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1. LANGUAGE EXTENSIONS

For simplicity, we adopt the following rules: A; denotes an alphabet, P; deno-
tes a consistent subset of CQC-WFF Ay, p, r denote elements of CQC-WFF Ay,
A denotes a non empty set, J denotes an interpretation of A; and A, v denotes
an element of the valuations in A; and A, k denotes a natural number, [ denotes
a CQC-variable list of k and A;, P denotes a predicate symbol of k and A, and
x, y denote bound variables of A;.

Let us consider Ay and let Ay be an alphabet. We say that Ao is Ai-
expanding if and only if:

(Def 1) A1 Q A2.

Let us consider A;. Note that there exists an alphabet which is A1-expanding.

Let Az, A4 be countable alphabets. One can check that there exists an
alphabet which is countable, As-expanding, and A4-expanding.

Let A;, A4 be alphabets and let P be a subset of CQC-WFF A;. We say
that P is A4-consistent if and only if:

(Def. 2) For every subset S of CQC-WFF Ay such that P = S holds S is consi-
stent.

Let us consider A;. One can check that there exists a subset of CQC-WFF A,
which is non empty and consistent.

Let us consider Aj. One can check that every subset of CQC-WFF A; which
is consistent is also Aj-consistent and every subset of CQC-WFF A; which is
Aj-consistent is also consistent.

For simplicity, we follow the rules: A4 is an Aj-expanding alphabet, Jo is
an interpretation of A4 and A, J; is an interpretation of A; and A, vy is an
element of the valuations in A4 and A, and v7 is an element of the valuations in
A and A.

Next we state several propositions:

(1) Arity(P) = lenl.

(2) Symb A; C Symb Ay.

(3) The predicate symbols of A; C the predicate symbols of Ay.

(4) The bound variables of A7 C the bound variables of Ay.

(5) For every k holds every [ is a CQC-variable list of k and Ay.

(6) P is a predicate symbol of k and Ay.

(7) For every Aj-expanding alphabet A4 holds every p is an element of

CQC-WFF Ajy.
Let us consider Ay, let A4 be an Aj-expanding alphabet, and let p be an ele-

ment of CQC-WFF A;. The functor A4 -Cast p yields an element of CQC-WFF Ay
and is defined by:

(Def. 3) A4-Castp =p.
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Let us consider Aj, let A4 be an Aj-expanding alphabet, and let = be a
bound variable of A;. The functor A4-Cast x yields a bound variable of A4 and
is defined as follows:

(Def. 4) A4-Castz = z.
Let us consider Aq, let A4 be an Aj-expanding alphabet, let us consider k,

and let P be a predicate symbol of k& and A;. The functor A4-Cast P yielding
a predicate symbol of k£ and Ay is defined as follows:

(Def. 5) Ay-Cast P = P.
Let us consider Aq, let A4 be an Aj-expanding alphabet, let us consider k,
and let [ be a CQC-variable list of k and A;. The functor A4-Cast! yielding a
CQC-variable list of £ and A4 is defined as follows:
(Def. 6) A4-Castl =1.
Next we state the proposition
(8) Let given p, r, =, P, | and As be an Aj-expanding alpha-
bet. Then A4-Cast VERUM A; = VERUM A, and A4-Cast P[l] =
(A4 -Cast P)[A4-Castl] and A4-Cast -p = —(A4-Cast p) and A4 -Cast(p A
r) = (A4-Cast p) A (A4-Castr) and Ay -Cast Vyp = Va4, -Cast 2 (A4 -Cast p).

2. DOWNWARD TRANSFER OF CONSISTENCY AND SATISFIABILITY

The following propositions are true:

(9) Suppose J; = Ja[the predicate symbols of A; and v; = vy [the bound
variables of Ay. Then Js |=,, A4-Castr if and only if J; =, 7.

(10) Let Ay be an Aj-expanding alphabet and 77 be a subset of
CQC-WFF Ay. Suppose P; C Ty. Let Ay be a non empty set, Jo be an
interpretation of A4 and As, and vy be an element of the valuations in Ay
and Ag. If Jy =y, T, then there exist A, J, v such that J =, P;.

(11) Let f be a finite sequence of elements of CQC-WFF A4 and g be a finite
sequence of elements of CQC-WFF A;. If f = ¢, then Ant(f) = Ant(g)
and Suc(f) = Suc(g).

(12) For every p holds the still not bound in p = the still not bound in
Ay -Cast p.

(13) Let py be an element of CQC-WFF Ay, S be a substitution of Aj,
So be a substitution of A4, x2 be a bound variable of A4, and given
z, p. lf p = py and § = Sy and x = =z, then RestrictSub(z,p,S) =
RestrictSub(za, p2, S2).

(14) Let pg be an element of CQC-WFF Ay, S be a finite substitution of A,
So be a finite substitution of A4, and given p. If S = Sy and p = po, then
upVar(S, p) = upVar (S, p2).
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(15) Let pa be an element of CQC-WFF Ay, S be a substitution of A;, Ss be a
substitution of A4, x2 be a bound variable of A4, and given x, p. If p = po
and S = Sy and z = z3, then ExpandSub(z, p, RestrictSub(z, V,p, S)) =
ExpandSub(zg, p2, RestrictSub(xa, Vs, p2, S2)).

(16) Let Z be an element of CQC-Sub-WFF A; and Z> be an element of
CQC-Sub-WFF Ay. Suppose Z7 is universal and (Z3)1 is universal and
Bound(Z7) = Bound((Z2)1) and Scope(Z1) = Scope((Z2)1) and Z = Zs.
Then S-Bound(® Z) = S-Bound(® Z5).

(17) Let pa be an element of CQC-WFF Ay, 2, y2 be bound variables of
Ay, and given p, x, y. If p = py and x = x9 and y = yo, then p(z,y) =
b2 (1,‘2, y2) .

(18) For every consistent subset P; of CQC-WFF Ay such that P; is a subset
of CQC-WFF A; holds P; is Ai-consistent.

3. UPWARD TRANSFER OF CONSISTENCY AND SATISFIABILITY

Next we state two propositions:

(19) For every p there exists a countable alphabet Ag such that p is an element
of CQC-WFF Az and A; is As-expanding.

(20) Let P be a finite subset of CQC-WFF A;. Then there exists a countable
alphabet Ag such that P is a finite subset of CQC-WFF Ag and A; is As-
expanding.

Let us consider A; and let P; be a finite subset of CQC-WFF A;. Note that
the still not bound in P, is finite.
Next we state three propositions:

(21) Let T7 be a subset of CQC-WFF Ay. Suppose Py = T). Let given A,
J, v. Suppose J =, P;. Then there exists a non empty set Az and there
exists an interpretation J, of A4 and Ay and there exists an element v9 of
the valuations in A4 and Ag such that Jy =, 17.

(22) For every subset Cy of CQC-WFF A; such that C; € P; holds C is

consistent.
(23) Py is As-consistent.
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1. FORMULA-CONSTANT EXTENSION

For simplicity, we use the following convention: A; denotes an alphabet, P;
denotes a consistent subset of CQC-WFF A;, P, denotes a subset of
CQC-WFF Ay, p, q, r, s denote elements of CQC-WFF Ay, A denotes a non
empty set, J denotes an interpretation of A; and A, v denotes an element of the
valuations in A; and A, n, k denote elements of N, x denotes a bound variable
of Ay, and A, denotes an Aj-expanding alphabet.

Let us consider A; and let P; be a subset of CQC-WFF A;. We say that P;
is satisfiable if and only if:

(Def. 1) There exist A, J, v such that J =, P;.

In the sequel Js is an interpretation of A, and A and J; is an interpretation

of A1 and A.

One can prove the following proposition
(1) There exists a set s such that for all p, x holds (s, {(z, p)) ¢ Symb A;.
Let us consider A;. A set is called a free symbol of A; if:
(Def. 2) For all p, z holds (it, (x, p)) ¢ Symb A;.

Let us consider A;. The functor FCEx A; yielding an A;-expanding alphabet
is defined as follows:

(Def. 3) FCEx A; =N x (Symb A; U {( the free symbol of A;, (z, p))}).
Let us consider A1, p, . The example of p and x yielding a bound variable
of FCEx A; is defined as follows:
(Def. 4) The example of p and x = (4, ( the free symbol of Ay, (z, p))).
Let us consider Ay, p, . The example formula of p and z yielding an element
of CQC-WFF FCEx A; is defined by:
(Def. 5) The example formula of p and x = =3IpcEx A, -Cast « (FCEx A1 -Cast p) V
(FCEx A; -Cast p) (FCEx A; -Cast x, the example of p and x).
Let us consider A;. The example formulae of A; yields a subset of
CQC-WFF FCEx A; and is defined as follows:
(Def. 6) The example formulae of A; = {the example formula of p and z}.
One can prove the following proposition

(2) Let k be an element of N. Suppose k > 0. Then there exists a k-element
finite sequence F' such that
(i)  for every natural number n such that n < k and 1 < n holds F(n) is
an alphabet,
(i) F(1) = A, and
(iii)  for every natural number n such that n < k and 1 < n there exists an
alphabet Ay such that F'(n) = Az and F(n + 1) = FCEx As.
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Let us consider A; and let k be a natural number. A k + 1-element finite
sequence is said to be a FCEx-sequence of Ay and k if it satisfies the conditions
(Def. 7).

(Def. 7)(i)  For every natural number n such that n < k+ 1 and 1 < n holds
it(n) is an alphabet,

(ii) it(1) = A1, and

(iii)  for every natural number n such that n < k+ 1 and 1 < n there exists
an alphabet Ay such that it(n) = Ay and it(n + 1) = FCEx Aj.

The following propositions are true:

(3) For every natural number k and for every FCEx-sequence S of A; and
k holds S(k + 1) is an alphabet.

(4) For every natural number k and for every FCEx-sequence S of A; and
k holds S(k + 1) is an Aj-expanding alphabet.

Let us consider A; and let & be a natural number. The k-th FCEx of A;
yielding an Aj-expanding alphabet is defined as follows:
(Def. 8) The k-th FCEx of A; = the FCEx-sequence of A; and k(k + 1).
Let us consider A1, P;. A function is called an EF-sequence of A7 and P if
it satisfies the conditions (Def. 9).
(Def. 9)(i) domit =N,
(ii) it(0) = Py, and
(iii) for every natural number n holds it(n + 1) = it(n) U the example
formulae of the n-th FCEx of A;.
Next we state two propositions:
(5) For every natural number k£ holds FCEx (the k-th FCEx of A;) = the
(k + 1)-th FCEx of A;.
(6) For all k, n such that n < k holds the n-th FCEx of A; C the k-th FCEx
of A1 .

Let us consider A1, P; and let k£ be a natural number. The k-th EF of A;
and P; yields a subset of CQC-WFF (the k-th FCEx of Aj) and is defined as
follows:

(Def. 10) The k-th EF of A; and P; = the EF-sequence of A; and P (k).
One can prove the following propositions:
(7) For all r, s,  holds Ay-Cast(r V s) = Ay-Castr V Ay-Casts and
Ay -Cast 37 = F4, -Cast 2 (A2 -Cast r).
(8) Forallp, q, A, J,vholds J =, por J =, qiff J =y pVa.

(9) Pi U the example formulae of A; is a consistent subset of
CQC-WFFFCEx A;.
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2. THE COMPLETENESS THEOREM

We now state four propositions:

(10) There exists an Aj-expanding alphabet Ao and there exists a consistent
subset Py of CQC-WFF As such that P C P, and P, has examples.

(11) Py U{p} is consistent or P; U {—p} is consistent.

(12) Let P> be a consistent subset of CQC-WFF A;. Then there exists a
consistent subset 77 of CQC-WFF Ay such that T is negation faithful
and Pg - Tl.

(13) For every consistent subset T} of CQC-WFF A; such that P; C T} and
P; has examples holds 77 has examples.

Let us consider Aj. One can check that every subset of CQC-WFF A; which
is consistent is also satisfiable.
We now state the proposition

(14)? If P, = p, then P I p.
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Summary. In this article we formalize a quotient module of Z-module and
a vector space constructed by the quotient module. We formally prove that for a
Z-module V and a prime number p, a quotient module V/pV has the structure of
a vector space over Fp,. Z-module is necessary for lattice problems, LLL (Lenstra,
Lenstra and Lovdsz) base reduction algorithm and cryptographic systems with
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1. QUOTIENT MODULE OF Z-MODULE AND VECTOR SPACE

For simplicity, we follow the rules: x is a set, V is a Z-module, u, v are
vectors of V', F', GG, H are finite sequences of elements of V', i is an element of
N, and f, g are sequences of V.

Let V be a Z-module and let a be an integer number. The functor a - V'
yielding a non empty subset of V' is defined by:

(Def. 1) a-V ={a-wv:v ranges over elements of V'}.

Let V' be a Z-module and let a be an integer number. The functor Zero(a, V)
yielding an element of a - V is defined as follows:

(Def. 2)  Zero(a,V) = 0y.

! This work was supported by JSPS KAKENHI 22300285.
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Let V be a Z-module and let a be an integer number. The functor Add(a, V')

yielding a function from (a- V) X (a- V) into a - V is defined by:
(Def. 3) Add(a, V) = (the addition of V)[((a-V) x (a-V)).

Let V be a Z-module and let a be an integer number. The functor Mult(a, V')
yielding a function from Z x (a - V') into a - V is defined by:

(Def. 4) Mult(a, V) = (the external multiplication of V)[(Z x (a-V)).

Let V be a Z-module and let a be an integer number. The functor a o V'
yields a submodule of V' and is defined as follows:

(Def. 5) aoV = {(a-V,Zero(a,V),Add(a, V), Mult(a,V)).

Let V be a Z-module and let W be a submodule of V. The functor
CosetSet(V, W) yields a non empty family of subsets of V' and is defined as
follows:

(Def. 6) CosetSet(V, W) = {A : A ranges over cosets of W}.

Let V' be a Z-module and let W be a submodule of V. The functor
addCoset(V, W) yields a binary operation on CosetSet(V, W) and is defined as
follows:

(Def. 7) For all elements A, B of CosetSet(V, W) and for all vectors a, b of V such
that A = a+W and B = b+W holds (addCoset(V,W))(A, B) = a+b+W.

Let V' be a Z-module and let W be a submodule of V. The functor
zeroCoset(V, W) yielding an element of CosetSet(V, W) is defined by:

(Def. 8) zeroCoset(V, W) = the carrier of W.

Let V be a Z-module and let W be a submodule of V. The functor
ImultCoset(V, W) yields a function from Zx CosetSet(V, W) into CosetSet(V, W)
and is defined as follows:

(Def. 9) For every integer z and for every element A of CosetSet(V, W) and for
every vector a of V such that A = a+W holds (ImultCoset(V, W))(z, A) =
z-a+ W.

Let V be a Z-module and let W be a submodule of V. The functor
Z-ModuleQuot(V, W) yields a strict Z-module and is defined by the conditions
(Def. 10).

(Def. 10)(i)  The carrier of Z-ModuleQuot(V, W) = CosetSet(V, W),
(ii)  the addition of Z-ModuleQuot(V, W) = addCoset(V, W),
(i) 0z-ModuleQuot(v,w) = zeroCoset(V, W), and
(iv)  the external multiplication of Z-ModuleQuot(V, W) = ImultCoset(V, W).
The following propositions are true:
(1) Let p be an integer, V be a Z-module, W be a submodule of V, and
x be a vector of Z-ModuleQuot(V,W). If W = po V, then p -z =
0z-ModuleQuot(V,W)-
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(2) Let p, i be integers, V be a Z-module, W be a submodule of V', and
x be a vector of Z-ModuleQuot(V,W). If p # 0 and W = p o V, then
i-x = (i mod p)-x.

(3) Let p, g be integers, V' be a Z-module, W be a submodule of V', and v
be a vector of V. Suppose W =poV and p > 1 and ¢ > 1 and p and ¢
are relative prime. If ¢ - v = Oy, then v + W = 0z_noduleQuot(V,w) -

Let p be a prime number and let V be a Z-module. The functor
MultModpV (V, p) yields a function from (the carrier of GF(p)) x (the carrier
of Z-ModuleQuot(V,p o V')) into the carrier of Z-ModuleQuot(V,po V) and is
defined by the condition (Def. 11).

(Def. 11) Let a be an element of GF(p), ¢ be an integer, and = be an element of
Z-ModuleQuot(V,po V). If a = i mod p, then (MultModpV (V, p))(a,x) =
(i mod p) - x.

Let p be a prime number and let V be a Z-module. The functor
Z-MQVectSp(V, p) yielding a non empty strict vector space structure over GF(p)
is defined by:

(Def. 12)  Z-MQVectSp(V,p) = (the carrier of Z-ModuleQuot(V,p o V'), the ad-
dition of Z-ModuleQuot(V,p o V), the zero of Z-ModuleQuot(V,p o V),
MultModpV(V, p)).

Let p be a prime number and let V be a Z-module. Observe that
Z-MQVectSp(V, p) is scalar distributive, vector distributive, scalar associative,
scalar unital, add-associative, right zeroed, right complementable, and Abelian.

Let p be a prime number, let V' be a Z-module, and let v be a vector of
V. The functor Z-MtoMQV (V, p,v) yields a vector of Z-MQVectSp(V, p) and is
defined as follows:

(Def. 13)  Z-MtoMQV(V,p,v) =v+po V.

Let X be a Z-module. The functor MultINT* X yielding a function from
(the carrier of (ZR)) x (the carrier of X) into the carrier of X is defined by:

(Def. 14) MultINT* X = the external multiplication of X.

Let X be a Z-module. The functor PreNorms X yielding a non empty strict
vector space structure over Z® is defined by:

(Def. 15) PreNorms X = (the carrier of X, the addition of X, the zero of X,
MultINT* X).

Let X be a Z-module. Observe that PreNorms X is Abelian, add-associative,
right zeroed, right complementable, vector distributive, scalar distributive, sca-
lar associative, and scalar unital.

Let X be a left module over Z®. The functor MultINTx X yielding a function
from Z x the carrier of X into the carrier of X is defined as follows:

(Def. 16) MultINT* X = the left multiplication of X.
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Let X be a left module over ZR. The functor PreNorms X yields a non empty
strict Z-module structure and is defined as follows:

(Def. 17) PreNorms X = (the carrier of X, the zero of X, the addition of X,
MultINT* X).

Let X be a left module over ZE®. Note that PreNorms X is Abelian, add-
associative, right zeroed, right complementable, scalar distributive, vector di-
stributive, scalar associative, and scalar unital.

We now state four propositions:

(4) Let X be a Z-module, v, w be elements of X, and v, w; be elements of
PreNorms X. If v = v; and w = wy, then v+ w = v1 + w; and v — w =
V] — WwW1.

(5) Let X be a Z-module, v be an element of X, v; be an element of
PreNorms X, a be an integer, and a; be an element of ZR. If v = v
and a = ay, then a-v =a; - vy.

(6) Let X be a left module over ZR, v, w be elements of X, and vy, w; be
elements of PreNorms X. If v = v1 and w = wy, then v +w = v; + wy and
V—WwW =771 —wW.

(7) Let X be a left module over Z%, v be an element of X, v be an element
of PreNorms X, a be an element of Z®, and a; be an integer. If v = vy
and a = aq, then a-v =a; - v;.

2. LINEAR COMBINATION OF Z-MODULE

Let V be a non empty zero structure. An element of Zthe carrier of Vi ig qaid
to be a Z-linear combination of V if:
(Def. 18) There exists a finite subset T' of V such that for every element v of V
such that v ¢ T holds it(v) = 0.
In the sequel K, L, L1, Lo, L3 denote Z-linear combinations of V.
Let V be a non empty additive loop structure and let L be a Z-linear com-
bination of V. The support of L yielding a finite subset of V' is defined by:
(Def. 19) The support of L = {v € V: L(v) # 0}.
Next we state the proposition
(8) Let V be a non empty additive loop structure, L be a Z-linear combina-
tion of V, and v be an element of V. Then L(v) = 0 if and only if v ¢ the
support of L.
Let V be a non empty additive loop structure. The functor Z-ZeroLCV
yields a Z-linear combination of V' and is defined by:
(Def. 20) The support of Z-ZeroLCV = ().

One can prove the following proposition
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(9) For every non empty additive loop structure V' and for every element v
of V holds (Z-ZeroLC V') (v) = 0.
Let V be a non empty additive loop structure and let A be a subset of V.
A Z-linear combination of V' is said to be a Z-linear combination of A if:
(Def. 21) The support of it C A.
For simplicity, we adopt the following convention: a, b are integers, G, Hy,
Hy, F, Fy, Fy, F3 are finite sequences of elements of V', A, B are subsets of V,
v1, V2, U3, U1, U2, ug are vectors of V, f is a function from the carrier of V' into
Z, i is an element of N, and [, [, lo are Z-linear combinations of A.
One can prove the following propositions:
(10) If A C B, then [ is a Z-linear combination of B.
(11) Z-ZeroLCYV is a Z-linear combination of A.
(12) For every Z-linear combination ! of (the carrier of v holds | = Z-ZeroLC V.
Let us consider V', F', f. The functor f-F yields a finite sequence of elements
of V and is defined by:
(Def. 22) len(f-F') = len F and for every ¢ such that i € dom(f-F) holds (f-F)(i) =
f(Fy) - Fy.
Next we state several propositions:

(13) Ifi € dom F and v = F(i), then (f - F)(i) = f(v) - v
(14) - E(the carrier of V) = €(the carrier of V)-
(15) f-(v) = {f(v) - v).
(16)  f - (vi,v2) = (f(v1) - v1, f(v2) - v2).
(17)  f - (vr,v2,v3) = (f(v1) - v1, f(v2) - v2, f(us) - v3).
Let us consider V', L. The functor > L yielding an element of V' is defined
by:

(Def. 23) There exists F' such that F' is one-to-one and rng F' = the support of L
and YL =>(L-F).
Next we state several propositions:
(18) A # () and A is linearly closed iff for every [ holds Y"1 € A.
(19) >°Z-ZeroLCV = 0y.
(20) For every Z-linear combination ! of (the carrier of v holds Y1 = Oy.
(21)
(22)

For every Z-linear combination [ of {v} holds Y 1 =1(v) - v.

If v1 # vg, then for every Z-linear combination [ of {v1,v2} holds Y 1 =
l(vl) - VU1 + l(UQ) - V9.
(23) If the support of L = (), then Y~ L = Oy .
(24) If the support of L = {v}, then > L = L(v) - v.
(25) If the support of L = {v1,v2} and vy # wvg, then Y>> L = L(vy) - v1 +
L(vg) - va.
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Let V be a non empty additive loop structure and let Ly, Lo be Z-linear
combinations of V. Let us observe that L; = Lo if and only if:

(Def. 24) For every element v of V holds L;(v) = La(v).

Let V be a non empty additive loop structure and let Ly, Lo be Z-linear
combinations of V. Then L; + Lo is a Z-linear combination of V' and it can be
characterized by the condition:

(Def. 25) For every element v of V holds (L + L2)(v) = Li(v) + La(v).

Let us observe that the functor L + Lo is commutative.
The following propositions are true:

(26) The support of L1 + Ly C (the support of Li) U (the support of Lo).

(27) Suppose L; is a Z-linear combination of A and Ly is a Z-linear combi-
nation of A. Then L1 + Lo is a Z-linear combination of A.

(28) L+ (LQ + Lg) = (Ll -+ Lz) + Ls.
Let us consider V, a, L. Note that L 4+ Z-ZeroLC V reduces to L.
The functor a - L yielding a Z-linear combination of V is defined as follows:
(Def. 26) For every v holds (a- L)(v) = a - L(v).
We now state several propositions:
(29) If a # 0, then the support of a - L = the support of L.
(30) 0-L = Z-ZeroLCV.
(31) If L is a Z-linear combination of A, then a - L is a Z-linear combination
of A.
(32) (a+b)-L=a-L+b-L.
(33) CL'(L1+L2):CL~L1+(L'L2.
(34) a-(b-L)=(a-b)-L.
Let us consider V, L. One can check that 1 - L reduces to L.
The functor —L yielding a Z-linear combination of V' is defined as follows:
(Def. 27) —L=(-1)-L.
Let us note that the functor —L is involutive.
We now state four propositions:

(=L)(v) = —L(v).

36) If Ly + Ly = Z-ZeroLCV, then Ly = —L;.

37) The support of —L = the support of L.
)

w
ot
=~

38) If L is a Z-linear combination of A, then —L is a Z-linear combination
of A.
Let us consider V', Ly, Ls. The functor L — Lo yields a Z-linear combination
of V and is defined as follows:
(Def 28) Li—Lo=1L1+ —Lo.

The following four propositions are true:

(
(
(
(
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(39) (L1 — L2)(v) = Li(v) — La(v).
(40) The support of Ly — Ly C (the support of Li) U (the support of Ls).

(41) Suppose L; is a Z-linear combination of A and Ly is a Z-linear combi-
nation of A. Then Li — Ly is a Z-linear combination of A.

(42) L — L = Z-ZeroLCV.
Let us consider V. The functor LCy, yielding a set is defined by:
ef. x € LCy iff z is a Z-linear combination of V.
Def. 29 LCy iff x is a Z-li binati fVv

Let us consider V. One can verify that LCy is non empty.

In the sequel e, e, es denote elements of LCy, .

Let us consider V, e. The functor ®e yielding a Z-linear combination of V'
is defined by:

(Def. 30) “e=e.

Let us consider V, L. The functor ®L yielding an element of LCy, is defined
by:

(Def. 31) °L = L.

Let us consider V. The functor +1,¢, yields a binary operation on LCy and
is defined as follows:

(Def. 32) For all ey, ez holds +1,¢,, (e1,€2) = (%er) + “es.

Let us consider V. The functor -1,¢, yields a function from Z x LCy into
LCy and is defined by:

(Def. 33) For all a, e holds -1.c, ({a, €)) = a - (®e).

Let us consider V. The functor LC-Z-Module V' yielding a Z-module struc-
ture is defined as follows:

(Def. 34) LC-Z-Module V = (LCy, ®Z-ZeroLCV, +1LCy s LCy ) -

Let us consider V. One can check that LC-Z-Module V is strict and non
empty.

Let us consider V. Observe that LC-Z-Module V' is Abelian, add-associative,
right zeroed, right complementable, vector distributive, scalar distributive, sca-
lar associative, and scalar unital.

Next we state several propositions:

The carrier of LC-Z-Module V = LCy, .
OLC-Z-Module v = Z-ZeroLCV.
The addition of LC-Z-Module V' = +1,¢,,.

The external multiplication of LC-Z-Module V' = ¢,
LILC—Z—ModuleV + L2LC—Z—M0duleV —_ Ll + L2_

=R
Tt o= W

IS
[«
S e e e N N N

a- LLC—Z-ModuleV —a- L.

N
o0

_LLC—Z—Module vV _ L.

N N N N N N /N
=~ e~
Ne) )

LlLC—Z—ModuleV _ LQLC—Z—ModuleV =L, — Lo.

ot
(==}
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Let us consider V', A. The functor LC-Z-Module A yielding a strict submo-
dule of LC-Z-Module V' is defined by:

(Def. 35) The carrier of LC-Z-Module A = {l}.

3. LINEARLY INDEPENDENT SUBSET OF Z-MODULE

For simplicity, we use the following convention: W, Wy, Wy, W3 are submo-
dules of V', v, v are vectors of V', C' is a subset of V', T is a finite subset of V,
L, Ly, Lo are Z-linear combinations of V', [ is a Z-linear combination of A, and
G is a finite sequence of elements of the carrier of V.

One can prove the following propositions:

(1) f-(F°G)=(f-F)"(f G).
(52) (L1 + L2) =23 L1+ La.
(53) Y (a-L)=a-) L.

(54) X(-L)=-XL.

(55) (L1 —L2)=> L1 -3 Lo.

Let us consider V', A. We say that A is linearly independent if and only if:
(Def. 36) For every [ such that Y"1 = Oy holds the support of I = ().
Let us consider V', A. We introduce A is linearly dependent as an antonym
of A is linearly independent.
We now state three propositions:

(56) If A C B and B is linearly independent, then A is linearly independent.

(57) If A is linearly independent, then Oy ¢ A.

(58)  (the carrier of v is linearly independent.

Let us consider V. Observe that there exists a subset of V' which is linearly
independent.
One can prove the following proposition

(59) If V inherits cancelable on multiplication, then {v} is linearly indepen-
dent iff v # Oy.

Let us consider V. Note that {Oy} is linearly dependent as a subset of V.
One can prove the following propositions:

(60) If {v1,v2} is linearly independent, then vy # Oy .

(61) {v,0y} is linearly dependent.

(62) Suppose V inherits cancelable on multiplication. Then v; # vy and
{v1,v9} is linearly independent if and only if vy # Oy and for all a, b
such that b # 0 holds b - vy # a - ve.

(63) Suppose V inherits cancelable on multiplication. Then v; # vy and
{v1,v2} is linearly independent if and only if for all a, b such that
a-v1+b-vy =0y holds a =0 and b = 0.
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Let us consider V', A. The functor Lin(A) yielding a strict submodule of V'
is defined as follows:

(Def. 37) The carrier of Lin(A) = {>°1}.
The following propositions are true:
(64) x € Lin(A) iff there exists [ such that z = " 1.
(65) If x € A, then x € Lin(A).
(66) x € Oy iff z = 0y.
(67)  Lin(Dthe carrier of v) = Oy
(68)
(69)

(=)

68) If Lin(A) = 0Oy, then A =0 or A= {0y}.
69) For every strict Z-module V and for every subset A of V such that
A = the carrier of V holds Lin(A) = V.

(70) 1If A C B, then Lin(A) is a submodule of Lin(B).

(71) For every strict Z-module V' and for all subsets A, B of V such that
Lin(A) =V and A C B holds Lin(B) = V.

(72) Lin(AU B) = Lin(4) + Lin(B).

(73) Lin(AN B) is a submodule of Lin(A4) N Lin(B).

4. THEOREMS RELATED TO SUBMODULE

One can prove the following propositions:
(74) If W7 is a submodule of W3, then W7 N Wy is a submodule of Ws.

(75) 1If Wy is a submodule of W5 and a submodule of W3, then W is a
submodule of Wy N W3,

(76) 1If Wy is a submodule of W3 and W5 is a submodule of W3, then W + Wy
is a submodule of Wj.

(77) If W7 is a submodule of Wa, then W is a submodule of Wy 4 W3.
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(1) For every finite sequence f such that lenf > 0 and n > 0 holds
len(fIn) > 0.
(2) For every finite sequence f such that len f = 0 holds f|,, = f.
(3) For all finite sequences f, g such that rng f = rngg holds len f = 0 iff
leng = 0.
Let us consider A, B. The functor UN(A, B) yields an element of the LTLB-
WEFF and is defined by:
(Def. 1) UN(A,B) = BV (A&&(AU B)).
One can prove the following proposition
(4) VAL,(T) =1.
Next we state the proposition
(5) VAL4(pV q) = VAL,(p) V VAL,(q).

2. n-ARGUMENT CONNECTIVES AND THEIR PROPERTIES

Let us consider f. The functor conjunction f yielding a finite sequence of
elements of the LTLB-WFF is defined as follows:

(Def. 2)(i)  lenconjunction f = len f and (conjunction f)(1) = f(1) and for
every ¢ such that 1 < 4 < lenf holds (conjunction f)(i + 1) =
(conjunction f); && fiy1 if len f > 0,

(ii)  conjunction f = (T;), otherwise.
Let us consider f, A. The functor implication(f, A) yielding a finite sequence
of elements of the LTLB-WFF is defined as follows:

(Def. 3)(i) lenimplication(f, A) = len f and (implication(f, A))(1) =G(f1) = 4
and for every ¢ such that 1 < i < len f holds (implication(f, A))(i +1) =
G(fi+1) = (implication(f, A)); if len f > 0,

(ii)  implication(f, A) = €(the LTLB-WFF), Otherwise.
Let us consider f. The functor negation f yields a finite sequence of elements
of the LTLB-WFF and is defined by:

(Def. 4) lennegation f = len f and for every i such that 1 < ¢ < len f holds
(negation f) (i) = = (fi).

Let us consider f. The functor next f yields a finite sequence of elements of
the LTLB-WFF and is defined by:

(Def. 5) lennext f = lenf and for every ¢ such that 1 < ¢ < lenf holds
(next f)(z) = X(fi)-

We now state a number of propositions:
(6) Iflen f > 0, then (conjunction f); = fi.
(7) For every natural number i such that 1 < ¢ < lenf holds
(conjunction f);+1 = (conjunction f); && fit1.
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(8) For every natural number ¢ such that ¢ € dom f holds (negation f); =
~(fi)-
(9) For every natural number i such that i € dom f holds (next f); = X (fi)-
(10) (ConjunCtion(E(the LTLB-WFF)))len conjunction(&he LTLB-WFF)) Tt-
(11) (Conjunction<A>)len conjunction(A) — A.
(12) For every k such that m < k holds (conjunctionf)(n) =
(conjunction(fTk))(n).
(13) For every k such that n < k and 1 <n <len f holds (conjunction f),, =
(conjunction(f[k)),.
negation(A) = (—A).
negation(f ~ (A)) = (negation f) ™~ (—A).
negation(f 7 f1) = (negation f) ~ negation f;.
VAL ((conjunction(f ™ f1) )ien conjunction(f~ f1)) =
VAL, ((conjunction f)ien conjunction f)/A VALg((conjunction f1)ien conjunction f1)-
(18) If n € dom f, then VAL, ((conjunction f)ien conjunction f) =
VALg((conjunction(f[(n ~! 1)))len conjunction(fr(nf’l))) A VALg(fTL)/\
VALg((conjunction(fin))ien conjunction(f,))-
(19) VAL,((conjunction f)ien conjunction f) = 1 iff for every natural number i
such that i € dom f holds VAL,(f;) = 1.
(20) VAL, (—((conjunction negation f)ien conjunction negation f)) = 0 iff for every
natural number ¢ such that ¢ € dom f holds VAL,(f;) = 0.
(21) If rng f = rng f1, then VALy((conjunction f)ien conjunction f) =

VALg ( (Conjunction fl)len conjunction fi ) .

14
15
16

(
(
(
(17

)
)
)
)

3. CLASSICAL TAUTOLOGIES OF TEMPORAL LANGUAGE

Next we state a number of propositions:

[\)
\)

p = T is tautologically valid.

[\
w

- Ty = p is tautologically valid.

)
N

p = p is tautologically valid.

[\V)
ot

——p = p is tautologically valid.
p = ——p is tautologically valid.

(\]
J

p&& q = p is tautologically valid.

[\
oo

p&& q = q is tautologically valid.

A~ Y~ o~~~
[\ [\
Ne) (@)}
D D D D O

For every natural number k£ such that & € dom f holds fr, =
—((conjunction negation f)ien conjunction negation f) is tautologically valid.

(30) Ifrng f C rng fi, then —((conjunction negation f)ien conjunction negation f) =
—((conjunction negation f1)ien conjunction negation f,) is tautologically valid.
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(31) —(p = q) = p is tautologically valid.

(32) —=(p= q) = —q is tautologically valid.

(33) p= (¢ = p) is tautologically valid.

(34) p= (¢ = (p=q)) is tautologically valid.

(35) —(p&& q) = —pV —q is tautologically valid.

(36) —(pVq) = —p&& —q is tautologically valid.

(37) —(p&&q) = (p = —q) is tautologically valid.

(38) (T && —A) = A is tautologically valid.

(39) —(s&&q) = ((p= q) = (p = —s)) is tautologically valid.

(40) (p=r1r)=((p=s) = (p=r&&s)) is tautologically valid.

(41) —(p&& s) = —(r && s &&(p && q)) is tautologically valid.

(42) —(p&& s) = —(p&& q&&(r && s)) is tautologically valid.

(43) (p = q&& —q) = —p is tautologically valid.

(44) (¢=p&&r) = ((p=s) = (¢ = s&&r)) is tautologically valid.
45) (p=q) = ((r=3) = (p&&r = q&&s)) is tautologically valid.
(46) (p=q) = ((p=71)= ((r=p) = (r=q))) is tautologically valid.
47y (p=q¢) = ((p=-r)= (p= —(¢=r))) is tautologically valid.
(48) (p=qVr)=((r=s)= (p=qVs)) is tautologically valid.
(49) (p=r)= ((¢g=r)= (pVq=r)) is tautologically valid.

(50) (r = UN(p,q)) = ((r = —p&& —q) = —r) is tautologically valid.
(51) (r=UN(p,q)) = ((r = —q&& —(pU q)) = —r) is tautologically valid.

4. THE DERIVATIONS OF TEMPORAL LOGIC FORMULAS WITHIN CLASSICAL
Logic

One can prove the following propositions:

(52) f XFp=gand XFp=r then X Fp= q&&m.

(53) If XFp=gqgand X Fr=s,then X Fp&&r = q&&s.
(54) If XFp=gand XFp=rand X+ r=p, then X Fr = gq.
(55) If X Fp= q&& ¢, then X - —p.

(56) If for every natural number ¢ such that i € dom f holds

Dthe LTLB-WFF - p = fi, then
Dthe LTLB-WFF - p = (conjunction f)ien conjunction f-
(57) If for every natural number ¢ such that i € dom f holds
Dthe LTLB-WFF - fi = p, then
Q)the LTLB-WFF H _‘((COHjunCtion negation f)len conjunction negation f) = P.
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5. THE DERIVATIONS OF TEMPORAL LOGIC FORMULAS

Next we state several propositions:

(58) XE(Xp=Xq) = X(=q).
(59) XFx(p&&q) = xXp&& Xxq.
(60) (Z)the LTLB-WFF I~ (conjunction next f)len conjunction next f =

X((Conj unction f)len conjunction f) .

(61) XFxpvxqg=X(pVaq).
(62) XFXx(pVg =XpVXg
(63) X+ —(AU B) = x ~UN(A, B).
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(1) Let X be a non empty set, ¢ be a finite sequence of elements of X, and
k be a natural number. If £ +1 <lent, then t;, = (t(k+ 1)) ~ (t|5+1)-

(2) N+— 0 is a LTL Model.
Let us consider X. We say that X is without implication if and only if:
(Def. 1) For every p such that p € X holds p is not conditional.
Let D be a set. The functor Dj_; yielding a set is defined by:

(Def. 2) For every x holds z € Dj_; iff z is a one-to-one finite sequence of ele-
ments of D.

Let D be a set. One can verify that D_; is non empty.
Let D be a finite set. Observe that D]_; is finite.
We now state the proposition
(3) For all sets Dy, Dy such that Dy C Dy holds D17_; € Doj_;.
Let a; be a set and let ag be a subset of a;. Then as]_; is a non empty
subset of a;]_;.
Next we state the proposition
(4) For all one-to-one finite sequences F', G such that rng F' misses rng G
holds F' ™ G is one-to-one.

Let X be a set and let f, g be one-to-one finite sequences of elements of X.
Let us assume that rng f misses rng g. The functor f ™ ¢ yielding a one-to-one
finite sequence of elements of X is defined as follows:

(Def. 3) fTg=f"g.

2. SET OF SUBFORMULAS WHERE AN UNTIL-FORMULA IS TREATED AS
INDIVISIBLE AND ITS PROPERTIES

The function 7 from the LTLB-WFF into 2th¢ FTLB-WFF ig defined as follows:
(Def. 4) 7(L4) = {Ls} and 7(propn) = {propn} and 7(A = B) = {A = B} U
7(A)U7(B) and 7(AU B) = {AU B}.
One can prove the following propositions:
(5) If A is not conditional, then 7(A) = {A}.
(6) pe).
Let us consider p. Observe that 7(p) is non empty and finite.
One can prove the following propositions:

(7) If p=q € 7(r), then p, g € 7(r).

(8) 1If p € 7(q), then 7(p)  7(q).

(9) IfpUqe 7(—A), then pU q € 7(A).
(10) IfpUqeT(A&&B), then pU qe7(A)orplUqe7(B).
(11) If p € 7(q) and p # ¢, then lenp < leng.
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(12) 7(p) € 7(=p).
(13) 7(q) S T(p&&a).
(14) 7(q) S#(pVa).
Let us consider X. The functor 7(X) yields a subset of the LTLB-WFF and
is defined as follows:

(Def. 5) x € 7(X) iff there exists A such that A € X and x € 7(A).
We now state two propositions:
(15) 7(X) =U{7(p); p ranges over elements of the LTLB-WFF: p € X}.
(16) X C 7(X).
Let X be an empty subset of the LTLB-WFF. One can check that 7(X) is
empty.
Let X be a finite subset of the LTLB-WFF. Note that 7(X) is finite.
Let X be a non empty subset of the LTLB-WFF. One can verify that 7(X)
is non empty.
The following propositions are true:
(17) 7(r(X)) = 7(X).
(18) If X is without implication, then 7(X) = X.
(19) If p= q € 7(X), then p, ¢ € 7(X).
(20) If p&&q € 7(X), then p, ¢ € T7(X).
(21) IfpVvgqe7(X), then p, ¢ € 7(X).
(22) If UN(p,q) € 7(X), then p, ¢, pU q € T(X).
(23) 1If p € 7(X), then 7(p) C 7(X).

3. EXTENDED SET OF SUBFORMULAS AND ITS PROPERTIES

The function ¢ from the LTLB-WFF into 2the LTLB-WFF j5 defined by:
(Def. 6) o(L¢) = {L+} and &(propn) = {propn} and 6(A = B) = {A = B} U
d(A)Ud(B) and 6(AU B) = 7(UN(A, B))Us(A)Ua(B).
One can prove the following propositions:
(24) pUqec(pUaq).
(25) 7(p) S op).
Let us consider p. Note that ¢(p) is non empty and finite.
The following proposition is true

(26) If peo(AU B), then if AU B € &(q), then p € 5(q).

Let us consider X. The functor o(X) yielding a subset of
defined as follows:

(Def. 7) o(X) = {6(A); A ranges over elements of the LTLB-WFF: A € X}.

2the LTLB-WFF is
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Let X be a finite subset of the LTLB-WFF. Note that o(X) is finite and
finite-membered.

4. AN ORDERED PAIR OF FINITE SEQUENCES OF FORMULAS.
PNP-rorMULA, CONSISTENT PNP AND COMPLETE PNP

A positive-negative pair is an element of

(the LTLB-WFF)]_; x (the LTLB-WFF)]_,.

In the sequel P, Q, Pi, R are positive-negative pairs.

Let us consider P. Then P; is a one-to-one finite sequence of elements of
the LTLB-WFF. Then Ps is a one-to-one finite sequence of elements of the

LTLB-WFF.
Let us consider P. The functor rng P yielding a finite subset of the LTLB-

WFEFF is defined by:
(Def. 8) rng P = rng(Py) Urng(Pa).
Let f1, fo be one-to-one finite sequences of elements of the LTLB-WFF.
Then (f1, f2) is a positive-negative pair.
Let us consider P. The functor P yielding an element of the LTLB-WFF is
defined by:
(Def. 9) P = (ConjunCtion(Pl))lenconjunction(Pl)
&&(Conj unction negation(P2))len conjunction negation(P2)-
We now state three propositions:
(27) F =T && T4, where F' = (€(the LTLB-WFF)> €(the LTLB-WFF))-
(28) If A € rng(P1), then Oihe LrB-WEFF F P= A.
(29) IfAe rng(P2), then wthe LTLB-WFF [ ﬁ) = —A.
Let us consider P. We say that P is inconsistent if and only if:
(Def. 10)  Dihe LTLB-WFF - —P-
Let us consider P. We introduce P is consistent as an antonym of P is
inconsistent.
We say that P is complete if and only if:
(Def. 11) 7(rng P) = rng P.
One can check that (¢ (the LTLB-WFF)> €(the LTLB-WFF)) 1S consistent as a po-
sitive-negative pair.
Let us observe that (€(ihe LTLB-WFF), €(the LTLB-WFF)) 1S complete as a posi-
tive-negative pair.
One can check that there exists a positive-negative pair which is consistent
and complete.
Let P be a consistent positive-negative pair. Observe that (Py, Ps) is con-
sistent as a positive-negative pair.
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5. THE PROPERTIES OF CONSISTENT PNPs

One can prove the following propositions:
(30) For every consistent positive-negative pair P holds rng(P;) misses
g (Py).
(31) Let P be a consistent positive-negative pair. If A ¢ rng P, then ((Py) —
(A), Pa) is consistent or (P, (P2) — (A)) is consistent.

(32) For every consistent positive-negative pair P holds 1; ¢ rng(Py).

(33) Let P be a consistent positive-negative pair. Suppose A, B, A = B €
rng P. Then A = B € rng(P;) if and only if A € rng(P2) or B € rng(F1).

(34) Let P be a consistent positive-negative pair. Then there exists a con-
sistent positive-negative pair P; such that rng(Pi) C rng((P1)1) and
rng(P2) C rng((P1)2) and 7(rng P) = rng P;.
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1. PRELIMINARIES

For simplicity, we use the following convention: A, B, p, ¢ denote elements
of the LTLB-WFF, M denotes a LTL Model, j, k, n denote elements of N, %
denotes a natural number, X denotes a subset of the LTLB-WFF, F' denotes a
finite subset of the LTLB-WFF, f denotes a finite sequence of elements of the
LTLB-WFF, and P, @, R denote positive-negative pairs.

Let X be a finite set. We see that the enumeration of X is a one-to-one finite
sequence of elements of X.

Let E be a set and let F' be a finite subset of E. We see that the enumeration
of I is a one-to-one finite sequence of elements of F.

Let D be a set. One can verify that there exists a set of finite sequences of
D which is non empty and finite.

We now state the proposition

(1) Let X be a set and G be a non empty finite set of finite sequences of X.
Then there exists a finite sequence A such that A € G and for every finite
sequence B such that B € G holds len B < len A.

Let T be a decorated tree, let us consider n, and let ¢ be a node of T'. Then
t[n is a node of T'.

We now state the proposition

(2) pis a finite sequence of elements of N.

Let us consider A. We introduce A is s-until as a synonym of A is conjunctive.
Let us consider A. Let us assume that A is s-until. The right argument of A
yields an element of the LTLB-WFF and is defined by:

(Def. 1) There exists p such that p U the right argument of A = A.
Let us consider A. We say that A is satisfiable if and only if:
(Def. 2) There exist M, n such that SAT s ({n, A)) = 1.
We now state four propositions:
(3)  Dthe LTLB-WEFF | A iff = A is not satisfiable.
(4) If T; && A is satisfiable, then A is satisfiable.

(5) Let i be an element of N. Then SAT y/({i, pU q)) = 1 if and only if there
exists j such that j > i and SAT/((j, ¢)) = 1 and for every k such that
i < k < j holds SATx((k, p)) = 1.

(6) SATp({n, (conjunction f)ien conjunction f)) = 1 iff for every i such that
i € dom f holds SAT/({n, f;)) = 1.

One can prove the following three propositions:
(7) W =T&& A, where W = (€(the LTLB-WFF)> (4))-

(8) For every complete positive-negative pair P such that UN(A, B) € rng P
holds A, B, AU B € rng P.

(9) mgP C Jo(rng P).
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2. SET OF PNP-FORMULAS. COMPLETIONS OF FORMULAS AND PNPs

In the sequel P is an element of (the LTLB-WFF)]_; x (the LTLB-WFF)] ;.

Let F' be a subset of (the LTLB-WFF)]_; x (the LTLB-WFF)]_;. The func-
tor F yields a subset of the LTLB-WFF and is defined by:

(Def. 3) F={P:PcF}.

Let F' be anon empty subset of (the LTLB-WFF)]_; x (the LTLB-WFF)]_;.
Note that F is non empty.

Let F be a finite subset of (the LTLB-WFF)] ; x (the LTLB-WFF)] ;.
Observe that F' is finite.

We now state the proposition

(10) For all subsets F, G of (the LTLB-WFF)] ; x (the LTLB-WFF)]_,
holds FUG = FU@.
One can prove the following proposition

(11) W ={T;&& T}, where W = {(€(the LTLB-WFF), (the LTLB-WFF)) }-

In the sequel @) denotes a positive-negative pair.

Let F be a finite subset of the LTLB-WFF. The functor comp F' yielding
a non empty finite subset of (the LTLB-WFF)] ; x (the LTLB-WFF)] , is
defined as follows:

(Def. 4) comp F ={Q :mng@ = 7(F) A rng(Q1) misses rng(Q2)}.

Let F be a finite subset of the LTLB-WFF. Note that every element of
comp F' is complete.

One can prove the following proposition

(12)  comp(Dihe LTLB-WFF) = {{€(the LTLB-WFF)» £(the LTLB-WFF)) }-
Let us consider P, Q). We say that @ is completion of P if and only if:
(Def. 5) rng(P1) C rng(Q1) and rng(Pz) C rng(Q2) and 7(rng P) = rng Q.
We now state the proposition
(13) If @ is completion of P, then @ is complete.
In the sequel @ is a consistent positive-negative pair.
Let us consider P. The functor comp P yields a finite subset of
(the LTLB-WFF)]_; x (the LTLB-WFF)]_; and is defined by:
(Def. 6) comp P = {Q : Q is completion of P}.
Let P be a consistent positive-negative pair. One can check that comp P is
non empty. Observe that every element of comp P is consistent.
In the sequel P denotes an element of
(the LTLB-WFF); _; x (the LTLB-WFF)] ;.
Let X be a subset of (the LTLB-WFF)]_; x (the LTLB-WFF)]_;. The func-

tor comp X yields a subset of (the LTLB-WFF)] ; x (the LTLB-WFF)] ; and
is defined by:
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(Def. 7) comp X = J{comp P : P € X}.
Let X be a finite subset of (the LTLB-WFF)]_; x (the LTLB-WFF)]_,. One
can check that comp X is finite.
We now state four propositions:

(14) For every non empty subset X of
(the LTLB-WFF)] ; x (the LTLB-WFF)] ; such that @ € X holds
comp @ C comp X.

(15) For every non empty finite subset F' of the LTLB-WFF there exists p
such that p € 7(F) and 7(7(F) \ {p}) = 7(F) \ {p}.

(16) Let F be a finite subset of the LTLB-WFF and f be a finite sequence
of elements of the LTLB-WFF. If rng f = c;np\F , then Oihe LTLB-WFF
—((conjunction negation f)ien conjunction negation f)-

(17) Let P be a consistent positive-negative pair and f be a finite sequence
of elements of the LTLB-WFF. If mg f = coTnp\P, then Oine LTLB-WFF
P = ﬂ((conjunction negation f)len conjunction negation f)

3. SET OF POSSIBLE NEXT-STATE PNPs

In the sequel A, B denote elements of the LTLB-WFF.
Let us consider X. The functor UN(X) yields a subset of the LTLB-WFF
and is defined as follows:
(Def. 8) UN(X) = {UN(A,B): AUB € X}.
Let X be a finite subset of the LTLB-WFF. One can check that UN(X) is
finite.
Let us consider P. The functor UN(P) yielding a non empty finite subset of
(the LTLB-WFF)_, x (the LTLB-WFF)’_, is defined by:
(Def. 9) UN(P) = {Q;Q ranges over positive-negative pairs: rmg(Q1) =
UN(rng(P1)) A rng(Q2) = UN(rng(Pz))}.
One can prove the following proposition
(18) For every element @ of UN(P) holds (the Lris-wrr F P=x0Q.

Let P be a consistent positive-negative pair. Note that every element of
UN(P) is consistent. In the sequel @) denotes an element of
(the LTLB-WFF)] ; x (the LTLB-WFF)] ;.
Let us consider P. The next completion of P yielding a finite subset of
(the LTLB-WFF)]_; x (the LTLB-WFF)]_; is defined by:
(Def. 10) The next completion of P = {Q : @ € comp UN(P)}.

Let P be a consistent positive-negative pair. One can verify that the next
completion of P is non empty.
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Let P be a consistent positive-negative pair. One can check that every ele-
ment of the next completion of P is consistent.
Next we state two propositions:

(19) If @ € the next completion of P and R € UN(P), then @ is completion
of R.

(20) If @ € the next completion of P, then @ is complete.

Let P be a consistent positive-negative pair. One can verify that every ele-
ment of the next completion of P is complete.
Next we state several propositions:

(21) If AU B € rng(P2) and @ € the next completion of P, then UN(A, B) €
rng(Qz).

(22) If AUB € rng(Py1) and @ € the next completion of P, then UN(A, B) €
g (Q1).

(23) If R € the next completion of @ and rng@ C [Jo(rng P), then rng R C
Uo(rmg P).

(24) Let P be a consistent complete positive-negative pair and @ be an ele-
ment of the next completion of P. If AU B € rng(Pz), then B € rng(Q2)
but A € rng(Q2) or AU B € rng(Q2).

(25) Let P be a consistent complete positive-negative pair and @ be an ele-
ment of the next completion of P. If AU B € rng(Py), then B € rng(Q1)
or A, AU B € rng(Q1).

4. A PNP-TREE AND ITS PROPERTIES

Let us consider P. A finite-branching tree decorated with elements of
(the LTLB-WFF)] ; x (the LTLB-WFF)] ; is said to be a tree of positive-
negative pairs of P if it satisfies the conditions (Def. 11).

(Def. 11)(1)  It(@) = P, and
(i)  for every element ¢t of domit and for every element w of
(the LTLB-WFF)]_; X (the LTLB-WFF)] ; such that w = it(¢) holds
succ(it, t) = the enumeration of the next completion of w.

In the sequel T is a tree of positive-negative pairs of P and ¢ is a node of T'.

Let us consider P, T, t. Then T'[t is a tree of positive-negative pairs of T'(¢).

Next we state two propositions:

(26) For every natural number n such that ¢t~ (n) € dom T holds T'(t ™ (n)) €
the next completion of T'(t).
(27) If Q € rngT, then rng Q C Jo(rng P).

Let us consider P, T. One can check that rng T" is non empty and finite.

Let P be a consistent positive-negative pair and let T be a tree of positive-
negative pairs of P. One can check that every element of rng T is consistent.
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Let P be a consistent complete positive-negative pair and let T" be a tree
of positive-negative pairs of P. One can verify that every element of rngT is
complete.

Let P be a consistent complete positive-negative pair, let 1" be a tree of
positive-negative pairs of P, and let ¢t be a node of 7. Observe that T'(t) is
consistent and complete as a positive-negative pair.

Let P be a consistent positive-negative pair, let T be a tree of positive-
negative pairs of P, and let ¢ be an element of dom 7. Observe that succt is non
empty.

Let us consider P, T'. The range of T except the root node yields a finite
subset of (the LTLB-WFF)]_, x (the LTLB-WFF)]_; and is defined as follows:

(Def. 12) The range of T except the root node = {T'(t);t ranges over nodes of T"
t £ 0}.

Let P be a consistent positive-negative pair and let T be a tree of positive-
negative pairs of P. One can verify that the range of T" except the root node is
non empty.

One can prove the following proposition

(28) If R erngT and @ € UN(R), then comp @ C the range of T except the
root node.

One can prove the following proposition

(29) Let P be a consistent complete positive-negative pair, T be
a tree of positive-negative pairs of P, and f be a finite se-
quence of elements of the LTLB-WFF. If mgf = J, then
Q)the LTLB-WFF I _'((CODj unction negation f)len conjunction negation f) =
X —((conjunction negation f)ien conjunction negation f); where J = the range
of T except the root node.

5. A PAaTH IN PNP-TREE AND ITS PROPERTIES. EXISTENCE OF TEMPORAL
MOoODEL FOR A CONSISTENT PNP. WEAK COMPLETENESS THEOREM

Let P be a consistent positive-negative pair and let T' be a tree of positive-
negative pairs of P. A sequence of dom T is called a path of T if:

(Def. 13) 1t(0) = @ and for every natural number k holds it(k + 1) € succit(k).

Let P be a consistent complete positive-negative pair, let 1" be a tree of
positive-negative pairs of P, let t be a path of T', and let us consider 7. Then
t(7) is a node of T'.

Next we state three propositions:

(30) Let P be a consistent complete positive-negative pair, 7' be a tree of
positive-negative pairs of P, and ¢t be a path of T. Suppose AU B €
rng(T(t(7))2). Let given j. If j > 4, then B € rng(T'(¢(j))2) or there exists
k such that i < k < j and A € rng(T(t(k))2).
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(31) Let P be a consistent complete positive-negative pair and T' be a tree
of positive-negative pairs of P. Suppose AU B € rng(P;) and for every
element @ of the range of T except the root node holds B ¢ rng(Q1). Let
@ be an element of the range of T" except the root node. Then B € rng(Q2)
and AU B € rng(Q1).

(32) Let P be a consistent complete positive-negative pair and T' be a tree
of positive-negative pairs of P. Suppose AU B € rng(Py). Then there
exists an element R of the range of T except the root node such that
B € rng(Ry).

Let P be a consistent positive-negative pair, let T" be a tree of positive-
negative pairs of P, and let ¢ be a path of T. We say that t is complete if and
only if the condition (Def. 14) is satisfied.

(Def. 14) Let given i. Suppose AU B € rng(T(¢(i))1). Then there exists j such
that j > i and B € rng(T'(t(j))1) and for every k such that i < k < j
holds A € rng(T'(t(k))1).

Let P be a consistent complete positive-negative pair and let 1" be a tree
of positive-negative pairs of P. Note that there exists a path of T" which is
complete.

Let P be a consistent positive-negative pair. Observe that P is satisfiable.

One can prove the following proposition

(33)2 If F |= A, then F I A.
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Summary. In this article we prove the friendship theorem according to
the article [1], which states that if a group of people has the property that any
pair of persons have exactly one common friend, then there is a universal friend,
i.e. a person who is a friend of every other person in the group.
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The papers [3], [2], [6], [7], [11], [8], [9], [15], [14], [4], [13], [5], [17], [18], [12],
[16], and [10] provide the terminology and notation for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following rules: =, y, z are sets, ¢, k, n are
natural numbers, R is a binary relation, P is a finite binary relation, and p, ¢
are finite sequences.

Let us consider P, z. Observe that P°x is finite.

We now state several propositions:

(1) R=R-.

(2) If R is symmetric, then R°z = R™!(x).

(3) If (p) = (pIk) = (q1n) ~ (¢In) and k < n < lenp, then p = (qn—x) ~
(q¢l(n ="k)).

(4) Ifn e domgqand p=(q,) " (gIn), then ¢ = (Pjienp—rn) ~ (p[(lenp —'n)).
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(5) If (px) ~ (plk) = (q1n) ~ (gIn), then there exists ¢ such that p = (q};) ~
(q19).
The scheme Sch deals with a non empty set .4, a non zero natural number
B, and a unary predicate P, and states that:
There exists a cardinal number C' such that B - C =
{F € AB: P[F]}
provided the following requirements are met:
e For all finite sequences p, g of elements of A such that p ™ ¢ is
B-element and P[p "~ ¢] holds Plg "~ p|, and
e For every element p of A® such that P[p] and for every natural
number ¢ such that ¢ < B and p = (pj;) ~ (p[) holds ¢ = 0.
One can prove the following propositions:

(6) Let X be a non empty set, A be a non empty finite sub-
set of X, and P be a function from X into 2%. Suppose

that for every z such that x € X holds P(x) = n. Then
(FeXMLF(1)e A AN (i€Segk = F(i+1) € P(F(i))} = A -
k
ne.

(7) If lenp is prime and there exists i such that 0 < i < lenp and p =
(pyi) ™ (pl4), then rngp C {p(1)}.

2. THE FRIENDSHIP GRAPH

Let us consider R and let  be an element of field R. We say that x is
universal friend if and only if:
(Def. 1) For every y such that y € field R \ {z} holds (z, y) € R.
Let R be a binary relation. We say that R has universal friend if and only
if:
(Def. 2) There exists an element of field R which is universal friend.
Let R be a binary relation. We introduce R is without universal friend as an
antonym of R has universal friend.
Let R be a binary relation. We say that R is friendship graph like if and
only if:
(Def. 3) For all z, y such that z, y € field R and = # y there exists z such that
R°x N Coim(R,y) = {z}.
Let us observe that there exists a binary relation which is finite, symmetric,
irreflexive, and friendship graph like.
A friendship graph is a finite symmetric irreflexive friendship graph like
binary relation.
In the sequel Fj is a friendship graph.
The following propositions are true:
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8) 2| Fi°x.

9) Ifz,y € field [} and (z, y) ¢ I}, then [{°x = F;°y.

0) If Fy is without universal friend and z € field Fy, then }°z > 2.

1) If Fy is without universal friend and z, y € field F;, then F°z = Fi°.
)

If Fy is without universal friend and x € field Fy, then field F; = 1 +
Floa: . (Flo.fE — 1).

(13) For all elements z, y of field F} such that x is universal friend and x # y

there exists z such that F1°y = {x, 2z} and F1°z = {z,y}.

3. THE FRIENDSHIP THEOREM

Next we state the proposition

(14) If Fy is non empty, then F} has universal friend.
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Summary. We interoduce a new characterization of algebras of normal
forms of term rewriting systems [35] as algerbras of term free in itself (any func-
tion from free generators into the algebra generates endomorphism of the alge-
bra). Introduced algebras are free in classes of algebras satisfying some sets of
equalities. Their universes are subsets of all terms and the denotations of opera-
tion symbols are partially identical with the operations of construction of terms.
These algebras are compiler algebras requiring some equalities of terms, e.g.,
associativity of addition.
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The terminology and notation used in this paper have been introduced in the

following papers: [1], (3], [13], [18], [17], [27], [15], [25], [36], [21], [22], [5], [19],
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1. PRELIMINARIES

In this paper ¥ is a non empty non void many sorted signature and X is a
non-empty many sorted set indexed by 3.
We now state the proposition

(1) For every set I and for all many sorted sets f1, fo indexed by I such
that f1 C f holds U fi € U fo.
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In the sequel x, y denote sets and ¢ denotes a natural number.
Let I be a set, let X be a non-empty many sorted set indexed by I, and let
A be a component of X. We see that the element of A is an element of |J X.
Let I be a set, let X be a many sorted set indexed by I, and let ¢ be an
element of I. Then X (i) is a component of X.
Let I be a set, let X, Y be many sorted sets indexed by I, let f be a many
sorted function from X into Y, and let  be a set. Then f(x) is a function from
X(x) into Y (z).
In this article we present several logical schemes. The scheme Sch1 deals with
a set A, a non-empty many sorted set B indexed by A, and a binary functor F
yielding a set, and states that:
There exists a many sorted function f indexed by A such that for
every z if © € A, then dom f(z) = B(z) and for every element y
of B(x) holds f(z)(y) = F(z,y)

for all values of the parameters.

The scheme Sch2 deals with a non empty set A, non-empty many sorted
sets B, C indexed by A, and a binary functor F yielding a set, and states that:
There exists a many sorted function f from B into C such that
for every element i of A and for every element a of B(i) holds

£(i)(a) = F(i,a)
provided the following condition is satisfied:
e For every element i of A and for every element a of B(i) holds
F(i,a) € C(i).

Let X be a non empty set, let O be a set, let f be a function from O into
X, and let g be a many sorted set indexed by X. Then ¢ - f is a many sorted
set indexed by O.

Let us consider 3, X, let F' be a many sorted set indexed by ¥ -Terms(X), let
o be an operation symbol of ¥, and let p be an argument sequence of Sym(o, X).
One can check that F - p is finite sequence-like.

The following proposition is true

(2) Subtrees(the root tree of ) = {the root tree of z}.

Let f be a decorated tree yielding function. Observe that rng f is constituted
of decorated trees.

The following three propositions are true:

(3) For every non empty decorated tree yielding finite sequence p holds
Subtrees(x-tree(p)) = {z-tree(p)} U Subtrees(rng p).
(4) Subtrees(z-tree(0)) = {z-tree(0)}.
(5) a-tree()) = the root tree of x.
Let us observe that there exists a finite sequence which is finite-yielding,

decorated tree yielding, and non empty and there exists a finite sequence which
is finite-yielding, tree yielding, and non empty.
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Let f be a finite-yielding function. One can check that dom, f(k) is finite-
yielding.

Let p be a finite-yielding tree yielding finite sequence. Observe that /p\ is
finite.

Let 7 be a finite decorated tree. Observe that Subtrees(7) is finite-membered.

Let p be a finite-yielding decorated tree yielding finite sequence and let us
consider x. Note that z-tree(p) is finite.

One can prove the following propositions:

(6) For all finite decorated trees 71, 72 such that 71 € Subtrees(mz) holds
height dom 77 < height dom 7.
(7) Let p be a decorated tree yielding finite sequence. Suppose p is finite-
yielding. Let 7 be a decorated tree. If x € Subtrees(7) and 7 € rng p, then
x # y-tree(p).
Let us consider ¥ and let X be a many sorted set indexed by 3. Note that
every Y. -Terms(X)-valued function is finite-yielding.
Next we state several propositions:

(8) For every non empty constituted of decorated trees set X and for every
decorated tree 7 such that 7 € X holds Subtrees(r) C Subtrees(X).

(9) For every non empty constituted of decorated trees set X holds X C
Subtrees(X).

(10) For every term 7 of ¥ over X and for every x such that = € Subtrees(r)
holds z is a term of ¥ over X.

(11) For every decorated tree yielding finite sequence p holds rngp C
Subtrees(z-tree(p)).

(12) For all decorated trees 71, 7o such that 73 € Subtrees(m2) holds
Subtrees(71) C Subtrees(7z).

(13) Let X be a many sorted set indexed by X, o be an operation symbol
of 3, and p be a finite sequence. If p € Args(o, Frees;(X)), then (Den(o,
Freex(X)))(p) = (o, the carrier of ¥)-tree(p).

Let I be a set, let A, B be non-empty many sorted sets indexed by I, and
let f be a many sorted function from A into B. Observe that rng, f(k) is non-
empty.

Let us consider X. One can check that every element of Tx(N) is relation-like
and function-like.

Let I be a set, let A be a many sorted set indexed by I, and let f be a finite
sequence of elements of I. Observe that A - f is dom f-defined.

Let I be a set, let A be a many sorted set indexed by I, and let f be a finite
sequence of elements of I. One can verify that A - f is total as a dom f-defined
binary relation.

The following propositions are true:
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(14) Let I be a non empty set, J be a set, and A, B be many sorted sets
indexed by I. Suppose A C B. Let f be a function from J into I. Then
A- f C B- f qua many sorted set indexed by J.

(15) Let I be a set and A, B be many sorted sets indexed by I. Suppose
A C B. Let f be a finite sequence of elements of I. Then A- f C B- f qua
many sorted set indexed by dom f.

(16) For every set I and for all many sorted sets A, B indexed by I such that
AC Bholds [TACIIB.

(17) Let R be a weakly-normalizing binary relation with unique normal form
property. If = is a normal form w.r.t. R, then nfg(x) = x.

(18) For every weakly-normalizing binary relation R with unique normal form
property holds nfg(nfr(z)) = nfg(x).

Let us consider 3, X, let A be a subset of Free(X), and let us consider z.
One can verify that every element of A(z) is relation-like and function-like.

Let I be a set and let A be a many sorted set indexed by I. We say that A
is countable if and only if:

(Def. 1) For every x such that x € I holds A(z) is countable.

Let I be a set and let X be a countable set. Note that I —— X is countable
as a many sorted set indexed by I. Note that there exists a many sorted set
indexed by I which is non-empty and countable.

Let X be a countable many sorted set indexed by I, and let x be a set. Note
that X (x) is countable.

Let A be a countable set. Observe that there exists a function from A into
N which is one-to-one.

Let I be a set and let Xy be a countable many sorted set indexed by I. One
can check that there exists a many sorted function from X into I —— N which
is “1-17.

We now state a number of propositions:

(19) Let X be a set, X be a many sorted set indexed by 3, Y be a non-empty
many sorted set indexed by ¥, and w be a many sorted function from X
into Y. Then rng, w(k) is a many sorted subset of Y.

(20) Let ¥ be a set and X be a countable many sorted set indexed by X.
Then there exists a many sorted subset Y of ¥ —— N and there exists
a many sorted function w from X into ¥ —— N such that w is “1-1”
and Y = rng, w(k) and for every z such that z € ¥ holds w(x) is an
enumeration of X (z) and Y (z) = X (z).

(21) Let I be a set, A be a many sorted set indexed by I, and B be a non-
empty many sorted set indexed by I. Then A is transformable to B.

(22) Let I be a set, A, B, C be non-empty many sorted sets indexed by I,
and f be a many sorted function from A into B. Suppose B is a many
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sorted subset of C. Then f is a many sorted function from A into C.

(23) Let I be a set and A, B be many sorted sets indexed by I. Suppose A
is transformable to B. Let f be a many sorted function from A into B.
Suppose f is onto. Then there exists a many sorted function g from B into
A such that fog=1idpg.

(24) Let 2y, 2y be algebras over X. Suppose the algebra of 2; = the algebra
of 5. Let B; be a subset of 2 and Bs be a subset of 2. Suppose B; = Bs.
Let o be an operation symbol of Y. If B is closed on o, then Bs is closed
on o.

(25) Let 2, 2y be algebras over ¥. Suppose the algebra of 2; = the algebra
of 5. Let B be a subset of 2 and Bs be a subset of 2. Suppose B; = Bs.
Let o be an operation symbol of X. If By is closed on o, then op, = op,.

(26) Let 2y, A2 be algebras over ¥. Suppose the algebra of 2; = the algebra
of 2l5. Let B; be a subset of 21 and By be a subset of 2. If By = By and
B is operations closed, then Opers(22, Bo) = Opers(2;, By).

(27) Let 2y, Ay be algebras over ¥. Suppose the algebra of 2; = the algebra
of As. Let By be a subset of 21 and By be a subset of 2». If B; = By and
By is operations closed, then B is operations closed.

(28) Let 21, Ao, B be algebras over 3. Suppose the algebra of 2; = the
algebra of 2As. Let B; be a subalgebra of 2;. Suppose the algebra of
B = the algebra of B;. Then B is a subalgebra of 2s.

(29) For all algebras 2, 2, over X such that 20y is empty holds every many
sorted function from 2(; into 2As is a homomorphism of 21 into 2As.

(30) Let 2y, Ao, B be algebras over ¥ and Bo be a non-empty algebra over
3. Suppose the algebra of 2; = the algebra of 25 and the algebra of
B, = the algebra of 5. Let h; be a many sorted function from 2{; into
B, and hse be a many sorted function from (s into Bo. Suppose hy = ho
and hi is a homomorphism of 2, into 21. Then ho is a homomorphism of
s into Bo.

2. TRIVIAL ALGEBRAS

Let I be a set and let X be a many sorted set indexed by I. Let us observe
that X is trivial-yielding if and only if:
(Def. 2) For every x such that x € I holds X (x) is trivial.
Let I be a set. Note that there exists a many sorted set indexed by I which
is non-empty and trivial-yielding.
Let I be a set, let 3 be a trivial-yielding many sorted set indexed by I, and
let us consider z. One can check that ¥(x) is trivial.
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Let us consider X and let 2 be an algebra over . We say that 2 is trivial
if and only if:

(Def. 3) The sorts of 2 are trivial-yielding.

Let us consider ¥. One can verify that there exists a strict algebra over X
which is trivial, disjoint valued, and non-empty.

Let us consider X and let 2 be a trivial algebra over ¥. One can verify that
the sorts of 2 is trivial-yielding.

Next we state four propositions:

(31) Let A be a trivial non-empty algebra over X, s be a sort symbol of ¥,
and e be an element of (the equations of ¥)(s). Then A = e.

(32) For every trivial non-empty algebra 2 over ¥ and for every set T' of
equations of ¥ holds 2 = T.

(33) Let 2 be a non-empty algebra over ¥ and T be a non-empty trivial
algebra over X. Then every many sorted function from 2 into T is a
homomorphism of 2 into T'.

(34) Let ¥ be a non-empty trivial algebra over ¥ and 2 be a non-empty
subalgebra of ¥. Then the algebra of 21 = the algebra of ¥.

3. IMAGE

Let us consider 3, let 2 be a non-empty algebra over X, and let € be an
algebra over . We say that € is 2-image if and only if the condition (Def. 4) is
satisfied.

(Def. 4) There exists a non-empty algebra % over X and there exists a many
sorted function h from 2 into B such that A is a homomorphism of 2 into
% and the algebra of € = Im h.

Let us consider ¥ and let 2 be a non-empty algebra over X. Observe that
every algebra over ¥ which is -image is also non-empty and there exists a
non-empty strict algebra over 3 which is 2-image.

Let us consider 3, let 2 be a non-empty algebra over X, and let € be a
non-empty algebra over . Let us observe that € is 2-image if and only if:

(Def. 5) There exists a many sorted function from 2 into € which is an epimor-
phism of 2 onto €.
Let us consider ¥ and let 2 be a non-empty algebra over X. An image of 2
is an 2A-image non-empty algebra over .
Let us consider ¥ and let 2 be a non-empty algebra over X. Observe that
there exists an image of 2 which is disjoint valued and trivial.
One can prove the following propositions:
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(35) Let 2 be a non-empty algebra over X, B be an 2-image algebra over 3,
s be a sort symbol of 3, and e be an element of (the equations of ¥)(s).
If A = e, then B = e.

(36) Let 2 be a non-empty algebra over X, B be an 2(-image algebra over 3,
and T be a set of equations of . If A =T, then B =T

4. TERM ALGEBRAS

Let us consider 3, X and let 2 be an algebra over ¥. We say that 2 is
including ¥-terms over X if and only if:

(Def. 6) The sorts of 2 are a many sorted subset of the sorts of Freex (X).

Let us consider ¥, X. Note that Freey(X) is including >-terms over X.

Let us consider X, X. One can check that Freey;(X) is non-empty and disjoint
valued.

Let us consider ¥, X. One can check that there exists a strict algebra over X
which is including 3-terms over X and non-empty and there exists an algebra
over Y which is including ¥-terms over X and non-empty.

Let us consider 3, X and let 2 be an including 3-terms over X algebra over
3. We say that 2 has all variables if and only if:

(Def. 7) FreeGenerator(X) is a many sorted subset of the sorts of 2.
We say that 2 inherits operations if and only if the condition (Def. 8) is satisfied.
(Def. 8) Let o be an operation symbol of ¥ and p be a finite sequence. Sup-
pose p € Args(o,Freex (X)) and (Den(o, Freex;(X)))(p) € (the sorts of
20)(the result sort of 0). Then p € Args(o,2) and (Den(o,2))(p) = (Den(o,
Frees(X)))(p)-
We say that 2 is free in itself if and only if the condition (Def. 9) is satisfied.

(Def. 9) Let f be a many sorted function from FreeGenerator(X) into the sorts
of A and G be a many sorted subset of the sorts of 2. Suppose G =
FreeGenerator(X). Then there exists a many sorted function h from A
into 2 such that h is a homomorphism of 2 into 2 and f =h [ G.

We now state two propositions:

(37) Let A, B be non-empty algebras over ¥. Suppose the algebra of 20 = the
algebra of B. Suppose 2 is including X-terms over X . Then %5 is including
>-terms over X.

(38) Let 2L, B be including X-terms over X non-empty algebras over ¥ such
that the algebra of 2 = the algebra of 9. Then

(i) if A has all variables, then 9B has all variables,
(ii)  if A inherits operations, then B inherits operations, and
(iii)  if A is free in itself, then B is free in itself.
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Let J be a non empty non void many sorted signature and let T be a non-
empty algebra over J. Observe that there exists a generator set of ¥ which is
non-empty.

Let us consider ¥, X . Observe that Freey;(X) is free in itself, has all variables,
and inherits operations.

Let us consider ¥, X. Note that every including ¥-terms over X algebra
over ¥ which has all variables is also non-empty and there exists an including
Y-terms over X strict algebra over ¥ which is free in itself, has all variables,
and inherits operations.

In the sequel 2y denotes an including Y-terms over X non-empty algebra
over X, 2; denotes an including ¥-terms over X algebra over X with all variables,
2o denotes an including »-terms over X algebra over ¥ with all variables and
inheriting operations, and 21 denotes a free in itself including X-terms over X
algebra over Y with all variables and inheriting operations.

Next we state three propositions:

(39) Every element of 2 is an element of Freey,(X) and for every sort symbol
s of ¥ holds every element of 2 from s is an element of Freey,(X) from s.

(40) Let s be a sort symbol of ¥ and z be an element of X (s). Then the root
tree of (x, s) is an element of 2; from s.

(41) For every operation symbol o of ¥ holds Args(o, 1) C Args(o, Frees(X)).

Let X be a set. Observe that there exists a many sorted set indexed by X
which is disjoint valued and non-empty.

Let ¥ be a set and let T be a disjoint valued non-empty many sorted set
indexed by 3. One can check that every many sorted subset of T is disjoint
valued.

Let us consider ¥, X. Observe that there exists an algebra over ¥ which is
including Y-terms over X and strict.

Let us consider X, X, ;. The canonical homomorphism of 2; yields a many
sorted function from Freeyx;(X) into 2; and is defined by the conditions (Def. 10).

(Def. 10)(i) The canonical homomorphism of 2(; is a homomorphism of Freey,(X)
into 2, and
(ii) for every generator set G of Freey;(X) such that G = FreeGenerator(X)
holds idg = (the canonical homomorphism of ;) [ G.

Let us consider X, X, 2. One can check that every element of 2 is function-
like and relation-like. Let s be a sort symbol of ¥. One can verify that every
element of %y from s is function-like and relation-like.

Let us consider X, X, 2y. One can verify that every element of 2 is deco-
rated tree-like. Let s be a sort symbol of . Note that every element of 2 from
s is decorated tree-like.

Let us consider ¥, X. Note that every algebra over ¥ which is including
Y-terms over X is also disjoint valued.
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The following propositions are true:
(42) Every element of 2 is a term of ¥ over X.

(43) Let 7 be an element of Ay and s be a sort symbol of . If 7 € (the sorts
of Freex;(X))(s), then 7 € (the sorts of g)(s).

(44) For every element 7 of 2y and for every element p of dom 7 holds 7[p is
an element of As.

(45) FreeGenerator(X) is a generator set of As.

(46) Let T be a free in itself non-empty including ¥-terms over X algebra
over ¥, 2 be an image of T, and G be a generator set of T. Suppose
G = FreeGenerator(X). Let f be a many sorted function from G into the
sorts of 2. Then there exists a many sorted function h from T' into 2 such
that h is a homomorphism of T into 2 and f =h | G.

(47)(1)  The canonical homomorphism of 2, is an epimorphism of Freex(X)
onto Ao, and
(ii)  for every sort symbol s of ¥ and for every element 7 of s from s holds
(the canonical homomorphism of 23)(s)(7) = 7.
(48) (The canonical homomorphism of 20s) o (the canonical homomorphism
of 23) = the canonical homomorphism of 2s.

(49) A is Freey (X )-image.

5. SATISFIABILITY

The following four propositions are true:

(50) Let 2 be a non-empty algebra over X, s be a sort symbol of ¥, and 7 be
an element of Ty(N) from s. Then 2 = 7=7.

(51) Let A be a non-empty algebra over 3, s be a sort symbol of ¥, and 7y,
79 be elements of Ty(N) from s. If A = 71=79, then A = mo=71.
(52) Let 2 be a non-empty algebra over 3, s be a sort symbol of ¥, and 7y,
T2, T3 be elements of Ty (N) from s. If A = 7= 7 and 2A |= To=73, then
A = 1=T3.
(53) Let A be a non-empty algebra over 3, o be an operation symbol of 3,
and a1, ag be finite sequences. Suppose that
(i) a1 € Args(o, Tx(N)),
(ii) a9 € Args(o, Tx(N)), and
(iii)  for every natural number i such that ¢ € dom Arity(o) and for every
sort symbol s of 3 such that s = Arity(o)(¢) and for all elements 71, T2 of
Tx(N) from s such that 71 = a1(i) and 75 = a2(i) holds A | 71=75.
Let 11, 72 be elements of Tx(N) from the result sort of o. Suppose 7 = (o,
the carrier of ¥)-tree(a;) and 72 = (o, the carrier of X)-tree(az). Then
A= 1=70.
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Let us consider X, let T' be a set of equations of 3, and let 2 be an algebra
over Y. We say that 2 satisfies T if and only if:

(Def. 11) A E=T.

Let us consider ¥ and let T' be a set of equations of 3. Observe that there
exists an algebra over ¥ which is non-empty and trivial and satisfies 71" .

Let us consider X, let T" be a set of equations of 3, and let 2 be a non-empty
algebra over X satisfying 7' . One can verify that every non-empty algebra over
> which is 2-image also satisfies T .

Let us consider X, let 2 be an algebra over X, let T" be a set of equations of
>, and let G be a generator set of 2. We say that G is T-free if and only if the
condition (Def. 12) is satisfied.

(Def. 12) Let B be a non-empty algebra over ¥ satisfying 7" and f be a many
sorted function from G into the sorts of B. Then there exists a many
sorted function h from 2{ into B such that h is a homomorphism of 2 into
Band h | G = f.

Let us consider X, let T' be a set of equations of 3, and let 2 be an algebra
over Y. We say that 2 is T-free if and only if:

(Def. 13) There exists a generator set of 2 which is T-free.

Let us consider ¥ and let 24 be an algebra over Y. The functor
Equations(3, ) yields a set of equations of ¥ and is defined as follows:

(Def. 14) For every sort symbol s of ¥ holds (Equations(X,2))(s) = {e; e ranges
over elements of (the equations of ¥)(s): 2 = e}.

We now state the proposition
(54) For every algebra 2 over X holds 2 = Equations(X, ).

Let us consider X and let 2 be a non-empty algebra over 3. One can verify
that every 2-image algebra over X satisfies Equations(3,2) .

6. TERM CORRESPONDENCE

Now we present two schemes. The scheme TermDefEx deals with a non emp-
ty non void many sorted signature 4, a non-empty many sorted set B indexed
by A, a binary functor F yielding a set, and a binary functor G yielding a set,
and states that:

There exists a many sorted set F' indexed by .A-Terms(B) such
that
(i)  for every sort symbol s of A and for every element x of
B(s) holds F'(the root tree of (z, s)) = F(x,s), and
(ii)  for every operation symbol o of A and for every argument
sequence p of Sym(o, B) holds F'(Sym(o, B)-tree(p)) = G(o, F' - p)
for all values of the parameters.
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The scheme TermDefUniq deals with a non empty non void many sorted
signature A, a non-empty many sorted set B indexed by A, a binary functor
F yielding a set, a binary functor G yielding a set, and many sorted sets C, D
indexed by A-Terms(B), and states that:

C=D
provided the following conditions are satisfied:

e For every sort symbol s of A and for every element x of B(s) holds
C(the root tree of (x, s)) = F(x,s),

e For every operation symbol o of A and for every argument sequ-
ence p of Sym(o, B) holds C(Sym(o, B)-tree(p)) = G(o,C - p),

e For every sort symbol s of A and for every element x of B(s) holds
D(the root tree of (x, s)) = F(z,s), and

e For every operation symbol o of A and for every argument sequ-
ence p of Sym(o, B) holds D(Sym(o, B)-tree(p)) = G(o0, D - p).

Let us consider ¥, X, let w be a many sorted function from X into (the
carrier of ¥) — N, and let 7 be a function. Let us assume that 7 is an element
of Freey(X). The functor #], yields an element of Tx(N) and is defined by the
condition (Def. 15).

(Def. 15) There exists a many sorted set F' indexed by ¥ -Terms(X) such that
() #5=F(r),
(ii)  for every sort symbol s of ¥ and for every element = of X(s) holds
F(the root tree of {(z, s)) = the root tree of (w(s)(x), s), and
(iii)  for every operation symbol o of ¥ and for every argument sequence p
of Sym(o, X) holds F(Sym(o, X)-tree(p)) = Sym(o, (the carrier of ¥) —
N)-tree(F - p).
We now state the proposition

(55) Let w be a many sorted function from X into (the carrier of ¥) — N
and F' be a many sorted set indexed by X -Terms(X). Suppose that
(i)  for every sort symbol s of ¥ and for every element z of X(s) holds
F(the root tree of (z, s)) = the root tree of (w(s)(zx), s), and

(ii)  for every operation symbol o of ¥ and for every argument sequence p
of Sym(o, X) holds F(Sym(o, X)-tree(p)) = Sym(o, (the carrier of ¥) —
N)-tree(F - p).
Let 7 be an element of Freex,(X). Then F(7) = #,.

Let us consider ¥, X, let G be a non-empty subset of Freex(X), and let s
be a sort symbol of ¥. Observe that every element of G(s) is relation-like and
function-like.

Next we state several propositions:

(56) Let w be a many sorted function from X into (the carrier of ¥) — N.

Then there exists a many sorted function h from Frees(X) into Tx(N)
such that
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(i)  h is a homomorphism of Freex(X) into Ty (N), and
(ii)  for every sort symbol s of ¥ and for every element 7 of Freey(X) from
s holds #I, = h(s)(7).
(57) Let w be a many sorted function from X into (the carrier of ¥)
N, s be a sort symbol of ¥, and z be an element of X(s). Then

the root tree of {z,5) _ the root tree of (w(s)(x), s).

H#w

(58) Let w be a many sorted function from X into (the carrier of ¥) — N,
o be an operation symbol of ¥, p be an argument sequence of Sym(o, X),
and ¢ be a finite sequence. Suppose dom ¢ = dom p and for every natural
number ¢ and for every element 7 of Frees(X) such that i € domp and
7 = p(i) holds ¢(i) = #7,- Then #?Uym(o’X)_tree(p) = Sym(o, (the carrier of
Y) — N)-tree(q).

(59) For every many sorted subset Y of X holds Freex(Y) is a subalgebra of
Freex (X).

(60) Let w be a many sorted function from X into (the carrier of ¥) — N
and 7 be a term of ¥ over X. Then #], is an element of Freey;(rng, w(k))
from the sort of 7 and #7, is an element of Tx;(N) from the sort of 7.

(61) Let w be a many sorted function from X into (the carrier of X) — N

and F' be a many sorted set indexed by X -Terms(X). Suppose that

(i)  for every sort symbol s of ¥ and for every element = of X(s) holds
F(the root tree of (z, s)) = the root tree of (w(s)(zx), s), and

(ii)  for every operation symbol o of ¥ and for every argument sequence p
of Sym(o, X) holds F(Sym(o, X)-tree(p)) = Sym(o, (the carrier of ¥) —
N)-tree(F - p).
Let o be an operation symbol of ¥ and p be an argument sequen-
ce of Sym(o,X). Then F - p € Args(o,Freex(rng, w(k))) and F -p €
Args(o, Freex((the carrier of ¥) — N)).

(62) Let w be a many sorted function from (the carrier of ¥) — N into X.

Then there exists a many sorted function h from Tx(N) into 2 such that
(i)  h is a homomorphism of Tx(N) into A, and
(ii)  for every sort symbol s of ¥ and for every natural number ¢ holds
h(s)(the root tree of (i, s)) = the root tree of (w(s)(i), s).

(63) Let w be a many sorted function from X into (the carrier of ¥) —— N.
Then there exists a many sorted function h from FreeGenerator(X) into
the sorts of Tx(N) such that for every sort symbol s of ¥ and for every
element ¢ of X(s) holds h(s)(the root tree of (i, s)) = the root tree of

(w(s)(7), s)-
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7. FREE ALGEBRAS

In the sequel Xy is a non-empty countable many sorted set indexed by ¥ and
g is a free in itself including X-terms over X algebra over X with all variables
and inheriting operations.

The following propositions are true:

(64) Let h be a many sorted function from Tx(N) into 2. Suppose h is a
homomorphism of Tx(N) into 2. Let w be a many sorted function from
Xy into (the carrier of ) —— N. Suppose w is “1-1”. Then there exists
a non-empty many sorted subset Y of (the carrier of ) — N and there
exists a subset B of Tx(N) and there exists a many sorted function w;
from Freex(Y) into 2p and there exists a many sorted function g from 2
into 2 such that Y = rng, w(x) and B = the sorts of Freex(Y') and
FreeGenerator(rng, w(x)) € B and w; is a homomorphism of Frees(Y')
into 2y and ¢ is a homomorphism of 2y into %Ay and A [ B = g o wy and
for every sort symbol s of ¥ and for every natural number i such that
i € Y (s) there exists an element = of Xy(s) such that w(s)(z) = i and
w1 (s)(the root tree of (i, s)) = the root tree of (x, s).

(65) Let h be a many sorted function from Frees;(Xy) into 2. Suppose h is
a homomorphism of Freex(Xp) into 2g. Then there exists a many sorted
function g from 2 into 2y such that ¢ is a homomorphism of 2y into g
and h = g o the canonical homomorphism of 2.

(66) Let o be an operation symbol of ¥, x be an element of Args(o,%y), and
xo be an element of Args(o,Freex(Xy)). If g = z, then (the canonical
homomorphism of 2y)#xzy = .

(67) Let o be an operation symbol of ¥ and x be an element of Args(o, ).
Then (Den(o,2p))(z) = (the canonical homomorphism of ) (the result
sort of 0)((Den(o, Freex(Xo)))(z)).

(68) Let h be a many sorted function from Freey,(X() into 2y. Suppose h is a
homomorphism of Frees;(Xy) into 2p. Let o be an operation symbol of X
and = be an element of Args(o, ). Then h(the result sort of 0)((Den(o,
2p))(z)) = h(the result sort of 0)((Den(o, Freex(Xy)))(z)).

(69) Let h be a many sorted function from Frees(Xy) into 2o. Suppose h
is a homomorphism of Freey(Xp) into y. Let o be an operation sym-
bol of ¥ and x be an element of Args(o,Freex(Xp)). Then h(the re-
sult sort of 0)((Den(o, Freex(Xy)))(z)) = h(the result sort of 0)((Den(o,
Freex;(Xo)))((the canonical homomorphism of 2y)#x)).

(70) Let Xo, Yy be non-empty countable many sorted sets indexed by X, 2
be an including Y-terms over Xy algebra over ¥ with all variables and
inheriting operations, and h be a many sorted function from Frees(Yp)
into 2. Suppose h is a homomorphism of Freex(Yp) into 2. Then there
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exists a many sorted function g from Freey(Y)) into Freey(Xy) such that
(i) g is a homomorphism of Freex;(Yp) into Frees (X)),
(ii)  h = (the canonical homomorphism of 2) o g, and
(ili) for every generator set G of Freex(Yy) such that G = FreeGenerator(Y))
holds g G =h | G.
(71) Let w be a many sorted function from Xy into (the carrier of ¥) — N,
s be a sort symbol of ¥, 7 be an element of Freey(Xy) from s, and

71, T2 be elements of Tyx(N) from s. Suppose 71 = #I and 70 =

ghe canonical homomorphism of 2[0)(5)(7'). Then 2, ’: =Ty,

(72) Let w be a many sorted function from Xy into (the carrier of ) — N, o
be an operation symbol of 3, p be an element of Args(o, Freex(Xy)), and
g be an element of Args(o,%p). Suppose (the canonical homomorphism
of Ag)#p = q. Let 71, 12 be terms of 3 over Xy. Suppose 71 = (Den(o,
Freex:(Xo)))(p) and 72 = (Den(o,%))(g). Let 73, 74 be elements of T'x(N)
from the result sort of o. If 73 = #I1 and 74 = #72, then 2y = 73=74.

(73) Let w be a many sorted function from Xy into (the carrier of ) — N.
Suppose w is “1-17. Then there exists a many sorted function g from
Tx(N) into Freex(Xp) such that

(i) ¢ is a homomorphism of Tx(N) into Freex(Xy), and
(ii)  for every sort symbol s of ¥ and for every element 7 of Freex(Xy) from

s holds g(s)(#1,) = T.

(74) Let B be a non-empty algebra over ¥ and h be a many sorted function
from Freex(Xp) into B. Suppose h is a homomorphism of Freex(Xj) into
B. Let w be a many sorted function from Xj into (the carrier of ¥) — N.
Suppose w is “1-1”7. Let s be a sort symbol of ¥, 71, 70 be elements of
Frees(Xp) from s, and 73, 74 be elements of Tx(N) from s. If 73 = #I!
and 74 = #72, then if B |= 3=y, then h(s)(m1) = h(s)(12).

(75) For every generator set G of 2y such that G = FreeGenerator(Xy) holds
G is Equations(X, p)-free.

(76) Ap is Equations(3, Ap)-free.

8. ALGEBRAS OF NORMAL FORMS

Let I be a set, let X, Y be many sorted sets indexed by I, let R be a many
sorted relation between X and Y, and let x be a set. Then R(z) is a relation
between X (x) and Y (z).

Let I be a set, let X be a many sorted set indexed by I, and let R be a many
sorted relation indexed by X. We say that R is terminating if and only if:

(Def. 16) For every set x such that € I holds R(z) is strongly-normalizing.

We say that R has unique normal form property if and only if:
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(Def. 17) For every set x such that x € I holds R(z) has unique normal form
property.
Let us mention that every empty set is strongly-normalizing and has unique
normal form property.
One can prove the following proposition
(77) Let I be a set and A be a many sorted set indexed by I. Then there
exists a many sorted relation R indexed by A such that R = I —— ) and
R is terminating.

Let I be a set and let X be a many sorted set indexed by I. One can
verify that every many sorted relation indexed by X which is empty yielding is
also terminating and has unique normal form property and there exists a many
sorted relation indexed by X which is empty yielding.

Let I be a set, let X be a many sorted set indexed by I, let R be a terminating
many sorted relation indexed by X, and let i be a set. Note that R(i) is strongly-
normalizing as a binary relation.

Let R be a many sorted relation indexed by X with unique normal form
property, and let ¢ be a set. Note that R(7) has unique normal form property as
a binary relation.

Let us consider ¥, X and let R be a many sorted relation indexed by
Frees(X). We say that R has NF-variables if and only if:

(Def. 18) For every sort symbol s of 3 holds every element of FreeGenerator(X)(s)
is a normal form w.r.t. R(s).

We now state the proposition
(78) x is a normal form w.r.t. (.

Let us consider Y, X. Note that every many sorted relation indexed by
Freey,(X) which is empty yielding is also invariant and stable and has NF-
variables.

Let us consider %, X. Observe that there exists an invariant stable many
sorted relation indexed by Freex;(X) which is terminating and has NF-variables
and unique normal form property.

Now we present two schemes. The scheme A deals with sets A, B, a binary
relation C, and a unary predicate P, and states that:

P[B]
provided the parameters satisfy the following conditions:
o PlA]
e C reduces A to B, and
e For all sets y, z such that C reduces A to y and (y, z) € C and
Ply] holds P|z].

The scheme B deals with sets A, B, a binary relation C, and a unary predicate

P, and states that:
P[A]
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provided the parameters meet the following requirements:
e PlB],
e ( reduces A to B, and
e For all sets y, z such that (y, z) € C and P[z] holds P[y].

Let X be a non empty set, let R be a strongly-normalizing binary relation
on X with unique normal form property, and let  be an element of X. Then
nfr(x) is an element of X.

Let I be a non empty set, let X be a non-empty many sorted set indexed by
I, and let R be a terminating many sorted relation indexed by X with unique
normal form property. The functor NForms(R) yields a non-empty many sorted
subset of X and is defined as follows:

(Def. 19)  For every element i of I holds (NForms(R))(i) = {nfgg(z) :  ranges
over elements of X (i)}.

The scheme MSFLambda deals with a non empty set A, a unary functor F
yielding a non empty set, and a binary functor G yielding a set, and states that:
There exists a many sorted function f indexed by A such that for

every element o of A holds
dom f(0) = F(o) and for every element x of F(o) holds
f(o)(z) = G(o,x)
for all values of the parameters.

Let us consider ¥, X and let R be a terminating invariant stable many sorted
relation indexed by Freex(X) with unique normal form property. The algebra
of normal forms of R yields a non-empty strict algebra over . and is defined by
the conditions (Def. 20).

(Def. 20)(i)  The sorts of the algebra of normal forms of R = NForms(R), and
(ii)  for every operation symbol o of ¥ and for every element a of Args(o, the
algebra of normal forms of R) holds (Den(o, the algebra of normal forms

of R))(CL) = nfR(the result sort of o) ((Den(ov Freey, (X)))(a))
We now state several propositions:

(79) Let R be a terminating invariant stable many sorted relation indexed by
Freey,(X) with unique normal form property and a be a sort symbol of .
If x € (NForms(R))(a), then nfp(,(7) = =.

(80) Let R be a terminating invariant stable many sorted relation indexed
by Freex(X) with unique normal form property and g be a many sorted
function from Freex(X) into Freey(X). Suppose g is a homomorphism of
Frees;(X) into Frees(X). Let s be a sort symbol of ¥ and a be an element
of Frees;(X) from s. Then nf ) (g9(s)(nfr(s)(a))) = nf (s (9(s)(a)).

(81) For every finite sequence p holds p|g = p and for every natural number
i such that ¢ > lenp holds p|; = 0.

(82) For all finite sequences p, g holds p~ (z) “q¢+- (lenp+1,y) =p~(y) " q.



(83)
(84)

(85)

FREE TERM ALGEBRAS 255

For every finite sequence p and for every natural number ¢ such that
i+ 1 <lenp holds p[(i +1) = (pli) ~ (p(i + 1)).

For every finite sequence p and for every natural number ¢ such that
i+ 1 <lenp holds p; = (p(i + 1)) ~ (pli+1)-

Let R be a terminating invariant stable many sorted relation indexed
by Freex(X) with unique normal form property and g be a many sorted
function from Freey(X) into Freex(X). Suppose g is a homomorphism of
Freey (X) into Freex(X). Let h be a many sorted function from the algebra
of normal forms of R into the algebra of normal forms of R. Suppose that
for every sort symbol s of ¥ and for every element x of the algebra of
normal forms of R from s holds h(s)(z) = nfg()(g(s)(z)). Let s be a sort
symbol of 3 and o be an operation symbol of ¥. Suppose s = the result
sort of o. Let = be an element of Args(o,the algebra of normal forms
of R) and y be an element of Args(o,Freey,(X)). Suppose x = y. Then
nf z(,)((Den(o, the algebra of normal forms of R))(h#x)) = nf (s ((Den(o,

Frees(X)))(g#y))-

Let us consider 3, X and let R be a terminating invariant stable many sorted

relation indexed by Freey (X) with unique normal form property. One can verify

that the algebra of normal forms of R is including »-terms over X.

Let us consider 3, X and let R be a terminating invariant stable many

sorted relation indexed by Freey(X) with NF-variables and unique normal form
property. Note that the algebra of normal forms of R is free in itself, has all

variables, and inherits operations.
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