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Summary. Hölzl et al. showed that it was possible to build “a generic
theory of limits based on filters” in Isabelle/HOL [22], [7]. In this paper we
present our formalization of this theory in Mizar [6].

First, we compare the notions of the limit of a family indexed by a directed
set, or a sequence, in a metric space [30], a real normed linear space [29] and a
linear topological space [14] with the concept of the limit of an image filter [16].

Then, following Bourbaki [9], [10] (TG.III, §5.1 Familles sommables dans un
groupe commutatif), we conclude by defining the summable families in a commu-
tative group (“additive notation” in [17]), using the notion of filters.
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The notation and terminology used in this paper have been introduced in the
following articles: [26], [16], [1], [27], [4], [18], [34], [32], [30], [11], [12], [35], [17],
[23], [29], [20], [37], [2], [13], [8], [28], [39], [14], [36], [19], [31], [38], [24], [3], [25],
[5], [21], and [15].

1. Preliminaries

Now we state the propositions:

(1) Let us consider a set I. Then ∅ is an element of Fin I.

(2) Let us consider sets I, J . Suppose J ∈ Fin I. Then there exists a finite
sequence p of elements of I such that

(i) J = rng p, and
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(ii) p is one-to-one.

(3) Let us consider a set I, a non empty set Y, a Y -valued many sorted set x
indexed by I, and a finite sequence p of elements of I. Then p ·x is a finite
sequence of elements of Y.

(4) Let us consider non empty sets I, X, an X-valued many sorted set x
indexed by I, and finite sequences p, q of elements of I. Then (pa q) · x =
p · x a (q · x).
Proof: For every object t such that t ∈ dom((paq)·x) holds ((paq)·x)(t) =
(p · x a (q · x))(t) by [33, (120)], [11, (13)], [4, (25)]. �

Let I be a set, Y be a non empty set, x be a Y -valued many sorted set
indexed by I, and p be a finite sequence of elements of I. The functor #p

x

yielding a finite sequence of elements of Y is defined by the term

(Def. 1) p · x.

The functor F(I) yielding a non empty, transitive, reflexive relational struc-
ture is defined by the term

(Def. 2) 〈Fin I,⊆〉.
Now we state the proposition:

(5) Let us consider a set I. Then ΩF(I) is directed.

2. Convergence in Metric Spaces

Now we state the propositions:

(6) Let us consider a non empty metric space M , and a point x of Mtop. Then
Ballsx is a generalized basis of BooleanFilterToFilter(the neighborhood
system of x).

(7) Let us consider a non empty metric space M , a non empty, transitive, re-
flexive relational structure L, a function f from ΩL into the carrier of Mtop,
a point x of Mtop, and a generalized basis B of BooleanFilterToFilter(the
neighborhood system of x). Suppose ΩL is directed. Then x ∈ LimF(f) if
and only if for every element b of B, there exists an element i of L such
that for every element j of L such that i ¬ j holds f(j) ∈ b.

(8) Let us consider a non empty metric space M , a non empty, transitive,
reflexive relational structure L, a function f from ΩL into the carrier of
Mtop, and a point x of Mtop. Suppose ΩL is directed. Then x ∈ LimF(f)
if and only if for every element b of Ballsx, there exists an element n of L
such that for every element m of L such that n ¬ m holds f(m) ∈ b. The
theorem is a consequence of (6).
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(9) Let us consider a non empty metric space M , a sequence s of the carrier
of Mtop, and a point x of Mtop. Then x ∈ LimF(s) if and only if for
every element b of Ballsx, there exists a natural number i such that for
every natural number j such that i ¬ j holds s(j) ∈ b. The theorem is
a consequence of (6).

(10) Let us consider a non empty topological structure T , a sequence s of T ,
and a point x of T . Then x ∈ Lim s if and only if for every subset U1 of
T such that U1 is open and x ∈ U1 there exists a natural number n such
that for every natural number m such that n ¬ m holds s(m) ∈ U1.

Let us consider a non empty metric space M , a sequence s of the carrier of
Mtop, and a point x of Mtop. Now we state the propositions:

(11) x ∈ Lim s if and only if for every element b of Ballsx, there exists
a natural number n such that for every natural number m such that n ¬ m
holds s(m) ∈ b. The theorem is a consequence of (6) and (10).

(12) x ∈ LimF(s) if and only if x ∈ Lim s. The theorem is a consequence of
(9) and (11).

3. Filter and Limit of a Sequence in Real Normed Space

Now we state the propositions:

(13) Let us consider a real normed space N , a non empty, transitive, re-
flexive relational structure L, a function f from ΩL into the carrier of
(MetricSpaceNormN)top, a point x of (MetricSpaceNormN)top, and a ge-
neralized basis B of BooleanFilterToFilter(the neighborhood system of x).
Suppose ΩL is directed. Then x ∈ LimF(f) if and only if for every element
b of B, there exists an element i of L such that for every element j of L
such that i ¬ j holds f(j) ∈ b.

(14) Let us consider a real normed space N ,
and a point x of (MetricSpaceNormN)top. Then Ballsx is a generalized
basis of BooleanFilterToFilter(the neighborhood system of x).

(15) Let us consider a real normed space N , a sequence s of the carrier of
(MetricSpaceNormN)top, and a point x of (MetricSpaceNormN)top. Then
x ∈ LimF(s) if and only if for every element b of Ballsx, there exists
a natural number i such that for every natural number j such that i ¬ j

holds s(j) ∈ b.
(16) Let us consider a real normed spaceN , and a point x of (MetricSpaceNorm

N)top. Then there exists a point y of MetricSpaceNormN such that

(i) y = x, and
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(ii) Ballsx = {Ball(y, 1n), where n is a natural number : n 6= 0}.

(17) Let us consider a real normed space N , a point x
of (MetricSpaceNormN)top, a point y of MetricSpaceNormN , and a po-
sitive natural number n. If x = y, then Ball(y, 1n) ∈ Ballsx.

(18) Let us consider a real normed space N , a point x of MetricSpaceNormN ,
and a natural number n. Suppose n 6= 0. Then Ball(x, 1n) = {q, where q is
an element of MetricSpaceNormN : ρ(x, q) < 1

n}.
(19) Let us consider a real normed space N , an element x

of MetricSpaceNormN , and a natural number n. Suppose n 6= 0. Then
there exists a point y of N such that

(i) x = y, and

(ii) Ball(x, 1n) = {q, where q is a point of N : ‖y − q‖ < 1
n}.

Let us consider a metric structure P1. Now we state the propositions:

(20) P1top = 〈the carrier of P1, the open set family of P1〉.
(21) The carrier of 〈the carrier of P1, the open set family of P1〉 = the carrier

of P1.

(22) The carrier of P1top = the carrier of 〈the carrier of P1, the open set
family of P1〉.

(23) The carrier of P1top = the carrier of P1.

Now we state the proposition:

(24) Let us consider a real normed space N , a sequence s of the carrier of
(MetricSpaceNormN)top, and a natural number j. Then s(j) is an element
of the carrier of (MetricSpaceNormN)top.

Let N be a real normed space and x be a point of (MetricSpaceNormN)top.
The functor #x yielding a point of N is defined by the term

(Def. 3) x.

Now we state the proposition:

(25) Let us consider a real normed space N , a sequence s of the carrier of
(MetricSpaceNormN)top, and a point x of (MetricSpaceNormN)top. Then
x ∈ LimF(s) if and only if for every positive natural number n, there exists
a natural number i such that for every natural number j such that i ¬ j

holds ‖#x−# s(j)‖ < 1
n .

Proof: Reconsider x1 = x as a point of (MetricSpaceNormN)top. Con-
sider y0 being a point of MetricSpaceNormN such that y0 = x1 and
Ballsx1 = {Ball(y0, 1n), where n is a natural number : n 6= 0}. If x ∈
LimF(s), then for every positive natural number n, there exists a natu-
ral number i such that for every natural number j such that i ¬ j holds
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‖#x−# s(j)‖ < 1
n by (9), [20, (2)]. If for every positive natural number

n, there exists a natural number i such that for every natural number j
such that i ¬ j holds ‖#x−# s(j)‖ < 1

n , then x ∈ LimF(s) by [20, (2)],
(9). �

4. Filter and Limit of a Sequence in Linear Topological Space

Now we state the propositions:

(26) Let us consider a non empty linear topological space X. Then the ne-
ighborhood system of 0X is a local base of X.

(27) Let us consider a linear topological space X, a local base O of X, a point
a of X, and a family P of subsets of X. Suppose P = {a+U , where U is
a subset of X : U ∈ O}. Then P is a generalized basis of a.

(28) Let us consider a non empty linear topological space X, a point x of
X, and a local base O of X. Then {x + U , where U is a subset of X :
U ∈ O and U is a neighbourhood of 0X} = {x + U , where U is a subset
of X : U ∈ O and U ∈ the neighborhood system of 0X}.

(29) Let us consider a non empty linear topological space X, a point x of X,
a local base O of X, and a family B of subsets of X. Suppose B = {x +
U , where U is a subset of X : U ∈ O and U is a neighbourhood of 0X}.
Then B is a generalized basis of BooleanFilterToFilter(the neighborhood
system of x).
Proof: Set F = BooleanFilterToFilter(the neighborhood system of x).
F ⊆ [B] by [14, (9)], [27, (3)], [14, (8), (6)]. [B] ⊆ F by [14, (37)]. �

(30) Let us consider a non empty linear topological space X, a sequence s of
the carrier of X, a point x of X, a local base V of X, and a family B of
subsets of X. Suppose B = {x+U , where U is a subset of X : U ∈ V and
U is a neighbourhood of 0X}. Then x ∈ LimF(s) if and only if for every
element v of B, there exists a natural number i such that for every natural
number j such that i ¬ j holds s(j) ∈ v. The theorem is a consequence of
(29).

(31) Let us consider a non empty linear topological space X, a sequence s of
the carrier ofX, a point x ofX, and a local base V ofX. Then x ∈ LimF(s)
if and only if for every subset v of X such that v ∈ V ∩(the neighborhood
system of 0X) there exists a natural number i such that for every natural
number j such that i ¬ j holds s(j) ∈ x+ v.
Proof: Set B = {x+ U , where U is a subset of X : U ∈ V and U is
a neighbourhood of 0X}. B is a generalized basis of BooleanFilterToFilter
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(the neighborhood system of x). For every element b of B, there exists
a natural number i such that for every natural number j such that i ¬ j

holds s(j) ∈ b by [5, (2)]. �

(32) Let us consider a non empty linear topological space T , a non empty,
transitive, reflexive relational structure L, a function f from ΩL into
the carrier of T , a point x of T , and a generalized basis B of
BooleanFilterToFilter(the neighborhood system of x). Suppose ΩL is di-
rected. Then x ∈ LimF(f) if and only if for every element b of B, there
exists an element i of L such that for every element j of L such that i ¬ j
holds f(j) ∈ b.

(33) Let us consider a non empty linear topological space T , a non empty,
transitive, reflexive relational structure L, a function f from ΩL into
the carrier of T , a point x of T , and a local base V of T . Suppose ΩL is
directed. Then x ∈ LimF(f) if and only if for every subset v of T such
that v ∈ V ∩ (the neighborhood system of 0T ) there exists an element i of
L such that for every element j of L such that i ¬ j holds f(j) ∈ x+ v.

5. Series in Abelian Group: a Definition

Let I be a non empty set, L be an Abelian group, x be a (the carrier of
L)-valued many sorted set indexed by I, and J be an element of Fin I. The
functor

∑J
κ=0 x(κ) yielding an element of L is defined by

(Def. 4) there exists a one-to-one finite sequence p of elements of I such that
rng p = J and it = (the addition of L)�#p

x.

Now we state the proposition:

(34) Let us consider a non empty set I, an Abelian group L, a (the carrier
of L)-valued many sorted set x indexed by I, an element J of Fin I, and
an element e of Fin I. Suppose e = ∅. Then

(i)
∑e
κ=0 x(κ) = 0L, and

(ii) for every elements e, f of Fin I such that emisses f holds
∑e∪f
κ=0 x(κ) =∑e

κ=0 x(κ) +
∑f
κ=0 x(κ).

The theorem is a consequence of (4).

Let I be a non empty set, L be an Abelian group, and x be a (the carrier of
L)-valued many sorted set indexed by I. The functor (

∑κ
α=0 x(α))κ∈N yielding

a function from ΩF(I) into the carrier of L is defined by

(Def. 5) for every element j of Fin I, it(j) =
∑j
κ=0 x(κ).
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6. Product of Family as Limit in Commutative Topological Group

Let I be a non empty set, L be a commutative semi topological group, x be
a (the carrier of L)-valued many sorted set indexed by I, and J be an element
of Fin I. The functor Product(x, J) yielding an element of L is defined by

(Def. 6) there exists a one-to-one finite sequence p of elements of I such that
rng p = J and it = (the multiplication of L)�#p

x.

(35) Let us consider a set I, a semi topological group G, a function f from
ΩF(I) into the carrier of G, a point x of G, and a generalized basis B of
BooleanFilterToFilter(the neighborhood system of x). Then x ∈ LimF(f)
if and only if for every element b of B, there exists an element i of F(I)
such that for every element j of F(I) such that i ¬ j holds f(j) ∈ b. The
theorem is a consequence of (5).

(36) Let us consider a non empty set I, a commutative semi topological group
L, a (the carrier of L)-valued many sorted set x indexed by I, an element
J of Fin I, and an element e of Fin I. Suppose e = ∅. Then

(i) Product(x, e) = 1L, and

(ii) for every elements e, f of Fin I such that emisses f holds Product(x, e∪
f) = Product(x, e) · Product(x, f).

The theorem is a consequence of (4).

Let I be a non empty set, L be a commutative semi topological group, and
x be a (the carrier of L)-valued many sorted set indexed by I. The functor
the partial product of x yielding a function from ΩF(I) into the carrier of L is
defined by

(Def. 7) for every element j of Fin I, it(j) = Product(x, j).

(37) Let us consider a non empty set I, a commutative semi topological group
G, a (the carrier of G)-valued many sorted set s indexed by I, a point x of
G, and a generalized basis B of BooleanFilterToFilter(the neighborhood
system of x). Then x ∈ LimF(the partial product of s) if and only if for
every element b of B, there exists an element i of F(I) such that for every
element j of F(I) such that i ¬ j holds (the partial product of s)(j) ∈ b.

7. Summable Family in Commutative Topological Group

Let I be a non empty set, L be an Abelian semi additive topological group, x
be a (the carrier of L)-valued many sorted set indexed by I, and J be an element
of Fin I. The functor

∑J
κ=0 x(κ) yielding an element of L is defined by
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(Def. 8) there exists a one-to-one finite sequence p of elements of I such that
rng p = J and it = (the addition of L)�#p

x.

Now we state the propositions:

(38) Let us consider a set I, a semi additive topological group G, a function f
from ΩF(I) into the carrier ofG, a point x ofG, and a generalized basis B of
BooleanFilterToFilter(the neighborhood system of x). Then x ∈ LimF(f)
if and only if for every element b of B, there exists an element i of F(I)
such that for every element j of F(I) such that i ¬ j holds f(j) ∈ b. The
theorem is a consequence of (5).

(39) Let us consider a non empty set I, an Abelian semi additive topological
group L, a (the carrier of L)-valued many sorted set x indexed by I,
an element J of Fin I, and an element e of Fin I. Suppose e = ∅. Then

(i)
∑e
κ=0 x(κ) = 0L, and

(ii) for every elements e, f of Fin I such that emisses f holds
∑e∪f
κ=0 x(κ) =∑e

κ=0 x(κ) +
∑f
κ=0 x(κ).

The theorem is a consequence of (4).

Let I be a non empty set, L be an Abelian semi additive topological group,
and x be a (the carrier of L)-valued many sorted set indexed by I. The functor
(
∑κ
α=0 x(α))κ∈N yielding a function from ΩF(I) into the carrier of L is defined

by

(Def. 9) for every element j of Fin I, it(j) =
∑j
κ=0 x(κ).

Now we state the proposition:

(40) Let us consider a non empty set I, an Abelian semi additive topological
groupG, a (the carrier ofG)-valued many sorted set s indexed by I, a point
x of G, and a generalized basis B of BooleanFilterToFilter(the neighborho-
od system of x). Then x ∈ LimF((

∑κ
α=0 s(α))κ∈N) if and only if for every

element b of B, there exists an element i of F(I) such that for every
element j of F(I) such that i ¬ j holds (

∑κ
α=0 s(α))κ∈N(j) ∈ b.
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Summary. Using Mizar [9], and the formal topological space structure
(FMT Space Str) [19], we introduce the three U-FMT conditions (U-FMT filter,
U-FMT with point and U-FMT local) similar to those VI , VII , VIII and VIV of
the proposition 2 in [10]:

If to each element x of a set X there corresponds a set B(x) of subsets
of X such that the properties VI , VII , VIII and VIV are satisfied,
then there is a unique topological structure on X such that, for each
x ∈ X, B(x) is the set of neighborhoods of x in this topology.

We present a correspondence between a topological space and a space defined
with the formal topological space structure with the three U-FMT conditions called
the topology from neighbourhoods. For the formalization, we were inspired by
the works of Bourbaki [11] and Claude Wagschal [31].
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1. Preliminaries

From now on X denotes a non empty set.
Now we state the propositions:

(1) Let us consider families B, Y of subsets of X. If Y ⊆ UniCl(B), then⋃
Y ∈ UniCl(B).
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(2) Let us consider an empty family B of subsets of X. Suppose for every
elements B1, B2 of B, there exists a subset B3 of B such that B1 ∩B2 =⋃
B3 and X =

⋃
B. Then FinMeetCl(B) ⊆ UniCl(B).

Proof: FinMeetCl(B) ⊆ UniCl(B) by [22, (1)]. �

(3) Let us consider a non empty family B of subsets of X. Suppose for
every elements B1, B2 of B, there exists a subset B3 of B such that
B1 ∩B2 =

⋃
B3 and X =

⋃
B. Then FinMeetCl(B) ⊆ UniCl(B).

Proof: Reconsider x0 = x as a subset of X. Consider Y being a family
of subsets of X such that Y ⊆ B and Y is finite and x0 = Intersect(Y ).
Define P[natural number] ≡ for every family Y of subsets of X for every
subset x of X such that Y ⊆ B and Y = $1 and x = Intersect(Y ) holds
x ∈ UniCl(B). P[0]. For every natural number k such that P[k] holds
P[k + 1] by [20, (24)], [22, (10), (9)], [15, (2)]. For every natural number
k, P[k] from [3, Sch. 2]. �

(4) Let us consider a family B of subsets of X. Suppose for every elements
B1, B2 of B, there exists a subset B3 of B such that B1 ∩B2 =

⋃
B3 and

X =
⋃
B. Then

(i) UniCl(B) = UniCl(FinMeetCl(B)), and

(ii) 〈X,UniCl(B)〉 is topological space-like.

Proof: UniCl(B) = UniCl(FinMeetCl(B)) by [24, (4)], (2), (3), [7, (15)].
�

(5) Let us consider a non empty formal topological space R. Then there
exists a relational structure S such that for every element x of R, UF (x)
is a subset of S.

Let T be a non empty topological space. One can verify that NeighSpT is
filled.

2. Open, Neighborhood and Conditions for Topological Space
from Neighborhoods

Let E be a non empty, strict formal topological space and O be a subset of
E. We say that O is open if and only if

(Def. 1) for every element x of E such that x ∈ O holds O ∈ UF (x).

We say that E is U-FMT filter if and only if

(Def. 2) for every element x of E, UF (x) is a filter of the carrier of E.

We say that E is U-FMT with point if and only if

(Def. 3) for every element x of E and for every element V of UF (x), x ∈ V .
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We say that E is U-FMT local if and only if

(Def. 4) for every element x of E and for every element V of UF (x), there exists
an element W of UF (x) such that for every element y of E such that y is
an element of W holds V is an element of UF (y).

Now we state the proposition:

(6) Let us consider a non empty, strict formal topological space E. Suppose
E is U-FMT filter. Let us consider an element x of E. Then UF (x) is not
empty.

Let us consider a non empty, strict formal topological space E. Now we state
the propositions:

(7) If E is U-FMT with point, then E is filled.

(8) If E is filled and for every element x of E, UF (x) is not empty, then E

is U-FMT with point.

(9) If E is filled and U-FMT filter, then E is U-FMT with point. The theorem
is a consequence of (8).

Observe that there exists a non empty, strict formal topological space which
is U-FMT local, U-FMT with point, and U-FMT filter.

Now we state the proposition:

(10) Let us consider a U-FMT filter, non empty, strict formal topological
space E, and an element x of E. Then the carrier of E ∈ UF (x).

Let E be a U-FMT filter, non empty, strict formal topological space and x
be an element of E.

A neighbourhood of x is a subset of E and is defined by

(Def. 5) it ∈ UF (x).

Let us observe that there exists a neighbourhood of x which is open.
Let A be a subset of E.
A neighbourhood of A is a subset of E and is defined by

(Def. 6) for every element x of E such that x ∈ A holds it ∈ UF (x).

Note that there exists a neighbourhood of A which is open.
Now we state the proposition:

(11) Let us consider a U-FMT filter, non empty, strict formal topological
space E, a subset A of E, a neighbourhood C of A, and a subset B of E.
If C ⊆ B, then B is a neighbourhood of A.

Let E be a U-FMT filter, non empty, strict formal topological space and A
be a subset of E. The functor NeighborhoodA yielding a family of subsets of E
is defined by the term

(Def. 7) the set of all N where N is a neighbourhood of A.
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Now we state the proposition:

(12) Let us consider a U-FMT filter, non empty, strict formal topological
space E, and a non empty subset A of E. Then NeighborhoodA is a filter
of the carrier of E. The theorem is a consequence of (10).

Let E be a non empty, strict formal topological space. We say that E is
U-FMT filter base if and only if

(Def. 8) for every element x of the carrier of E, UF (x) is a filter base of the carrier
of E.

Let E be a non empty formal topological space. The functor [E] yielding
a function from the carrier of E into 22

(the carrier of E)
is defined by

(Def. 9) for every element x of the carrier of E, it(x) = [UF (x)].

Let E be a non empty, strict formal topological space. The functor gen-filterE
yielding a non empty, strict formal topological space is defined by the term

(Def. 10) 〈the carrier of E, [E]〉.
Now we state the proposition:

(13) Let us consider a non empty, strict formal topological space E. Suppose
E is U-FMT filter base. Then gen-filterE is U-FMT filter.
Proof: For every element x of gen-filterE, UF (x) is a filter of the carrier
of gen-filterE by [16, (25)]. �

3. Topology from Neighborhoods: a Definition

A topology from neighbourhoods is a U-FMT local, U-FMT with point, U-
FMT filter, non empty, strict formal topological space. Let E be a topology
from neighbourhoods and x be an element of E. We introduce the notation
the neighborhood system of x as a synonym of UF (x).

Let us note that there exists a subset of E which is open.
The functor the open set family of E yielding a non empty family of subsets

of the carrier of E is defined by the term

(Def. 11) the set of all O where O is an open subset of E.

Now we state the propositions:

(14) Let us consider a topology from neighbourhoods E. Then

(i) ∅, the carrier of E ∈ the open set family of E, and

(ii) for every family a of subsets of E such that a ⊆ the open set family
of E holds

⋃
a ∈ the open set family of E, and

(iii) for every subsets a, b of E such that a, b ∈ the open set family of E
holds a ∩ b ∈ the open set family of E.
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Proof: ∅ ∈ the open set family of E. The carrier of E ∈ the open set
family of E by [30, (5)]. For every family a of subsets of E such that
a ⊆ the open set family of E holds

⋃
a ∈ the open set family of E by [15,

(74)]. For every subsets a, b of E such that a, b ∈ the open set family of
E holds a ∩ b ∈ the open set family of E. �

(15) Let us consider a topology from neighbourhoods E, an element a of E,
and a neighbourhood V of a. Then there exists an open subset O of E
such that

(i) a ∈ O, and

(ii) O ⊆ V .

The theorem is a consequence of (6).

(16) Let us consider a topology from neighbourhoods E, a non empty subset
A of E, and a subset V of E. Then V is a neighbourhood of A if and only
if there exists an open subset O of E such that A ⊆ O ⊆ V .
Proof: If V is a neighbourhood of A, then there exists an open subset O
of E such that A ⊆ O ⊆ V by (15), (14), [13, (4)]. If there exists an open
subset O of E such that A ⊆ O ⊆ V , then V is a neighbourhood of A. �

(17) Let us consider a topology from neighbourhoods E, and a non empty
subset A of E. Then NeighborhoodA is a filter of the carrier of E.

Let E be a topology from neighbourhoods and A be a non empty subset of
E. The open neighbourhoods of A yielding a family of subsets of the carrier of
E is defined by the term

(Def. 12) the set of all N where N is an open neighbourhood of A.

Now we state the propositions:

(18) Let us consider a topology from neighbourhoods E, a filter F of the car-
rier of E, a non empty subset S of F , and a non empty subset A of E.
Suppose F = NeighborhoodA and S = the open neighbourhoods of A.
Then S is filter basis. The theorem is a consequence of (16).

(19) Let us consider a non empty topological space T . Then there exists
a topology from neighbourhoods E such that

(i) the carrier of T = the carrier of E, and

(ii) the open set family of E = the topology of T .

Proof: There exists a non empty, strict formal topological space E such
that E is U-FMT filter, U-FMT with point, and U-FMT local and the carri-
er of T = the carrier of E and there exists a topology from neighbourhoods
T1 such that T1 = E and the open set family of T1 = the topology of T by
(13), [23, (1)], [21, (3), (7)]. Consider E being a non empty, strict formal
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topological space such that the carrier of T = the carrier of E and E is
U-FMT filter, U-FMT with point, and U-FMT local and there exists a to-
pology from neighbourhoods T1 such that T1 = E and the open set family
of T1 = the topology of T . Consider T1 being a topology from neighbour-
hoods such that T1 = E and the open set family of T1 = the topology of
T . �

(20) Let us consider a non empty topological space T , and a topology from ne-
ighbourhoods E. Suppose the carrier of T = the carrier of E and the open
set family of E = the topology of T . Let us consider an element x of E.
Then UF (x) = {V , where V is a subset of E : there exists a subset O of
T such that O ∈ the topology of T and x ∈ O and O ⊆ V }. The theorem
is a consequence of (15).

4. Basis

Let E be a topology from neighbourhoods and F be a family of subsets of
E. We say that F is quasi basis if and only if

(Def. 13) the open set family of E ⊆ UniCl(F ).

Note that the open set family of E is quasi basis and there exists a family
of subsets of E which is quasi basis.

Let S be a family of subsets of E. We say that S is open if and only if

(Def. 14) S ⊆ the open set family of E.

One can check that there exists a family of subsets of E which is open and
there exists a family of subsets of E which is open and quasi basis.

A basis of E is an open, quasi basis family of subsets of E. Now we state
the propositions:

(21) Let us consider a topology from neighbourhoods E, and a basis B of E.
Then the open set family of E = UniCl(B). The theorem is a consequence
of (14).

(22) Let us consider a non empty family B of subsets of X. Suppose for every
elements B1, B2 of B, there exists a subset B3 of B such that B1 ∩B2 =⋃
B3 and X =

⋃
B. Then there exists a topology from neighbourhoods E

such that

(i) the carrier of E = X, and

(ii) B is a basis of E.

The theorem is a consequence of (4) and (19).

(23) Let us consider a topology from neighbourhoods E, and a basis B of E.
Then
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(i) for every elements B1, B2 of B, there exists a subset B3 of B such
that B1 ∩B2 =

⋃
B3, and

(ii) the carrier of E =
⋃
B.

Proof: For every elements B1, B2 of B, there exists a subset B3 of B such
that B1 ∩ B2 =

⋃
B3 by [7, (16)], (14). The carrier of X ∈ the open set

family of X. Consider Y being a family of subsets of X such that Y ⊆ B
and the carrier of X =

⋃
Y. �

5. Correspondence between Topological Space and Topology
from Neighborhoods

Let T be a non empty topological space. The functor TopSpace2FMTT
yielding a topology from neighbourhoods is defined by

(Def. 15) the carrier of it = the carrier of T and the open set family of it =
the topology of T .

Let E be a topology from neighbourhoods. The functor FMT2TopSpaceE
yielding a strict topological space is defined by

(Def. 16) the carrier of it = the carrier of E and the open set family of E =
the topology of it .

Let us observe that FMT2TopSpaceE is non empty.
Now we state the propositions:

(24) Let us consider a non empty, strict topological space T . Then T =
FMT2TopSpace TopSpace2FMTT .

(25) Let us consider a topology from neighbourhoods E. Then E =
TopSpace2FMT FMT2TopSpaceE.
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Summary. In this article, we formalize in Mizar [7] the definition of “tor-
sion part” of Z-module and its properties. We show Z-module generated by the
field of rational numbers as an example of torsion-free non free Z-modules. We
also formalize the rank-nullity theorem over finite-rank free Z-modules (previo-
usly formalized in [1]). Z-module is necessary for lattice problems, LLL (Lenstra,
Lenstra and Lovász) base reduction algorithm [23] and cryptographic systems
with lattices [24].
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(1) Let us consider an integer n. Suppose n 6= 0 and n 6= −1 and n 6= −2.
Then n

n+1 /∈ Z.

One can check that there exists an element of ZR which is prime and non
zero and every element of ZR which is prime is also non zero.

Now we state the propositions:

(2) Let us consider a Z-module V , and a subset A of V . Suppose A is linearly
independent. Then there exists a subset B of V such that

(i) A ⊆ B, and

(ii) B is linearly independent, and

(iii) for every vector v of V , there exists an element a of ZR such that
a 6= 0 and a · v ∈ Lin(B).

Proof: Define P[set] ≡ there exists a subset B of V such that B = $1
and A ⊆ B and B is linearly independent. Consider Q being a set such
that For every set Z, Z ∈ Q iff Z ∈ 2α and P[Z], where α is the carrier
of V . Consider X being a set such that X ∈ Q and for every set Z such
that Z ∈ Q and Z 6= X holds X 6⊆ Z. Consider B being a subset of V
such that B = X and A ⊆ B and B is linearly independent. Consider v
being a vector of V such that for every element a of ZR such that a 6= 0
holds a · v /∈ Lin(B). B∪{v} is linearly independent by [10, (8)], [15, (39),
(55)], [31, (61)]. �

(3) Let us consider a Z-module V , a finite subset I of V , and a submodule
W of V . Suppose for every vector v of V such that v ∈ I there exists
an element a of ZR such that a 6= 0ZR and a · v ∈ W . Then there exists
an element a of ZR such that

(i) a 6= 0ZR , and

(ii) for every vector v of V such that v ∈ I holds a · v ∈W .

Proof: Define P[natural number] ≡ for every finite subset I of V such
that I = $1 and for every vector v of V such that v ∈ I there exists
an element a of ZR such that a 6= 0ZR and a·v ∈W there exists an element
a of ZR such that a 6= 0ZR and for every vector v of V such that v ∈ I holds
a · v ∈W . P[0]. For every natural number n such that P[n] holds P[n+ 1]
by [37, (41)], [3, (44)], [2, (30)], [14, (37)]. For every natural number n,
P[n] from [4, Sch. 2]. �

(4) Let us consider a finite rank, free Z-module V . Then every linearly in-
dependent subset of V is finite.

Let V be a finite rank, free Z-module. Let us observe that every subset of V
which is linearly independent is also finite.
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Let us consider a finite rank, free Z-module V and a linearly independent
subset A of V . Now we state the propositions:

(5) There exists a finite, linearly independent subset I of V and there exists
an element a of ZR such that a 6= 0ZR and A ⊆ I and a◦V is a submodule
of Lin(I).

(6) There exists a finite, linearly independent subset I of V such that

(i) A ⊆ I, and

(ii) rankV = I .

The theorem is a consequence of (5).

Now we state the proposition:

(7) Let us consider a torsion-free Z-module V , finite rank, free submodules
W1, W2 of V , and a basis I1 of W1. Then there exists a finite, linearly
independent subset I of V such that

(i) I is a subset of W1 +W2, and

(ii) I1 ⊆ I, and

(iii) rank(W1 +W2) = rank Lin(I).

The theorem is a consequence of (6).

Let us consider a torsion-free Z-module V and finite rank, free submodules
W1, W2 of V . Now we state the propositions:

(8) Suppose W2 is a submodule of W1. Then there exists a finite rank, free
submodule W3 of V such that

(i) rankW1 = rankW2 + rankW3, and

(ii) W2 ∩W3 = 0V , and

(iii) W3 is a submodule of W1.

Proof: Set I2 = the basis of W2. Reconsider J2 = I2 as a subset of W1.
Consider J1 being a finite, linearly independent subset of W1 such that
J2 ⊆ J1 and rankW1 = J1 . Set J3 = J1 \ J2. Reconsider I3 = J3 as
a subset of V . W2 ∩ Lin(I3) = 0V by [16, (20)], [14, (42)], [18, (23)], [19,
(4)]. �

(9) There exists a finite rank, free submodule W3 of V such that

(i) rank(W1 +W2) = rankW1 + rankW3, and

(ii) W1 ∩W3 = 0V , and

(iii) W3 is a submodule of W1 +W2.
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Proof: Set I1 = the basis of W1. Consider I being a finite, linearly in-
dependent subset of V such that I is a subset of W1 + W2 and I1 ⊆ I

and rank(W1 +W2) = rank Lin(I). Set I2 = I \ I1. Reconsider J2 = I2 as
a finite, linearly independent subset of V . W1∩Lin(J2) = 0V by [16, (20)],
[14, (42)], [18, (23)], [19, (4)]. �

Now we state the proposition:

(10) Let us consider a finite rank, free Z-module V , and submodules W1, W2
of V . Then rank(W1 ∩W2)  rankW1 + rankW2 − rankV .

Let V be a Z-module. The functor torsion-part(V ) yielding a strict submo-
dule of V is defined by

(Def. 1) the carrier of it = {v, where v is a vector of V : v is torsion}.
Now we state the propositions:

(11) Let us consider a Z-module V , and a vector v of V . Then v is torsion if
and only if v ∈ torsion-part(V ).

(12) Let us consider a Z-module V . Then V is torsion-free if and only if
torsion-part(V ) = 0V . The theorem is a consequence of (11).

Let V be a Z-module. Observe that Z-ModuleQuot(V, torsion-part(V )) is
torsion-free.

Let W be a submodule of V . The functor Z-QMorph(V,W ) yielding a linear
transformation from V to Z-ModuleQuot(V,W ) is defined by

(Def. 2) for every element v of V , it(v) = v +W .

One can check that Z-QMorph(V,W ) is onto.
Now we state the proposition:

(13) Let us consider Z-modules V , W , a linear transformation T from V to W ,
a finite sequence s of elements of V , and a finite sequence t of elements of
W . Suppose len s = len t and for every element i of N such that i ∈ dom s

there exists a vector s1 of V such that s1 = s(i) and t(i) = T (s1). Then∑
t = T (

∑
s).

Proof: Define P[natural number] ≡ for every finite sequence s of elements
of V for every finite sequence t of elements of W such that len s = $1 and
len s = len t and for every element i of N such that i ∈ dom s there exists
a vector s1 of V such that s1 = s(i) and t(i) = T (s1) holds

∑
t = T (

∑
s).

P[0] by [32, (43)], [26, (19)]. For every natural number k such that P[k]
holds P[k + 1] by [6, (59)], [4, (11)], [6, (4)], [9, (3)]. For every natural
number k, P[k] from [4, Sch. 2]. �

Let V be a finitely generated Z-module and W be a submodule of V . Observe
that Z-ModuleQuot(V,W ) is finitely generated and

Z-ModuleQuot(V, torsion-part(V )) is free.
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2. Z-module Generated by the Field of Rational Numbers

The functor Z-moduleQ yielding a vector space structure over ZR is defined
by the term

(Def. 3) 〈the carrier of FQ, the addition of FQ, the zero of FQ, the left integer
multiplication of FQ〉.

One can verify that Z-moduleQ is non empty and Z-moduleQ is Abelian,
add-associative, right zeroed, right complementable, scalar distributive, vector
distributive, scalar associative, and scalar unital.

Now we state the propositions:

(14) Let us consider an element v of FQ, and a rational number v1. Suppose
v = v1. Let us consider a natural number n. Then (Nat-mult-left FQ)(n, v) =
n · v1.
Proof: Define P[natural number] ≡ (Nat-mult-left FQ)($1, v) = $1 · v1.
For every natural number n such that P[n] holds P[n + 1]. For every
natural number n, P[n] from [4, Sch. 2]. �

(15) Let us consider an integer x, an element v of FQ, and a rational number
v1. Suppose v = v1. Then (the left integer multiplication of FQ)(x, v) =
x · v1. The theorem is a consequence of (14).

Let us observe that Z-moduleQ is torsion-free and Z-moduleQ is non trivial.
Now we state the propositions:

(16) Let us consider an element s of Z-moduleQ. Then Lin({s}) 6= Z-moduleQ.
The theorem is a consequence of (15) and (1).

(17) Let us consider elements s, t of Z-moduleQ. If s 6= t, then {s, t} is not
linearly independent. The theorem is a consequence of (15).

Let us observe that Z-moduleQ is non free.
Now we state the proposition:

(18) Let us consider a finite subset A of Z-moduleQ. Then there exists an in-
teger n such that

(i) n 6= 0, and

(ii) for every element s of Z-moduleQ such that s ∈ Lin(A) there exists
an integer m such that s = m

n .

Proof: Set S = Z-moduleQ. Define P[natural number] ≡ for every finite
subset A of S such that A = $1 there exists an integer n such that n 6= 0
and for every element s of S such that s ∈ Lin(A) there exists an integer
m such that s = m

n . P[0] by [15, (67)]. For every natural number k such
that P[k] holds P[k+1] by [37, (41)], [3, (44)], [2, (30)], [20, (1)]. For every
natural number k, P[k] from [4, Sch. 2]. �
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One can verify that Z-moduleQ is non finitely generated.
Now we state the proposition:

(19) Let us consider a finite subset A of Z-moduleQ. Then rank Lin(A) ¬ 1.
Proof: Set S = Z-moduleQ. Define P[natural number] ≡ for every finite
subset A of S such that A = $1 holds rank Lin(A) ¬ 1. P[0] by [15,
(67)], [14, (51)], [26, (1)]. For every natural number n such that P[n]
holds P[n+1] by [12, (31)], [3, (44)], [2, (30)], [15, (72)]. For every natural
number n, P[n] from [4, Sch. 2]. �

3. The Rank-Nullity Theorem

In the sequel V , W denote finite rank, free Z-modules and T denotes a linear
transformation from V to W .

Let W be a finite rank, free Z-module, V be a Z-module, and T be a linear
transformation from V to W . Observe that imT is finite rank and free.

The functor rankT yielding a natural number is defined by the term

(Def. 4) rank imT .

Let V be a finite rank, free Z-module and W be a Z-module. The functor
nullity T yielding a natural number is defined by the term

(Def. 5) rank kerT .

Now we state the propositions:

(20) Let us consider a finite rank, free Z-module V , a subset A of V , a linearly
independent subset B of V , and a linear transformation T from V to W .
Suppose rankV = B and A is a basis of kerT and A ⊆ B. Then T �(B\A)
is one-to-one.

(21) Let us consider a finite rank, free Z-module V , a subset A of V , a linearly
independent subset B of V , a linear transformation T from V to W , and
a linear combination l of B \ A. Suppose rankV = B and A is a basis of
kerT andA ⊆ B. Then T (

∑
l) =
∑

(T @∗ l). The theorem is a consequence
of (20).

(22) Let us consider Z-modules V , W , a linear transformation T from V

to W , and a subset A of V . Suppose A ⊆ the carrier of kerT . Then
Lin(T ◦A) = 0W .

(23) Let us consider Z-modules V , W , a linear transformation T from V to
W , and subsets A, B, X of V . Suppose A ⊆ the carrier of kerT and
X = B ∪ A. Then Lin(T ◦X) = Lin(T ◦B). The theorem is a consequence
of (22).
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Let us consider finite rank, free Z-modules V , W and a linear transformation
T from V to W . Now we state the propositions:

(24) rankV = rankT + nullity T .
Proof: Set A = the finite basis of kerT . Reconsider A′ = A as a subset
of V . Consider B′ being a finite, linearly independent subset of V , a being
an element of ZR such that a 6= 0ZR and A′ ⊆ B′ and a◦V is a submodule
of Lin(B′). Reconsider X = B′ \ A′ as a finite subset of B′. Reconsider
C = T ◦X as a finite subset of W . T �X is one-to-one. C is linearly inde-
pendent by [26, (60)], (21), [26, (20)], [16, (20)]. Reconsider a1 = a ◦ imT

as a submodule of W . Lin(T ◦B′) = Lin(T ◦X). For every vector v of W
such that v ∈ a1 holds v ∈ Lin(C) by [14, (25)], [26, (23)], [14, (29), (24)].
�

(25) If T is one-to-one, then rankV = rankT . The theorem is a consequence
of (24).

Let V , W be Z-modules and T be a linear transformation from V to W . The
functor Z-decom(T ) yielding a linear transformation from Z-ModuleQuot(V, ker

T ) to imT is defined by

(Def. 6) it is bijective and for every element v of V , it((Z-QMorph(V, kerT ))(v)) =
T (v).

Now we state the propositions:

(26) Let us consider Z-modules V , W , and a linear transformation T from V

to W . Then T = Z-decom(T ) · Z-QMorph(V, kerT ).
Proof: Set g = Z-decom(T ) ·Z-QMorph(V, kerT ). For every element z of
V , T (z) = g(z) by [10, (15)]. �

(27) Let us consider Z-modules V , U , W , a linear transformation f from V

to U , and a linear transformation g from U to W . Then g · f is a linear
transformation from V to W .
Proof: Set f = g · f . For every elements x, y of V , f(x+ y) = f(x) + f(y)
by [10, (15)]. For every element a of ZR and for every element x of V ,
f(a · x) = a · f(x) by [10, (15)]. �

Let V , U , W be Z-modules, f be a linear transformation from V to U , and
g be a linear transformation from U to W . One can check that the functor g · f
yields a linear transformation from V to W . Now we state the propositions:

(28) Let us consider Z-modules V , W , and a linear transformation f from V

to W . Then the carrier of ker f = f−1({0W }).
Proof: For every object x, x ∈ the carrier of ker f iff x ∈ f−1({0W }) by
[10, (38)]. �

(29) Let us consider Z-modules V , U , W , a linear transformation f from V

to U , and a linear transformation g from U to W . Then the carrier of
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ker g ·f = f−1(the carrier of ker g). The theorem is a consequence of (28).

(30) Let us consider Z-modules V , W , and a linear transformation f from V

to W . If f is onto, then im f = ΩW .

(31) Let us consider a Z-module V , and a submodule W of V .
Then ker Z-QMorph(V,W ) = ΩW .
Proof: Set f = Z-QMorph(V,W ). Reconsider W1 = ΩW as a strict
submodule of V . For every object x, x ∈ f−1({0Z-ModuleQuot(V,W )}) iff
x ∈ the carrier of W by [10, (38)], [14, (63)]. ker f = W1. �

(32) Let us consider a Z-module V , a submodule W of V , a strict submodule
W1 of V , and a vector v of V . If W1 = ΩW , then v +W = v +W1.
Proof: For every object x, x ∈ v +W iff x ∈ v +W1 by [14, (72)]. �

(33) Let us consider a Z-module V , a submodule W of V , a strict submodule
W1 of V , and an object A. If W1 = ΩW , then A is a coset of W iff A is
a coset of W1. The theorem is a consequence of (32).

Let us consider a Z-module V , a submodule W of V , and a strict submodule
W1 of V .

Let us assume that W1 = ΩW . Now we state the propositions:

(34) CosetSet(V,W ) = CosetSet(V,W1). The theorem is a consequence of
(33).

(35) addCoset(V,W ) = addCoset(V,W1). The theorem is a consequence of
(34) and (32).

(36) lmultCoset(V,W ) = lmultCoset(V,W1). The theorem is a consequence
of (34) and (32).

(37) Z-ModuleQuot(V,W ) = Z-ModuleQuot(V,W1). The theorem is a con-
sequence of (34), (35), and (36).

Now we state the propositions:

(38) Let us consider Z-modules V , U , a submodule V1 of V , a submodule
U1 of U , and a linear transformation f from V to U . Suppose f is onto
and the carrier of V1 = f−1(the carrier of U1). Then there exists a line-
ar transformation F from Z-ModuleQuot(V, V1) to Z-ModuleQuot(U,U1)
such that F is bijective. The theorem is a consequence of (37), (29), (31),
and (30).

(39) Let us consider a Z-module V , submodules W1, W2 of V , a submodule
U1 of W1 + W2, and a strict submodule U2 of W1. Suppose U1 = W2
and U2 = W1 ∩ W2. Then there exists a linear transformation F from
Z-ModuleQuot(W1 + W2, U1) to Z-ModuleQuot(W1, U2) such that F is
bijective.
Proof: Set Z1 = Z-ModuleQuot(W1 +W2, U1). Set Z2 = Z-ModuleQuot
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(W1, U2). Define P[object, object] ≡ there exists an element v of W1+W2
such that $1 = v and $2 = v+U1. For every element z of W1, there exists
an element y of Z1 such that P[z, y] by [14, (25), (93)]. Consider f being
a function from the carrier of W1 into the carrier of Z1 such that for every
element z of W1, P[z, f(z)] from [10, Sch. 3]. f is a linear transformation
from W1 to Z1 by [14, (25), (28), (29)]. ker f = U2 by [26, (20)], [14,
(63), (94), (46)]. im f = Z-ModuleQuot(W1 + W2, U1) by [14, (92), (93),
(28)]. Reconsider F = Z-decom(f) as a linear transformation from Z2 to
Z1. Consider F1 being a linear transformation from Z1 to Z2 such that
F1 = F−1 and F1 is bijective. �

(40) Let us consider a Z-module V , a submodule W1 of V , a submodule W2 of
W1, a submodule U1 of V , and a submodule U2 of Z-ModuleQuot(V,U1).
Suppose U1 = W2 and U2 = Z-ModuleQuot(W1,W2). Then there exists
a linear transformation F from Z-ModuleQuot(Z-ModuleQuot(V,U1), U2)
to Z-ModuleQuot(V,W1) such that F is bijective.
Proof: Define P[object, object] ≡ there exists an element v of V such that
$1 = v+U1 and $2 = v+W1. For every element z of Z-ModuleQuot(V,U1),
there exists an element y of Z-ModuleQuot(V,W1) such that P[z, y] by
[10, (113)]. Consider f being a function from Z-ModuleQuot(V,U1) into
Z-ModuleQuot(V,W1) such that for every element z of Z-ModuleQuot(V,
U1), P[z, f(z)] from [10, Sch. 3]. f is a linear transformation from
Z-ModuleQuot(V,U1) to Z-ModuleQuot(V,W1) by [14, (58), (24), (68)].
ker f = U2 by [26, (20)], [14, (63), (24), (28)]. im f = Z-ModuleQuot(V,W1)
by [14, (58), (24), (68)], [10, (38), (41)]. �

Let V be a Z-module and a be a non zero element of ZR. Let us observe
that Z-ModuleQuot(V, a ◦ V ) is torsion.

Now we state the propositions:

(41) Let us consider a trivial Z-module V . Then ΩV = 0V .

(42) Let us consider a Z-module V , and a vector v of V . If v 6= 0V , then
Lin({v}) is not trivial. The theorem is a consequence of (41).

(43) There exists a Z-module V and there exists an element p of ZR such that
p 6= 0ZR and Z-ModuleQuot(V, p ◦ V ) is not trivial.
Proof: Reconsider V = 〈the carrier of ZR, the addition of ZR, the zero
of ZR, the left integer multiplication of (ZR)〉 as a Z-module. Reconsider
p = 2 as an element of ZR. Z-ModuleQuot(V, p ◦ V ) is not trivial by [14,
(63)], [19, (14)]. �

Note that there exists a torsion Z-module which is non trivial and there
exists a Z-module which is non torsion-free.

Let V be a non torsion-free Z-module. Let us note that there exists a vector
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of V which is non zero and torsion and there exists a finitely generated Z-module
which is non trivial.

Now we state the proposition:

(44) Let us consider a Z-module V . Then V is torsion-free if and only if ΩV

is torsion-free.

Observe that every non torsion-free Z-module is non trivial and there exists
a finitely generated, torsion-free Z-module which is non trivial.

Let V be a non trivial, finitely generated, torsion-free Z-module and p be
a prime element of ZR. Let us note that Z-ModuleQuot(V, p ◦ V ) is non trivial
and there exists a torsion Z-module which is finitely generated and there exists
a finitely generated, torsion Z-module which is non trivial.

Let V be a non trivial, finitely generated, torsion-free Z-module and p be
a prime element of ZR. Note that Z-ModuleQuot(V, p ◦ V ) is finitely generated
and torsion.

Let V be a non torsion Z-module.

One can verify that Z-ModuleQuot(V, torsion-part(V )) is non trivial.
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Let D be a set, F be a set of finite sequences of D, f be a finite sequence
of elements of F , and n be a natural number. Note that the functor f(n) yields
a finite sequence of elements of D. Let Y be a set of finite sequences of D and
F be a finite sequence of elements of Y. The functor LengthF yielding a finite
sequence of elements of N is defined by

(Def. 1) dom it = domF and for every natural number n such that n ∈ dom it
holds it(n) = len(F (n)).

Now we state the propositions:

(3) Let us consider a set D, a set Y of finite sequences of D, and a finite
sequence F of elements of Y. Suppose for every natural number n such
that n ∈ domF holds F (n) = εD. Then

∑
LengthF = 0.

(4) Let us consider a set D, a set Y of finite sequences of D, a finite sequence
F of elements of Y, and a natural number k. Suppose k < lenF . Then
Length(F �(k + 1)) = Length(F �k) a 〈len(F (k + 1))〉.

(5) Let us consider a set D, a set Y of finite sequences of D, a finite sequence
F of elements of Y, and a natural number n. Suppose 1 ¬ n ¬

∑
LengthF .

Then there exist natural numbers k, m such that

(i) 1 ¬ m ¬ len(F (k + 1)), and

(ii) k < lenF , and

(iii) m+
∑

Length(F �k) = n, and

(iv) n ¬
∑

Length(F �(k + 1)).

The theorem is a consequence of (4).

(6) Let us consider a set D, a set Y of finite sequences of D, and finite
sequences F1, F2 of elements of Y. Then Length(F1 a F2) = LengthF1 a

LengthF2.

(7) Let us consider a set D, a set Y of finite sequences of D, a finite sequence
F of elements of Y, and natural numbers k1, k2. Suppose k1 ¬ k2. Then∑

Length(F �k1) ¬
∑

Length(F �k2). The theorem is a consequence of (6).

(8) Let us consider a set D, a set Y of finite sequences of D, a finite sequence
F of elements of Y, and natural numbers m1, m2, k1, k2. Suppose 1 ¬ m1
and 1 ¬ m2 and m1+

∑
Length(F �k1) = m2+

∑
Length(F �k2) and m1+∑

Length(F �k1) ¬
∑

Length(F �(k1 + 1)) and m2 +
∑

Length(F �k2) ¬∑
Length(F �(k2 + 1)). Then

(i) m1 = m2, and

(ii) k1 = k2.

The theorem is a consequence of (7).
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Let D be a non empty set, Y be a set of finite sequences of D, and F be
a finite sequence of elements of Y. The functor joinedFinSeqF yielding a finite
sequence of elements of D is defined by

(Def. 2) len it =
∑

LengthF and for every natural number n such that n ∈ dom it
there exist natural numbers k, m such that 1 ¬ m ¬ len(F (k + 1)) and
k < lenF and m+

∑
Length(F �k) = n and n ¬

∑
Length(F �(k+ 1)) and

it(n) = F (k + 1)(m).

Let D be a set, Y be a set of finite sequences of D and s be a sequence of
Y. The functor Length s yielding a sequence of N is defined by

(Def. 3) for every natural number n, it(n) = len(s(n)).

Let s be a sequence of N. One can check that the functor (
∑κ
α=0 s(α))κ∈N

yields a sequence of N. Let D be a non empty set. Let us note that there exists
a set of finite sequences of D which is non empty and has a non-empty element.

Let us consider a non empty set D, a non empty set Y of finite sequences
of D with a non-empty element, a non-empty sequence s of Y, and a natural
number n. Now we state the propositions:

(9) (i) len(s(n))  1, and

(ii) n < (
∑κ
α=0(Length s)(α))κ∈N(n) < (

∑κ
α=0(Length s)(α))κ∈N(n+ 1).

Proof: Define P[natural number] ≡ $1 < (
∑κ
α=0(Length s)(α))κ∈N($1).

For every natural number k, len(s(k))  1 by [5, (20)]. For every natural
number k such that P[k] holds P[k+ 1]. For every natural number k, P[k]
from [3, Sch. 2]. �

(10) There exist natural numbers k, m such that

(i) m ∈ dom(s(k)), and

(ii) (
∑κ
α=0(Length s)(α))κ∈N(k)− len(s(k)) +m− 1 = n.

The theorem is a consequence of (9).

(11) Let us consider a non empty set D, a non empty set Y of finite sequences
of D with a non-empty element, and a non-empty sequence s of Y. Then
(
∑κ
α=0(Length s)(α))κ∈N is increasing.

(12) Let us consider a non empty set D, a non empty set Y of finite se-
quences of D with a non-empty element, a non-empty sequence s of Y,
and natural numbers m1, m2, k1, k2. Suppose m1 ∈ dom(s(k1)) and
m2 ∈ dom(s(k2)) and (

∑κ
α=0(Length s)(α))κ∈N(k1) − len(s(k1)) + m1 =

(
∑κ
α=0(Length s)(α))κ∈N(k2)− len(s(k2)) +m2. Then

(i) m1 = m2, and

(ii) k1 = k2.

The theorem is a consequence of (11).
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(13) Let us consider a non empty set D, a set Y of finite sequences of D
with a non-empty element, and a non-empty sequence s of Y. Then there
exists an increasing sequence N of N such that for every natural number
k, N(k) = (

∑κ
α=0(Length s)(α))κ∈N(k)− 1.

Proof: Define P[natural number, natural number] ≡ $2 =
(
∑κ
α=0(Length s)(α))κ∈N($1) − 1. For every element k of N, there exists

an element n of N such that P[k, n] by (9), [3, (20)]. Consider N being
a function from N into N such that for every element k of N, P[k,N(k)]
from [14, Sch. 3]. For every natural number k, N(k) =
(
∑κ
α=0(Length s)(α))κ∈N(k) − 1. For every natural number n, N(n) <

N(n+ 1). �

Let D be a non empty set, Y be a set of finite sequences of D with a non-
empty element, and s be a non-empty sequence of Y. The functor joinedSeq s
yielding a sequence of D is defined by

(Def. 4) for every natural number n, there exist natural numbers k, m such that
m ∈ dom(s(k)) and (

∑κ
α=0(Length s)(α))κ∈N(k) − len(s(k)) + m − 1 = n

and it(n) = s(k)(m).

Now we state the propositions:

(14) Let us consider a non empty set D, a set Y of finite sequences of D with
a non-empty element, a non-empty sequence s of Y, and a sequence s1 of
D. Suppose for every natural number n, s1(n) =
(joinedSeq s)((

∑κ
α=0(Length s)(α))κ∈N(n) − 1). Then s1 is a subsequence

of joinedSeq s.
Proof: Consider N being an increasing sequence of N such that for every
natural number n, N(n) = (

∑κ
α=0(Length s)(α))κ∈N(n) − 1. For every

element n of N, s1(n) = (joinedSeq s ·N)(n) by [14, (15)]. �

(15) Let us consider a non empty set D, a set Y of finite sequences of D with
a non-empty element, a non-empty sequence s of Y, and natural numbers
k, m. Suppose m ∈ dom(s(k)). Then there exists a natural number n such
that

(i) n = (
∑κ
α=0(Length s)(α))κ∈N(k)− len(s(k)) +m− 1, and

(ii) (joinedSeq s)(n) = s(k)(m).

The theorem is a consequence of (12).

Let us consider a non empty set D, a set Y of finite sequences of D, and
a finite sequence F of elements of Y. Now we state the propositions:

(16) Suppose for every natural numbers n, m such that n 6= m holds⋃
rng(F (n)) misses

⋃
rng(F (m)) and for every natural number n, F (n) is

disjoint valued. Then joinedFinSeqF is disjoint valued.
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(17) rng joinedFinSeqF =
⋃
{rng(F (n)), where n is a natural number : n ∈

domF}. The theorem is a consequence of (4), (7), and (8).

2. Extended Real-Valued Matrix

Let x be an extended real number. One can check that the functor 〈x〉 yields
a finite sequence of elements of R. Let e be a finite sequence of elements of R∗.
The functor

∑
e yielding a finite sequence of elements of R is defined by

(Def. 5) len it = len e and for every natural number k such that k ∈ dom it holds
it(k) =

∑
(e(k)).

Let M be a matrix over R. The functor SumAllM yielding an element of R
is defined by the term

(Def. 6)
∑∑

M .

Now we state the propositions:

(18) Let us consider a matrix M over R. Then

(i) len
∑
M = lenM , and

(ii) for every natural number i such that i ∈ Seg lenM holds (
∑
M)(i) =∑

Line(M, i).

(19) Let us consider a finite sequence F of elements of R. Suppose for every
natural number i such that i ∈ domF holds F (i) 6= −∞. Then

∑
F 6=

−∞.
Proof: Consider f being a function from N into R such that

∑
F =

f(lenF ) and f(0) = 0 and for every natural number i such that i < lenF
holds f(i+1) = f(i)+F (i+1). Define P[natural number] ≡ if $1 ¬ lenF ,
then f($1) 6= −∞. For every natural number j such that P[j] holds P[j+1]
by [3, (13), (11)], [33, (25)]. For every natural number i, P[i] from [3,
Sch. 2]. �

(20) Let us consider finite sequences F , G, H of elements of R. Suppose
−∞ /∈ rngF and −∞ /∈ rngG and domF = domG and H = F +G. Then∑
H =

∑
F +
∑
G.

Proof: Consider h being a function from N into R such that
∑
H =

h(lenH) and h(0) = 0R and for every natural number i such that i < lenH
holds h(i+ 1) = h(i) +H(i+ 1). Consider f being a function from N into
R such that

∑
F = f(lenF ) and f(0) = 0R and for every natural number

i such that i < lenF holds f(i + 1) = f(i) + F (i + 1). Consider g being
a function from N into R such that

∑
G = g(lenG) and g(0) = 0R and for

every natural number i such that i < lenG holds g(i+1) = g(i)+G(i+1).
Define P[natural number] ≡ if $1 ¬ lenH, then h($1) = f($1)+g($1). For
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every natural number k such that P[k] holds P[k + 1] by [3, (13), (11)],
[33, (25)], [13, (3)]. For every natural number i, P[i] from [3, Sch. 2]. �

(21) Let us consider an extended real number r, and a finite sequence F of
elements of R. Then

∑
(F a 〈r〉) =

∑
F + r.

Proof: Consider f being a function from N into R such that
∑

(F a 〈r〉) =
f(len(F a 〈r〉)) and f(0) = 0 and for every natural number i such that
i < len(F a 〈r〉) holds f(i+ 1) = f(i) + (F a 〈r〉)(i+ 1). Consider g being
a function from N into R such that

∑
F = g(lenF ) and g(0) = 0 and for

every natural number i such that i < lenF holds g(i+1) = g(i)+F (i+1).
Define P[natural number] ≡ if $1 ¬ lenF , then f($1) = g($1). For every
natural number k such that P[k] holds P[k + 1] by [3, (13)], [5, (64)], [3,
(11)]. For every natural number i, P[i] from [3, Sch. 2]. �

(22) Let us consider an extended real number r, and a natural number i. If r
is real, then

∑
(i 7→ r) = i · r.

Proof: Define P[natural number] ≡
∑

($1 7→ r) = $1 ·r. For every natural
number i such that P[i] holds P[i+1] by [12, (60)], (21). For every natural
number i, P[i] from [3, Sch. 2]. �

(23) Let us consider a matrix M over R. If lenM = 0, then SumAllM = 0.

(24) Let us consider a natural number m, and a matrix M over R of dimension
m×0. Then SumAllM = 0. The theorem is a consequence of (23) and (22).

(25) Let us consider natural numbers n, m, k, a matrix M1 over R of dimen-
sion n×k, and a matrix M2 over R of dimension m×k. Then

∑
(M1aM2) =∑

M1
a∑M2.

Let us consider matrices M1, M2 over R. Now we state the propositions:

(26) Suppose for every natural number i such that i ∈ domM1 holds −∞ /∈
rng(M1(i)) and for every natural number i such that i ∈ domM2 holds
−∞ /∈ rng(M2(i)). Then

∑
M1 +

∑
M2 =

∑
(M1 _M2). The theorem is

a consequence of (19).

(27) Suppose lenM1 = lenM2 and for every natural number i such that i ∈
domM1 holds −∞ /∈ rng(M1(i)) and for every natural number i such that
i ∈ domM2 holds −∞ /∈ rng(M2(i)). Then SumAllM1 + SumAllM2 =
SumAll(M1 _M2). The theorem is a consequence of (19), (26), and (20).

Now we state the propositions:

(28) Let us consider a finite sequence p of elements of R. Suppose −∞ /∈ rng p.
Then SumAll〈p〉 = SumAll〈p〉T.
Proof: Define x[finite sequence of elements of R] ≡ if −∞ /∈ rng $1, then
SumAll〈$1〉 = SumAll〈$1〉T. For every finite sequence p of elements of R
and for every element x of R such that x[p] holds x[p a 〈x〉] by [5, (31),
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(38), (6)]. x[εR]. For every finite sequence p of elements of R, x[p] from
[12, Sch. 2]. �

(29) Let us consider an extended real number p, and a matrix M over R. Sup-
pose for every natural number i such that i ∈ domM holds p /∈ rng(M(i)).
Let us consider a natural number j. If j ∈ domMT, then p /∈ rng(MT(j)).

(30) Let us consider a matrix M over R. Suppose for every natural num-
ber i such that i ∈ domM holds −∞ /∈ rng(M(i)). Then SumAllM =
SumAllMT.
Proof: Define x[natural number] ≡ for every matrix M over R such
that lenM = $1 and for every natural number i such that i ∈ domM

holds −∞ /∈ rng(M(i)) holds SumAllM = SumAllMT. For every natural
number n such that x[n] holds x[n + 1] by [3, (11)], [33, (25)], [5, (40)],
(28). x[0]. For every natural number n, x[n] from [3, Sch. 2]. �

3. Definition of Pre-Measure

Let x be an object. Let us observe that 〈x〉 is disjoint valued.
Now we state the proposition:

(31) Let us consider a set X, a semi-diff-closed, ∩-closed family S of subsets
of X with the empty element, a finite sequence F of elements of S, and
an element G of S. Then there exists a disjoint valued finite sequence H
of elements of S such that G \

⋃
F =

⋃
H.

Proof: Define P[natural number] ≡ for every finite sequence f of elements
of S such that len f = $1 there exists a disjoint valued finite sequence H
of elements of S such that G \

⋃
f =

⋃
H. For every finite sequence f

of elements of S such that len f = 0 there exists a disjoint valued finite
sequence H of elements of S such that G \

⋃
f =

⋃
H by [16, (2)], [5,

(38)], [16, (25)]. For every natural number i such that P[i] holds P[i+ 1]
by [3, (11)], [5, (59)], [33, (55)], [5, (36), (38)]. For every natural number
i, P[i] from [3, Sch. 2]. �

Let X be a set and P be a semi-diff-closed, ∩-closed family of subsets of X
with the empty element. Let us note that there exists a sequence of P which is
disjoint valued.

Let P be a non empty family of subsets ofX. Note that there exists a function
from P into R which is non-negative, additive, and zeroed.

Let P be a family of subsets of X with the empty element. One can check
that there exists a function from N into P which is disjoint valued.

A pre-measure of P is a non-negative, zeroed function from P into R and is
defined by



316 noboru endou

(Def. 7) for every disjoint valued finite sequence F of elements of P such that⋃
F ∈ P holds it(

⋃
F ) =

∑
(it · F ) and for every disjoint valued function

K from N into P such that
⋃
K ∈ P holds it(

⋃
K) ¬

∑
(it ·K).

Now we state the propositions:

(32) Let us consider a set X with the empty element, and a finite sequence
F of elements of X. Then there exists a function G from N into X such
that

(i) for every natural number i, F (i) = G(i), and

(ii)
⋃
F =

⋃
G.

Proof: Define P[element of N, set] ≡ if $1 ∈ domF , then F ($1) = $2
and if $1 /∈ domF , then $2 = ∅. For every element i of N, there exists
an element y ofX such that P[i, y] by [13, (3)]. ConsiderG being a function
from N into X such that for every element i of N, P[i, G(i)] from [14,
Sch. 3]. �

(33) Let us consider a non empty set X, a finite sequence F of elements of
X, and a function G from N into X. Suppose for every natural number i,
F (i) = G(i). Then F is disjoint valued if and only if G is disjoint valued.

(34) Let us consider a finite sequence F of elements of R, and a sequence G
of extended reals. Suppose for every natural number i, F (i) = G(i). Then
F is non-negative if and only if G is non-negative.

Let us observe that there exists a finite sequence of elements of R which is
non-negative and there exists a finite sequence of elements of R which is without
−∞ and there exists a finite sequence of elements of R which is non-positive
and there exists a finite sequence of elements of R which is without +∞ and
every finite sequence of elements of R which is non-negative is also without −∞
and every finite sequence of elements of R which is non-positive is also without
+∞.

Let X, Y be non empty sets, F be a without −∞ function from Y into R,
and G be a function from X into Y. One can check that F · G is without −∞
as a function from X into R.

Let F be a non-negative function from Y into R. One can check that F ·G
is non-negative as a function from X into R.

Now we state the propositions:

(35) Let us consider an extended real number a. Then
∑
〈a〉 = a.

(36) Let us consider a finite sequence F of elements of R, and a natural
number k. Then

(i) if F is without −∞, then F �k is without −∞, and

(ii) if F is without +∞, then F �k is without +∞.
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(37) Let us consider a without −∞ finite sequence F of elements of R,
and a sequence G of extended reals. Suppose for every natural number
i, F (i) = G(i). Let us consider a natural number i. Then

∑
(F �i) =

(
∑κ
α=0G(α))κ∈N(i). The theorem is a consequence of (36) and (35).

(38) Let us consider a without −∞ finite sequence F of elements of R, and
a sequenceG of extended reals. Suppose for every natural number i, F (i) =
G(i). Then

(i) G is summable, and

(ii)
∑
F =

∑
G.

Proof:
∑

(F � lenF ) = (
∑κ
α=0G(α))κ∈N(lenF ). Define P[natural number]

≡
∑
F = (

∑κ
α=0G(α))κ∈N(lenF + $1). For every natural number k such

that P[k] holds P[k + 1] by [3, (11), (19)], [33, (25)]. For every natural
number k, P[k] from [3, Sch. 2]. �

(39) Let us consider a set X, a semi-diff-closed, ∩-closed family S of subsets of
X with the empty element, a disjoint valued finite sequence F of elements
of S, and a non empty, preboolean family R of subsets of X. Suppose
S ⊆ R and

⋃
F ∈ R. Let us consider a natural number i. Then

⋃
(F �i) ∈ R.

Proof: Define P[natural number] ≡
⋃

(F �$1) ∈ R. For every natural
number i such that P[i] holds P[i + 1] by [3, (12)], [5, (58)], [3, (13)], [5,
(82), (17)]. For every natural number i, P[i] from [3, Sch. 2]. �

(40) Let us consider a set X, a semi-diff-closed, ∩-closed family S of subsets of
X with the empty element, a pre-measure P of S, and disjoint valued finite
sequences F1, F2 of elements of S. Suppose

⋃
F1 ∈ S and

⋃
F1 =

⋃
F2.

Then P (
⋃
F1) = P (

⋃
F2).

(41) Let us consider a non empty, ∩-closed set S, and finite sequences F1,
F2 of elements of S. Then there exists a matrix M over S of dimension
lenF1×lenF2 such that for every natural numbers i, j such that 〈〈i, j〉〉 ∈
the indices of M holds Mi,j = F1(i) ∩ F2(j).
Proof: Define P[natural number,natural number, set] ≡ $3 = F1($1) ∩
F2($2). For every natural numbers i, j such that 〈〈i, j〉〉 ∈ Seg lenF1 ×
Seg lenF2 there exists an element K of S such that P[i, j,K] by [16, (87)],
[13, (3)]. Consider M being a matrix over S of dimension lenF1×lenF2
such that for every natural numbers i, j such that 〈〈i, j〉〉 ∈ the indices of
M holds P[i, j,Mi,j ]. �

Let us consider a set X, a ∩-closed family S of subsets of X with the empty
element, non empty, disjoint valued finite sequences F1, F2 of elements of S,
a non-negative, zeroed function P from S into R, and a matrix M over R of
dimension lenF1×lenF2.
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Let us assume that
⋃
F1 =

⋃
F2 and for every natural numbers i, j such

that 〈〈i, j〉〉 ∈ the indices of M holds Mi,j = P (F1(i) ∩ F2(j)) and for every
disjoint valued finite sequence F of elements of S such that

⋃
F ∈ S holds

P (
⋃
F ) =

∑
(P · F ). Now we state the propositions:

(42) (i) for every natural number i such that i ¬ len(P · F1) holds (P ·
F1)(i) = (

∑
M)(i), and

(ii)
∑

(P · F1) = SumAllM .
Proof: Consider K being a matrix over S of dimension lenF1×lenF2
such that for every natural numbers i, j such that 〈〈i, j〉〉 ∈ the indices
of K holds Ki,j = F1(i) ∩ F2(j). For every natural number i such that
i ¬ len(P · F1) holds (P · F1)(i) = (

∑
M)(i) by [33, (24)], [3, (14)], [33,

(25)], [13, (11), (3)]. Consider Q being a function from N into R such that∑
(P · F1) = Q(len(P · F1)) and Q(0) = 0 and for every natural number i

such that i < len(P ·F1) holds Q(i+ 1) = Q(i) + (P ·F1)(i+ 1). Consider
L being a function from N into R such that SumAllM = L(len

∑
M)

and L(0) = 0R and for every natural number i such that i < len
∑
M

holds L(i + 1) = L(i) + (
∑
M)(i + 1). Define R[natural number] ≡ if

$1 ¬ len(P · F1), then Q($1) = L($1). For every natural number i such
that R[i] holds R[i+1] by [3, (13)]. For every natural number i, R[i] from
[3, Sch. 2]. �

(43) (i) for every natural number i such that i ¬ len(P · F2) holds (P ·
F2)(i) = (

∑
MT)(i), and

(ii)
∑

(P · F2) = SumAllMT.
Proof: Consider K being a matrix over S of dimension lenF1×lenF2
such that for every natural numbers i, j such that 〈〈i, j〉〉 ∈ the indices
of K holds Ki,j = F1(i) ∩ F2(j). For every natural number i such that
i ¬ len(P · F2) holds (P · F2)(i) = (

∑
MT)(i) by [33, (24)], [3, (14)], [33,

(25)], [13, (11), (3)]. Consider Q being a function from N into R such that∑
(P · F2) = Q(len(P · F2)) and Q(0) = 0 and for every natural number i

such that i < len(P ·F2) holds Q(i+ 1) = Q(i) + (P ·F2)(i+ 1). Consider
L being a function from N into R such that SumAllMT = L(len

∑
MT)

and L(0) = 0R and for every natural number i such that i < len
∑
MT

holds L(i + 1) = L(i) + (
∑
MT)(i + 1). Define R[natural number] ≡ if

$1 ¬ len(P · F2), then Q($1) = L($1). For every natural number i such
that R[i] holds R[i+1] by [3, (13)]. For every natural number i, R[i] from
[3, Sch. 2]. �

(44) Let us consider a set X, a semi-diff-closed, ∩-closed family S of subsets of
X with the empty element, a pre-measure P of S, and a set A. Suppose A ∈
the ring generated by S. Let us consider disjoint valued finite sequences F1,
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F2 of elements of S. If A =
⋃
F1 and A =

⋃
F2, then

∑
(P ·F1) =

∑
(P ·F2).

The theorem is a consequence of (42), (43), and (30).

(45) Let us consider finite sequences f1, f2. Suppose f1 is disjoint valued and
f2 is disjoint valued and

⋃
rng f1 misses

⋃
rng f2. Then f1

a f2 is disjoint
valued.

(46) Let us consider a set X, a semi-diff-closed family P of subsets of X
with the empty element, a pre-measure M of P , and sets A, B. If A, B,
A\B ∈ P and B ⊆ A, then M(A) M(B). The theorem is a consequence
of (45).

(47) Let us consider non empty sets Y, S, a partial function F from Y to
S, and a function M from S into R. If M is non-negative, then M · F is
non-negative.

(48) Let us consider a set X, a semi-diff-closed, ∩-closed family S of subsets
of X with the empty element, and a pre-measure P of S. Then there exists
a non-negative, additive, zeroed function M from the ring generated by
S into R such that for every set A such that A ∈ the ring generated by
S for every disjoint valued finite sequence F of elements of S such that
A =

⋃
F holds M(A) =

∑
(P · F ).

Proof: Define P[object, object] ≡ for every disjoint valued finite sequence
F of elements of S such that $1 =

⋃
F holds $2 =

∑
(P · F ). For every

object A such that A ∈ the ring generated by S there exists an object
p such that p ∈ R and P[A, p] by [23, (18)], (44). Consider M being
a function from the ring generated by S into R such that for every object
A such that A ∈ the ring generated by S holds P[A,M(A)] from [14,
Sch. 1]. For every element A of the ring generated by S, 0 ¬M(A) by [23,
(18)], [3, (11)], [33, (25)], [13, (12)]. For every elements A, B of the ring
generated by S such that A misses B and A∪B ∈ the ring generated by
S holds M(A∪B) = M(A)+M(B) by [23, (18)], (45), [5, (31)], [16, (78)].
�

(49) Let us consider setsX, Y, and functions F ,G from N into 2X . Suppose for
every natural number i, G(i) = F (i) ∩ Y and

⋃
F = Y. Then

⋃
G =

⋃
F .

(50) Let us consider a set X, a semi-diff-closed, ∩-closed family S of subsets
of X with the empty element, and a pre-measure P of S. Then there exists
a function M from the ring generated by S into R such that

(i) M(∅) = 0, and

(ii) for every disjoint valued finite sequence K of elements of S such that⋃
K ∈ the ring generated by S holds M(

⋃
K) =

∑
(P ·K).

The theorem is a consequence of (48).
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(51) Let us consider sets X, Z, a semi-diff-closed, ∩-closed family P of subsets
of X with the empty element, and a disjoint valued function K from N
into the ring generated by P . Suppose Z = {〈〈n, F 〉〉, where n is a natural
number, F is a disjoint valued finite sequence of elements of P :

⋃
F =

K(n) and if K(n) = ∅, then F = 〈∅〉}. Then

(i) π2(Z) is a set of finite sequences of P , and

(ii) for every object x, x ∈ rngK iff there exists a finite sequence F of
elements of P such that F ∈ π2(Z) and

⋃
F = x, and

(iii) π2(Z) has non empty elements.

(52) Let us consider a set X, a semi-diff-closed, ∩-closed family P of subsets
of X with the empty element, and a disjoint valued function K from N
into the ring generated by P . Suppose rngK has a non-empty element.
Then there exists a non empty set Y of finite sequences of P such that

(i) Y = {F , where F is a disjoint valued finite sequence of elements of
P :
⋃
F ∈ rngK and F 6= ∅}, and

(ii) Y has non empty elements.

4. Pre-Measure on Semialgebra and Construction of Measure

Now we state the propositions:

(53) Let us consider sets X, Z, a semialgebra P of sets of X, and a disjoint
valued function K from N into the field generated by P . Suppose Z = {〈〈n,
F 〉〉, where n is a natural number, F is a disjoint valued finite sequence of
elements of P :

⋃
F = K(n) and if K(n) = ∅, then F = 〈∅〉}. Then

(i) π2(Z) is a set of finite sequences of P , and

(ii) for every object x, x ∈ rngK iff there exists a finite sequence F of
elements of P such that F ∈ π2(Z) and

⋃
F = x, and

(iii) π2(Z) has non empty elements.

(54) Let us consider a set X, a semialgebra S of sets of X, a pre-measure P
of S, a set A, and disjoint valued finite sequences F1, F2 of elements of S.
If A =

⋃
F1 and A =

⋃
F2, then

∑
(P · F1) =

∑
(P · F2). The theorem is

a consequence of (42), (43), and (30).

(55) Let us consider a set X, a semialgebra S of sets of X, and a pre-measure
P of S. Then there exists a measure M on the field generated by S such
that for every set A such that A ∈ the field generated by S for every
disjoint valued finite sequence F of elements of S such that A =

⋃
F

holds M(A) =
∑

(P · F ).
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Proof: Define P[object, object] ≡ for every disjoint valued finite sequence
F of elements of S such that $1 =

⋃
F holds $2 =

∑
(P · F ). For every

object A such that A ∈ the field generated by S there exists an object
p such that p ∈ R and P[A, p] by [23, (22)], (54). Consider M being
a function from the field generated by S into R such that for every object
A such that A ∈ the field generated by S holds P[A,M(A)] from [14,
Sch. 1]. For every element A of the field generated by S, 0 ¬M(A) by [23,
(22)], [3, (11)], [33, (25)], [13, (12)]. For every elements A, B of the field
generated by S such that A misses B holds M(A ∪ B) = M(A) + M(B)
by [23, (22)], (45), [5, (31)], [16, (78)]. �

(56) Let us consider a sequence F of extended reals, a natural number n, and
an extended real number a. Suppose for every natural number k, F (k) = a.
Then (

∑κ
α=0 F (α))κ∈N(n) = a · (n+ 1).

Proof: Define P[natural number] ≡ (
∑κ
α=0 F (α))κ∈N($1) = a · ($1 + 1).

For every natural number i such that P[i] holds P[i+1]. For every natural
number i, P[i] from [3, Sch. 2]. �

(57) Let us consider a non empty set X, a sequence F of X, and a natural
number n. Then rng(F �Zn+1) = rng(F �Zn) ∪ {F (n)}.

(58) Let us consider a set X, a field S of subsets of X, a measure M on S,
a sequence F of separated subsets of S, and a natural number n. Then

(i)
⋃

rng(F �Zn+1) ∈ S, and

(ii) (
∑κ
α=0(M · F )(α))κ∈N(n) = M(

⋃
rng(F �Zn+1)).

Proof: rng(F �Z0+1) = rng(F �Z0)∪{F (0)}. Define R[natural number] ≡⋃
rng(F �Z$1+1) ∈ S. For every natural number k such that R[k] holds
R[k+1] by (57), [16, (78), (25)], [27, (3)]. For every natural number k,R[k]
from [3, Sch. 2]. Define P[natural number] ≡ (

∑κ
α=0(M ·F )(α))κ∈N($1) =

M(
⋃

rng(F �Z$1+1)). For every natural number n such that P[n] holds
P[n + 1] by [14, (15)], [35, (57)], [3, (44)], [13, (47)]. For every natural
number n, P[n] from [3, Sch. 2]. �

(59) Let us consider a set X, a semialgebra S of sets of X, a pre-measure P
of S, and a measure M on the field generated by S. Suppose for every set
A such that A ∈ the field generated by S for every disjoint valued finite
sequence F of elements of S such that A =

⋃
F holds M(A) =

∑
(P · F ).

Then M is completely-additive. The theorem is a consequence of (53),
(15), (13), (58), and (1).

Let X be a set, S be a semialgebra of sets of X, and P be a pre-measure of S.
An induced measure of S and P is a measure on the field generated by S

and is defined by
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(Def. 8) for every set A such that A ∈ the field generated by S for every disjoint
valued finite sequence F of elements of S such that A =

⋃
F holds it(A) =∑

(P · F ).

Now we state the propositions:

(60) Let us consider a set X, a semialgebra S of sets of X, and a pre-measure
P of S. Then every induced measure of S and P is completely-additive.
The theorem is a consequence of (59).

(61) Let us consider a non empty set X, a semialgebra S of sets of X,
a pre-measure P of S, and an induced measure M of S and P . Then
σ-Meas(the Caratheodory measure determined byM)�σ(the field generated
by S) is a σ-measure on σ(the field generated by S). The theorem is a con-
sequence of (60).

Let X be a non empty set, S be a semialgebra of sets of X, P be a pre-
measure of S, and M be an induced measure of S and P .

An induced σ-measure of S and M is a σ-measure on σ(the field generated
by S) and is defined by

(Def. 9) it = σ-Meas(the Caratheodory measure determined by M)�σ(the field
generated by S).

Now we state the proposition:

(62) Let us consider a non empty set X, a semialgebra S of sets of X, a pre-
measure P of S, and an induced measure m of S and P . Then every
induced σ-measure of S and m is an extension of m. The theorem is
a consequence of (60).
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Summary. Proving properties of distributed algorithms is still a highly
challenging problem and various approaches that have been proposed to tackle
it [1] can be roughly divided into state-based and event-based proofs. Informally
speaking, state-based approaches define the behavior of a distributed algorithm
as a set of sequences of memory states during its executions, while event-based
approaches treat the behaviors by means of events which are produced by the
executions of an algorithm. Of course, combined approaches are also possible.

Analysis of the literature [1], [7], [12], [9], [13], [14], [15] shows that state-
based approaches are more widely used than event-based approaches for proving
properties of algorithms, and the difficulties in the event-based approach are
often emphasized. We believe, however, that there is a certain naturalness and
intuitive content in event-based proofs of correctness of distributed algorithms
that makes this approach worthwhile. Besides, state-based proofs of correctness
of distributed algorithms are usually applicable only to discrete-time models of
distributed systems and cannot be easily adapted to the continuous time case
which is important in the domain of cyber-physical systems. On the other hand,
event-based proofs can be readily applied to continuous-time / hybrid models of
distributed systems.

In the paper [2] we presented a compositional approach to reasoning about
behavior of distributed systems in terms of events. Compositionality here means
(informally) that semantics and properties of a program is determined by seman-
tics of processes and process communication mechanisms. We demonstrated the
proposed approach on a proof of the mutual exclusion property of the Peterson’s
algorithm [11]. We have also demonstrated an application of this approach for
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proving the mutual exclusion property in the setting of continuous-time models
of cyber-physical systems in [8].

Using Mizar [3], in this paper we give a formal proof of the mutual exclusion
property of the Peterson’s algorithm in Mizar on the basis of the event-based
approach proposed in [2]. Firstly, we define an event-based model of a shared-
memory distributed system as a multi-sorted algebraic structure in which sorts
are events, processes, locations (i.e. addresses in the shared memory), traces (of
the system). The operations of this structure include a binary precedence relation
¬ on the set of events which turns it into a linear preorder (events are considered
simultaneous, if e1 ¬ e2 and e2 ¬ e1), special predicates which check if an event
occurs in a given process or trace, predicates which check if an event causes the
system to read from or write to a given memory location, and a special partial
function “val of” on events which gives the value associated with a memory read
or write event (i.e. a value which is written or is read in this event) [2]. Then we
define several natural consistency requirements (axioms) for this structure which
must hold in every distributed system, e.g. each event occurs in some process,
etc. (details are given in [2]).

After this we formulate and prove the main theorem about the mutual exc-
lusion property of the Peterson’s algorithm in an arbitrary consistent algebraic
structure of events. Informally, the main theorem states that if a system consists
of two processes, and in some trace there occur two events e1 and e2 in different
processes and each of these events is preceded by a series of three special events
(in the same process) guaranteed by execution of the Peterson’s algorithm (set-
ting the flag of the current process, writing the identifier of the opposite process
to the “turn” shared variable, and reading zero from the flag of the opposite
process or reading the identifier of the current process from the “turn” variable),
and moreover, if neither process writes to the flag of the opposite process or
writes its own identifier to the “turn” variable, then either the events e1 and e2
coincide, or they are not simultaneous (mutual exclusion property).
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1. Preliminaries

We consider values〈true, false〉 which extend 1-sorted structures and are
systems

〈〈a carrier, a true, a false〉〉
where the carrier is a set, the true is an element of the carrier, the false is
an element of the carrier.

Let A be a value〈true, false〉. We say that A is consistent if and only if

(Def. 1) the true of A 6= the false of A.

Let us observe that there exists a value〈true, false〉 which is consistent.
A value with bool is a consistent value〈true, false〉. Let A be a relational

structure. We say that A is strongly connected if and only if

(Def. 2) the internal relation of A is strongly connected in the carrier of A.

Let us observe that there exists a relational structure which is non empty,
reflexive, transitive, and strongly connected.

A linear preorder is a reflexive, transitive, strongly connected relational
structure. Let V be a value with bool. We consider events structures over V and
are systems

〈〈events,processes, locations, traces,

a proc-E, a trace-E, a read-E, a write-E, a val〉〉
where the events constitute a non empty linear preorder, the processes con-
stitute a non empty set, the locations constitute a non empty set, the tra-
ces constitute a non empty set, the proc-E is a function from the proces-
ses into 2(the carrier of the events), the trace-E is a function from the traces into
2(the carrier of the events), the read-E is a function from the locations
into 2(the carrier of the events), the write-E is a function from the locations
into 2(the carrier of the events), the val is a partial function from the carrier of
the events to the carrier of V .

Let S be an events structure over V .
A process of S is an element of the processes of S.
An event of S is an element of the carrier of the events of S.
An event set of S is a subset of the carrier of the events of S.
A location of S is an element of the locations of S.
A trace of S is an element of the traces of S. From now on V denotes a value

with bool, a, a1, a2 denote elements of the carrier of V , S denotes an events
structure over V , p, p1, p2 denote processes of S, x, x1, x2 denote locations of S,
t denotes traces of S, e, e0, e1, e2, e3 denote events of S, and E denotes an event
set of S.

Let us consider V , S, e, and x. We say that e reads x if and only if
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(Def. 3) e ∈ (the read-E of S)(x).

We say that e writes to x if and only if

(Def. 4) e ∈ (the write-E of S)(x).

Let us consider E. We say that E reads x if and only if

(Def. 5) there exists e such that e ∈ E and e reads x.

We say that E writes to x if and only if

(Def. 6) there exists e such that e ∈ E and e writes to x.

Let us consider e and t. We say that e ∈ t if and only if

(Def. 7) e ∈ (the trace-E of S)(t).

Let us consider p. We say that e ∈ p if and only if

(Def. 8) e ∈ (the proc-E of S)(p).

The value associated with event e is defined by the term

(Def. 9) (the val of S)(e).

Let us consider p and t. We say that e ∈ p, t if and only if

(Def. 10) e ∈ p and e ∈ t.
Let us consider x and a. We say that e writes to x the value a if and only if

(Def. 11) e writes to x and the value associated with event e = a.

We say that e reads from x the value a if and only if

(Def. 12) e reads x and the value associated with event e = a.

We say that S is process-complete if and only if

(Def. 13) for every t and e such that e ∈ t there exists p such that e ∈ p.
We say that S is process-ordered if and only if

(Def. 14) for every p, e1, and e2 such that e1, e2 ∈ p holds if e1 ¬ e2 ¬ e1, then
e1 = e2.

We say that S is rw-ordered if and only if

(Def. 15) for every x, e1, and e2 such that (e1 reads x or e1 writes to x) and (e2
reads x or e2 writes to x) holds if e1 ¬ e2 ¬ e1, then e1 = e2.

We say that S is rw-consistent if and only if

(Def. 16) for every t, x, e, and a such that e ∈ t and e reads x and the value
associated with event e = a there exists e0 such that e0 ∈ t and e0 < e

and e0 writes to x and the value associated with event e0 = a and for
every e1 such that e1 ∈ t and e1 ¬ e and e1 writes to x holds e1 ¬ e0.

We say that S is rw-exclusive if and only if

(Def. 17) for every e, x1, and x2, it is not true that e reads x1 and e writes to x2.

We say that S is consistent if and only if
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(Def. 18) S is process-complete, process-ordered, rw-ordered, rw-consistent, and
rw-exclusive.

One can check that there exists an events structure over V which is consi-
stent.

A distributed system with shared memory over a set of values V is a consi-
stent events structure over V .

2. Peterson’s Algorithm

From now on D denotes a distributed system with shared memory over a set
of values V , p, p1, p2 denote processes of D, x, x1, x2, f1, f2, t1 denote locations
of D, t denotes traces of D, e, e0, e1, e2, e3 denote events of D, and E denotes
an event set of D.

Let us consider V , D, e1, and e2. We say that e1 � e2 if and only if

(Def. 19) e1 ¬ e2 and e2 6¬ e1.
The interval (e1, e2) yielding an event set of D is defined by the term

(Def. 20) {e : e1 < e < e2}.

Let us consider p and t. The (e1, e2) interval in (p, t) yielding an event set
of D is defined by the term

(Def. 21) {e : e1 < e < e2 and e ∈ p, t}.

Now we state the propositions:

(1) The (e1, e2) interval in (p, t) ⊆ the interval (e1, e2).

(2) (i) e1 ¬ e2, or

(ii) e2 ¬ e1.
(3) Suppose e ∈ p, t and e1 < e < e2. Then e ∈ the (e1, e2) interval in (p, t).

(4) If e1 < e2, then e1 ¬ e2.
(5) If e1, e2 ∈ p and e1 < e2, then e1 � e2.

(6) If e1 ∈ p, t and e2 ∈ p, t and e1 < e2, then e1 � e2.

(7) If e1 � e2, then e1 < e2.

(8) If e1, e2 ∈ p, then e1 = e2 or e1 � e2 or e2 � e1.

(9) If e1 ¬ e2 ¬ e3, then e1 ¬ e3.
(10) If e1 ¬ e2 � e3, then e1 � e3.

(11) If e1 � e2 ¬ e3, then e1 � e3.

(12) If e1 � e2 � e3, then e1 � e3.

Let us consider V , D, e1, and e2. We say that e1 and e2 are simultaneous
events if and only if
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(Def. 22) e1 ¬ e2 ¬ e1.
Now we state the proposition:

(13) If e1 and e2 are not simultaneous events, then e1 � e2 or e2 � e1.

Let us consider V , D, p, t, e, x1, x2, t1, a1, and a2. We say that e is a
Peterson critical section with respect to p, x1, x2, t1, a1, a2 and t if and only if

(Def. 23) there exists e1 and there exists e2 and there exists e3 such that e1 ∈ p, t
and e2 ∈ p, t and e3 ∈ p, t and e1 < e2 < e3 < e and e1 writes to x1 the
value the true of V and the (e1, e) interval in (p, t) does not write to x1
and e2 writes to t1 the value a2 and the (e2, e) interval in (p, t) does not
write to t1 and (e3 reads from x2 the value the false of V or e3 reads from
t1 the value a1).

Let E1 be a set. We say that E1 are Peterson critical sections in t if and only
if

(Def. 24) there exists p1 and there exists p2 such that for every process p of D,
p = p1 or p = p2 and there exists f1 and there exists f2 and there exists
t1 such that for every e such that e ∈ p1, t holds e does not write to f2
and e does not write to t1 the value the false of V and for every e such
that e ∈ p2, t holds e does not write to f1 and e does not write to t1 the
value the true of V and for every e such that e ∈ E1 holds e is a Peterson
critical section with respect to p1, f1, f2, t1, the false of V , the true of
V and t and e is a Peterson critical section with respect to p2, f2, f1, t1,
the true of V , the false of V and t.

Now we state the propositions:

(14) Suppose e1, e2 ∈ t and e1 reads from x the value a1 and e2 reads from x

the value a2 and e1 ¬ e2 and a1 6= a2. Then there exists e such that

(i) e ∈ t, and

(ii) e1 � e� e2, and

(iii) e writes to x the value a2.

The theorem is a consequence of (9) and (2).

(15) Main result: Mutual exclusion property of Peterson’s algo-
rithm:
If e1, e2 ∈ t and {e1, e2} are Peterson critical sections in t, then e1 = e2
or e1 � e2 or e2 � e1. The theorem is a consequence of (2), (5), (9), (11),
(10), and (14).
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Summary. The notion of the characteristic of rings and its basic properties
are formalized [14], [39], [20]. Classification of prime fields in terms of isomor-
phisms with appropriate fields (Q or Z/p) are presented. To facilitate reasonings
within the field of rational numbers, values of numerators and denominators of
basic operations over rationals are computed.
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1. Preliminaries

Now we state the propositions:

(1) Let us consider a function f , a set A, and objects a, b. If a, b ∈ A, then
(f � A)(a, b) = f(a, b).

(2) +C � R = +R.
Proof: Set c = +C � R. For every object z such that z ∈ dom c holds
c(z) = +R(z) by [7, (49)]. �

(3) ·C � R = ·R.
Proof: Set d = ·C � R. For every object z such that z ∈ dom d holds
d(z) = ·R(z) by [7, (49)]. �
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(4) +Q � Z = +Z.
Proof: Set c = +Q � Z. For every object z such that z ∈ dom c holds
c(z) = (+Z)(z) by [7, (49)]. �

(5) ·Q � Z = ·Z.
Proof: Set d = ·Q � Z. For every object z such that z ∈ dom d holds
d(z) = ·Z(z) by [7, (49)]. �

2. Properties of Fractions

From now on p, q denote rational numbers, g, m, m1, m2, n, n1, n2 denote
natural numbers, and i, j denote integers.

Now we state the propositions:

(6) If n | i, then i div n = i
n .

(7) i div(gcd(i, n)) = i
gcd(i,n) . The theorem is a consequence of (6).

(8) n div(gcd(n, i)) = n
gcd(n,i) . The theorem is a consequence of (6).

(9) If g | i and g | m, then i
m = idiv g

m div g .

(10) i
m = i div(gcd(i,m))

m div(gcd(i,m)) . The theorem is a consequence of (9).

(11) If 0 < m and m · i | m, then i = 1 or i = −1.

(12) If 0 < m and m · n | m, then n = 1.

(13) If m | i, then idivm | i. The theorem is a consequence of (6).

Let us assume that m 6= 0. Now we state the propositions:

(14) gcd(idiv(gcd(i,m)),mdiv(gcd(i,m))) = 1. The theorem is a consequen-
ce of (6) and (11).

(15) (i) den( i
m) = mdiv(gcd(i,m)), and

(ii) num( i
m) = i div(gcd(i,m)).

The theorem is a consequence of (10) and (14).

(16) (i) den( i
m) = m

gcd(i,m) , and

(ii) num( i
m) = i

gcd(i,m) .
The theorem is a consequence of (15), (8), and (7).

(17) (i) den(−( i
m)) = m div(gcd(−i,m)), and

(ii) num(−( i
m)) = −idiv(gcd(−i,m)).

The theorem is a consequence of (15).

(18) (i) den(−( i
m)) = m

gcd(−i,m) , and

(ii) num(−( i
m)) = −i

gcd(−i,m) .
The theorem is a consequence of (17), (8), and (7).
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(19) (i) den(mi )−1 = m div(gcd(m, i)), and

(ii) num(mi )−1 = i div(gcd(m, i)).
The theorem is a consequence of (15).

(20) (i) den(mi )−1 = m
gcd(m,i) , and

(ii) num(mi )−1 = i
gcd(m,i) .

The theorem is a consequence of (19), (8), and (7).

Let us assume that m 6= 0 and n 6= 0. Now we state the propositions:

(21) (i) den(( i
m) + ( jn)) = m · n div(gcd(i · n+ j ·m,m · n)), and

(ii) num(( i
m) + ( jn)) = i · n+ j ·m div(gcd(i · n+ j ·m,m · n)).

The theorem is a consequence of (15).

(22) (i) den(( i
m) + ( jn)) = m·n

gcd(i·n+j·m,m·n) , and

(ii) num(( i
m) + ( jn)) = i·n+j·m

gcd(i·n+j·m,m·n) .
The theorem is a consequence of (21), (8), and (7).

(23) (i) den(( i
m)− ( jn)) = m · n div(gcd(i · n− j ·m,m · n)), and

(ii) num(( i
m)− ( jn)) = i · n− j ·m div(gcd(i · n− j ·m,m · n)).

The theorem is a consequence of (15).

(24) (i) den(( i
m)− ( jn)) = m·n

gcd(i·n−j·m,m·n) , and

(ii) num(( i
m)− ( jn)) = i·n−j·m

gcd(i·n−j·m,m·n) .
The theorem is a consequence of (23), (8), and (7).

(25) (i) den(( i
m) · ( jn)) = m · n div(gcd(i · j,m · n)), and

(ii) num(( i
m) · ( jn)) = i · j div(gcd(i · j,m · n)).

The theorem is a consequence of (15).

(26) (i) den(( i
m) · ( jn)) = m·n

gcd(i·j,m·n) , and

(ii) num(( i
m) · ( jn)) = i·j

gcd(i·j,m·n) .
The theorem is a consequence of (25), (8), and (7).

(27) (i) den(
( i
m
)

(n
j
) ) = m · n div(gcd(i · j,m · n)), and

(ii) num(
( i
m
)

(n
j
) ) = i · j div(gcd(i · j,m · n)).

The theorem is a consequence of (15).

(28) (i) den(
( i
m
)

(n
j
) ) = m·n

gcd(i·j,m·n) , and

(ii) num(
( i
m
)

(n
j
) ) = i·j

gcd(i·j,m·n) .

The theorem is a consequence of (27), (8), and (7).

Now we state the propositions:



336 christoph schwarzweller and artur korniłowicz

(29) den p = den p div(gcd(num p,den p)). The theorem is a consequence of
(15).

(30) num p = num p div(gcd(num p,den p)). The theorem is a consequence of
(15).

Let us assume that m = den p and i = num p. Now we state the propositions:

(31) (i) den(−p) = m div(gcd(−i,m)), and

(ii) num(−p) = −idiv(gcd(−i,m)).
The theorem is a consequence of (17).

(32) (i) den(−p) = m
gcd(−i,m) , and

(ii) num(−p) = −i
gcd(−i,m) .

The theorem is a consequence of (31), (8), and (7).

Let us assume that m = den p and n = num p and n 6= 0. Now we state the
propositions:

(33) (i) den p−1 = n div(gcd(n,m)), and

(ii) num p−1 = m div(gcd(n,m)).
The theorem is a consequence of (19).

(34) (i) den p−1 = n
gcd(n,m) , and

(ii) num p−1 = m
gcd(n,m) .

The theorem is a consequence of (33), (8), and (7).

Let us assume that m = den p and n = den q and i = num p and j = num q.
Now we state the propositions:

(35) (i) den(p+ q) = m · n div(gcd(i · n+ j ·m,m · n)), and

(ii) num(p+ q) = i · n+ j ·mdiv(gcd(i · n+ j ·m,m · n)).
The theorem is a consequence of (21).

(36) (i) den(p+ q) = m·n
gcd(i·n+j·m,m·n) , and

(ii) num(p+ q) = i·n+j·m
gcd(i·n+j·m,m·n) .

The theorem is a consequence of (35), (8), and (7).

(37) (i) den(p− q) = m · n div(gcd(i · n− j ·m,m · n)), and

(ii) num(p− q) = i · n− j ·mdiv(gcd(i · n− j ·m,m · n)).
The theorem is a consequence of (23).

(38) (i) den(p− q) = m·n
gcd(i·n−j·m,m·n) , and

(ii) num(p− q) = i·n−j·m
gcd(i·n−j·m,m·n) .

The theorem is a consequence of (37), (8), and (7).

(39) (i) den(p · q) = m · n div(gcd(i · j,m · n)), and
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(ii) num(p · q) = i · j div(gcd(i · j,m · n)).
The theorem is a consequence of (25).

(40) (i) den(p · q) = m·n
gcd(i·j,m·n) , and

(ii) num(p · q) = i·j
gcd(i·j,m·n) .

The theorem is a consequence of (39), (8), and (7).

Let us assume that m1 = den p and m2 = den q and n1 = num p and
n2 = num q and n2 6= 0. Now we state the propositions:

(41) (i) den(pq ) = m1 · n2 div(gcd(n1 ·m2,m1 · n2)), and

(ii) num(pq ) = n1 ·m2 div(gcd(n1 ·m2,m1 · n2)).
The theorem is a consequence of (27).

(42) (i) den(pq ) = m1·n2
gcd(n1·m2,m1·n2) , and

(ii) num(pq ) = n1·m2
gcd(n1·m2,m1·n2) .

The theorem is a consequence of (41), (8), and (7).

3. Preliminaries about Rings and Fields

In the sequel R denotes a ring and F denotes a field.
Let us note that there exists an element of ZR which is positive and there

exists an element of ZR which is negative.
Let a, b be elements of FQ and x, y be rational numbers. We identify x+ y

with a + b. We identify x · y with a · b. Let a be an element of FQ and x be
a rational number. We identify −x with −a. Let a be a non zero element of
FQ. We identify x−1 with a−1. Let a, b be elements of FQ and x, y be rational
numbers. We identify x−y with a−b. Let a be an element of FQ and b be a non
zero element of FQ. We identify x

y with a
b . Let F be a field. Let us observe that

(1F )−1 reduces to 1F .
Let R, S be rings. We say that R includes an isomorphic copy of S if and

only if

(Def. 1) there exists a strict subring T of R such that T and S are isomorphic.

We introduce the notation R includes S as a synonym of R includes an
isomorphic copy of S.

Let us observe that the predicate R and S are isomorphic is reflexive.
Now we state the propositions:

(43) Let us consider a field E. Then every subfield of E is a subring of E.

(44) Let us consider rings R, S, T . If R and S are isomorphic and S and T

are isomorphic, then R and T are isomorphic.
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(45) Let us consider a field F , and a subring R of F . Then R is a subfield of
F if and only if R is a field.

(46) Let us consider a field E, and a strict subfield F of E. Then E includes
F .

(47) ZR is a subring of FQ.

(48) RF is a subfield of CF.
Let R be an integral domain. Observe that there exists an integral doma-

in which is R-homomorphic and there exists a commutative ring which is R-
homomorphic and there exists a ring which is R-homomorphic.

Let R be a field. Let us note that there exists an integral domain which is
R-homomorphic.

Let F be a field, R be an F -homomorphic ring, and f be a homomorphism
from F to R. Note that Im f is almost left invertible.

Let F be an integral domain, E be an F -homomorphic integral domain, and
f be a homomorphism from F to E. Note that Im f is non degenerated.

Let us consider a ring R, an R-homomorphic ring E, a subring K of R,
a function f from R into E, and a function g from K into E. Now we state the
propositions:

(49) If g = f�(the carrier of K) and f is additive, then g is additive. The
theorem is a consequence of (1).

(50) If g = f�(the carrier of K) and f is multiplicative, then g is multiplica-
tive. The theorem is a consequence of (1).

(51) If g = f�(the carrier of K) and f is unity-preserving, then g is unity-
preserving.

Now we state the propositions:

(52) Let us consider a ring R, an R-homomorphic ring E, and a subring K
of R. Then E is K-homomorphic. The theorem is a consequence of (49),
(50), and (51).

(53) Let us consider a ring R, an R-homomorphic ring E, a subring K of
R, a K-homomorphic ring E1, and a homomorphism f from R to E. If
E = E1, then f�K is a homomorphism from K to E1. The theorem is
a consequence of (49), (50), and (51).

Let us consider a field F , an F -homomorphic field E, a subfield K of F ,
a function f from F into E, and a function g from K into E. Now we state the
propositions:

(54) If g = f�(the carrier of K) and f is additive, then g is additive. The
theorem is a consequence of (1).
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(55) If g = f�(the carrier of K) and f is multiplicative, then g is multiplica-
tive. The theorem is a consequence of (1).

(56) If g = f�(the carrier of K) and f is unity-preserving, then g is unity-
preserving.

Now we state the propositions:

(57) Let us consider a field F , an F -homomorphic field E, and a subfield K

of F . Then E is K-homomorphic. The theorem is a consequence of (54),
(55), and (56).

(58) Let us consider a field F , an F -homomorphic field E, a subfield K of
F , a K-homomorphic field E1, and a homomorphism f from F to E. If
E = E1, then f�K is a homomorphism from K to E1. The theorem is
a consequence of (54), (55), and (56).

Let n be a natural number. We introduce the notation Z /n as a synonym
of ZRn .

One can verify that Z /n is finite.
Let n be a non trivial natural number. One can check that Z /n is non

degenerated.
Let n be a positive natural number. Note that Z /n is Abelian, add-associative,

right zeroed, and right complementable and Z /n is associative, well unital, di-
stributive, and commutative.

Let p be a prime number. Observe that Z /p is almost left invertible.

4. Embedding the Integers in Rings

Let R be an add-associative, right zeroed, right complementable, non empty
double loop structure, a be an element of R, and i be an integer. The functor
i ? a yielding an element of R is defined by

(Def. 2) there exists a natural number n such that i = n and it = n · a or i = −n
and it = −n · a.

Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure R and an element a of R. Now we state the
propositions:

(59) 0 ? a = 0R.

(60) 1 ? a = a.

(61) (−1) ? a = −a.

Now we state the propositions:
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(62) Let us consider an add-associative, right zeroed, right complementable,
Abelian, non empty double loop structure R, an element a of R, and
integers i, j. Then (i+ j) ? a = i ? a+ j ? a.
Proof: Define P[integer] ≡ for every integer k such that k = $1 holds
(i+ k) ? a = i ? a+ k ? a. For every integer u such that P[u] holds P[u− 1]
and P[u+ 1] by [36, (8)]. For every integer i, P[i] from [34, Sch. 4]. �

(63) Let us consider an add-associative, right zeroed, right complementable,
Abelian, non empty double loop structure R, an element a of R, and
an integer i. Then (−i) ? a = −i ? a.
Proof: Define P[integer] ≡ for every integer k such that k = $1 holds
(−k) ? a = −k ? a. For every integer u such that P[u] holds P[u − 1] and
P[u+ 1] by [36, (33), (30)]. For every integer i, P[i] from [34, Sch. 4]. �

Let us consider an add-associative, right zeroed, right complementable,
Abelian, non empty double loop structure R, an element a of R, and integers
i, j. Now we state the propositions:

(64) (i− j) ? a = i ? a− j ? a. The theorem is a consequence of (62) and (63).

(65) i · j ? a = i ?(j ? a).
Proof: Define P[integer] ≡ for every integer k such that k = $1 holds
k · j ? a = k ?(j ? a). For every integer u such that P[u] holds P[u− 1] and
P[u+ 1]. For every integer i, P[i] from [34, Sch. 4]. �

(66) i ?(j ? a) = j ?(i ? a). The theorem is a consequence of (65).

Now we state the propositions:

(67) Let us consider an add-associative, right zeroed, right complementable,
Abelian, left unital, distributive, non empty double loop structure R,
and integers i, j. Then i · j ? 1R = (i ? 1R) · (j ? 1R).
Proof: Define P[integer] ≡ for every integer k such that k = $1 holds
k · j ? 1R = (k ? 1R) · (j ? 1R). For every integer u such that P[u] holds
P[u−1] and P[u+ 1] by (64), [18, (9)], (60), (62). For every integer i, P[i]
from [34, Sch. 4]. �

(68) Let us consider a ring R, an R-homomorphic ring S, a homomorphism f

from R to S, an element a of R, and an integer i. Then f(i ? a) = i ? f(a).
Proof: Define P[integer] ≡ for every integer j such that j = $1 holds
f(j ? a) = j ? f(a). For every integer i such that P[i] holds P[i − 1] and
P[i + 1] by (62), (60), [36, (8)], (61). For every integer i, P[i] from [34,
Sch. 4]. �
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5. Mono- and Isomorphisms of Rings

Let R, S be rings. We say that S is R-monomorphic if and only if

(Def. 3) there exists a function f from R into S such that f is monomorphic.

Let R be a ring. Note that there exists a ring which is R-monomorphic.
Let R be a commutative ring. One can check that there exists a commutative

ring which is R-monomorphic and there exists a ring which is R-monomorphic.
Let R be an integral domain. One can verify that there exists an integral

domain which is R-monomorphic and there exists a commutative ring which is
R-monomorphic and there exists a ring which is R-monomorphic.

LetR be a field. Let us observe that there exists a field which isR-monomorphic
and there exists an integral domain which is R-monomorphic and there exists
a commutative ring which is R-monomorphic and there exists a ring which is
R-monomorphic.

Let R be a ring and S be an R-monomorphic ring. Let us note that there exi-
sts a function from R into S which is additive, multiplicative, unity-preserving,
and monomorphic.

A monomorphism of R and S is an additive, multiplicative, unity-preserving,
monomorphic function from R into S. One can check that every S-monomorphic
ring is R-monomorphic and every R-monomorphic ring is R-homomorphic.

Let S be an R-monomorphic ring and f be a monomorphism of R and S.
Let us note that (f−1)−1 reduces to f .

Now we state the propositions:

(69) Let us consider a ring R, an R-homomorphic ring S, an S-homomorphic
ring T , a homomorphism f from R to S, and a homomorphism g from S

to T . Then ker f ⊆ ker g · f .

(70) Let us consider a ring R, an R-homomorphic ring S, an S-monomorphic
ring T , a homomorphism f from R to S, and a monomorphism g of S and
T . Then ker f = ker g · f . The theorem is a consequence of (69).

(71) Let us consider a ringR, and a subring S ofR. ThenR is S-monomorphic.

(72) Let us consider rings R, S. Then S is an R-monomorphic ring if and
only if S includes R. The theorem is a consequence of (44).

Let R, S be rings. We say that S is R-isomorphic if and only if

(Def. 4) there exists a function f from R into S such that f is isomorphism.

Let R be a ring. Let us note that there exists a ring which is R-isomorphic.
Let R be a commutative ring. Note that there exists a commutative ring

which is R-isomorphic and there exists a ring which is R-isomorphic.
Let R be an integral domain. One can check that there exists an integral

domain which is R-isomorphic and there exists a commutative ring which is
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R-isomorphic and there exists a ring which is R-isomorphic.
Let R be a field. One can verify that there exists a field which is R-isomorphic

and there exists an integral domain which is R-isomorphic and there exists
a commutative ring which is R-isomorphic and there exists a ring which is R-
isomorphic.

Let R be a ring and S be an R-isomorphic ring. Observe that there exists
a function from R into S which is additive, multiplicative, unity-preserving, and
isomorphism.

An isomorphism between R and S is an additive, multiplicative, unity-
preserving, isomorphism function from R into S. Let f be an isomorphism
between R and S. Let us note that the functor f−1 yields a function from S

into R. One can check that there exists a function from S into R which is
additive, multiplicative, unity-preserving, and isomorphism.

An isomorphism between S and R is an additive, multiplicative, unity-
preserving, isomorphism function from S into R. One can check that every S-
isomorphic ring is R-isomorphic and every R-isomorphic ring is R-monomorphic.

Now we state the propositions:

(73) Let us consider a ring R, an R-isomorphic ring S, and an isomorphism
f between R and S. Then f−1 is an isomorphism between S and R.

(74) Let us consider a ring R, and an R-isomorphic ring S. Then R is S-
isomorphic. The theorem is a consequence of (73).

Let R be a commutative ring. Let us note that every R-isomorphic ring
is commutative. Let R be an integral domain. One can check that every R-
isomorphic ring is non degenerated and integral domain-like.

Let F be a field. One can verify that every F -isomorphic ring is almost left
invertible.

(75) Let us consider fields E, F . Then E includes F if and only if there exists
a strict subfield K of E such that K and F are isomorphic.

6. Characteristic of Rings

Let R be a ring. The functor char(R) yielding a natural number is defined
by

(Def. 5) it ? 1R = 0R and it 6= 0 and for every positive natural number m such
that m < it holds m? 1R 6= 0R or it = 0 and for every positive natural
number m, m? 1R 6= 0R.

Let n be a natural number. We say that R has characteristic n if and only if

(Def. 6) char(R) = n.
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Now we state the propositions:

(76) char(ZR) = 0.

(77) Let us consider a positive natural number n. Then char(Z /n) = n. The
theorem is a consequence of (60) and (59).

Observe that ZR has characteristic 0.
Let n be a positive natural number. Note that Z /n has characteristic n.
Let n be a natural number. One can check that there exists a commutative

ring which has characteristic n.
Let n be a positive natural number and R be a ring with characteristic n.

Let us note that char(R) is positive.
Let R be a ring. The functor charSetR yielding a subset of N is defined by

the term

(Def. 7) {n, where n is a positive natural number : n ? 1R = 0R}.

Let n be a positive natural number and R be a ring with characteristic n.
Note that charSetR is non empty.

Now we state the propositions:

(78) Let us consider a ring R. Then char(R) = 0 if and only if charSetR = ∅.
(79) Let us consider a positive natural number n, and a ring R with charac-

teristic n. Then char(R) = min charSetR.

(80) Let us consider a ring R. Then char(R) = min∗ charSetR. The theorem
is a consequence of (78) and (79).

(81) Let us consider a prime number p, a ring R with characteristic p, and
a positive natural number n. Then n is an element of charSetR if and only
if p | n. The theorem is a consequence of (67), (62), and (79).

Let R be a ring. The functor canHomZ(R) yielding a function from ZR into
R is defined by

(Def. 8) for every element x of ZR, it(x) = x ? 1R.

Observe that canHomZ(R) is additive, multiplicative, and unity-preserving
and every ring is (ZR)-homomorphic.

Now we state the propositions:

(82) Let us consider a ring R, and a non negative element n of ZR. Then
char(R) = n if and only if ker canHomZ(R) = {n}–ideal. The theorem is
a consequence of (64), (63), and (80).

(83) Let us consider a ring R. Then char(R) = 0 if and only if canHomZ(R)
is monomorphic. The theorem is a consequence of (82).

LetR be a ring with characteristic 0. Observe that canHomZ(R) is monomor-
phic and there exists a function from ZR into R which is additive, multiplicative,
unity-preserving, and monomorphic.
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Now we state the propositions:

(84) Let us consider a ring R, and a homomorphism f from ZR to R. Then
f = canHomZ(R).
Proof: Define P[integer] ≡ for every integer j such that j = $1 holds
f(j) = j ? 1R. For every integer u such that P[u] holds P[u − 1] and
P[u + 1] by [16, (8)], (60), (64), (62). For every integer i, P[i] from [34,
Sch. 4]. �

(85) Let us consider a homomorphism f from ZR to ZR. Then f = idZR . The
theorem is a consequence of (84).

(86) Let us consider an integral domain R. Then

(i) char(R) = 0, or

(ii) char(R) is prime.

The theorem is a consequence of (60) and (67).

(87) Let us consider a ring R, and an R-homomorphic ring S. Then char(S) |
char(R). The theorem is a consequence of (84), (69), and (82).

(88) Let us consider a ring R, and an R-monomorphic ring S. Then char(S) =
char(R). The theorem is a consequence of (84), (70), and (82).

(89) Let us consider a ring R, and a subring S of R. Then char(S) = char(R).
The theorem is a consequence of (71) and (88).

Let n be a natural number and R be a ring with characteristic n. One can
verify that every ring which is R-monomorphic has also characteristic n and
every subring of R has characteristic n and CF has characteristic 0 and RF has
characteristic 0 and FQ has characteristic 0 and there exists a field which has
characteristic 0.

Let p be a prime number. Let us note that there exists a field which has
characteristic p. Let R be an integral domain with characteristic p. One can
verify that char(R) is prime.

Let F be a field with characteristic 0. Note that every subfield of F has
characteristic 0. Let p be a prime number and F be a field with characteristic p.
Note that every subfield of F has characteristic p.

7. Prime Fields

Let F be a field. The functor carrier∩F yielding a subset of F is defined by
the term

(Def. 9) {x, where x is an element of F : for every subfield K of F , x ∈ K}.

The functor PrimeFieldF yielding a strict double loop structure is defined
by
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(Def. 10) the carrier of it = carrier∩F and the addition of it = (the addition
of F ) � carrier∩F and the multiplication of it = (the multiplication of
F ) � carrier∩F and the one of it = 1F and the zero of it = 0F .

One can verify that PrimeFieldF is non degenerated and PrimeFieldF is
Abelian, add-associative, right zeroed, and right complementable and PrimeField
F is commutative and PrimeFieldF is associative, well unital, distributive, and
almost left invertible.

Let us note that the functor PrimeFieldF yields a strict subfield of F . Now
we state the propositions:

(90) Let us consider a field F , and a strict subfield E of PrimeFieldF . Then
E = PrimeFieldF .

(91) Let us consider a field F , and a subfield E of F . Then PrimeFieldF is
a subfield of E.

Let us consider fields F , K. Now we state the propositions:

(92) K = PrimeFieldF if and only if K is a strict subfield of F and for every
strict subfield E of K, E = K. The theorem is a consequence of (91) and
(90).

(93) K = PrimeFieldF if and only if K is a strict subfield of F and for every
subfield E of F , K is a subfield of E. The theorem is a consequence of
(91).

Now we state the propositions:

(94) Let us consider a field E, and a subfield F of E. Then PrimeFieldF =
PrimeFieldE. The theorem is a consequence of (93) and (92).

(95) Let us consider a field F . Then PrimeField PrimeFieldF = PrimeFieldF .

Let F be a field. Let us observe that PrimeFieldF is prime.
Now we state the propositions:

(96) Let us consider a field F . Then F is prime if and only if F = PrimeFieldF .

(97) Let us consider a field F with characteristic 0, and non zero integers i,
j. Suppose j | i. Then (idiv j) ? 1F = (i ? 1F ) · (j ? 1F )−1.
Proof: Consider k being an integer such that i = j · k. j ? 1F 6= 0F by
[34, (3)], (63), [36, (17)]. i ? 1F 6= 0F by [34, (3)], (63), [36, (17)]. �

Let x be an element of FQ. Note that the functor denx yields a positive
element of ZR. One can check that the functor numx yields an element of ZR.
Let F be a field. The functor canHomQ(F ) yielding a function from FQ into F
is defined by

(Def. 11) for every element x of FQ, it(x) = (canHomZ(F ))(numx)
(canHomZ(F ))(denx) .

Observe that canHomQ(F ) is unity-preserving.
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Let F be a field with characteristic 0. One can check that canHomQ(F )
is additive and multiplicative and every field with characteristic 0 is (FQ)-
monomorphic.

Now we state the proposition:

(98) Let us consider a field F . Then canHomZ(F ) = canHomQ(F )�Z.

Let us observe that there exists a field which is (FQ)-homomorphic and has
characteristic 0.

Now we state the proposition:

(99) Let us consider an (FQ)-homomorphic field F with characteristic 0, and
a homomorphism f from FQ to F . Then f = canHomQ(F ).
Proof: Set g = canHomQ(F ). Define P[integer] ≡ for every element j of
FQ such that j = $1 holds f(j) = g(j). For every integer i, P[i] from [34,
Sch. 4]. For every integer i and for every element j of FQ such that j = i

holds f(j) = (canHomZ(F ))(i) by (98), [7, (49)]. �

One can verify that FQ is (FQ)-homomorphic.
Let F be a field with characteristic 0. One can verify that PrimeFieldF is

(FQ)-homomorphic.
Now we state the proposition:

(100) Let us consider a homomorphism f from FQ to FQ. Then f = idFQ . The
theorem is a consequence of (99).

Let F be a field, S be an F -homomorphic field, and f be a homomorphism
from F to S. One can verify that the functor Im f yields a strict subfield of S.
Let F be a field with characteristic 0. Let us note that canHomQ(PrimeFieldF )
is onto.

Now we state the propositions:

(101) Let us consider a field F with characteristic 0. Then FQ and PrimeFieldF
are isomorphic.

(102) PrimeField FQ = FQ.

(103) Let us consider a field F with characteristic 0. Then F includes FQ.

(104) Let us consider a field F with characteristic 0, and a field E. If F includes
E, then E includes FQ. The theorem is a consequence of (72) and (88).

(105) Let us consider a prime number p, a ring R with characteristic p, and
an integer i. Then i ? 1R = (i mod p) ? 1R. The theorem is a consequence
of (67) and (62).

Let p be a prime number and F be a field. The functor canHomZ /p(F )
yielding a function from Z /p into F is defined by the term

(Def. 12) canHomZ(F )�(the carrier of Z /p).
Note that canHomZ /p(F ) is unity-preserving.
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Let F be a field with characteristic p. One can verify that canHomZ /p(F )
is additive and multiplicative and every field with characteristic p is (Z /p)-
monomorphic and there exists a field which is (Z /p)-homomorphic and has
characteristic p and Z /p is (Z /p)-homomorphic.

Now we state the propositions:

(106) Let us consider a prime number p, a (Z /p)-homomorphic field F with
characteristic p, and a homomorphism f from Z /p to F . Then f =
canHomZ /p(F ).
Proof: Set g = canHomZ /p(F ). Reconsider p1 = p − 1 as an element
of N. Define P[natural number] ≡ for every element j of Z /p such that
j = $1 holds f(j) = g(j). For every element k of N such that 0 ¬ k < p1
holds if P[k], then P[k + 1] by [3, (13), (44)], [29, (14), (7)]. For every
element k of N such that 0 ¬ k ¬ p1 holds P[k] from [34, Sch. 7]. �

(107) Let us consider a prime number p, and a homomorphism f from Z /p to
Z /p. Then f = idZ /p. The theorem is a consequence of (106).

Let p be a prime number and F be a field with characteristic p. Observe that
PrimeFieldF is (Z /p)-homomorphic and canHomZ /p(PrimeFieldF ) is onto.

Now we state the propositions:

(108) Let us consider a prime number p, and a field F with characteristic p.
Then Z /p and PrimeFieldF are isomorphic.

(109) Let us consider a prime number p, and a strict subfield F of Z /p. Then
F = Z /p.

(110) Let us consider a prime number p. Then PrimeField Z /p = Z /p.
(111) Let us consider a prime number p, and a field F with characteristic p.

Then F includes Z /p.
(112) Let us consider a prime number p, a field F with characteristic p, and

a field E. If F includes E, then E includes Z /p. The theorem is a conse-
quence of (72) and (88).

Let p be a prime number. One can check that Z /p is prime.
Now we state the propositions:

(113) Let us consider a field F . Then char(F ) = 0 if and only if PrimeFieldF
and FQ are isomorphic. The theorem is a consequence of (101), (43), and
(89).

(114) Let us consider a prime number p, and a field F . Then char(F ) = p if
and only if PrimeFieldF and Z /p are isomorphic. The theorem is a con-
sequence of (108), (43), and (89).

(115) Let us consider a strict field F . Then F is prime if and only if F and
FQ are isomorphic or there exists a prime number p such that F and Z /p
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are isomorphic. The theorem is a consequence of (86), (101), (108), (44),
(57), and (58).
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Summary. In the first part of this article we formalize the concepts of
terminal and initial object, categorical product [4] and natural transformation
within a free-object category [1]. In particular, we show that this definition of
natural transformation is equivalent to the standard definition [13]. Then we
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1. Preliminaries

Now we state the propositions:

(1) Let us consider a composable, associative category structure C , and
morphisms f1, f2, f3 of C . Suppose f1 .f2 and f2 .f3. Then (f1 ◦f2)◦f3 =
f1 ◦ (f2 ◦ f3).

(2) Let us consider a composable, associative category structure C , and
morphisms f1, f2, f3, f4 of C . Suppose f1 .f2 and f2 .f3 and f3 .f4. Then

(i) ((f1 ◦ f2) ◦ f3) ◦ f4 = (f1 ◦ f2) ◦ (f3 ◦ f4), and

(ii) ((f1 ◦ f2) ◦ f3) ◦ f4 = (f1 ◦ (f2 ◦ f3)) ◦ f4, and
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(iii) ((f1 ◦ f2) ◦ f3) ◦ f4 = f1 ◦ ((f2 ◦ f3) ◦ f4), and

(iv) ((f1 ◦ f2) ◦ f3) ◦ f4 = f1 ◦ (f2 ◦ (f3 ◦ f4)).

The theorem is a consequence of (1).

(3) Let us consider a composable category structure C , and morphisms f ,
f1, f2 of C . Suppose f1 . f2. Then

(i) f1 ◦ f2 . f iff f2 . f , and

(ii) f . f1 ◦ f2 iff f . f1.

(4) Let us consider a composable category structure C with identities, and
morphisms f1, f2 of C . Suppose f1 . f2. Then

(i) if f1 is identity, then f1 ◦ f2 = f2, and

(ii) if f2 is identity, then f1 ◦ f2 = f1.

Proof: If f1 is identity, then f1 ◦ f2 = f2 by [16, (6), (5), (9)]. �

(5) Let us consider a non empty category structure C with identities, and
a morphism f of C . Then there exist morphisms f1, f2 of C such that

(i) f1 is identity, and

(ii) f2 is identity, and

(iii) f1 . f , and

(iv) f . f2.

(6) Let us consider a category structure C , objects a, b of C , and a morphism
f from a to b. Suppose hom(a, b) = {f}. Let us consider a morphism g

from a to b. Then f = g.

(7) Let us consider a category structure C , objects a, b of C , and a morphism
f from a to b. Suppose hom(a, b) 6= ∅ and for every morphism g from a to
b, f = g. Then hom(a, b) = {f}.

(8) Let us consider an object x, and a category structure C . Suppose the carri-
er of C = {x} and the composition of C = {〈〈〈〈x, x〉〉, x〉〉}. Then C is a non
empty category.
Proof: For every object y, y ∈ the composition of the discrete category
of {x} iff y ∈ {〈〈〈〈x, x〉〉, x〉〉} by [22, (2)], [9, (29)], [15, (24)], (4). �

(9) Let us consider categories C1, C2, and a functor F from C1 to C2. If F
is isomorphism, then F is bijective.

(10) Let us consider composable category structures C1, C2, C3 with identi-
ties. Suppose C1 ∼= C2 and C2 ∼= C3. Then C1 ∼= C3.

(11) Let us consider categories C1, C2. Suppose C1 ∼= C2. Then C1 is empty
if and only if C2 is empty.
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Let C1 be an empty category structure with identities and C2 be category
structure with identities. Note that every functor from C1 to C2 is covariant.

Now we state the propositions:

(12) Let us consider category structures C1, C2 with identities, a morphism
f of C1, and a functor F from C1 to C2. Suppose F is covariant and f is
identity. Then F(f) is identity.

(13) Let us consider category structures C1, C2 with identities, morphisms
f1, f2 of C1, and a functor F from C1 to C2. Suppose F is covariant and
f1 . f2. Then

(i) F(f1) . F(f2), and

(ii) F(f1 ◦ f2) = F(f1) ◦ F(f2).

(14) Let us consider an object-category C , a morphism f of C , and a mor-
phism g of alter C . Suppose f = g. Then

(i) dom g = iddom f , and

(ii) cod g = idcod f .

Proof: Consider d1 being a morphism of alter C such that dom g = d1
and g . d1 and d1 is identity. Reconsider d2 = iddom f as a morphism of
alter C . For every morphism f1 of alter C such that f1 . d2 holds f1 ◦ d2 =
f1 by [15, (40)], [5, (22)]. Consider c1 being a morphism of alter C such
that cod g = c1 and c1 . g and c1 is identity. Reconsider c2 = idcod f as
a morphism of alter C . For every morphism f1 of alter C such that f1 . c2
holds f1 ◦ c2 = f1 by [15, (40)], [5, (22)]. �

(15) There exists a morphism f of 1 such that

(i) f is identity, and

(ii) Ob1 = {f}, and

(iii) Mor1 = {f}.
Proof: Consider C being a strict, a preorder category such that Ob C = 1
and for every objects o1, o2 of C such that o1 ∈ o2 holds hom(o1, o2) =
{〈〈o1, o2〉〉} and RelOb C = ⊆

1 and Mor C = 1∪{〈〈o1, o2〉〉, where o1, o2 are
elements of 1 : o1 ∈ o2}. Consider F being a functor from C to 1, G being
a functor from 1 to C such that F is covariant and G is covariant and
G ◦ F = idC and F ◦ G = id1. Reconsider g = 0 as a morphism of C . Set
f = F(g). Consider x being an object such that Ob1 = {x}. For every
object x, x ∈ Mor1 iff x ∈ {f} by [15, (22)], [6, (18)], [15, (34)], [2, (49)].
�

(16) Let us consider a non empty category C , and morphisms f1, f2 of C . If
Mf1 =Mf2 , then f1 = f2.
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(17) Let us consider a non empty category C , covariant functors F1, F2 from 2
to C , and a morphism f of 2. Suppose f is not identity and F1(f) = F2(f).
Then F1 = F2.
Proof: Consider f1 being a morphism of 2 such that f1 is not identity
and Ob2 = {dom f1, cod f1} and Mor2 = {dom f1, cod f1, f1} and dom f1,
cod f1, f1 are mutually different. For every object x such that x ∈ domF1
holds F1(x) = F2(x) by [15, (22), (32)]. �

(18) There exist morphisms f1, f2 of 3 such that

(i) f1 is not identity, and

(ii) f2 is not identity, and

(iii) cod f1 = dom f2, and

(iv) Ob3 = {dom f1, cod f1, cod f2}, and

(v) Mor3 = {dom f1, cod f1, cod f2, f1, f2, f2 ◦ f1}, and

(vi) dom f1,cod f1,cod f2,f1,f2,f2 ◦ f1 are mutually different.

Proof: Consider C being a strict, a preorder category such that Ob C = 3
and for every objects o1, o2 of C such that o1 ∈ o2 holds hom(o1, o2) =
{〈〈o1, o2〉〉} and RelOb C = ⊆

3 and Mor C = 3∪{〈〈o1, o2〉〉, where o1, o2 are
elements of 3 : o1 ∈ o2}. Consider F being a functor from C to 3, G being
a functor from 3 to C such that F is covariant and G is covariant and
G ◦ F = idC and F ◦ G = id3. Reconsider g1 = 〈〈0, 1〉〉 as a morphism of
C . g1 is not identity by [15, (22)]. Set f1 = F(g1). Reconsider g2 = 〈〈1,
2〉〉 as a morphism of C . g2 is not identity by [15, (22)]. Set f2 = F(g2).
f1 is not identity by [6, (18)], [15, (34)]. f2 is not identity by [6, (18)],
[15, (34)]. For every object x, x ∈ Ob3 iff x ∈ {dom f1, cod f1, cod f2} by
[15, (34)], [6, (18)], [15, (22)], [2, (51)]. For every object x, x ∈ Mor3 iff
x ∈ {dom f1, cod f1, cod f2, f1, f2, f2 ◦ f1} by [15, (22)], [6, (18)], [15, (34)],
[2, (51), (49), (50)]. g2◦g1 is not identity by [15, (22)]. f2◦f1 is not identity
by [6, (18)], [15, (34)]. F is bijective. �

Let C be a non empty category and f1, f2 be morphisms of C . Assume
f1 . f2. The functor Cf1,f2 yielding a covariant functor from 3 to C is defined by

(Def. 1) for every morphisms g1, g2 of 3 such that g1 . g2 and g1 is not identity
and g2 is not identity holds it(g1) = f1 and it(g2) = f2.
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2. Terminal Objects

Let C be a category structure and a be an object of C . We say that a is
terminal if and only if

(Def. 2) for every object b of C , hom(b, a) 6= ∅ and there exists a morphism f

from b to a such that for every morphism g from b to a, f = g.

Now we state the propositions:

(19) Let us consider a category structure C , and an object b of C . Then b is
terminal if and only if for every object a of C , there exists a morphism f

from a to b such that hom(a, b) = {f}. The theorem is a consequence of
(7) and (6).

(20) Let us consider category structure C with identities, and an object a of
C . Suppose a is terminal. Let us consider a morphism h from a to a. Then
id-a = h.

(21) Let us consider a composable category structure C with identities, and
objects a, b of C . If a is terminal and b is terminal, then a and b are
isomorphic. The theorem is a consequence of (20).

(22) Let us consider a category C , and objects a, b of C . If b is terminal and
a and b are isomorphic, then a is terminal.

(23) Let us consider a composable category structure C with identities, ob-
jects a, b of C , and a morphism f from a to b. Suppose hom(a, b) 6= ∅ and
a is terminal. Then f is monomorphic.

Let C be a category. We say that C has terminal objects if and only if

(Def. 3) there exists an object a of C such that a is terminal.

Now we state the proposition:

(24) 1 has terminal objects.
Proof: Consider f being a morphism of 1 such that f is identity and
Ob1 = {f} and Mor1 = {f}. For every objects a, b of 1, every morphism
of 1 is a morphism from a to b by [16, (20)]. �

One can verify that there exists a category which has terminal objects.
Let C be a category. We say that C is terminal if and only if

(Def. 4) for every category B, there exists a functor F from B to C such that F
is covariant and for every functor G from B to C such that G is covariant
holds F = G.

Let us note that 1 is non empty and terminal and there exists a category
which is strict, non empty, and terminal and there exists a category which is
strict and non terminal.

Now we state the propositions:



356 marco riccardi

(25) Let us consider terminal categories C , D . Then C ∼= D .
Proof: There exists a functor F from C to D and there exists a functor
G from D to C such that F is covariant and G is covariant and G◦F = idC

and F ◦ G = idD by [15, (35)]. �

(26) Let us consider categories C , D . Suppose C is terminal and C ∼= D .
Then D is terminal.
Proof: Consider F being a functor from C to D , G being a functor from
D to C such that F is covariant and G is covariant and G ◦ F = idC and
F ◦ G = idD . Consider F1 being a functor from B to C such that F1 is
covariant and for every functor G from B to C such that G is covariant
holds F1 = G. Set F2 = F ◦ F1. For every functor G1 from B to D such
that G1 is covariant holds F2 = G1 by [15, (35)], [16, (10), (11)]. �

(27) Let us consider a category C . Then C is non empty and trivial if and
only if C ∼= 1. The theorem is a consequence of (15), (4), and (26).

(28) Let us consider non empty categories C , D . Suppose C is trivial and D
is trivial. Then C ∼= D . The theorem is a consequence of (27) and (10).

Note that every category which is non empty and trivial is also terminal and
every category which is terminal is also non empty and trivial.

Let C be a category. The functor C → 1 yielding a covariant functor from
C to 1 is defined by

(Def. 5) not contradiction.

Now we state the proposition:

(29) Let us consider categories C , C1, C2, a functor F1 from C to C1, and
a functor F2 from C to C2. Suppose F1 is covariant and F2 is covariant.
Then C1→ 1 ◦F1 = C2→ 1 ◦F2.

3. Initial Objects

Let C be a category structure and a be an object of C . We say that a is
initial if and only if

(Def. 6) for every object b of C , hom(a, b) 6= ∅ and there exists a morphism f

from a to b such that for every morphism g from a to b, f = g.

Now we state the propositions:

(30) Let us consider a category structure C , and an object b of C . Then b

is initial if and only if for every object a of C , there exists a morphism f

from b to a such that hom(b, a) = {f}. The theorem is a consequence of
(7) and (6).
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(31) Let us consider category structure C with identities, and an object a of
C . Suppose a is initial. Let us consider a morphism h from a to a. Then
id-a = h.

(32) Let us consider a composable category structure C with identities, and
objects a, b of C . If a is initial and b is initial, then a and b are isomorphic.
The theorem is a consequence of (31).

(33) Let us consider a category C , and objects a, b of C . If b is initial and b

and a are isomorphic, then a is initial.

(34) Let us consider a composable category structure C with identities, ob-
jects a, b of C , and a morphism f from a to b. Suppose hom(a, b) 6= ∅ and
b is initial. Then f is epimorphic.

Let C be a category. We say that C has initial objects if and only if

(Def. 7) there exists an object a of C such that a is initial.

Now we state the proposition:

(35) 1 has initial objects.
Proof: Consider f being a morphism of 1 such that f is identity and
Ob1 = {f} and Mor1 = {f}. For every objects a, b of 1, every morphism
of 1 is a morphism from a to b by [16, (20)]. �

Let us note that there exists a category which has initial objects.
Let C be a category. We say that C is initial if and only if

(Def. 8) for every category C1, there exists a functor F from C to C1 such that
F is covariant and for every functor F1 from C to C1 such that F1 is
covariant holds F = F1.

One can verify that 0 is empty and initial and there exists a category which
is strict, empty, and initial and there exists a category which is strict and non
initial.

Now we state the propositions:

(36) Let us consider initial categories C , D . Then C ∼= D .
Proof: There exists a functor F from C to D and there exists a functor
G from D to C such that F is covariant and G is covariant and G◦F = idC

and F ◦ G = idD by [15, (35)]. �

(37) Let us consider categories C , D . Suppose C is initial and C ∼= D . Then
D is initial.
Proof: Consider F being a functor from C to D , G being a functor from
D to C such that F is covariant and G is covariant and G ◦ F = idC and
F ◦ G = idD . Consider F1 being a functor from C to B such that F1 is
covariant and for every functor G from C to B such that G is covariant
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holds F1 = G. Set F2 = F1 ◦ G. For every functor G1 from D to B such
that G1 is covariant holds F2 = G1 by [15, (35)], [16, (10), (11)]. �

Let us note that every category which is empty is also initial.
Let C be a category. The functor 0→C yielding a covariant functor from

0 to C is defined by

(Def. 9) not contradiction.

Now we state the proposition:

(38) Let us consider categories C , C1, C2, a functor F1 from C1 to C , and
a functor F2 from C2 to C . Suppose F1 is covariant and F2 is covariant.
Then F1 ◦ 0→C1 = F2 ◦ 0→C2.

4. Categorical Products

Let C be a category, a, b, c be objects of C , and p1 be a morphism from
c to a. Assume hom(c, a) 6= ∅. Let p2 be a morphism from c to b. Assume
hom(c, b) 6= ∅. We say that 〈c, p1, p2〉 is a product of a and b if and only if

(Def. 10) for every object c1 of C and for every morphism q1 from c1 to a and for
every morphism q2 from c1 to b such that hom(c1, a) 6= ∅ and hom(c1, b) 6=
∅ holds hom(c1, c) 6= ∅ and there exists a morphism h from c1 to c such
that p1 · h = q1 and p2 · h = q2 and for every morphism h1 from c1 to c
such that p1 · h1 = q1 and p2 · h1 = q2 holds h = h1.

Now we state the propositions:

(39) Let us consider a category C , objects c1, c2, a, b of C , a morphism p1
from a to c1, a morphism p2 from a to c2, a morphism q1 from b to c1, and
a morphism q2 from b to c2. Suppose hom(a, c1) 6= ∅ and hom(a, c2) 6= ∅
and hom(b, c1) 6= ∅ and hom(b, c2) 6= ∅ and 〈a, p1, p2〉 is a product of
c1 and c2 and 〈b, q1, q2〉 is a product of c1 and c2. Then a and b are
isomorphic.
Proof: There exists a morphism f from a to b and there exists a morphism
g from b to a such that hom(a, b) 6= ∅ and hom(b, a) 6= ∅ and g · f = id-a
and f · g = id-b by [16, (23), (18)]. �

(40) Let us consider a category C , objects c1, c2, d of C , a morphism p1 from
d to c1, and a morphism p2 from d to c2. Suppose hom(d, c1) 6= ∅ and
hom(d, c2) 6= ∅ and 〈d, p1, p2〉 is a product of c1 and c2. Then 〈d, p2, p1〉
is a product of c2 and c1.

Let C be a category. We say that C has binary products if and only if

(Def. 11) for every objects a, b of C , there exists an object d of C and there exists
a morphism p1 from d to a and there exists a morphism p2 from d to b
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such that hom(d, a) 6= ∅ and hom(d, b) 6= ∅ and 〈d, p1, p2〉 is a product of
a and b.

Now we state the proposition:

(41) 1 has binary products.
Proof: Set C = 1. Consider f being a morphism of 1 such that f is
identity and Ob1 = {f} and Mor1 = {f}. For every objects o1, o2 of C ,
every morphism of C is a morphism from o1 to o2 by [16, (20)]. Reconsider
p1 = f as a morphism from a to a. Reconsider p2 = f as a morphism from
a to b. For every object c1 of C and for every morphism q1 from c1 to
a and for every morphism q2 from c1 to b such that hom(c1, a) 6= ∅ and
hom(c1, b) 6= ∅ holds hom(c1, a) 6= ∅ and there exists a morphism h from
c1 to a such that p1 · h = q1 and p2 · h = q2 and for every morphism h1
from c1 to a such that p1 · h1 = q1 and p2 · h1 = q2 holds h = h1. �

Observe that there exists a category which has binary products.
Let C be a category with binary products and c1, c2 be objects of C .
A categorical product of c1 and c2 is a triple object and is defined by

(Def. 12) there exists an object d of C and there exists a morphism p1 from d to
c1 and there exists a morphism p2 from d to c2 such that it = 〈〈d, p1, p2〉〉
and hom(d, c1) 6= ∅ and hom(d, c2) 6= ∅ and 〈d, p1, p2〉 is a product of c1
and c2.

The functor c1 × c2 yielding an object of C is defined by the term

(Def. 13) (the categorical product of c1 and c2)1,3.

The functor π1(c1� c2) yielding a morphism from c1× c2 to c1 is defined by
the term

(Def. 14) (the categorical product of c1 and c2)2,3.

The functor π2(c1� c2) yielding a morphism from c1× c2 to c2 is defined by the
term

(Def. 15) (the categorical product of c1 and c2)3,3.

Now we state the propositions:

(42) Let us consider a category C with binary products, and objects a, b of
C . Then

(i) 〈a× b, π1(a� b), π2(a� b)〉 is a product of a and b, and

(ii) hom(a× b, a) 6= ∅, and

(iii) hom(a× b, b) 6= ∅.

(43) Let us consider a category C with binary products, and objects a, b, c
of C . Suppose hom(c, a) 6= ∅ and hom(c, b) 6= ∅. Then hom(c, a × b) 6= ∅.
The theorem is a consequence of (42).
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(44) Let us consider a category C with binary products, and objects a, b, c, d
of C . Suppose hom(a, b) 6= ∅ and hom(c, d) 6= ∅. Then hom(a×c, b×d) 6= ∅.
The theorem is a consequence of (42).

Let C be a category with binary products, a, b, c, d be objects of C , and f

be a morphism from a to b. Assume hom(a, b) 6= ∅. Let g be a morphism from c

to d. Assume hom(c, d) 6= ∅. The functor f × g yielding a morphism from a× c
to b× d is defined by

(Def. 16) f · π1(a� c) = π1(b� d) · it and g · π2(a� c) = π2(b� d) · it .
Let C1, C2, D be categories and P1 be a functor from D to C1. Assume P1

is covariant. Let P2 be a functor from D to C2. Assume P2 is covariant. We say
that 〈D , P1, P2〉 is a product of C1 and C2 if and only if

(Def. 17) for every category D1 and for every functor G1 from D1 to C1 and for
every functor G2 from D1 to C2 such that G1 is covariant and G2 is covariant
there exists a functorH from D1 to D such thatH is covariant and P1◦H =
G1 and P2 ◦ H = G2 and for every functor H1 from D1 to D such that H1
is covariant and P1 ◦ H1 = G1 and P2 ◦ H1 = G2 holds H = H1.

Now we state the propositions:

(45) Let us consider categories C1, C2, A , B, a functor P1 from A to C1,
a functor P2 from A to C2, a functor Q1 from B to C1, and a functor
Q2 from B to C2. Suppose P1 is covariant and P2 is covariant and Q1 is
covariant and Q2 is covariant and 〈A , P1, P2〉 is a product of C1 and C2
and 〈B, Q1, Q2〉 is a product of C1 and C2. Then A ∼= B.
Proof: There exists a functor F4 from A to B and there exists a functor
G3 from B to A such that F4 is covariant and G3 is covariant and G3◦F4 =
idA and F4 ◦ G3 = idB by [16, (10), (11)], [15, (35)]. �

(46) Let us consider categories C1, C2, D , a functor P1 from D to C1, and
a functor P2 from D to C2. Suppose P1 is covariant and P2 is covariant
and 〈D , P1, P2〉 is a product of C1 and C2. Then 〈D , P2, P1〉 is a product
of C2 and C1.

Let C , C1, C2 be categories, F1 be a functor from C1 to C , and F2 be
a functor from C2 to C . We introduce the notation F1�F2 as a synonym of
[[F1,F2]].

Now we state the proposition:

(47) Let us consider categories C1, C2. Then 〈C1→ 1� C2→ 1, π1((C1→ 1)�
(C2→ 1)), π2((C1→ 1) � (C2→ 1))〉 is a product of C1 and C2.
Proof: Set F1 = C1→ 1. Set F2 = C2→ 1. For every category D1 and
for every functor G1 from D1 to C1 and for every functor G2 from D1 to C2
such that G1 is covariant and G2 is covariant there exists a functor H from
D1 to F1�F2 such that H is covariant and π1(F1 � F2) ◦ H = G1 and
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π2(F1 � F2) ◦ H = G2 and for every functor H1 from D1 to F1�F2 such
that H1 is covariant and π1(F1�F2)◦H1 = G1 and π2(F1�F2)◦H1 = G2
holds H = H1 by [16, (52)], (29). �

Let C1, C2 be categories.
A categorical product of C1 and C2 is a triple object and is defined by

(Def. 18) there exists a strict category D and there exists a functor P1 from D to
C1 and there exists a functor P2 from D to C2 such that it = 〈〈D , P1, P2〉〉
and P1 is covariant and P2 is covariant and 〈D , P1, P2〉 is a product of
C1 and C2.

The functor C1 × C2 yielding a strict category is defined by the term

(Def. 19) (the categorical product of C1 and C2)1,3.

The functor π1(C1� C2) yielding a functor from C1×C2 to C1 is defined by
the term

(Def. 20) (the categorical product of C1 and C2)2,3.

The functor π2(C1�C2) yielding a functor from C1×C2 to C2 is defined by the
term

(Def. 21) (the categorical product of C1 and C2)3,3.

Now we state the proposition:

(48) Let us consider categories C1, C2. Then 〈C1×C2, π1(C1�C2), π2(C1�C2)〉
is a product of C1 and C2.

Let C1, C2 be categories. Note that π1(C1�C2) is covariant and π2(C1�C2)
is covariant.

Now we state the proposition:

(49) Let us consider categories C1, C2. Then C1×C2 is not empty if and only
if C1 is not empty and C2 is not empty. The theorem is a consequence of
(48).

Let C1 be an empty category and C2 be a category. One can verify that
C1 × C2 is empty.

Let C1 be a category and C2 be an empty category. Observe that C1×C2 is
empty.

Let C1 be a non empty category and C2 be a non empty category. One can
verify that C1 × C2 is non empty.

Let C1, C2, D1, D2 be categories, F1 be a functor from C1 to D1, and F2
be a functor from C2 to D2. Assume F1 is covariant and F2 is covariant. The
functor F1 ×F2 yielding a functor from C1 × C2 to D1 ×D2 is defined by

(Def. 22) it is covariant and F1◦π1(C1�C2) = π1(D1�D2)◦it and F2◦π2(C1�C2) =
π2(D1 � D2) ◦ it .

Now we state the propositions:
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(50) Let us consider categories A1, A2, B1, B2, C1, C2, a functor F1 from
A1 to B1, a functor F2 from A2 to B2, a functor G1 from B1 to C1, and
a functor G2 from B2 to C2. Suppose F1 is covariant and G1 is covariant
and F2 is covariant and G2 is covariant. Then (G1 × G2) ◦ (F1 × F2) =
(G1 ◦ F1)× (G2 ◦ F2).

(51) Let us consider categories C1, C2. Then idC1 × idC2 = idC1×C2 .

Let x, y be objects. We introduce the notation KuratowskiPair(x, y) as a
synonym of 〈〈x, y〉〉.

Let C1, C2 be categories, f1 be a morphism of C1, and f2 be a morphism of
C2. The functor 〈〈f1, f2〉〉 yielding a morphism of C1 × C2 is defined by

(Def. 23) (i) π1(C1 � C2)(it) = f1 and π2(C1 � C2)(it) = f2, if C1 is not empty
and C2 is not empty,

(ii) it = the morphism of C1 × C2, otherwise.

Now we state the propositions:

(52) Let us consider categories C1, C2, and a morphism f of C1 × C2. Then
there exists a morphism f1 of C1 and there exists a morphism f2 of C2
such that f = 〈〈f1, f2〉〉.

(53) Let us consider non empty categories C1, C2, morphisms f1, g1 of C1,
and morphisms f2, g2 of C2. Suppose 〈〈f1, f2〉〉 = 〈〈g1, g2〉〉. Then

(i) f1 = g1, and

(ii) f2 = g2.

Let us consider categories C1, C2, morphisms f1, g1 of C1, and morphisms
f2, g2 of C2. Now we state the propositions:

(54) 〈〈f1, f2〉〉 . 〈〈g1, g2〉〉 if and only if f1 . g1 and f2 . g2.

(55) Suppose f1 . g1 and f2 . g2. Then 〈〈f1, f2〉〉 ◦ 〈〈g1, g2〉〉 = 〈〈f1 ◦ g1, f2 ◦ g2〉〉.
The theorem is a consequence of (54) and (13).

Now we state the propositions:

(56) Let us consider categories C1, C2, a morphism f1 of C1, a morphism f2
of C2, and a morphism f of C1 × C2. Suppose f = 〈〈f1, f2〉〉 and C1 is not
empty and C2 is not empty. Then f is identity if and only if f1 is identity
and f2 is identity. The theorem is a consequence of (52), (54), (55), and
(4).

(57) Let us consider non empty categories C1, C2, categories D1, D2, a functor
F1 from C1 to D1, a functor F2 from C2 to D2, a morphism c1 of C1, and
a morphism c2 of C2. Suppose F1 is covariant and F2 is covariant. Then
(F1 ×F2)(〈〈c1, c2〉〉) = 〈〈F1(c1), F2(c2)〉〉.
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5. Natural Transformations

Let C1, C2 be categories, F1, F2 be functors from C1 to C2, and τ be a functor
from C1 to C2. We say that τ is a natural transformation of F1 and F2 if and
only if

(Def. 24) for every morphisms f1, f2 of C1 such that f1.f2 holds τ(f1).F1(f2) and
F2(f1).τ(f2) and τ(f1◦f2) = τ(f1)◦F1(f2) and τ(f1◦f2) = F2(f1)◦τ(f2).

Now we state the propositions:

(58) Let us consider categories C1, C2, functors F1, F2 from C1 to C2, and
a functor τ from C1 to C2. Suppose F1 is covariant and F2 is covariant.
Then τ is a natural transformation of F1 and F2 if and only if for every
morphisms f , f1, f2 of C1 such that f1 is identity and f2 is identity and
f1 . f and f . f2 holds τ(f1) .F1(f) and F2(f) . τ(f2) and τ(f) = τ(f1) ◦
F1(f) and τ(f) = F2(f) ◦ τ(f2).
Proof: For every morphisms g1, g2 of C1 such that g1 . g2 holds τ(g1) .
F1(g2) and F2(g1) . τ(g2) and τ(g1 ◦ g2) = τ(g1) ◦ F1(g2) and τ(g1 ◦ g2) =
F2(g1) ◦ τ(g2) by [15, (1)], (5), (3), (13). �

(59) Let us consider non empty categories C1, C2, covariant functors F1, F2
from C1 to C2, and a function τ from Ob C1 into Mor C2. Then there
exists a functor τ1 from C1 to C2 such that τ = τ1� Ob C1 and τ1 is a
natural transformation of F1 and F2 if and only if for every object a
of C1, τ(a) ∈ hom(F1(a),F2(a)) and for every objects a1, a2 of C1 and
for every morphism f from a1 to a2 such that hom(a1, a2) 6= ∅ holds
τ(a2) ◦ F1(f) = F2(f) ◦ τ(a1).
Proof: Define P[object, object] ≡ for every morphism f of C1 such that
$1 = f holds $2 = τ(cod f) ◦ F1(f). For every object x such that x ∈
the carrier of C1 there exists an object y such that y ∈ the carrier of
C2 and P[x, y]. Consider τ1 being a function from the carrier of C1 into
the carrier of C2 such that for every object x such that x ∈ the carrier of C1
holds P[x, τ1(x)] from [7, Sch. 1]. For every object x such that x ∈ dom τ

holds τ(x) = (τ1� Ob C1)(x) by [15, (22)], [16, (20)], [15, (32)], [16, (5),
(6)]. For every morphisms f , f1, f2 of C1 such that f1 is identity and f2 is
identity and f1 . f and f . f2 holds τ1(f1) .F1(f) and F2(f) . τ1(f2) and
τ1(f) = τ1(f1) ◦ F1(f) and τ1(f) = F2(f) ◦ τ1(f2) by [15, (22)], [16, (20),
(6)], [15, (32)]. �

(60) Let us consider object-categories C , D , functors F1, F2 from C to D , and
functors G1, G2, τ from alter C to alter D . Suppose F1 = G1 and F2 = G2
and τ is a natural transformation of G1 and G2. Then (IdMap C ) · τ is
a natural transformation from F1 to F2.
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Proof: For every object a of C , τ(ida) ∈ hom(F1(a),F2(a)) by [15, (41),
(24), (42)]. Reconsider τ1 = τ as a function from the carrier’ of C into
the carrier’ of D . There exists a transformation t from F1 to F2 such that
t = (IdMap C ) · τ1 and for every objects a, b of C such that hom(a, b) 6= ∅
for every morphism f from a to b, t(b) · F1f = F2f · t(a) by [6, (13)], [5,
(1), (15), (21)]. Consider t being a transformation from F1 to F2 such that
t = (IdMap C ) · τ1 and for every objects a, b of C such that hom(a, b) 6= ∅
for every morphism f from a to b, t(b) · F1f = F2f · t(a). �

Let C , D be categories and F1, F2 be functors from C to D . We say that
F1 is naturally transformable to F2 if and only if

(Def. 25) there exists a functor τ from C to D such that τ is a natural transfor-
mation of F1 and F2.

Assume F1 is naturally transformable to F2.
A natural transformation from F1 to F2 is a functor from C to D and is

defined by

(Def. 26) it is a natural transformation of F1 and F2.
Now we state the proposition:

(61) Let us consider categories C , D , and a functor F from C to D . Suppose
F is covariant. Then F is a natural transformation of F and F . The
theorem is a consequence of (58).

Let C , D be categories and F , F1, F2 be functors from C to D . Assume
F1 is naturally transformable to F and F is naturally transformable to F2 and
F is covariant and F1 is covariant and F2 is covariant. Let τ1 be a natural
transformation from F1 to F and τ2 be a natural transformation from F to F2.
The functor τ2 ◦ τ1 yielding a natural transformation from F1 to F2 is defined
by

(Def. 27) for every morphisms f , f1, f2 of C such that f1 is identity and f2 is
identity and f . f1 and f2 . f holds it(f) = (τ2(f2) ◦ F(f)) ◦ τ1(f1).

Now we state the proposition:

(62) Let us consider categories C , D , and functors F , F1, F2 from C to D .
Suppose F1 is naturally transformable to F and F is naturally transfor-
mable to F2 and covariant and F1 is covariant and F2 is covariant. Then
F1 is naturally transformable to F2.

Let C1, C2 be categories. The functor Functors(C2,C1) yielding a strict ca-
tegory is defined by

(Def. 28) the carrier of it = {〈〈〈〈F1, F2〉〉, τ〉〉, where F1,F2 are functors from C1
to C2, τ is a natural transformation from F1 to F2 : F1 is covariant and
F2 is covariant and F1 is naturally transformable to F2} and the composi-
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tion of it = {〈〈〈〈x2, x1〉〉, x3〉〉, where x1, x2, x3 are elements of the carrier
of it : there exist functors F1,F2,F3 from C1 to C2 and there exists
a natural transformation τ1 from F1 to F2 and there exists a natural
transformati-on τ2 from F2 to F3 such that x1 = 〈〈〈〈F1, F2〉〉, τ1〉〉 and x2 =
〈〈〈〈F2, F3〉〉, τ2〉〉 and x3 = 〈〈〈〈F1, F3〉〉, τ2 ◦ τ1〉〉}.

Let C1 be a non empty category and C2 be an empty category. One can
verify that Functors(C2,C1) is empty.

Let C1 be an empty category and C2 be a category. Let us observe that
Functors(C2,C1) is non empty and trivial.

Let C1 be a non empty category and C2 be a non empty category. Let us
note that Functors(C2,C1) is non empty.

Now we state the proposition:

(63) Let us consider non empty categories C1, C2, and morphisms f1, f2 of
Functors(C2,C1). Then f1 . f2 if and only if there exist covariant functors
F , F1, F2 from C1 to C2 and there exists a natural transformation τ1
from F1 to F and there exists a natural transformation τ2 from F to F2
such that f1 = 〈〈〈〈F , F2〉〉, τ2〉〉 and f2 = 〈〈〈〈F1, F〉〉, τ1〉〉 and f1 ◦ f2 = 〈〈〈〈F1,
F2〉〉, τ2 ◦ τ1〉〉 and for every morphisms g1, g2 of C1 such that g2 . g1 holds
τ2(g2) . τ1(g1) and (τ2 ◦ τ1)(g2 ◦ g1) = τ2(g2) ◦ τ1(g1).
Proof: If f1 . f2, then there exist covariant functors F , F1, F2 from C1
to C2 and there exists a natural transformation τ1 from F1 to F and there
exists a natural transformation τ2 from F to F2 such that f1 = 〈〈〈〈F ,
F2〉〉, τ2〉〉 and f2 = 〈〈〈〈F1, F〉〉, τ1〉〉 and f1 ◦ f2 = 〈〈〈〈F1, F2〉〉, τ2 ◦ τ1〉〉 and for
every morphisms g1, g2 of C1 such that g2 . g1 holds τ2(g2) . τ1(g1) and
(τ2 ◦ τ1)(g2 ◦ g1) = τ2(g2) ◦ τ1(g1) by [6, (1)], (5), (58), [16, (5)]. �

Let us consider non empty categories C1, C2 and a morphism f of Functors(C2,
C1). Now we state the propositions:

(64) f is identity if and only if there exists a covariant functor F from C1 to
C2 such that f = 〈〈〈〈F , F〉〉, F〉〉.
Proof: Set C = Functors(C2,C1). If f is identity, then there exists a co-
variant functor F from C1 to C2 such that f = 〈〈〈〈F , F〉〉, F〉〉 by [15, (24)],
(63), (61), (5). Consider F being a covariant functor from C1 to C2 such
that f = 〈〈〈〈F , F〉〉, F〉〉. For every morphism f1 of C such that f . f1 holds
f ◦ f1 = f1 by (63), (5), (4), [7, (12)]. �

(65) There exist covariant functors F1, F2 from C1 to C2 and there exists
a natural transformation τ from F1 to F2 such that f = 〈〈〈〈F1, F2〉〉, τ〉〉
and dom f = 〈〈〈〈F1, F1〉〉, F1〉〉 and cod f = 〈〈〈〈F2, F2〉〉, F2〉〉. The theorem is
a consequence of (63) and (64).
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6. Exponential Objects

Let C be a category with binary products, a, b, c be objects of C , and e be
a morphism from c× a to b. Assume hom(c× a, b) 6= ∅. We say that 〈c, e〉 is an
exponent of a and b if and only if

(Def. 29) for every object d of C and for every morphism f from d × a to b such
that hom(d× a, b) 6= ∅ holds hom(d, c) 6= ∅ and there exists a morphism h

from d to c such that f = e · (h× id-a) and for every morphism h1 from d

to c such that f = e · (h1 × id-a) holds h = h1.

Now we state the propositions:

(66) Let us consider a category C with binary products, objects a1, a2, b1,
b2, c1, c2 of C , a morphism f1 from a1 to b1, a morphism f2 from a2
to b2, a morphism g1 from b1 to c1, and a morphism g2 from b2 to c2.
Suppose hom(a1, b1) 6= ∅ and hom(b1, c1) 6= ∅ and hom(a2, b2) 6= ∅ and
hom(b2, c2) 6= ∅. Then (g1× g2) · (f1× f2) = g1 · f1× (g2 · f2). The theorem
is a consequence of (42) and (44).

(67) Let us consider a category C with binary products, and objects a, b of
C . Then id-a× id-b = id-(a× b). The theorem is a consequence of (42).

(68) Let us consider a category C with binary products, objects a, b, c1, c2
of C , a morphism e1 from c1 × a to b, and a morphism e2 from c2 × a to
b. Suppose hom(c1 × a, b) 6= ∅ and hom(c2 × a, b) 6= ∅ and 〈c1, e1〉 is an
exponent of a and b and 〈c2, e2〉 is an exponent of a and b. Then c1 and
c2 are isomorphic.
Proof: There exists a morphism f from c1 to c2 such that f is isomor-
phism by (44), [16, (23)], (66), [16, (18)]. �

Let C be a category with binary products. We say that C has exponential
objects if and only if

(Def. 30) for every objects a, b of C , there exists an object c of C and there exists
a morphism e from c× a to b such that hom(c× a, b) 6= ∅ and 〈c, e〉 is an
exponent of a and b.

One can check that 1 has binary products.
Now we state the proposition:

(69) 1 has exponential objects.
Proof: Set C = 1. Consider f being a morphism of 1 such that f is
identity and Ob1 = {f} and Mor1 = {f}. For every objects o1, o2 of C ,
every morphism of C is a morphism from o1 to o2 by [16, (20)]. For every
objects a, b of C , there exists an object c of C and there exists a morphism
e from c× a to b such that hom(c× a, b) 6= ∅ and 〈c, e〉 is an exponent of
a and b. �
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Let us observe that there exists a category with binary products which has
exponential objects.

Let C be a category with exponential objects binary products and a, b be
objects of C .

A categorical exponent of a and b is a pair object and is defined by

(Def. 31) there exists an object c of C and there exists a morphism e from c × a
to b such that it = 〈〈c, e〉〉 and hom(c× a, b) 6= ∅ and 〈c, e〉 is an exponent
of a and b.

The functor ba yielding an object of C is defined by the term

(Def. 32) (the categorical exponent of a and b)1.

The functor eval(a, b) yielding a morphism from ba×a to b is defined by the
term

(Def. 33) (the categorical exponent of a and b)2.

Now we state the propositions:

(70) Let us consider a category C with exponential objects binary products,
and objects a, b of C . Then

(i) hom(ba × a, b) 6= ∅, and

(ii) 〈ba, eval(a, b)〉 is an exponent of a and b.

(71) Let us consider a category C with exponential objects binary products,
and objects a, b, c of C . Suppose hom(c × a, b) 6= ∅. Then there exists
a function L from hom(c× a, b) into hom(c, ba) such that

(i) for every morphism f from c×a to b and for every morphism h from
c to ba such that h = L(f) holds eval(a, b) · (h× id-a) = f , and

(ii) L is bijective.

Proof: hom(ba × a, b) 6= ∅ and 〈ba, eval(a, b)〉 is an exponent of a and
b. Define P[object, object] ≡ for every morphism f from c × a to b such
that f = $1 there exists a morphism h from c to ba such that h = $2 and
f = eval(a, b) · (h × id-a) and for every morphism h1 from c to ba such
that f = eval(a, b) · (h1× id-a) holds h = h1. For every object x such that
x ∈ hom(c × a, b) there exists an object y such that y ∈ hom(c, ba) and
P[x, y]. Consider L being a function from hom(c × a, b) into hom(c, ba)
such that for every object x such that x ∈ hom(c× a, b) holds P[x, L(x)]
from [7, Sch. 1]. There exists an object y such that y ∈ hom(c, ba). For
every morphism f from c× a to b and for every morphism h from c to ba

such that h = L(f) holds eval(a, b) · (h× id-a) = f . For every objects x1,
x2 such that x1, x2 ∈ hom(c× a, b) and L(x1) = L(x2) holds x1 = x2. For
every object y such that y ∈ hom(c, ba) holds y ∈ rngL by [6, (3)]. �
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Let A , B, C be categories and E be a functor from C ×A to B. Assume
E is covariant. We say that 〈C , E〉 is an exponent of A and B if and only if

(Def. 34) for every category D and for every functor F from D × A to B such
that F is covariant there exists a functor H from D to C such that H is
covariant and F = E ◦ (H × idA ) and for every functor H1 from D to C
such that H1 is covariant and F = E ◦ (H1 × idA ) holds H = H1.

Let C1, C2 be categories.
A categorical exponent of C1 and C2 is a pair object and is defined by

(Def. 35) there exists a category C and there exists a functor E from C × C1 to
C2 such that it = 〈〈C , E〉〉 and E is covariant and 〈C , E〉 is an exponent of
C1 and C2.

The functor C2
C1 yielding a category is defined by the term

(Def. 36) (the categorical exponent of C1 and C2)1.

The functor eval(C1,C2) yielding a functor from C2
C1 × C1 to C2 is defined

by the term

(Def. 37) (the categorical exponent of C1 and C2)2.

Now we state the propositions:

(72) Let us consider categories C1, C2. Then 〈C2C1 , eval(C1,C2)〉 is an expo-
nent of C1 and C2.

(73) Let us consider categories A , B, C1, C2, a functor E1 from C1 × A to
B, and a functor E2 from C2 × A to B. Suppose E1 is covariant and E2
is covariant and 〈C1, E1〉 is an exponent of A and B and 〈C2, E2〉 is an
exponent of A and B. Then C1 ∼= C2.
Proof: There exists a functor F from C1 to C2 and there exists a functor G
from C2 to C1 such that F is covariant and G is covariant and G ◦F = idC1

and F ◦ G = idC2 by [16, (10)], (50), [16, (11)], [15, (35)]. �

Let C1, C2 be categories. Observe that eval(C1,C2) is covariant.
Let C1 be a non empty category and C2 be an empty category. Let us note

that C2
C1 is empty.

Let C1 be an empty category and C2 be a category. Let us observe that C2
C1

is non empty and trivial.
Let C1 be a non empty category and C2 be a non empty category. One can

verify that C2
C1 is non empty.

Now we state the proposition:

(74) Let us consider categories C1, C2. Then Functors(C2,C1) ∼= C2
C1 . The

theorem is a consequence of (28), (72), and (73).
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Summary. In this article we formalize negligible functions that play an
essential role in cryptology [10], [2]. Generally, a cryptosystem is secure if the pro-
bability of succeeding any attacks against the cryptosystem is negligible. First,
we formalize the algebra of polynomially bounded sequences [20]. Next, we for-
malize negligible functions and prove the set of negligible functions is a subset
of the algebra of polynomially bounded sequences. Moreover, we then introduce
equivalence relation between polynomially bounded sequences, using negligible
functions.
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1. Preliminaries

Let us consider a real number r. Now we state the propositions:

(1) r < |r|+ 1.

(2) There exists a natural number N such that for every natural number n
such that N ¬ n holds r < n

log2 n
.

Let us consider a natural number k. Now we state the propositions:

(3) There exists a natural number N such that for every natural number x
such that N ¬ x holds xk < 2x. The theorem is a consequence of (2).
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(4) There exists a natural number N such that for every natural number x
such that N ¬ x holds 12x <

1
xk

. The theorem is a consequence of (3).

Now we state the proposition:

(5) Let us consider a natural number z. Suppose 2 ¬ z. Let us consider
a natural number k. Then there exists a natural number N such that for
every natural number x such that N ¬ x holds 1zx <

1
xk

. The theorem is
a consequence of (4).

Observe that there exists a finite 0-sequence of R which is positive yielding
and there exists a positive yielding finite 0-sequence of R which is non empty.

Now we state the proposition:

(6) Let us consider a finite 0-sequence c of R, and a real number a. Then
a · c is a finite 0-sequence of R.

Let c be a finite 0-sequence of R and a be a real number. Observe that a · c
is finite as a transfinite sequence of elements of R.

Now we state the proposition:

(7) Let us consider a non empty, positive yielding finite 0-sequence c of R,
and a real number a. Suppose 0 < a. Then a · c is a non empty, positive
yielding finite 0-sequence of R. The theorem is a consequence of (6).

Let c be a non empty, positive yielding finite 0-sequence of R and a be
a positive real number. Observe that a · c is non empty and positive yielding as
a finite 0-sequence of R.

Let c be a finite 0-sequence of R. We introduce the notation polynom c as a
synonym of Seqpoly(c).

Now we state the propositions:

(8) Let us consider a non empty, positive yielding finite 0-sequence c of R,
and a natural number x. Then 0 < (polynom c)(x).
Proof: Define P[natural number] ≡ for every non empty, positive yielding
finite 0-sequence c of R such that len c = $1 for every natural number x,
0 < (polynom c)(x). For every natural number k such that P[k] holds
P[k + 1] by [20, (28), (29)], [1, (44)], [5, (3), (47)]. For every natural
number k, P[k] from [1, Sch. 2]. �

(9) Let us consider non empty, positive yielding finite 0-sequences c, c1 of R,
and a real number a. Suppose c1 = a · c. Let us consider a natural number
x. Then (polynom c1)(x) = a · (polynom c)(x).
Proof: For every object i such that i ∈ dom(c1 · {x1·n+0}n∈N) holds
(c1 · {x1·n+0}n∈N)(i) = (a · (c · {x1·n+0}n∈N))(i) by [20, (26)]. �
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2. Algebra of Polynomially Bounded Sequences

Let p be a sequence of real numbers. We say that p is absolutely polynomially
bounded if and only if

(Def. 1) there exists a natural number k such that |p| ∈ O({nk}n∈N).

One can verify that every sequence of real numbers which is polynomially
bounded is also absolutely polynomially bounded.

Now we state the proposition:

(10) Let us consider an element r of N, and a sequence s of real numbers. If
s = N 7−→ r, then s is absolutely polynomially bounded.

One can check that there exists a function from N into R which is absolutely
polynomially bounded.

Let f , g be absolutely polynomially bounded functions from N into R. One
can verify that f + g is absolutely polynomially bounded as a function from N
into R and f · g is absolutely polynomially bounded as a function from N into
R.

Let f be an absolutely polynomially bounded function from N into R and a
be an element of R. Observe that a · f is absolutely polynomially bounded as
a function from N into R.

The functor Opoly yielding a subset of RAlgebra N is defined by

(Def. 2) for every object x, x ∈ it iff x is an absolutely polynomially bounded
function from N into R.

Note that Opoly is non empty.
The functor RAlgebraOpoly yielding a strict algebra structure is defined by

(Def. 3) the carrier of it = Opoly and the multiplication of it = ·RN � Opoly and
the addition of it = +RN � Opoly and the external multiplication of it =
·RRN�(R×Opoly) and the one of it = 1RN and the zero of it = 0RN .

One can verify that RAlgebraOpoly is non empty.
Now we state the propositions:

(11) The carrier of RAlgebraOpoly ⊆ the carrier of RAlgebra N.

(12) Let us consider an object f . Then f ∈ RAlgebraOpoly if and only if f is
an absolutely polynomially bounded function from N into R.

Let us consider points f , g of RAlgebraOpoly and points f1, g1 of RAlgebra N.
Let us assume that f = f1 and g = g1. Now we state the propositions:

(13) f · g = f1 · g1.
(14) f + g = f1 + g1.

Now we state the propositions:
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(15) Let us consider a point f of RAlgebraOpoly, a point f1 of RAlgebra N,
and an element a of R. If f = f1, then a · f = a · f1.

(16) 0RAlgebraOpoly = 0RAlgebraN.

(17) 1RAlgebraOpoly = 1RAlgebraN.

One can check that RAlgebraOpoly is strict, Abelian, add-associative, right
zeroed, right complementable, commutative, associative, right unital, right di-
stributive, vector associative, scalar associative, vector distributive, and scalar
distributive.

Now we state the proposition:

(18) RAlgebraOpoly is an algebra.

Let us consider vectors f , g, h of RAlgebraOpoly and functions f ′, g′, h′ from
N into R.

Let us assume that f ′ = f and g′ = g and h′ = h. Now we state the
propositions:

(19) h = f+g if and only if for every natural number x, h′(x) = f ′(x)+g′(x).
The theorem is a consequence of (11) and (14).

(20) h = f · g if and only if for every natural number x, h′(x) = f ′(x) · g′(x).
The theorem is a consequence of (11) and (13).

Now we state the proposition:

(21) Let us consider vectors f , h of RAlgebraOpoly, and functions f ′, h′ from
N into R. Suppose f ′ = f and h′ = h. Let us consider a real number a.
Then h = a · f if and only if for every natural number x, h′(x) = a · f ′(x).
The theorem is a consequence of (11) and (15).

3. Negligible Functions

Definition 1.3.5 of [10], p.16: Let f be a function from N into R. We say
that f is negligible if and only if

(Def. 4) for every non empty, positive yielding finite 0-sequence c of R, there
exists a natural number N such that for every natural number x such that
N ¬ x holds |f(x)| < 1

(polynom c)(x) .

Now we state the propositions:

(22) Let us consider a real number r. Suppose 0 < r. Then there exists a non
empty, positive yielding finite 0-sequence c of R such that for every natural
number x, (polynom c)(x) = r.

(23) Let us consider a function f from N into R. Suppose f is negligible. Let
us consider a real number r. Suppose 0 < r. Then there exists a natural
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number N such that for every natural number x such that N ¬ x holds
|f(x)| < r. The theorem is a consequence of (22).

(24) Let us consider a function f from N into R. If f is negligible, then f is
convergent and lim f = 0. The theorem is a consequence of (23).

Let us observe that {0}n∈N is negligible and there exists a function from N
into R which is negligible.

Let f be a negligible function from N into R. Let us observe that |f | is
negligible as a function from N into R.

Let a be a real number. One can verify that a · f is negligible as a function
from N into R.

Let f , g be negligible functions from N into R. One can check that f + g is
negligible as a function from N into R and f · g is negligible as a function from
N into R.

Now we state the propositions:

(25) Inverse of Power of 2 is negligible:
Let us consider a function f from N into R. If for every natural number
x, f(x) = 1

2x , then f is negligible.
Proof: Set k = len c. Define F(natural number) = 1·$k1. Consider y being
a sequence of real numbers such that for every natural number x, y(x) =
F(x) from [14, Sch. 1]. Consider N1 being a natural number such that for
every natural number x such that N1 ¬ x holds |(Seqpoly(c))(x)| ¬ y(x).
Consider N2 being a natural number such that for every natural number
x such that N2 ¬ x holds 12x <

1
xk

. Set N = N1 + N2. For every natural
number x such that N ¬ x holds |f(x)| < 1

(polynom c)(x) by [1, (12)], (8). �

(26) Let us consider functions f , g from N into R. Suppose f is negligible and
for every natural number x, |g(x)| ¬ |f(x)|. Then g is negligible.

One can check that every function from N into R which is negligible is also
absolutely polynomially bounded.

The functor negligible-Funcs yielding a subset of Opoly is defined by

(Def. 5) for every object x, x ∈ it iff x is a negligible function from N into R.

Let us observe that negligible-Funcs is non empty.
Let us consider vectors v, w of RAlgebraOpoly and functions v1, w1 from N

into R.
Let us assume that v = v1 and w1 = w. Now we state the propositions:

(27) v + w = v1 + w1. The theorem is a consequence of (19).

(28) v · w = v1 · w1. The theorem is a consequence of (20).

Now we state the propositions:
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(29) Let us consider a real number a, a vector v of RAlgebraOpoly, and a func-
tion v1 from N into R. If v = v1, then a · v = a · v1. The theorem is
a consequence of (21).

(30) Let us consider a real number a, and a vector v of RAlgebraOpoly. Sup-
pose v ∈ negligible-Funcs. Then a · v ∈ negligible-Funcs. The theorem is
a consequence of (29).

Let us consider vectors v, u of RAlgebraOpoly.
Let us assume that v, u ∈ negligible-Funcs. Now we state the propositions:

(31) v + u ∈ negligible-Funcs. The theorem is a consequence of (27).

(32) v · u ∈ negligible-Funcs. The theorem is a consequence of (28).

Let f , g be functions from N into R. We say that f≈neg g if and only if

(Def. 6) there exists a function h from N into R such that h is negligible and for
every natural number x, |f(x)− g(x)| ¬ |h(x)|.

One can verify that the predicate is reflexive and symmetric.
Now we state the propositions:

(33) Let us consider functions f , g, h from N into R. Suppose f≈neg g and
g≈neg h. Then f≈neg h.

(34) Let us consider functions f , g from N into R. Then f≈neg g if and only
if f − g is negligible. The theorem is a consequence of (26).

(35) Let us consider a non empty, positive yielding finite 0-sequence c of R.
Then there exists a real number a and there exist natural numbers k, N
such that 0 < a and 0 < k and for every natural number x such that
N ¬ x holds (polynom c)(x) ¬ a ·xk. The theorem is a consequence of (8).

Let a be a non-negative yielding finite 0-sequence of R and b be a non-
negative yielding sequence of real numbers. Let us observe that a · b is non-
negative yielding.

Let a, b be non-negative yielding finite 0-sequences of R. One can check that
a a b is non-negative yielding.

Let a, b, c be non negative real numbers. Let us note that {ab·n+c}n∈N is
non-negative yielding.

Now we state the propositions:

(36) Let us consider a real number a, and a natural number k. Then there
exists a non empty, positive yielding finite 0-sequence c of R such that for
every natural number x, a · xk ¬ (polynom c)(x).
Proof: Reconsider c = Zk+1 7−→ |a| + 1 as a finite 0-sequence of R. For
every natural number x, a · xk ¬ (polynom c)(x) by [14, (1)], [24, (13),
(7)], [1, (44)]. �
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(37) Let us consider non empty, positive yielding finite 0-sequences c, s of R.
Then there exists a non empty, positive yielding finite 0-sequence d of R
and there exists a natural number N such that for every natural number x
such that N ¬ x holds (polynom c)(x) · (polynom s)(x) ¬ (polynom d)(x).
Proof: Consider a1 being a real number, k1, N1 being natural numbers
such that 0 < a1 and 0 < k1 and for every natural number x such that
N1 ¬ x holds (polynom c)(x) ¬ a1 · xk1 . Consider a2 being a real number,
k2, N2 being natural numbers such that 0 < a2 and 0 < k2 and for every
natural number x such that N2 ¬ x holds (polynom s)(x) ¬ a2 · xk2 .
Consider d being a non empty, positive yielding finite 0-sequence of R
such that for every natural number x, a1 · a2 · xk1+k2 ¬ (polynom d)(x).
0 < (polynom c)(x). 0 < (polynom s)(x). a1 ·xk1 ·(a2 ·xk2) = (a1 ·a2)·xk1+k2
by [22, (27)]. �

Let f be a negligible function from N into R and c be a non empty, positive
yielding finite 0-sequence of R. Let us observe that polynom c · f is negligible as
a function from N into R.

Now we state the proposition:

(38) Let us consider an absolutely polynomially bounded function g from N
into R. Then there exists a non empty, positive yielding finite 0-sequence
d of R and there exists a natural number N such that for every natural
number x such that N ¬ x holds |g(x)| ¬ (polynom d)(x). The theorem is
a consequence of (36).

Let f be a negligible function from N into R and g be an absolutely poly-
nomially bounded function from N into R. Let us note that g · f is negligible as
a function from N into R.

Now we state the proposition:

(39) Let us consider vectors v, w of RAlgebraOpoly.
Suppose w ∈ negligible-Funcs. Then v ·w ∈ negligible-Funcs. The theorem
is a consequence of (12) and (28).
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1. Preliminaries

Now we state the proposition:

(1) Let us consider a set X, a finite sequence f of elements of X, and a na-
tural number i. If 1 ¬ i ¬ len f , then f(i) = fi.

From now on A, B, C, p, q, r denote elements of LTLB-WFF, F , G, X
denote subsets of LTLB-WFF, M denotes a LTL Model, i, j, n denote elements
of N, and f , f1, f2, g denote finite sequences of elements of LTLB-WFF.

Now we state the propositions:

(2) If F ⊆ G and F ` A, then G ` A.

(3) A⇒ B ⇒ (B ⇒ C ⇒ (A⇒ C)) is tautologically valid.

(4) A⇒ (B ⇒ C)⇒ (A⇒ B ⇒ (A⇒ C)) is tautologically valid.

(5) F ` G A⇒ A.

(6) {A} |= G X A.

(7) F ` G A⇒ GX A. The theorem is a consequence of (6) and (2).

(8) F ` G(A⇒ B)⇒ (G(A⇒ X A)⇒ G(A⇒ GB)).

2. Initial Validity Semantics - Definitions

Let us consider M and A. We say that M |=0 A if and only if

(Def. 1) SATM (〈〈0, A〉〉) = 1.

Let us consider F . We say that M |=0 F if and only if

(Def. 2) for every A such that A ∈ F holds M |=0 A.

Let us consider A. We say that F |=0 A if and only if

(Def. 3) for every M such that M |=0 F holds M |=0 A.

3. The Connections between Normal Semantics and Initial
Semantics

Now we state the propositions:

(9) If M |= F , then M |=0 F .

(10) M |= A if and only if M |=0 G A.

(11) If F |=0 A, then F |= A. The theorem is a consequence of (9).

Let us consider F . The functor G F yielding a subset of LTLB-WFF is defined
by the term



Propositional linear temporal logic with initial validity ... 381

(Def. 4) {G A, where A is an element of LTLB-WFF : A ∈ F}.

Now we state the propositions:

(12) M |= F if and only if M |=0 G F . The theorem is a consequence of (10).

(13) F |= A if and only if G F |=0 A.
Proof: F |= A by [10, (29)], (12), [10, (28)]. �

(14) (i) {propn} |= X propn, and

(ii) {propn} 6|=0 X propn.

Proof: {propn} |= X propn by [10, (23), (9)]. {propn} 6|=0 X propn by
[8, (31)], [10, (9)]. �

(15) There exists F and there exists A such that F |= A and F 6|=0 A. The
theorem is a consequence of (14).

(16) If F |=0 G A, then F |= A.

(17) (i) {prop i} |= prop i, and

(ii) {prop i} 6|=0 G prop i.
The theorem is a consequence of (14).

(18) There exists F and there exists A such that F |= A and F 6|=0 G A. The
theorem is a consequence of (17).

(19) M |=0 F and M |=0 G if and only if M |=0 F ∪G.

(20) M |=0 A if and only if M |=0 {A}.

(21) F ∪ {A} |=0 B if and only if F |=0 A⇒ B. The theorem is a consequence
of (20) and (19).

(22) G ∅LTLB-WFF = ∅LTLB-WFF.
(23) If F |= A and for every B such that B ∈ F holds ∅LTLB-WFF |= B, then
∅LTLB-WFF |= A.

(24) Suppose F |= A and for every B such that B ∈ F holds ∅LTLB-WFF |=
0
B.

Then ∅LTLB-WFF |=
0
A. The theorem is a consequence of (13), (22), and

(23).

(25) If ∅LTLB-WFF |=
0
A, then ∅LTLB-WFF |=

0
X A. The theorem is a consequence

of (24).



382 mariusz giero

4. A Formal System (Hilbert-like) for LTLB with Initial
Semantics

The functor LTL0-axioms yielding a subset of LTLB-WFF is defined by the
term

(Def. 5) G AXLTL.
Let us consider p and q. We say that p REFL0-rule q if and only if

(Def. 6) p = G q.
We say that pNEX0-rule q if and only if

(Def. 7) there exists A such that p = G A and q = G X A.

Let us consider r. We say that p, q MP0-rule r if and only if

(Def. 8) there exists A and there exists B such that p = G A and q = G(A⇒ B)
and r = GB.

We say that p, q IND0-rule r if and only if

(Def. 9) there exists A and there exists B such that p = G(A ⇒ B) and q =
G(A⇒ X A) and r = G(A⇒ GB).

Let i be a natural number. Let us consider f and X. We say that prc0f,X, i
if and only if

(Def. 10) f(i) ∈ LTL0-axioms or f(i) ∈ X or there exist natural numbers j, k such
that 1 ¬ j < i and 1 ¬ k < i and (MP(fj , fk, fi) or fj , fk MP0-rule fi or
fj , fk IND0-rule fi) or there exists a natural number j such that 1 ¬ j < i

and (fj NEX0-rule fi or fj REFL0-rule fi).

Now we state the propositions:

(26) Let us consider natural numbers i, n. Suppose n+ len f ¬ len f2 and for
every natural number k such that 1 ¬ k ¬ len f holds f(k) = f2(k + n)
and 1 ¬ i ¬ len f . If prc0f,X, i, then prc0f2, X, i + n. The theorem is
a consequence of (1).

(27) Suppose f2 = f a f1 and 1 ¬ len f and 1 ¬ len f1 and for every natural
number i such that 1 ¬ i ¬ len f holds prc0f,X, i and for every natural
number i such that 1 ¬ i ¬ len f1 holds prc0f1, X, i. Let us consider
a natural number i. If 1 ¬ i ¬ len f2, then prc0f2, X, i. The theorem is
a consequence of (1) and (26).

Let us consider X and p. We say that X `0 p if and only if

(Def. 11) there exists f such that f(len f) = p and 1 ¬ len f and for every natural
number i such that 1 ¬ i ¬ len f holds prc0f,X, i.

(28) Suppose f = f1
a 〈p〉 and 1 ¬ len f1 and for every natural number i such

that 1 ¬ i ¬ len f1 holds prc0f1, X, i and prc0f,X, len f . Then
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(i) for every natural number i such that 1 ¬ i ¬ len f holds prc0f,X, i,
and

(ii) X `0 p.
The theorem is a consequence of (26).

5. Soundness Theorem for LTLB with Initial Semantics

Now we state the propositions:

(29) If A ∈ LTL0-axioms, then F |=0 A. The theorem is a consequence of (13)
and (22).

(30) If F |=0 A and F |=0 A⇒ B, then F |=0 B.

(31) Suppose F |=0 G A and F |=0 G(A⇒ B). Then F |=0 GB.

Let us assume that F |=0 G A. Now we state the propositions:

(32) F |=0 G X A.

(33) F |=0 A.

(34) Suppose F |=0 G(A⇒ B) and F |=0 G(A⇒ X A). Then F |=0 G(A⇒ GB).

(35) Soundness Theorem for LTLB with initial semantics:
If F `0 A, then F |=0 A.
Proof: Consider f such that f(len f) = A and 1 ¬ len f and for every na-
tural number i such that 1 ¬ i ¬ len f holds prc0f, F, i. Define P[natural
number] ≡ if 1 ¬ $1 ¬ len f , then F |=0 f$1 . For every natural number
i such that for every natural number j such that j < i holds P[j] holds
P[i] by [1, (14)], (1), (29), (30). For every natural number i, P[i] from [1,
Sch. 4]. flen f = A. �

6. Weak Completeness Theorem for LTLB with Initial Semantics

Now we state the proposition:

(36) If A ∈ LTL0-axioms or A ∈ F , then F `0 A.
Proof: Define S[set, set] ≡ $2 = A. Consider g such that dom g = Seg 1
and for every natural number k such that k ∈ Seg 1 holds S[k, g(k)] from
[3, Sch. 5]. For every natural number j such that 1 ¬ j ¬ len g holds
prc0g, F, j. �

Let us assume that F `0 G A. Now we state the propositions:

(37) F `0 A. The theorem is a consequence of (1) and (28).
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(38) F `0 G X A. The theorem is a consequence of (1) and (28).

(39) If F `0 A and F `0 A ⇒ B, then F `0 B. The theorem is a consequence
of (27), (1), and (28).

(40) If F `0 G A and F `0 G(A ⇒ B), then F `0 GB. The theorem is a con-
sequence of (27), (1), and (28).

(41) Suppose F `0 G(A⇒ B) and F `0 G(A⇒ X A). Then F `0 G(A⇒ GB).
The theorem is a consequence of (27), (1), and (28).

(42) If A ∈ AXLTL, then F `0 A. The theorem is a consequence of (36) and
(37).

(43) If A ∈ LTL0-axioms, then F ` A.

(44) If ∅LTLB-WFF ` A, then ∅LTLB-WFF `
0
A.

Proof: Consider f such that f(len f) = A and 1 ¬ len f and for every
natural number i such that 1 ¬ i ¬ len f holds prc(f, ∅LTLB-WFF, i). Define
P[natural number] ≡ if 1 ¬ $1 ¬ len f , then ∅LTLB-WFF `

0 G f$1 . For every
natural number i such that for every natural number j such that j < i

holds P[j] holds P[i] by [1, (14)], (1), (36), (40). For every natural number
i, P[i] from [1, Sch. 4]. A = flen f . �

(45) (i) {prop i} ` X prop i, and

(ii) {prop i} 6`0 X prop i.
The theorem is a consequence of (35) and (14).

(46) If F ⊆ G and F `0 A, then G `0 A.

Let us consider f and A. The functor implications(f,A) yielding a finite
sequence of elements of LTLB-WFF is defined by

(Def. 12) (i) len it = len f and it(1) = f1 ⇒ A and for every i such that 1 ¬ i <
len f holds it(i+ 1) = fi+1 ⇒ it i, if len f > 0,

(ii) it = ε(LTLB-WFF), otherwise.

Now we state the proposition:

(47) Weak Completeness Theorem for LTLB with initial seman-
tics:
Let us consider a finite subset F of LTLB-WFF. If F |=0 A, then F `0 A. The
theorem is a consequence of (13), (22), (44), (21), (36), (39), and (46).
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7. Deduction Theorem

Now we state the propositions:

(48) If F ∪ {A} `0 B, then F `0 A⇒ B.
Proof: Consider f such that f(len f) = B and 1 ¬ len f and for every
natural number i such that 1 ¬ i ¬ len f holds prc0f, F ∪ {A}, i. Define
P[natural number] ≡ if 1 ¬ $1 ¬ len f , then F `0 A ⇒ f$1 . For every
natural number i such that for every natural number j such that j < i

holds P[j] holds P[i] by [1, (14)], (42), [10, (34)], (1). For every natural
number i, P[i] from [1, Sch. 4]. B = flen f . �

(49) If F `0 A⇒ B, then F ∪{A} `0 B. The theorem is a consequence of (36),
(46), and (39).

8. The Connections between Derivability in the Formal System
for LTLB with Normal Semantics and the Formal System for

LTLB with Initial Semantics

Let F be a finite subset of LTLB-WFF. Note that G F is finite.
Let us consider a finite subset F of LTLB-WFF. Now we state the proposi-

tions:

(50) F ` A if and only if G F `0 A. The theorem is a consequence of (47),
(13), and (35).

(51) If F `0 A, then F ` A. The theorem is a consequence of (35) and (11).

Now we state the propositions:

(52) (i) {prop i} ` G prop i, and

(ii) {prop i} 6`0 G prop i.

Proof: {prop i} ` G prop i by [10, (42), (54)]. {prop i} 6`0 G prop i by (35),
(47), (45), [10, (10), (9)]. �

(53) Let us consider a finite subset F of LTLB-WFF. If F `0 G A, then F ` A.
The theorem is a consequence of (35) and (16).

(54) (i) {prop i} ` prop i, and

(ii) {prop i} 6`0 G prop i.
The theorem is a consequence of (35) and (17).
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Summary. The article continues the formalization of the lattice theory
(as structures with two binary operations, not in terms of ordering relations). In
the paper, the notion of a pseudocomplement in a lattice is formally introduced
in Mizar, and based on this we define the notion of the skeleton and the set of
dense elements in a pseudocomplemented lattice, giving the meet-decomposition
of arbitrary element of a lattice as the infimum of two elements: one belonging
to the skeleton, and the other which is dense.

The core of the paper is of course the idea of Stone identity

a? t a?? = >,

which is fundamental for us: Stone lattices are those lattices L, which are distri-
butive, bounded, and satisfy Stone identity for all elements a ∈ L. Stone algebras
were introduced by Grätzer and Schmidt in [18]. Of course, the pseudocomple-
ment is unique (if exists), so in a pseudcomplemented lattice we defined a? as
the Mizar functor (unary operation mapping every element to its pseudocom-
plement). In Section 2 we prove formally a collection of ordinary properties of
pseudocomplemented lattices.

All Boolean lattices are Stone, and a natural example of the lattice which is
Stone, but not Boolean, is the lattice of all natural divisors of p2 for arbitrary
prime number p (Section 6). At the end we formalize the notion of the Stone
lattice B[2] (of pairs of elements a, b of B such that a ¬ b) constructed as a
sublattice of B2, where B is arbitrary Boolean algebra (and we describe skeleton
and the set of dense elements in such lattices). In a natural way, we deal with
Cartesian product of pseudocomplemented lattices.

Our formalization was inspired by [17], and is an important step in forma-
lizing Jouni Järvinen Lattice theory for rough sets [19], so it follows rather the
latter paper. We deal essentially with Section 4.3, pages 423–426. The descrip-
tion of handling complemented structures in Mizar [6] can be found in [12]. The
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current article together with [15] establishes the formal background for algebraic
structures which are important for [10], [16] by means of mechanisms of merging
theories as described in [11].

MSC: 06D15 06E75 03B35

Keywords: pseudocomplemented lattices; Stone lattices; Boolean lattices; lat-
tice of natural divisors

MML identifier: LATSTONE, version: 8.1.04 5.34.1256

The notation and terminology used in this paper have been introduced in the
following articles: [1], [25], [2], [3], [9], [26], [23], [4], [13], [28], [20], [14], [8], [5],
[27], and [7].

1. Preliminaries

Now we state the proposition:

(1) Let us consider a distributive lattice L. Then every sublattice of L is
distributive.

Let L be a distributive lattice. One can verify that every sublattice of L is
distributive.

Let L1, L2 be bounded lattices. One can check that L1 × L2 is bounded.
From now on L denotes a lattice and I, P denote non empty closed subset

of L.
Now we state the propositions:

(2) If L is lower-bounded and ⊥L ∈ I, then LLI is lower-bounded and ⊥LLI
=

⊥L.
Proof: Set c = ⊥L. Reconsider c′ = c as an element of LLI . There exists
an element c′ of LLI such that for every element a′ of LLI , c′ u a′ = c′ and
a′ u c′ = c′ by [3, (68), (73)]. For every element a′ of LLI , c′ u a′ = c′ and
a′ u c′ = c′ by [3, (68), (73)]. �

(3) If L is upper-bounded and >L ∈ I, then LLI is upper-bounded and >LLI
=

>L.
Proof: Set c = >L. Reconsider c′ = c as an element of LLI . There exists
an element c′ of LLI such that for every element a′ of LLI , c′ t a′ = c′ and
a′ t c′ = c′ by [3, (68), (73)]. For every element a′ of LLI , c′ t a′ = c′ and
a′ t c′ = c′ by [3, (68), (73)]. �

http://zbmath.org/classification/?q=cc:06D15
http://zbmath.org/classification/?q=cc:06E75
http://zbmath.org/classification/?q=cc:03B35
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2. Pseudocomplements in Lattices

Let L be a non empty lattice structure and a, b be elements of L. We say
that a is a pseudocomplement of b if and only if

(Def. 1) a u b = ⊥L and for every element x of L such that b u x = ⊥L holds
x v a.

We say that L is pseudocomplemented if and only if

(Def. 2) for every element x of L, there exists an element y of L such that y is
a pseudocomplement of x.

Now we state the proposition:

(4) Every Boolean lattice is pseudocomplemented.

Let us note that every lattice which is Boolean is also pseudocomplemented
and there exists a lattice which is Boolean, pseudocomplemented, and bounded.

Now we state the proposition:

(5) Let us consider a pseudocomplemented, lower-bounded lattice L, and
elements a, b, x of L. If a is a pseudocomplement of x and b is a pseudo-
complement of x, then a = b.

Let L be a non empty lattice structure and x be an element of L. Assume
L is a pseudocomplemented, lower-bounded lattice. The functor x∗ yielding
an element of L is defined by

(Def. 3) it is a pseudocomplement of x.

Now we state the proposition:

(6) Let us consider a pseudocomplemented, lower-bounded lattice L, and
an element x of L. Then x∗ u x = ⊥L.

From now on L denotes a lower-bounded, pseudocomplemented lattice.
Now we state the propositions:

(7) Let us consider an element a of L. Then a v (a∗)∗.

(8) Let us consider elements a, b of L. If a v b, then b∗ v a∗. The theorem
is a consequence of (6).

(9) Let us consider an element a of L. Then a∗ = ((a∗)∗)∗. The theorem is
a consequence of (8) and (7).

Let us consider a pseudocomplemented, bounded lattice L. Now we state
the propositions:

(10) (⊥L)∗ = >L.

(11) (>L)∗ = ⊥L.

(12) Let us consider a Boolean lattice L, and an element x of L. Then xc = x∗.
Proof: x∗ v xc by (6), [28, (25)]. xc v x∗ by [28, (20)]. �



390 adam grabowski

(13) Let us consider a pseudocomplemented, bounded lattice L, and elements
x, y of L. Suppose y is a pseudocomplement of x. Then y ∈ the set of
pseudo-complements of x.

(14) Let us consider a pseudocomplemented, bounded lattice L, and an ele-
ment x of L. Then x∗ ∈ the set of pseudo-complements of x. The theorem
is a consequence of (13).

3. Skeleton of a Pseudocomplemented Lattice

Let L be a lower-bounded, pseudocomplemented lattice. The functor SkeletonL
yielding a subset of L is defined by the term

(Def. 4) the set of all a∗ where a is an element of L.

Now we state the propositions:

(15) Let us consider a lower-bounded, pseudocomplemented lattice L. Then
SkeletonL = {a, where a is an element of L : (a∗)∗ = a}. The theorem is
a consequence of (9).

(16) Let us consider a lower-bounded, pseudocomplemented lattice L, and
an element x of L. Then x ∈ SkeletonL if and only if (x∗)∗ = x. The
theorem is a consequence of (9).

Let L be a bounded, pseudocomplemented lattice. Let us note that SkeletonL
is non empty.

Now we state the proposition:

(17) Let us consider a pseudocomplemented, distributive, lower-bounded lat-
tice L, and elements a, b of L. If a, b ∈ SkeletonL, then aub ∈ SkeletonL.
The theorem is a consequence of (16), (8), and (7).

4. Stone Identity

Let L be a non empty lattice structure. We say that L satisfies the Stone
identity if and only if

(Def. 5) for every element x of L, x∗ t (x∗)∗ = >L.

Now we state the proposition:

(18) Every Boolean lattice satisfies the Stone identity.
Proof: x∗ t (x∗)∗ = >L by (12), [28, (21)]. �

Let us note that every lattice which is Boolean satisfies also the Stone iden-
tity and there exists a lattice which is pseudocomplemented and Boolean and
satisfies the Stone identity.

Now we state the proposition:
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(19) Let us consider a pseudocomplemented, distributive, bounded lattice L.
Then L satisfies the Stone identity if and only if for every elements a, b of
L, (a u b)∗ = a∗ t b∗. The theorem is a consequence of (6) and (10).

Let L be a lattice. We say that L is Stone if and only if

(Def. 6) L is pseudocomplemented, distributive, and bounded and satisfies the
Stone identity.

Let us note that every lattice which is Stone is also pseudocomplemented,
distributive, and bounded and satisfies also the Stone identity and every lattice
which is pseudocomplemented, distributive, and bounded and satisfies the Stone
identity is also Stone.

Now we state the proposition:

(20) Let us consider a pseudocomplemented, distributive, bounded lattice L.
Then L satisfies the Stone identity if and only if for every elements a, b
of L such that a, b ∈ SkeletonL holds a t b ∈ SkeletonL. The theorem is
a consequence of (19), (16), (8), (9), (6), and (10).

In the sequel L denotes a Stone lattice.
Now we state the proposition:

(21) >L, ⊥L ∈ SkeletonL. The theorem is a consequence of (11) and (10).

Let L be a Stone lattice and a be an element of L. We say that a is skeletal
if and only if

(Def. 7) a ∈ SkeletonL.

One can verify that >L is skeletal and ⊥L is skeletal and SkeletonL is join-
closed and meet-closed.

Let us observe that the functor SkeletonL yields a closed subset of L. The
functor SkelLattL yielding a sublattice of L is defined by the term

(Def. 8) LLSkeletonL.

Observe that SkelLattL is distributive.
Now we state the proposition:

(22) (i) ⊥L = ⊥SkelLattL, and

(ii) >L = >SkelLattL.
The theorem is a consequence of (21), (2), and (3).

Let L be a Stone lattice. Observe that SkelLattL is Boolean.
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5. Dense Elements in Lattices

Let L be a lower-bounded lattice. The functor DenseElementsL yielding
a subset of L is defined by the term

(Def. 9) {a, where a is an element of L : a∗ = ⊥L}.

Now we state the proposition:

(23) >L ∈ DenseElementsL. The theorem is a consequence of (11).

Let L be a Stone lattice. Note that DenseElementsL is non empty.
Let a be an element of L. We say that a is dense if and only if

(Def. 10) a ∈ DenseElementsL.

Note that >L is dense.
Now we state the proposition:

(24) Let us consider a Stone lattice L, and an element x of L.
If x ∈ DenseElementsL, then x∗ = ⊥L.

Let L be a Stone lattice. Note that DenseElementsL is join-closed and meet-
closed.

Let us note that the functor DenseElementsL yields a closed subset of L.
The functor DenseLattL yielding a sublattice of L is defined by the term

(Def. 11) LLDenseElementsL.

Note that DenseLattL is distributive.
Now we state the proposition:

(25) Let us consider a Stone lattice L, and an element a of L. Then there
exist elements b, c of L such that

(i) a = b u c, and

(ii) b ∈ SkeletonL, and

(iii) c ∈ DenseElementsL.

The theorem is a consequence of (7), (6), and (8).

6. An Example: Lattice of Natural Divisors

Let us consider a prime number p. Now we state the propositions:

(26) The set of positive divisors of p = {1, p}.
Proof: {pk, where k is an element of N : k ¬ 1} = {1, p} by [22, (4)]. �

(27) The set of positive divisors of p · p = {1, p, p · p}.
Proof: {pk, where k is an element of N : k ¬ 2} = {1, p, p · p} by [22,
(81), (4)]. �
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Let n be a non zero natural number. Let us observe that the lattice of positive
divisors of n is finite and there exists a Boolean lattice which is complete.

Let p be a prime number. One can check that the lattice of positive divisors
of p is Boolean and the lattice of positive divisors of p·p is pseudocomplemented.

Now we state the proposition:

(28) Let us consider a lattice L, a prime number p, and an element x of L.
Suppose L = the lattice of positive divisors of p · p and x = p. Then
x∗ = ⊥L.
Proof: Reconsider y1 = ⊥L as an element of L. For every element y of L
such that x u y = ⊥L holds y v y1 by (27), [14, (64)]. �

Let p be a prime number. Observe that the lattice of positive divisors of
p · p satisfies the Stone identity and the lattice of positive divisors of p · p is non
Boolean and Stone and there exists a lattice which is Stone and non Boolean.

7. Products of Pseudocomplemented Lattices

From now on L1, L2 denote lattices, p1, q1 denote elements of L1, and p2,
q2 denote elements of L2.

Let us assume that L1 is a bounded lattice and L2 is a bounded lattice. Now
we state the propositions:

(29) p1 is a pseudocomplement of q1 and p2 is a pseudocomplement of q2 if
and only if 〈〈p1, p2〉〉 is a pseudocomplement of 〈〈q1, q2〉〉.
Proof: If p1 is a pseudocomplement of q1 and p2 is a pseudocomplement
of q2, then 〈〈p1, p2〉〉 is a pseudocomplement of 〈〈q1, q2〉〉 by [2, (35), (42),
(36)]. For every element x3 of L1 such that q1 u x3 = ⊥L1 holds x3 v p1
by [2, (42), (35), (36)]. For every element x4 of L2 such that q2ux4 = ⊥L2
holds x4 v p2 by [2, (42), (35), (36)]. �

(30) L1 is pseudocomplemented and L2 is pseudocomplemented if and only
if L1 ×L2 is pseudocomplemented. The theorem is a consequence of (29).

Let L1, L2 be pseudocomplemented bounded lattices. Let us observe that
L1 × L2 is pseudocomplemented.

Now we state the proposition:

(31) Suppose L1 is a pseudocomplemented bounded lattice and L2 is a pseu-
docomplemented bounded lattice. Then 〈〈p1, p2〉〉∗ = 〈〈p1∗, p2∗〉〉. The the-
orem is a consequence of (29).

In the sequel L1, L2 denote non empty lattices.
Now we state the propositions:

(32) If L1 is a pseudocomplemented bounded lattice and L2 is a pseudocom-
plemented bounded lattice, then L1 × L2 satisfies the Stone identity.
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Proof: Set L = L1 × L2. For every element x of L, x∗ t (x∗)∗ = >L by
(31), [2, (43), (35)]. �

(33) If L1 is Stone and L2 is Stone, then L1 × L2 is Stone.

Let L1, L2 be Stone lattices. Let us observe that L1 × L2 is Stone.

8. Special Construction: B[2]

From now on B denotes a Boolean lattice.
Let B be a Boolean lattice. The functor carrier(B[2]) yielding a subset of

B ×B is defined by the term

(Def. 12) {〈〈a, b〉〉, where a, b are elements of B : a v b}.

Let us note that carrier(B[2]) is non empty and carrier(B[2]) is join-closed
and meet-closed.

Observe that the functor carrier(B[2]) yields a non empty closed subset of
B ×B. The functor B[2] yielding a lattice is defined by the term

(Def. 13) LB×Bcarrier(B[2]).

Now we state the propositions:

(34) The carrier of B[2] = carrier(B[2]).

(35) 〈〈⊥B, ⊥B〉〉 ∈ the carrier of B[2]. The theorem is a consequence of (34).

(36) 〈〈>B, >B〉〉 ∈ the carrier of B[2]. The theorem is a consequence of (34).

Let B be a Boolean lattice. One can verify that B[2] is lower-bounded and
B[2] is upper-bounded.

Now we state the propositions:

(37) ⊥B[2] = 〈〈⊥B, ⊥B〉〉. The theorem is a consequence of (2).

(38) >B[2] = 〈〈>B, >B〉〉. The theorem is a consequence of (3).

Let B be a Boolean lattice. One can check that B[2] is pseudocomplemented.
Now we state the proposition:

(39) Let us consider a lattice L, elements x1, x2 of B, and an element x of L.
Suppose L = B[2] and x = 〈〈x1, x2〉〉. Then x∗ = 〈〈x2c, x2c〉〉.
Proof: x ∈ carrier(B[2]). Consider x3, x4 being elements of B such that
x = 〈〈x3, x4〉〉 and x3 v x4. Reconsider y = 〈〈x2c, x2c〉〉 as an element of L.
For every element w of L such that x uw = ⊥L holds w v y by (34), [24,
(11)], (37), [2, (35)]. y is a pseudocomplement of x. �

Let B be a Boolean lattice. One can verify that B[2] satisfies the Stone
identity and B[2] is Stone.

Now we state the propositions:
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(40) SkeletonB[2] = the set of all 〈〈a, a〉〉 where a is an element of B.
Proof: SkeletonB[2] = the set of all 〈〈a, a〉〉 where a is an element of B
by (34), (39), [3, (72)]. �

(41) DenseElementsB[2] = the set of all 〈〈a, >B〉〉 where a is an element of B.
Proof: Set L = B[2]. DenseElementsL ⊆ the set of all 〈〈a, >B〉〉 where
a is an element of B by (34), (37), (39), [21, (30)]. Consider a being an ele-
ment of B such that x = 〈〈a, >B〉〉. Reconsider y = x as an element of L.
y∗ = 〈〈(>B)c, (>B)c〉〉. �
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