13) For every element = of X holds E-class(z) = EqClass(E, z).

Let X be a non empty set and let E be an equivalence relation of X. Observe
that E-class is onto.

Let X, Y be non empty sets. Note that there exists a relation between X
and Y which is onto.

Let Y be a non empty set. Observe that there exists a Y-valued binary
relation which is onto.

Let Y be a non empty set and let R be a Y-valued binary relation. Note
that R~ is Y-defined.

Let Y be a non empty set and let R be an onto Y-valued binary relation.
Note that R is total.

Let X, Y be non empty sets and let R be an onto relation between X and
Y. One can check that R~ is total.

Let Y be a non empty set and let R be an onto Y-valued binary relation.
Note that R™ is total.

Let us consider U, n and let E be an equivalence relation of U.
The functor n-tuple2Class E yields a relation between (Classes E)" and
Classes(n-placesOf E) and is defined as follows:

(Def. 14) n-tuple2Class E = (n-placesOf(E-class qua relation between U and
Classes E)™) - (n-placesOf E)-class .

Let us consider U, n and let E be an equivalence relation of U. Observe that
n-tuple2Class F is function-like.
Let us consider U, n and let ¥ be an equivalence relation of U. Note that
n-tuple2Class F is total.
Let us consider U, n and let E be an equivalence relation of U. Then
n-tuple2Class E is a function from (Classes E)” into Classes(n-placesOf E).
Let us consider S, U, let s be an of-atomic-formula element of 5, let F be an
equivalence relation of U, and let f be an interpreter of s and U. The functor
f quotient E is defined by:
(|ar s| -tuple2Class E)-
(f quotient(|ar s|-placesOf E, E)),
if s is not relational,
(lar s|-tuple2Class E)-
(f quotient(|ar s|-placesOf E, id pootean))-
peeler Boolean, otherwise.

(Def. 15)  f quotient £ =

Let us consider S, U, let s be an of-atomic-formula element of S, let E¥ be
an equivalence relation of U, and let f be an E-respecting interpreter of s and
U. Then f quotient F is an interpreter of s and Classes F.
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The following proposition is true

(1) Let X be a non empty set, E' be an equivalence relation of X, and Cf,
C5 be elements of Classes F. If C7 meets Co, then C7 = Cs.

Let us consider S. Observe that every element of OwnSymbolsOf S is own
and every element of OwnSymbolsOf S is of-atomic-formula.

Let us consider S, U, let o be a non relational of-atomic-formula element of
S, and let F be a binary relation on U. One can check that every interpreter of
o and U which is E-respecting is also (|ar o|-placesOf E, E)-respecting.

Let us consider S, U, let r be a relational element of .S, and let E be a binary
relation on U. Observe that every interpreter of r and U which is F-respecting
is also (|ar r|-placesOf E,id gooiean )-respecting.

Let us consider n, let Uy, Uy be non empty sets, and let f be a function-like
relation between U; and Us. Note that n-placesOf f is function-like.

Let us consider U, Us, let n be a zero natural number, and let R be a
relation between Uy and Us. Note that (n-placesOf R)-idygy is empty.

Let us consider X and let Y be a functional set. Observe that X NY is
functional.

We now state the proposition

(2) For every element V of (AllTermsOf S)* there exists an element m; of
N such that V is an element of S-termsOfMaxDepth(m;)*.

Let us consider S, U, let E be an equivalence relation of U, and let I be an
(S, U)-interpreter-like function. We say that I is E-respecting if and only if:

(Def. 16) For every own element s of S holds I(s) qua interpreter of s and U is
FE-respecting.

Let us consider S, U, let E be an equivalence relation of U, and let I be an

(S, U)-interpreter-like function. The functor I quotient F' yielding a function is
defined as follows:

(Def. 17) dom([ quotient F) = OwnSymbolsOf S and for every element o of
OwnSymbolsOf S holds (I quotient E')(o) = I(0) quotient E.

Let us consider S, U, let E be an equivalence relation of U, and let I be an
(S, U)-interpreter-like function. Then I quotient E' can be characterized by the
condition:

(Def. 18) dom([ quotient F) = OwnSymbolsOf S and for every own element o of
S holds (I quotient E)(0) = I(0) quotient E.

Let us consider S, U, let I be an (S, U)-interpreter-like function, and let
FE be an equivalence relation of U. Note that I quotient E¥ is OwnSymbolsOf S-
defined.

Let us consider S, U and let E be an equivalence relation of U. Note that
there exists an element of U-InterpretersOf S which is E-respecting.
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Let us consider S, U and let F be an equivalence relation of U. Observe that
there exists an (S, U)-interpreter-like function which is E-respecting.

Let us consider S, U, let E' be an equivalence relation of U, let o be an own
element of S, and let I be an E-respecting (S, U)-interpreter-like function. One
can check that I(o) is E-respecting.

Let us consider S, U, let E be an equivalence relation of U, and let I be
an F-respecting (S, U)-interpreter-like function. Observe that I quotient £ is
(S, Classes E)-interpreter-like.

Let us consider S, U, let E be an equivalence relation of U, and let I be an
E-respecting (.5, U)-interpreter-like function. Then I quotient F is an element of
Classes E-InterpretersOf S.

The following propositions are true:

(3) Let E be an equivalence relation of U and I be an E-respecting (S, U)-
interpreter-like function.
Then (I quotient E)-TermEval = E-class -I-TermEval .

(4) (S, X)-freeInterpreter-TermEval = idanrermsor s-

(5) Let R be an equivalence relation of Uy, py be a 0-w.f.f. string of S, and

i be an R-respecting (S, Uy )-interpreter-like function. If S-firstChar(pg) #
TheEqSymbOf S, then (i quotient R)-AtomicEval ps = i-AtomicEval ps.

Let us consider S, z, s, w. Then (z, s)-SymbolSubstInw is a string of S.

Let us consider S, l1, lo, m and let ¢ be an m-termal string of S. Note that
(I1,12) -SymbolSubstIn ¢ is m-termal.

Let us consider S, t, Iy, lo. One can check that (I1,l2)-SymbolSubstInt is
termal.

Let us consider S, [1, I3 and let ps be a 0-w.f.f. string of S. One can check
that (11, l2)-SymbolSubstIn py is 0-w.f.f..

Let us consider S, let mg be a zero number, and let ps be an mo-w.f.f. string
of S. One can verify that Depth ps is zero.

Let us consider S, m, w. Then wnullm is a string of S.

Let us consider S, pa, m. Note that ps nullm is Depth ps + m-w.f.f..

Let us consider S, m and let po be an m-w.f.f. string of S. Note that m —
Depth ps is non negative.

Let us consider S, Iy, ls, m and let ps be an m-w.f.f. string of S. Observe
that (11, l2)-SymbolSubstIn py is m-w.f.f..

Let us consider S, l1, l2, p2. One can verify that (I1,l2)-SymbolSubstIn ps is
w.f.f.. Observe that Depth((l1,l2)-SymbolSubstIn ps)— Depth ps is empty.

The following proposition is true

(6) Let T be an |ar a|-element element of (AllTermsOf S)*. Then
(i) if a is not relational, then (X-freelnterpretera)(7) = a-compound T,
and
(ii)  if @ is relational, then (X-freeInterpretera)(T') =

199
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XX,AtomicFormulasOf S(a'compound T) .
Let S be a language. One can verify that there exists a string of S which is
termal and there exists a string of .S which is 0-w.f.f..
One can prove the following proposition

(7)  (I-TermEval -((I, to) ReassignIn(S, X )-freelnterpreter, to) -TermEval(n)) |
S-termsOfMaxDepth(n) =
((1, I-TermEval(to)) Reassignln I, I-TermEval(t()) - TermEval(n) |
S-termsOfMaxDepth(n).

Let us consider S, [, t1, po. The functor (I,¢;) AtomicSubst py yielding a finite
sequence is defined by:

(Def. 19) (I,t1) AtomicSubst pg = (S-firstChar(pg))~S-multiCat(((l, t;) Reassignln
(S, 0)-freeInterpreter )-TermEval - SubTerms py).

Let us consider S, I, t1, pp. Then (I, 1) AtomicSubst pg is a string of S.
Let us consider S, I, t1, pg. Observe that (,¢;) AtomicSubst pg is 0-w.f.f..
We now state the proposition
(8) I-AtomicEval((l,t1) AtomicSubst pg) =
((1, I-TermEval(¢;)) Reassignln I')-AtomicEval py.

Let us consider S, Iy, la, m. One can check that (I; SubstWithly)|
S-termsOfMaxDepth(m) is S-termsOfMaxDepth(m)-valued.

Note that (I3 SubstWithls)[ AllTermsOf S is AllTermsOf S-valued.
One can prove the following proposition

(9) If Iy ¢ rngpp, then for every element I of U-InterpretersOf.S holds
((11,u1) Reassignln I')-TruthEval p; =
((l2,u1) Reassignln I)-TruthEval((l;, l2) -SymbolSubstIn p; ).

Let us consider S, let us consider [, t, n, let f be a finite sequence-yielding
function, and let us consider po. The functor (I, ¢, n, ) Subst2 py yielding a finite
sequence is defined by:

(TheNorSymbOf S) ~ f(head p2) ™ f(tailpa2),
if Depthps =n + 1 and ps is not exal,

(the element of LettersOf S \ (rngt U rng
head po U {l})) ~ f((S-firstChar(p2),

(Def. 20) (I,t,n, f)Subst2ps = the element of LettersOf S\ (rngt U rng
head py U {l})) -SymbolSubstIn head ps),
if Depthps =n + 1 and ps is exal and
S-firstChar(pa) # I,

f(p2), otherwise.

Let us consider S. One can verify that every element of

(AllFormulasOf §)AllFormulasOf S i finite sequence-yielding.

Let us consider [, £, n, let f be an element of (AllFormulasOf §)AllFormulasOf.5.
and let us consider py. Then (I,t,n, f) Subst2 ps is a w.f.f. string of S. Let f be
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an element of (AllFormulasOf §)AlFormulasOfS “anqd Jet us consider pp. Observe
that (I,t,n, f) Subst2 pg is w.f.f..

Let us consider ny, let f be an element of (AllFormulasOf §)AllFormulasOf.S.
and let us consider ps. Then (I,t,n1,f)Subst2py is an element of
AllFormulasOf S.

Let us consider S, [, t, n and let f be an element of

(AllFormulasOf §)AllFormulasOfS “The functor (1,¢,n, f) Subst3 yields an ele-
ment of (AllFormulasOf §)AlFormulasOfS a1 d is defined as follows:

(Def. 21) For every py holds (I,t,n, f) Subst3(p2) = (I,t,n, f) Subst2 p.
Let us consider S, [, t and let f be an element of
(AllFormulasOf §)AllFermulasOfS “The functor (1,t) Subst4 f yields a function

from N into
(AllFormulasOf §)AllFermulasOfS a0 s defined by:

(Def. 22) ((I,t) Subst4 f)(0) = f and for every m holds ((I,t) Subst4 f)(m + 1) =
(I,t,m, ((I,t) Subst4 f)(m)) Subst3.
Let us consider S, [, t. The functor [ AtomicSubstt yields a function from
AtomicFormulasOf S into AtomicFormulasOf S and is defined by:

(Def. 23) For all pg, t1 such that t; = ¢ holds (I AtomicSubstt)(py) =
(1,t1) AtomicSubst py.
Let us consider S, I, t. The functor [ Substlt yielding a function is defined
as follows:

(Def. 24) [ Substlt = idaAnFormulasof s+ (I AtomicSubst ¢).
Let us consider S, [, t. Then [ Substlt is an element of
((AllSymbolsOf §)*)AllFormulasOf S " Then | Subst1t is an element of
(AllFormulasOf §)AllFormulasOf 5

Let us consider S, [, t, pa. The functor (,t) SubstIn py yielding a w.f.f. string
of S is defined as follows:

(Def. 25) (I,t) SubstInpy = ((I, t) Subst4(l Subst1t))(Depth p2)(p2).
Let us consider S, [, t, p2. Note that (I,t) SubstIn py is w.f.f..
One can prove the following proposition
(10) Depth((l,t1)Substlnp;) = Depthp; and for every element I of
U-InterpretersOf S holds I-TruthEval((l,¢;) SubstInp;) =
(({, I-TermEval(t1)) Reassignln I')-TruthEval p; .
Let us consider m, S, [, t and let ps be an m-w.f.f. string of S. Observe that
({,t) SubstInps is m-w.f.f..
The following propositions are true:
(11) Let I; be an element of U-InterpretersOf S; and Iy be an element of

U-InterpretersOf Sy. Suppose I1[X = I5[X and (the adicity of S1)[X =
(the adicity of S3)[X. Then [1-TermEval [ X* = Io-TermEval [ X*.
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(12) Suppose TheNorSymbOf S; = TheNorSymbOf Sy and TheEqSymbOf S =
TheEqSymbOf Sy and (the adicity of S1)[ OwnSymbolsOf S; = (the adici-
ty of S2)[ OwnSymbolsOf S;. Let I; be an element of U-InterpretersOf St,
I be an element of U-InterpretersOf So, and ps be a w.f.f. string of 5.
Suppose I; | OwnSymbolsOf S; = I3 OwnSymbolsOf S;. Then there exi-
sts a w.f.f. string ps of Sy such that ps = py and Ir-TruthEvalps =
I;-TruthEval py.

(13) For all elements I, Is of U-InterpretersOf S such that I[(rngps N
OwnSymbolsOf S) = I [(rng p2NOwnSymbolsOf S) holds I;-TruthEval po
Ir-TruthEval po.

(14) For every element I of U-InterpretersOf S such that [ is X-absent and
X is I-satisfied holds X is (I, u) ReassignIn [-satisfied.

(15) For every equivalence relation E of U and for every E-respecting element
i of U-InterpretersOf S holds (I, F-class(u)) ReassignIn(i quotient E') =
((1,u) ReassignIn i) quotient E.
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1. FORMALIZATION OF THE NOTION OF DERIVABILITY AND PROVABILITY.
HENKIN’S THEOREM FOR ARBITRARY LANGUAGES

For simplicity, we adopt the following convention: k, m, n denote natural
numbers, m; denotes an element of N, U denotes a non empty set, A, B, X,
Y, Z, x, y, z denote sets, S denotes a language, s denotes an element of S, f,
g denote functions, p1, ps, p3, p4 denote w.f.f. strings of S, Pi, P>, P3 denote
subsets of AllFormulasOf S, t, t1, t3 denote termal strings of S, a denotes an
of-atomic-formula element of S, I, [, o denote literal elements of S, p denotes
a finite sequence, and mo denotes a non zero natural number.

Let S be a language. The functor S-sequents is defined as follows:

(Def. 1) S-sequents = {(ps, c1);ps ranges over subsets of AllFormulasOf .S, c;
ranges over w.f.f. strings of S: p5 is finite}.

Let S be a language. Note that S-sequents is non empty.

Let us consider S. Observe that S-sequents is relation-like.

Let S be a language and let z be a set. We say that x is S-sequent-like if
and only if:

(Def. 2) x € S-sequents.
Let us consider S, X. We say that X is S-sequents-like if and only if:
(Def. 3) X C S-sequents.

Let us consider S. One can check that every subset of S-sequents is S-
sequents-like and every element of S-sequents is S-sequent-like.

Let S be a language. One can verify that there exists an element of
S-sequents which is S-sequent-like and there exists a subset of S-sequents which
is S-sequents-like.

Let us consider S. One can check that there exists a set which is S-sequent-
like and there exists a set which is S-sequents-like.

Let S be a language. A rule of S is an element of (QS'SequentS)2S_sequems.

Let S be a language. A rule set of S is a subset of (2s'seq“ents)25_sequems.

For simplicity, we adopt the following rules: D, D1, Do, D3 denote rule sets
of S, R denotes a rule of S, S1, S9, S3 denote subsets of S-sequents, s1, So, S3
denote elements of S-sequents, Sy, S5 denote S-sequents-like sets, and Sg, S7
denote S-sequent-like sets.

Let us consider A, B and let X be a subset of B4. One can check that J X
is relation-like.

Let S be a language and let D be a rule set of S. One can check that |J D
is relation-like.

Let us consider S, D. The functor OneStep D yielding a rule of S is defined
as follows:

(Def. 4) For every element Sg of 257sauents holds (OneStep D)(Sg) =
U(U D)*{Ss})-
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Let us consider S, D, m. The functor (m, D)-derivables yields a rule of S
and is defined by:
(Def. 5) (m, D)-derivables = (OneStep D).
Let S be a language, let D be a rule set of S, and let Sg, S1g be sets. We
say that Syo is (Sg, D)-derivable if and only if:
(Def. 6)  S10 € U(((OneStep D)*)°{Sg}).
Let us consider m, S, D and let S1, s; be sets. We say that s; is (m, S1, D)-
derivable if and only if:
(Def. 7) s1 € (m, D)-derivables(Sy).
Let us consider S, D. The functor D -iterators yielding a family of subsets

of 95-sequents . 9S-sequents js Jofined as follows:

(Def. 8) D -iterators = {(OneStep D)™ }.
Let us consider S, R. We say that R is isotone if and only if:
(Def. 9) If SQ Q 53, then R(SQ) g R(Sg)
Let us consider S. Observe that there exists a rule of S which is isotone.
Let us consider .S, D. We say that D is isotone if and only if:
(Def. 10) For all Sy, S5, f such that S; C S5 and f € D there exists g such that
g € D and f(S2) C g(S3).
Let us consider S and let M be an isotone rule of S. One can verify that
{M} is isotone.
Let us consider S. One can verify that there exists a rule set of S which is
isotone.
In the sequel K, K are isotone rule sets of S.
Let S be a language, let D be a rule set of S, and let S; be a set. We say
that S is D-derivable if and only if:
(Def. 11) Sy is (0, D)-derivable.
Let us consider S, D. One can verify that every set which is D-derivable is
also (0, D)-derivable and every set which is ((}, D)-derivable is also D-derivable.
Let us consider S, D and let S; be an empty set. One can verify that every
set which is (S7, D)-derivable is also D-derivable.
Let us consider S, D, X and let ps be a set. We say that ps is (X, D)-provable
if and only if:
(Def. 12) {(X, p2)} is D-derivable or there exists a set s; such that (s1)1 € X
and (s1)2 = p2 and {s1} is D-derivable.
Let us consider S, D, X, x. Let us observe that x is (X, D)-provable if and
only if:
(Def. 13) There exists a set s; such that (s1)1 € X and (s1)2 = = and {s1} is
D-derivable.
Let us consider S, D, R. We say that R is D-macro if and only if:
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(Def. 14) For every subset Sg of S-sequents holds R(Ss) is (Sg, D)-derivable.

Let us consider S, D and let P; be a set. The functor (Py, D)-termEq is
defined as follows:

(Def. 15) (P1, D)-termEq = {(t1, t2);t1 ranges over termal strings of S, o ranges
over termal strings of S: (TheEqSymbOf S) ~t; ™ tg is (P1, D)-provable}.
Let us consider S, D and let P; be a set. We say that P; is D-expanded if

and only if:

(Def. 16) If z is (Py, D)-provable, then {z} C P;.
Let us consider S, z. We say that z is S-null if and only if:
(Def. 17) Not contradiction.

Let us consider S, D and let P; be a set. Then (P, D)-termEq is a binary
relation on AllTermsOf S.

Let us consider S, ps and let P, P3 be finite subsets of AllFormulasOf S.
One can check that (P, U P, p2) is S-sequent-like.

Let us consider S, let  be an empty set, and let ps be a w.f.f. string of S.
Then (z, p2) is an element of S-sequents.

Let us consider S. Note that ) NS is S-sequents-like.

Let us consider S. One can verify that there exists a set which is S-null.

Let us consider S. One can check that every set which is S-sequent-like is
also S-null.

Let us consider S. One can check that every element of S-sequents is S-null.

Let us consider m, S, D, X. One can verify that (m, D)-derivables(X) is
S-sequents-like.

Let us consider S, Y and let X be an S-sequents-like set. One can verify
that X NY is S-sequents-like.

Let us consider S, D, m, X. Note that every set which is (m, X, D)-derivable
is also S-sequent-like.

Let us consider S, D and let P, P53 be sets. Observe that every set which is
(P> \ P3, D)-provable is also (P, D)-provable.

Let us consider S, D and let P, P3 be sets. Observe that every set which is
(P> \ P3, D)-provable is also (P, U P3, D)-provable.

Let us consider S, D and let P, P3 be sets. Observe that every set which is
(P> N P3, D)-provable is also (P», D)-provable.

Let us consider S, D, let X be a set, and let z be a subset of X. Note that
every set which is (x, D)-provable is also (X, D)-provable.

Let us consider S, let ps be a finite subset of AllFormulasOf S, and let ps be
a w.f.f. string of S. One can check that (ps, p2) is S-sequent-like.

Let us consider S and let ps, py be w.f.f. strings of S. Observe that ({ps},
p4) is S-sequent-like. Let pg be a w.f.f. string of S. Note that ({ps,ps}, pe) is
S-sequent-like.
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Let us consider S, p3, ps and let P; be a finite subset of AllFormulasOf S.
One can verify that (P, U {p3}, p4) is S-sequent-like.

Let us consider S, D. Note that there exists a subset of AllFormulasOf .S
which is D-expanded.

Let us consider S, D. Observe that there exists a set which is D-expanded.

Let 57 be a set, let S be a language, and let s; be an S-null set. We say that
s1 rule 0 Sy if and only if:

(Def. 18) (51)2 € (81)1.
We say that s; rule 1 57 if and only if:
(Def. 19) There exists a set y such that y € S; and y1 C (s1)1 and (s1)2 = y2.
We say that s; rule 2 5; if and only if:
(Def. 20) (s1)1 is empty and there exists a termal string ¢ of S such that (s1)2 =
(TheEqSymbOf S) ~t ™ t.
We say that s; rule 3a S if and only if the condition (Def. 21) is satisfied.
(Def. 21) There exist termal strings ¢, t1, t2 of S and there exists a set z such
that € S; and (s1)1 = z1 U {{TheEqSymbOfS) ~ ¢; ~ t2} and z2 =
(TheEqSymbOf S) ~t ™ t; and (s1)2 = (TheEqSymbOf S) ™ ¢ ™ t.
We say that s; rule 3b Sy if and only if:
(Def. 22) There exist termal strings t;, t2 of S such that (s;)1 =
{(TheEqSymbOf S) "~ t; " t2} and (s1)2 = (TheEqSymbOf S) ™ t2 ™ ;.
We say that s; rule 3d S; if and only if the condition (Def. 23) is satisfied.
(Def. 23) There exists a low-compounding element s of S and there exist |ar s|-
element elements T, U of (AllTermsOf S)* such that
(i) s is operational,
(ii)  (s1)1 = {{TheEqSymbOf S) ~T1(j) "~ Ui(j);j ranges over elements of
Seglar s|, T} ranges over functions from Seglar s| into (AllSymbolsOf S)* \
{0}, Uy ranges over functions from Seg|ar s| into (AllSymbolsOf S)*\ {0} :
T'=T N Uy =U}, and
(iii)  (s1)2 = (TheEqSymbOf S) ™ (s-compound T") ~ (s-compound U).
We say that s; rule 3e S; if and only if the condition (Def. 24) is satisfied.
(Def. 24) There exists a relational element s of S and there exist |ar s|-element
elements T, U of (AllTermsOf S)* such that
(i) (s1)1 = {s-compound T} U {{TheEqSymbOf S) = T1(j) = U1(j);J
ranges over elements of Seglar s|,T] ranges over functions from Seg|ar s|
into (AllSymbolsOf S)* \ {#}, U; ranges over functions from Seg|ar s| into
(AllSymbolsOf $)*\ {0} : A =T A Uy = U}, and
(ii)  (s1)2 = s-compound U.
We say that s; rule 4 S if and only if the condition (Def. 25) is satisfied.
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(Def. 25) There exists a literal element [ of S and there exists a w.f.f. string py of S
and there exists a termal string ¢ of S such that (s1)1 = {(I,¢) SubstInps}
and (s1)2 = (I) " pa.

We say that s rule 5 Sy if and only if:

(Def. 26) There exist literal elements v;, vy of S and there exist z, p such
that (s1)1 = = U {{v1) ~ p} and vy is = U {p} U {s1o}-absent and
(2 U {(v1 SubstWithva)(p)}, (s1)2) € S1.
We say that s; rule 6 S if and only if the condition (Def. 27) is satisfied.

(Def. 27) There exist sets y;, y2 and there exist w.f.f. strings ps, ps of S
such that g1, y2 € S1 and (y1)1 = (y2)1 = (s1)1 and (y1)2 =
(TheNorSymbOf S) ™ p3 ™ p3 and (y2)2 = (TheNorSymbOf.S) ™ ps ™ py
and (s1)2 = (TheNorSymbOf S) ™~ p3 ™ pa.

We say that s; rule 7 57 if and only if:

(Def. 28) There exists a set y and there exist w.f.f. strings p3, ps of S such that
y € S1 and y1 = (s1)1 and y2 = (TheNorSymbOf S) ~ p3 " p4 and (s1)2 =
(TheNorSymbOf S) ™ ps ™ ps.

We say that s; rule 8 S if and only if the condition (Def. 29) is satisfied.

(Def. 29) There exist sets yi, y2 and there exist w.f.f. strings pa, ps, ps of
S such that yi, y2 € S1 and (y1)1 = (y2)1 and (y1)2 = p3 and
(y2)2 = (TheNorSymbOfS) ™ ps ™ ps and {p2} U (s1)1 = (y1)1 and
(s1)2 = (TheNorSymbOf S) ™ pa ™ pa.
We say that s1 rule 9 57 if and only if:

(Def. 30) There exists a set y and there exists a w.f.f. string ps of S such that
y € S1 and (s1)2 = p2 and y1 = (s1)1 and y2 = xnot xnot ps.
Let S be a language. The functor P0 S yielding a relation between 2°-seauents

and S-sequents is defined by:

(Def. 31) For every element Sy of 2575¢4Uents and for every element s1 of S-sequents
holds (S1, s1) € POS iff s; rule 0 S;.
The functor P1S yields a relation between 2°75¢auents and S-sequents and is
defined as follows:
(Def. 32) For every element Sy of 2575¢4Uents and for every element s1 of S-sequents
holds (Si, s1) € P1S iff s; rule 1 S;.
The functor P25 yields a relation between 2°75¢9uents and S-sequents and is
defined as follows:
(Def. 33) For every element Sy of 2575¢91en and for every element s; of S-sequents
holds (51, s1) € P2 S iff s rule 2 S;.

The functor P3a S yielding a relation between 25-s¢au
fined as follows:

ents and S-sequents is de-
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(Def. 34) For every element Sy of 2575¢4Uents and for every element s1 of S-sequents
holds (Si, s1) € P3a S iff s; rule 3a S;.
The functor P3b S yields a relation between 2975°9uents and S-sequents and is
defined as follows:

(Def. 35) For every element Sy of 2575¢9Uents and for every element s1 of S-sequents
holds (51, s1) € P3b S iff s; rule 3b 5.

The functor P3d S yields a relation between 25-seauents

and S-sequents and is
defined as follows:

(Def. 36) For every element Sy of 2575¢4Uents and for every element s1 of S-sequents
holds (S1, s1) € P3d S iff s1 rule 3d 5.

The functor P3e S yielding a relation between 2°75¢uents and S-sequents is de-
fined by:

(Def. 37) For every element Sy of 2575¢91ents and for every element s; of S-sequents
holds (S1, s1) € P3e S iff s; rule 3e 5.

The functor P4 S yielding a relation between 2575¢4uents and S-sequents is defined
by:
(Def. 38) For every element Sy of 2575¢91ents and for every element s; of S-sequents

holds (S1, s1) € P4 .S iff s rule 4 S;.

The functor P5S yields a relation between
defined by:

(Def. 39) For every element S; of 2575¢91ents and for every element s; of S-sequents
holds (S1, s1) € P55 iff s rule 5 Sj.
The functor P6 S yielding a relation between
by:
(Def. 40) For every element S; of 2575¢91ents and for every element s; of S-sequents
holds (S1, s1) € P6.S iff s rule 6 S;.

The functor P7 S yielding a relation between 25

gS-sequents 41 d S-sequents and is

g9-sequents and S-sequents is defined

sequents and S-sequents is defined

as follows:

(Def. 41) For every element Sy of 2575¢91ents and for every element s; of S-sequents
holds (S1, s1) € P7.S iff s1 rule 7 S;.

The functor P8 S yields a relation between 2°7seauents

and S-sequents and is
defined as follows:

(Def. 42) For every element S; of 2575¢41ents and for every element s; of S-sequents
holds (S1, s1) € P8 S iff 51 rule 8 Sj.

The functor P9S yields a relation between 2°575¢auents and S-sequents and is
defined as follows:

(Def. 43) For every element Sp of 2575¢91ents and for every element s; of S-sequents
holds (S1, s1) € P9.S iff s rule 9 S;.
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2S—sequents

Let us consider S and let R be a relation between and S-sequents.

The functor FuncRule R yields a rule of S and is defined by:

(Def. 44) For every set i1 such that i; € 2575¢auents holds (FuncRule R)(i1) = {z €
S-sequents: (i1, ) € R}.
Let us consider S. The functor RO S' yielding a rule of S' is defined as follows:

(Def. 45) RO S = FuncRule PO S.

The functor R1 S yielding a rule of S is defined as follows:
(Def. 46) R1.S = FuncRuleP1S.

The functor R2 S yielding a rule of S is defined by:
(Def. 47) R2S = FuncRule P2 S.

The functor R3a S yielding a rule of S is defined by:
(Def. 48) R3a S = FuncRuleP3a S.

The functor R3b S yielding a rule of S is defined as follows:
(Def. 49) R3b S = FuncRule P3b S.

The functor R3d S yielding a rule of S is defined as follows:
(Def. 50) R3d S = FuncRule P3d S.

The functor R3e S yielding a rule of S is defined by:
(Def. 51) R3e S = FuncRule P3e S.

The functor R4 .S yields a rule of .S and is defined as follows:
(Def. 52) R4S = FuncRuleP4S.

The functor R5 S yielding a rule of S is defined as follows:
(Def. 53) R5.S = FuncRule P5 S.

The functor R6 .S yields a rule of S and is defined by:
(Def. 54) R6.S = FuncRule P6 S.

The functor R7.S yields a rule of S and is defined by:
(Def. 55) R7.S = FuncRule P7S.

The functor R8 S yielding a rule of S is defined as follows:
(Def. 56) R8S = FuncRule P8 S.

The functor R9 S yields a rule of S and is defined by:
(Def. 57) R9S = FuncRule P9 S.

Let us consider S and let ¢ be a termal string of S.

Note that {(0, (TheEqSymbOf S) ™t ™ t)} is {R2 S}-derivable. Note that
R2 S is isotone. One can verify that R3b S is isotone.

Let t, t1, to be termal strings of S, and let ps be a finite subset of

AllFormulasOf S. Observe that (ps U {(TheEqSymbOf S) ~t; ~ta},

(TheEqSymbOf S) ~t"t2) is (1, {(ps, (TheEqSymbOf S)~t"¢1)}, {R3a S})-
derivable.
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Let us consider S, let ¢, t1, to be termal strings of S, and let ps be a w.f.f.
string of S. Note that ({p2, (TheEqSymbOf S) ™ t; ™ t2}, (TheEqSymbOf S) ~
t " to) is (1, {({p2}, (TheEqSymbOf S) ~t ~t1)}, {R3aS})-derivable.

Let us consider S, let ps be a w.f.f. string of S, and let P; be a finite subset of
AllFormulasOf S. One can verify that (P; U{p2}, p2) is (1,0, {R0 S})-derivable.

Let us consider S and let p3, py be w.f.f. strings of S. One can check that
({p3,pa}, p3) is (1,0, {R0O S})-derivable.

Let us consider S, p2. Note that ({p2}, p2) is (1,0, {R0.S})-derivable.

Let us consider S and let ps be a w.f.f. string of S. Observe that {{{p2},
p2)} is (0, {R0O S})-derivable.

Let us consider S. One can verify the following observations:

* ROJS is isotone,

x R3a.S is isotone,

* R3d S is isotone, and
*  R3e S is isotone.

Let us consider K1, Ko. One can verify that K7 U K5 is isotone.

Let us consider S and let ¢1, o be termal strings of S.

Observe that (TheEqSymbOf S) ™ ¢; ~ g is 0-w.f.f..

Let us consider S, let m be a non zero natural number, and let T', U be m-
element elements of (AllTermsOf S)*. The functor PairWiseEq(T, U) is defined
by the condition (Def. 58).

(Def. 58) PairWiseEq(T,U) = {(TheEqSymbOfS) ™ T1(j) ~ Ui(j);j ranges
over elements of Segm,T) ranges over functions from Segm into
(AllSymbolsOf S)* \ {0},U; ranges over functions from Segm into
(AllSymbolsOf S)*\ {0} : T4, =T AN Uy =U}.

Let us consider S, let m be a non zero natural number, and let T, T3 be
m-element elements of (AllTermsOf S)*. Then PairWiseEq(75,T3) is a subset
of AllFormulasOf S.

Let us consider S, let m be a non zero natural number, and let 7', U be m-
element elements of (AllTermsOf S)*. Observe that PairWiseEq(7T, U) is finite.

Let us consider S, let s be a relational element of S, and let T5, T3 be |ar s|-
element elements of (AllTermsOf S)*. Observe that {(PairWiseEq(T%,T5) U
{s-compound T}, s-compound 75)} is (), {R3e S})-derivable.

Let us consider m, S, D. We say that D is m-ranked if and only if:

(Def. 59)(i) ROS, R2S, R3a S, R3bS € D if m = 0,
(ii) ROS,R2S,R3aS,R3bS,R3dS, R3eS € Difm=1,
(iii) ROS,R1S,R2S5,R3aS,R3bS,R3dS, R3eS, R4S, R5S5, R6.S, R7 .S,
R8S € D if m =2,
(iv) D =0, otherwise.
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Let us consider S. One can verify that every rule set of S which is 1-ranked
is also O-ranked and every rule set of S which is 2-ranked is also 1-ranked.

Let us consider S. The functor S-rules yields a rule set of S and is defined
by:

(Def. 60) S-rules = {R0 S,R15,R2S,R3a5, R3b S, R3d S, R3e S, R4 S}U

{R5S5,R6S,R7S,R8S}.

Let us consider S. Observe that S-rules is 2-ranked.

Let us consider S. Note that there exists a rule set of .S which is 2-ranked.

Let us consider S. Observe that there exists a rule set of S which is 1-ranked.

Let us consider S. Note that there exists a rule set of S which is O-ranked.

Let us consider S, let D be a 1-ranked rule set of S, let X be a D-expanded
set, and let us consider a. Observe that X-freelnterpretera is (X, D) -termEq-
respecting.

Let us consider S, let D be a O-ranked rule set of S, and let X be a D-
expanded set. Observe that (X, D)-termEq is total, symmetric, and transitive.

Let us consider S. Observe that there exists a 0-ranked rule set of S which
is 1-ranked.

The following proposition is true

(1) If Dy C D9 and if Dy is isotone or Dj is isotone and if Y is (X, Dy)-
derivable, then Y is (X, Ds)-derivable.

Let us consider S, Sg. One can verify that {Sg} is S-sequents-like.

Let us consider S, S11, S5. One can check that S11 U S5 is S-sequents-like.

Let us consider S and let z, y be S-sequent-like sets. Observe that {z,y} is
S-sequents-like.

Let us consider S, ps, ps. Note that ({xnot p3, xnot ps}, (TheNorSymbOf S)™
p3"pa) is (1, {{({xnot ps, xnot ps }, xnot p3), ({xnot ps, xnot p4 }, xnot p4)}, {R6.S})-
derivable.

Let us consider S, p3, ps. One can check that ({ps,psa}, pa) is (1,0, {R0S})-
derivable.

We now state two propositions:

sequents

(2) For every relation R between 2% and S-sequents such that (Sy,

Se) € R holds Sg € (FuncRule R)(Sy).
(3) If z € R(X), then x is (1, X, {R})-derivable.
Let us consider S, D, X. Let us observe that X is D-expanded if and only
if:

(Def. 61) 1If z is (X, D)-provable, then z € X.

The following four propositions are true:
(4) 1If po € X, then po is (X, {R0S})-provable.
(5) Suppose that

(i)  Di U Dy is isotone,
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) Dj U DyU Ds is isotone,
)« is (m,Si1, Di)-derivable,

(iv) yis (m,Ss, Da)-derivable, and
) zis (n,{z,y}, D3)-derivable.

Then z is (m + n, S11 U S5, D1 U Dy U D3)-derivable.

(6) Suppose Dj is isotone and D; U Dy is isotone and y is (m, X, D1)-
derivable and z is (n,{y}, D2)-derivable. Then z is (m + n, X, D1 U Ds)-
derivable.

(7) If zis (m, X, D)-derivable, then {z} is (X, D)-derivable.

Let us consider S. Observe that R6 S is isotone.
One can prove the following propositions:

(8) If Dy C Dy and if Dy is isotone or Ds is isotone and if x is (X, Dy)-
provable, then x is (X, Ds)-provable.

(9) If X CY and z is (X, D)-provable, then z is (Y, D)-provable.

Let us consider S. Note that R8.S is isotone.
Let us consider S. Observe that R1.S is isotone.
Next we state the proposition

(10) If {y} is (S, D)-derivable, then there exists m such that y is (my, S4, D)-
derivable.

Let us consider S, D, X. Observe that every set which is (X, D)-derivable
is also S-sequents-like.
Let us consider S, D, X, x. Let us observe that x is (X, D)-provable if and
only if:
(Def. 62) There exists a set H and there exists m such that H C X and (H, x) is
(m, 0, D)-derivable.
The following proposition is true
(11) If Dy € Dy and if D is isotone or Dj is isotone and if x is (m, X, D1)-
derivable, then x is (m, X, Dy)-derivable.
Let us consider S. Observe that R7 S is isotone.
Next we state the proposition
(12) If x is (X, D)-provable, then z is a w.f.f. string of S.
In the sequel F' denotes a rule set of S.
Let us consider S, D; and let X be a Dj-expanded set. One can verify that
(S, X)-freelnterpreter is (X, D1) -termEq-respecting.
Let us consider S, let D be a 0O-ranked rule set of S, and let X be a D-
expanded set. The functor D Henkin X yielding a function is defined by:
(Def. 63) D Henkin X = (S, X)-freelnterpreter quotient(X, D) -termEq .

Let us consider S, let D be a 0O-ranked rule set of S, and let X be a D-
expanded set. One can check that D Henkin X is OwnSymbolsOf S-defined.
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Let us consider S, D; and let X be a Di-expanded set. Observe that
D Henkin X is (S, Classes(X, D;) -termEq)-interpreter-like.

Let us consider S, Dy and let X be a Di-expanded set. Then D Henkin X
is an element of Classes((X, D1)-termEq)-InterpretersOf S.

Let us consider S, p3, ps. One can verify that (TheNorSymbOfS) ™~ ps ™ py
is ({xnot p3,xnot ps }, {R0OS} U {R6.S})-provable.

Let us consider S. Note that every O-ranked rule set of S is non empty.

Let us consider S, . We say that z is S-premises-like if and only if:

(Def. 64) 2 C AllFormulasOf S and =z is finite.

Let us consider S. One can verify that every set which is S-premises-like is
also finite.

Let us consider S, py. Note that {p2} is S-premises-like.

Let us consider S and let e be an empty set. One can check that enull S is
S-premises-like.

Let us consider X, S. Observe that there exists a subset of X which is
S-premises-like.

Let us consider S. Observe that there exists a set which is S-premises-like.

Let us consider S and let X be an S-premises-like set. Observe that every
subset of X is S-premises-like.

In the sequel Hz denotes an S-premises-like set.

Let us consider S, Hy, Hy. Then Hynull Hs is a subset of AllFormulasOf S.

Let us consider S, H, x. Note that H null z is S-premises-like.

Let us consider S, Hq, Ho. Note that Hy U Hs is S-premises-like.

Let us consider S, H, ps. Observe that (H, p2) is S-sequent-like.

Let us consider S, Hy, Ha, pa. One can verify that (H1 U Ha, p2) is (1, {{H;,
p2)}, {R1 S})-derivable.

Let us consider S, H, pa, ps, p4. One can check that ( H null p3~p4, xnot pa) is
(1, {{HU{p2}, p3), (HU{p2}, (TheNorSymbOf S) ~p3~p4)}, {R8 S})-derivable.

Let us consider S. One can verify that ) null S is S-sequents-like.

Let us consider S, H, ps. Observe that (H U {pa2}, p2) is (1,0,{R0S})-
derivable. Let us consider ps, ps. Note that (H null ps, xnot ps) is

(2,{(H, (TheNorSymbOf S) "ps~p4)}, {R0S}U{R1 S}U{R8 S})-derivable.

Let us consider S, H, ps, ps. Note that (H, (TheNorSymbOf S) ™ ps ™ p3) is
(1,{(H, (TheNorSymbOf S) " p3 ™ ps4)}, {R7 S})-derivable.

Let us consider S, H, ps, ps. Observe that (H null p3, xnot ps) is (3, {(H,
(TheNorSymbOf S) ™ p3 ~pa) }, {ROS}U{R1S} U{R8S} U{R7S})-derivable.

Let us consider S, Sg. Observe that (Sg)1 is S-premises-like.

Let us consider S, X, D. Then Dnull X is a rule set of S.

Let us consider S, p3, p4, {1, H and let lo be an H U{p3} U{p4}-absent literal
element of S.
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Note that ((HU{(l1)"ps}) nullls, p4) is (1, {{HU{(l1,l2) -SymbolSubstIn p3},
pa) }, {R5 S})-derivable.
Let us consider S, D, X. We say that X is D-inconsistent if and only if:

(Def. 65) There exist p3, p4 such that ps is (X, D)-provable and (TheNorSymbOf S)~
ps " pg is (X, D)-provable.
Let us consider mgo, S, Hi, Hs, ps. Note that ((Hy U Hy)nullma, p2) is
(ma, {(H1, p2)},{R1S})-derivable.
Let us consider S. Observe that there exists an isotone rule set of S which
is non empty.
We now state the proposition
(13) If X is D-inconsistent and D is isotone and R1 S, R8 S € D, then xnot ps
is (X, D)-provable.
Let us consider S. Observe that R5 S is isotone.
Let us consider S, I, t, pa. Observe that ({(I,t)SubstInps}, (I) ™ p2) is
(1,0, {R4 S})-derivable.
Let us consider S. One can verify that R4 .S is isotone.
Let us consider S, X. We say that X is S-witnessed if and only if:

(Def. 66) For all li, p3 such that (l1) ™ ps € X there exists lo such that
(I1,12) -SymbolSubstIn ps € X and ly ¢ rng ps.
We now state the proposition
(14> Let X be a Dj-expanded set. Suppose R1S, R4S, R6S,
R7S, R8S € D; and X is S-mincover and S-witnessed. Then
(D1 Henkin X)-TruthEval p; = 1 if and only if p; € X.

Let us consider S, D, X. We introduce X is D-consistent as an antonym of
X is D-inconsistent.
We now state the proposition

(15) For every subset X of Y such that X is D-inconsistent holds Y is D-
inconsistent.

Let us consider S, D, let X be a functional set, and let po be an element of
ExFormulasOf S. The functor (D, p2) AddAsWitnessTo X is defined by:

X U {(S-firstChar(ps), the element
of LettersOf S \ SymbolsOf
(((AllSymbolsOf $)* \ {0}) N (XU
{head ps})))-SymbolSubstIn head p» },
if X U{p2} is D-consistent and
LettersOf S\ SymbolsOf (((AllSym—
bolsOf )"\ {0}) N (X U {head p2})) # 0,

X, otherwise.

(Def. 67) (D, p2) AddAsWitnessTo X =

3Henkin’s Theorem
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Let us consider S, D, let X be a functional set, and let po be an element of
ExFormulasOf S. One can check that X\ ((D, p2) AddAsWitnessTo X) is empty.
Let us consider S, D, let X be a functional set, and let po be an element of
ExFormulasOf S. One can check that ((D, p2) AddAsWitnessTo X))\ X is trivial.
Let us consider S, D, let X be a functional set, and let po be an
element of ExFormulasOf S. Then (D, ps) AddAsWitnessTo X is a subset of
X U AllFormulasOf S.
Let us consider S, D. We say that D is correct if and only if the condition
(Def. 68) is satisfied.
(Def. 68) Let given po, X. Suppose py is (X, D)-provable. Let given U and I be an
element of U-InterpretersOf S. If X is I-satisfied, then I-TruthEvalps = 1.
Let us consider S, ¢, t2. One can check that SubTerms({TheEqSymbOf S) ™
t1 7 t2)4<t1, t2> is empty.
Let us consider S and let R be a rule of S. We say that R is correct if and
only if:
(Def. 69) If X is S-correct, then R(X) is S-correct.
Let us consider S. Observe that every set which is S-sequent-like is also
S-null.
Let us consider S. Note that R0O.S is correct.
Let us consider S. Note that there exists a rule of S which is correct.
Let us consider S. One can check that R1.S is correct.
Let us consider S. Note that R2.S is correct.
Let us consider S. One can check that R3a S is correct.
Let us consider S. Observe that R3b S is correct.
Let us consider S. Observe that R3d S is correct.
Let us consider S. Note that R3e S is correct.
Let us consider S. One can check that R4 .S is correct.
Let us consider S. One can check that R5.S is correct.
Let us consider S. One can verify that R6.S is correct.
Let us consider S. Observe that R7.S is correct.
Let us consider S. Observe that R8 .S is correct.
Next we state the proposition
(16) If for every rule R of S such that R € D holds R is correct, then D is
correct.

Let us consider S and let R be a correct rule of S. Note that {R} is correct.
Observe that S-rules is correct. One can check that R9.S is isotone. Let us
consider H, pa. Observe that (H, p2) nulll is (1, {(H, xnot xnot p2)}, {R9S})-
derivable.

Let us consider X, S. Observe that there exists an 0-w.f.f. string of .S which
is X-implied.
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Let us consider X, S. Observe that there exists a w.f.f. string of S which is
X-implied.

Let us consider S, X and let po be an X-implied w.f.f. string of S. Observe
that xnot xnot po is X-implied.

Let us consider X, S, po. We say that po is X-provable if and only if:

(Def. 70) po is (X, {R9 S} U S-rules)-provable.

2. CONSTRUCTIONS FOR COUNTABLE LANGUAGES: WITNESS ADJOINING

Let X be a functional set, let us consider S, D, and let n; be a function
from N into ExFormulasOf S. The functor (D,n;) AddWitnessesTo X yields a
function from N into 2XVAIFormulasOfS 514 s defined by:

(Def. 71)  ((D,n1) AddWitnessesTo X)(0) = X and
for every my holds ((D,n1) AddWitnessesTo X)(m; + 1) =
(D, n1(m1)) AddAsWitnessTo((D,n;) AddWitnessesTo X )(my).

Let X be a functional set, let us consider S, D, and let n; be a function
from N into ExFormulasOf S. We introduce (D,n;)addw X as a synonym of
(D, n1) AddWitnessesTo X.

We now state the proposition

(17) Let X be a functional set and n; be a function from N into
ExFormulasOf S. Suppose D is isotone and R1S, R8S, R2S, R5S € D
and LettersOf S\ SymbolsOf (X N((AllSymbolsOf S)*\ {0})) is infinite and
X is D-consistent. Then ((D,nq)addw X)(k) C ((D,n1) addw X)(k + m)
and LettersOf S\ SymbolsOf (((D, ny) addw X)(m) N ((AllSymbolsOf S)*\
{0})) is infinite and ((D,n1)addw X)(m) is D-consistent.

Let X be a functional set, let us consider S, D, and let n; be a function from
N into ExFormulasOf S. The functor X WithWitnessesFrom(D,nq) yielding a
subset of X U AllFormulasOf S is defined by:

(Def. 72) X WithWitnessesFrom (D, n1) = Jrng((D,n1) AddWitnessesTo X ).

Let X be a functional set, let us consider S, D, and let n; be a function
from N into ExFormulasOf S. We introduce X addw(D,n;) as a synonym of
X WithWitnessesFrom(D, ny).

Let X be a functional set, let us consider S, D, and let ny be a function from
N into ExFormulasOf S. One can verify that X \ (X addw(D,n;)) is empty.

The following proposition is true

(18) Let X be a functional set and n; be a function from N into
ExFormulasOf S. Suppose that D is isotone and R1.S, R85, R2S5,R5S €
D and LettersOf S \ SymbolsOf(X N ((AllSymbolsOf S)* \ {0})) is in-
finite and X addw(D,n1) € Z and Z is D-consistent and rngn; =
ExFormulasOf S. Then Z is S-witnessed.
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3. CONSTRUCTIONS FOR COUNTABLE LANGUAGES: CONSISTENTLY
MAXIMIZING A SET OF FORMULAS OF A COUNTABLE LANGUAGE
(LINDENBAUM’S LEMMA)

Let us consider X, S, D and let ps be an element of AllFormulasOf .S. The
functor (D, p2) AddFormulaTo X is defined by:
XU {pQ}a
(Def. 73) (D, p2) AddFormulaTo X = if xnot po is not (X, D)-provable,
X U {xnotps}, otherwise.

Let us consider X, S, D and let ps be an element of AllFormulasOf S. Then
(D, p2) AddFormulaTo X is a subset of X U AllFormulasOf S.

Let us consider X, S, D and let py be an element of AllFormulasOf S. Note
that X \ ((D,p2) AddFormulaTo X) is empty.

Let us consider X, S, D and let ny be a function from N into
AllFormulasOf S. The functor (D, n;) AddFormulasTo X yields a function from
N into

2XUAllForrnulasOfS and is defined by:

(Def. 74)  ((D,n1) AddFormulasTo X)(0) = X and for every m holds
((D,n1) AddFormulasTo X)(m + 1) =
(D,n1(m)) AddFormulaTo((D,n;) AddFormulasTo X)(m).

Let us consider X, S, D and let ny be a function from N into
AllFormulasOf S. The functor (D, n;)CompletionOf X yields a subset of X U
AllFormulasOf S and is defined as follows:

(Def. 75) (D, n1) CompletionOf X = [Jrng((D,n1) AddFormulasTo X).

Let us consider X, S, D and let n; be a function from N into
AllFormulasOf S. One can check that X \ ((D,n1) CompletionOf X)) is empty.

We now state the proposition

(19) For every relation R between 2575°9uents and S-sequents holds y €
(FuncRule R)(X) iff y € S-sequents and (X, y) € R.

In the sequel Dy is a 2-ranked rule set of S.

Let us consider S and let r1, 79 be isotone rules of S. Note that {ry,r} is
isotone.

Let us consider S and let rq, 79, 3, 74 be isotone rules of S. Observe that
{ri1,mr2, 73,74} is isotone.

Let us consider S. Observe that S-rules is isotone.

Let us consider S. Observe that there exists an isotone rule set of S which
is correct.

Let us consider S. Observe that there exists a correct isotone rule set of .S
which is 2-ranked.

Let S be a countable language. Observe that AllFormulasOf S is countable.

We now state the proposition
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(20) Let S be a countable language and D be a rule set of S. Suppo-

se D is 2-ranked, isotone, and correct and Z is D-consistent and Z C
AllFormulasOf S. Then there exists a non empty set U and there exists
an element I of U-InterpretersOf S such that Z is I-satisfied.

In the sequel C' denotes a countable language and py denotes a w.f.f. string

of C.

We now state the proposition

(21) If X C AllFormulasOf C and po is X-implied, then ps is X-provable.
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