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Summary. This text includes the definition and basic notions of product
of posets, chain-complete and flat posets, flattening operation, and the existence
theorems of recursive call using the flattening operator. First part of the article,
devoted to product and flat posets has a purely mathematical quality. Definition
3 allows to construct a flat poset from arbitrary non-empty set [I2] in order to
provide formal apparatus which eanbles to work with recursive calls within the
Mizar langauge. To achieve this we extensively use technical Mizar functors like
BaseFunc or RecFunc. The remaining part builds the background for information
engineering approach for lists, namely recursive call for posets [21]. We formalized
some facts from Chapter 8 of this book as an introduction to the next two sections
where we concentrate on binary product of posets rather than on a more general
case.
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1. PRELIMINARIES FROM POSET THEORY

From now on a, Zy, Zs, Z3 denote sets, x, y, z denote objects, and k denotes
a natural number.
Now we state the propositions:

(1) Let us consider a lower-bounded non empty poset P and an element p
of P. If p < the carrier of P, then p = | p.

(2) Let us consider a chain-complete non empty poset P, a non empty chain
L of P, and an element p of P. If p € L, then p < sup L.

(3) Let us consider a chain-complete non empty poset P, a non empty chain
L of P, and an element p; of P. Suppose an element p of P. If p € L, then
p < p1- Then sup L < p;.

2. ON THE PrRODUCT OF POSETS

Now we state the proposition:

(4) Let us consider non empty relational structures P, ) and an object x.
Then z is an element of P x @ if and only if there exists an element p of
P and there exists an element ¢ of @ such that = = (p, ¢).

Let P, Q be non empty posets and L be a non empty chain of P x . The
functors: 71 (L) and 7o (L) yield non empty chains of P. Let P, 1, Q2 be non
empty posets, fi be a monotone function from P into (J1, and f» be a monotone
function from P into (3. One can verify that (f1, f2) is monotone as a function
from P into Q1 X Qo.

Let P, @ be chain-complete non empty posets. Observe that P x () is chain-
complete.

Now we state the proposition:

(5) Let us consider chain-complete non empty posets P, () and a non empty
chain L of P x Q. Then sup L = (sup (L), supm2(L)).

Let P, 1, Q2 be strict chain-complete non empty posets, fi be a continuous
function from P into ()1, and fo be a continuous function from P into ()2. Note
that (f1, fo) is continuous as a function from P into Q1 X Qa.
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3. DEFINITION OF FLAT POSET AND POSET FLATTENING

Let I3 be a relational structure. We say that I3 is flat if and only if

(Def. 1) There exists an element a of I3 such that for every elements z, y of I,
r<yiffr=aorx=y.

One can verify that every non empty relational structure which is discrete is
also reflexive and every discrete non empty relational structure which is trivial
is also flat and there exists a poset which is strict, non empty, and flat and every
relational structure which is flat is also reflexive transitive and antisymmetric
and every non empty poset which is flat is also lower-bounded.

In the sequel S denotes a relational structure, P, () denote non empty flat
posets, p, p1, p2 denote elements of P, and K denotes a non empty chain of P.

Now we state the proposition:

(6) Let us consider a non empty flat poset P and a non empty chain K of P.
Then there exists an element a of P such that K = {a} or K = {Lp,a}.

Let us consider a function f from P into ). Now we state the propositions:
(7) There exists an element a of P such that K = {a} and f°K = {f(a)}
or K={1lp,a} and f°K = {f(Lp), f(a)}. The theorem is a consequence
of (6).
(8) If f(Lp) = Lg, then f is monotone.
Now we state the proposition:
(9) If K ={Llp,p}, then sup K = p.

One can verify that there exists a poset which is strict, non empty, flat,
and chain-complete and every poset which is non empty and flat is also chain-
complete.

Now we state the proposition:

(10) Let us consider strict non empty chain-complete flat posets P, @ and a
function f from P into Q. If f(Lp) = Lg, then f is continuous. PROOF:
For every non empty chain K of P, f(sup K) < sup(f°K) by [15, (1)],
(7), B (39)], (9). O

4. PRIMARIES FOR EXISTENCE THEOREMS OF RECURSIVE CALL USING
FLATTENING

In the sequel X, Y denote non empty sets.
Let X be a non empty set. The functor FlatRelat X yielding a relation
between succ X and succ X is defined by the term
(Def. 2) ({(X, X))} U{X} x X)Uidx.

Now we state the proposition:
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(11) Let us consider elements x, y of succ X. Then (x, y) € FlatRelat X if
and only if x = X or x = y.
Let X be a non empty set. The functor FlatPoset X yielding a strict non
empty chain-complete flat poset is defined by the term
(Def. 3) (succ X, FlatRelat X).
Now we state the propositions:
(12) Let us consider elements z, y of FlatPoset X. Then x < y if and only if
r=Xorx=y.
(13) X is an element of FlatPoset X.
Let us consider X. Let us observe that L platposet x reduces to X.
Let « be an object, X, Y be non empty sets, and f be a function from X
into Y. The functor Flatten(f, z) yielding a set is defined by the term
x), if z e X,
(Def. 4) { {/E ) otherwise.
The functor Flatten(f) yielding a function from FlatPoset X into FlatPoset Y’
is defined by
(Def. 5) (i) it(X) =Y, and
(ii) for every element x of FlatPoset X such that z # X holds it(z) =
f(x).
Let us observe that Flatten(f) is continuous.
Now we state the proposition:
(14) Let us consider a function f from X into Y.
If x € X, then (Flatten(f))(z) € Y.
Let us consider X and Y. The functor FlatConF(X,Y") yielding a strict
chain-complete non empty poset is defined by the term
(Def. 6) ConPoset(FlatPoset X, FlatPoset Y).
Let L be a flat poset. One can verify that every chain of L is finite and there
exists a lattice which is non empty, flat, and lower-bounded.
Now we state the propositions:
(15) Let us consider a non empty lattice L, an element x of L, and an z-chain
A of 2. Then A = 1. PROOF: For every element z of L such that z € A
holds z € {x} by [19, (2)]. O
(16) Let us consider a non empty flat lower-bounded lattice L, an element x
of L, and a 1 -chain A of . Then A < 2. The theorem is a consequence
of (6) and (15).
(17) Let us consider a finite lower-bounded antisymmetric non empty lattice
L. Then L is flat if and only if for every element z of L, heightx < 2.

PROOF: There exists an element a of L such that for every elements x, y
of Lz <yiffz =aorz =y by [5 (44)], [13 (2), (6)], B (13)]. O
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5. EXISTENCE THEOREM OF RECURSIVE CALL FOR SINGLE-EQUATION

From now on D denotes a subset of X, I denotes a function from X into
Y, J denotes a function from X x Y into Y, and F denotes a function from
X into X.

Let X be a non empty set, D be a subset of X, and E be a function from
X into X. We say that E is well founded with minimal set D if and only if

(Def. 7) There exists a function [ from X into N such that for every element x of
X, if l(z) <0, then x € D and if x ¢ D, then [(E(z)) < l(x).
Let X, Y be non empty sets. Let I be a function from X into Y, J be a func-
tion from X xY into Y, and z, y be objects. The functor BaseFunc01(x, y, I, J, D)
yielding a set is defined by the term

I(x), if x € D,
(Def. 8) J({z,y)), if ¢ Dand z € X and y €Y,
Y, otherwise.

Let E be a function from X into X and h be an object. Assume h is a
continuous function from FlatPoset X into FlatPoset Y.

The functor RecFunc01(h, E, I, J, D) yielding a continuous function from
FlatPoset X into FlatPoset Y is defined by

(Def. 9) Let us consider an element = of FlatPoset X and a continuous func-
tion f from FlatPoset X into FlatPoset Y. Suppose h = f. Then it(x) =
BaseFunc01(z, f((Flatten(E))(x)), I, J, D).

Now we state the propositions:

(18) There exists a continuous function W from FlatConF (X, Y) into FlatConF
(X,Y) such that for every element f of ConFuncs(FlatPoset X, FlatPoset Y),
W(f) = RecFunc01(f,E,I,J, D). PROOF: Set F; = FlatPoset X. Set
F5 = FlatPoset Y. Set F3 = FlatConF(X,Y"). Set C1 = ConFuncs(F1, F»).
Define H(object) = RecFunc01($1, E, I, J, D). For every continuous func-
tion h from F} into Fy, h € C} by [, (8)]. For every set h such that h € Cy
holds h is a continuous function from F} into F5. There exists a function
W from C] into C; such that for every object f such that f € C7 holds
W(f) ="H(f) from [7, Sch. 2]. Consider I3 being a function from C; into
(' such that for every object f such that f € Cy holds I3(f) = H(f). I3 is
a continuous function from F3 into F3 by [7, (5)], (12), [24, (9)], [15, (1),
(11)]. O

(19) There exists a set f such that
(i) f € ConFuncs(FlatPoset X, FlatPoset Y'), and
(ii) f = RecFuncOl(f, E, I, J, D).

The theorem is a consequence of (18).
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Let us assume that E is well founded with minimal set D. Now we state the
propositions:

(20) There exists a continuous function f from FlatPoset X into FlatPoset Y
such that for every element = of X, f(z) € Y and f(z) = BaseFunc01(x, f
(E(x)),1,J,D). PROOF: Consider f being a set such that f € ConFuncs
(FlatPoset X, FlatPoset Y) and f = RecFunc01(f, E, I, J, D). Consider [
being a function from X into N such that for every element zg of X, if
I(zg) < 0, then 9 € D and if xg ¢ D, then I(F(xg)) < l(xg). Define
P[natural number] = for every element xy of X such that I(zp) < $;
holds f(xzo) € Y and f(xo) = BaseFunc01(zo, f(E(x0)), I, J, D). P[0] by
[7, (5)]. For every k such that P[k] holds P[k+ 1] by [7, (5)], [3} (13)]. For
every natural number k, P[k] from [3, Sch. 2]. For every element = of X,
f(z) € Y and f(z) = BaseFuncOl(z, f(E(x)),I,J,D). O

(21) There exists a function f from X into Y such that for every element x of
X,ifx € D, then f(z) = I(x) and if x ¢ D, then f(x) = J({(z, f(E(x)))).

Now we state the proposition:
(22) Let us consider functions fi, fo from X into Y. Suppose
(i) E is well founded with minimal set D, and

(ii) for every element = of X, if x € D, then fi(z) = I(x) and if x ¢ D,
then fi(z) = J((z, f1(E(r)))), and

(iii) for every element = of X, if x € D, then fo(x) = I(x) and if z ¢ D,
then fa(z) = J({z, f2(E(2)))).

Then f; = fa. PROOF: Consider [ being a function from X into N such

that for every element = of X, if [(x) < 0, then z € D and if z ¢ D, then

[(E(x)) < l(x). Define P[natural number] = for every element x of X such

that [(z) < $; holds fi(z) = fa(z). P[0]. For every k such that P[k] holds

Plk + 1] by [3 (13)]. For every natural number k, P[k| from [3, Sch. 2].

For every element x of X, fi(x) = fa(x). O

6. EXISTENCE THEOREM OF RECURSIVE CALLS FOR 2-EQUATIONS

From now on D denotes a subset of X, I, I;, Is denote functions from X
into Y, J, Jy, Jo denote functions from X x Y x Y into Y, and Fy, E5 denote
functions from X into X.

Let X be a non empty set, D be a subset of X, and Fy, Fs be functions
from X into X. We say that (F1,E2) is well founded with minimal set D if and
only if

(Def. 10) There exists a function ! from X into N such that for every element x
of X, if [(x) < 0, then x € D and if z ¢ D, then [(Ei(x)) < [(x) and
l(Ey(z)) < l(x).
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Let X, Y be non empty sets. Let I be a function from X into Y, J be
a function from X x Y x Y into Y, and x, y1, y2 be objects. The functor
BaseFunc02(x, y1,y2, I, J, D) yielding a set is defined by the term

I(x), if e D,
(Def. 11) J{z, y1,y2)), if x¢ D and z € X and y1, y2 €Y,
Y, otherwise.

Let E1, E5 be functions from X into X and hi, ho be objects. Assume h; is
a continuous function from FlatPoset X into FlatPoset Y and hs is a continuous
function from FlatPoset X into FlatPoset Y. The functor RecFunc02(hy, ha, E1,
Es, I, J, D) yielding a continuous function from FlatPoset X into FlatPoset Y is
defined by

(Def. 12) Let us consider an element z of FlatPoset X and continuous functions
f1, fo from FlatPoset X into FlatPoset Y. Suppose

(1) hl = fl) and
(ii) h2 = fo.
Then it(x) =
BaseFunc02(z, fi((Flatten(E1))(x)), fo((Flatten(E2))(x)), I, J, D).
Now we state the propositions:

(23) There exists a continuous function W from FlatConF(X,Y’) x FlatConF
(X,Y) into FlatConF(X,Y) such that for every set f such that f €
ConFuncs(FlatPoset X, FlatPoset Y') x ConFuncs(FlatPoset X, FlatPoset )
holds W (f) = RecFunc02( f1, f2, E1, Eo, I, J, D). PROOF: Set F} =
FlatPoset X. Set Fy = FlatPoset Y. Set F3 = FlatConF(X,Y). Set C; =
ConFuncs(Fy, Fy). Set Fy = F3x F3. Set Co = C1 x Cy. Define H(object) =
RecFunc02($11, $12, F1, E2, I, J, D). For every continuous function A from
Fy into Fy, h € C; by [1, (8)]. For every set h such that h € C; holds h
is a continuous function from F} into F5. For every element h of F), there
exist continuous functions hy, hy from Fj into Fy such that h = (hy, hs).
There exists a function W from C3 into C; such that for every object f
such that f € Cy holds W(f) = H(f) from [7, Sch. 2]. Consider I3 being
a function from Cs into C] such that for every object f such that f € Co
holds I3(f) = H(f). I3 is a continuous function from Fj into F3 by [7,
(5)], I16, (12)], (12), [24, (9)]. O

(24) There exist sets f, g such that
(i) f, g € ConFuncs(FlatPoset X, FlatPoset Y), and
(ii) f = RecFunc02(f,g, E1, Es, I, J1, D), and
(iii) g = RecFunc02(f,g, E1, B9, I2, J2, D).

The theorem is a consequence of (23) and (4).
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Let us assume that (E7,E2) is well founded with minimal set D. Now we
state the propositions:

(25) There exist continuous functions f, g from FlatPoset X into FlatPoset Y
such that for every element z of X, f(z) € Y and f(z) = BaseFunc02(z,
f(Ei(x)),9(Es(x)), 1, J1,D) and g(x) € Y and g(x) = BaseFunc02(z,
f(Ei(x)), g(Ea(x)), I2, J2, D). PROOF: Consider f, g being sets such that
f, g € ConFuncs(FlatPoset X, FlatPoset Y) and f = RecFunc02(f, g, E1,
Es, I, J1,D) and g = RecFunc02(f, g, E1, Ea, I3, Jo, D). Consider [ being
a function from X into N such that for every element zq of X, if I(xg) < 0,
then xp € D and if xg ¢ D, then I(E1(z0)) < l(x0) and [(E2(x0)) < I(z).
Define Plnatural number|] = for every elements x;, z2 of X such that
I(x1) < $1 and I(x2) < $; holds f(z1) € Y and f(z1) = BaseFunc02(x1,
f(Ei(x1)),9(E2(x1)), I1, J1, D) and g(x2) € Y and g(z2) = BaseFunc02(z2,
f(E1(z2)), 9(Ea(x2)), I2, J2, D). P[0] by [T, (5)]. For every k such that P[k]
holds P[k + 1] by [7, (5)], [3, (13)], [I8, (69)]. For every natural number
k, Plk] from [3, Sch. 2]. For every elements x1, x2 of X, f(z1) € Y and
f(l‘l) = BaseFuncO2(1:1,f(El(ml)),g(EQ(xl)),Il,Jl,D) and g(ﬁg) ey
and g(x2) = BaseFunc02(z2, f(E1(z2)), g(E2(x2)), I2, J2, D) by [3, (11)].
O

(26) There exist functions f, g from X into Y such that for every element z of
X,ifz € D, then f(x) = I1(z) and g(z) = I2(x) and if z ¢ D, then f(x) =
Ji((z, f(Ei(2)), 9(E2(x)))) and g(x) = J2((z, f(Ei(z)), g(E2(2))))-

Now we state the propositions:
(27) Let us consider functions f1, g1, f2, g2 from X into Y. Suppose
(i) (E1,E2) is well founded with minimal set D, and
(ii) for every element x of X, if x € D, then fi(x) = I;(z) and g1(x) =
Ir(z) and if ¢ D, then fi(z) = Ji({(z, fi(E1(z)), g1(E2(x)))) and
g1(z) = Lo({z, fi(EL(x)), 91(E2(2)))), and
(iii) for every element x of X, if x € D, then fo(x) = I1(x) and go(z) =
I(z) and if © ¢ D, then fao(z) = Ji({z, f2(E1(z)), g2(F2(x)))) and
92(x) = J2({z, fa(E1(2)), 92(E2(2)))).

Then
(iv) fi = f2, and
(v) g1 = g2

ProOOF: Consider [ being a function from X into N such that for every
element x of X, if I(z) < 0, then x € D and if z ¢ D, then I[(Ey(z)) < I(z)
and I(E2(x)) < l(z). Define P[natural number| = for every element x of X
such that [(z) < $; holds fi(x) = fa(x) and g1 (x) = ga(z). P|0]. For every
k such that P[k| holds P[k + 1] by [3, (13)]. For every natural number
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k, Plk] from [3, Sch. 2]. For every element z of X, fi(z) = fa(z) and
g1(z) = g2(z). O

(28) Suppose (E1,E2) is well founded with minimal set D. Then there exists

a function f from X into Y such that for every element x of X, if x € D,
then f(z) = I(z) and if # ¢ D, then f(x) = J({z, F(Ex(x), f(Es(x)))).
The theorem is a consequence of (26).

(29) Let us consider functions fi, fo from X into Y. Suppose

(i) (E1,E2) is well founded with minimal set D, and

(ii) for every element = of X, if x € D, then fi(z) = I(x) and if x ¢ D,
then fi(z) = J((z, fi(E1(z)), fi(E2(x)))), and

(iii) for every element = of X, if z € D, then fa(z) = I(z) and if z ¢ D,
then fa(z) = J((z, f2(E1(z)), fa(E2(2)))).

Then f; = fo. PROOF: Consider [ being a function from X into N such

that for every element = of X, if [(x) < 0, then x € D and if x ¢ D,

then [(Ei(x)) < l(x) and [(E2(z)) < l(x). Define P[natural number| =

for every element = of X such that I(z) < $; holds fi(z) = fa(z). P[0].

For every k such that P[k]| holds P[k + 1] by [3, (13)]. For every natural

number k, P[k] from [3 Sch. 2]. For every element z of X, fi(z) = fa(x).

O
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Let n be a non zero natural number, X be a set, and F' be an element of
((the carrier of RY)X)". Let us note that the functor [T* F yields a function from
X into £F. Now we state the proposition:

(1) Let us consider sets X, Y, a function yielding function F', and objects z,
y. Suppose

(i) Fis (YX)-valued, or
(ii) y € dom[[* F.

Then F(z)(y) = (IT" F)(y) ().

Let us consider n, p, and r. The functor OpenHypercube(p,r) yielding an
open subset of £F is defined by

(Def. 1) There exists a point e of " such that
(i) p=e, and
(ii) it = OpenHypercube(e,r).
Now we state the propositions:

(2) If ¢ € OpenHypercube(p,r) and s € |p(i) — r,p(i) + r[, then ¢ +-
(i,8) € OpenHypercube(p,r). PROOF: Consider e being a point of £"
such that p = e and OpenHypercube(p,r) = OpenHypercube(e,r). Set
I = Intervals(e,r). Set g3 = ¢q +- (i,s). For every object = such that
x € dom I holds g3(z) € I(x) by [2, (9)], [T, (31), (32)]. O

(3) 1Ifi € Segn, then (PROJ(n,i))°(OpenHypercube(p,r)) = |p(i) —r, p(i) +
r[. The theorem is a consequence of (2).

(4) q € OpenHypercube(p,r) if and only if for every i such that i € Segn
holds ¢(i) € |p(i) — r,p(i) + r[. The theorem is a consequence of (3).

Let us consider n, p, and R. The functor ClosedHypercube(p, R) yielding a

subset of £F is defined by
(Def. 2) ¢ € it if and only if for every i such that i € Segn holds ¢(i) € [p(i) —
R(i), p(i) + R(3)].

Now we state the propositions:

(5) If there exists i such that i € Segn N dom R and R(i) < 0, then
ClosedHypercube(p, R) is empty.

(6) If for every i such that i € Segn N dom R holds R(i) > 0, then p €
ClosedHypercube(p, R).

Let us consider n and p. Let R be a non-negative yielding real-valued finite

sequence. One can check that ClosedHypercube(p, R) is non empty.

Let us consider R. Let us observe that ClosedHypercube(p, R) is convex and

compact.

Now we state the propositions:
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(7) If i € Segn and g € ClosedHypercube(p, R) and r € [p(i) — R(i), p(i) +
R(7)], then g+-(i,7) € ClosedHypercube(p, R). PROOF: Set py = q+-(i,7).
For every natural number j such that j € Segn holds p4(j) € [p(j) —
R(j),p(j) + R(j)] by [7, (32), (31)]. O

(8) Suppose i € Segn and ClosedHypercube(p, R) is not empty.

Then (PROJ(n,?))°(ClosedHypercube(p, R)) = [p(i) — R(i),p(i) + R(7)].
The theorem is a consequence of (5), (7), and (6).

(9) Ifn<lenR and r < infrngR,
then OpenHypercube(p,r) C ClosedHypercube(p, R).

(10) ¢ € FrClosedHypercube(p, R) if and only if ¢ € ClosedHypercube(p, R)
and there exists 7 such that i € Segn and ¢(i) = p(i) — R(i) or q(i) =
p(i) + R(7). PROOF: Set T = &EF. If ¢ € Fr ClosedHypercube(p, R), then
q € ClosedHypercube(p, R) and there exists i such that i € Segn and
q(i) = p(i) — R(i) or q(i) = p(i) + R(:) by [16, (22)], [32, (105)], [14, (33)],
[6, (3)]. For every subset S of Ty such that S is open and ¢ € S holds
ClosedHypercube(p, R) meets S and (ClosedHypercube(p, R))¢ meets S
by [16, (67)], [43, (23)], [38, (5)], [31} (13)]. O

(11) If r > 0, then p € ClosedHypercube(p,n — ).

(12) If r > 0, then Int ClosedHypercube(p,n — r) = OpenHypercube(p,r).
PROOF: Set O = OpenHypercube(p, 7). Set C' = ClosedHypercube(p, n —
r). Set Ty = EF. Set R = n +— r. Consider e being a point of £" such
that p = e and OpenHypercube(p,r) = OpenHypercube(e,r). Int C C O
by [43l, (39)], [9, (57)], (10), [39, (29)]. Reconsider ¢ = z as a point of T}.
For every i such that ¢ € Segn holds ¢(i) € [p(i) — R(4),p(i) + R(7)] by
[9, (57)], (3). Consider ¢ such that i € Segn and ¢(i) = p(i) — R() or
q(@) = p(i) + R(i). (PROJ(n,1))°0 = le(i) — r,e(i) + r[. O

(13) OpenHypercube(p, ) C ClosedHypercube(p, n — r).

(14) If r < s, then ClosedHypercube(p,n — r) C OpenHypercube(p, s). The
theorem is a consequence of (4).

Let us consider n and p. Let r be a positive real number. Let us note that
ClosedHypercube(p, n — r) is non boundary.

2. PROPERTIES OF THE PrRODUCT OF CLOSED HYPERCUBE

From now on 17, Ts, S1, So denote non empty topological spaces, t; denotes
a point of T7, to denotes a point of T3, pa, g2 denote points of £F, and p1, q1
denote points of E7'.

Now we state the propositions:

(15) Let us consider a function f from T} into 75 and a function g from S;
into Ss. Suppose
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(i) f is a homeomorphism, and
(ii) g is a homeomorphism.

Then f x g is a homeomorphism.

Suppose r > 0 and s > 0. Then there exists a function h from
(EL] ClosedHypercube(pz,n — 7)) x (EF'] ClosedHypercube(pi, m — s))
into £ ClosedHypercube(Og%er, (n +m) — 1) such that

(i) h is a homeomorphism, and
(ii) h°(OpenHypercube(ps,r) x OpenHypercube(p, s)) =
OpenHypercube(Og%+m, 1).

PROOF: Set T = EF. Set T = EF. Set ny = n+m. Set T; = EL'. Set Ry =
ClosedHypercube(0z,, n +— 1). Set R4y = ClosedHypercube(pz, n +— r). Set
R5; = ClosedHypercube(p1, m — s). Set Ry = ClosedHypercube(0p,, m —
1). Set R3 = ClosedHypercube(07,,n; — 1). Reconsider Rigp = Rs, Rg =
Ry as a non empty subset of T5. Consider h3 being a function from T5[R1g
into T5[Rg such that hs is a homeomorphism and h3°(Fr R1p) = Fr Rg.
Reconsider Rg = R4, R7 = Ry as a non empty subset of Tg. Consider
h4 being a function from Tg[Rg into T [R7 such that h4 is a homeomor-
phism and h4°(Fr Ryg) = Fr R7. Set Og = OpenHypercube(pa, r). Set Og =
OpenHypercube(py, s). Set Og = OpenHypercube(0r,,1). Int Rip = Oy.
Set Os = OpenHypercube(0z,,1). Set O7; = OpenHypercube(0z,,1). Re-
consider Rg = Rj3 as a non empty subset of T7. Consider f being a function
from Tg x T5 into 17 such that f is a homeomorphism and for every ele-
ment f5 of Ty and for every element fs of T5s, f(f5, f6) = f5~ f6. fO(R7 X
Rq) € Ry by [I4, (87)], B (57)], [6) (25)]- Rs € f°(Rr x Rq) by [ (23)],
27, (17)], [, (11)], [6, (5)]. Set hs = h4 X hs. hs is a homeomorphism.
Int R7 = Os. Reconsider fi; = f[(R7 x Rg) as a function from (75| R7) X
(T5Rg) into T7[Rs. Reconsider h = f; - hs as a function from (T5[Ry) X
(T5|Rs) into T4 R3. Int Rg = O7. Int Ry = Og. h°(Og x Og) C Og by [14,
(87)], 10, (12)], [43}, (40)], [10, (49)]. Reconsider ps = y as a point of T%.
Consider p, ¢ being finite sequences of elements of R such that lenp = n
and leng = m and p3 = p~¢q. ¢ € O7. q € Rg. Consider xo being an object
such that z9 € dom hs and hs(z2) = q. p € Os. p € Ry. Consider z; being
an object such that x; € dom hy and hy(z1) = p. O

Suppose 7 > 0 and s > 0. Let us consider a function f from 7} into
&R | ClosedHypercube(ps, n +— 1) and a function g from 75 into
EF'| ClosedHypercube(py, m — s). Suppose

(i) f is a homeomorphism, and
(ii) g is a homeomorphism.

Then there exists a function A from 77 x T5 into
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EXFT™ | ClosedHypercube(Ogn+m, (n +m) — 1) such that
T
(iii) A is a homeomorphism, and
(iv) for every t; and to, f(t1) € OpenHypercube(ps,r) and g(t2) €
OpenHypercube(py, s) iff h(t1,t2) € OpenHypercube(0gn+m, 1).
T

PROOF: Set ny = n + m. Set Tg = EF. Set Ts = EP. Set Ty = &',
Set R = nw— r. Set Rg = m +— s. Set Rg = ny — 1. Set Ry =
ClosedHypercube(ps, R7). Set Rs = ClosedHypercube(p1, Rg). Set Cy =
ClosedHypercube(0r,, Rg). Reconsider Rjp = Rs as a non empty sub-
set of T5. Reconsider Rg = R4 as a non empty subset of Tg. Set Og =
OpenHypercube(pa, r). Set Og = OpenHypercube(p, s). Set O =
OpenHypercube(07;, 1). Consider h being a function from (75 [ Rg) x (15[ R10)
into T [Cy such that h is a homeomorphism and h°(Og x Og) = O. Re-
consider G = g as a function from 75 into T5[R19. Reconsider F' = f as
a function from T} into Tg[Ry. Reconsider fy = h- (F x G) as a function
from 17 x T3 into T7[Cy. F X G is a homeomorphism. Og C R1g. Og C Ry.
If f(tl) € Og and g(tg) S 09, then f4(t1,t2) €O by [14, (87)], [10, (12)}.
Consider z3 being an object such that x3 € dom h and x5 € Og x Og and
h(zz) = h({f(t1), g(t2))). O

Let us consider n. One can check that there exists a subset of £F which is

non boundary, convex, and compact.
Now we state the propositions:

(18) Let us consider a non boundary convex compact subset A of £, a non
boundary convex compact subset B of £, a non boundary convex com-
pact subset C of E4", a function f from T} into ERIA, and a function g
from 75 into EF'[B. Suppose

(i) f is a homeomorphism, and

(ii) g is a homeomorphism.
Then there exists a function h from T x T5 into S%er [C such that
(iii) A is a homeomorphism, and
(iv) for every t1 and to, f(t1) € Int A and g(t2) € Int B iff h(t1,t2) € Int C.
PROOF: Set Tg = EF. Set Ts = EF'. Set ny = n+m. Set T7 = EL'. Set Ry =
ClosedHypercube(0z,,n — 1). Set Rg = ClosedHypercube(0r,, m +— 1).
Set Rg = ClosedHypercube(0r,,n; +— 1). Consider g; being a function
from T5|B into T5[Rg such that g; is a homeomorphism and ¢1°(Fr B) =
Fr Rg. Reconsider go = g1 - g as a function from 75 into T5[Rg. Consi-
der f7 being a function from T§[A into T§[R7 such that fr is a home-
omorphism and f7°(Fr A) = Fr R;. Reconsider fs = f7 - f as a func-
tion from 77 into Ts[R7. Set O3 = OpenHypercube(0r,,1). Set Oz =
OpenHypercube(07y, 1). Set Os = OpenHypercube(0r;,1). Consider H
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being a function from T%[Rg into 17 [C such that H is a homeomorphism
and H°(Fr Rg) = FrC. Int Rg = Os. Consider P being a function from
Ty x Ty into T7 [ Rg such that P is a homeomorphism and for every t; and
to, fg(tl) S 03 and gg(tg) S OQ iff P(tl,tg) € 04. Reconsider Hy = H - P
as a function from 77 x Ty into T7[C. Int Rg = Oy4. If f(¢1) € Int A and
g(t2) € Int B, then Hi(t1,t2) € IntC by [10, (11), (12)], (12). P({t1,
tg)) € Int Rg. P(tl,tg) € Oy4. Int R7 = Os. f(tl) clntA by [43, (40)] U

Let us consider a point p2 of £F, a point p; of EF', r, and s. Suppose
(i) >0, and
(ii) s > 0.

Then there exists a function h from Tdisk(ps,r) x Tdisk(py, s) into
Tdisk(0gn+m, 1) such that
T

(iii) A is a homeomorphism, and
(iv) h°(Ball(pa,r) x Ball(p1, s)) = Ball(Og;er, 1).

PROOF: Set Tg = EF. Set Ts = EF'. Set ny = n + m. Set Ty = &EF.
Reconsider Cy = Ball(ps, ) as a non empty subset of Tg. Reconsider
C5 = Ball(p1, s) as a non empty subset of T5. Reconsider C5 = Ball(0r;, 1)
as a non empty subset of T7. Set R; = ClosedHypercube(0r,,n — 1). Set
R¢ = ClosedHypercube(07,, m +— 1). Consider f; being a function from
TsCy into Tg[R7 such that f7 is a homeomorphism and f7°(FrCy) =
Fr R7. Consider g; being a function from 75 [C5 into 15[ Rg such that ¢ is
a homeomorphism and ¢;°(Fr C3) = Fr Rg. Consider P being a function
from Tdisk(pg, ) x Tdisk(p1, s) into Tdisk(0r;, 1) such that P is a home-
omorphism and for every point t; of Tg[Cy and for every point to of T5[Cj,
f7(t1) € Int R; and gl(tg) € Int Rg iff P(tl,tg) € Int Cs. PO(BaH(pQ,T) X
Ball(p1, s)) € Ball(0z,, 1) by [30, (3)], [43, (40)]. Consider = being an ob-
ject such that = € dom P and P(z) = y. Consider y;, y2 being objects
such that y; € C4 and y € C5 and = = (y1, y2). O

Suppose 7 > 0 and s > 0 and 7 and &£}] Ball(pg,r) are homeomor-
phic and T and &' Ball(py,s) are homeomorphic. Then 77 x T and
ermy Ball(05%+m, 1) are homeomorphic.

3. TIETZE EXTENSION THEOREM

In the sequel T', S denote topological spaces, A denotes a closed subset of

T, and B denotes a subset of S.

Now we state the propositions:
(21)

Let us consider a non zero natural number n and an element F' of
((the carrier of R)®)"™. Suppose If i € dom F, then for every function
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h from T into R! such that h = F(i) holds h is continuous. Then [[* F
is continuous, where « is the carrier of T. PROOF: Set Ty = &EF. Set
F; = [[* F. For every subset Y of Ty such that Y is open holds F;~(Y)
is open by [16], (67)], [1T}, (2)], (1), [19, (17)]. O

(22) Suppose T is normal. Let us consider a function f from TTA into
5%[ClosedHypercube(Og%,n +— 1). Suppose f is continuous. Then there

exists a function g from T into 5%[ClosedHypercube(Og%,n — 1) such
that

(i) ¢ is continuous, and
(i) glA=f.
The theorem is a consequence of (8), (1), and (21).

(23) Suppose T is normal. Let us consider a subset X of EfL. Suppose X is
compact, non boundary, and convex. Let us consider a function f from
TTA into EL]X. Suppose f is continuous. Then there exists a function g
from T into 11X such that

(i) g is continuous, and

(i) glA=f.
The theorem is a consequence of (22).
Now we state the proposition:

(24) THE FIRST IMPLICATION OF TIETZE EXTENSION THEOREM FOR n-
DIMENSIONAL SPACES:

Suppose 1" is normal. Let us consider a subset X of £f. Suppose
(i) X is compact, non boundary, and convex, and
(ii) B and X are homeomorphic.
Let us consider a function f from T[A into S|B. Suppose f is continuous.
Then there exists a function g from 7T into S|B such that
(iii) g is continuous, and
(iv) glA=f.
The theorem is a consequence of (23).
Now we state the proposition:

(25) THE SECOND IMPLICATION OF TIETZE EXTENSION THEOREM FOR n-
DIMENSIONAL SPACES:

Let us consider a non empty topological space T' and n. Suppose
(i) n>1, and
(ii) for every topological space S and for every non empty closed subset

A of T and for every subset B of S such that there exists a subset X
of £F such that X is compact, non boundary, and convex and B and



KAROL PAK

X are homeomorphic for every function f from TTA into S[B such
that f is continuous there exists a function g from T into S|B such
that g is continuous and g[A = f.

Then T is normal. PROOF: Set C = [—1, 1]p. For every non empty closed
subset A of T and for every continuous function f from T'[A into C1, there
exists a continuous function g from 7" into [—1, 1] such that g[A = f by
19l (18), (17)], [I1}, (2)], 33} (26)]. O
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Summary. In this article we focus on a special case of the Brouwer inva-
riance of domain theorem. Let us A, B be a subsets of £", and f : A — B be a
homeomorphic. We prove that, if A is closed then f transform the boundary of
A to the boundary of B; and if B is closed then f transform the interior of A
to the interior of B. These two cases are sufficient to prove the topological inva-
riance of dimension, which is used to prove basic properties of the n-dimensional
manifolds, and also to prove basic properties of the boundary and the interior
of manifolds, e.g. the boundary of an n-dimension manifold with boundary is an
(n — 1)-dimension manifold. This article is based on [I8]; [2I] and [20] can also
serve as reference books.
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1. PRELIMINARIES

From now on z, X denote sets, n, m, i denote natural numbers, p, ¢ denote
points of £F, A, B denote subsets of £F, and 7, s denote real numbers.

Let us consider X and n. One can verify that every function from X into &7
is finite sequence-yielding.
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Let us consider m. Let f be a function from X into £} and g be a function
from X into £F'. Let us observe that the functor f — g yields a function from X
into 5%'””. Let T be a topological space. Let f be a continuous function from
T into £} and g be a continuous function from 7" into £F'. Note that f — g is
continuous as a function from 7" into E77™.

Let f be areal-valued function. The functor |[f]| yielding a function is defined
by

(Def. 1) (i) dom it = dom f, and

(ii) for every object = such that x € dom it holds it(z) = |[f(z)]|.

One can verify that |[f]| is (the carrier of £L)-valued.

Let us consider X. Let Y be a non empty real-membered set and f be a
function from X into Y. One can verify that the functor |[f]| yields a function
from X into &}. Let T be a non empty topological space and f be a continuous
function from T into R. Note that |[f]| is continuous as a function from T
into 4.

Let f be a continuous real map of 7. Observe that |[f]| is continuous as a
function from 7 into &L

2. A DISTRIBUTION OF SPHERE

In the sequel N denotes a non zero natural number and u, t denote points
N+1

of E47.
Now we state the propositions:

(1) Let us consider an element F' of ((the carrier of RY)*)V. Suppose If
i € dom F, then F(i) = PROJ(N + 1,7). Then
(i) for every ¢, ([T* F)(t) = t|N, and

(ii) for every subsets S3, Sy of EN! such that S3 = {u : u(N +1) >
Oand |u| = 1} and Sy = {t : ¢{(N + 1) < Oand |t| = 1} holds
([TF F)° S5 = Ball(Ogév, 1) and (IT" F)°S2 = Ball(()gév, 1) and
([T* F)°(Ss N Sa) = Sphere(ngTv, 1) and for every function H from
ENTLIS; into Tdisk(Ogy, 1) such that H = [[* F|S; holds H is a
homeomorphism and for every function H from 5%7 +118, into
Tdisk(Og%v, 1) such that H = [[* F'[.S3 holds H is a homeomorphism,

where « is the carrier of SéVH. PROOF: Set No = N + 1. Set Ty9 = 8%/2.
Set Ty = S%V. Set N3 = N NormF. Set Ny = N3 - N3. Reconsider O =1
as an element of N. Set T3 = Tdisk(()gév, 1). Reconsider mg = —Ny4 as a
function from Ty into R'. Reconsider m; = 1 + mq as a function from
Ty into RY. Set Fy = [[* F. For every t, ([[*F)(t) = t[N by [2, (13)],
41, (25)], [ (1)]. Ball(0r,.1) C F1°Ss by [, (22)], B8 (11)], [6L (16)].
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[T1, (145)]. Ball(0r,,1) C F1°Se by [14, (22)], 28, (11)], [6, (16)], [T}
(145)]. Sphere(07,,1) C F1°(S2 N S3) by [14, (22)], [28, (12)], [6, (16),
(92)]. F1°S3 C Ball(0r,,1) by [14, (22)], [4, (59)], 24, (17)], [19, (10)].
F1°Sy C Ball(07,, 1) by [14, (22)], [4, (59)], [24, (17)], [19, (10)]. F1°(So N
S3) C Sphere(0r,, 1) by [14, (22)], [4, (59)], [24, (17)], [19, (10)]. For every
function H from E%V'H [S3 into Tdisk(Ogév, 1) such that H = []* F'|.S3 holds
H is a homeomorphism by [24, (17)], [I7, (17)], [2} (11)], [25, (13)]. For
every objects x1, zo such that x1, zo € dom H and H(z1) = H(x2) holds
w1 = o by [14, (22)], [19, (10)], [7, (47)], [39, (40)]. Set T3 = Tdisk(0r,, 1).
Set M = mq[T3. Reconsider My = M as a continuous function from T3
into R. Reconsider My = —+/M; as a function from T3 into R. For every
point p of Ty such that p € the carrier of T3 holds M;(p) =1 — |p| - |p| by
[7, (49)]. Reconsider S; = |[M>]| as a continuous function from T3 into Ex.
Reconsider I3 = idp, as a continuous function from 73 into 7. Reconsider
I, = I3 Sy as a continuous function from T3 into S%V +0 For every objects
y, x,y € rng H and = = I4(y) iff x € dom H and y = H(z) by [7, (17)],
[11L (145), (144), (55)]. For every subset P of T1¢[Sa2, P is open iff H°P is
open by [4, (1)], [2, (13)], 25, (57)]. O
(2) Let us consider subsets S3, Sp of £F. Suppose

(i) S3 ={s, where s is a point of &} : s(n) > 0 and |s| = 1}, and

(ii) Se = {t, where t is a point of £} : t(n) < 0 and |¢| = 1}.
Then

(iii) S3 is closed, and

(iv) S is closed.

(3) Let us consider a metrizable topological space To. Suppose T5 is finite-
ind and second-countable. Let us consider a closed subset F' of T5. Sup-
pose ind F° < n. Let us consider a continuous function f from T5[F
into TopUnitCircle(n + 1). Then there exists a continuous function g
from T, into TopUnitCircle(n + 1) such that g[F = f. PROOF: Defi-
ne P[natural number| = for every metrizable topological space T» such
that 75 is finite-ind and second-countable for every closed subset F' of
T5 such that ind F¢ < $; for every continuous function f from T5|F into
TopUnitCircle($;+1), there exists a function g from 75 into TopUnitCircle
($141) such that g is continuous and g[F = f. For every n such that P[n]
holds P[n + 1] by (2), [29, (9)], [42, (13)], [44] (121)]. P[(0 qua natural
number)] by [44] (143), (135)], [29, (9)], [14, (70)]. For every n, P[n| from
[2, Sch. 2]. O

(4) Suppose p ¢ A and r > 0. Then there exists a function h from Ef[A into
&L Sphere(p, r) such that

(i) h is continuous, and
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(ii) h[Sphere(p,r) = id snsphere(p,r)-
(5) If r+ |p— q| < s, then Ball(p,r) C Ball(q, s).
(6) If A is not boundary, then ind A = n.
Now we state the proposition:

(7) THE SMALL INDUCTIVE DIMENSION OF THE SPHERE:
If r > 0, then ind Sphere(p,r) = n — 1. PROOF: If ind A < 7 and ind B <14
and A is closed, then ind(A U B) < i by [33 (31)], [23, (93)], [35, (22)],
[36, (5)]. O

3. A CHARACTERIZATION OF OPEN SETS IN EUCLIDEAN SPACE IN TERMS
OF CONTINUOUS TRANSFORMATIONS

Now we state the propositions:

(8) Suppose n > 0 and p € A and for every r such that r > 0 there exists an
open subset U of EEJA such that p € U and U C Ball(p, ) and for every
function f from EX[(A\U) into TopUnitCircle n such that f is continuous
there exists a function h from EfJA into TopUnitCirclen such that h is
continuous and h[(A\ U) = f. Then p € Fr A. PROOF: Set T7 = E}. Set
c1 = the carrier of T5. Set S = Sphere(0z,,1). Set Ty = TopUnitCirclen.
Reconsider ¢ = ¢; \ {072} as a non empty open subset of 77. Set n3 =
nNormF. Set Ty = T7[c. Set G = transl(p, T7). Reconsider I = E as a
continuous function from Ty into T%. 0 ¢ rng(ns[Ts) by [44, (57)], [14,
(22)], 17, (47)], [14, (8), (70)]. Reconsider ny = n3[Tg as a non-empty
continuous function from Ty into RY. Reconsider b = I/ny as a function
from Ty into T7. Set By = £™. Set Ty = E144p,. Reconsider e = p as a point
of F1. Reconsider I = Int A as a subset of T5. Consider r being a real
number such that » > 0 and Ball(e,r) C I. Set 72 = 5. Consider U being
an open subset of 77| A such that p € U and U C Ball(p, r2) and for every
function f from T7[(A\U) into Ty such that f is continuous there exists a
function h from T7[A into Ty such that h is continuous and h[(A\U) = f.
Reconsider S; = Sphere(p,r2) as a non empty subset of T7. Consider a
being an object such that a € S;. Reconsider Cy = Ball(p,72) as a non
empty subset of T7. Reconsider ss = S4 as a non empty subset of T7[Cs.
Reconsider A; = A\ U as a non empty subset of T7. Set 77 = T7[A;.
Set t = transl(—p,T7). Set T = t[Ty. rngT C ¢ by [7, (47)], [42, (21)].
Reconsider 771 = T as a continuous function from 77 into Tg. For every
point p of T7 such that p € ¢ holds b(p) = ﬁ-p and |ﬁ-p| = 1by [22, (84)],
[7, (49)], |26l (72)], [12} (56)]. rngb C S by [42, (13)]. Reconsider B = b as
a function from Tg into Ty. Set m = ro @ T7. Set M = m[Ty. Reconsider
M = m]Ty as a continuous function from Ty into 7%. Reconsider co = Cy
as a subset of T7[A. Consider h being a function from T%[A into Ty such
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that h is continuous and h[(A\U) = B-Ti1. Reconsider Go = G- (M - h)
as a continuous function from 77[A into T7. rng Gy C Sy by [7, (12),
(11), (47)], [42, (28), (15)]. Reconsider go = G2 as a function from T7[A
into T7[S4. Reconsider g1 = g2[((T7]A)[c2) as a continuous function from
T71Cy into (T7]C3)[s2. For every point w of T7[Cs such that w € Sy holds
g1(w) = w by [T, (11), (12)], 44, (61)], [T, (47)]. O

(9) Suppose p € Fr A and A is closed. Suppose r > 0. Then there exists an
open subset U of Ef[A such that

(i) pe U, and
(ii) U C Ball(p,r), and
(iii) for every function f from EF[(A\U) into TopUnitCircle n such that f

is continuous there exists a function h from 3 A into TopUnitCircle n
such that h is continuous and h[(A\U) = f.

PRrROOF: n > 0 by [14, (77), (22)], [12} (33)]. Set r3 = 5. Set ro = 2-r3. Set
B = Ball(p, r3). Consider = being an object such that x € A° and = € B.
Set u = Ball(x, r2). u C Ball(p,r). O

4. BROUWER INVARIANCE OF DOMAIN THEOREM — SPECIAL CASE

Let us consider a function h from Ef[A into £1]B. Now we state the propo-
sitions:
(10) If A is closed and p € Fr A, then if h is a homeomorphism, then h(p) €
Fr B. The theorem is a consequence of (9) and (8).
(11) If B is closed and p € Int A, then if h is a homeomorphism, then h(p) €
Int B. The theorem is a consequence of (8) and (9).
(12) Suppose A is closed and B is closed. Then if A is a homeomorphism,
then h°(Int A) = Int B and h°(Fr A) = Fr B. PROOF: h°(Int A) = Int B
by (11), (10), [46, (39)]. O

5. TOPOLOGICAL INVARIANCE OF DIMENSION — AN INTRODUCTION TO
MANIFOLDS

Now we state the proposition:

(13) Suppose r > 0. Let us consider a subset U of Tdisk(p, ). Suppose U is
open and non empty. Let us consider a subset A of £F. If A = U, then
Int A is not empty.

Let us consider a non empty topological space T, subsets A, B of T', r, s, a
point py of £F, and a point py of £,
Let us assume that r > 0 and s > 0. Now we state the propositions:
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(14) Suppose T[A and Tdisk(py,r) are homeomorphic and
T'|B and Tdisk(pa, s) are homeomorphic and Int A meets Int B. Then n =
m. The theorem is a consequence of (13) and (6).

(15) Suppose T'[A and EF| Ball(py, ) are homeomorphic and
T'| B and Tdisk(p2, s) are homeomorphic and Int A meets Int B. Then n =
m. The theorem is a consequence of (13) and (6).
Now we state the propositions:
(16) (i) (transl(p,&}))°(Ball(g,r)) = Ball(q + p,r), and
(i) (transl(p, £1))°(Ball(g, 7)) = Ball(g + p,r), and
(iii) (transl(p,&F))°(Sphere(q,r)) = Sphere((q + p),r).
PROOF: Set T = L. Set T' = transl(p, T5). T°(Ball(g, r)) = Ball(¢ + p, )
by [28, (7)), [42, (27)]. T°(Ball(q, r)) — Ball(q+p,7) by B8, (8)), 2, (27)].
T°(Sphere(q,)) € Sphere((q + p),r) by [28, (9)]. O
(17) Suppose s > 0. Then
(i) (se&F)°(Ball(p,r)) = Ball(s - p,r - s), and
(i) (se&R)°(Ball(p,r)) = Ball(s - p,r - s), and
(iii) (s e &R)°(Sphere(p,r)) = Sphere((s - p), (r-s)).
PROOF: Set T5 = &EF. Set M = s o T5. M°(Ball(p,r)) = Ball(s - p,r - s)
by 12, (34)], [14, (11)], 28, (7)]. M°(Ball(p,)) = Ball(s - p,7 - 5) by [,
(34)], [14, (11)], [28, (8)]. M°(Sphere(p,r)) S Sphere((s - p), (r-s)) by [42,
(34)], [14, (11)], [28, (9)]. O
(18) Let us consider a rotation homogeneous additive function f from £ into
ET. Suppose f is onto. Then
(i) f°(Ball(p,r)) = Ball(f(p),r)
(i) f°(Ball(p,)) = Ball(f(p),7)
(iii) f°(Sphere(p,r)) = Sphere((f(p)), 7).
PROOF: f°(Ball(p,)) = Ball(f(p),r) by [28, (7)]. f°(Ball(p,7))

Ball(f(p), ) by [28. (8)]. f°(Sphere(p,r)) C Sphere((f(p)),r) by [28, (9)].
Consider = being an object such that z € dom f and f(z) =y. O

(19) Let us consider points p, q of S%H, r, and s. Suppose

, and

, and

(i) s<r<|p—gql, and
(i) s<[p—gq| <s+r.

Then there exists a function h from E2T![(Sphere(p,r) N Ball(q, s)) into
Tdisk(Ogn, 1) such that

(iii) A is a homeomorphism, and

(iv) h°(Sphere(p,r) N Sphere(q, s)) = Sphere(Ogr, 1).
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PROOF: Set n1 = n+ 1. Set Tg = EF'. Set y = %-(q—p). Set YV =
(0,...,0) +- (n1,]y|). There exists a homogeneous additive rotation func-
——

ni

tion R from Ty into Ty such that R is a homeomorphism and R(y) =Y by
[34, (40), (41)]. Consider R being a homogeneous additive rotation func-
tion from Tg into Ty such that R is a homeomorphism and R(y) = Y.
s>0.0
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Now we state the propositions:

(1) Let us consider natural numbers z, y and a finite sequence f. Suppose

(i) f
(i)
)
)

|1 is one-to-one, and
1 <z <lenf, and
(i) 1 <y <lenf, and

f(@) = f(y).
Then x = y.

(iv

(2) Let us consider a non empty set D and a non empty finite sequence f
of elements of D. If f is circular, then f(1) = f(len f).

Let D be a non empty set and a, b be elements of D. Let us observe that
(a,b,a) is circular as a finite sequence of elements of D.

Now we state the proposition:

(3) Let us consider objects a, b. If a # b, then (a, b, a) is almost one-to-one.
Let X be a set, Y be a non empty set, P; be a finite subset of X, and M;
be a function from X into Y.

An enumeration of M7 and P is a finite sequence of elements of Y and is
defined by

(Def. 1) (i) lenit = lenthe enumeration of P; and for every i such that i €
dom it holds it(i) = Mj(the enumeration of P;(i)), if P} is not empty,

(ii) it = ey, otherwise.

The functor PNg yielding a Petri net is defined by the term

(Def. 2) ({0}, {1}, Q2013 ({0}), Qo ({1}))-
Let us consider V. We introduce the places and transitions of N as a syno-
nym of Elements(N).
Let us consider P. Let us note that the places and transitions of P is non
empty.
In the sequel f; denotes a finite sequence of elements of the places and
transitions of P.

Let us consider P and fi. The functors: the places of f; and the transitions
of f1 yielding finite subsets of P are defined by terms,

(Def. 3) {p, where p is a place of P : p € rng f1},
(Def. 4) {t, where t is a transition of P : t € rng fi},

respectively.
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2. THE NUMBER OF TOKENS IN A CIRCUIT

Let us consider N. The markings of N yielding a non empty set of functions
from the carrier of N to N is defined by the term

(Def. 5) N¢, where « is the carrier of N.

A marking of N is an element of the markings of N. Let P; be a finite subset
of N and M; be a marking of N. The number of tokens of P and M; yielding
an element of N is defined by the term

(Def. 6) >" the enumeration of M; and P;.

3. DECISION-FREE PETRI NET CONCEPT AND PROPERTIES OF CIRCUITS IN
PETRI NETS

Let I be a Petri net. We say that [ is decision-free-like if and only if
(Def. 7) Let us consider a place s of I. Then

(i) there exists a transition ¢ of I such that (¢, s) € the T-S arcs of I,
and

(ii) for every transitions t¢1, to of I such that (t1, s), (t2, s) € the T-S
arcs of I holds t1 = t9, and

(iii) there exists a transition t of I such that (s, t) € the S-T arcs of I,
and

(iv) for every transitions ¢, to of I such that (s, t1), (s, t2) € the S-T
arcs of I holds t; = to.

Let us consider P. Let I be a finite sequence of elements of the places and
transitions of P. We say that I is directed path if and only if

(Def. 8) (i) lenI > 3, and
(ii) lenI mod 2 =1, and
(iii) for every i such that ¢ mod 2 = 1 and i + 1 < len[I holds (I(i),
I(i+1)) € the S-T arcs of P and (I(i+ 1), I(i+2)) € the T-S arcs
of P, and
(iv) I(lenI) € the carrier of P.
Now we state the proposition:

(4) Let us consider a finite sequence f; of elements of the places and transi-
tions of PNg. Suppose f; = (0,1,0). Then f; is directed path. PROOF: f;
is directed path by [2, (13)], 4, (45)]. O
Let us consider P. Observe that every finite sequence of elements of the
places and transitions of P which is directed path is also non empty.
Let I be a Petri net. We say that I has directed path if and only if
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(Def. 9) There exists a finite sequence f; of elements of the places and transitions
of I such that f; is directed path.

Let us consider P. We say that P has directed circuit if and only if

(Def. 10) There exists fi such that f; is directed path, circular, and almost one-
to-one.

One can verify that PNy is decision-free-like and Petri-like and has directed
circuit and there exists a Petri net which is Petri-like and decision-free-like
and has directed circuit and every Petri net which has directed circuit has also
directed path and there exists a Petri net which has directed path.

Let Dy be a Petri net with directed path. Let us note that there exists a
finite sequence of elements of the places and transitions of Dy which is directed
path.

From now on D; denotes a Petri net with directed path and d denotes a
directed path finite sequence of elements of the places and transitions of D;.

Now we state the propositions:

(5) (d(1), d(2)) € the S-T arcs of D;.
(6) (d(lend — 1), d(lend)) € the T-S arcs of D;.

From now on D; denotes a Petri-like Petri net with directed path and d
denotes a directed path finite sequence of elements of the places and transitions
of Dl.

Now we state the proposition:

(7) If d(i) € the places of d and ¢ € domd, then i mod 2 = 1. PROOF:
Consider p being a place of D; such that p = d(i) and p € rngd. i mod 2 =
1 by [2, (21)], [16], (25)], [7, (87)]. O

Let us assume that d(i) € the transitions of d and ¢ € dom d. Now we state
the propositions:

(8) ¢ mod 2 = 0. PrROOF: (d(lend — 1), d(lend)) € the T-S arcs of Dj.
Consider ¢ being a transition of D; such that ¢ = d(i) and t € rngd.
i #lend by [T, (87)]. i+ 1 # lend by [7, (87)], [2, (11)], [16, (25)], [5, (3)]-
U

(9) (1) (d(i—1), d(3)) € the S-T arcs of Dy, and
(i) (d(), d(i + 1)) € the T-S arcs of D;.
PROOF: (d(lend — 1), d(lend)) € the T-S arcs of D;. Consider ¢ being a
transition of D; such that ¢t = d(i) and ¢ € rngd. i # lend by [7, (87)]. O

Now we state the proposition:
(10) Suppose d(i) € the places of d and 1 < i < lend. Then

(i) (d(i—2), d(i — 1)) € the S-T arcs of D, and
(ii) (d(i —1), d(i)) € the T-S arcs of Dy, and
(iii) (d(7), d(i + 1)) € the S-T arcs of Dy, and



THE FORMALIZATION OF DECISION-FREE PETRI NET

(iv) (d(i+ 1), d(i + 2)) € the T-S arcs of Dy, and
(v) 3<i.
PROOF: i mod 2 = 1. {d(lend — 1), d(lend)) € the T-S arcs of D;. {d(1),

d(2)) € the S-T arcs of D;. Consider p being a place of D; such that
p=4d(i) and p € rngd. i + 1 # lend by [7, (87)]. 2 # ¢ by [7, (87)]. O

4. FIRABLE AND FIRING CONDITIONS FOR TRANSITIONS AND TRANSITION
SEQUENCES WITH NATURAL MARKING

From now on M; denotes a marking of P, t denotes a transition of P, and
@, Q1 denote finite sequences of elements of the carrier’ of P.
Let us consider P, M7, and t. We say that ¢ is firable at M7 if and only if
(Def. 11) Let us consider a natural number m. If m € M;°(*{t}), then m > 0.
The functor Firing(¢, M) yielding a marking of P is defined by
(Def. 12) (i) for every place s of P, if s € *{t} and s ¢ {t}, then it(s) = M;(s)—1
and if s € {t} and s ¢ *{t}, then it(s) = Mi(s) + 1 and if s € *{t}
and s € {t} or s ¢ *{t} and s ¢ {t}, then it(s) = M(s), if t is
firable at M,
(ii) it = M, otherwise.
Let us consider Q. We say that @ is firable at M; if and only if
(Def. 13) (1) Q =0, or
(ii) there exists a finite sequence M of elements of the markings of P such
that len @ = len M and @ is firable at M; and M; = Firing(Q1, M)
and for every ¢ such that ¢ < len @ and ¢ > 0 holds @;4; is firable at
M; and M;41 = Firing(Q;+1, M;).
The functor Firing(Q, M;) yielding a marking of P is defined by
(Def. 14) (i) it = My, if Q =0,
(ii) there exists a finite sequence M of elements of the markings of P such
that len Q = len M and it = Me, pr and M = Firing(Q1, M7) and for
every i such that i < len @ and i > 0 holds M, = Firing(Q;+1, M;),
otherwise.
Now we state the propositions:
(11) Firing(¢t, My) = Firing((¢), M1).
(12) ¢ is firable at M if and only if (t) is firable at Mj.
(13) Firing(Q ~ Q1, M1) = Firing(Q1, Firing(Q, M1)).
(14) If Q ~ @y is firable at M, then @ is firable at Firing(Q, M;) and Q is
firable at M.
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5. THE THEOREM STATING THAT THE NUMBER OF TOKENS IN A CIRCUIT
REMAINS THE SAME AFTER ANY FIRING SEQUENCES

Now we state the proposition:

(15) Let us consider a Petri-like decision-free-like Petri net D; with direc-
ted path, a directed path finite sequence d of elements of the places and
transitions of D1, and a transition ¢t of D;. Suppose

(i) d is circular, and

(ii) there exists a place p; of D; such that p; € the places of d and (pi,
t) € the S-T arcs of Dy or (¢, p1) € the T-S arcs of D;.

Then t € the transitions of d. The theorem is a consequence of (7), (5),
(6), and (2).

A decision-free Petri net is a Petri-like decision-free-like Petri net with di-
rected circuit. Let D be a Petri net with directed circuit. Observe that there
exists a finite sequence of elements of the places and transitions of D which is
directed path, circular, and almost one-to-one.

A circuit of places and transitions of D; is a directed path circular almost
one-to-one finite sequence of elements of the places and transitions of D;. Now
we state the propositions:

(16) Let us consider a decision-free Petri net D, a circuit d of places and
transitions of Dy, a marking M7 of D, and a transition ¢ of D;. Then
the number of tokens of the places of d and M; = the number of tokens
of the places of d and Firing(¢, M7). The theorem is a consequence of (6),
(5), (8), (2), (9), (1), (10), and (15).

(17) Let us consider a decision-free Petri net D, a circuit d of places and
transitions of Dy, a marking M; of D1, and a finite sequence ) of elements
of the carrier’ of Di. Then the number of tokens of the places of d and
M; = the number of tokens of the places of d and Firing(Q, M;). The
theorem is a consequence of (16).
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where the carrier is a set, the reduction is a binary relation on the carrier.
Let A be a non empty set and r be a binary relation on A. Observe that
(A, r) is non empty and there exists an ARS which is non empty and strict.
Let X be an ARS and z, y be elements of X. We say that z — y if and only
if
(Def. 1) (z, y) € the reduction of X.
We introduce y <+ x as a synonym of z — y.
We say that © —q1 y if and only if
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(Def. 2) (i) z=uy,or
(i) z — y.
One can verify that the predicate is reflexive. We say that z —, y if and only if
(Def. 3) The reduction of X reduces x to y.

Let us observe that the predicate is reflexive.

From now on X denotes an ARS and a, b, ¢, u, v, w, x, y, z denote elements
of X.

Now we state the propositions:
(1) If a — b, then X is not empty.
(2) Ifz —y, then z —, y.

(3) Ifz —,y — 2, then x —, 2.

The scheme Star deals with an ARS X and a unary predicate P and states
that

(Sch. 1) For every elements z, y of X such that # —, y and P[z] holds P[y]
provided

e for every elements z, y of X’ such that x — y and P|z] holds P[y].

The scheme Starl deals with an ARS X and a unary predicate P and ele-
ments a, b of X and states that

(Sch. 2) P[b]
provided

e a —, band
e Pla] and
e for every elements x, y of X such that x — y and P[z] holds P[y].

The scheme StarBack deals with an ARS X and a unary predicate P and
states that

(Sch. 3) For every elements z, y of X such that z —, y and P[y] holds P[x]
provided

e for every elements x, y of X such that x — y and P[y] holds P[x].

The scheme StarBackl deals with an ARS X and a unary predicate P and
elements a, b of X and states that

(Sch. 4) Plal
provided

e a —, band

o P[b] and
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e for every elements x, y of X such that x — y and P[y] holds P[x].

Let X be an ARS and z, y be elements of X. We say that x —, y if and
only if
(Def. 4) There exists an element z of X such that x — z —, y.
Now we state the proposition:

(4) x —4 y if and only if there exists z such that x —, z — y. PROOF: If
x —4 y, then there exists z such that x —, z — y. Define Plelement of
X|] = there exists u such that $; — u —, y. For every y and z such that
y — z and P|[z] holds Ply|. For every y and z such that y —. z and P[z]
holds P[y] from StarBack. O

Let us consider X, x, and y. We introduce y <1 = as a synonym of x —q1 y
and y <, x as a synonym of z —, y and y < x as a synonym of z — y.
We say that x < y if and only if
(Def. 5) (i) = — y, or
(il)) x < y.
One can check that the predicate is symmetric.
Now we state the proposition:
(5) x < y if and only if (z, y) € (the reduction of X) U (the reduction of
X)~.
Let us consider X, x, and y. We say that x <1 y if and only if
(Def. 6) (i) =y, or
(i) z < y.
Observe that the predicate is reflexive and symmetric. We say that x <, y if
and only if
(Def. 7) x and y are convertible w.r.t. the reduction of X.

One can check that the predicate is reflexive and symmetric.
Now we state the propositions:

(6) If z < y, then z <, y.
(7) If x>, y <oy 2, then <, 2.
The scheme Star2 deals with an ARS X and a unary predicate P and states
that

(Sch. 5) For every elements z, y of X such that z <, y and P[z] holds P[y]
provided

e for every elements x, y of X such that x < y and P[z] holds P[y].

The scheme Star2A deals with an ARS X and a unary predicate P and
elements a, b of X and states that

(Sch. 6) P[b]



40 GRZEGORZ BANCEREK

provided

e a <, band

e Pla] and

o for every elements x, y of X such that x < y and P[z| holds P[y].

Let us consider X, x, and y. We say that x <, y if and only if
(Def. 8) There exists z such that z < z <, y.

One can check that the predicate is symmetric.
Now we state the propositions:

(8
9

) x <, y if and only if there exists z such that x <, z < v.
)

(10) If x —4 y, then z —, y. The theorem is a consequence of (2) and (3).
)
)

If x —01 y, then z —, y.

(11
(12

If x — gy, then x —4 y.
If x - y — z, then x —, z. The theorem is a consequence of (2) and

(3)-

(13) If  — y —01 2, then x —, z. The theorem is a consequence of (2), (9),
and (3).

(14) If x — y —« z, then x —, z. The theorem is a consequence of (2) and
(3)-

(15) If 2 — y —4 z, then x —, z. The theorem is a consequence of (2), (10),
and (3).

(16) If x —01 y — %, then x —, z. The theorem is a consequence of (9), (2),
and (3).

(17) If 2 —01 y —01 2, then  —, z. The theorem is a consequence of (9) and
(3)-

(18) If x —¢1 y —« 2, then x —, z. The theorem is a consequence of (9) and
(3)-

(19) If © —01 y —+ 2, then © —, 2. The theorem is a consequence of (9),
(10), and (3).

(20) If v —4 y — z, then z —, z. The theorem is a consequence of (2) and
(3)-

(21) If x —4 y —o1 2, then x —, z. The theorem is a consequence of (9) and
(3)-

(22) If z —4 y —4 2, then © —, z. The theorem is a consequence of (10) and
(3)-

(23) If x —4 y — z, then x —, 2. The theorem is a consequence of (10), (2),

and (3).
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(24) If x —4 y —01 2, then © —, z. The theorem is a consequence of (10),
(9), and (3).
25) If x -4 y —4 2z, then x —, 2. The theorem is a consequence of (10
+ +

and (3).

(26) If x —»y— 2z, then z — 2.

(27) If x — y —01 2, then x — 2.

(28) Ifx —y —4 z, then z —4 z.

(29) Ifz —01y — 2, then x —4 2.

(30) Ifx —01 y —4+ 2, then z — z. The theorem is a consequence of (4) and

(18).
31) Ifz —,y —4 2z, then £ — z. The theorem is a consequence of (4) and
+ +
(3).

Ifxr—4y— 2z then x — 2.

w W
W N

Ifx —4 y—01 2, then x —4 2.

w W
[SLE
S N e e N S N N

Ifx—4 y—sz then x —, 2.
Ifx—yy—q 2 thenx -4 2.

If x <01 y, then z <, ¥.

37) If z <4 y, then x <, y. The theorem is a consequence of (6) and (7).
38) Ifx <<y, then x <, y.
39) If x < y < z, then & <, z. The theorem is a consequence of (6) and

N N /N /N /N /N /N A/
w
D

(7).

(40) If z <> y <01 2, then x <, z. The theorem is a consequence of (6), (36),
and (7).

(41) If 2 <01 y < 2, then z <, 2.

(42) If x <> y <>, z, then x <, z. The theorem is a consequence of (6) and
(7).

(43) If z <>, y <> z, then & <, 2.

(44) If x < y <4 2z, then o <, z. The theorem is a consequence of (6), (37),
and (7).

(45) If x <4 y <> 2z, then z —, z.

(46) 1If x <01 y <01 2, then x <, z. The theorem is a consequence of (36)
and (7).

(47) If ¢ <01 y <« 2, then x <, z. The theorem is a consequence of (36)
and (7).

(48) If x <>, y <01 2, then z <, 2.

(49) If x <01 y <+ 2, then z <, z. The theorem is a consequence of (36),
(37), and (7).

(50) If z >4 y <01 2, then = «, 2.

41
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(51) If z <, y <4 2z, then x <, z. The theorem is a consequence of (37)

and (7).

(52) If z <4 y <4 z, then & <, z. The theorem is a consequence of (37)
and (7).

(53) If z < y < 2z, then x <, 2.

(54) If x <> y <01 2, then x — 2.

(55) If z < y <4 z, then z < z.

(56) If z <501 y <>y 2, then x < z. The theorem is a consequence of (8) and
(47).

(57) If x <, y <4 z, then © < z. The theorem is a consequence of (8)
and (7).

(58) If x >4 y < z, then z 4 2.

(59) If x «<>p1y, thenx «—yorz =y or x — y.

(60) Ifz«—yorax=yorax—y, then x < y.

(61) If x <01 y, then x <1 y or x — y.

(62) If x <1 y or z — y, then z <> y.

Let us assume that x <1 y. Now we state the propositions:
(63) (i) & <1y, or
(ii) = —4 .
(64) (i) x <01 ¥, or
(il) z < y.
Now we state the propositions:
(65) If x «—g1 y or x < y, then z <1 y.
(66) If z <,y — z, then z < 2.
(67) If x <4 y — z, then x < z. The theorem is a consequence of (37).
Let us assume that x <»g; y. Now we state the propositions:
(68) (i) x <01y, or
(ii)) z — y.
(69) (i) & <1y, or
(i) 2 =4 y.
Now we state the propositions:
If x <1 y or x — y, then z <1 ¥.

If x <1 y or x < gy, then x <1 ¥.

If x <4 y — 2, then z <> 2. The theorem is a consequence of (37).

)
)
72) If x <01 y, then z <1 y or = < y.
)
) Ifx<—,y— z then z <4 2.

)

If x <501 y — 2, then x <4 z. The theorem is a consequence of (36).
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(76) If x <4 y —01 2, then x <> z. The theorem is a consequence of (70)
and (56).

(77) If ¢ < y —01 2, then z <4 z. The theorem is a consequence of (70),
(38), and (56).

(78) If x —» y — z — u, then x — w.

(79) If x — y —01 2 — u, then z — u.

(80) If x — y —4 z — u, then z — w.

(81) Ifz — y —4+ z — u, then  — u. The theorem is a consequence of (15)

and (4).

(82) If x —. y, then z <, y. PROOF: Define Plelement of X| = z <, $;. For
every y and z such that y — z and P[y] holds P[z]. Ply| from Starl. O

(83) Suppose for every = and y such that x — z and z — y holds y — z. If
x — z and ¢ —, y, then y — z. PROOF: Define P[element of X| =$; — z.
For every w and v such that u —, v and P[u] holds P[v] from Star. O

(84) 1If for every x and y such that z — y holds y — x, then for every z
and y such that x <, y holds x —, y. PROOF: Define P[element of X] =
x —4 $1. For every u and v such that u < v and P[u| holds P[v]. For
every u and v such that u <, v and P[u] holds P[v] from Star2. O

(85) If z —, y, then z = y or z —4 y. PROOF: Define Plelement of X| =
x =8 or x —4 $;. For every y and z such that y — z and P[y| holds
P[z]. Ply] from Stari. O

(86) If for every z, y, and z such that z — y — 2z holds  — z, then for every
x and y such that ¢ —; y holds x — y. PROOF: Consider z such that
x — z and z —, y. Define Plelement of X| = z — $;. P[y] from Stari. O

2. EXAMPLES OF AN ABSTRACT REDUCTION SYSTEM

The scheme ARSex deals with a non empty set A and a binary predicate R
and states that

(Sch. 7) There exists a strict non empty ARS X such that the carrier of X = A
and for every elements z, y of X, x — y iff Rz, y].

The functors: ARSp; and ARSge yielding strict ARS’s are defined by condi-

tions,
(Def. 9) (i) the carrier of ARSp; = {0,1}, and
(ii) the reduction of ARSy; = {0} x {0, 1},
(Def. 10) (i) the carrier of ARSp2 = {0,1,2}, and

(ii) the reduction of ARSp2 = {0} x {0, 1,2},
respectively. One can check that ARSg; is non empty and ARSgz is non empty.
From now on 14, j, k denote elements of ARSq;.
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Now we state the propositions:
(87) Let us consider a set s. Then s is an element of ARSy; if and only if
s=0ors=1.
(88) i — j if and only if i = 0. The theorem is a consequence of (87).

In the sequel [, m, n denote elements of ARSgs.
Now we state the propositions:
(89) Let us consider a set s. Then s is an element of ARSye if and only if
s=0ors=1o0rs=2.

(90) m — n if and only if m = 0. The theorem is a consequence of (89).

3. NORMAL FORMS

Let us consider X and x. We say that z is a normal form if and only if
(Def. 11) There exists no y such that x — y.
Now we state the proposition:

(91) =z is a normal form if and only if x is a normal form w.r.t. the reduction
of X. ProoOF: If z is a normal form, then x is a normal form w.r.t. the
reduction of X by [13 (87)]. O

Let us consider X, z, and y. We say that = is a normal form of y if and
only if
(Def. 12) (i) « is a normal form, and
(i) y —x .
Now we state the proposition:

(92) =z is a normal form of y if and only if z is a normal form of y w.r.t. the
reduction of X. The theorem is a consequence of (91).

Let us consider X and x. We say that = is normalizable if and only if
(Def. 13) There exists y such that y is a normal form of x.
Now we state the proposition:

(93) =z is normalizable if and only if z has a normal form w.r.t. the reduction
of X. The theorem is a consequence of (92).

Let us consider X. We say that X is WN if and only if
(Def. 14) z is normalizable.
We say that X is SN if and only if

(Def. 15) Let us consider a function f from N into the carrier of X. Then there
exists a natural number i such that f(i) /4 f(i +1).

We say that X is UN* if and only if
(Def. 16) If y is a normal form of z and z is a normal form of z, then y = z.
We say that X is UN if and only if
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(Def. 17) 1If z is a normal form and y is a normal form and x <, y, then z = y.
We say that X is NF if and only if
(Def. 18) If z is a normal form and x <, y, then y —, x.
Now we state the propositions:
(94) X is WN if and only if the reduction of X is weakly-normalizing. The
theorem is a consequence of (93).
(95) If X is SN, then the reduction of X is strongly-normalizing.

(96) If X is not empty and the reduction of X is strongly-normalizing, then
X is SN.

From now on A denotes a set.

Now we state the proposition:

(97) X is SN if and only if there exists no A and there exists z such that
z € A and for every x such that x € A there exists y such that y € A and
T —y.
The scheme notSN deals with an ARS X and a unary predicate P and states
that
(Sch. 8) X is not SN

provided
e there exists an element x of X such that P[z] and

e for every element = of X’ such that P[x] there exists an element y of X
such that Ply] and z — v.

Now we state the propositions:

(98) X is UN if and only if the reduction of X has unique normal form
property. PROOF: Set R = the reduction of X. If X is UN, then R has
unique normal form property by (91), [6, (28), (31)]. = is a normal form
w.r.t. R and y is a normal form w.r.t. R and x and y are convertible w.r.t.
R. O

(99) X is NF if and only if the reduction of X has normal form property.
PROOF: Set R = the reduction of X. If X is NF, then R has normal form
property by (91), [6], (28), (31), (12)]. O

Let us consider X and . Assume there exists y such that y is a normal form
of x and for every y and z such that y is a normal form of z and z is a normal
form of x holds y = z. The functor nf z yielding an element of X is defined by

(Def. 19) it is a normal form of z.
Now we state the propositions:

(100) Suppose there exists y such that y is a normal form of x and for every y
and z such that y is a normal form of x and z is a normal form of z holds
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y = z. Then nf z = nf,(x), where « is the reduction of X. The theorem
is a consequence of (92).

(101) If x is a normal form and = —, ¥y, then x = y. The theorem is a conse-
quence of (85).

_
o
[\

If z is a normal form, then = is a normal form of x.

—
o
w

If x is a normal form and y — x, then z is a normal form of y.

—_
o
=

If  is a normal form and y —q; z, then z is a normal form of y.

—_
o
(@)

—_— Y — Y — D —

If x is a normal form and y — «, then z is a normal form of y.

—_
)
D

If z is a normal form of y and y is a normal form of z, then x = y.

—
[e)
BN |

If x is a normal form of y and z — y, then z is a normal form of z.

—_
o
oo

If x is a normal form of y and z —, y, then x is a normal form of z.

e N N N e T e N
—_
o
Ne)

If x is a normal form of y and z —, «, then x is a normal form of z.
Let us consider X. One can check that every element of X which is a normal
form is also normalizable.
Now we state the propositions:

(110) If x is normalizable and y — z, then y is normalizable.
(111) X is WN if and only if for every x, there exists y such that y is a normal
form of x.
(112) If for every =z, = is a normal form, then X is WN. The theorem is a
consequence of (102).
One can verify that every ARS which is SN is also WN.
Now we state the propositions:

(113) If x # y and for every a and b, a — b iff a = x, then y is a normal form
and x is normalizable. The theorem is a consequence of (2).

(114) There exists X such that
(i) X is WN, and
(ii) X is not SN.

PROOF: Define R]set,set] = $; = 0. Consider X being a strict non empty
ARS such that the carrier of X = {0, 1} and for every elements z, y of X,
x — y iff Rz, y] from ARSex. X is WN. O
One can verify that every ARS which is NF is also UN* and every ARS
which is NF is also UN and every ARS which is UN is also UN*.
Now we state the proposition:

(115) If X is WN and UN* and z is a normal form and = < y, then y —, .
PROOF: Define Plelement of X] = $; —. z. For every y and z such that

y < z and Py holds P|z]. For every y and z such that y <, z and P[y]
holds P[z] from Star2. O
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Observe that every ARS which is WN and UN* is also NF and every ARS
which is WN and UN* is also UN.
Now we state the propositions:

(116) If y is a normal form of = and z is a normal form of x and y # z, then
x —4 y. The theorem is a consequence of (85) and (101).

(117) If X is WN and UN*, then nf z is a normal form of z.
(118) If X is WN and UN* and y is a normal form of z, then y = nf .
Let us assume that X is WN and UN*. Now we state the propositions:
(119) nfx is a normal form. The theorem is a consequence of (117).
(120) nfnfz = nfz. The theorem is a consequence of (119), (102), and (118).
Now we state the propositions:

(121) If X is WN and UN* and = —, y, then nf x = nfy. The theorem is a
consequence of (117), (108), and (118).

(122) If X is WN and UN* and z <, y, then nfx = nfy. PROOF: Define
Plelement of X| = nfx = nf$;. For every z and u such that z < u and
P|[z] holds P[u]. Ply] from Star2A. O

(123) If X is WN and UN* and nf x = nfy, then x <, y. The theorem is a
consequence of (117), (82), and (7).

4. DIVERGENCE AND CONVERGENCE

Let us consider X, x, and y. We say that z /*\ y if and only if

(Def. 20) There exists z such that z «—, z —, y.

Observe that the predicate is symmetric and reflexive. We say that x \ . y if
and only if

(Def. 21) There exists z such that z —, z <+, v.

One can check that the predicate is symmetric and reflexive. We say that
z /O, vy if and only if

(Def. 22) There exists z such that z «—g; 2 —01 y.

Observe that the predicate is symmetric and reflexive. We say that = \ o1, ¥
if and only if

(Def. 23) There exists z such that © —¢1 z <01 ¥.

One can check that the predicate is symmetric and reflexive.
Now we state the propositions:

(124) =z *\, v if and only if x and y are divergent w.r.t. the reduction of X.
(125) x N\« v if and only if  and y are convergent w.r.t. the reduction of X.

(126) z O\, y if and only if # and y are divergent at most in 1 step w.r.t.
the reduction of X.
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(127) = N1, vy if and only if z and y are convergent at most in 1 step w.r.t.
the reduction of X.

Let us consider X. We say that X is DIAMOND if and only if

(Def. 24) If 2 ,/OV\, 5, then  \,01,/ ¥.
We say that X is CONF if and only if

(Def. 25) If z /*\, vy, then z \ ./ y.
We say that X is CR if and only if
(Def. 26) If z <>, y, then x \,x,/ .
We say that X is WCR if and only if
(Def. 27) If 2 /OU\, 5, then z \...,/ v.
We say that X is COMP if and only if
(Def. 28) X is SN and CONF.

The scheme isCR deals with a non empty ARS X and a unary functor F
yielding an element of X and states that

(Sch.9) X is CR
provided

e for every element = of X, z —, F(z) and
o for every elements z, y of X such that x <, y holds F(z) = F(y).

The scheme isCOMP deals with a non empty ARS X and a unary functor
F yielding an element of X and states that

(Sch. 10) X is COMP
provided

e X is SN and
e for every element x of X', x —, F(x) and
e for every elements z, y of X’ such that z <, y holds F(z) = F(y).

Now we state the propositions:
(128) If x O\, v, then 2 ,/*\, y. The theorem is a consequence of (9).
(129) If x N1/ ¥y, then = N\, y. The theorem is a consequence of (9).
Let us assume that x — y. Now we state the propositions:
(130) = /"N y.
(131) 2 N1/ ¥
Let us assume that x —¢; y. Now we state the propositions:
(132) = /%N y.
(133) = N1/ ¥

Let us assume that x < y. Now we state the propositions:



ABSTRACT REDUCTION SYSTEMS AND IDEA OF KNUTH-BENDIX ... 49

(134) z /N, v.
(135) = N0/ y-

Let us assume that x <1 y. Now we state the propositions:
(136) z ,/""\,y. The theorem is a consequence of (59).
(137) x N1, y- The theorem is a consequence of (59).

Now we state the proposition:
(138) If x — y, then & N\ .

Let us assume that x —, y. Now we state the propositions:
(139) @\ v.
(140) = .\ .

Let us assume that x — y. Now we state the propositions:
(141) = N\ y. The theorem is a consequence of (10).
(142) x ,*\, y. The theorem is a consequence of (10).

Now we state the propositions:
(143) If x — y and  — z, then y O\ 2.
(144) If x — y and z — y, then & \ 01,/ 2.
(145) If x \/ z < y, then = " y. The theorem is a consequence of (14).
(146)

146) If x N\, 2z <01 ¥, then  \ 4, y. The theorem is a consequence of

(18).
(147) If x N/ 2 < y, then z N\« y. The theorem is a consequence of (3).
(148) Ifz "\, vy, then x <>, y. The theorem is a consequence of (82) and (7).
(149) If 2 N/ vy, then & <, y. The theorem is a consequence of (82) and (7).

5. CHURCH-ROSSER PROPERTY

Now we state the propositions:

(150) X is DIAMOND if and only if the reduction of X is subcommutati-
ve. PROOF: Set R = the reduction of X. If X is DIAMOND, then R is
subcommutative by [23, (15)], (127). O

(151) X is CONF if and only if the reduction of X is confluent. PROOF: Set
R = the reduction of X. If X is CONF, then R is confluent by [6, (37),
(32)], (124), (125). = and y are divergent w.r.t. R. [J

(152) X is CR if and only if the reduction of X has Church-Rosser property.
PROOF: Set R = the reduction of X. If X is CR, then R has Church-Rosser
property by [6, (32)], (125), [6, (38)]. O

(153) X is WCR if and only if the reduction of X is locally-confluent. PROOF:
Set R = the reduction of X. If X is WCR, then R is locally-confluent by
23, (15)], (125). O
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(154) Let us consider a non empty ARS X. Then X is COMP if and only if
the reduction of X is complete. The theorem is a consequence of (151),
(95), and (96).

(155) If X is DIAMOND and = <, z —01 ¥y, then there exists u such that
T —01 U <4 y. PROOF: Define Plelement of X]| = there exists u such that
$1 —o01 u < y. For every u and v such that u — v and P[u] holds P[v].
For every u and v such that u —, v and Plu] holds P[v] from Star. O

(156) If X is DIAMOND and = <1 y —« 2z, then there exists u such that
& —4 u <01 2. The theorem is a consequence of (155).

One can verify that every ARS which is DTAMOND is also CONF and every
ARS which is DIAMOND is also CR and every ARS which is CR is also WCR
and every ARS which is CR is also CONF and every ARS which is CONF is
also CR.

Now we state the proposition:

(157) If X is non CONF and WN, then there exists = and there exists y and
there exists z such that y is a normal form of x and z is a normal form of
x and y # z. The theorem is a consequence of (108).

NEWMAN LEMMA: Every ARS which is SN and WCR is also CR and every
ARS which is CR is also NF and every ARS which is WN and UN is also CR
and every ARS which is SN and CR is also COMP and every ARS which is
COMP is also CR WCR NF UN UN* and WN.

Now we state the proposition:

(158) If X is COMP, then for every x and y such that z <>, y holds nf z = nf y.

Observe that every ARS which is WN and UN* is also CR and every ARS
which is SN and UN* is also COMP.

6. TERM REWRITING SYSTEMS

We consider TRS structures which extend ARS’s and universal algebra struc-
tures and are systems

(a carrier, a characteristic, a reduction)

where the carrier is a set, the characteristic is a finite sequence of operational
functions of the carrier, the reduction is a binary relation on the carrier.

One can verify that there exists a TRS structure which is non empty, non-
empty, and strict.

Let S be a non empty universal algebra structure. We say that .S is group-like
if and only if

(Def. 29) (i) Seg3 C dom(the characteristic of ), and
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(ii) for every non empty homogeneous partial function f from (the carrier

of S)* to the carrier of S, if f = (the characteristic of S)(1), then
arity f = 0 and if f = (the characteristic of S)(2), then arity f = 1
and if f = (the characteristic of S)(3), then arity f = 2.

Now we state the propositions:
(159) Let us consider a non empty set X and non empty homogeneous partial
functions f1, fo, f3 from X* to X. Suppose
(i) arity fi =0, and
(ii) arity f =1, and
(iii) arity f3 = 2.
Let us consider a non empty universal algebra structure S. Suppose
(iv) the carrier of § = X, and
(v) (f1, f2, f3) C the characteristic of S.

Then S is group-like.

(160) Let us consider a non empty set X, non empty quasi total homogeneous
partial functions f1, fs, f3 from X* to X, and a non empty universal
algebra structure S. Suppose

(i) the carrier of S = X, and
(i1) (f1, fo, f3) = the characteristic of S.

Then S is quasi total and partial. PROOF: S is quasi total by [7), (89)], [19)
(D], [7, (45)]. O
Let S be a non empty non-empty universal algebra structure, o be an ope-
ration of S, and a be an element of domo. Let us note that the functor o(a)
yields an element of S. One can check that every operation of S is non empty.
Note that every element of dom o is relation-like and function-like.
Let S be a partial non empty non-empty universal algebra structure. Let us
observe that every operation of .S is homogeneous.
Let S be a quasi total non empty non-empty universal algebra structure.
One can check that every operation of S is quasi total.
Now we state the propositions:

(161) Let us consider a non empty non-empty universal algebra structure S.
Suppose S is group-like. Then

(i) 1 is an operation symbol of S, and
(ii) 2 is an operation symbol of S, and
(iii) 3 is an operation symbol of S.

(162) Let us consider a partial non empty non-empty universal algebra struc-
ture S. Suppose S is group-like. Then
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(i) arity Den(1(€ dom(the characteristic of S)),.S) = 0, and
(ii) arity Den(2(€ dom(the characteristic of S)),.S) = 1, and
(iii) arity Den(3(€ dom(the characteristic of S5)),S) = 2.
The theorem is a consequence of (161).
Let S be a non empty non-empty TRS structure. We say that S is invariant
if and only if
(Def. 30) Let us consider an operation symbol o of S, elements a, b of dom Den(o,
S), and a natural number i. Suppose i € dom a. Let us consider elements
x, y of S. Suppose
(i) x = a(i), and
(ii) b=a+-(i,y), and
(iii)  — y.
Then (Den(o, S))(a) — (Den(o, S))(b).
We say that S is compatible if and only if
(Def. 31) Let us consider an operation symbol o of S and elements a, b of dom Den(o,
S). Suppose a natural number i. Suppose ¢ € doma. Let us consider ele-
ments z, y of S. If x = a(i) and y = b(i), then x — y. Then (Den(o,
S5))(a) =+ (Den(o, 5))(b).
Now we state the proposition:

(163) Let us consider a natural number n, a non empty set X, and an element
x of X. Then there exists a non empty homogeneous quasi total partial
function f from X* to X such that

(i) arity f =n, and
(i) f=X"+— .
PROOF: Set f = X" —— . f is quasi total by [0, (132), (133)]. f is
homogeneous by [9, (132)]. O
Let X be a non empty set, O be a finite sequence of operational functions
of X, and r be a binary relation on X. Observe that (X, O,r) is non empty.
Let O be a non empty non-empty finite sequence of operational functions of
X. Let us note that (X, O, ) is non-empty.
Let x be an element of X . The functor Total TRS(X, z) yielding a non empty
non-empty strict TRS structure is defined by
(Def. 32) (i) the carrier of it = X, and
(ii) the characteristic of it = (X" +—— 2, X! — 2, X2 +— 1), and
(iii) the reduction of it = Vx.
One can verify that TotalTRS(X,x) is quasi total partial group-like and

invariant and there exists a non empty non-empty TRS structure which is strict,
quasi total, partial, group-like, and invariant.
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Let S be a group-like quasi total partial non empty non-empty TRS struc-
ture. The functor 1g yielding an element of S is defined by the term

(Def. 33) (Den(1(€ dom(the characteristic of S)),S))(0).

Let a be an element of S. The functor a~! yielding an element of S is defined
by the term

(Def. 34) (Den(2(€ dom(the characteristic of 5)),.5))((a)).

Let b be an element of S. The functor a - b yielding an element of S is defined
by the term

(Def. 35) (Den(3(e dom(the characteristic of S)),.S))({a,b)).

In the sequel S denotes a group-like quasi total partial invariant non empty
non-empty TRS structure and a, b, ¢ denote elements of S.
Let us assume that a — b. Now we state the propositions:

(164) a~! — b~l. The theorem is a consequence of (162).
(165) a-c— b-c. The theorem is a consequence of (162).

(166) c¢-a — c-b. The theorem is a consequence of (162).

7. IDEA OoF KNUTH-BENDIX ALGORITHM

In the sequel S denotes a group-like quasi total partial non empty non-empty
TRS structure and a, b, ¢ denote elements of S.
Let us consider S. We say that S is (R1) if and only if

(Def. 36) 1s-a — a.

We say that S is (R2) if and only if
(Def. 37) a ! a— 1g.

We say that S is (R3) if and only if
(Def. 38) (a-b)-c—a-(b-c).

We say that S is (R4) if and only if
(Def. 39) a=!:(a-b) —b.

We say that S is (R5) if and only if
(Def. 40) (15)™!-a — a.

We say that S is (R6) if and only if
(Def. 41) (a71)7!- 15 — a.

We say that S is (R7) if and only if
(Def. 42) (a™)"'-b—a-b.

We say that S is (R8) if and only if
(Def. 43) a-1g — a.

We say that S is (R9) if and only if
(Def. 44) (a71)~! — a.
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We say that S is (R10) if and only if

(Def. 45) (15)_1 — 1g.

We say that S is (R11) if and only if

(Def. 46) a-a~! — 1g.

We say that S is (R12) if and only if

(Def. 47) a-(at-b) —b.

We say that S is (R13) if and only if

(Def. 48) a-(b-(a-b)71) — 1s.

We say that S is (R14) if and only if

(Def. 49) a-(b-a)™t — b1

We say that S is (R15) if and only if

(Def. 50) (a-b)~! —b7t.a L

In the sequel S denotes a group-like quasi total partial invariant non empty
non-empty TRS structure and a, b, ¢ denote elements of S.
Now we state the propositions:
(167) If S is (R1), (R2), and (R3), then a=! - (a-b) ,/*\, b. The theorem is a
consequence of (2), (165), and (3).
(168) If Sis (R1) and (R4), then (15)~!-a ,/*\, a. The theorem is a conse-
quence of (2) and (166).
(169) If S is (R2) and (R4), then (a=!)~!.1g ,*\, a. The theorem is a
consequence of (2) and (166).
(170) If Sis (R1), (R3), and (R6), then (a=*)~'-b /*N\, a-b. The theorem is
a consequence of (2), (166), (3), and (165).
(171) 1If S'is (R6) and (R7), then a-1g ,/*N, a. The theorem is a consequence

of (2).

(172) If S is (R6) and (R8), then (a=1)~! *\_ a. The theorem is a consequ-
ence of (2).

(173) If S is (R5) and (R8), then (15)~! ,/*\, 1g. The theorem is a consequ-
ence of (2).

(174) If Sis (R2) and (R9), then a-a=' /*\, 1g. The theorem is a consequence
of (2) and (165).

(175) If Sis (R1), (R3), and (R11), then a - (a~!-b) ,/*\, b. The theorem is
a consequence of (2), (165), and (12).

(176) If S is (R3) and (R11), then a- (b- (a-b)~!) /*\, 15. The theorem is a
consequence of (2).

(177) If S is (R4), (R8), and (R13), then a- (b-a)~! ,/*\,b~!. The theorem
is a consequence of (2), (166), and (12).
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(178) If S is (R4) and (R14), then (a-b)~! /*\,b~!-a~!. The theorem is a
consequence of (2) and (166).

(179) If Sis (R1) and (R10), then (15)~!-a —. a. The theorem is a consequence
of (165) and (12).

(180) If S is (R8) and (R9), then (a=!)~!-1g —, a. The theorem is a conse-
quence of (12).

(181) If S is (R9), then (a1)~!-b —, a-b. The theorem is a consequence of
(2) and (165).

(182) If Sis (R11) and (R14), then a- (b- (a-b)~!) —, 1g. The theorem is a
consequence of (166) and (12).

(183) If S is (R12) and (R15), then a - (b-a)~' —, b~'. The theorem is a
consequence of (166) and (12).
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Summary. In this paper the author constructs several properties for do-
uble series and its convergence. The notions of convergence of double sequence
have already been introduced in our previous paper [1§]. In section 1 we introdu-
ce double series and their convergence. Then we show the relationship between
Pringsheim-type convergence and iterated convergence. In section 2 we study do-
uble series having non-negative terms. As a result, we have equality of three type
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1. DOUBLE SERIES AND THEIR CONVERGENCE

From now on R;, Ry, R3 denote functions from N x N into R.
Let f be a function from N x N into R. Let us note that f is non-negative
yielding if and only if the condition (Def. 1) is satisfied.

(Def. 1) Let us consider natural numbers i, j. Then f(i,5) > 0.
Now we state the propositions:

(1) Suppose R; is non-decreasing. Then
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(i) for every element m of N, curry(Ry, m) is non-decreasing, and
(ii) for every element n of N, curry’(Ry,n) is non-decreasing.
(2) If R; is non-decreasing and convergent in the first coordinate, then the
lim in the first coordinate of R; is non-decreasing.

(3) If Ry is non-decreasing and convergent in the second coordinate, then
the lim in the second coordinate of R; is non-decreasing.

(4) If Ry is non-decreasing and p-convergent, then for every natural numbers
n, m, Ry(n,m) < P-lim R;.
(5) (i) dom(R2 4+ R3) = N x N, and

(ii) dOm(Rz — Rg) =N x N, and

(iii) for every natural numbers n, m, (Ry + R3)(n,m) = Ra(n,m) +
R3(n,m), and

(iv) for every natural numbers n, m, (Ry — R3)(n,m) = Ra(n,m) —
Rs(n,m).

(6) Let us consider non empty sets C, D, E and a function f from C x D
into E. Then there exists a function g from D x C into F such that for
every element d of D for every element ¢ of C, g(d,c) = f(c,d). PROOF:
Define F(element of D,element of C') = f($2,%1). Consider I being a
function from D x C into E such that for every element d of D and for
every element c of C, I(d,c) = F(d,c) from [5, Sch. 2]. O

Let C, D, E be non empty sets and f be a function from C x D into E. The
functor fT yielding a function from D x C into E is defined by

(Def. 2) Let us consider an element d of D and an element ¢ of C. Then it(d, c) =
fle.d).
Now we state the proposition:

(7) Let us consider non empty sets C, D, E and a function f from C x D
into E. Then f = (fM)7T.
The scheme RecFEx2D1 deals with a non empty set C and a non empty set
D and a function H from C into D and a ternary functor F yielding an element
of D and states that

(Sch. 1) There exists a function g from C x N into D such that for every element
a of C, g(a,0) = H(a) and for every natural number n, g(a,n + 1) =
F(g(a,n),a,n).

The scheme RecEz2D1R deals with a non empty set C and a function H
from C into R and a ternary functor F yielding a real number and states that

(Sch. 2) There exists a function g from C x N into R such that for every element
a of C, g(a,0) = H(a) and for every natural number n, g(a,n + 1) =
F(g(a,n),a,n).
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The scheme RecFEx2D2 deals with a non empty set C and a non empty set
D and a function H from C into D and a ternary functor F yielding an element
of D and states that
(Sch. 3) There exists a function g from N x C into D such that for every element
a of C, g(0,a) = H(a) and for every natural number n, g(n + 1,a) =
F(g(n,a),a,n).
The scheme RecEx2D2R deals with a non empty set C and a function H
from C into R and a ternary functor F yielding a real number and states that
(Sch. 4) There exists a function g from N x C into R such that for every element
a of C, g(0,a) = H(a) and for every natural number n, g(n + 1,a) =
F(g(n,a),a,n).
Let Ry be a function from N x N into R. The partial sums in the second
coordinate of R; yielding a function from N x N into R is defined by

(Def. 3) Let us consider natural numbers n, m. Then
(i) 4t(n,0) = Ri(n,0), and
(i) t(n,m + 1) =it(n,m) + Ri(n,m + 1).
The partial sums in the first coordinate of R; yielding a function from N x
N into R is defined by
(Def. 4) Let us consider natural numbers n, m. Then
(i) it(0,m) = R1(0,m), and
(ii) it(n+1,m) = it(n,m) + Ri(n+1,m).
Now we state the propositions:

(8) (i) the partial sums in the second coordinate of Ra+ R3 = (the partial
sums in the second coordinate of Ry)+(the partial sums in the second
coordinate of R3), and

(ii) the partial sums in the first coordinate of Ry + Rs = (the partial
sums in the first coordinate of Rg) + (the partial sums in the first

coordinate of R3).
The theorem is a consequence of (5).

(9) Let us consider natural numbers n, m. Then

(i) (the partial sums in the second coordinate of R1)(n, m) = (the partial
sums in the first coordinate of RyT)(m,n), and

(ii) (the partial sums in the first coordinate of Ry)(n,m) = (the partial
sums in the second coordinate of RyT)(m,n).

(10) (i) the partial sums in the second coordinate of R; = (the partial
sums in the first coordinate of R;T)T, and

(ii) the partial sums in the second coordinate of RyT = (the partial sums
in the first coordinate of R;)", and
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(iii) (the partial sums in the second coordinate of R;)T = the partial
sums in the first coordinate of Ry T, and
(iv) (the partial sums in the second coordinate of R;™)T = the partial
sums in the first coordinate of Rj.
The theorem is a consequence of (9).
Let Ry be a function from N x N into R. The functor (3°5_j Ri(@))xen
yielding a function from N x N into R is defined by the term
(Def. 5) The partial sums in the second coordinate of the partial sums in the first
coordinate of Rj.
Now we state the propositions:

(11) Let us consider natural numbers n, m. Then
(i) Ch_gRi(a))ken(n + 1, m) = (the partial sums in the second
coordinate of Ry)(n+ 1,m) + (> h_g Ri1(@))ken(n, m), and

(ii) (the partial sums in the first coordinate of the partial sums in the
second coordinate of Ry)(n,m + 1) = (the partial sums in the first
coordinate of Ry)(n, m+1)+ (the partial sums in the first coordinate
of the partial sums in the second coordinate of R;)(n,m).

PROOF: Set Ry = (3 h_g Ri(a))ken. Set C5 = the partial sums in the

first coordinate of the partial sums in the second coordinate of Rj. Set
R5 = the partial sums in the first coordinate of R;. Set Cg = the partial

sums in the second coordinate of R;. Define P[natural number| = Ry(n +
1,$1) = Cs(n + 1,%1) + Ra(n,$1). For every natural number k such that
P[k] holds P[k + 1]. For every natural number k, P[k] from [3, Sch. 2].
Define Q[natural number| = C5($1, m+1) = R5($1, m+1)+C5($1, m). For
every natural number k such that Q[k| holds Q[k + 1]. For every natural
number k, Q[k| from [3, Sch. 2]. O

(12) (>h_o Ri(a))ken = the partial sums in the first coordinate of the partial
sums in the second coordinate of R;.

Let us consider natural numbers n, m. Now we state the propositions:

(13) Ri(n+1,m+1) = (XG0 Ri(a))ren(n +1,m + 1) = (G0 Ri(a))ren
(mom -+ 1) — (S5 By (@))wen(n + 1,m) + (5_g Ra () weri(n, m).

(14) Ri(n+1,m+1) = (the partial sums in the first coordinate of the partial
sums in the second coordinate of Ri)(n + 1,m + 1) — (the partial sums
in the first coordinate of the partial sums in the second coordinate of
R1)(n 4+ 1,m) — (the partial sums in the first coordinate of the partial
sums in the second coordinate of R1)(n,m+ 1)+ (the partial sums in the
first coordinate of the partial sums in the second coordinate of Ry)(n,m).

Now we state the propositions:
(15) If (3>°r_o Ri(a))ken is p-convergent, then R; is p-convergent and P-lim R;
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= 0. PROOF: For every real number e such that 0 < e there exists a natural
number N such that for every natural numbers n, m such that n > N and
m > N holds |Ri(n,m) — 0| < e by [3, (13), (20)], (13), [8, (57)]. O

(16)  (Xa=o(R2 + Rz)(a))wen = (Xa=o R2(a))wen + (a0 3(a))xen. The
theorem is a consequence of (8).

(17) Suppose (3>_5_y Ra(@))ken is p-convergent and (35 _ Rs(a))xen IS p-
convergent. Then (}5_(R2 + R3)(a))xen is p-convergent. The theorem
is a consequence of (16).

(18) Let us consider elements m, n of N. Then
(i) (the partial sums in the first coordinate of Ry)(m,n) =
(Xa=o(curry’(Ry, n))(a))sen(m), and
(ii) (the partial sums in the second coordinate of Ri)(m,n) =

(XCb=o(curry(Ry, m))(a))wen(n)-

PROOF: Define P[natural number| = (the partial sums in the first
coordinate of Ry)($1,n) = (35 _o(curry’(R1,n))())xen($1). For every na-
tural number k such that P[k] holds P[k+1]. For every natural number £,
P[k] from [3], Sch. 2]. Define Q[natural number] = (the partial sums in the
second coordinate of Ry)(m,$1) = (3 a—o(curry(Ry,m))())ren($1). For
every natural number k such that Q[k] holds Q[k + 1]. For every natural
number k, Q[k] from [3, Sch. 2]. O

(19) (i) curry((>-h_p Ri(@))ken, 0) = curry(the partial sums in the second
coordinate of Ry,0), and

(ii) curry’ (35 _o Ri(@))ken,0) = curry’(the partial sums in the first
coordinate of Ry, 0).
The theorem is a consequence of (12).

(20) Let us consider non empty sets C, D, functions Fy, F5 from C' x D into R,
and an element c of C'. Then curry(F; + Fy, ¢) = curry(F, ¢)+curry(Fa, ¢).

(21) Let us consider non empty sets C, D, functions Fj, Fy from C x D
into R, and an element d of D. Then curry’(Fy + F»,d) = curry’(Fy,d) +
curry’ (Fy, d).

(22) (>oh—o Ri())ren is convergent in the first coordinate if and only if the
partial sums in the first coordinate of R; is convergent in the first coordi-
nate. The theorem is a consequence of (19), (12), and (11).

(23) (3of_ Ri(a))ken is convergent in the second coordinate if and only if
the partial sums in the second coordinate of R; is convergent in the second
coordinate. The theorem is a consequence of (19), (12), and (11).

Let us consider a natural number k. Now we state the propositions:

(24) Suppose (> h_o Ri(a))ken is convergent in the first coordinate. Then
(the lim in the first coordinate of (3>°h_g Ri(a))ken)(k + 1) = (the lim
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in the first coordinate of (3-5_y Ri())ken)(k) + (the lim in the first
coordinate of the partial sums in the first coordinate of R;)(k + 1). The
theorem is a consequence of (22).

(25) Suppose (> -h_y Ri(a))xen is convergent in the second coordinate. Then
(the lim in the second coordinate of (> &_, Ri(@))xen)(k + 1) = (the lim
in the second coordinate of (3.5 _, Ri())xen)(k) + (the lim in the second
coordinate of the partial sums in the second coordinate of Ry)(k+1). The
theorem is a consequence of (23) and (12).

Now we state the propositions:

(26) Suppose (> h_y Ri(a))ken is convergent in the first coordinate. Then
the lim in the first coordinate of (3°5_o Ri(@))ken = (>_n—_o(the lim in the
first coordinate of the partial sums in the first coordinate of R;)(a))xen.
The theorem is a consequence of (19) and (24).

(27) Suppose (> -n_g Ri(a))xen is convergent in the second coordinate. Then
the lim in the second coordinate of (35 _g Ri(a))en = (>n_p(the lim
in the second coordinate of the partial sums in the second coordinate of
R1)())ken- The theorem is a consequence of (19) and (25).

2. DOUBLE SERIES OF NON-NEGATIVE DOUBLE SEQUENCE

Let us assume that R; is non-negative yielding. Now we state the proposi-
tions:

(28) (i) the partial sums in the second coordinate of R; is non-negative
yielding, and

(ii) the partial sums in the first coordinate of R; is non-negative yielding.

(29) (>F_y Ri(a))ken is non-decreasing. The theorem is a consequence of
(11) and (28).

(30) (>of_y Ri(a))ken is p-convergent if and only if (3°5 _ Ri(a))xen is lower
bounded and upper bounded. The theorem is a consequence of (29).

Let us consider natural numbers ¢, j. Now we state the propositions:
(31) Suppose for every natural numbers n, m, Ra(n,m) < Rz(n,m). Then

(i) (the partial sums in the first coordinate of Ry)(i,j) < (the partial
sums in the first coordinate of R3)(7,j), and

(ii) (the partial sums in the second coordinate of R2)(i,j) < (the partial
sums in the second coordinate of R3)(1, 7).

PROOF: Set R4 = the partial sums in the first coordinate of Rs. Set R =
the partial sums in the first coordinate of R3. Set C7 = the partial sums
in the second coordinate of Ry. Set Cy = the partial sums in the second
coordinate of R3. Define R[natural number] = R4($1,7) < R5(%1,7). For
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every natural number k such that R[k] holds R[k + 1]. For every natural
number k, R[k] from [3, Sch. 2]. Define C[natural number] = C(i,$1) <
C5(i,$1). For every natural number k such that C[k] holds C[k + 1]. For
every natural number k, C[k] from [3, Sch. 2]. O

(32) Suppose Ry is non-negative yielding and for every natural numbers n, m,
Ra(n,m) < Ry(n,m). Then (S5 Ra(a))een(i 1) < (g Ra(0)nen(i
j) PROOF: Set Ry = (Eg:o RQ(O&)),{@\]. Set Ry = (Eg:o Rg(a)),ieN. De-
fine P[natural number] = R4(i,$1) < R5(4,%1). P[0]. For every natural
number k such that P[k] holds P[k + 1]. For every natural number k, P[]
from [3, Sch. 2]. O

Now we state the propositions:

(33) Suppose R is non-negative yielding and for every natural numbers n,
m, Ro(n,m) < Rsz(n,m) and (>_h_ Rs(a))sen is p-convergent. Then
(>2F _o Ra(a))ken is p-convergent. The theorem is a consequence of (29)
and (32).

(34) Let us consider a sequence r; of real numbers and a natural number
m. Suppose r; is non-negative. Then r1(m) < (X h_o7ri(a))ken(m). PRO-
OF: Define P[natural number] = r1($1) < (3 6_71())ken($1). For every
natural number k such that P[k] holds P[k + 1] by [19, (34)]. For every
natural number k, P[k] from [3, Sch. 2]. O

Let us assume that R; is non-negative yielding. Now we state the proposi-
tions:

(35) Let us consider natural numbers m, n. Then

(i) Ri(m,n) < (the partial sums in the first coordinate of R;)(m,n),
and

(ii) Ri(m,n) < (the partial sums in the second coordinate of R;)(m,n).

The theorem is a consequence of (34) and (18).

(36) (i) for every natural numbers iy, i2, j such that i1 < i3 holds (the partial
sums in the first coordinate of Ry)(i1,j) < (the partial sums in the
first coordinate of Ry)(i2,j), and

(ii) for every natural numbers i, ji, jo such that j; < jo holds (the partial
sums in the second coordinate of R1)(i,71) < (the partial sums in
the second coordinate of Ry)(i, ja2).

(37) (i) for every natural numbers iy, iz, j such that i; < iz holds
(=0 Ra(a))ren(in, j) < (Za=o Ri(a))ren(iz, j),
(ii) for every natural numbers 4, ji, jo such that j; < j2 holds

(22:0 Rl(a))meN(i>j1) < ( g:O Rl(a))neN(ia]é)'
The theorem is a consequence of (36).

and

(38) Let us consider natural numbers i1, i, ji, jo. Suppose
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(i) ’il < ’iQ, and
(i) j1 < Jo.
Then (35 _g Ri(@))ken(i1,71) < (Ca—o Ri1(@))ken(i2, j2). The theorem is
a consequence of (37).
(39) Let us consider an element k of N. Then
(i) curry’(the partial sums in the first coordinate of Ry, k) is non-decre-
asing, and

(ii) curry(the partial sums in the second coordinate of Ri, k) is non-
decreasing, and

(iii) curry’(the partial sums in the first coordinate of Ry, k) is non-negative,
and

(iv) curry(the partial sums in the second coordinate of Rjp,k) is non-
negative, and

(v) curry’(the partial sums in the second coordinate of Rj,k) is non-
negative, and

(vi) curry(the partial sums in the first coordinate of R;, k) is non-negative.

The theorem is a consequence of (18) and (34).
Let us assume that R; is non-negative yielding and (3 h_o Ri(a))xen is p-
convergent. Now we state the propositions:

(40) (i) the partial sums in the first coordinate of R; is convergent in the
first coordinate, and

(ii) the partial sums in the second coordinate of R; is convergent in the
second coordinate.
The theorem is a consequence of (39), (18), (34), and (29).

(41) (32F_y Ri(a))ken is convergent in the first coordinate and convergent in
the second coordinate. The theorem is a consequence of (40), (22), and
(23).

(42) (i) the lim in the first coordinate of the partial sums in the first coor-

dinate of R; is summable, and

(ii) the lim in the second coordinate of the partial sums in the second
coordinate of Ry is summable.
The theorem is a consequence of (41), (26), and (27).
(43) (i) P-im(>°5_g Ri(@))keny = >_(the lim in the first coordinate of
the partial sums in the first coordinate of R;), and

(ii) P-im(>°5_g Ri(a))keny = Y (the lim in the second coordinate of
the partial sums in the second coordinate of R).
The theorem is a consequence of (41), (26), and (27).
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3. SUMMABILITY FOR REARRANGEMENTS OF NON-NEGATIVE REAL
SEQUENCE

Now we state the propositions:

(44) Let us consider sequences s1, sy of real numbers. Suppose
(i) s1 is non-negative, and
(ii) s; and sg are fiberwise equipotent.

Then s, is non-negative.

(45) Let us consider a non empty set X, a sequence s of X, and a natural
number n. Then dom Shift(s[Z,, 1) = Segn.

Let X be a non empty set, s be a sequence of X, and n be a natural number.
Note that Shift(s|Zy, 1) is finite sequence-like.
Now we state the propositions:

(46) Let us consider a non empty set X, a sequence s of X, and a natural
number n. Then Shift(s[Z,, 1) is a finite sequence of elements of X.

(47) Let us consider a non empty set X, a sequence s of X, and natural num-
bers n, m. Suppose m+1 € dom Shift(s[Zy,1). Then (Shift(s[Z,,1))(m+
1) = s(m).

(48) Let us consider a non empty set X and a sequence s of X. Then

(i) Shift(s[Zg,1) =0, and
(i) Shift(s[Zq,1) = (s(0)), and
(iii) Shift(s[Za,1) = (s(0),s(1)), and
(iv) for every natural number n, Shift(s[Z,11,1) = Shift(s[Z,, 1) (s(n)).
The theorem is a consequence of (45) and (47).

(49) Let us consider a sequence s of real numbers and a natural number n.
Then (3F_ s(@))ken(n) = Y Shift(s[Zy,41,1). PROOF: Define P[natural
number] = (3 h_g s(a))xen($1) = X Shift(sZg, 11,1). Shift(s[Zo41,1) =
(s(0)). For every natural number k such that P[k] holds P[k + 1] by (48),
[14, (74)]. For every natural number k, P[k] from [3, Sch. 2]. O

(50) Let us consider a non empty set X, sequences s1, so of X, and a natural
number n. Suppose s; and s are fiberwise equipotent. Then there exists
a natural number m and there exists a subset fy of Shift(s2[Z,, 1) such
that Shift(sy[Z,+1,1) and fo are fiberwise equipotent. PROOF: Consider
P being a permutation of dom s; such that sy = s9 - P. Define F(set) =
P($1) + 1. Define G[set] = $; is a natural number. {F (i), where i is a
natural number : i < n and G[i]} is finite from [6, Sch. 6]. Reconsider
D = {F(i), where i is a natural number : i < n and G[i]} as a finite set.
Set fo = {(j+1, s2(j)), where j is a natural number : j+ 1 € D}. Define
Globject, object] = there exists a natural number 7 such that $; = ¢+ 1
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and $5 = P(i) + 1. For every object x such that x € Seg(n + 1) the-
re exists an object y such that G[z,y] by [6, (1)], [3] (21)]. Consider G
being a function such that dom G = Seg(n + 1) and for every object x
such that € Seg(n + 1) holds G[z,G(x)] from [II, Sch. 2]. domG =
dom Shift(s1[Zyp+1,1). dom(fz - G) = dom Shift(sy [Zp41,1). For every ob-
ject x such that € dom Shift(s;[Z,+1,1) holds (Shift(s1[Z,+1,1))(x) =
(f2- G)(x) by (45), B (1), B, (21)], (47). O

(51) Let us consider a non empty set X, a finite sequence f; of elements of
X, and a subset f3 of fi. Then Seq f3 and f3 are fiberwise equipotent.

(52) Let us consider sequences s, sg of real numbers and a natural number
n. Suppose

(i) s1 and sg2 are fiberwise equipotent, and
(ii) s1 is non-negative.

Then there exists a natural number m such that (3 h_; s1(a))ken(n) <
(>o6_gs2(a))ken(m). The theorem is a consequence of (44), (50), (46),
(51), (47), (49), and (48).

(53) Let us consider sequences sj, sy of real numbers. Suppose
(i) s1 and sg are fiberwise equipotent, and
(ii) s; is non-negative and summable.
Then
(iii) s2 is summable, and

(iv) Ys1=> so.
The theorem is a consequence of (44) and (52).

4. BASIC RELATIONS BETWEEN DOUBLE SEQUENCES AND MATRICES

Now we state the propositions:

(54) Let us consider a non empty set D, a function R; from N x N into
D, and natural numbers n, m. Then there exists a matrix M over D of
dimension n+ 1xm+ 1 such that for every natural numbers 4, j such that
i < nand j < m holds Ri(i,j) = Mjy1+1. PROOF: Define P[natural
number, natural number, object] = there exist natural numbers i1, j; such
that i1 = $; — 1 and j; = $2 — 1 and $3 = Ry (i1,J1). Consider M being
a matrix over D of dimension n 4+ 1xm + 1 such that for every natural
numbers 4, j such that (i, j) € the indices of M holds P, j, M; ;]. O

(55) Let us consider natural numbers n, m, a function R; from N x N into
R, and a matrix M over R of dimension n 4+ 1xm + 1. Suppose natu-
ral numbers ¢, j. If i < n and j < m, then R;(i,j) = Mjt1,4+1. Then
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>k _o Ri(@))ken(n,m) = SumAll M. PROOF: For every natural number
i such that ¢ < n holds (the partial sums in the second coordinate of
Ry)(i,m) = (LineSum M)(i + 1) by [3, (11)], [6, (1), (59)], [26, (112)].
Define G[natural number] = if $; < n, then (the partial sums in the first
coordinate of the partial sums in the second coordinate of Ry)($1,m) =
> (LineSum M [($1 +1)). For every natural number k such that G[k| holds
Glk+1] by [3, (11)], [30L (20)], [6, (59)], [L0OL (21)]. For every natural number
k, G[k] from [3| Sch. 2]. O
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Summary. In this article, we deal with dual spaces and the Hahn-Banach
Theorem. At the first, we defined dual spaces of real linear spaces and proved
related basic properties. Next, we defined dual spaces of real normed spaces. We
formed the definitions based on dual spaces of real linear spaces. In addition,
we proved properties of the norm about elements of dual spaces. For the proof
we referred to descriptions in the article [2I]. Finally, applying theorems of the
second section, we proved the Hahn-Banach extension theorem in real normed
spaces. We have used extensively used [17].
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1. DUAL SPACES OF REAL LINEAR SPACES

From now on V' denotes a non empty real linear space.

Let X be a real linear space. The functor MultFRealx X yielding a function
from (the carrier of Ry) x (the carrier of X)) into the carrier of X is defined by
the term

(Def. 1) The external multiplication of X.
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Now we state the proposition:

(1) Let us consider a real linear space X . Then (the carrier of X, the addition
of X, the zero of X, MultFRealx X) is a vector space over Rp.

Let X be a real linear space. The functor RLSp2RVSp X yielding a vector
space over Rp is defined by the term

(Def. 2) (the carrier of X, the addition of X, the zero of X, MultFRealx X).

Let X be a vector space structure over Rr. The functor MultRealx X yielding
a function from R x (the carrier of X) into the carrier of X is defined by the
term

(Def. 3) The left multiplication of X.
Now we state the proposition:

(2) Let us consider a vector space X over Rp. Then (the carrier of X, the zero
of X, the addition of X, MultRealx X) is a real linear space.

Let X be a vector space over Rr. The functor RVSp2RLSp X yielding a real
linear space is defined by the term

(Def. 4) (the carrier of X, the zero of X, the addition of X, MultRealx X).
Now we state the propositions:

(3) Let us consider a real linear space X, elements v, w of X, and elements
v1, wy of RLSp2RVSp X. If v = v; and w = wy, then v +w = v1 + wy and
V—WwW =71 —wW.

(4) Let us consider a vector space X over Ry, elements v, w of X, and
elements v1, wy of RVSp2RLSp X. If v = v; and w = wy, then v +w =
v1 +wp and v —w = v — wy.

Let V be a non empty real linear space. The functor V yielding a strict non
empty real linear space is defined by

(Def. 5) There exists a non empty vector space X over Ry such that
(i) X = RLSp2RVSpV, and
(ii) it = RVSp2RLSp X .
Now we state the proposition:

(5) Let us consider an object z. Then z € the carrier of V' if and only if
is a linear functional in V.
Let V be a non empty real linear space. One can check that V is constituted
functions.
Let f be an element of V' and v be a vector of V. Note that the functor f(v)
yields an element of R. Now we state the propositions:

(6) Let us consider a non empty real linear space V and vectors f, g, h of V.
Then h = f + g if and only if for every vector x of V', h(z) = f(z) + g(z).
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(7) Let us consider a non empty real linear space V, vectors f, h of V, and
a real number a. Then h = a - f if and only if for every vector x of V,
h(z) =a- f(x).

(8) Let us consider a non empty real linear space V. Then Oy~ = (the carrier
of V) — 0.

(9) Let us consider a real linear space X. Then (the carrier of X) —— 0 is
a linear functional in X. PROOF: Set f = (the carrier of X) —— 0. f is
additive by [23], (7)]. f is homogeneous by [23], (7)]. O

Let X be a real linear space. The linear functionals of X yielding a subset
of R[(ghe carrier of X) is defined by

(Def. 6) Let us consider an object x. Then = € it if and only if x is a linear
functional in X.
Let X be a real normed space. One can verify that the linear functionals of
X is non empty.
Let X be a real linear space. One can verify that the linear functionals of X
is non empty and functional.
Let us consider a real linear space X. Now we state the propositions:

(10) The linear functionals of X is linearly closed. PROOF: Set W = the linear
functionals of X. For every vectors v, u of Rg such that v, u € the linear
functionals of X holds v + u € the linear functionals of X, where « is the
carrier of X by [7, (66)], [I8, (1)]. For every real number a and for every
vector v of Ry such that v € W holds a-v € W, where « is the carrier of
X by [7, (66)], [18, (4)]. O

(11) (the linear functionals of X, Zero(the linear functionals of X, Rg), Add
(the linear functionals of X, Rg), Mult(the linear functionals of X, Rf)) is
a subspace of R, where « is the carrier of X.

Let X be a real linear space. Note that (the linear functionals of X, Zero

(the linear functionals of X, ]R]ghe carrier of X)), Add(the linear functionals of

X, R[(Rthe carrier of X)), Mult(the linear functionals of X, R]ghe carrier of X))> is Abe-
lian add-associative right zeroed right complementable scalar distributive vector
distributive scalar associative and scalar unital.

The functor X yielding a strict real linear space is defined by the term

(Def. 7)  (the linear functionals of X, Zero(the linear functionals of X, Rg), Add
(the linear functionals of X, Rf), Mult(the linear functionals of X,Rg)),
where « is the carrier of X.

Observe that X is constituted functions.
Let f be an element of X and v be a vector of X. One can verify that the
functor f(v) yields an element of R. Now we state the propositions:
(12) Let us consider a real linear space X and vectors f, g, h of X. Then
h = f + g if and only if for every vector x of X, h(z) = f(z) + g(z). The



72 KEIKO NARITA, NOBORU ENDOU, AND YASUNARI SHIDAMA

theorem is a consequence of (10).

(13) Let us consider a real linear space X, vectors f, h of X, and a real
number a. Then h = a - f if and only if for every vector = of X, h(z) =
a - f(z). The theorem is a consequence of (10).

(14) Let us consider a real linear space X. Then O = (the carrier of X') —
0. The theorem is a consequence of (10).

2. DUAL SPACES OF REAL NORMED SPACES

In the sequel S denotes a sequence of real numbers, k, n, m, my denote
natural numbers, and g, h, r, * denote real numbers.
Let S be a sequence of real numbers and x be a real number. The functor
S — z yielding a sequence of real numbers is defined by
(Def. 8) it(n) = S(n) — x.
Now we state the proposition:
(15) If S is convergent, then S — z is convergent and lim(S — z) = lim S — .
Let X be a real normed space and I be a functional in X. We say that [ is
Lipschitzian if and only if
(Def. 9) There exists a real number K such that
(i) 0 < K, and
(ii) for every vector z of X, |I(z)| < K - ||z].
Now we state the proposition:
(16) Let us consider a real normed space X and a functional f in X. If for
every vector x of X, f(x) =0, then f is Lipschitzian.
Let X be a real normed space. One can check that there exists a linear
functional in X which is Lipschitzian.
The bounded linear functionals X yielding a subset of X is defined by
(Def. 10) Let us consider a set z. Then x € it if and only if x is a Lipschitzian
linear functional in X.
One can check that the bounded linear functionals X is non empty.
Let us consider a real normed space X. Now we state the propositions:
(17) The bounded linear functionals X is linearly closed. PROOF: Set W =
the bounded linear functionals X. For every vectors v, v of X such that
v, u € W holds v+u € W by [0, (56)], (12). For every real number a and
for every vector v of X such that v € W holds a-v € W by [5 (46), (65)],
(13). O
(18) (the bounded linear functionals X, Zero(the bounded linear functionals
X, X ), Add(the bounded linear functionals X, X ), Mult(the bounded linear
functionals X, X)) is a subspace of X.
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Let X be a real normed space. Let us observe that (the bounded linear
functionals X, Zero(the bounded linear functionals X, X ), Add(the bounded
linear functionals X, X ), Mult(the bounded linear functionals X, X)) is Abe-
lian add-associative right zeroed right complementable vector distributive scalar
distributive scalar associative and scalar unital.

The R-vector space of bounded linear functionals of X yielding a strict real
linear space is defined by the term

(Def. 11) (the bounded linear functionals X, Zero(the bounded linear functionals
X, X), Add(the bounded linear functionals X, X ), Mult(the bounded
linear functionals X, X)).
One can check that every element of the R-vector space of bounded linear
functionals of X is function-like and relation-like.
Let f be an element of the R-vector space of bounded linear functionals of
X and v be a vector of X. Note that the functor f(v) yields an element of R.
Now we state the propositions:

(19) Let us consider a real normed space X and vectors f, g, h of the R-vector
space of bounded linear functionals of X. Then h = f + ¢ if and only if for
every vector z of X, h(z) = f(x)+ g(x). The theorem is a consequence of
(17) and (12).

(20) Let us consider a real normed space X, vectors f, h of the R-vector space
of bounded linear functionals of X, and a real number a. Then h = a - f
if and only if for every vector x of X, h(x) = a - f(x). The theorem is a
consequence of (17) and (13).

(21) Let us consider a real normed space X. Then 0, = (the carrier of
X) = 0, where « is the R-vector space of bounded linear functionals of
X. The theorem is a consequence of (14) and (17).

Let X be a real normed space and f be an object.
The functor Bound2Lipschitz(f, X') yielding a Lipschitzian linear functional
in X is defined by the term
(Def. 12)  f(€ the bounded linear functionals X).

Let u be a linear functional in X. The functor PreNorms(u) yielding a non
empty subset of R is defined by the term

(Def. 13) {|u(t)|, where t is a vector of X : ||t|]| < 1}.
Let g be a Lipschitzian linear functional in X. Observe that PreNorms(g) is

upper bounded.
Now we state the proposition:

(22) Let us consider a real normed space X and a linear functional g in X.
Then g is Lipschitzian if and only if PreNorms(g) is upper bounded.

Let X be a real normed space. The bounded linear functionals norm X

yielding a function from the bounded linear functionals X into R is defined by
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(Def. 14) Let us consider an object x. Suppose x € the bounded linear functionals
X. Then it(x) = sup PreNorms(Bound2Lipschitz(x, X)).

Let us consider a real normed space X and a Lipschitzian linear functional
f in X. Now we state the propositions:
(23) Bound2Lipschitz(f, X) = f.
(24) (The bounded linear functionals norm X)(f) = sup PreNorms(f). The
theorem is a consequence of (23).
Let X be a real normed space. The functor DualSp X yielding a non empty
normed structure is defined by the term
(Def. 15) (the bounded linear functionals X, Zero(the bounded linear functionals
X, X), Add(the bounded linear functionals X, X ), Mult(the bounded
linear functionals X, X ), the bounded linear functionals norm X).
Now we state the propositions:
(25) Let us consider a real normed space X. Then (the carrier of X) —— 0 =
Opuaisp x- The theorem is a consequence of (21).
(26) Let us consider a real normed space X, a point f of DualSp X, and a
Lipschitzian linear functional g in X. Suppose g = f. Let us consider a
vector ¢t of X. Then |g(t)| < || f]|-]|#]|- The theorem is a consequence of (24).

(27) Let us consider a real normed space X and a point f of DualSp X. Then
0 < ||f|l- The theorem is a consequence of (24).

(28) Let us consider real normed spaces X, Y and a point f of DualSp X.
If f = Opuaisp x, then 0 = || f||. PrROOF: || f|| = 0 by [23] (45)], [13, (45)],
(25), [23, (7)]. O
Let X be a real normed space. Note that every element of DualSp X is
function-like and relation-like.
Let f be an element of DualSp X and v be a vector of X. Let us note that
the functor f(v) yields an element of R. Now we state the propositions:
(29) Let us consider a real normed space X and points f, g, h of DualSp X.
Then h = f + g if and only if for every vector = of X, h(z) = f(z) + g(x).
The theorem is a consequence of (19).
(30) Let us consider a real normed space X, points f, h of DualSp X, and
a real number a. Then h = a - f if and only if for every vector x of X,
h(z) = a- f(x). The theorem is a consequence of (20).
(31) Let us consider a real normed space X, points f, g of DualSp X, and a
real number a. Then

(i) [Ifll =0 iff f = Opuaisp x, and
(i) [la- £l = lal-[[f1, and
(i) [If +gll <[l + llgll-
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Proor: ||f +gll < [If]| + llgll by [3, (45)], (27), [5, (56)], (26). [la- fI| =
lal - lF]l by (27), (26), [5, (65), (46)]. DI

Let X be a real normed space. Note that DualSp X is reflexive discernible
and real normed space-like.

Now we state the proposition:

(32) Let us consider a real normed space X. Then DualSp X is a real normed
space.

Let X be a real normed space. Let us note that DualSp X is reflexive di-
scernible real normed space-like vector distributive scalar distributive scalar
associative scalar unital Abelian add-associative right zeroed and right comple-
mentable.

Now we state the proposition:

(33) Let us consider a real normed space X and points f, g, h of DualSp X.
Then h = f — g if and only if for every vector = of X, h(z) = f(z) — g(z).
The theorem is a consequence of (29).

Let X be a real normed space, s be a sequence of DualSp X, and n be a
natural number. Let us note that the functor s(n) yields an element of DualSp X .
Now we state the propositions:

(34) Let us consider a real normed space X and a sequence s; of DualSp X.
If s1 is Cauchy sequence by norm, then s; is convergent. PROOF: Define
P|[set, set] = there exists a sequence x; of R such that for every natural
number n, x1(n) = (Bound2Lipschitz(vseq(n), X))($1) and x; is conver-
gent and $2 = lim x1. For every element z of X, there exists an element
y of R such that Plx,y] by (23), (33), (26), [5, (44)]. Consider f being
a function from the carrier of X into R such that for every element x of
X, Plz, f(z)] from [7, Sch. 3]. Reconsider ¢; = f as a function from the
carrier of X into R. ¢; is Lipschitzian by [13, (14)], [LI}, (12)], (23), (26).
For every real number e such that e > 0 there exists a natural number
k such that for every natural number n such that n > k for every vector
x of X, |(Bound2Lipschitz(vseq(n), X))(z) — t1(z)| < e - ||z|| by 22, (8)],
(23), (33), (26). Reconsider t3 = t; as a point of DualSp X. For every real
number e such that e > 0 there exists a natural number k& such that for
every natural number n such that n > k holds [Juseq(n) —t2|| < e by (23),
(33), [13, (45)], (24). For every real number e such that e > 0 there exists a
natural number m such that for every natural number n such that n > m
holds ||vseq(n) — ta]| < e. O

(35) Let us consider a real normed space X. Then DualSp X is a real Banach
space. The theorem is a consequence of (34).

Let X be a real normed space. One can verify that DualSp X is complete.



76

KEIKO NARITA, NOBORU ENDOU, AND YASUNARI SHIDAMA

3. HAHN-BANACH EXTENSION THEOREM

Let V' be a real normed space.
A subreal normal space of V is a real normed space and is defined by

(Def. 16)

(36)

(37)

(i) the carrier of it C the carrier of V, and

(ii) Oit == OV7 and

(iii) the addition of it = (the addition of V') | (the carrier of it), and
)

(iv) the external multiplication of it = (the external multiplication of
V)I(R x (the carrier of it)), and

(v) the normed of it = (the normed of V)[(the carrier of it).

Let us consider a real normed space V', a subreal normal space X of V, a
Lipschitzian linear functional f in X, and a point F' of DualSp X. Suppose
f = F. Then there exists a Lipschitzian linear functional g in V' and the-
re exists a point G of DualSpV such that ¢ = G and g[(the carrier
of X) = f and |G| = ||F|. PROOF: Reconsider Xy = X as a re-
al linear space. Reconsider fs = f as a linear functional in Xy. Define
F(element of the carrier of V') = ||F|| - ||$1]]. Consider g being a function
from the carrier of V' into R such that for every element v of the car-
rier of V, ¢(v) = F(v) from [7, Sch. 8]. ¢ is a Banach functional in V.
For every vector x of Xy and for every vector v of V such that z = v
holds f3(z) < ¢(v) by [19, (4)], (26), [6, (49)]. Consider g being a linear
functional in V' such that g[(the carrier of Xy) = f3 and for every vec-
tor z of V, g(x) < q(z). For every vector x of V, |g(x)| < [|[F] - |z]
by [26 (16)], [20, (2)], [L9, (5)]. (The bounded linear functionals norm
V)(g) < (the bounded linear functionals norm X)(f). (The bounded
linear functionals norm X)(f) < sup PreNorms(g). (The bounded linear
functionals norm X)(f) < (the bounded linear functionals norm V')(g). O

HAHN-BANACH EXTENSION THEOREM (REAL NORMED SPACES):
Let us consider a real normed space V, a subreal normal space X of V, a
Lipschitzian linear functional f in X, and a point F' of DualSp X. Suppose

(i) f=F, and

(ii) for every vector z of X and for every vector v of V' such that x = v
holds f(z) < ||v].

Then there exists a Lipschitzian linear functional g in V' and there exists
a point G of DualSp V' such that ¢ = G and g[(the carrier of X) = f and
for every vector x of V, g(z) < ||z|| and ||G|| = ||F||. PROOF: Consider g
being a Lipschitzian linear functional in V', G being a point of DualSp V'
such that g = G and g|[(the carrier of X) = f and |G| = || F||. |G|l < 1.
For every vector z of V, g(x) < ||z| by [19, (4)], (26). O
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Summary. Schmets [22] has developed a measure theory from a generali-
zed notion of a semiring of sets. Goguadze [15] has introduced another generalized
notion of semiring of sets and proved that all known properties that semiring ha-
ve according to the old definitions are preserved. We show that this two notions
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1. PRELIMINARIES

From now on X denotes a set and S denotes a family of subsets of X.
Now we state the proposition:

(1) Let us consider sets X, Y. Then (X UY)\ (Y \ X) = X.

Let us consider X and S. Let S7, S9 be finite subsets of S. Let us note that
S1 M Sy is finite.
Now we state the proposition:

(2) Let us consider a family S of subsets of X and an element A of S. Then
{z, where x is an element of S : x € [J(PARTITIONS(A) N FinS)} =
U(PARTITIONS(A) N Fin 5).

Let us consider X and S. Note that [J(PARTITIONS(()) N Fin S) is empty.
Note that 2% has empty element. Now we state the proposition:
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(3) Let us consider a set X. Suppose X is N-closed and U-closed. Then X is
a ring of sets.

2. THE EXISTENCE OF PARTITIONS

Let X be a set and S be a family of subsets of X. We say that S is N,-closed
if and only if
(Def. 1) Let us consider elements S, Sy of S. Suppose S1 NSy is not empty. Then
there exists a finite subset z of S such that = is a partition of S1 N Ss.
Let us observe that 2X is N fp-closed.
Observe that there exists a family of subsets of X which is Ng,-closed.
One can verify that every family of subsets of X which is N-closed is also
Nyp-closed.
Now we state the propositions:
(4) Let us consider a non empty set A, a Ng,-closed family S of subsets of
X, and partitions P;, Py of A. Suppose

(i) Py is a finite subset of S, and

(ii) P» is a finite subset of S.
Then there exists a partition P of A such that
(iii) P is a finite subset of S, and

(iv) P € P A Ps.

PROOF: Define Flobject, object] = $; € P; A Py and $ is a finite subset of
S and there exists a set A such that A = $; and $ is a partition of A. Set
Fy = {y, where y is a finite subset of S : there exists a set ¢ such that
t € P A Py and y is a partition of t}. Fy C 22" by [10, (67)]. For every
object u such that uw € P, A P, there exists an object v such that v € F}
and F[u,v]. Consider f being a function such that dom f = P; A P» and
rng f C F and for every object x such that x € P; A P, holds Flz, f(x)]
from [8, Sch. 6]. U f is a finite subset of S by [2 (88)]. U f is a partition
of = by [10} (77), (81), (74)]. Uf € PL A P,. O

(5) Let us consider a Ny,-closed family S of subsets of X and finite subsets
A, B of S. Suppose

(i) A is mutually-disjoint, and
(ii) B is mutually-disjoint.
Then there exists a finite subset P of S such that P is a partition of
UAnUB.
(6) Let us consider a Ny,-closed family S of subsets of X and a finite subset

W of S. Then there exists a finite subset P of S such that P is a partition
of NW.
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(7) Let us consider a Ny,-closed family S of subsets of X. Then {{Jz, where
x is a finite subset of S : = is mutually-disjoint} is N-closed. The theorem
is a consequence of (5).

Let X be a set and S be a family of subsets of X. We say that S is \ ¢,-closed
if and only if
(Def. 2) Let us consider elements S7, Sz of S. Suppose Sj \ S2 is not empty. Then
there exists a finite subset = of S such that x is a partition of S7 \ Ss.
Let us note that 2 is \ s,-closed.
Note that there exists a family of subsets of X which is \ y,-closed.
Observe that every family of subsets of X which is diff-closed is also \ ¢p-
closed. Now we state the proposition:

(8) Let us consider a \ g,-closed family S of subsets of X, an element S of
S, and a finite subset T of S. Then there exists a finite subset P of S
such that P is a partition of S; \ [U7T. PROOF: Consider py being a finite
sequence such that T' = rng py. Define P[finite sequence] = there exists a
finite subset p; of S such that p; is a partition of S; \ Urng$;. For every
finite sequence p of elements of S and for every element x of .S such that
Plp] holds P[p ~ ()] by [6, (31)], [10, (78)], [6, (38)], [12, (8), (7)]. Ples]
by [26], (1)], [21, (45)], [26} (41)], [21}, (39)]. For every finite sequence p of
elements of S, P[p| from [7, Sch. 2]. O

3. PARTITIONS IN A DIFFERENCE OF SETS

Let X be a set and S be a family of subsets of X. We say that S is \%p—closed
if and only if
(Def. 3) Let us consider elements S7, Sy of S. Suppose Sz C S;. Then there exists
a finite subset x of S such that x is a partition of Sy \ So.
Now we state the proposition:
(9) Let us consider a family S of subsets of X. Suppose S is \ y)-closed. Then
S is \J%p—closed.
Let us consider X. Note that every family of subsets of X which is \ s,-closed
is also \%p—closed.
Observe that 2% is \%p—closed. Observe that there exists a family of subsets
of X which is \%p—closed, \ fp-closed, and Ny,-closed and has empty element.
Now we state the propositions:
(10) Let us consider a \ ¢,-closed family S of subsets of X. Then {{Jx, where
x is a finite subset of S : x is mutually-disjoint} is diff-closed. PROOF: Set
Y = {Uz, where z is a finite subset of S : z is mutually-disjoint}. For
every sets A, B such that A, B €Y holds A\ B €Y by [0 (52)], (8), (5),
[12} (8), (7)]. O
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(11) Let us consider a Ng,-closed \%p—closed family S of subsets of X, an
element A of S, and a finite subset ) of S. Suppose

(i) UQ C A, and
(ii) @ is a partition of J Q.
Then there exists a finite subset R of S such that
(iii) U R misses J @, and
(iv) QU R is a partition of A.
(12) Every \%p—closed Nyp-closed family of subsets of X is \ y,-closed. PROOF:
For every elements S1, S of S such that S \ Sz is not empty there exists

a finite subset Py of S such that Py is a partition of Sp \ Sz by (11), [10}
(77), (81)]. O
Let X be a set. Let us observe that every Ny,-closed family of subsets of X
which is \%p—closed is also \ yp-closed. Now we state the propositions:

(13) Let us consider a Ng,-closed \%p—closed family S of subsets of X and
finite subsets W, T of S. Then there exists a finite subset P of S such
that P is a partition of W \UT.

(14) Let us consider a Ny,-closed \%p-closed family S of subsets of X and a
finite subset W of S. Then there exists a finite subset P of S such that

(i) P is a partition of |JW, and
(ii) for every element Y of W, Y = |J{s, where s is an element of S : s €

P and s CY}.

(15) Let us consider a N¢,-closed \%p-closed family S of subsets of X and a
function W from NT into S. Then there exists a countable subset P of S
such that

(i) P is a partition of |JW, and
(ii) for every positive natural number n, [J(W | Segn) = [J{s, where s is
an element of S: s € P and s C | J(W|Segn)}.

The theorem is a consequence of (8).

4. COUNTABLE COVERS

Let X be a set and S be a family of subsets of X. We say that S has countable
cover if and only if
(Def. 4) There exists a countable subset X; of S such that X; is a cover of X.
Let us consider X. One can check that 22X has countable cover.
One can check that there exists a family of subsets of X which is \%p—closed7
\ fp-closed, and Ny,-closed and has empty element and countable cover.
Now we state the proposition:
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(16) Let us consider a Ny,-closed \%p—closed family S of subsets of X. Suppose
S has countable cover. Then there exists a countable subset P of S such
that P is a partition of X. The theorem is a consequence of (15).

5. SEMIRING OF SETS

Let X be a set. A semiring of sets of X is a Ng,-closed \%p—closed family of
subsets of X with empty element.

Let us consider a Ng,-closed family S of subsets of X and an element A of
S. Now we state the propositions:

(17) {x, where z is an element of S : x € |J(PARTITIONS(A) NFinS)} is a
Nyp-closed family of subsets of A. The theorem is a consequence of (4).

(18) {x, where z is an element of S : x € |J(PARTITIONS(A) NFinS)} is a
\%p—closed family of subsets of A. The theorem is a consequence of (4).

(19) U(PARTITIONS(A) N Fin S) is Nyp-closed \ ¢p-closed family of subsets
of A and has non empty elements. The theorem is a consequence of (2),
(17), and (18).

(20) {0} U U(PARTITIONS(A) N Fin S) is a semiring of sets of A. PROOF:
Set A; = U(PARTITIONS(A) N Fin§). Set B = [J(PARTITIONS(A) N
Fin S)U{0}. A is a Ngp-closed \ pp-closed family of subsets of A. B C 24.
B is Ngp-closed. B is \ gp-closed by (19), [21}, (39)]. O

6. A RING OF SETS

Let us consider a Ny,-closed \ fp-closed family S of subsets of X. Now we
state the propositions:

(21) {U=z, where z is a finite subset of S : = is mutually-disjoint} is U-closed.
The theorem is a consequence of (14).

(22) {U=x, where x is a finite subset of S : x is mutually-disjoint} is a ring of
sets. The theorem is a consequence of (7), (21), and (3).
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The notation and terminology used in this paper have been introduced in the
following articles: [2], [14], [7], [I7], [15], [5], [16], [9], [12], [19], [10], [18], and [6].

1. PRELIMINARIES

From now on X denotes a set and S denotes a family of subsets of X.
Now we state the propositions:

(1) Let us consider sets X, X2, a family 57 of subsets of X, and a family S
of subsets of Xo. Then {a x b, where a is an element of S1, b is an element
of So:a € S)and b € Sy} = {s, where s is a subset of X; x X5 : there
exist sets a,b such that a € S} and b € Sy and s = a x b}. PROOF: {a X
b, where a is an element of S1,bis an element of Sy : @ € Sy and b €
Sa} C {s, where s is a subset of X; x Xo : there exist sets a,b such that
a €Sy and b€ Sy and s =a x b} by [6, (96)]. O

(2) Let us consider sets X, X9, a non empty family S; of subsets of X;,
and a non empty family Sy of subsets of Xo. Then {s, where s is a subset
of X1 x Xy : there exist sets x1, 2 such that 1 € S; and 29 € Sy and
s = x1 X x2} = the set of all x; x zo where x1 is an element of Sy, z is
an element of S5.

(3) Let us consider sets X1, Xo, a family S; of subsets of X1, and a family
So of subsets of Xa. Suppose

@ 2014 University of Bialystok
CC-BY-SA License ver. 3.0 or later
85 ISSN 1426-2630(Print), 1898-9934(Online)


http://www.degruyter.com/view/j/forma
http://zbmath.org/classification/?q=cc:28A05
http://zbmath.org/classification/?q=cc:03E02
http://zbmath.org/classification/?q=cc:03E30
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/srings_2.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

86 ROLAND COGHETTO

(i) Sy is N-closed, and
(i1) Sy is N-closed.

Then {s, where s is a subset of X; x X5 : there exist sets x1, x2 such
that z; € S; and z9 € Sy and s = 1 x x3} is N-closed. PROOF: Set
Y = {s, where s is a subset of X; x X5 : there exist sets x1,x2 such that
x1 € S1 and 9 € S and s = 1 X x2}. Y is N-closed by [6], (100)]. O
Let X be a set. Note that every o-field of subsets of X is Ny,-closed and
\%p—closed and has countable cover and empty element.

2. ORDINARY EXAMPLES OF SEMIRINGS OF SETS

Now we state the proposition:
(4) Every o-field of subsets of X is a semiring of sets of X.
Let X be a set. Note that 2% is N fp-closed and \J%p—closed and has countable
cover and empty element as a family of subsets of X.
Now we state the proposition:

(5) 2% is a semiring of sets of X.

Let us consider X. Note that Fin X is Nyy-closed and \%p—closed and has
empty element as a family of subsets of X.

Let D be a denumerable set. Observe that Fin D has countable cover as a
family of subsets of D.

Now we state the propositions:

(6) Fin X is a semiring of sets of X.

(7) Let us consider sets X7, X2, a semiring S7 of sets of X1, and a semiring
Sy of sets of Xy. Then {s, where s is a subset of X; x X5 : there exist
sets x1, xg such that z; € S} and z3 € Sy and s = 1 X x2} is a semiring
of sets of X1 x X5. PROOF: Set Y = {s, where s is a subset of X; x X» :
there exist sets x1,x9 such that x; € S; and x9 € Sp and s = x1 X x2}.
Y has empty element. Y is Ng,-closed by [6, (100)], [4, (8)], [1, (10)]. Y is
\ rp-closed by [1, (10)], [11}, (39)], [4, (8)], [T} (45)]. O

(8) Let us consider non empty sets X7, Xs, a family Sy of subsets of X; with
countable cover, a family So of subsets of X5 with countable cover, and
a family S of subsets of X7 x Xa. Suppose S = {s, where s is a subset
of X1 x X5 : there exist sets x1, x5 such that 1 € 51 and x5 € Sy and
s = x1 Xz2}. Then S has countable cover. PROOF: There exists a countable
subset U of S such that [JU = X; x X2 and U is a subset of S by [6], (2),
(7)), 2 (95)), B, (7)]. O

Let us consider a family .S of subsets of R. Now we state the propositions:

(9) Suppose S = {|a, b], where a,b are real numbers : a < b}. Then
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(i) S is N-closed, and
(ii) S is \fp-closed and has empty element, and
(iii) S has countable cover.
(10) Suppose S = {s, where s is a subset of R : s is left open interval}. Then
(i) S is N-closed, and
(ii) S is \fp-closed and has empty element, and
(iii) S has countable cover.

PROOF: S is N-closed. S has empty element. S is \ p,-closed by [11L, (39)],
[6, (75)]. O

3. NUMERICAL EXAMPLE

The functor sringg yielding a family of subsets of {1,2,3,4} is defined by
the term

(Def. 1) {{1,2,3,4},{1,2,3},{2,3,4}, {1}, ({2}), ({3}), ({4}), (0)}-
One can verify that sringg has empty element and sringé1 is Nyp-closed and
non N-closed and sringd is \ ,-closed.
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Summary. Rough sets, developed by Pawlak, are an important model of
incomplete or partially known information. In this article, which is essentially a
continuation of [IT], we characterize rough sets in terms of topological closure and
interior, as the approximations have the properties of the Kuratowski operators.
We decided to merge topological spaces with tolerance approximation spaces.
As a testbed for our developed approach, we restated the results of Isomichi [13]
(formalized in Mizar in [I4]) and about fourteen sets of Kuratowski [17] (encoded
with the help of Mizar adjectives and clusters’ registrations in [I]) in terms of
rough approximations. The upper bounds which were 14 and 7 in the original
paper of Kuratowski, in our case are six and three, respectively.

It turns out that within the classification given by Isomichi, 15 class subsets
are precisely crisp sets, 2"d class subsets are proper rough sets, and there are
no 3™ class subsets in topological spaces generated by approximations. Also the
important results about these spaces is that they are extremally disconnected
[15], hence lattices of their domains are Boolean.

Furthermore, we develop the theory of abstract spaces equipped with maps
possessing characteristic properties of rough approximations which enables us
to freely use the notions from the theory of rough sets and topological spaces
formalized in the Mizar Mathematical Library [10].
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1. PRELIMINARIES

Now we state the proposition:

(1) Let us consider a set T and a family F' of subsets of T. Then F =
{B, where B is a subset of T': B € F'}.

Let f be a function and A be a set. We say that A is f-closed if and only if
(Def. 1) A= f(A).

Let X be a set and F' be a family of subsets of X. One can check that F'is

N-closed if and only if the condition (Def. 2) is satisfied.

(Def. 2) Let us consider subsets a, b of X. If a, b € F, then anb € F.

We say that F'is union-closed if and only if
(Def. 3) Let us consider a family a of subsets of X. If a C F, then Ja € F.

We say that F'is topology-like if and only if
(Def. 4) (i) 0, X € F, and

(ii) F' is union-closed and N-closed.

Let us observe that there exists a family of subsets of X which is topology-
like.

2. ORDINARY PROPERTIES OF MAPS

Let X be a set and f be a function from 2% into 2X. We say that f is
extensive if and only if

(Def. 5) Let us consider a subset A of X. Then A C f(A).
We say that f is intensive if and only if
(Def. 6) Let us consider a subset A of X. Then f(A) C A.
We say that f is idempotent if and only if
(Def. 7) Let us consider a subset A of X. Then f(f(A)) = f(A).
We say that f is C-monotone if and only if
(Def. 8) Let us consider subsets A, B of X. If A C B, then f(A) C f(B).
We say that f preserves U if and only if
(Def. 9) Let us consider subsets A, B of X. Then f(AUB) = f(A) U f(B).
We say that f preserves N if and only if
(Def. 10) Let us consider subsets A, B of X. Then f(ANB) = f(A) N f(B).
Let O be a function from 2% into 2%. We say that O is a preclosure if and
only if
(Def. 11) O is extensive and preserves U and empty set.
We say that O is closure if and only if

(Def. 12) O is extensive and idempotent and preserves U and empty set.
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We say that O is a preinterior if and only if

(Def. 13) O is intensive and preserves N and universe.

We say that O is an interior if and only if

(Def. 14) O is intensive and idempotent and preserves N and universe.

Let us observe that every function from 2% into 2% which preserves U is
also C-monotone and every function from 2% into 2% which preserves N is also
C-monotone.

One can verify that idyx is closure as a function from 2% into 2% and id,x
is an interior as a function from 2% into 2%,

One can check that there exists a function from 2% into 2% which is closure
and interior.

Observe that every function from 2% into 2% which is closure is also a
preclosure.

3. STRUCTURAL PART

Let T be a 1-sorted structure.

A map of T is a function from 2(the carrier of T) jpy¢q (the carrier of T) y§7o cop-

sider 1stOpStrs which extend 1-sorted structures and are systems

(a carrier, a FirstOp)

where the carrier is a set, the FirstOp is a function from 2(the carrier) jnq

9(the carrier)

We consider 2ndOpStrs which extend 1-sorted structures and are systems

(a carrier, a SecondOp)

where the carrier is a set, the SecondOp is a function from 2(the carrier) jpiq

2(the carrier)

We consider TwoOpStructs which extend 1stOpStrs and 2ndOpStrs and are
systems
(a carrier, a FirstOp, a SecondOp)

where the carrier is a set, the FirstOp and the SecondOp are functions from
9(the carrier) 5t 2(the carrier) .

Let X be a 1stOpStr. We say that X has closure if and only if

(Def. 15) The FirstOp of X is closure.

We say that X has preclosure if and only if

(Def. 16) The FirstOp of X is a preclosure.

Let T be a topological space. Let us observe that CIMapT is closure and
IntMap 7' is an interior and there exists a 1stOpStr which is non empty and has
closure and every 1stOpStr which has closure has also preclosure.



92 ADAM GRABOWSKI

Let X be a 1stOpStr and A be a subset of X. We say that A is op-closed if
and only if
(Def. 17) A = (the FirstOp of X)(A).
We say that X has op-closed subsets if and only if
(Def. 18) There exists a subset A of X such that A is op-closed.
One can check that there exists a 1stOpStr which has op-closed subsets.
Let X be 1stOpStr with op-closed subsets. One can check that there exists
a subset of X which is op-closed.
Let X be a 2ndOpStr and A be a subset of X. We say that A is op-open if
and only if
(Def. 19) A = (the SecondOp of X)(A).
We say that X has op-open subsets if and only if
(Def. 20) There exists a subset A of X such that A is op-open.
Let us observe that there exists a 2ndOpStr which has op-open subsets.
Let X be 2ndOpStr with op-open subsets. Let us observe that there exists

a subset of X which is op-open.
Let X be a 2ndOpStr. We say that X has interior if and only if

(Def. 21) The SecondOp of X is an interior.
We say that X has preinterior if and only if
(Def. 22) The SecondOp of X is a preinterior.

Note that there exists a TwoOpStruct which has closure and interior.
4. MERGING WITH TOPOLOCGIES

We consider 1TopStructs which extend 1stOpStrs and topological structures
and are systems
(a carrier, a FirstOp, a topology)

where the carrier is a set, the FirstOp is a function from 2(the carrier) jppq
o(the carrier) tho topology is a family of subsets of the carrier.

We consider 2TopStructs which extend 2ndOpStrs and topological structures
and are systems

(a carrier, a SecondOp, a topology)

where the carrier is a set, the SecondOp is a function from 2(the carrier) jppq

o(the carrier) tho topology is a family of subsets of the carrier.

Let us observe that there exists a 1TopStruct which is non empty and strict
and there exists a 2TopStruct which is non empty and strict.

Let T be a 1TopStruct. We say that T has properly defined topology if and
only if
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(Def. 23) Let us consider an object x. Then z € the topology of T if and only if
there exists a subset S of T" such that 5S¢ = x and S is op-closed.

Let T be a 2TopStruct. We say that T' has properly defined Topology if and
only if
(Def. 24) Let us consider an object x. Then 2 € the topology of T if and only if
there exists a subset S of T" such that S = x and S is op-open.

One can verify that there exists a 1TopStruct which has closure and properly
defined topology and there exists a 2TopStruct which has interior and properly
defined Topology.

(2) Let us consider 1TopStruct 7" with properly defined topology and a sub-
set A of T. Then A is op-closed if and only if A is closed. PROOF: If A is
op-closed, then A is closed by [28] (3)]. If A is closed, then A is op-closed
by 28 (3)]. O

Observe that every 1TopStruct with properly defined topology which has
preclosure is also topological space-like.

(3) Let us consider 2TopStruct 7' with properly defined Topology and a
subset A of T. Then A is op-open if and only if A is open.

Note that every 2TopStruct with properly defined Topology which has pre-
interior is also topological space-like.

(4) Let us consider 1TopStruct T with closure properly defined topology
and a subset A of T. Then (the FirstOp of T)(A) = A. PROOF: Set f =
the FirstOp of T'. Consider F' being a family of subsets of T" such that for
every subset C of T, C' € F iff C is closed and A C C and A = (N F.
A C f(A) by (2), [18, (3)]. Define P[subset of T] = $; € F. Set G =
{f(B), where B is a subset of T : B € F}. Define 7 = 2(the carrier of T),
Define F(element of 7) = f($1). Define G(element of 7) = $;. For every
element B of 7 such that P[B] holds F(B) = G(B). {F(B), where B is
an element of 7 : P[B|} = {G(B), where B is an element of 7 : P[B]}
from [23| Sch. 6]. F' = G. For every set Z such that Z € G holds f(A) C Z.
U

5. INTRODUCING ROUGH SETS

Let R be a tolerance space. Let us note that LAp(R) is a preinterior and
UAp(R) is a preclosure.

Let R be an approximation space. Observe that LAp(R) is an interior and
UAp(R) is closure.

Let X be a set and f be a function from 2% into 2X. The functor GenTop f
yielding a family of subsets of X is defined by

(Def. 25) Let us consider an object z. Then = € it if and only if there exists a
subset S of X such that S =z and S is f-closed.
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Now we state the proposition:

(5) Let us consider a set X and a function f from 2% into 2%. If f is a
preinterior, then GenTop f is topology-like. PROOF: Set F' = GenTop f.
There exists a subset S of X such that S = X and S is f-closed. There
exists a subset S of X such that S = () and S is f-closed. F is N-closed.
For every family a of subsets of X such that a C F holds Ja € F by [8,
(74), (76)]. O

Let C be a set, I be a binary relation on C', and f be a topology-like family
of subsets of C. Observe that (C, I, f) is topological space-like and there exists a
FR-structure which is topological space-like and non empty and has equivalence
relation.

6. ON SEQUENTIAL CLOSURE AND FRECHET SPACES

Let T be a non empty topological space. The functor Clgeq 1" yielding a map
of T is defined by

(Def. 26) Let us consider a subset A of T. Then it(A) = Clgeq A.

Omne can verify that Clgeq 1" is a preclosure and there exists a non empty
topological space which is Frechet.
Let T' be a Frechet non empty topological space. Note that Clgeq 1" is closure.

7. CONNECTIONS BETWEEN CLOSURES AND APPROXIMATIONS

Let T be a non empty FR-structure. We say that T is Natural if and only if
(Def. 27) Let us consider a subset x of T. Then x € the topology of T' if and only
if z is (LAp(T))-closed.
We say that T is naturally generated if and only if
(Def. 28) The topology of T'= GenTop LAp(T).
Now we state the proposition:
(6) Let us consider a non empty FR-structure 7. Suppose T is naturally
generated. Let us consider a subset A of T'. Then A is open if and only if
LAp(A) = A.
Let us consider a non empty FR-structure 7' and a non empty relational
structure R.

Let us assume that the relational structure of T' = the relational structure
of R. Now we state the propositions:

(7) LAp(T) = LAp(R).
(8) UAp(T) = UAp(R).
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One can verify that there exists a non empty FR-structure which is Natu-
ral and topological space-like and has equivalence relation and every non empty
FR-structure with equivalence relation which is naturally generated is also topo-
logical space-like and there exists a non empty FR-structure which is naturally
generated and topological space-like and has equivalence relation.

Let T be a naturally generated non empty FR-structure with equivalence
relation and A be a subset of T'. One can check that LAp(A) is open.

Let us consider a naturally generated non empty FR-structure 7' with equ-
ivalence relation and a subset A of T. Now we state the propositions:

(9) LAp(A) =1Int A. ProoF: Int A C LAp(A) by [28, (22), (23)], [11} (24)].
O
(10) A is closed if and only if UAp(A) = A. PrOOF: If A is closed, then
UAp(A) = A by (6), [11), (28)]. O

Let T be a naturally generated non empty FR-structure with equivalence
relation and A be a subset of 7. One can check that UAp(A) is closed.

Let us consider a naturally generated non empty FR-structure 7' with equ-
ivalence relation and a subset A of T. Now we state the propositions:

(11) UAp(A) = A. Proor: UAp(4) C A by (10), [11, (25)], [19, (15)]. O
(12) BndAp(A) = Fr A. The theorem is a consequence of (11) and (9).

Let T be a naturally generated non empty FR-structure with equivalence
relation and A be a subset of T'. We identify LAp(A) with Int A. We identify
UAp(A) with A. We identify Int A with LAp(A). We identify A with UAp(A).
We identify Fr A with BndAp(A). We identify BndAp(A) with Fr A.

8. IsomicHI RESULTS REUSE

Let us consider a naturally generated non empty FR-structure 7" with equ-
ivalence relation and a subset A of T. Now we state the propositions:
(13) A is 1% class if and only if LAp(UAp(A)) C UAp(LAp(A)).
(14) A is 1% class if and only if UAp(A) C LAp(A).
(15) A is 1% class if and only if A is exact. PROOF: If A is 15 class, then A
is exact by [11}, (14)], (14), [11}, (13), (12)]. O
Let T" be a naturally generated non empty FR-structure with equivalence
relation. Note that every subset of 7' which is 15t class is also exact and every
subset of T" which is exact is also 15 class.
Let us consider a naturally generated non empty FR-structure 7' with equ-
ivalence relation and a subset A of T. Now we state the propositions:
(16) A is 27 class if and only if LAp(A) C UAp(A).
(17) A is 2" class if and only if A is rough. PROOF: LAp(A) # UAp(A) by
11l (13), (12)]. O

95
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Let T be a naturally generated non empty FR-structure with equivalence

relation. Note that every subset of 7" which is 24

class is also rough and every
subset of T" which is rough is also 2™ class.

Now we state the propositions:

(18) Let us consider a naturally generated non empty FR-structure T with
equivalence relation and a subset A of 7. Then Int A and A are C-
comparable.

(19) Let us consider a naturally generated non empty FR-structure 7" with
equivalence relation and a subset A of T. Then A is not 3" class.

Let T be a topological space.

Observe that every naturally generated non empty FR-structure with equ-
ivalence relation is without 3rd class subsets and there exists a topological space
which is without 3rd class subsets.

Let T be a topological space and A be a 15 class subset of T. One can verify
that Border A is empty.

Let T be a naturally generated non empty FR-structure with equivalence
relation and A be a subset of 7. Note that A is open and Int A is closed and
every naturally generated non empty FR-structure with equivalence relation is
extremally disconnected.

9. REEXAMINATION OF KURATOWSKI'S 14 SETS FOR APPROXIMATION
SPACES

Let us consider a naturally generated non empty FR-structure 7" with equ-
ivalence relation and a subset A of T. Now we state the propositions:

(20) Kurat7Set(A) = {A, A, Int A}.

(21) Kurat7Set(A) < 3. The theorem is a consequence of (20).

(22) Kuratl4Set(A) = {A, UAp(A), (UAp(A))¢, A°, (LAp(A))¢,LAp(A)}.
(23) Kuratl4Set(A) < 6. The theorem is a consequence of (22).
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