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In this paper X, Y denote sets, G denotes a group, and n denotes a natural
number.

Let us consider X. Note that 0 x ¢ is onto.

Let us observe that every set which is permutational is also functional.

Let us consider X. The functor permutations X is defined as follows:

(Def. 1) permutations X = {f : f ranges over permutations of X }.
Next we state three propositions:

(1) For every set f such that f € permutations X holds f is a permutation
of X.

(2) permutations X C XX,
(3) permutations Segn = the permutations of n.

Let us consider X. One can verify that permutations X is non empty and
functional.
Let X be a finite set. One can verify that permutations X is finite.
Next we state the proposition
(4) permutations() = 1.

Let us consider X. The functor SymGroup X yields a strict constituted func-
tions multiplicative magma and is defined by:

(© 2011 University of Bialystok
223 ISSN 1426-2630(p), 1898-9934(c)


http://fm.mizar.org/miz/cayley.miz
http://ftp.mizar.org/

224 ARTUR KORNILOWICZ

(Def. 2) The carrier of SymGroup X = permutations X and for all elements z, y
of SymGroup X holds = - y = (y qua function) -x.

One can prove the following proposition
(5) Every element of SymGroup X is a permutation of X.

Let us consider X. Note that SymGroup X is non empty, associative, and
group-like.
The following propositions are true:

(6) 1SymGroupX = 1dX
—1

(7) For every element 2 of SymGroup X holds 2! = (z qua function)
Let us consider n. One can verify that A,, is constituted functions.
One can prove the following proposition

(8) SymGroup Segn = A,.
Let X be a finite set. Observe that SymGroup X is finite.
We now state the proposition

(9) SymGroup () = Trivial-multMagma .
Let us note that SymGroup ) is trivial.

Let us consider X, Y and let p be a function from X into Y. Let us assume
that X # () and Y # 0 and p is bijective. The functor SymGroupslso p yielding

a function from SymGroup X into SymGroup Y is defined by:
(Def. 3) For every element z of SymGroup X holds (SymGroupslsop)(z) =p-x-

p
We now state four propositions:

(10) For all non empty sets X, Y and for every function p from X into Y
such that p is bijective holds SymGroupslso p is multiplicative.

(11) For all non empty sets X, Y and for every function p from X into YV
such that p is bijective holds SymGroupslso p is one-to-one.

(12) For all non empty sets X, Y and for every function p from X into Y
such that p is bijective holds SymGroupslso p is onto.

(13) If X =Y, then SymGroup X and SymGroup Y are isomorphic.

Let us consider G. The functor Cayleylso G yields a function from G into
SymGroup (the carrier of GG) and is defined as follows:
(Def. 4) For every element g of G holds (Cayleylso G)(g) = -g.

Let us consider GG. One can verify that Cayleylso G is multiplicative.
Let us consider G. One can verify that Cayleylso G is one-to-one.
One can prove the following proposition

(14) G and Im Cayleylso G are isomorphic.
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For simplicity, we adopt the following rules: O is a non empty set, Si is a
o-field of subsets of O1, P; is a probability on Sy, A is a sequence of subsets of
S1, and n is an element of N.

Let D be a set, let x, y be extended real numbers, and let a, b be elements
of D. Then (z >y — a,b) is an element of D.

We now state two propositions:

(1) For every element k of N and for every element x of R such that k is odd
and x > 0 and 2 < 1 holds (—z ExpSeqg)(k+1)+(—z ExpSeqr) (k+2) > 0.
(2) For every element x of R holds 1 + = < (the function exp)(x).

Let s be a sequence of real numbers. The functor ExpFuncWithElementOf s

yielding a sequence of real numbers is defined as follows:

(Def. 1) For every natural number d holds (ExpFuncWithElementOf s)(d) =
> —s(d) ExpSeqg .
Next we state two propositions:
(3) (The partial product of ExpFuncWithElementOf(P;-A))(n) = (the func-
tion exp)(—(Xa=o(F1 - A)(a))ren(n)).

The author wants to thank Prof. F. Merkl for his kind support during the course of this
work.
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(4) (The partial product of P, - A®)(n) < (the partial product of
ExpFuncWithElementOf(P; - A))(n).

Let ni, ng be elements of N. The functor SeqOfI[FGT1(n1,n2) yielding a
sequence of N is defined by:

(Def. 2) For every element n of N holds (SeqOfIFGT1(n,n2))(n) = (n > ny —
n+ng,n).
Let k be an element of N. The SeqOfIFGT2 k yields a sequence of N and is
defined by:

(Def. 3) For every element n of N holds (the SeqOfIFGT2 k)(n) = n + k.

Let k be an element of N. The SeqOfIFGT3 k£ yields a sequence of N and is
defined as follows:

(Def. 4) For every element n of N holds (the SeqOfIFGT3 k)(n) = (n > k — 0,1).
Let ni, ny be elements of N. The functor SeqOfIFGT4(ny,n2) yielding a
sequence of N is defined as follows:
(Def. 5)  For every element n of N holds (SeqOfIFGT4(n1,n2))(n) = (n > n +
1 — n+ng,n).
Let n1, ny be elements of N. One can verify that SeqOfIFGT1(ny,ng) is
one-to-one and SeqOfIFGT4(n1,ng) is one-to-one.
Let n be an element of N. Observe that the SeqOfIFGT2 n is one-to-one.
Let X be a set, let s be an element of N, and let A be a sequence of subsets
of X. The functor ShiftSeq(A, s) yielding a sequence of subsets of X is defined
by:
(Def. 6) ShiftSeq(A,s) = AT s.
Let O1 be a non empty set, let S1 be a o-field of subsets of Oy, let s be an ele-

ment of N, and let A be a sequence of subsets of S;. The functor @ShiftSeq(A, s)
yields a sequence of subsets of 57 and is defined by:
(Def. 7) @ShiftSeq(A, s) = ShiftSeq(A4, s).
Next we state the proposition
(5)(i)  For all sequences A, B of subsets of S; such that n > n; and B =
A - SeqOfIFGT1(n1,n2) holds (the partial product of P; - B)(n) = (the
partial product of P;-A)(n1)-(the partial product of P;-@ShiftSeq(A, ni+
ng +1))(n —ny — 1), and
(ii)  for all sequences A, B, C' of subsets of S; and for every sequence e of N
such that n > n; and C' = A-e and B = C-SeqOfIFGT1(n1,n2) holds (the
partial Intersection of B)(n) = (the partial Intersection of C')(n1) N (the
partial Intersection of @ShiftSeq(C,ny +n2 +1))(n —ng — 1).
Let Oq be a non empty set, let S1 be a o-field of subsets of Oy, let P; be a
probability on Sp, and let A be a sequence of subsets of S7;. We say that A is
all independent w.r.t. P; if and only if the condition (Def. 8) is satisfied.
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(Def. 8) Let B be a sequence of subsets of S1. Given a sequence e of N such that
e is one-to-one and for every element n of N holds A(e(n)) = B(n). Let
n be an element of N. Then (the partial product of P; - B)(n) = P;((the
partial Intersection of B)(n)).

The following propositions are true:

(6) Suppose n > ny and A is all independent w.r.t. P;. Then P ((the partial
Intersection of A€)(n1)N(the partial Intersection of @ShiftSeq(A, ni+na+
1))(n—ny —1)) = (the partial product of P;-A€)(ny)-(the partial product
of P - @ShiftSeq(A,n1 +ng + 1))(n —ng — 1).

(7) (The partial Intersection of A®)(n) = (the partial Union of A)(n)°.

(8) Pi((the partial Intersection of A¢)(n)) = 1 — Py((the partial Union of
A)(n)).

Let X be a set and let A be a sequence of subsets of X. The UnionShiftSeq
A yielding a sequence of subsets of X is defined as follows:
(Def. 9) For every element n of N holds (the UnionShiftSeq A)(n) =
(U ShiftSeq(A, n).
Let O1 be a non empty set, let S be a o-field of subsets of Oy, and let A be
a sequence of subsets of S7. The @UnionShiftSeq A yields a sequence of subsets
of S; and is defined as follows:
(Def. 10) The @UnionShiftSeq A = the UnionShiftSeq A.

Let O1 be a non empty set, let S1 be a o-field of subsets of O7, and let A be
a sequence of subsets of S1. The @Qlim sup A yielding an event of S is defined
as follows:

(Def. 11) The @Qlim sup A = () (the @QUnionShiftSeq A).

Let X be a set and let A be a sequence of subsets of X. The IntersectShiftSeq
A yields a sequence of subsets of X and is defined as follows:

(Def. 12) For every element n of N holds (the IntersectShiftSeq A)(n) =
Intersection ShiftSeq(A4, n).

Let O; be a non empty set, let S; be a o-field of subsets of Oy, and let A
be a sequence of subsets of S7. The @QIntersectShiftSeq A yielding a sequence of
subsets of S; is defined as follows:

(Def. 13) The @IntersectShiftSeq A = the IntersectShiftSeq A.

Let O be a non empty set, let S be a o-field of subsets of Oy, and let A be
a sequence of subsets of S7. The @Qlim inf A yielding an event of S; is defined
by:
(Def. 14) The @Qlim inf A = |J (the @IntersectShiftSeq A).
The following propositions are true:
(9) (The QIntersectShiftSeq A°)(n) = (the @UnionShiftSeq A)(n)°.
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(10) Suppose A is all independent w.r.t. P;. Then P;((the partial Intersection
of A°)(n)) = (the partial product of P; - A®)(n).
(11) Let X be a set and A be a sequence of subsets of X. Then
(i)
(ii)
(12)(i)  The superior setsequence A = the @UnionShiftSeq A, and
(ii)  the inferior setsequence A = the @IntersectShiftSeq A.

the superior setsequence A = the UnionShiftSeq A, and
the inferior setsequence A = the IntersectShiftSeq A.

Let O1 be a non empty set, let S; be a o-field of subsets of O1, let P; be
a probability on Si, and let A be a sequence of subsets of S;. The functor
SumShiftSeq(P;, A) yields a sequence of real numbers and is defined by:

(Def. 15) For every element n of N holds (SumShiftSeq(Pr,A))(n) = > (P -
@ShiftSeq(A,n)).

We now state several propositions:

(13) If O°5_o(P1-A)())ken is convergent, then Pj(the @lim sup A) = 0 and
lim SumShiftSeq(P;, A) = 0 and SumShiftSeq(P;, A) is convergent.

(14)(i)  For every set X and for every sequence A of subsets of X and for
every element n of N and for every set x holds there exists an element k
of N such that = € (ShiftSeq(A4,n))(k) iff there exists an element k of N
such that k& > n and = € A(k),

(ii)  for every set X and for every sequence A of subsets of X and for every
set x holds = € Intersection (the UnionShiftSeq A) iff for every element m
of N there exists an element n of N such that n > m and x € A(n),

(iii)  for every sequence A of subsets of S and for every set x holds x € [ (the
@UnionShiftSeq A) iff for every element m of N there exists an element n
of N such that n > m and =z € A(n),

(iv) for every set X and for every sequence A of subsets of X and for every
set x holds = € |J (the IntersectShiftSeq A) iff there exists an element n of
N such that for every element k of N such that k > n holds =z € A(k),

(v) for every sequence A of subsets of S; and for every set x holds « € J (the
@IntersectShiftSeq A) iff there exists an element n of N such that for every
element k of N such that & > n holds =z € A(k), and

(vi)  for every sequence A of subsets of S; and for every element x of O
holds z € | (the @IntersectShiftSeq A°) iff there exists an element n of N
such that for every element k& of N such that k£ > n holds = ¢ A(k).

(15)(1) limsup A = the @lim sup A,
(i) liminf A = the @lim inf A,
(iii)  the @lim inf A® = (the @lim sup A)¢,
iv)  Pji(the @lim inf A°) + P;(the @Qlim sup A) = 1, and
)

(iv
(v) P (liminf(A€)) + P;(limsup A) = 1.
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(16)(1) If (3f_o(Pr - A)(a))ken is convergent, then Pj(limsup A) = 0 and
P (liminf(A°)) =1, and
(ii) if A is all independent w.r.t. Py and (3>_5_o(P1-A)(@))ken is divergent
to 400, then Pj(liminf(A€)) =0 and P;(limsup A) = 1.
(17) If (325 _o(P1-A)(a))ken is not convergent and A is all independent w.r.t.
Py, then P;(liminf(A€)) =0 and P;(limsup 4) = 1.
(18) If A is all independent w.r.t. Pp, then P;(liminf(A€))
Py (liminf(A°)) =1 but P;(limsup A) =0 or P;(limsup A) = 1.
(19) (=0 (P1-@ShiftSeq(A, n1+1))(@))wen(n) < (Zazo(Pr-A)(@))wen(ni+
L+ n) = (Za=o(P1 - A)(@))ren(n1).
(20) Pi((the @IntersectShiftSeq A°)(n)) = 1 — Pi((the @UnionShiftSeq
A)(n)).
(21)(1) If A€ is all independent w.r.t. Pj, then P;((the partial Intersection of
A)(n)) = (the partial product of P; - A)(n), and
(ii) if A is all independent w.r.t. P, then 1 — P;((the partial Union of
A)(n)) = (the partial product of P; - A®)(n).

= 0 or
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For simplicity, we use the following convention: n, ¢ denote elements of N, X,
X1 denote sets, r, p, s, xg, r1, T2 denote real numbers, f, fi, fo denote partial
functions from R to R"™, and h denotes a partial function from R to the carrier
of (7, - .

Let us consider n, f, xg. We say that f is continuous in zq if and only if:

(Def. 1)

There exists a partial function g from R to the carrier of (£", ]| - ||) such
that f = ¢ and g is continuous in xg.

We now state four propositions:

(1)
(2)

If h = f, then f is continuous in xg iff h is continuous in x.

If zg € X and f is continuous in xg, then f[X is continuous in xg.

! This work was supported by JSPS KAKENHI 22300285.
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(3) f is continuous in zg if and only if the following conditions are satisfied:

(i) o € dom f, and

(ii)  for every r such that 0 < r there exists s such that 0 < s and for every
x1 such that x1 € dom f and |z — 20| < s holds |fz, — faol < 7

(4) Let r be a real number, z be an element of R", and w be a point of
(€™, |- |l). Suppose z = w. Then {y € R": |y — z| < r} = {y;y ranges over
points of (£, - |): [ly — w| < r}.

Let n be an element of N, let Z be a set, and let f be a partial function from
Z to R™. The functor |f]| yielding a partial function from Z to R is defined by:

(Def. 2) dom |f| = dom f and for every set = such that € dom |f| holds |f|, =
| fal-

Let n be an element of N, let Z be a non empty set, and let f be a partial
function from Z to R". The functor —f yields a partial function from Z to R™
and is defined by:

(Def. 3) dom(—f) = dom f and for every set ¢ such that ¢ € dom(—f) holds
(_f)c = _fc-

One can prove the following propositions:

(5) Let f1, fo be partial functions from R to the carrier of (£",] - ||) and
g1, g2 be partial functions from R to R™. If f; = g1 and fo = g, then
fi+fe=g91+ g

(6) Let f; be a partial function from R to the carrier of (€™, | - ||), g1 be a
partial function from R to R"™, and a be a real number. If f; = g1, then
a-fi=a-g.

(7) For every partial function f; from R to R™ holds (—1) - f1 = —fi.

(8) Let fi be a partial function from R to the carrier of (£, || -||) and g1 be
a partial function from R to R". If f; = g1, then —f; = —g;.

(9) Let fi be a partial function from R to the carrier of (£, || - ||) and g1 be
a partial function from R to R". If fi = g1, then || fi|| = |g1]-

(10) Let f1, fo be partial functions from R to the carrier of (€™, || - ||) and
g1, g2 be partial functions from R to R™. If f; = g1 and fo = g9, then
hi—=f=9—g.

(11) f is continuous in z¢ if and only if the following conditions are satisfied:

(i) o € dom f, and

(ii) for every subset Nj of R™ such that there exists a real number r such
that 0 < r and {y € R™: |y — fz,| < r} = N1 there exists a neighbourhood
N of xg such that for every z; such that x1 € dom f and 21 € N holds
fxl S Nl.

(12) f is continuous in x if and only if the following conditions are satisfied:

(i) o € dom f, and
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(ii)  for every subset Nj of R" such that there exists a real number r such
that 0 < r and {y € R™: |y — fu,| < r} = N1 there exists a neighbourhood
N of xg such that f°N C Nj.

(13) If there exists a neighbourhood N of xg such that dom f N N = {x},
then f is continuous in xg.

(14) If 2y € dom f; Ndom fy and f; is continuous in xy and f is continuous
in xg, then f; + f5 is continuous in xg.

(15) If zp € dom f; Ndom fy and f; is continuous in xy and f2 is continuous
in xg, then f; — fo is continuous in xg.

If f is continuous in zg, then r - f is continuous in x.

)

17) If g € dom f and f is continuous in xg, then |f]| is continuous in x.
) If zgp € dom f and f is continuous in xg, then —f is continuous in z.
)

Let S be a real normed space, z be a point of (£",] - ||), fi be a partial

function from R to R", and fy be a partial function from the carrier of
(E™, |I-II) to the carrier of S. Suppose z¢ € dom(fa- f1) and f; is continuous
in zp and z = (f1)s, and fa is continuous in z. Then fa - fi is continuous
in xg.
(20) Let S be a real normed space, f; be a partial function from R to the
carrier of S, and fo be a partial function from the carrier of S to R.
Suppose xg € dom(fs - f1) and f; is continuous in xg and fo is continuous
in (f1)z,- Then fa - f1 is continuous in xo.

Let us consider n, let f be a partial function from R" to R, and let zg be
an element of R"™. We say that f is continuous in xg if and only if the condition
(Def. 4) is satisfied.

(Def. 4) There exists a point yo of (€™, - ||) and there exists a partial function
g from the carrier of (€™, || - ||) to R such that zy = yp and f = g and g is
continuous in 1.

One can prove the following two propositions:

(21) Let f be a partial function from R" to R, h be a partial function from
the carrier of (€™, - ||) to R, xy be an element of R", and yo be a point
of (™| - |). Suppose f = h and z¢p = yo. Then f is continuous in zq if
and only if h is continuous in yg.

(22) Let f; be a partial function from R to R™ and f, be a partial function
from R™ to R. Suppose z¢ € dom(f2 - f1) and f; is continuous in xy and
f2 is continuous in (f1)s,. Then fo - fi is continuous in xg.

Let us consider n, f. We say that f is continuous if and only if:
(Def. 5) For every xg such that zp € dom f holds f is continuous in xg.

One can prove the following propositions:
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(23) Let g be a partial function from R to the carrier of (™, || - ||) and f be
a partial function from R to R"™. If ¢ = f, then g is continuous iff f is
continuous.

(24) Suppose X C dom f. Then f[X is continuous if and only if for all =g, r
such that xg € X and 0 < r there exists s such that 0 < s and for every
x1 such that x; € X and |21 — 20| < s holds |fz, — fa,]| <7

Let us consider n. Observe that every partial function from R to R™ which
is constant is also continuous.

Let us consider n. Observe that there exists a partial function from R to R"
which is continuous.

Let us consider n, let f be a continuous partial function from R to R"™, and
let X be a set. One can verify that f[X is continuous.

One can prove the following proposition

(25) If f]X is continuous and X; C X, then f[X; is continuous.

Let us consider n. Note that every partial function from R to R™ which is
empty is also continuous.

Let us consider n, f and let X be a trivial set. One can verify that f[X is
continuous.

Let us consider n and let f1, fo be continuous partial functions from R to
R™. One can check that f; + fo is continuous.

The following propositions are true:

(26) If X C dom f; Ndom fo and f1[X is continuous and f[X is continuous,
then (f1 + f2)[X is continuous and (f; — f2)[X is continuous.

(27) If X C dom f; and X7 C dom fo and f1]X is continuous and fo|X; is
continuous, then (f1 + f2)[(X N X3) is continuous and (f; — f2) [(X N Xy)
is continuous.

Let us consider n, let f be a continuous partial function from R to R™, and
let us consider r. Observe that r - f is continuous.
The following propositions are true:

(28) If X C dom f and f]X is continuous, then (- )X is continuous.

(29) If X C dom f and f[X is continuous, then |f|[X is continuous and
(—f)IX is continuous.

(30) If f is total and for all z1, x2 holds fy, 4z, = fz, + fz, and there exists
xg such that f is continuous in zg, then f[R is continuous.

(31) For every subset Y of (£", ||-||) such that dom f is compact and f| dom f
is continuous and Y = rng f holds Y is compact.

(32) LetY beasubset of R and Z be a subset of (£, ||-]|). Suppose Y C dom f
and Z = f°Y and Y is compact and f|Y is continuous. Then Z is compact.

Let us consider n, f. We say that f is Lipschitzian if and only if:
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(Def. 6) There exists a partial function g from R to the carrier of (€™, - ||) such
that g = f and g is Lipschitzian.
The following propositions are true:
(33) f is Lipschitzian if and only if there exists a real number r such that 0 < r
and for all 1, x9 such that z1, 2o € dom f holds |fz, — fz,| < 7|21 — 22].
(34) If f = h, then f is Lipschitzian iff A is Lipschitzian.
(35) fIX is Lipschitzian if and only if there exists a real number r such that
0 < r and for all z1, 9 such that z1, zo € dom(f[X) holds |fz, — fa,| <
T |z — 2.
Let us consider n. Note that every partial function from R to R"™ which is
empty is also Lipschitzian.
Let us consider n. Note that there exists a partial function from R to R"
which is empty.
Let us consider n, let f be a Lipschitzian partial function from R to R"™, and
let X be a set. Note that f[X is Lipschitzian.
We now state the proposition
(36) If f1X is Lipschitzian and X; C X, then f[X; is Lipschitzian.
Let us consider n and let fi, fo be Lipschitzian partial functions from R to
R"™. Observe that f; 4+ fo is Lipschitzian and f; — fo is Lipschitzian.
We now state two propositions:
(37) If f1[X is Lipschitzian and fo] X7 is Lipschitzian, then (f1+ f2)[(XNX7)
is Lipschitzian.
(38) If f1[X is Lipschitzian and fo] X7 is Lipschitzian, then (f; — f2)[(XNX7)
is Lipschitzian.
Let us consider n, let f be a Lipschitzian partial function from R to R", and
let us consider p. Observe that p - f is Lipschitzian.
Next we state the proposition
(39) If f1X is Lipschitzian and X C dom f, then (p- f)[X is Lipschitzian.
Let us consider n and let f be a Lipschitzian partial function from R to R™.
Observe that |f| is Lipschitzian.
Next we state the proposition
(40) If f1X is Lipschitzian, then —f[X is Lipschitzian and |f|[X is Lipschit-
zian and (—f)[X is Lipschitzian.
Let us consider n. One can check that every partial function from R to R"
which is constant is also Lipschitzian.
Let us consider n. One can verify that every partial function from R to R™
which is Lipschitzian is also continuous.
The following propositions are true:
(41) For all elements r, p of R"™ such that for every x( such that o € X holds
fzo = o -7+ p holds f[X is continuous.



238 KEIKO NARITA et al.

(42) For every element zp of R™ such that 1 < ¢ < n holds proj(i,n) is
continuous in xg.

(43) Let n be a non empty element of N and h be a partial function from R
to R™. Then h is continuous in xg if and only if the following conditions
are satisfied:

(i) o € domh, and
(ii)  for every element i of N such that ¢ € Segn holds proj(i,n) - h is
continuous in xg.

(44) Let n be a non empty element of N and h be a partial function from R
to R™. Then h is continuous if and only if for every element ¢ of N such
that ¢ € Segn holds proj(i,n) - h is continuous.

(45) For every point g of (£",|| - ||) such that 1 <4 < n holds Proj(i,n) is
continuous in xg.

(46) Let n be a non empty element of N and h be a partial function from R
to the carrier of (£™,] - ||). Then h is continuous in xz¢ if and only if for
every element i of N such that ¢ € Segn holds Proj(i,n) - h is continuous
in xg.

(47) Let n be a non empty element of N and h be a partial function from R
to the carrier of (€™, | - ||). Then A is continuous if and only if for every
element ¢ of N such that ¢ € Segn holds Proj(i,n) - h is continuous.
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Summary. In the paper the concept of stacks is formalized. As the main
result the Theorem of Representation for Stacks is given. Formalization is done
according to [13].
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The papers [6], [15], [14], [2], [4], [7], [16], [8], [9], [10], [5], [1], {17], [11], [19],
[21], [20], [3], [18], and [12] provide the terminology and notation for this paper.

1. INTRODUCTIONS

In this paper ¢ is a natural number and x is a set.
Let A be a set and let s1, s3 be finite sequences of elements of A. Then s1 7 s
is an element of A*.
Let A be a set, let ¢ be a natural number, and let s be a finite sequence of
elements of A. Then sy; is an element of A*.
The following two propositions are true:
(1) 0 =0.
(2) Let D be a non empty set and s be a finite sequence of elements of D.
Suppose s # (). Then there exists a finite sequence w of elements of D and

~

there exists an element n of D such that s = (n) ~ w.
The scheme IndSeqD deals with a non empty set A and a unary predicate
P, and states that:
For every finite sequence p of elements of A holds P|p)
provided the following conditions are met:
o Ple4], and
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e For every finite sequence p of elements of A and for every element
x of A such that P[p] holds P[(z) ™ p].
Let C, D be non empty sets and let R be a binary relation. A function from
C x D into D is said to be a binary operation of C' and D being congruence
w.r.t. R if:

(Def. 1) For every element = of C and for all elements y1, y2 of D such that (y,
y2) € R holds (it(z, y1), it(z, y2)) € R.

The scheme LambdaD2 deals with non empty sets A, B, C and a binary
functor F yielding an element of C, and states that:

There exists a function M from A x B into C such that for every
element i of A and for every element j of B holds M (i, j) = F (i, j)
for all values of the parameters.

Let C', D be non empty sets, let R be an equivalence relation of D, and let b
be a function from C x D into D. Let us assume that b is a binary operation of
C and D being congruence w.r.t. R. The functor b, yielding a function from
C x Classes R into Classes R is defined as follows:

(Def. 2) For all sets x, y, y1 such that x € C and y € Classes R and y; € y holds
b/r(z, y) = [b(z, y1)]p-

Let A, B be non empty sets, let C be a subset of A, let D be a subset of B,
let f be a function from A into B, and let g be a function from C into D. Then
f+-g is a function from A into B.

2. STACK ALGEBRA

We introduce stack systems which are extensions of 2-sorted and are systems

( a carrier, a carrier’, empty stacks, a push function, a pop function, a top
function ),
where the carrier is a set, the carrier’ is a set, the empty stacks constitute
a subset of the carrier’, the push function is a function from the carrier xthe
carrier’ into the carrier’, the pop function is a function from the carrier’ into the
carrier’, and the top function is a function from the carrier’ into the carrier.

Let a1 be a non empty set, let ao be a set, let a3 be a subset of as, let a4 be
a function from aq X ag into as, let a5 be a function from as into ag, and let ag
be a function from ay into a;. Observe that stack system(aq, a2, as, aq, as, ag) is
non empty.

Let aq be a set, let as be a non empty set, let ag be a subset of as, let a4 be a
function from aq X ag into as, let as be a function from as into as, and let ag be a
function from ag into a;. One can verify that stack system(a, ag, as, a4, as, ag)
is non void.

Let us note that there exists a stack system which is non empty, non void,
and strict.
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Let X be a stack system. A stack of X is an element of the carrier’ of X.
Let X be a non empty non void stack system and let s be a stack of X. The
predicate empty(s) is defined by:
(Def. 3) s € the empty stacks of X.
The functor pop s yields a stack of X and is defined by:
(Def. 4) pop s = (the pop function of X)(s).
The functor top s yields an element of X and is defined by:
(Def. 5) tops = (the top function of X)(s).

Let e be an element of X. The functor push(e, s) yields a stack of X and is
defined by:

(Def. 6) push(e, s) = (the push function of X)(e,s).
Let A be a non empty set. Standard stack system over A yielding a non
empty non void strict stack system is defined by the conditions (Def. 7).
(Def. 7)(i)  The carrier of standard stack system over A = A,
(ii)  the carrier’ of standard stack system over A = A*, and
(iii)  for every stack s of standard stack system over A holds empty(s)
iff s is empty and for every finite sequence g such that ¢ = s holds if
not empty(s), then tops = ¢g(1) and pops = gn and if empty(s), then
top s = the element of standard stack system over A and pop s = () and for

~

every element e of standard stack system over A holds push(e, s) = (e) "g.

In the sequel A denotes a non empty set, ¢ denotes an element of standard
stack system over A, and m denotes a stack of standard stack system over A.

Let us consider A. Note that every stack of standard stack system over A is
relation-like and function-like.

Let us consider A. Observe that every stack of standard stack system over
A is finite sequence-like.

We adopt the following convention: X denotes a non empty non void stack
system, s, s; denote stacks of X, and e, e1, es denote elements of X.

Let us consider X. We say that X is pop-finite if and only if the condition
(Def. 8) is satisfied.

(Def. 8) Let f be a function from N into the carrier’ of X. Then there exists a
natural number 7 and there exists s such that f(i) = s and if not empty(s),

then f(i+ 1) # pops.
We say that X is push-pop if and only if:
(Def. 9) If not empty(s), then s = push(top s, pop s).
We say that X is top-push if and only if:
(Def. 10) e = top push(e, s).
We say that X is pop-push if and only if:
(Def. 11) s = pop push(e, s).
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We say that X is push-non-empty if and only if:
(Def. 12) not empty(push(e, s)).
Let A be a non empty set. One can verify the following observations:
x standard stack system over A is pop-finite,
x standard stack system over A is push-pop,
x standard stack system over A is top-push,
x standard stack system over A is pop-push, and
* standard stack system over A is push-non-empty.
Let us observe that there exists a non empty non void stack system which
is pop-finite, push-pop, top-push, pop-push, push-non-empty, and strict.
A stack algebra is a pop-finite push-pop top-push pop-push push-non-empty
non empty non void stack system.
Next we state the proposition
(3) For every non empty non void stack system X such that X is pop-finite
there exists a stack s of X such that empty(s).
Let X be a pop-finite non empty non void stack system. Note that the empty
stacks of X is non empty.
We now state two propositions:
(4) If X is top-push and pop-push and push(e;, s1) = push(es, s2), then
e1 = eg and s1 = $9.
(5) If X is push-pop and not empty(s;) and not empty(s2) and pops; =
pop s2 and top s; = top so, then s; = s9.

3. SCHEMES OF INDUCTION

Now we present three schemes. The scheme INDsch deals with a stack alge-
bra A, a stack B of A, and a unary predicate P, and states that:
P[B]
provided the following conditions are satisfied:
e For every stack s of A such that empty(s) holds P[s], and
e For every stack s of A and for every element e of A such that P|s]
holds P[push(e, s)].

The scheme EXsch deals with a stack algebra A, a stack B of A, a non empty
set C, an element D of C, and a binary functor F yielding an element of C, and
states that:

There exists an element a of C and there exists a function F' from
the carrier’ of A into C such that

() a=FB)

(ii) for every stack s; of A such that empty(s;) holds F(s1) =
D, and
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(ili) for every stack s; of A and for every element e of 4 holds
F(push(e, s1)) = F(e, F(s1))
for all values of the parameters.

The scheme UNIQsch deals with a stack algebra A, a stack B of A, a non
empty set C, an element D of C, and a binary functor F yielding an element of
C, and states that:

Let a1, a2 be elements of C. Suppose that

(i)  there exists a function F from the carrier’ of A into C such
that a1 = F(B) and for every stack s; of A such that empty(s;)
holds F'(s1) = D and for every stack s; of A and for every element
e of A holds F(push(e,s1)) = F(e, F(s1)), and

(ii)  there exists a function F' from the carrier’ of A into C such
that ag = F(B) and for every stack s; of A such that empty(s;)
holds F'(s1) = D and for every stack s; of A and for every element
e of A holds F(push(e,s1)) = F(e, F(s1))-

Then a1 = as
for all values of the parameters.

4. STACK CONGRUENCE

We adopt the following rules: X is a stack algebra, s, s1, so, s3 are stacks of
X, and e, e, e, eg are elements of X.

Let us consider X, s. The functor |s| yielding an element of
(the carrier of X)* is defined by the condition (Def. 13).

(Def. 13) There exists a function F' from the carrier’ of X into (the carrier of X)*
such that |s| = F(s) and for every s; such that empty(s1) holds F(s1) =0
and for all s1, e holds F(push(e, s1)) = (e) ™ F(s1).

Next we state several propositions:
If empty(s), then |s| = 0.
If not empty(s), then |s| = (top s) ™ | pop s].

~N

If not empty(s), then | pop s| = |s|}1.
| push(e, s)| = (e) ™ [s].

If not empty(s), then top s = |s|(1).
If |s| = 0, then empty(s).

For every stack s of standard stack system over A holds |s| = s.

=~~~
O oo

=)

—
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A~~~ A~
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For every element x of (the carrier of X)* there exists s such that |s| = z.
Let us consider X, s1, so. The predicate s; =g sg is defined as follows:
(Def. 14)  |s1| = |s2]-
Let us notice that the predicate s; =g sg is reflexive and symmetric.
The following propositions are true:
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If s1 =¢ s2 and so =@ s3, then s1 =¢ s3.
If 1 =¢ s2 and empty(sy), then empty(sz).
If empty(s1) and empty(s2), then s1 =¢ sa.

—_
-
—_— o — T

If s1 =¢ s2, then push(e, s1) =g push(e, s2).
If s1 =¢ s2 and not empty(s;), then pop s; =g pop sa.

e e e N e
—_
(=)

If s1 =@ s2 and not empty(sy), then top s; = top ss.
Let us consider X. We say that X is proper for identity if and only if:
(Def. 15) For all s1, s9 such that s; =g s2 holds s1 = 9.
Let us consider A. Observe that standard stack system over A is proper for
identity.
Let us consider X. The functor ==x yields a binary relation on the carrier’
of X and is defined as follows:
(Def. 16) (s1, s2) € ==x iff 51 =¢ s2.
Let us consider X. Observe that ==x is total, symmetric, and transitive.
One can prove the following proposition
(20) If empty(s), then [s]__ = the empty stacks of X.
Let us consider X, s. The functor coset s yielding a subset of the carrier’ of
X is defined by the conditions (Def. 17).

(Def. 17)(1) s € coset s,
(ii)  for all e, s; such that s; € cosets holds push(e,s;) € cosets and if
not empty (s ), then pop s; € coset s, and
(ili)  for every subset A of the carrier’ of X such that s € A and for all
e, s1 such that s; € A holds push(e,s;) € A and if not empty(sy), then
pop s1 € A holds coset s C A.
Next we state three propositions:

(21) If push(e,s) € coset sq, then s € coset s; and if not empty(s) and pop s €
coset s1, then s € coset s7.

(22) s € coset push(e, s) and if not empty(s), then s € coset pop s.
(23) There exists s1 such that empty(s1) and s; € coset s.

Let us consider A and let R be a binary relation on A. Note that there exists
a reduction sequence w.r.t. R which is A-valued.

Let us consider X. The construction reduction X yielding a binary relation
on the carrier’ of X is defined as follows:

(Def. 18) (s1, s2) € the construction reduction X iff not empty(s;) and so =
pop s1 or there exists e such that sy = push(e, s1).

Next we state the proposition

(24) Let R be a binary relation on A and ¢ be a reduction sequence w.r.t. R.
Then ¢(1) € A if and only if ¢ is A-valued.



REPRESENTATION THEOREM FOR STACKS 247

The scheme PathIND deals with a non empty set A, elements B, C of A, a
binary relation D on A, and a unary predicate P, and states that:
PIC]
provided the parameters meet the following conditions:
. P8,
e D reduces B to C, and
e For all elements z, y of A such that D reduces B to =z and (z,
y) € D and P[z] holds P[y].
One can prove the following propositions:
(25) For every reduction sequence ¢ w.r.t. the construction reduction X such
that s = ¢(1) holds rngt¢ C coset s.
(26) coset s = {s1 : the construction reduction Xreduces s to s;}.
Let us consider X, s. The functor core s yields a stack of X and is defined
by the conditions (Def. 19).
(Def. 19)(i) empty(cores), and
(ii)  there exists a the carrier’ of X-valued reduction sequence ¢ w.r.t. the
construction reduction X such that ¢(1) = s and ¢(lent) = core s and for
every 4 such that 1 <14 < lent holds not empty(¢;) and ¢;11 = pop(t;).

The following propositions are true:

(27) 1If empty(s), then cores = s.

(28) corepush(e, s) = cores.

(29) If not empty(s), then core pop s = core s.

(30) cores € coset s.

(31) For every element x of (the carrier of X )" there exists s1 such that |s1| =

r and sy € coset s.
(32) 1If s1 € coset s, then core s = core s.
(33) 1If s1, so € coset s and |s1| = |s2|, then s1 = so.
(34) There exists s such that coset sy N [sa]__ = {s}.

5. QUOTIENT STACK SYSTEM

Let us consider X. The functor X,__ yields a strict stack system and is
defined by the conditions (Def. 20).

(Def. 20)(i)  The carrier of X,__ = the carrier of X,

(ii)  the carrier’ of X,__ = Classes ==y,

(iii)  the empty stacks of X,__ = {the empty stacks of X},

(iv)  the push function of X,__ = (the push function of X),___,
(v)  the pop function of X,__ =

((the pop function of X)+idthe empty stacks of X) /==y, and
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(vi)  for every choice function f of Classes==x holds the top function of
X/__ = (the top function of X)- f +- (the empty stacks of X, the element
of the carrier of X).
Let us consider X. One can verify that X,__ is non empty and non void.
The following propositions are true:

(35) For every stack S of X,__ there exists s such that S = [s]__

(36) [s]_—, is a stack of X,__.

(37) For every stack S of X,__ such that S = [s]__  holds empty(s) iff
empty(S).

(38) For every stack S of X,__ holds empty(S) iff S = the empty stacks of
X.

(39) For every stack S of X /== and for every element E of X,__ such
that S = [s]__, and E = e holds push(e,s) € push(£,S) and
[push(e, s)|__, = push(E, S).

(40) For every stack S of X,__ such that S = [s|__, and not empty(s) holds
pop s € pop S and [pop S]ZZX = pop S.

(41) For every stack S of X,__ such that S = [s|__, and not empty(s) holds
top .S = tops.

x°

Let us consider X. One can verify the following observations:
* X/:: is pop-finite,
* X ,__ is push-pop,
* X ,__ is top-push,
* X ,__ is pop-push, and
* X ,__ is push-non-empty.
Next we state the proposition
(42) For every stack S of X,__ such that S = [s|___ holds |S| = |s].

Let us consider X. Note that X,__ is proper for identity.
Let us note that there exists a stack algebra which is proper for identity.

6. REPRESENTATION THEOREM FOR STACKS

Let X1, X5 be stack algebras and let F'; G be functions. We say that F' and

G form isomorphism between X; and X if and only if the conditions (Def. 21)
are satisfied.

(Def. 21) dom F' = the carrier of X; and rng F' = the carrier of Xy and F' is one-

to-one and dom G = the carrier’ of X; and rng G = the carrier’ of X5 and

G is one-to-one and for every stack s; of X; and for every stack ss of Xo

such that sy = G(s1) holds empty(s1) iff empty(s2) and if not empty(s1),

then pop sy = G(popsi) and topse = F(tops;) and for every element



REPRESENTATION THEOREM FOR STACKS 249

e1 of Xj and for every element es of Xy such that ey = F(ep) holds
push(eg, s2) = G(push(ey, s1)).
We use the following convention: X1, Xo, X3 are stack algebras and F, F,
Fs, G, G, G9 are functions.
The following propositions are true:

(43)  idthe carrier of x and idgne carrier’ of x form isomorphism between X and
X

(44) If F and G form isomorphism between X; and X», then F~! and G~}
form isomorphism between X5 and Xj.

(45) Suppose F; and G; form isomorphism between X; and X9 and Fh and
(9 form isomorphism between X5 and X3. Then F5 - F; and Go - G form
isomorphism between X7 and X3.

(46) Suppose F' and G form isomorphism between X; and Xs. Let s be a
stack of X7 and s be a stack of Xo. If so = G(s1), then |so| = F - |s1].
Let X7, X9 be stack algebras. We say that X; and X5 are isomorphic if and
only if:
(Def. 22) There exist functions F, G such that F and G form isomorphism between
X 1 and Xg.
Let us notice that the predicate X; and Xy are isomorphic is reflexive and
symmetric.
We now state four propositions:

(47) If X; and X9 are isomorphic and X9 and X3 are isomorphic, then X
and X3 are isomorphic.

(48) If X; and X, are isomorphic and X is proper for identity, then X5 is
proper for identity.

(49) Let X be a proper for identity stack algebra. Then there exists G such
that
(i) for every stack s of X holds G(s) = |s|, and
(ii)  id¢he carrier of x and G form isomorphism between X and standard stack
system over the carrier of X.

(50) Let X be a proper for identity stack algebra. Then X and standard stack
system over the carrier of X are isomorphic.
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