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1. TORSION Z-MODULE AND TORSION-FREE Z-MODULE

Now we state the proposition:
(1) Let us consider a Z-module V', and a submodule W of V. Then 1zroW =
Quw.
Let us consider a Z-module V' and submodules W7, W5, W3 of V. Now we

state the propositions:

(2) W1 N Wy is a submodule of (W1 + Wg) N Wo.
PROOF: For every vector v of V such that v € Wi N W; holds v € (W) +
Ws3) N Wy by [12, (94), (93)]. O

(3) If W1 N Ws # Oy, then (W1 + Wg) N Wy # Oy

(4) Let us consider a Z-module V', and linearly independent subsets I, I of
V.If I; C I, then Lln([ \ Il) N Lm(Il) = 0y.

From now on V denotes a Z-module, W denotes a submodule of V', v, u
denote vectors of V, and i denotes an element of Z®. Let V be a Z-module and
v be a vector of V. We say that v is torsion if and only if

(Def. 1) there exists an element i of Z® such that i # Ozr and i - v = Oy .

One can verify that Oy is torsion.
Now we state the propositions:

5
6

) If v is torsion and w is torsion, then v 4 u is torsion.

)
7) If v is torsion and u is torsion, then v — w is torsion.

)

)

If v is torsion, then —v is torsion.

8
9

If v is torsion, then ¢ - v is torsion.

A~ /N /N /N

Let us consider a vector v of V', and a vector w of W. If v = w, then v
is torsion iff w is torsion.

Let V be a Z-module. One can verify that there exists a vector of V' which
is torsion.
Now we state the propositions:
(10) If v is not torsion, then —v is not torsion.
(11) If v is not torsion and ¢ # 0, then ¢ - v is not torsion.

(12) v is not torsion if and only if {v} is linearly independent.
PROOF: If v is not torsion, then {v} is linearly independent by [9, (33)],
[13, (24)]. If {v} is linearly independent, then v is not torsion by [14], (1)],
13, (8), (29), (53)]. O

Let V' be a Z-module. We say that V is torsion if and only if

(Def. 2) every vector of V is torsion.
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Let us note that 0y is torsion and there exists a Z-module which is torsion.
Now we state the propositions:

(13) Let us consider an element v of ZR . and an integer v;. Suppose v = 1.
Let us consider a natural number n. Then (Nat-mult-left ZR)(n,v) = n-v;.
PROOF: Define P[natural number] = (Nat-mult-left Z®)($1,v) = $1 - v1.
For every natural number n such that P[n| holds P[n + 1]. For every
natural number n, Pln| from [3, Sch. 2]. O

(14) Let us consider an element z of Z®, an element v of Z%, and an integer v;.
Suppose v = v;. Then (the left integer multiplication of (Z®))(z,v) = z-v1.
The theorem is a consequence of (13).

Note that there exists a Z-module which is non torsion.

Let V' be a non torsion Z-module. Let us observe that there exists a vector
of V' which is non torsion.

Let V be a Z-module. We say that V is torsion-free if and only if

(Def. 3) for every vector v of V such that v # Oy holds v is not torsion.

Now we state the proposition:

(15) V is cancelable on multiplication if and only if V' is torsion-free.

One can verify that every cancelable on multiplication Z-module is torsion-
free and every torsion-free Z-module is cancelable on multiplication and every
free Z-module is torsion-free and there exists a Z-module which is torsion-free
and free.

Now we state the proposition:

(16) Let us consider a torsion-free Z-module V', and a vector v of V. Then v
is torsion if and only if v = Oy .

Let V be a torsion-free Z-module. Note that every submodule of V' is torsion-
free.

Let V be a Z-module. Observe that Oy is trivial and every non trivial,
torsion-free Z-module is non torsion and there exists a Z-module which is trivial.

Let V' be a non trivial Z-module. Let us note that there exists a vector of V'
which is non zero.

Now we state the proposition:

(17) v is not torsion if and only if Lin({v}) is free and v # Oy. The theorem
is a consequence of (12) and (9).

Let V' be a non torsion Z-module and v be a non torsion vector of V. Let us
note that Lin({v}) is free.

Now we state the propositions:

(18) Let us consider a Z-module V', a subset A of V', and a vector v of V. If
A is linearly independent and v € A, then v is not torsion. The theorem



280 YUICHI FUTA et al.

is a consequence of (12).

(19) Let us consider an object u. Suppose u € Lin({v}). Then there exists an
element i of Z® such that u = i - v.

(20) v € Lin({v}).

(21) i-v € Lin({v}).

(22) Lin({0v}) = Ov.
PRrROOF: For every object x, x € Lin({0y }) iff x € Oy by [13], (64), (21)],
[12, (1)], [13, (66)]. O

Let V be a torsion-free Z-module and v be a vector of V. Let us note that
Lin({v}) is free. Now we state the propositions:

(23) Let us consider subsets Ay, A of V. Suppose A; is linearly independent
and As is linearly independent and A; N Ay = () and Ay U Ay is linearly
dependent. Then Lin(A;) N Lin(Az) # Oy.

(24) Let us consider a Z-module V| a free submodule W of V', a subset I of V,
and a vector v of V. Suppose I is linearly independent and Lin(I) = Qy
and v € I. Then

(i) Qw =Lin(I \ {v}) + Lin({v}), and
(ii) Lin(I \ {v}) NnLin({v}) = Oy, and
(iii) Lin(7I \ {v}) is free, and
(iv) Lin({v}) is free, and
(v) v # Oy.
PROOF: v is not torsion. Lin(/ \ {v}) N Lin({v}) = 0y by [16] (24)], [12,
(94)], [13] (64), (23), (10)]. O

(25) Let us consider a Z-module V', and a free submodule W of V. Then there
exists a subset A of V' such that

(i) A is subset of W and linearly independent, and
(ii) Lin(A4) = Qw.

(26) Let us consider a Z-module V, and a finite rank, free submodule W of
V. Then there exists a finite subset A of V such that

(i) A is finite subset of W and linearly independent, and
(ii) Lin(A) = Qu, and
(iii) A = rank W.
Let us consider a torsion-free Z-module V' and vectors vy, vg of V.

Let us assume that v; # Oy and vy # Oy and Lin({v;}) N Lin({v2}) # Oy.
Now we state the propositions:
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(27) There exists a vector u of V' such that
(i) u# Oy, and
(ii) Lin({v1}) NLin({v2}) = Lin({u}).

ProOF: Consider z being a vector of V such that € Lin({v1})NLin({v2})
and x # Oy. Consider i3 being an element of Z® such that = = i3 - v;.
Consider i4 being an element of Z® such that z = iy - vo. Consider i1, io
being integers such that i3 = (ged(is,i4)) - 41 and i4 = (ged(is,14)) - i2 and
11 and iy are relatively prime. Reconsider Iy = i1, Io = io as an element
of ZR. I -v; € Lin({v1}) and I - vy € Lin({v2}). For every vector y of V
such that y € Lin({/; - v1}) holds y € Lin({v;}) N Lin({v2}) by (19), [12]
(37)]. Lin({I; - v1}) = Lin({v1}) N Lin({w2}) by [12, (46), (94)], (19), [12,
(37), (36)]. O
(28) There exists a vector u of V' such that

(i) u# Oy, and
(ii) Lin({v1}) 4+ Lin({ve}) = Lin({u}).

ProOF: Consider z being a vector of V such that x # 0y and Lin({v;}) N
Lin({vs}) = Lin({x}). Consider i; being an element of Z® such that x = i-
v1. Consider iy being an element of Z® such that = = is-va. ged([i1], iz]|) =
1 by [19, (5)], [23, (2)], [12, (1)], [3, (25)]. Consider j1, j2 being elements
of Z® such that i1 - j1 + ia - jo = 1. Reconsider J; = ji, Jo = jo as
an element of Z®. Reconsider u = Jj - v9 + Jo - v1 as a vector of V.
Lin({v1}) + Lin({va}) = Lin({u}) by (19), [12, (37), (92), (36)]. U
(29) Let us consider a torsion-free Z-module V', a finite rank, free submodule
W of V, and vectors v, u of V. Suppose v # 0y and u # Oy and W N
Lin({v}) = 0Oy and (W + Lin({u})) N Lin({v}) # Oy and Lin({u}) N
Lin({v}) = 0y. Then there exist vectors wy, wg of V' such that
(i) w1 # Oy, and
(ii) wy # Oy, and
(iii) W + Lin({u}) + Lin({v}) = W 4 Lin({w; }) + Lin({w2}), and
(iv) WNLin({w;}) # Oy, and
(v) (W +Lin({w;})) N Lin({wa}) = Oy, and
(vi) u, v € Lin({w1}) + Lin({ws}), and
(vii) wy, wy € Lin({u}) + Lin({v}).
PRrOOF: Consider = being a vector of V' such that x € (W + Lin({u})) N

Lin({v}) and = # Oy. Consider x1, x2 being vectors of V such that z; € W
and x5 € Lin({u}) and z = 21 + x5. Consider i4 being an element of Z®
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such that x = i4-v. Consider i3 being an element of Z® such that zo = i3-u.
Consider i9, i; being integers such that iy = (ged(ig,i3)) - i2 and i3 =
(ged(ig,i3)) - i1 and iy and i are relatively prime. Consider Jy, J3 being
elements of Z® such that iy - Jy+i1-J3 = 1. Reconsider Ja = J4, js = Jsz as
an element of Z®. Set wy = ig-v—iy-u. Set wy = js-u+j3-v. wy # Oy by
[29, (21)], [12, (37)], (20), [12, (94), (1)]. Reconsider ig = gcd(i4,i3) as an
element of Z®. ig-wy € W by [12, (8)]. W NLin({w1}) # Oy by [12, (37)],
(20)7 [127 (94)]a [137 (66)}' U =12 wWp —J3- Wi by [12> (8)]3 [29> (29)7 (28)7
(15)]. v = ja - w1 + 41 - we by [I2, (8)], 29, (28), (15)]. u € Lin({w1}) +
Lin({ws}) by [12} (37)], (20), [12} (38), (92)]. v € Lin({w; })+Lin({ws}) by
[12, (37)], (20), [12, (92)]. w1 € Lin({u})+Lin({v}) by [12} (37)], (20), [12,
(38), (92)]. wo € Lin({u})+Lin({v}) by [12], (37)], (20), [12} (92)]. For every
object  such that € W+Lin({u})+Lin({v}) holds x € W+Lin({w; })+
Lin({w2}) by [12} (92)], (19), [12, (37), (36), (96)]. For every object = such
that € W + Lin({w1 }) + Lin({w2}) holds € W + Lin({u}) 4+ Lin({v})
by [127 (92)]3 (19)7 [12, (37)7 (36)7 (96>]- w2 7& Oy by [297 (6)]’ [12’ (37)]7
(20), [T, (38), (94), (1)]- (W + Lin({w1})) N Lin({w}) = Oy by [I6, (24)],
12, (94), (92)], (19). O

(30) Let us consider a torsion-free Z-module V', a finite rank, free submodule

W of V, and a vector v of V. Suppose v # Oy and W N Lin({v}) # Oy.
Then W + Lin({v}) is free.
PROOF: Define P[natural number| = for every finite rank, free submodule
W of V for every vector v of V' such that v # 0y and W N Lin({v}) # Oy
and rank W = $; + 1 holds W + Lin({v}) is free. P[0] by [22, (5)], [12]
(25)], [14, (20)], [16, (22), (23)]. For every natural number n such that
Pln] holds P[n+1] by [16, (33)], [12, (25)], [} (20)], [I2, (97), (51), (94))].
For every natural number n, P[n] from [3], Sch. 2]. Set r; = rank W. 1 —1
is a natural number by [22] (1)], [12], (51)], [16}, (23)], [12}, (107)]. O

Let V' be a torsion-free Z-module, v be a vector of V', and W be a finite
rank, free submodule of V. Let us note that W + Lin({v}) is free.

Let V be a Z-module and W be a finitely generated submodule of V. One
can verify that W + Lin({v}) is finitely generated.

Let Wy, Wy be finitely generated submodules of V. Observe that W1 + Wy
is finitely generated. Now we state the proposition:

(31) Let us consider a Z-module V', a submodule W of V', submodules W,
Wg of W, and submodules Wy, Ws of V. If Wi = W7 and Wg = Ws, then
We + Wg = W1 + Who.
PROOF: Reconsider S = Wg + Wy as a strict submodule of V. For every
vector v of V, v € S iff v € W1 + Wy by [12, (92), (28)]. O
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Let V be a torsion-free Z-module and Uy, Us be finite rank, free submodules
of V. Note that Uy +Us is free and every finitely generated, torsion-free Z-module
is free.

2. RANK oF FINITE RANK FREE Z-MODULE

Now we state the propositions:

(32) Let us consider a torsion-free Z-module V, and finite rank, free submo-
dules W7, Wy of V. Suppose W1 N Wy = 0Oy. Then rank(W; + Ws) =
rank Wy + rank Ws.

(33) Let us consider a finite rank, free Z-module V', and finite rank, free
submodules Wy, Wy of V. Suppose V is the direct sum of W7 and Whs.
Then rank V' = rank W +rank Ws. The theorem is a consequence of (32).

(34) Let us consider a torsion-free Z-module V/, and finite rank, free submo-
dules Wy, Wy of V. Then rank(W; N Ws) < rank Wj.

(35) Let us consider a torsion-free Z-module V', and a vector v of V. If v # Oy,
then rank Lin({v}) = 1.

(36) Let us consider a Z-module V. Then rank Oy = 0.

(37) Let us consider a torsion-free Z-module V', and vectors v, u of V. Suppose
v # Oy and u # Oy and Lin({v}) NLin({u}) # Oy. Then rank(Lin({v}) +
Lin({u})) = 1. The theorem is a consequence of (28).

(38) Let us consider a torsion-free Z-module V, a finite rank, free submodule

W of V, and a vector v of V. Suppose v # Oy and W N Lin({v}) # Oy.
Then rank(W + Lin({v})) = rank W.
PROOF: Define P[natural number| = for every finite rank, free submodule
W of V for every vector v of V such that v # 0y and W N Lin({v}) # Oy
and rank W = $; + 1 holds rank(W + Lin({v})) = rank W. P[0] by [22]
(5)], [12} (25), (26), (42)]. For every natural number n such that P[n] holds
P[n+1] by (26), (24), [9, (31)], [2 (44)]. For every natural number n, P[n]
from [3, Sch. 2]. Set r; = rank W. r; — 1 is a natural number by [22, (1)],
[12, (51)], [16, (23)], [12Z, (107)]. O

(39) Let us consider a torsion-free Z-module V, finite rank, free submodules
Wi, Wy of V, and a vector v of V. Suppose W; N Lin({v}) # Oy and
Wy N Lin({v}) # 0y. Then (W; N Ws) NLin({v}) # Oy. The theorem is a
consequence of (19).

(40) Let us consider Z-modules V', W, a linear transformation 7" from V' to
W, and a subset A of V. Then T°(the carrier of Lin(A)) C the carrier of
Lin(T°A).
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PROOF: For every object y such that y € T°(the carrier of Lin(A)) holds
y € the carrier of Lin(T°A) by [7, (65)], [13], (64)], [22], (44), (46)]. O
Let us consider Z-modules X, Y and a linear transformation L from X to
Y. Now we state the propositions:

(41) L(0x) = Oy.

(42) If L is bijective, then there exists a linear transformation K from Y to
X such that K = L~! and K is bijective.
PROOF: Reconsider K = L~! as a function from Y into X. K is additive
by [7, (113)], [6, (34)]. For every element r of ZE and for every element x
of Y, K(r-z) =r-K(x) by [7, (113)], [6, (34)]. O

(43) Let us consider Z-modules X, Y, a linear combination [ of X, and a linear
transformation L from X to Y. If L is bijective, then L@l =1-L™!.
PROOF: Reconsider K = L' as a function from Y into X. For every
element a of Y, (L@x!l)(a) = (I - K)(a) by [6, (35)], [T, (35)], [6, (12),
(34)]. O

(44) Let us consider Z-modules X, Y, a subset X of X, a linear transfor-

mation L from X to Y, and a linear combination [ of L°Xy. Suppose
Xy = the carrier of X and L is one-to-one. Then L#l =1 L.

(45) Let us consider Z-modules X, Y, a subset A of X, and a linear trans-
formation L from X to Y. Suppose L is bijective. Then A is linearly in-
dependent if and only if L°A is linearly independent. The theorem is a
consequence of (42).

(46) Let us consider Z-modules X, Y, a subset A of X, and a linear trans-
formation T" from X to Y. Suppose T is bijective. Then T°(the carrier of
Lin(A)) = the carrier of Lin(7°A). The theorem is a consequence of (40)
and (42).

(47) Let us consider a Z-module Y, and a subset A of Y. Then Lin(A4) is a
strict submodule of Qy-.

(48) Let us consider Z-modules X, Y, and a linear transformation 7' from
X to Y. If T is bijective, then X is free iff Y is free. The theorem is a
consequence of (42).

(49) Let us consider free Z-modules X, Y, a linear transformation 7" from X
to Y, and a subset A of X. Suppose T is bijective. Then A is a basis of X
if and only if T°A is a basis of Y. The theorem is a consequence of (42).

(50) Let us consider free Z-modules X, Y, and a linear transformation 7" from
X to Y. If T is bijective, then X is finite rank iff Y is finite rank. The
theorem is a consequence of (42).

(51) Let us consider finite rank, free Z-modules X, Y, and a linear transfor-
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mation 7" from X to Y. If T' is bijective, then rank X = rankY.
PROOF: For every basis I of X, rankY = T by [1} (5), (33)], (49). O

(52) Let us consider a Z-module V, a finite rank, free submodule W of V,
and an element a of Z®. If a # Oyr, then rank(a o W) = rank W.
PROOF: Define Plelement of W,object] = $2 = a - $1. For every element
x of W, there exists an element y of a o W such that Pz, y]. Consider
F being a function from W into a o W such that for every element = of
W, Plz, F(x)] from [7, Sch. 3]. For every objects x1, xo such that zi,
x2 € the carrier of W and F(z1) = F'(x2) holds z; = 3 by [12], (10)]. For
every object y such that y € the carrier of a o W holds y € rng F' by [7,
(4)]. F is additive by [12] (28)]. For every element r of Z% and for every
element x of W, F(r-x) =r- F(x) by [12 (29)]. O

(53) Let us consider a Z-module V, finite rank, free submodules Wy, Wa, W3
of V, and an element a of Z®. Suppose a # 0zr and W3 = a o W;. Then
rank(Ws N W) = rank(W; N Wa).
ProOOF: W3 N Wy is a submodule of W1 N Wy by [12, (105), (42)], [13,
(75)]. a o (W7 N W3) is a submodule of W3 N Wy by [12] (42), (25), (94)].
rank (W71 N W) < rank(Ws N Wy). O

(54) Let us consider a torsion-free Z-module V, finite rank, free submodules
W1, Wo, W3 of V, and an element a of Z®. Suppose a # Ozr and W3 =
a o Wi. Then rank(W3 + Ws) = rank(W; + Ws).
PROOF: For every vector v of V' such that v € W3+ W5 holds v € W1+ W,
by [12, (92)]. For every vector v of V' such that v € a o (W} + W3) holds
v e Ws+ Wy by [12, (25), (92), (29)]. rank(W; + Wy) < rank(Ws + Wa).
O

Let us consider a torsion-free Z-module V, finite rank, free submodules W1,
Wy of V', and a basis I of W;. Now we state the propositions:

(55) Suppose for every vector v of V' such that v € I holds (W3 N Wa) N
Lin({v}) # Oy. Then rank(W; N Wy) = rank W;.
PROOF: Define P[natural number| = for every finite rank, free submodules
Wi, Wy of V for every basis I of Wi such that for every vector v of V
such that v € I holds (W; NWs)NLin({v}) # Oy and rank W; = $; holds
rank(W; N W) = rank W;. P[0]. For every natural number n such that
P[n] holds P[n+ 1] by [12] (25)], [I4, (15)], [13} (56)], [L4, (20)]. For every
natural number n, Pln| from [3, Sch. 2]. O

(56) Suppose rank(W7 N Ws) < rank Wy. Then there exists a vector v of V'
such that

(i) v € I, and
(11) (Wl N Wg) N Lln({?}}) = 0y.



286 YUICHI FUTA et al.

(57) Let us consider a torsion-free Z-module V', finite rank, free submodules
W1, Wa of V, and a basis I of Wi. Suppose rank(W; N Ws) = rank Wj.
Let us consider a vector v of V. If v € I, then (W3 NW3)NLin({v}) # Oy.
The theorem is a consequence of (24), (32), and (35).

(58) Let us consider a torsion-free Z-module V, finite rank, free submodules
Wi, Wy of V', and a basis I of W;. Suppose for every vector v of V such that
v € I holds (W NWa)NLin({v}) # Oy. Then rank(W; + Ws) = rank W.
PROOF: Define P[natural number| = for every finite rank, free submodules
W1, Ws of V for every basis I of W7 such that for every vector v of V'
such that v € I holds (W) NWs)NLin({v}) # Oy and rank W; = §; holds
rank(W7 + Wa) = rank Wa. P[0] by [22, (1)], [12, (51), (42)], [16, (22)].
For every natural number n such that P[n] holds P[n + 1] by [12, (25)],
[14, (15)], [13}, (56)], [14, (20)]. For every natural number n, P[n] from [3|
Sch. 2]. O

(59) Let us consider a torsion-free Z-module V, and finite rank, free submo-
dules Wy, Wy of V. Suppose rank(W; N Wy) = rank W;. Then rank(W; +
W3) = rank Ws. The theorem is a consequence of (57) and (58).

(60) Let us consider a field G, a vector space V over GG, and a subset A of V.
If A is linearly independent, then A is a basis of Lin(A).

(61) Let us consider a cancelable on multiplication, finite rank, free Z-module
V', and finite rank, free submodules Wy, W5 of V. Then rank(W; + Ws) +
rank(WW; N Ws) = rank Wy + rank Wh.

Proor: Consider I; being a finite subset of V' such that I; is finite subset
of Wy and linearly independent and Lin(/;) = Qu, and I; = rank Wj.
Consider I3 being a finite subset of V' such that I is finite subset of W5
and linearly independent and Lin(I3) = Qy, and I = rank Wy. Consider
I, being a finite subset of V' such that I is finite subset of Wy + Wy
and linearly independent and Lin(ly) = Qw,+w, and I = rank(W; +
Ws). Consider I3 being a finite subset of V' such that I3 is finite subset
of Wi N W5 and linearly independent and Lin(I3) = Qu,nw, and I3 =
rank (W7 N Wa). Set Is = (MorphsZQ V)°I;. Set I = (MorphsZQ V')°Is.
Set I5 = (MorphsZQ V)°I,. Set Iy = (MorphsZQ V)°Is. For every vector
v of Z MQ VectSp V', v € Lin(I) + Lin(lg) iff v € Lin(15) by [30} (1)], [31,
(7)], [16l (9), (10)]. For every vector v of Z MQ VectSp V', v € Lin(I) N
Lin(Ig) iff v € Lin(I7) by [30, (3)], [B1, (7)], [16, (9), (10)]. O

Let us consider a torsion-free Z-module V' and finite rank, free submodules

W1, Wy of V. Now we state the propositions:

(62) rank(Wp + Wa) 4 rank(W; N Wa) = rank Wy + rank Who.
ProoOF: Set W5 = W7 + Ws. Reconsider Wy = Wy as a finite rank, free
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submodule of W5. Reconsider W7 = W5 as a finite rank, free submodule
of Ws. rank(Wy + W7) + rank(Wy, N Wr) = rank Wy + rank W5. For every
vector v of V, v € Wy + Wr iff v € Wi + Wy by [12, (92), (25), (28)]. For
every vector v of V., v € Wy N Wy iff v € W1 N Wy by [12], (94)]. O

(63) If rank(W; + Wy) = rank Ws, then rank(W; N Wa) = rank W;. The
theorem is a consequence of (62).

(64) Let us consider a torsion-free Z-module V, finite rank, free submodules
Wi, Wa of V', and a vector v of V. Suppose v # Oy and WiNLin({v}) = Oy
and (W7 4+ Wa) N Lin({v}) = Oy. Then rank((W; + Lin({v})) N Wy) =
rank (W, N Wa).

PROOF: For every vector u of V such that u € Wi N W5 holds u € (W7 +
Lin({v})) N Wa by [12, (94), (93)]. There exists a vector u of V such that
u € (Wi+Lin({v}))NWs and u ¢ WiNWs by [12), (44)], [22, (2)]. Consider
u being a vector of V' such that v € (W1 +Lin({v}))NWs and u ¢ WiNWs.
Consider uj, us being vectors of V' such that u; € W; and ug € Lin({v})
and u = u1 +us. O
Let us consider a torsion-free Z-module V, a finite rank, free submodule W
of V', and a vector v of V.
Let us assume that v # 0y and W N Lin({v}) # Oy. Now we state the
propositions:

(65) rank(W NLin({v})) = 1.

PROOF: rank Lin({v}) = 1. rank(W NLin({v})) # 0 by [22, (1)], [12}, (51)].
]

(66) There exists a vector u of V' such that
(i) u# Oy, and
(i) W NLin({v}) = Lin({u}).
The theorem is a consequence of (65).

(67) Let us consider a torsion-free Z-module V', a finite rank, free submodule
W of V, and vectors u, v of V. Suppose W N Lin({v}) = Oy and (W +
Lin({u})) NLin({v}) # Oy. Then W N Lin({u}) = Oy. The theorem is a
consequence of (19).

(68) Let us consider a torsion-free Z-module V, finite rank, free submodules
W1, Wa of V, and a vector v of V. Suppose rank(W; NWs3) = rank W; and
(Wl + WQ) N Lin({v}) # 0y. Then Wy N Lin({v}) £ Oy.

PROOF: Define P[natural number| = for every finite rank, free submodules
W1, Wy of V for every vector v of V such that rank(W; N Wy) = rank W
and (W7 + Ws)NLin({v}) # Oy and rank W; = $; holds W5 NLin({v}) #
Ov. P[0] by [22, (1)], [12} (51), (42)], [16, (22)]. For every natural number
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n such that P[n] holds P[n + 1] by (26), [14, (20), (16)], (24). For every
natural number n, P[n] from [3, Sch. 2]. O

(69) Let us consider a torsion-free Z-module V', and finite rank, free submo-
dules Wy, Wa, W3 of V. Suppose rank(W; + Ws) = rank Wy and Wj is a
submodule of Wj. Then rank(Ws + Wy) = rank Whs.

PROOF: For every vector v of V' such that v € W3+ W5 holds v € W1+ Whs
by [12, (92), (23)]. O

(70) Let us consider a torsion-free Z-module V, finite rank, free submodules
W1, Wy of V, and a basis I of Wj. Suppose rank(W; + W3) = rank Wj.
Let us consider a vector v of V. If v € I, then (W7 NW2)NLin({v}) # Oy.

PRrROOF: For every vector v of V such that v € I holds (W; N W) N

(71) Let us consider a torsion-free Z-module V/, and finite rank, free submo-
dules Wy, Wy of V. Suppose rank(W; N Ws) = rank Wj. Then there exists
an element a of ZR such that a o Wi is a submodule of Ws.

PROOF: Define P[natural number| = for every finite rank, free submodules
W1, Wy of V such that rank(W; N Ws) = rank W; and rank W; = $; there
exists an element a of Z® such that a o W is a submodule of Wa. P[0] by
[22, (1)], [12Z, (55)], (1). For every natural number n such that P[n| holds
Pln + 1] by [12, (25)], [14, (15)], [13}, (56)], [14, (20)]. For every natural
number n, P[n] from [3, Sch. 2]. O
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1. PRELIMINARIES

Let R be a non empty set, f be a non empty finite sequence of elements of
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Now we state the propositions:

(1) Let us consider an add-associative, right zeroed, right complementable,
distributive, well unital, non empty double loop structure R, and a finite
sequence F of elements of R. Suppose there exists a natural number ¢ such
that i € dom F' and F'(i) = Og. Then [[ F = Og.

(2) Let us consider an add-associative, right zeroed, right complementable,
well unital, distributive, integral domain-like, non degenerated double
loop structure R, and a finite sequence F' of elements of R. Then [[ F' = 0g
if and only if there exists a natural number ¢ such that ¢ € dom F' and
F(i) = Og. The theorem is a consequence of (1).

Let X be a set.

A chain of X is a sequence of X. Let X be a non empty set and C be a
chain of X. We say that C' is ascending if and only if

(Def. 1) for every natural number i, C(i) C C(i + 1).
We say that C' is stagnating if and only if
(Def. 2) there exists a natural number i such that for every natural number j
such that j > i holds C(j) = C(3).

Let  be an element of X. One can check that N —— x is ascending and
stagnating as a chain of X and there exists a chain of X which is ascending and
stagnating.

Now we state the proposition:

(3) Let us consider a non empty set X, an ascending chain C' of X, and
natural numbers i, j. If i < j, then C(i) C C(y).

Let R be a ring. The functor Ideals R yielding a family of subsets of the

carrier of R is defined by the term

(Def. 3) the set of all I where I is an ideal of R.

One can verify that Ideals R is non empty.
Now we state the propositions:

(4) Let us consider a commutative ring R, an ideal I of R, and an element
a of R. If a € I, then {a}-ideal C I.

(5) Let us consider a ring R, and an ascending chain C' of Ideals R. Then
(U the set of all C'(i) where i is a natural number is an ideal of R.

Let R be a non empty double loop structure and S be a right zeroed, non
empty double loop structure. Let us note that R — 0g is additive.

Let S be an add-associative, right zeroed, right complementable, right
distributive, non empty double loop structure. Observe that R — Og is mul-
tiplicative.



THE FIRST ISOMORPHISM THEOREM AND OTHER PROPERTIES OF ... 293

Let R be a well unital, non empty double loop structure and S be a well
unital, non degenerated double loop structure. Note that R —— 0Og is non unity-
preserving.

Let R be a non empty double loop structure. One can verify that idg is
additive, multiplicative, and unity-preserving and idg is monomorphic and epi-
morphic.

Let S be a right zeroed, non empty double loop structure. Observe that
there exists a function from R into S which is additive.

Let S be an add-associative, right zeroed, right complementable, right
distributive, non empty double loop structure. Let us observe that there exists
a function from R into S which is multiplicative.

Let R, S be well unital, non empty double loop structures. One can verify
that there exists a function from R into S which is unity-preserving.

Let R be a non empty double loop structure and S be an add-associative,
right zeroed, right complementable, right distributive, non empty double loop
structure. One can verify that there exists a function from R into .S which is
additive and multiplicative.

2. HOMOMORPHISMS, KERNEL AND IMAGE

Let R, S be rings. We say that S is R-homomorphic if and only if

(Def. 4) there exists a function f from R into S such that f inherits ring homo-
morphism.

Let R be aring. One can verify that there exists a ring which is R-homomorphic.

Let R be a commutative ring. Let us observe that there exists a commutative
ring which is R-homomorphic and there exists a ring which is R-homomorphic.

Let R be a field. Observe that there exists a field which is R-homomorphic
and there exists a commutative ring which is R-homomorphic and there exists
a ring which is R-homomorphic.

Let R be a ring and S be an R-homomorphic ring. Note that there exists a
function from R into S which is additive, multiplicative, and unity-preserving.

A homomorphism from R to S'is an additive, multiplicative, unity-preserving
function from R into S. Let R, S, T be rings, f be a unity-preserving function
from R into S, and ¢ be a unity-preserving function from S into 7. Observe
that g - f is unity-preserving as a function from R into T

Let R be a ring and S be an R-homomorphic ring. Note that every .S-
homomorphic ring is R-homomorphic.

Let R, S be non empty double loop structures. We introduce R and S are
isomorphic as a synonym of R is ring isomorphic to S.

Now we state the propositions:
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(6) Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure R, an add-associative, right zeroed, right
complementable, right distributive, non empty double loop structure S,
and an additive function f from R into S. Then f(0r) = Og.

(7) Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure R, an add-associative, right zeroed, right
complementable, right distributive, non empty double loop structure
S, an additive function f from R into S, and an element z of R. Then
f(—=z) = —f(z). The theorem is a consequence of (6).

(8) Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure R, an add-associative, right zeroed, right
complementable, right distributive, non empty double loop structure S,
an additive function f from R into S, and elements z, y of R. Then
f(z —y) = f(z) — f(y). The theorem is a consequence of (7).

(9) Let us consider a right unital, non empty double loop structure R, an
add-associative, right zeroed, right complementable, right unital, Abe-
lian, right distributive, integral domain-like, non empty double loop
structure S, and a multiplicative function f from R into .S. Then

(i) f(1g) = 0s, or
(ii) f(1r) = 1s.

Let us consider fields F, F' and an additive, multiplicative function f from
FE into F'. Now we state the propositions:

(10) f(lg) =0p if and only if f = F +— Op.
(11) f(1g) = 1p if and only if f is monomorphic.

Let E, F be fields. One can check that every function from E into F' which
is additive, multiplicative, and unity-preserving is also monomorphic.

Let R be a ring and I be an ideal of R. The canonical homomorphism of
into quotient field yielding a function from R into R/; is defined by

(Def. 5) for every element a of R, it(a) = [a]gyrei(r,1)-

Let us note that the canonical homomorphism of I into quotient field is
additive, multiplicative, and unity-preserving and the canonical homomorphism
of I into quotient field is epimorphic and R/; is R-homomorphic.

Let R be an add-associative, right zeroed, right complementable, non empty
double loop structure, S be an add-associative, right zeroed, right complemen-
table, right distributive, non empty double loop structure, and f be an additive
function from R into S. One can check that ker f is non empty.

Let R be a non empty double loop structure and S be an add-associative,
right zeroed, right complementable, non empty double loop structure. One can
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check that ker f is closed under addition.

Let S be an add-associative, right zeroed, right complementable, right
distributive, non empty double loop structure and f be a multiplicative function
from R into S. Observe that ker f is left ideal.

Let S be an add-associative, right zeroed, right complementable, distri-
butive, non empty double loop structure. Let us observe that ker f is right
ideal.

Let R be a well unital, non empty double loop structure, .S be a well unital,
non degenerated double loop structure, and f be a unity-preserving function
from R into S. Observe that ker f is proper.

Now we state the propositions:

(12) Let us consider a ring R, an R-homomorphic ring S, and a homomor-
phism f from R to S. Then f is monomorphic if and only if ker f = {Or}.
The theorem is a consequence of (6) and (8).

(13) Let us consider a ring R, and an ideal I of R. Then ker the canonical
homomorphism of I into quotient field = 1.

(14) Let us consider a ring R, and a subset I of R. Then I is an ideal of
R if and only if there exists an R-homomorphic ring S and there exists
a homomorphism f from R to S such that ker f = I. The theorem is a
consequence of (13).

Let R be a ring, S be an R-homomorphic ring, and f be a homomorphism
from R to S. The functor Im f yielding a strict double loop structure is defined
by

(Def. 6) the carrier of it = rng f and the addition of it = (the addition of S) |

rng f and the multiplication of it = (the multiplication of S) | rng f and
the one of it = 1g and the zero of it = Og.

Note that Im f is non empty and Im f is Abelian, add-associative, right
zeroed, and right complementable and Im f is associative, well unital, and di-
stributive.

Let R be a commutative ring and S be an R-homomorphic commutative
ring. One can verify that Im f is commutative.

Let R be a ring and S be an R-homomorphic ring. Let us note that the
functor Im f yields a strict subring of S. The canonical homomorphism of f
into quotient field yielding a function from R/ye ¢ into Im f is defined by

(Def. 7)  for every element a of R, it([a]g rei(rker ) = f(a)-

One can check that the canonical homomorphism of f into quotient field is
additive, multiplicative, and unity-preserving and the canonical homomorphism
of f into quotient field is monomorphic and epimorphic.
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Let us consider a ring R, an R-homomorphic ring S, and a homomorphism
f from R to S. Now we state the propositions:

(15) R/kerf and Im f are isomorphic.
(16) If f is onto, then R/yer ¢ and S are isomorphic.
Now we state the proposition:

(17) Let us consider a ring R. Then R/{q,) and R are isomorphic. The the-
orem is a consequence of (12).

Let R be a ring. Let us note that R/q,, is trivial.

3. UNITS AND NON UNITS

Let L be a right unital, non empty multiplicative loop structure. Let us note
that there exists an element of L which is unital.

A unit of L is a unital element of L. Let L be an add-associative, right
zeroed, right complementable, left distributive, non degenerated double loop
structure. One can check that there exists an element of L which is non unital.

A non-unit of L is a non unital element of L. Note that Oy, is non unital.

Let L be a right unital, non empty multiplicative loop structure. Let us note
that 17, is unital.

Let L be an add-associative, right zeroed, right complementable, left di-
stributive, right unital, non degenerated double loop structure. One can verify
that every unit of L is non zero.

Let F be a field. Note that every non zero element of F' is unital.

Let R be an integral domain and u, v be unital elements of R. One can check
that v - v is unital.

Let us consider a commutative ring R and elements a, b of R. Now we state
the propositions:

(18) a | b if and only if b € {a}-ideal.
(19) a|bif and only if {b}—ideal C {a}-ideal. The theorem is a consequence
of (18).
Now we state the propositions:

(20) Let us consider a commutative ring R, and an element a of R. Then a is
a unit of R if and only if {a}-ideal = Qg. The theorem is a consequence
of (18).

(21) Let us consider a commutative ring R, and elements a, b of R. Then a
is associated to b if and only if {a}-ideal = {b}-ideal.
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4. PRIME AND IRREDUCIBLE ELEMENTS

Let R be a right unital, non empty double loop structure and x be an element
of R. We say that x is prime if and only if

(Def. 8) z # Or and x is not a unit of R and for every elements a, b of R such
that « | a- b holds x | a or z | b.

We say that x is irreducible if and only if

(Def. 9) 2 # Og and z is not a unit of R and for every element a of R such that
a | z holds a is unit of R or associated to x.
We introduce z is reducible as an antonym for x is irreducible.

Note that there exists an element of R which is non prime and there exists
an element of Z® which is prime.

Let R be a right unital, non empty double loop structure. Let us observe
that every element of R which is prime is also non zero and non unital and every
element of R which is irreducible is also non zero and non unital.

Let R be an integral domain. Observe that every element of R which is prime
is also irreducible.

Let F be a field. Let us note that every element of F' is reducible.
Let R be a right unital, non empty double loop structure. The functor
IRR(R) yielding a subset of R is defined by the term

(Def. 10) {z, where z is an element of R : z is irreducible}.
Let F be a field. One can check that IRR(F') is empty.
Now we state the propositions:
(22) Let us consider an integral domain R, a non zero element ¢ of R, and

elements b, a, d of R. Suppose a-b is associated to c¢-d and a is associated
to c¢. Then b is associated to d.

(23) Let us consider an integral domain R, and elements a, b of R. Suppose
a is irreducible and b is associated to a. Then b is irreducible.

Let us consider a non degenerated commutative ring R and a non zero ele-
ment a of R. Now we state the propositions:

(24) ais prime if and only if {a}-ideal is prime. The theorem is a consequence
of (18).

(25) If {a}-ideal is maximal, then a is irreducible. The theorem is a consequ-
ence of (19) and (18).
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5. PRINCIPAL IDEAL DOMAINS AND FACTORIAL RINGS

Note that every field is PID and there exists a non empty double loop struc-
ture which is PID.

A principal ideal domain is a PID integral domain. Now we state the pro-
position:

(26) Let us consider a principal ideal domain R, and a non zero element a of
R. Then {a}-ideal is maximal if and only if a is irreducible. The theorem
is a consequence of (19), (20), (18), and (25).

Let R be a principal ideal domain. Observe that every element of R which is
irreducible is also prime and every commutative ring which is Euclidean is also
PID.

Let R be a principal ideal domain. One can verify that every chain of Ideals R
which is ascending is also stagnating.

Let R be a right unital, non empty double loop structure, z be an element
of R, and F be a non empty finite sequence of elements of R. We say that F' is
a factorization of z if and only if

(Def. 11) x =] F and for every element ¢ of dom F', F'(i) is irreducible.
We say that x is factorizable if and only if
(Def. 12) there exists a non empty finite sequence F' of elements of R such that F
is a factorization of x.
Assume z is factorizable.

A factorization of x is a non empty finite sequence of elements of R and is
defined by

(Def. 13) it is a factorization of x.
We say that = is uniquely factorizable if and only if

(Def. 14) x is factorizable and for every factorizations F, G of x, there exists a
function B from dom F' into dom G such that B is bijective and for every
element ¢ of dom F', G(B(7)) is associated to F'(7).

One can verify that every element of R which is uniquely factorizable is also
factorizable.
Let R be an integral domain. Let us observe that every element of R which
is factorizable is also non zero and non unital.
Let R be a right unital, non empty double loop structure. Let us note that
every element of R which is irreducible is also factorizable.
Now we state the propositions:
(27) Let us consider a right unital, non empty double loop structure R, and
an element a of R. Then a is irreducible if and only if (a) is a factorization
of a.



THE FIRST ISOMORPHISM THEOREM AND OTHER PROPERTIES OF ... 299

(28) Let us consider a well unital, associative, non empty double loop struc-
ture R, elements a, b of R, and non empty finite sequences F', G of elements
of R. Suppose F is a factorization of a and G is a factorization of b. Then
F ™ G is a factorization of a - b.

Let R be a principal ideal domain. Observe that every element of R which
is factorizable is also uniquely factorizable.

Let R be a non degenerated ring. We say that R is factorial if and only if

(Def. 15) for every non zero element a of R such that a is a non-unit of R holds a
is uniquely factorizable.

One can check that there exists a non degenerated ring which is factorial.

Let R be a factorial, non degenerated ring. Note that every element of R
which is non zero and non unital is also factorizable.

A factorial ring is a factorial, non degenerated ring. One can check that every
integral domain which is PID is also factorial.

6. PoLyNOMIAL RINGS OVER FIELDS

Let L be a field and p be a polynomial of L. The functor deg* p yielding a
natural number is defined by the term

degp, if p#0.L,
(Def. 16) { 0, otherwise.

The functor deg* L yielding a function from Polynom-Ring L into N is defi-
ned by

(Def. 17) for every polynomial p of L, it(p) = degx p.
Now we state the propositions:

(29) Let us consider a field L, a polynomial p of L, and a non zero polynomial
q of L. Then deg(p mod ¢) < deggq.

(30) Let us consider a field L, an element p of Polynom-Ring L, and a non
zero element ¢ of Polynom-Ring L. Then there exist elements u, r of
Polynom-Ring L such that

(i) p=u-qg+r,and
(ii) 7 = Opolynom-Ring 1 OF (deg* L)(r) < (degx L)(q).
The theorem is a consequence of (29).

Let L be a field. One can check that Polynom-Ring L is Euclidean.
Note that the functor degx L yields a DegreeFunction of Polynom-Ring L.
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1. THE APPLICATION OF HAHN-BANACH THEOREM

Now we state the propositions:

(1)

(2)

Let us consider a real normed space V, a real normed subspace X of V,
a point xy of V', and a real number d. Suppose there exists a non empty
subset Z of R such that Z = {||x — x¢||, where = is a point of V' : x € X}
and d = inf Z > 0. Then

(i) zo ¢ X, and

(ii) there exists a point G of DualSp(V') such that for every point z
of V such that z € X holds (Bound2Lipschitz(G,V))(z) = 0 and
(Bound2Lipschitz(G,V))(zo) = 1 and |G| = 1.

PRrROOF: Consider Z being a non empty subset of R such that Z = {||x —
xo||, where z is a point of V' : € X} and d = infZ > 0. Set My =
{z + a - xy, where z is a point of V,a is a real number : z € X}. Set M =
NLin My. My is linearly closed by [25] (20), (21)]. For every point v of M,
there exists a point « of V and there exists a real number a such that
v=1x+a-z9and x € X by [I3], (31)]. Reconsider 79 = 0 as a real number.
For every extended real r such that r» € Z holds ry < r. For every points
x1, T of V and for every real numbers a1, as such that z1, zo € X and
xr1+a1-xo = x2+as-xo holds z; =z and a1 = ag by [26] (5), (35), (15)].
Define P[object,object] = there exists a point z of V' and there exists a
real number a such that z € X and $; = 2z + a - 9 and $2 = a. For every
element v of M, there exists an element a of R such that P[v, a]. Consider
f being a function from M into R such that for every element x of M,
Plz, f(x)] from [4, Sch. 3]. For every point v of M and for every point z
of V and for every real number a such that z € X and v = 2+ a - 9
holds f(v) = a. f is a linear functional in M by [13] (28)], [25, (20), (21)].
For every point v of M, [f(v)| < % - ||| by [I7, (2)], [I8, (2)], [26. (30),
(25)]. Reconsider F' = f as a point of DualSp(M). Consider g being a
Lipschitzian linear functional in V', G being a point of DualSp(V') such
that ¢ = G and g¢[(the carrier of M) = f and ||G|| = || F'||. For every point
xz of V such that z € X holds (Bound2Lipschitz(G,V))(z) = 0 by [26),
(10)], [3, (49)]. O

Let us consider a real normed space V', a non empty subset Y of V', and
a point zy of V. Suppose Y is linearly closed and closed and z¢ ¢ Y. Then
there exists a point G of DualSp(V') such that

(i) for every point = of V such that z € Y holds

(Bound2Lipschitz(G, V))(z) = 0, and
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(ii) (Bound2Lipschitz(G,V))(zg) = 1.
PROOF: Set X = NLinY. Set Z = {||x —x¢||, where = is a point of V' : z €
X}. Reconsider rg = 0 as a real number. For every extended real r such
that r € Z holds g < r. Reconsider d = inf Z as a real number. d > 0 by
[9, (16), (7)], [18, (7)]. Consider G being a point of DualSp(V') such that for
every point x of V such that x € X holds (Bound2Lipschitz(G, V))(xz) =0
and (Bound2Lipschitz(G, V))(zo) = 1 and ||G|| = 1. O
Let us consider a real normed space V' and a point zg of V.
Let us assume that z¢ # 0y. Now we state the propositions:
(3) There exists a point G of DualSp(V') such that
(i) (Bound2Lipschitz(G,V))(xo) = 1, and
(i) 1G] = 17
PROOF: Set X = NLin{0Oy }. Set Y = the carrier of Lin({0y }). For every
object s, s € Y iff s € {Oy} by [27, (8)]. Set Z = {||z — xo||, where x is
a point of V : z € X}. For every object s, s € Z iff s € {|zo||} by [18,
(2)]. Reconsider d = inf Z as a real number. Consider G being a point
of DualSp(V') such that for every point  of V' such that z € X holds
(Bound2Lipschitz(G,V))(z) = 0 and (Bound2Lipschitz(G,V))(z¢) = 1
and ||G|| = é. O
(4) There exists a point F' of DualSp(V') such that
(i) ||F|| =1, and
(ii) (Bound2Lipschitz(F,V))(zo) = ||zo]l.
The theorem is a consequence of (3).
Let us consider a real normed space V.
Let us assume that V is not trivial. Now we state the propositions:
(5) There exists a point F' of DualSp(V') such that ||F'|| = 1. The theorem
is a consequence of (4).

(6) DualSp(V) is not trivial. The theorem is a consequence of (5).

2. BIDUAL SPACES OF REAL NORMED SPACES

Let us consider a real normed space V' and a point x of V. Now we state the
propositions:
(7) Suppose V is not trivial. Then
(i) there exists a non empty subset X of R such that

X = {|(Bound2Lipschitz(F,V'))(x)|, where F is a point of DualSp(V') :
|IF|| =1} and ||z| = sup X, and
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(ii) there exists a non empty subset Y of R such that

Y = {|(Bound2Lipschitz(F, V'))(x)|, where F is a point of DualSp(V) :
|FIl < 1} and [lz] = sup .

The theorem is a consequence of (5) and (4).
(8) If for every Lipschitzian linear functional f in V, f(x) = 0, then z = Oy.
The theorem is a consequence of (3).
Let X be a real normed space and x be a point of X. The functor Bidual
yielding a point of DualSp(DualSp(X)) is defined by
(Def. 1) for every point f of DualSp(X), it(f) = f(x).
The functor BidualFunc X yielding a function from X
into DualSp(DualSp(X)) is defined by
(Def. 2) for every point x of X, it(x) = Bidual z.
Let us observe that BidualFunc X is additive and homogeneous and
BidualFunc X is one-to-one.
Let us consider a real normed space X.
Let us assume that X is not trivial. Now we state the propositions:

(9) (i) BidualFunc X is a linear operator from X into DualSp(DualSp(X)),
and

(ii) for every point x of X, ||z|| = ||(BidualFunc X)(z)||.

(10) There exists a real normed subspace D of DualSp(DualSp(X)) and there

exists a Lipschitzian linear operator L from X into D such that L is
bijective and D = J(BidualFunc X) and for every point = of X, L(z) =
Bidual z and for every point z of X, ||z|| = ||L(x)]|.
PROOF: Set F' = BidualFunc X. Set V3 = rmmgF. Vi # 0 by [29, (42)].
Reconsider L = BidualFunc X as a function from X into $(F). L is addi-
tive by [I3] (28)]. L is homogeneous by [13], (28)]. For every point z of X,
]l = [ L() || by [13, (28)]. O

3. UNIFORM BOUNDEDNESS THEOREM FOR LINEAR FUNCTIONALS

The real normed space of R yielding a real normed space is defined by the
term

(Def 3) <R, O(E R), +R, 'R, |D|R>
Now we state the proposition:

(11) Let us consider a real normed space X, an element x of R, and a point
v of the real normed space of R. If z = v, then —x = —v.
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Let us consider a real normed space X and an object x. Now we state the
propositions:
(12) =« is an additive, homogeneous function from X into R if and only if x is

an additive, homogeneous function from X into the real normed space of
R.

(13) =« is a Lipschitzian, additive, homogeneous function from X into R if
and only if x is a Lipschitzian, additive, homogeneous function from X
into the real normed space of R. The theorem is a consequence of (12).

Now we state the propositions:

(14) Let us consider a real normed space X. Then the carrier of DualSp(X) =
the carrier of the real norm space of bounded linear operators from X into
the real normed space of R. The theorem is a consequence of (13).

(15) Let us consider a real normed space X, points z, y of DualSp(X), and
points v, w of the real norm space of bounded linear operators from X
into the real normed space of R. If x = v and y = w, then z + y = v + w.
PROOF: Reconsider z = x + y as a point of DualSp(X). Reconsider u =
v + w as a point of the real norm space of bounded linear operators from
X into the real normed space of R. For every object ¢ such that t € dom z
holds z(t) = u(t) by [14, (29)], [22, (35)]. O
(16) Let us consider a real normed space X, an element a of R, a point
x of DualSp(X), and a point v of the real norm space of bounded linear
operators from X into the real normed space of R. If x = v, then a-x = a-v.
PROOF: Reconsider z = a-x as a point of DualSp(X). Reconsider u = a-v
as a point of the real norm space of bounded linear operators from X into
the real normed space of R. For every object ¢ such that ¢ € dom z holds
z(t) = wu(t) by [14, (30)], 22 (36)]. O
Let us consider a real normed space X, a point = of DualSp(X), and a point v
of the real norm space of bounded linear operators from X into the real normed
space of R.
Let us assume that x = v. Now we state the propositions:

(17) —z = —v. The theorem is a consequence of (16).
(18) [l = flv]l-
Now we state the propositions:

(19) Let us consider a real normed space X, and a subset L of X. Suppose
X is not trivial and for every point f of DualSp(X), there exists a real
number K; such that 0 < K; and for every point z of X such that z € L
holds | f(z)| < Kj. Then there exists a real number M such that

(i) 0 < M, and
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(i) for every point z of X such that x € L holds |z| < M.
The theorem is a consequence of (14) and (18).

(20) Let us consider a real normed space X, and a non empty subset L of X.
Suppose X is not trivial and for every point f of DualSp(X), there exists
a subset Y7 of R such that Y7 = {|f(x)|, where z is a point of X : z € L}
and sup Y] < 400. Then there exists a subset Y of R such that

(i) Y = {]|z||, where x is a point of X : x € L}, and

(ii) supY < +o0.
PRrROOF: For every point f of DualSp(X), there exists a real number K
such that 0 < Kj and for every point x of X such that € L holds
|f(z)] < Ki by [2, (46)]. Consider M being a real number such that
0 < M and for every point & of X such that x € L holds ||z|| < M.
Consider xp being an object such that zg € L. Set Y = {||z||, where x is
apoint of X : z € L}. Y C R. For every extended real r such that r € Y
holds r < M. O

4. REFLEXIVITY OF REAL NORMED SPACES

Let X be a real normed space. We say that X is reflexive if and only if
(Def. 4) BidualFunc X is onto.
Let us consider a real normed space X. Now we state the propositions:

(21) X is reflexive if and only if for every point f of DualSp(DualSp(X)),
there exists a point x of X such that for every point g of DualSp(X),
flg) = g(z).

(22) X is reflexive if and only if ¥(BidualFunc X') = DualSp(DualSp(X)).

(23) If X is non trivial and reflexive, then X is a real Banach space.
PROOF: For every sequence s; of X such that s; is Cauchy sequence by
norm holds s; is convergent by [23], (8)], [3, (13)], [26, (16)], [4, (113)]. O

Now we state the propositions:

(24) Let us consider a real Banach space X, and a non empty subset M of X.
Suppose X is reflexive and M is linearly closed and closed. Then NLin M
is reflexive.

PROOF: Set My = NLin M. For every point y of DualSp(DualSp(Mj)),
there exists a point = of My such that for every point g of DualSp(Mp),
y(g) = g(x) by [ (32)], [13, (28)], [3, (49)], [14, (26), (29), (30)]. O

(25) Let us consider real normed spaces X, Y, a Lipschitzian linear operator
L from X into Y, and a Lipschitzian linear functional y in Y. Then y - L
is a Lipschitzian linear functional in X.
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ProOF: Consider M being a real number such that 0 < M and for every
vector z of X, |L(z)|| < M - ||z||. Set = =y - L. For every vectors v, w of
X, z(v+ w) = z(v) + z(w) by [3, (13)]. For every vector v of X and for
every real number r, z(r - v) = r - z(v) by [3, (13)]. Consider N being a
real number such that 0 < N and for every vector v of Y, |y(v)| < N - ||v]|.
For every vector v of X, |z(v)| < M - N - |jv]| by [3, (13)]. O

(26) Let us consider real normed spaces X, Y, and a Lipschitzian linear ope-
rator L from X into Y. Suppose L is isomorphism. Then there exists a
Lipschitzian linear operator 7' from DualSp(X) into DualSp(Y’) such that

(i) T is isomorphism, and
(ii) for every point x of DualSp(X), T(z) = = - L™L.

PRrOOF: Consider K being a Lipschitzian linear operator from Y into X
such that K = L~! and K is isomorphism. Define P|[function, function] =
$2 = $1- K. For every element x of DualSp(X), there exists an element y of
DualSp(Y') such that P|x, y]. Consider T being a function from DualSp(X)
into DualSp(Y’) such that for every element x of DualSp(X), Plz,T(x)]
from [4, Sch. 3]. For every points v, w of DualSp(X), T'(v +w) = T'(v) +
T(w) by [3, (13)], [14, (29)]. For every point v of DualSp(X) and for every
real number r, T'(r - v) = r-T(v) by [3, (13)], [14, (30)]. For every object
v such that v € the carrier of DualSp(Y') there exists an object s such
that s € the carrier of DualSp(X) and v = T'(s) by (25), [29, (36)], [3,
(39)], [29) (51)]. For every point v of DualSp(X), ||T'(v)| = ||v| by [3} (34),
(13)], |14, (23)]. For every objects x1, x2 such that z1, x2 € the carrier of
DualSp(X) and T'(x1) = T'(z2) holds z1 = z2 by [26, (16), (5)], [I8, (6)].
O

(27) Let us consider real normed spaces X, Y, a Lipschitzian linear operator L
from X into Y, and a Lipschitzian linear operator 7" from DualSp(X) into
DualSp(Y'). Suppose L is isomorphism and 7 is isomorphism and for every
point z of DualSp(X), T(x) = x - L~!. Then there exists a Lipschitzian
linear operator S from DualSp(Y’) into DualSp(X) such that

(i) S is isomorphism, and
(i) S=T"1, and
(iii) for every point y of DualSp(Y), S(y) =y - L.

ProoF: Consider K being a Lipschitzian linear operator from Y into X
such that K = L~! and K is isomorphism. Consider S being a Lipschit-
zian linear operator from DualSp(Y’) into DualSp(X) such that S is iso-
morphism and for every point y of DualSp(Y), S(y) =y - K~!. For every
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objects y, x, y € the carrier of DualSp(Y') and S(y) = x iff z € the carrier
of DualSp(X) and T(x) = y by B (5)], [29) (36)], 3 (39)], 20} (51)]. O

(28) Let us consider real normed spaces X, Y. Suppose there exists a Lip-

schitzian linear operator L from X into Y such that L is isomorphism.
Then X is reflexive if and only if Y is reflexive.

(29) Let us consider a real normed space X. Suppose X is not trivial. Then

there exists a Lipschitzian linear operator L from X into &(BidualFunc X)
such that L is isomorphism. The theorem is a consequence of (10).

(30) Let us consider a real Banach space X. Suppose X is not trivial. Then

(10]
(11]
(12]

(13]

(14]
(15]
[16]

(17]

X is reflexive if and only if DualSp(X) is reflexive.
PRrOOF: DualSp(X) is not trivial. Consider L being a Lipschitzian linear

operator from X into &(BidualFunc X) such that L is isomorphism. Set
f = BidualFunc X. rng f # 0 by [29] (42)]. S(f) is reflexive. O

REFERENCES

Haim Brezis. Functional Analysis, Sobolev Spaces and Partial Differential Equations.
Springer, 2011.

Czestaw Bylinski. The complex numbers. Formalized Mathematics, 1(3):507-513, 1990.
Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):
55-65, 1990.

Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.

Czestaw Bylinski. [Partial functions. Formalized Mathematics, 1(2):357-367, 1990.
Czestaw Bylifiski. [Some basic properties of sets. Formalized Mathematics, 1(1):47-53,
1990.

Agata Darmochwal. The Euclidean spacel Formalized Mathematics, 2(4):599-603, 1991.
Peter D. Dax. Functional Analysis. Pure and Applied Mathematics: A Wiley Series of
Texts, Monographs and Tracts. Wiley Interscience, 2002.

Noboru Endou, Yasunari Shidama, and Katsumasa Okamura. Baire’s category theorem
and some spaces generated from real normed space. Formalized Mathematics, 14(4):
213-219, 2006. doi;10.2478/v10037-006-0024-x.

Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics, 1(1):
35-40, 1990.

Jarostaw Kotowicz. |Convergent real sequences. Upper and lower bound of sets of real
numbers. Formalized Mathematics, 1(3):477-481, 1990.

Eugeniusz Kusak, Wojciech Leonczuk, and Michal Muzalewski. |[Abelian groups, fields
and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.

Kazuhisa Nakasho, Yuichi Futa, and Yasunari Shidama. Topological properties of real
normed space. Formalized Mathematics, 22(3):209-223, 2014. doi;10.2478 /forma-2014-
0024.

Keiko Narita, Noboru Endou, and Yasunari Shidama. Dual spaces and Hahn-Banach
theorem. Formalized Mathematics, 22(1):69-77, 2014. doi:10.2478/forma-2014-0007,
Takaya Nishiyama, Keiji Ohkubo, and Yasunari Shidama. The continuous functions on
normed linear spaces. Formalized Mathematics, 12(3):269-275, 2004.

Bogdan Nowak and Andrzej Trybulec. Hahn-Banach theorem. Formalized Mathematics,
4(1):29-34, 1993.

Jan Popiotek. Some properties of functions modul and signum. Formalized Mathematics,
1(2):263-264, 1990.


http://fm.mizar.org/1990-1/pdf1-3/complex1.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_2.pdf
http://fm.mizar.org/1990-1/pdf1-2/partfun1.pdf
http://fm.mizar.org/1990-1/pdf1-1/zfmisc_1.pdf
http://fm.mizar.org/1991-2/pdf2-4/euclid.pdf
http://dx.doi.org/10.2478/v10037-006-0024-x
http://fm.mizar.org/1990-1/pdf1-1/real_1.pdf
http://fm.mizar.org/1990-1/pdf1-3/seq_4.pdf
http://fm.mizar.org/1990-1/pdf1-3/seq_4.pdf
http://fm.mizar.org/1990-1/pdf1-2/vectsp_1.pdf
http://fm.mizar.org/1990-1/pdf1-2/vectsp_1.pdf
http://dx.doi.org/\spaceskip 0.08mm 1 0 . 2 4 7 8 / f o r m a - 2 0 1 4 - 0 0 2 4
http://dx.doi.org/\spaceskip 0.08mm 1 0 . 2 4 7 8 / f o r m a - 2 0 1 4 - 0 0 2 4
http://dx.doi.org/10.2478/forma-2014-0007
http://fm.mizar.org/2004-12/pdf12-3/nfcont_1.pdf
http://fm.mizar.org/2004-12/pdf12-3/nfcont_1.pdf
http://fm.mizar.org/1993-4/pdf4-1/hahnban.pdf
http://fm.mizar.org/1990-1/pdf1-2/absvalue.pdf

(18]
(19]

20]
(21]

(22]
23]
24]
25]
[26]
27]

28]
29]

BIDUAL SPACES AND REFLEXIVITY OF REAL NORMED SPACES 311

Jan Popiotek. Real normed space. Formalized Mathematics, 2(1):111-115, 1991.

Michael Reed and Barry Simon. Methods of modern mathematical physics. Vol. 1. Aca-
demic Press, New York, 1972.

Walter Rudin. Functional Analysis. New York, McGraw-Hill, 2nd edition, 1991.

Hideki Sakurai, Hisayoshi Kunimune, and Yasunari Shidama. Uniform boundedness prin-
ciple. Formalized Mathematics, 16(1):19-21, 2008. doi:10.2478/v10037-008-0003-5.
Yasunari Shidama. Banach space of bounded linear operators. Formalized Mathematics,
12(1):39-48, 2004.

Yasumasa Suzuki, Noboru Endou, and Yasunari Shidama. Banach space of absolute
summable real sequences. Formalized Mathematics, 11(4):377-380, 2003.

Andrzej Trybulec. On the sets inhabited by numbers. Formalized Mathematics, 11(4):
341-347, 2003.

Wojciech A. Trybulec. Subspaces and cosets of subspaces in real linear space. Formalized
Mathematics, 1(2):297-301, 1990.

Wojciech A. Trybulec. Vectors in real linear space, Formalized Mathematics, 1(2):291-296,
1990.

Wojciech A. Trybulec. Subspaces of real linear space generated by one, two, or three
vectors and their cosets. Formalized Mathematics, 3(2):271-274, 1992.

Zinaida Trybulec. [Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics, 1
(1):73-83, 1990.

Received November 29, 2014


http://fm.mizar.org/1991-2/pdf2-1/normsp_1.pdf
http://dx.doi.org/10.2478/v10037-008-0003-5
http://fm.mizar.org/2004-12/pdf12-1/lopban_1.pdf
http://fm.mizar.org/2003-11/pdf11-4/rsspace3.pdf
http://fm.mizar.org/2003-11/pdf11-4/rsspace3.pdf
http://fm.mizar.org/2003-11/pdf11-4/membered.pdf
http://fm.mizar.org/1990-1/pdf1-2/rlsub_1.pdf
http://fm.mizar.org/1990-1/pdf1-2/rlvect_1.pdf
http://fm.mizar.org/1992-3/pdf3-2/rlvect_4.pdf
http://fm.mizar.org/1992-3/pdf3-2/rlvect_4.pdf
http://fm.mizar.org/1990-1/pdf1-1/subset_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/relat_1.pdf




FORMALIZED MATHEMATICS 3 DE GRUYTER

Vol. 22, No. 4, Pages 313319, 2014 (? OPEN
T

DOI: 10.2478 /forma-2014-0031 @l degruyter.com/view/j/forma

Some Facts about Trigonometry and
Euclidean Geometry

Roland Coghetto
Rue de la Brasserie 5
7100 La Louviere, Belgium

Summary. We calculate the values of the trigonometric functions for an-
gles: T and %, by [16]. After defining some trigonometric identities, we demon-
strate conventional trigonometric formulas in the triangle, and the geometric
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1. VALUES OF THE TRIGONOMETRIC FUNCTIONS FOR ANGLES: g AND g

Let us consider a real number a. Now we state the propositions:

(1) sin(m —a) =sina.

(2) cos(m —a)= —cosa.
(3) sin(2-7 —a) = —sina.
(4) cos(2-m—a)=cosa
(5) sin(—2-7+a) =sina

@ 2014 University of Bialystok
1 CC-BY-SA License ver. 3.0 or later
313 ISSN 1426-2630(Print), 1898-9934(Online)


http://www.degruyter.com/view/j/forma
http://zbmath.org/classification/?q=cc:51M04
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/euclid10.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

314 ROLAND COGHETTO

(6) cos(—2-m+a)=-cosa

(7) sin(%f 4 a) = —cosa

(8) cos(3E 4+ a) =sina

(9) sin(]F +a) = —sin(§ — a). The theorem is a consequence of (7).
(10) cos(3E + a) = cos(Z — a). The theorem is a consequence of (8).
(11) sin(%F — a) =sin(5 + a).
(12) cos(3E — a) = —cos(% + a)
(13) sin(3* +a) =sin( —a)

Now we state the propositions:
1
(14) cos§ = 3.
(15) sin§ = @
PRrOOF: sin § > 0 by [20, (5)], [29, (79), (81)]. O

(16) tg% = v/3. The theorem is a consequence of (14) and (15).
(17) sinZ = 1. The theorem is a consequence of (14).
(18) cos§ = @ The theorem is a consequence of (15).
(19) tgg = ﬁ The theorem is a consequence of (17) and (18).
20 i) sin(—Z%) = —1 and
6 2
ii) cos = ﬁ, and
(i) cos(—§) = 3
iii) t z —@, and
(iii) tg(— 6) 3
iv) sin(—%) = —¥%2 and
3 2
V) cos =1 and
(v) cos(=3) = 3
(vi) tg(—5) = —V3.
(21) (i) arcsini = Z, and

(ii) arcsin 5> =
The theorem is a consequence of (15) and (17).

(22) sinZT = ? The theorem is a consequence of (11) and (15).

(23) cos 2% = —1. The theorem is a consequence of (12) and (14).

2. SOME TRIGONOMETRIC IDENTITIES

Now we state the proposition:

2 2

(24) Let us consider a real number z. Then (sin(—z))* = (sinx)?.
Let us consider real numbers z, y, z. Now we state the propositions:

(25) If x+y+ 2z =, then (sinx)?+ (siny)? —2-sinz-siny - cos z = (sin 2)2.
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(26) If x —y+ 2z =7, then (sinx)? + (siny)2 +2-sinz-siny - cos z = (sin 2)2.
The theorem is a consequence of (24) and (25).
(27) Suppose z — (=2 -7 +y)+2 = 7. Then (sinx)2+ (siny)2+2-sinx-siny-
cos z = (sin 2)2. The theorem is a consequence of (24), (5), and (25).
(28) Ifmr—x—(m—y)+2z=m, then (sinz)?+ (siny)2+2-sinx-siny-cosz =
(sin z)2. The theorem is a consequence of (24), (1), and (25).
Now we state the proposition:

(29) Let us consider a real number a. Then sin(3 - a) = 4 - sina - sin(§ +a) -
sin(§ — a). The theorem is a consequence of (15).

3. TRIGONOMETRIC FUNCTIONS AND RIGHT TRIANGLE

Let us consider points A, B, C' of 5%.
Let us assume that A, B, C form a triangle. Now we state the propositions:

(30) (1) £(A, B,C) is not zero, and
£(B,C,A) is not zero, and
£(C, A, B) is not zero, and
£(A,C, B) is not zero, and
£(C, B, A) is not zero, and
£

(vi) £(B, A, C) is not zero.

(31) i) L(A,B,C)=2-7— «(C,B,A), and
(ii) £(B,C,A)=2-m— «£(A,C,B), and
(iii) £(C,A,B)=2-1— (B, A,C), and
(iv) £(B,A,C)=2-1m—«£(C, A, B), and
(v) £(A,C,B)=2-m— £(B,C,A), and
(vi) £(C,B,A)=2-1m—«(A,B,C).

Now we state the proposition:
(32) Suppose A, B, C form a triangle and |(B — A,C — A)| = 0. Then
(i) |C — B|-sin«(C,B,A) =|A—C]|, or
(ii) |C — B|-(—sinL(C,B,A)) =|A—-C]|.
Let us assume that A, B, C form a triangle and £(B, A,C) = 5. Now we
state the propositions:
(33) «£(C,B,A)+ «£(A,C,B) =

z
(34) (i) |C — B|-sin£(C, B, A)

=|A—C|, and
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(ii) |C — B|-sin((A,C,B) =|A — B|, and
(iii) |C —B|-cos£(C,B,A) =|A— B|, and
(iv) |C — B|-cosL(A,C,B)=|A—-C|.
(
)

35) (i) tg«(A,C,B) = 4=l and

o lA-cp

(ii) te £(C, B, A) = 1=g-

The theorem is a consequence of (34).

4. TRIANGLE INSCRIBED IN A SEMICIRCLE IS A RIGHT TRIANGLE

Let a, b be real numbers and r be a negative real number. Let us note that
circle(a, b, r) is empty.
Now we state the proposition:
(36) Let us consider real numbers a, b. Then circle(a, b, 0) = {[a, b]}.

Let a, b be real numbers. One can verify that circle(a, b, 0) is trivial.
Now we state the propositions:

(37) Let us consider points A, B, C of 5%, and real numbers a, b, r. Suppose
A, B, C form a triangle and A, B € circle(a, b, 7). Then r is positive. The
theorem is a consequence of (36).

(38) Let us consider a point A of £2, real numbers a, b, and a positive real
number r. If A € circle(a, b, r), then A # [a, b].

(39) Let us consider points A, B, C of £2, and real numbers a, b, 7. Suppose
A, B, C form a triangle and «(C, B, A), £(B,A,C) € ]0,n[ and A, B,
C € circle(a,b,r) and [a,b] € L(A,C). Then £(C,B, A) = 7.
PROOF: Set O = [a, b]. Consider J; being a point of £2 such that 4 = J;
and |J; —[a, b]| = r. Consider J, being a point of £% such that B = J5 and
| Jo—[a, b]| = r. Consider J3 being a point of £2 such that C' = J3 and |J5—
[a,b]] = 7. r is positive. O # A and O # C. £(C, B,0) < = by [25, (16),
(9)], [19, (47)]. A, O, B form a triangle and C, O, B form a triangle by (37),
(38), [0, (72), (75)]. £(C,B,0)+4£(0,C,B)+£(0,B,A)+«(B,A,0) =7
or £(C,B,0)+ £(0,C,B)+ £(0,B,A)+ £(B, A,0) = —m by [25, (13)],
[19, (47)]. £(O,C,B) = £(C,B,0) and £(B,A,0) = £(0,B,A). O

(40) Let us consider points A, B, C of £2, and a positive real number 7.
Suppose £ (A, B,C) is not zero. Then sin(r - £(C,B,A)) = sin(r -2 - 7) -
cos(r- L(A,B,C)) —cos(r-2-m)-sin(r- L(A, B,C)).

(41) Let us consider points A, B, C of £%. Suppose (A, B,C) is not zero.

Then sin % = @ - cos % + % - sin w. The theorem is a

consequence of (40), (22), and (23).
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5. DIAMETER OF THE CIRCUMCIRCLE OF A TRIANGLE

Let us consider points A, B, C' of 5%. Now we state the propositions:
(42) (i) area of A(A,B,C) = areaof A(B,C,A), and
(ii) area of A(A,B,C) = area of A(C, A, B).
(43) area of A(A,B,C)= —(area of A(B,A,C)).
Let A, B, C be points of £2. The functor 7 (A, B,C) yielding a real number
is defined by the term

|A—B|:|B=C|-|C—A]|
(Def 1) area of Z(A,B,C) )

Let us consider points A, B, C of 5%.
Let us assume that A, B, C' form a triangle. Now we state the propositions:

_ _lc-4]
(45) @9 (A,B,C) = —%. The theorem is a consequence of (44).

Now we state the proposition:
(46) @q (A,B,C)=gq(B,C,A).

Let us assume that A, B, C form a triangle. Now we state the propositions:
(47) 2q (A,B,C) = —-@q (B, A,C). The theorem is a consequence of (43).
(48) &g (A,B,C) = =g (A,C, B). The theorem is a consequence of (42)

and (47).
(49) 2q(A,B,C) = =g (C,B,A). The theorem is a consequence of (48)
and (42).

6. SOME IDENTITIES OF A TRIANGLE

Let us consider points A, B, C of £2.
Let us assume that A, B, C form a triangle. Now we state the propositions:
(650) (i) |[A=B|=2q(A,B,C)-sinL(A,C,B), and
(ii) |[B—-C|=#2q(A,B,C) sin(B,A,C), and
(ili) |C = Al =g (A,B,C) sinL(C, B, A).
The theorem is a consequence of (42).
(51) |A—B| = 2 (4, B,C)-4-sin LAECE) iy (1 LACE)) g (1 _ LACE)
The theorem is a consequence of (29).
Let us consider points A, B, C, P of 5%. Now we state the propositions:
(52) Suppose A, B, P are mutually different and (P, B,A) = %

and £(B,A,P) = % and (A, P,B) < w. Then |A — P| - sin(m —

B,A VA, . \B,A
(‘C(C:,,B ) 4+ 4(33 C))) = |A - B| -smié(CSB ).
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£(C,B,A) and

(53) Suppose A, B, P are mutually different and £ (P, B, A) =
£(B,A,P) = ABAC) and f(A,P,B) < m and 4G2AL 4 £BAC)
7“{(’4’30’19) = . Then [A — P|- sin(ZT7r + 74(‘4’30’3)) =|A— B|-sin 7“{(0’3}9"4).

Now we state the proposition:

(54) Let us consider points A, B, C of £%. Suppose A, B, C form a triangle

and £(C, A, B) < . Then
(i) £(C,B,A)+ L(B,A,C)+ «£(A,C,B) =5 -7, and

(i) £(C,A,B)+ £(A,B,C)+ £(B,C,A) = .

Let us consider points A, B, C, P of 5%. Now we state the propositions:

(55) Suppose A, B, C form a triangle and ((C, B, A) < w and A, B, P are
mutually different and £(P, B, A) = (CBA) and £(B,A,P) = M
and £ (A, P, B) < m. Then |A— P|-sin(§ — %) |A— B|-sin CBA)
The theorem is a consequence of (1).

(56) Suppose A, B, C form a triangle and A, B, P form a triangle and
L(C,B;A) < 7 and ((A,P,B) < m and ((P,B,A) = % and

£L(B,AP) = % and sin(§ — w) # 0. Then |A — P| =

—2q(C,B,A)-4- sin% sin(§ + (AOB)) sin ‘C(CE’B’A). The theo-

rem is a consequence of (53), (29), (50), (13), and (49).

7. DIAMETER OF A CIRCLE

Now we state the propositions:

(57) Let us consider points A, B, C of £2. Suppose A, B, C' are mutually
different and C' € L(A, B). Then |A— B|=|A—C|+|C — B|.

(58) Let us consider points A, B of &2, real numbers a, b, and a positive
real number r. Suppose A, B, [a,b] are mutually different and A, B €
circle(a, b,r) and [a,b] € L(A, B). Then |A — B| =2 - r. The theorem is a
consequence of (57).

(59) Let us consider real numbers a, b, a positive real number r, and a subset
C of £2. If C = circle(a, b, r), then IC =2 - 7.

PROOF: For every points z, y of £2 such that z, y € C holds p(z,y) < 2-r
by [11} (22), (67)], [17, (4)], 22}, (5)]. For every real number s such that for
every points z, y of £2 such that x, y € C holds p(z,y) < s holds 2-r <

by [T (62)], [ (12)], [19, (24)], 126, (22)]. O
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1. PRELIMINARIES: AFFINE MAPS

Now we state the proposition:

(1) Let us consider real numbers a, b. Suppose a < b. Then R\ Ja, b] # 0.

From now on a, b, ¢, x denote real numbers.

Now we state the propositions:

(2) (AffineMap(zL-, —3%))(a) = 0.
(3) Ifb—a#0, then (AffineMap(;-, —5%))(b) = 1.
(4) If c—b#0, then (AffineMap(—-15, %)) (b) = 1.
(5) (AffineMap(— = b’ ch))(c) =0.

(6)

Ifb—a # 0 and (AﬂineMap(ﬁ, —32))(z) =1, then x = b. The theorem

is a consequence of (3).
(7) Ifc—b# 0and (AffineMap(—-1;, -%))(z) = 1, then z = b. The theorem
is a consequence of (4).
(8) rng(AffineMap(0,a)) = {a}.
(9) Let us consider a non empty subset C' of R.
Then rng((AffineMap(0,a))[C) = {a}.
PROOF: Set f = (AffineMap(0,a))|C. rng f C {a} by [3, (49)]. O
(10) If b—a > 0, then rng((AffineMap(;L-, — %)) [[a, b]) = [0, 1].
PROOF: Set f = AfﬁneMap(b - —p)- Set g = flla,b]. ngg C [0, 1] by
21, (57)), 13, (47)], (2), [16} (53)]. OO
Let us assume that ¢ — b > 0. Now we state the propositions:
(11)  rng((AffineMap(— 15, . b))Hb o) = [0,1].
PROOF: Set f = AffineMap(—_=, -5 ) Set g = fl]b,c]. ngg C [0,1] by
21, (57)), 13, (47)], (4 ) I16, (52). (54

(12) rg((AffineMap(— 15, ¢ b))[ <)
PROOF: Set f = AfﬁneMap( -

21, (57)], [3 (47)], (4), [16, (5 )]
Now we state the propositions:
(13) (AffineMap(0,0))(x) # 1.
(14) (AffineMap(0,1))(b) = 1.
(15) Let us consider a real number a. Then (AffineMap(0,b))(a) = b.

[ 1].
, 255)- Set g = f[[b,c]. ngg C [0,1] by
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2. TOWARDS DEVELOPMENT OF Fuzzy NUMBERS

In the sequel C' denotes a non empty set.
Let C be a non empty set.
A fuzzy set of C' is a membership function of C. Let F' be a fuzzy set of C.
We say that F'is normalized if and only if
(Def. 1)  there exists an element = of C' such that F(z) = 1.

We introduce F' is normal as a synonym of F' is normalized.
We introduce F' is subnormal as an antonym for F' is normal.

We say that F' is strictly normalized if and only if

(Def. 2) there exists an element x of C' such that F'(z) = 1 and for every element
y of C such that F(y) =1 holds y = =.

One can verify that every fuzzy set of C' which is strictly normalized is also
normalized.

Let F be a fuzzy set of C' and a be a real number. The functor a-cut(F')
yielding a subset of C' is defined by the term

(Def. 3) {z, where z is an element of C' : F(x) > a}.

Now we state the proposition:

(16) Let us consider a fuzzy set F' of C, and a real number a. Then a-cut(F') =
F=([o, 1))
PROOF: a-cut(F) C F~([a, 1]) by [6, (4)]. O

Let us consider C. Let us note that UMF C is normalized and there exists a
fuzzy set of C' which is normalized.

Let F' be a fuzzy set of C. The functor Core F' yielding a subset of C' is
defined by the term

(Def. 4) {z, where z is an element of C' : F(x) = 1}.
Now we state the propositions:
(17) Core UMF C = C.
(18) Core EMF C = ).
Let us consider C'. One can check that Core EMF C' is empty.

Let us consider a fuzzy set F' of C'. Now we state the propositions:
(19) Core F = F~1({1}).
(20) Core F' = 1-cut(F). The theorem is a consequence of (16) and (19).
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3. CONVEXITY AND THE HEIGHT OF A Fuzzy SET

Let F be a fuzzy set of R. We say that F'is convex if and only if
(Def. 5) for every real numbers z1, x2 and for every real number [ such that
0<I<1holds F(I-z1+ (1 —1)-x2) > min(F(x1), F(z2)).
Observe that UMF R is convex and EMF R is convex.
Let C be a non empty set and F' be a fuzzy set of C. The functor height F’
yielding an extended real is defined by the term
(Def. 6) suprngF.
Now we state the propositions:
(21) Let us consider a fuzzy set F' of C. Then 0 < height F' < 1.
PROOF: 0 is a lower bound of rng F' by [15, (1)]. 1 is a upper bound of
rng I by [15, (1)]. O
(22) Let us consider a fuzzy set F of C. If F is normalized, then height F' = 1.
The theorem is a consequence of (21).

4. PASTING AKA GLUEING LEMMAS

Let us consider partial functions f, ¢ from R to R. Now we state the propo-
sition:
(23) Suppose f is continuous and ¢ is continuous and there exists an object
x such that dom f Ndomg = {z} and for every object x such that x €
dom f Ndomg holds f(z) = g(z). Then there exists a partial function h
from R to R such that

(i) h = f+-g, and

(ii) for every real number z such that z € dom f N domg holds h is
continuous in x.

PROOF: Reconsider h = f+-¢g as a partial function from R to R. For every
real number r such that 0 < r there exists a real number s such that 0 < s
and for every real number z; such that x; € domh and |z; — z| < s holds
[h(z1) — h(z)| <r by 21, (57)], [16 (3)], [5, (12)], [3, (47)]. O
Let us assume that f is continuous and non empty and g is continuous and
non empty and there exist real numbers a, b, ¢ such that dom f = [a,b] and
domg = [b,c] and f = g. Now we state the propositions:

(24) There exists a partial function h from R to R such that
() &= f+g, and
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(ii) for every real number x such that € dom h holds A is continuous in
x.
(25) f+-g is continuous. The theorem is a consequence of (24).
Now we state the proposition:
(26) Suppose g is not empty and f = (AffineMap(0,0))[(R\]a, b)) and dom g =
[a,b] and g(a) = 0 and g(b) = 0. Then f =~ g.
PROOF: For every object = such that z € dom fNdom g holds f(x) = g(x)
by [I8, (1], 3, (47)], (15). O
Let us assume that g is continuous and non empty and
f = (AffineMap(0,0))[(R \ ]a,b]) and domg = [a,b] and g(a) = 0 and
g(b) = 0. Now we state the propositions:
(27) There exists a partial function h from R to R such that

(i) h= f+-g, and

(ii) for every real number x such that € domh holds & is continuous in
x.

The theorem is a consequence of (26).
(28) f+-g is continuous. The theorem is a consequence of (27).

Note that there exists a subset of R which is non trivial, closed interval, and
closed.

5. TRIANGULAR AND TRAPEZOIDAL Fuzzy SETS

Let a, b, ¢ be real numbers. Assume a < b and b < c.
The functor TriangularFS(a, b, ¢) yielding a fuzzy set of R is defined by the
term

(Def. 7) ((APﬁneMap(O 0))( \la, c[)+
(AffineMap (5L P 35 a, b))+
(AffineMap(—-1;, -© b))r[b c].

Let us consider real numbers a, b, c. Let us assume that a < b < c¢. Now we
state the propositions:

(29) TriangularFS(a,b,c) is strictly normalized.
PROOF: Set F' = TriangularFS(a, b, ¢). Reconsider b; = b as an element of
R. For every element y of R such that F(y) = 1 holds y = by by [21], (57)],
B, (11), (13)], B, (49)]. O

(30) TriangularFS(a, b, c) is continuous.
PROOF: Set f1 = AffineMap(0,0). Set f = fi](R\ Ja,c]). Set g1 =
AffineMap (- —52). Reconsider g = g1[[a, b] as a partial function from

b—a?
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R to R. Set hy = AffineMap(—-L;, ;). Reconsider h = hy[[b, c] as a par-
tial function from R to R. For every object x such that x € dom g Ndom h
holds g(z) = h(z) by [3, (49)], (4), (3). Set h = g+-h. Consider hy being
a partial function from R to R such that hy = f+-h and for every real
number z such that x € dom hs holds hs is continuous in z. [

Let a, b, ¢, d be real numbers. Assume a < b and b < ¢ and ¢ < d. The

functor TrapezoidalFS(a, b, ¢, d) yielding a fuzzy set of R is defined by the term

(Def. 8)

(((AffineMap(0, 0)) (R \ Ja, d[)+-
(AfﬁneMap(b 2 b a))”a b])
(AffineMap(0, 1)) [[b, ])+-(AffineMap(— 5, 7% c))[[c d].

Let us consider real numbers a, b, c, d. Let us assume that a < b < ¢ < d.

Now we state the propositions:

(31)

(32)

TrapezoidalFS(a, b, ¢, d) is normalized. The theorem is a consequence of
(4).

TrapezoidalF'S(a, b, ¢, d) is continuous.
PRrOOF: Set f; = AffineMap(0,0). Set f = fi[(R \ Ja,d[). Set g1 =
AffineMap(zL, —%-). Reconsider g = g1][a,b] as a partial function from
R to R. Set h; = AfﬁneMap(——c,%) Reconsider h = hil[c,d] as
a partial function from R to R. Set i; = AffineMap(0,1). Reconsider
i = i1[[b,c] as a partial function from R to R. For every object = such
that « € domg N domi holds g(z) = i(z) by [B, (49)], (15), (3). Set
h = g+-1. b is continuous. For every object x such that x € dom hNdom h
holds h(z) = h(z) by [0, (13)], [3, (49)], (15). Set g2 = h+-h. Consider hgy
being a partial function from R to R such that he = f+-go and for every
real number x such that x € dom ho holds hsy is continuous in z. OJ

Let F be a fuzzy set of R. We say that F is triangular if and only if

(Def. 9) there exist real numbers a, b, ¢ such that F' = TriangularF'S(a, b, ¢).

We say that F' is trapezoidal if and only if
(Def. 10) there exist real numbers a, b, ¢, d such that F' = TrapezoidalFS(a, b, ¢, d).

One can verify that there exists a fuzzy set of R which is triangular and

there exists a fuzzy set of R which is trapezoidal.

3]
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