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Summary. Even and odd numbers appear early in history of mathematics
[9], as they serve to describe the property of objects easily noticeable by human
eye [7]. Although the use of parity allowed to discover irrational numbers [6],
there is a common opinion that this property is “not rich enough to become the
main content focus of any particular research” [9].

On the other hand, due to the use of decimal system, divisibility by 2 is often
regarded as the property of the last digit of a number (similarly to divisibility by
5, but not to divisibility by any other primes), which probably restricts its use
for any advanced purposes.

The article aims to extend the definition of parity towards its notion in binary
representation of integers, thus making an alternative to the articles grouped in
[5], [4], and [3] branches, formalized in Mizar [I], [2].
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Let a be an integer. One can check that a mod a is zero and a mod 2 is
natural.

Let a, b be integers. Observe that ged(a - b, |a|) reduces to |al.

Let a be an odd natural number. Note that ¢ mod 2 is non zero.

Let a be an even integer. One can check that ¢ mod 2 is zero.

Note that a + 1 mod 2 reduces to 1.

Let a, b be real numbers. Let us observe that max(a,b) — min(a,b) is non
negative.

Let a be a natural number and b be a non zero natural number. Note that

a mod (a + b) reduces to a. One can check that adiv(a + b) is zero.
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Let a be a non trivial natural number. Let us observe that a-count(1) is zero
and a-count(—1) is zero.

Let b be a natural number. One can check that a-count(a®) reduces to b and
a-count(—a®) reduces to b.

Now we state the proposition:

(1) Let us consider integers a, b. If a | b, then 2 is integer.

Note that there exists an even integer which is non zero and every natural
number which is non zero and trivial is also odd and there exists an odd natural
number which is non trivial.

Let a be an integer and b be an even integer. One can verify that lem(a, b)

is even.
Let a, b be odd integers. Let us observe that lem(a,b) is odd.
Let a, b be integers. Observe that —3£2— is integer and —%=2~ is integer.

ged(a,b) ged(a,b)
Let us consider real numbers a, b. Now we state the propositions:

2) (1) la+0b]=laf +[b], or
(i) fa — b = laf +[b].

3) () lla] = [bll = |a +b], or
(i) llal - [bl] = |a — bl

(4) |la] —|b]| = |a + b| if and only if |a — b| = |a| + |b].

(5) |a+b] = |a| + |b| if and only if |a — b] = ||a] — |b||. The theorem is
a consequence of (4).

(6) Let us consider non zero real numbers a, b. Then ||a| — |b|| = |a + b| and
la — b| = |a| 4 |b] if and only if it is not true that ||a| — |b|| = |a — b| and
la + b] = |a] + |b].

PROOF: [la| — |b]| = |a + b| iff |a — b] = |a| + |b]. ||a|] — |b]| = |a — b] iff
la +b| = |a| 4+ |b]. |a + b| = |a| + |b] iff |a — b] # |a| + |b]. O
Let us consider positive real numbers a, b and a natural number n. Now we
state the propositions:
(7) min(a™,b") = (min(a,b))".
(8) max(a",b") = (max(a,b))".
Let us consider a non zero natural number a and natural numbers m, n.
Now we state the propositions:
(9) min(a™,a™) = a™nm),
(10) max(a”,a™) = a™ax(m),
(11) Let us consider natural numbers a, b. Then a mod b < a.

Let us consider a natural number a and non zero natural numbers b, c. Now
we state the propositions:
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(12) (a mod ¢)+ (b mod ¢) > a+ b mod c. The theorem is a consequence of
(11).
(13) (a mod ¢) - (b mod ¢) > a-b mod c. The theorem is a consequence of
(11).
Let us consider a natural number a and non zero natural numbers b, n. Now
we state the propositions:

(14) (a mod b)" > a™ mod b. The theorem is a consequence of (11).
(15) If @ mod b =1, then a" mod b= 1.

(16) Let us consider natural numbers a, b, and a non zero natural number c.
Then (e mod ¢)-(bmod ¢) < cif and only if a-b mod ¢ = (a mod ¢)-(bmod ¢).

(17) Let us consider natural numbers a, b, c¢. Suppose (a mod ¢)-(bmod ¢) = c.
Then a - b mod c = 0.

(18) Let us consider natural numbers a, b, and a non zero natural number c.
Suppose (@ mod ¢) - (b mod ¢) > ¢. Then a mod ¢ > 1.

(19) Let us consider integers a, b, and a non zero natural number ¢. Then
(i) if a +b mod ¢ = b mod ¢, then a mod ¢ = 0, and
(ii) if @+ b mod ¢ # b mod ¢, then @ mod ¢ > 0.
PROOF: If a + b mod ¢ = b mod ¢, then a mod ¢ =0 by [§, (7)]. O

(20) Let us consider a natural number a, and non zero natural numbers b, c.
Suppose a - b mod ¢ =b. Then a - (ged(b, c)) mod ¢ = ged(b, ¢).
(21) Let us consider integers a, b. Then a = b (mod ged(a, b)).
Let us consider odd, a square integers k, [. Now we state the propositions:
(22) k—1mod 8 = 0.
(23) k+1 mod 8 = 2. The theorem is a consequence of (22).

Let a be an integer. The functor parity(a) yielding a trivial natural number
is defined by the term

(Def. 1) a mod 2.

Note that the functor parity(a) yields a trivial natural number and is defined
by the term
(Def. 2) 2 — (ged(a,2)).
Let a be an even integer. Let us observe that parity(a) is zero.
Let a be an odd integer. One can check that parity(a) is non zero.
Let a be an integer. The functor Parity(a) yielding a natural number is
defined by the term

0, if a =0,

(Def. 3) { 22—count(a)’ otherwise.
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Let a be a non zero integer. Observe that Parity(a) is non zero.

Let a be a non zero, even integer. One can verify that Parity(a) is non trivial
and Parity(a) is even.

Let a be an even integer. Observe that Parity(a) is even and Parity(a + 1)
is odd.

Let a be an odd integer. Note that Parity(a) is trivial.

Let n be a natural number. Observe that Parity(2") reduces to 2.

Note that Parity(1) reduces to 1 and Parity(2) reduces to 2.

Now we state the propositions:

(24) Let us consider an integer a. Then Parity(a) | a.
(25) Let us consider integers a, b. Then Parity(a-b) = (Parity(a))- (Parity(b)).

Let a be an integer. The functor Oddity(a) yielding an integer is defined by
the term

(Def. 4) Wy(a).
Now we state the proposition:
(26) Let us consider a non zero integer a. Then Farity(@ — adiv Parity(a).
The theorem is a consequence of (24).
Let a be an integer. One can check that (Parity(a)) - (Oddity(a)) reduces to
a and Parity(Parity(a)) reduces to Parity(a) and Oddity(Oddity(a)) reduces to
Oddity(a). Observe that Parity(Oddity(a)) is trivial and a + Parity(a) is even

and a — Parity(a) is even and is integer.

Now we state the propositions:
(27) Let us consider a non zero integer a. Then Oddity(Parity(a)) = 1.
(28) Let us consider integers a, b. Then Oddity(a-b) = (Oddity(a))-(Oddity(b)).
The theorem is a consequence of (25).
Let a be a non zero integer. Observe that is odd and a div Parity(a)
is odd.

Now we state the proposition:

_—a
Parity(a)

(29) Let us consider integers a, b. Then
(i) Parity(a) | Parity(b), or
(ii) Parity(b) | Parity(a).
Let us consider non zero integers a, b. Now we state the propositions:
(30) Parity(a) | Parity(b) if and only if Parity(b) > Parity(a).
PRrooF: If Parity(b) > Parity(a), then Parity(a) | Parity(b). O
(31) If Parity(a) > Parity(b), then 2 - (Parity(b)) | Parity(a).
Let us consider an integer a. Now we state the propositions:
(32) Parity(a) = Parity(—a).
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(33) Parity(a) = Parity(|a|). The theorem is a consequence of (32).

(34) Parity(a) < |a|. The theorem is a consequence of (24) and (33).

(35) Let us consider integers a, b. If a and b are relatively prime, then a is
odd or b is odd.

Let us consider odd integers a, b. Now we state the propositions:

(36) If |a| # |b], then min(Parity(a — b), Parity(a + b)) = 2. The theorem is
a consequence of (33), (9), (2), and (4).

(37) min(Parity(a — b), Parity(a + b)) < 2. The theorem is a consequence of
(3), (33), and (36).

(38) Let us consider integers a, b. Suppose a and b are relatively prime. Then
min(Parity(a — b), Parity(a + b)) < 2. The theorem is a consequence of
(35) and (37).

(39) Let us consider non zero integers a, b, and a non trivial natural number
¢. Then c-count(ged(a, b)) = min(c-count(a), c-count(d)).

(40) Let us consider non zero integers a, b.

Then Parity(ged(a, b)) = min(Parity(a), Parity(b)). The theorem is a con-
sequence of (39) and (9).

(41) Let us consider integers a, b. Then ged(Parity(a), Parity(b)) =
Parity(gcd(a,b)). The theorem is a consequence of (33), (29), and (40).

(42) Let us consider a natural number a. Then Parity(2-a) = 2 - (Parity(a)).
The theorem is a consequence of (25).

(43) Let us consider integers a, b. Then lem(Parity(a), Parity (b)) =
Parity(lcm(a, b)). The theorem is a consequence of (25), (33), and (41).

(44) Let us consider non zero integers a, b.

Then Parity(lem(a, b)) = max(Parity(a), Parity(b)). The theorem is a con-
sequence of (41), (40), and (43).

(45) Let us consider integers a, b. Then Parity(a + b) = (Parity(gcd(a,b))) -

(Parlty(gc q(ab ))) The theorem is a consequence of (25).

(46) Let us consider an integer a, and a natural number n. Then Parity(a”) =
(Parity(a))".
PROOF: Define P[natural number] = Parity(a1) = (Parity(a))™. P[0].
For every natural number k such that P[k] holds P[k + 1]. For every
natural number z, Plz]. O

(47) Let us consider non zero integers a, b, and a natural number n. Then
min(Parity(a™), Parity(b")) = (min(Parity(a), Parity(b)))". The theorem
is a consequence of (40) and (46).

Let a be an odd integer. We identify parity(a) with Parity(a). We identify
Parity(a) with parity(a). Let us observe that aP*1%¥(®) reduces to a.

95
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Let a be an even integer. Let us observe that aP?(%) ig trivial and non zero.

Let a be an integer. One can check that parity(parity(a)) reduces to parity(a)
and Parity(parity(a)) reduces to parity(a).

Now we state the proposition:

(48) Let us consider an integer a. Then
(i) a is even iff parity(a) is even, and
(ii) parity(a) is even iff Parity(a) is even.
Let a be an integer. Note that parity(a) + Parity(a) is even and Parity(a) —
parity(a) is even and Parity(a) — parity(a) is natural and a + parity(a) is even

and a — parity(a) is even.
Let us consider an integer a. Now we state the propositions:

(49) parity(Parity(a)) = parity(a).
(50) parity(a) = parity(—a).

Let us consider integers a, b. Now we state the propositions:
51) parity(a — b) = | parity(a) — parity(b)|.
52) parity(a + b) = parity(parity(a) + parity(b)).
53) parity(a + b) = parity(a — b). The theorem is a consequence of (50).
54) ) =

—_

(
(
(
(

parity(a + b) = | parity(a) — parity(b)|. The theorem is a consequence of

(53) and (51).
(55) Let us consider natural numbers a, b. Then
(i) if parity(a + b) = parity(b), then parity(a) = 0, and
(ii) if parity(a + b) # parity(b), then parity(a) = 1.
The theorem is a consequence of (19).
Let us consider integers a, b. Now we state the propositions:

(56) (i) parity(a 4 b) = parity(a) + parity(b) — 2 - (parity(a)) - (parity(b)),
and

(i) parity(a)— parity(b) = parity(a+b) — 2 (parity(a +b)) - (parity(d)),
and
(iii) parity(a) — parity(b) = 2 - (parity(a)) - (parity(a + b)) — parity(a + b).
(57) a+ b is even if and only if parity(a) = parity(b). The theorem is a con-
sequence of (54).

parity(a - b) = (parity(a)) - (parity(b)).
parity(lem(a, b)) = parity(a - b).
parity(ged(a, b)) = max(parity(a), parity(b)).
parity(a - b) = min(parity(a), parity(b)).



PARITY AS A PROPERTY OF INTEGERS 97

(62) Let us consider an integer a, and a non zero natural number n. Then
parity(a") = parity(a).

(63) Let us consider non zero integers a, b. Suppose Parity(a+b) > Parity(a)+
Parity(b). Then Parity(a) = Parity(b).

(64) Let us consider integers a, b. Suppose Parity(a + b) > Parity(a) +
Parity(b). Then Parity(a) = Parity(b). The theorem is a consequence of
(63).

(65) Let us consider odd integers a, b, and an odd natural number m. Then
Parity(a™ + ™) = Parity(a + b).

(66) Let us consider odd integers a, b, and an even natural number m. Then
Parity(a™ 4 ") = 2.

Let us consider non zero integers a, b. Now we state the propositions:

(67) Ifa+b # 0, then if Parity(a) = Parity(b), then Parity(a+b) > Parity(a)+
Parity(b).

(68) Parity(a + b) = Parity(b) if and only if Parity(a) > Parity(b). The the-
orem is a consequence of (67).

(69) Let us consider non zero natural numbers a, b. Suppose Parity(a + b) <
Parity(a) + Parity(b). Then Parity(a+b) = min(Parity(a), Parity(b)). The
theorem is a consequence of (67).

(70) Let us consider non zero integers a, b. Suppose a+b # 0. If Parity(a+b) =
Parity(a), then Parity(a) < Parity(b). The theorem is a consequence of
(67).

Let us consider an integer a. Now we state the propositions:
(71) (i) Parity(a + Parity(a)) = (Parity(Oddity(a) + 1)) - (Parity(a)), and
(ii) Parity(a — Parity(a)) = (Parity(Oddity(a) — 1)) - (Parity(a)).
The theorem is a consequence of (25).
(72) (i) 2- (Parity(a)) | Parity(a + Parity(a)), and
(ii) 2- (Parity(a)) | Parity(a — Parity(a)).
The theorem is a consequence of (71).

(73) Let us consider integers a, b. Suppose Parity(a) = Parity(b). Then
Parity(a + b) = Parity(a + Parity(a) + (b — Parity(b))).

Let us consider a natural number a. Now we state the propositions:

(74) Parity(a + Parity(a)) > 2 - (Parity(a)). The theorem is a consequence of
(72).

(75) (i) Parity(a — Parity(a)) > 2 - (Parity(a)), or

(ii) a = Parity(a).
The theorem is a consequence of (71).
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Let us consider odd integers a, b. Now we state the propositions:
(76) Parity(a + b) # Parity(a — b). The theorem is a consequence of (25).
(77) If Parity(a+1) = Parity(b—1), then a # b. The theorem is a consequence
of (76).
(78) Let us consider an odd natural number a, and a non trivial, odd natural
number b. Then
(i) Parity(a 4+ b) = min(Parity(a + 1), Parity(b — 1)), or
(ii) Parity(a +b) > 2- (Parity(a + 1)).
The theorem is a consequence of (67).
Let us consider non zero integers a, b. Now we state the propositions:

(79) If Parity(a) > Parity(b), then adiv Parity(b) is even. The theorem is
a consequence of (31) and (24).

(80) Parity(a) > Parity(b) if and only if Parity(a)div Parity(b) is non zero
and even. The theorem is a consequence of (31).

(81) Let us consider an odd natural number a. Then Parity(a — 1) = 2 -
(Parity(a div 2)). The theorem is a consequence of (25).

(82) Let us consider non zero integers a, b. Then
(i) min(Parity(a), Parity(d)) | a, and
(ii) min(Parity(a), Parity(b)) | b.

The theorem is a consequence of (30) and (24).

Let a, b be non zero integers. Note that min(Parity“(:)b,Parity(b)) is integer.

Let p be a non square integer and n be an odd natural number. Let us note
that p™ is non square.

Let a be an integer and n be an even natural number. Let us note that a”
is a square.

Let p be a prime natural number and a be a non zero, a square integer. Let
us observe that p-count(a) is even.

Let a be an odd integer. Note that 2 - a is non square.

Let a be square integer. One can check that Parity(a) is a square and
Oddity(a) is a square.

Let a be a non zero, a square integer. One can check that 2-count(a) is even.

Now we state the propositions:
(83) Let us consider non negative real numbers a, b. Then max(a, b)—min(a, b)
= la —b|.
(84) Let us consider an even integer a. If 4 { a, then a is not square.
Proor: 21 ¢ by [10, (2)]. O
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(85) Let us consider odd integers a, b. If a — b is a square, then a + b is not
a square. The theorem is a consequence of (2), (5), (83), (84), and (4).

Let us consider non zero integers a, b. Now we state the propositions:
(86) Parity(a+b) = (min(Parity(a), Parity(b)))-(Parity(min(Parit}il(‘giParity(b)))).
The theorem is a consequence of (30) and (25).
(87) (i) Parity(a) and Oddity(b) are relatively prime, and
(ii) ged(Parity(a), Oddity(b)) = 1.
(88) Let us consider an integer a. Then | Oddity(a)| = Oddity(]a|). The the-
orem is a consequence of (33).

(89) Let us consider integers a, b.

Then ged(Oddity(a), Oddity (b)) = Oddity(ged(a, b)). The theorem is a con-
sequence of (87), (28), (41), (27), and (88).

(90) Let us consider non zero integers a, b.

Then ged(a, b) = (ged(Parity(a), Parity(b))) - (ged(Oddity (a), Oddity(b))).
The theorem is a consequence of (87).

(91) Let us consider an odd natural number a. Then Parity(a+ 1) = 2 if and
only if parity(a div2) = 0. The theorem is a consequence of (78), (76), and
(25).

(92) Let us consider an even integer a. Then adiv2 = a + 1div 2.

(93) Let us consider integers a, b. Then a +b = 2 - ((adiv2) + (bdiv2)) +
parity(a) + parity(b).

Let us consider odd integers a, b. Now we state the propositions:

(94) Parity(a + b) = 2 - (Parity((adiv2) + (bdiv2) + 1)). The theorem is
a consequence of (93) and (25).

(95) Parity(a + b) = 2 if and only if parity(adiv2) = parity(bdiv2). The
theorem is a consequence of (94) and (57).

Let us consider non zero integers a, b. Now we state the propositions:

(96) Parity(a+b) = Parity(a) + Parity(b) if and only if Parity(a) = Parity(b)
and parity (Oddity(a) div 2) = parity(Oddity(b) div 2). The theorem is a con-
sequence of (63), (25), and (95).

(97) Suppose a+b # 0 and Parity(a) = Parity(b) and parity (Oddity(a) div 2) #
parity (Oddity(b) div 2). Then Parity(a + b) > Parity(a) + Parity(b). The
theorem is a consequence of (67) and (96).
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1. GENERAL PRELIMINARIES

Let us consider an even integer n and an odd integer m. Now we state the
propositions:
(1) If n<m,thenn+1<m.
(2) If m <n,then m+1<n.
(3) Let us consider natural numbers i, j. If i > i —" 1+ j, then j = 0.
(4)

4) Let us consider finite sequences f, g, and a natural number 7. Suppose

i <len f and mid(f,i,i —'1+1leng) =¢g. Then i —' 1 +1leng < len f. The
theorem is a consequence of (3).
Let us consider a finite sequence p and a natural number n. Now we state
the propositions:
(5) If n € domp and n+ 1 < lenp, then mid(p,n,n+ 1) = (p(n),p(n + 1)).
<

(6) If n € domp and n + 2 < lenp, then mid(p,n,n + 2) = (p(n),p(n + 1),
p(n + 2)). The theorem is a consequence of (5).

(7) Let us consider a non empty set D, finite sequences f, g of elements of
D, and a natural number n. Suppose g is a substring of f. Then
(i) leng =0, or
(i) 1<n—"14leng<lenfandn<n-'1+leng.
The theorem is a consequence of (4).

Let D be a non empty set, f, g be finite sequences of elements of D, and n
be a natural number. We say that g is an odd substring of f not starting before
n if and only if

(Def. 1) if leng > 0, then there exists an odd natural number ¢ such that n <
i <len f and mid(f,4,7 —" 1+ 1leng) = g.
We say that g is an even substring of f not starting before n if and only if
(Def. 2) if leng > 0, then there exists an even natural number i such that n <
i <len f and mid(f,i,i —'1+1leng) = g.
Let us consider a non empty set D, finite sequences f, g of elements of D,
and a natural number n. Now we state the propositions:
(8) 1If g is an odd substring of f not starting before n, then g is a substring
of f.
(9) If g is an even substring of f not starting before n, then g is a substring
of f.
(10) Let us consider a non empty set D, finite sequences f, g of elements of
D, and natural numbers n, m. Suppose m > n. Then
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(i) if g is an odd substring of f not starting before m, then g is an odd
substring of f not starting before n, and

(ii) if g is an even substring of f not starting before m, then g is an even
substring of f not starting before n.

(11) Let us consider a non empty set D, and a finite sequence f of elements
of D. If 1 <len f, then f is an odd substring of f not starting before 0.

(12) Let us consider a non empty set D, finite sequences f, g of elements of
D, and an even element n of N. Suppose g is an odd substring of f not
starting before n. Then g is an odd substring of f not starting before n+1.

(13) Let us consider a non empty set D, finite sequences f, g of elements of
D, and an odd element n of N. Suppose g is an even substring of f not
starting before n. Then ¢ is an even substring of f not starting before
n+ 1.

(14) Let us consider a non empty set D, and finite sequences f, g of elements
of D. Suppose g is an odd substring of f not starting before 0. Then g is

an odd substring of f not starting before 1. The theorem is a consequence
of (12).

2. GRAPH PRELIMINARIES

Let G be a non-directed-multi graph. Observe that every subgraph of G is
non-directed-multi.

(15) Every graph is a subgraph of G induced by the vertices of G.

(16) Let us consider graphs G1, Gs, sets V, E, and a subgraph Gy of G
induced by V and E. If Gy = Gj3, then G3 is a subgraph of G induced by
V and F.

(17) Let us consider a graph G, a set X, and objects e, y. Suppose e joins a
vertex from X and a vertex from {y} in G. Then there exists an object =
such that

(i) x € X, and
(ii) e joins z and y in G.

(18) Let us consider a graph G, and a set X. Suppose X N (the vertices of
G) = 0. Then

(i) G.edgesInto(X) = (), and
(i) G.edgesOutOf(X) =0, and
(iii) G.edgesInOut(X) =0, and
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(iv) G.edgesBetween(X) = 0.
PROOF: G.edgesInto(X) = (). G.edgesOutOf(X) = 0. O
Let us consider a graph G, sets X1, Xo, and an object y. Now we state the
propositions:

(19) If Xy misses X2, then G.edgesBetween(X1, {y}) misses G.edgesBetween
(X2,{y}). The theorem is a consequence of (17).

(20) G.edgesBetween(X; U X9, {y}) =
G.edgesBetween (X, {y}) U G.edgesBetween(Xs, {y}).
PROOF: Set F = G.edgesBetween(X1, {y}). Set E2 = G.edgesBetween(Xa,
{y}). For every object e such that e € G.edgesBetween(X;UXy, {y}) holds
e€ F1UE,. O

(21) Let us consider a trivial graph G. Then there exists a vertex v of G such
that

(i) the vertices of G = {v}, and
(ii) the source of G = (the edges of G) — v, and
(iii) the target of G = (the edges of G) — v.

PRroOF: Consider v being a vertex of G such that the vertices of G = {v}.
For every object e such that e € dom(the source of G) holds (the source
of G)(e) = v. For every object e such that e € dom(the target of G) holds
(the target of G)(e) =v. O
Let G be a graph. Let us note that every walk of G which is closed, trail-like,
and non trivial is also circuit-like and every walk of G which is closed, path-like,
and non trivial is also cycle-like.
Let us consider graphs G1, Go, a walk W; of G1, and a walk W5 of Go. Now
we state the propositions:

(22) If Wy = Wy, then if W is trail-like, then W5 is trail-like.

(23) If Wy = Way, then if W) is path-like, then W is path-like. The theorem
is a consequence of (22).

(24) If W1 = Wy, then if W7 is cycle-like, then Wy is cycle-like. The theorem
is a consequence of (23).

(25) If W1 = Wa, then if W is vertex-distinct, then Ws is vertex-distinct.

(26) Let us consider a graph G, a walk W of G, and a vertex v of G. If
v € W.vertices(), then G.walkOf(v) is a substring of W.

(27) Let us consider a graph G, a walk W of G, and an odd element n of N.
Suppose n+ 2 < len W. Then G.walkOf(W (n), W(n+1),W(n+2)) is an
odd substring of W not starting before 0. The theorem is a consequence
of (6).
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Let us consider a graph G, a walk W of GG, and objects u, e, v. Now we state
the propositions:
(28) Suppose e joins u and v in G and e € W.edges(). Then
(i) G.walkOf(u,e,v) is an odd substring of W not starting before 0, or
(ii) G.walkOf(v,e,u) is an odd substring of W not starting before 0.

The theorem is a consequence of (27).

(29) If e joins w and v in G and G.walkOf(u, e, v) is an odd substring of W
not starting before 0, then e € W.edges() and u, v € W.vertices(). The
theorem is a consequence of (14), (8), and (7).

Let G be a graph and Wy, W5 be walks of G.
The functor W1 findFirstVertex(W3) yielding an odd element of N is defined
by
(Def. 3) (i) it < lenW; and there exists an even natural number & such that
it = k+ 1 and for every natural number n such that 1 <n < len Wy
holds Wi (k 4+ n) = Wa(n) and for every even natural number [ such
that for every natural number n such that 1 < n < len W5 holds
Wi(l +n) = Wa(n) holds k < I, if W3 is an odd substring of W not
starting before 0,
(ii) it =len Wy, otherwise.
The functor Wj.findLastVertex(Ws) yielding an odd element of N is defined by
(Def. 4) (i) it < lenW; and there exists an even natural number & such that
it = k + len W5 and for every natural number n such that 1 < n <
len W5 holds Wi (k + n) = Wa(n) and for every even natural number
[ such that for every natural number n such that 1 < n < len Wy
holds Wi (l + n) = Wa(n) holds k < [, if W3 is an odd substring of
W1 not starting before 0,
(i) it = len W, otherwise.
Let us consider a graph G and walks Wi, Wy of G. Now we state the pro-
positions:
(30) Suppose Ws is an odd substring of Wj not starting before 0. Then

(i) Wi(W1.findFirstVertex(Ws)) = Wa.first(), and
(ii) Wi (Wi .findLastVertex(Ws)) = Wa.last().
(31) Suppose Ws is an odd substring of Wj not starting before 0. Then
(i) 1 < Wy.findFirstVertex(Ws) < len Wy, and
(ii) 1 < W findLastVertex(Ws) < len W7.
(32) Let us consider a graph G, and a walk W of G. Then
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(i) 1 = W .findFirstVertex(WW), and
(ii) W.findLastVertex(WW) = len W.

The theorem is a consequence of (11).

(33) Let us consider a graph G, and walks Wy, W of G. Suppose Wy is an
odd substring of W7 not starting before 0. Then W findFirst Vertex(Ws) <
W .findLastVertex(1s).

Let G be a graph and Wy, Ws, W3 be walks of GG. The functor Wi.replaceWith
(Wa, W3) yielding a walk of G is defined by the term

((Wy.cut(1, Wy findFirstVertex(W2))).append(W3)).append ((W;.cut
(W1 .findLast Vertex(Wa2), len W1))),
(Def. 5) if Wy is an odd substring of Wj not starting before 0 and Wa first()
= Wi first() and Wa.last() = Wi last(), Wi,
otherwise.
Let W1, W3 be walks of G and e be an object.
The functor Wj.replaceEdgeWith(e, W3) yielding a walk of G is defined by
the term
Wy .replaceWith(G.walkOf (W3 first(), e, W3.last()), W3),
if e joins Wi .first() and Wis.last() in G and G.walkOf (W3 first(), e,
Wis.last()) is an odd substring of W not starting before 0, W7y,
otherwise.
Let W1, Wy be walks of G. The functor Wj.replaceWithEdge(W3, e) yielding
a walk of GG is defined by the term
Wi .replaceWith(Wa, G.walkOf (Wa first(), e, Wa.last())),
if W5 is an odd substring of W7 not starting before 0 and e joins
Wo first() and Wa.last() in G, W7,
otherwise.
Let us consider a graph G and walks Wy, W5, W3 of G. Now we state the
propositions:

(Def. 6)

(Def. 7)

(34) Suppose Wy is an odd substring of W not starting before 0 and
W first() = Wi first() and Wa.last() = Ws.last(). Then

(i) (Wy.cut(1, Wy.findFirstVertex(Ws))).first() = Wi .first(), and
(ii) (Wh.cut(l, Wy findFirstVertex(Ws))).last() = Wi first(), and
(i) ((Wy.cut(1, Wi.findFirstVertex(WWs))).append(Ws)).first() =

W first(), and

(iv) ((Wi.cut(1, Wy findFirstVertex(W>))).append(Ws)).last() =
Wis.last(), and

(v) (Wi.cut(W;.findLastVertex(Ws), len Wh)).first() = W last(), and
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(vi) (Wi.cut(Wy.findLastVertex(Ws), len Wy)).last() = Wi last().

The theorem is a consequence of (31) and (30).
(35) (i) Wy first() = (W7.replaceWith(Ws, W3)).first(), and

(ii) Wh.last() = (Wi.replaceWith(Ws, W3)).last().
The theorem is a consequence of (34).

(36) Suppose Ws is an odd substring of W not starting before 0 and W.first()
= Wi first() and Wa.last() = W3.last(). Then (W;.replaceWith(Wa, W3))
vertices() = ((Wh.cut(1, Wi .findFirstVertex(Ws))).vertices() U W3
vertices())J(W;.cut(W;.findLastVertex(Ws), len Wy)).vertices(). The the-
orem is a consequence of (34).

(37) Suppose W3 is an odd substring of W not starting before 0 and Ws.first()
= Wi first() and Wa.last() = Ws.last(). Then (W;.replaceWith(Wa, W3))
.edges() = ((Wi.cut(1, Wi.findFirstVertex(W2))).edges() U W3.edges()) U
(Wy.cut(W7.findLastVertex(Ws),len W7)).edges(). The theorem is a con-
sequence of (34).

(38) Let us consider a graph G, walks W7, W3 of G, and an object e. Suppose
e joins Wi first() and Ws.last() in G and G.walkOf (W3 first(), e, W3.last())
is an odd substring of W) not starting before 0.
Then e € (W;.replaceEdgeWith(e, W3)).edges() if and only if e € (W;.cut
(1, Wh.findFirstVertex(G.walkOf (W3 first(), e, Ws.last())))).edges() or e €
Ws.edges() or e € (W.cut(W).findLastVertex(G.walkOf (W3 first(), e, W3
Jast())),len W7)).edges(). The theorem is a consequence of (37).

(39) Let us consider a graph G, walks W7, W3 of G, and an object e. Suppose
e joins Wi first() and Ws.last() in G and e ¢ W3.edges() and G.walkOf (W3
first(), e, W3.last()) is an odd substring of W not starting before 0 and for
every even natural numbers n, m such that n, m € dom W; and Wi(n) =e
and Wi(m) = e holds n = m.

Then e ¢ (W;.replaceEdgeWith(e, W3)).edges().

PRrROOF: Set Wy = G.walkOf (W3 first(), e, Ws.last()). W is an odd sub-
string of W7 not starting before 1. Define P[natural number] = $; is odd
and 1 < $1 < len Wp and mid(W1,$1,$1 —' 1 + len W) = Ws. Consider
i being a natural number such that P[i| and for every natural number
n such that P[n] holds i < n. Set j = i —' 1 4 len Wa. Wy is a sub-
string of W1. 1 < j < lenWj; and ¢ < j. Set ny = 7 + 1. Reconsider
k =1 — 1 as an even natural number. For every natural number n such
that 1 < n < len W5 holds Wi (k + n) = Wa(n). For every even natural
number [ such that for every natural number n such that 1 < n < len Wy
holds Wi (I 4+ n) = Wa(n) holds k < I. ¢ < len W and there exists an even
natural number k such that ¢ = k£ + 1 and for every natural number n
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such that 1 < n < len Wy holds Wi (k + n) = Wa(n) and for every even
natural number [ such that for every natural number n such that 1 < n <
len W5 holds Wi (Il + n) = Wa(n) holds k < I. Wi.findFirstVertex(Ws) <
ni. np € domWi. e ¢ (Wi.cut(1, W .findFirstVertex(Ws))).edges(). e ¢
(W1.cut(W; . findLast Vertex(W2), len W1)).edges() by [I (4)], [6, (99)]. O
(40) Let us consider a graph G, a trail T} of G, a walk W3 of G, and an object
e. Suppose e joins Wi first() and Ws.last() in G and e ¢ Ws.edges() and
G .walkOf (W3 first(), e, W3.last()) is an odd substring of T} not starting
before 0. Then e ¢ (T7.replaceEdgeWith(e, W3)).edges().
PRrOOF: For every even natural numbers n, m such that n, m € domT;
and T1(n) = e and T1(m) = e holds n = m. O

(41) Let us consider a graph G, and walks W7, W5 of G. Suppose W1 first() =
Wo.first() and Wilast() = Wa.last(). Then Wi.replaceWith(Wy, W) =
Wj. The theorem is a consequence of (11), (32), and (31).

(42) Let us consider a graph G, walks W;, W3 of G, and an object e. Suppose
e joins Wi first() and W3.last() in G and G.walkOf (W3 first(), e, Ws.last())
is an odd substring of W7 not starting before 0. Then there exists a walk W
of G such that Wj.replaceEdgeWith(e, W3) = Wj.replaceWith(Wao, W3).

(43) Let us consider a graph G, walks Wy, W of G, and an object e. Sup-
pose Wy is an odd substring of Wj not starting before 0 and e joins
Wo.first() and Wa.last() in G. Then there exists a walk W3 of G such
that Wj.replaceWithEdge(Ws, e) = W1.replaceWith(Wa, W3).

(44) Let us consider a graph G, walks Wi, W3 of G, and an object e. Then
(i) Wy first() = (Wy.replaceEdgeWith(e, W3)).first(), and
(ii) Wi.last() = (W;.replaceEdgeWith(e, W3)).last().
The theorem is a consequence of (42) and (35).
(45) Let us consider a graph G, walks Wi, Wy of G, and an object e. Then
(i) Wy first() = (Wy.replaceWithEdge(Ws, e)).first(), and
(ii) Wi.last() = (Wy.replaceWithEdge(Wa2, e)).last().

The theorem is a consequence of (43) and (35).

(46) Let us consider a graph G, walks Wy, Wa, W3 of G, and objects u, v.
Then W is walk from u to v if and only if W;.replaceWith(Ws, W3) is
walk from u to v. The theorem is a consequence of (35).

(47) Let us consider a graph G, walks Wy, W3 of G, and objects e, u, v. Then
W1 is walk from u to v if and only if Wj.replaceEdgeWith(e, W3) is walk
from w to v. The theorem is a consequence of (42) and (46).
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(48) Let us consider a graph G, walks Wy, Wy of G, and objects e, u, v. Then
Wy is walk from w to v if and only if W;.replaceWithEdge(Wa, e) is walk
from u to v. The theorem is a consequence of (43) and (46).

(49) Let us consider a graph G, and vertices vy, vy of G. Suppose v; is isolated
and vy # vy. Then ve ¢ G.reachableFrom(vy).

(50) Let us consider a graph G, and vertices vy, vy of G.

If v; € G.reachableFrom(vs), then vy € G.reachableFrom(v;).

(51) Let us consider a graph G, and a vertex v of G. If v is isolated, then
{v} = G.reachableFrom(v).

PRrROOF: For every object z, x € {v} iff # € G.reachableFrom(v) by [7,
(9)], (49). O

(52) Let us consider a graph G, a vertex v of G, and a subgraph C of G
induced by {v}. If v is isolated, then C' is a component of G. The theorem
is a consequence of (51).

(53) Let us consider a non trivial graph G, a vertex v of Gy, and a subgraph
G9 of (G1 with vertex v removed. Suppose v is isolated. Then

(i) Gi.componentSet() = Go.componentSet() U {{v}}, and
(ii) G1.numComponents() = Go.numComponents() + 1.

PROOF: For every object V, V € G1.componentSet() iff V € Go
.componentSet() U {{v}}. {v} ¢ Ga.componentSet() by [8, (47)]. O

Let G be a graph. Let us observe that every vertex of G which is isolated is
also non cut-vertex.

Now we state the propositions:

(54) Let us consider a graph Gy, a subgraph Gy of G1, a walk W; of G, and
a walk Wy of Ga. If W7 = Ws, then W1 is cycle-like iff Wy is cycle-like.

(55) Let us consider a connected graph G, and a component G2 of G;. Then
Gl ~ GQ.

Observe that every graph which is complete is also connected and there
exists a graph which is non non-directed-multi, non non-multi, non loopless,
non directed-simple, non simple, non acyclic, and non finite.

From now on G denotes a graph.

Let us consider G. The functor G.endVertices() yielding a subset of the ver-
tices of G is defined by

(Def. 8) for every object v, v € it iff there exists a vertex w of G such that v = w
and w is endvertex.
Now we state the proposition:
(56) Let us consider a vertex v of G. Then v € G.endVertices() if and only if
v is endvertex.
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3. SUPERGRAPHS

Let us consider G.
A supergraph of G is a graph defined by

(Def. 9) the vertices of G C the vertices of it and the edges of G C the edges
of it and for every set e such that e € the edges of G holds (the source
of G)(e) = (the source of it)(e) and (the target of G)(e) = (the target of
it)(e).

Let us consider graphs G1, Go. Now we state the propositions:
(57) G is a subgraph of G if and only if G is a supergraph of Gs.
(58) G4 is subgraph of G and supergraph of G if and only if G; ~ G5. The
theorem is a consequence of (57).
(59) G is a supergraph of G and G2 is a supergraph of G if and only if
G1 =~ (2. The theorem is a consequence of (57).

(60) @ is a supergraph of Gg if and only if Ga C G;. The theorem is a con-
sequence of (57).

(61) G is a supergraph of G.

(62) Let us consider a graph G, and a supergraph Gy of Gs. Then every
supergraph of G9 is a supergraph of G3. The theorem is a consequence of
(57).

In the sequel G2 denotes a graph and GG denotes a supergraph of Gs.

(63) Let us consider graphs G, Ga. Suppose the vertices of G C the vertices
of G and the source of G5 C the source of G; and the target of Go C
the target of G1. Then G is a supergraph of G.

Let us consider G5 and G1. Now we state the propositions:
(64) (i) the source of G C the source of G, and
(ii) the target of G C the target of Gj.

(65) Suppose the vertices of Go = the vertices of G and the edges of G =
the edges of G1. Then G =~ G5. The theorem is a consequence of (64).

(66) Let us consider graphs G1, Ga. Suppose the vertices of Gy = the vertices
of G; and the edges of G = the edges of G; and the source of Go C
the source of G; and the target of Go C the target of G;. Then G ~ Gbs.
The theorem is a consequence of (63) and (65).

(67) Let us consider a set z. Then
(i) if = € the vertices of Gg, then = € the vertices of G, and
(i) if z € the edges of Gg, then x € the edges of G1.

The theorem is a consequence of (57).
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Let us consider G5 and G1. Now we state the propositions:
(68) Every vertex of G is a vertex of G.
(69) (i) the source of G = (the source of G1)[(the edges of G3), and
(ii) the target of G2 = (the target of G1)[(the edges of G2).
The theorem is a consequence of (57).
(70) Let us consider sets x, y, and an object e. Then
(i) if e joins z and y in G, then e joins z and y in G1, and
(ii) if e joins x to y in Gg, then e joins x to y in G, and
(iii) if e joins a vertex from z and a vertex from y in Gg, then e joins a
vertex from x and a vertex from y in G1, and
(iv) if e joins a vertex from x to a vertex from y in G, then e joins a
vertex from x to a vertex from y in G;.
The theorem is a consequence of (57).
Let us consider Go, G1, and objects e, v1, v2. Now we state the propositions:
(71) If e joins vy to vy in G, then e joins vy to vy in Go or e ¢ the edges of
Gs.
(72) If e joins v; and v in G, then e joins v1 and vy in G2 or e ¢ the edges
of Ga. The theorem is a consequence of (71).

Let G be a finite graph. Observe that there exists a supergraph of G which
is finite.
Now we state the propositions:

(73) (i) Ga.order() C Gj.order(), and
(ii) Gao.size() C G .size().
(74) Let us consider a finite graph Gg, and a finite supergraph G of G3. Then
(i) Gg.order() < Gj.order(), and
(i) Go.size() < G.size().
The theorem is a consequence of (57).

(75) Every walk of G5 is a walk of G1. The theorem is a consequence of (57).

(76) Let us consider a walk W5 of G2, and a walk W; of G1. Suppose Wy = Wj.
Then

(i) W1 is closed iff Wy is closed, and

(ii) W is directed iff Ws is directed, and
(iii) W, is trivial iff Wy is trivial, and
(iv) W1y is trail-like iff Wy is trail-like, and
(v) Wy is path-like iff W5 is path-like, and
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(vi) W7y is vertex-distinct iff W is vertex-distinct, and
(vii) Wi is cycle-like iff Wy is cycle-like.
The theorem is a consequence of (57) and (54).

Let G be a non trivial graph. Note that every supergraph of G is non trivial.

Let G be a non non-directed-multi graph. Observe that every supergraph of
G is non non-directed-multi.

Let G be a non non-multi graph. One can verify that every supergraph of G
is non non-multi.

Let G be a non loopless graph. Let us note that every supergraph of G is
non loopless.

Let G be a non directed-simple graph. Observe that every supergraph of G
is non directed-simple.

Let G be a non simple graph. One can check that every supergraph of G is
non simple.

Let G be a non acyclic graph. One can verify that every supergraph of G is
non acyclic.

Every supergraph of a non finite graph G is non finite.

In the sequel V' denotes a set. Let us consider G and V.

A supergraph of G extended by the vertices from V is a supergraph of G
defined by

(Def. 10) the vertices of it = (the vertices of G)UV and the edges of it = the edges
of G and the source of it = the source of G and the target of it =
the target of G.

Now we state the propositions:
(77) Let us consider supergraphs G, Gy of G extended by the vertices from
V. Then Gl ~ G2.
(78) Let us consider a supergraph G of G extended by the vertices from V.
Then G1 =~ G5 if and only if V' C the vertices of Gs.

(79) Let us consider graphs Gp, G2, and a set V. Suppose G1 ~ G2 and
V' C the vertices of G5. Then Gy is a supergraph of G9 extended by the
vertices from V. The theorem is a consequence of (59).

(80) Let us consider a supergraph G of G extended by the vertices from V.
Suppose G1 = G2. Then G» is a supergraph of G extended by the vertices
from V. The theorem is a consequence of (58) and (62).

(81) Let us consider a supergraph G of G5 extended by the vertices from V.
Then G;.edgesBetween(the vertices of G2) = the edges of G1.

PROOF: Set Fq7 = the edges of G1. Set Vo = the vertices of G5. For every
object e, e € Ej iff e € Gy.edgesInto(Va2) N G1.edgesOutOf (V2). O
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(82) Let us consider a graph Gj, sets Vi, Va2, and a supergraph Gs of G3
extended by the vertices from V5. Then every supergraph of G2 extended
by the vertices from Vi is a supergraph of G3 extended by the vertices
from V; U Vi. The theorem is a consequence of (62).

(83) Let us consider a graph Gs, sets Vi, Va, and a supergraph G of Gs
extended by the vertices from V; U Vs. Then there exists a supergraph Go
of i3 extended by the vertices from V5 such that G; is a supergraph of
G5 extended by the vertices from V.

(84) Let us consider a supergraph G; of G2 extended by the vertices from V.
Then G5 is a subgraph of GG; induced by the vertices of G3. The theorem
is a consequence of (57) and (81).

(85) Let us consider a supergraph G of G extended by the vertices from V,
and objects z, y, e. Then e joins x to y in G if and only if e joins = to y
in GQ.

(86) Let us consider a supergraph G of G extended by the vertices from V,
and an object v. If v € V, then v is a vertex of Gy.

(87) Let us consider a supergraph G of G extended by the vertices from V,
and objects x, y, e. Then e joins x and y in G if and only if e joins z and
y in Ga. The theorem is a consequence of (85).

(88) Let us consider a supergraph G of Gy extended by the vertices from
V', and a vertex v of Gi. Suppose v € V'\ (the vertices of G2). Then v is
isolated and non cut-vertex.

PROOF: v.edgesInOut() = (). O

(89) Let us consider a supergraph G; of Gy extended by the vertices from
V. Suppose V \ (the vertices of G3) # 0. Then G; is non trivial, non
connected, non tree-like, and non complete.

ProOF: Consider v; being an object such that v; € V'\ (the vertices of
G9). @ # 1, where « is the vertices of G;. vy is isolated. O
Let G be a non-directed-multi graph and V' be a set. Note that every super-
graph of GG extended by the vertices from V is non-directed-multi.
Let G be a non-multi graph. One can verify that every supergraph of G
extended by the vertices from V' is non-multi.
Let G be a loopless graph. Observe that every supergraph of G extended by
the vertices from V' is loopless.
Let G be a directed-simple graph. Let us note that every supergraph of G
extended by the vertices from V is directed-simple.
Let G be a simple graph. Let us note that every supergraph of G extended
by the vertices from V is simple.
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Let us consider Go, V', a supergraph G of G2 extended by the vertices from
V, and a walk W of GG;. Now we state the propositions:

(90) (i) W.vertices() misses V' \ (the vertices of G2), or
(ii) W is trivial.
The theorem is a consequence of (85).
(91) If W.vertices() misses V' \ (the vertices of G3), then W is a walk of Gs.
The theorem is a consequence of (57).

Let G be an acyclic graph and V' be a set. Let us note that every supergraph
of G extended by the vertices from V is acyclic.

(92) Let us consider a supergraph G; of G2 extended by the vertices from V.
Then G» is chordal if and only if G is chordal.
PRrOOF: If G4 is chordal, then (7 is chordal. G5 is a subgraph of GG; induced
by the vertices of Ga. U

Let G be a chordal graph and V be a set. Let us observe that every super-
graph of G extended by the vertices from V is chordal.

From now on v denotes an object.

Let us consider G and v.

A supergraph of G extended by v is a supergraph of G extended by the
vertices from {v}.

Let us consider 3, v, and a supergraph G of Gy extended by v. Now we
state the propositions:

(93) G = Gs if and only if v € the vertices of Gs.
(94) v is a vertex of G1. The theorem is a consequence of (86).

Let us consider G. One can verify that every supergraph of G extended by
the vertices of G is non trivial, non connected, and non complete and there
exists a graph which is non trivial, non connected, and non complete.

Let G be a non connected graph and V' be a set. Note that every supergraph
of G extended by the vertices from V is non connected.

Now we state the propositions:

(95) Let us consider a supergraph G of G extended by the vertices from V.
Then

(i) Gy.size() = Ga.size(), and
(ii) Gj.order() = Gg.order() + V' \ «,

where « is the vertices of Gs.

(96) Let us consider a finite graph Gg, a finite set V, and a supergraph G
of G extended by the vertices from V. Then Gj.order() = Gs.order() +

V' \ a, where « is the vertices of Gs.
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(97) Let us consider a graph G2, an object v, and a supergraph G of G exten-
ded by v. Suppose v ¢ the vertices of Go. Then G.order() = Gy.order() +
1. The theorem is a consequence of (95).

(98) Let us consider a finite graph Gg, an object v, and a supergraph G; of
G2 extended by v. Suppose v ¢ the vertices of G2. Then Gj.order() =
Go.order() + 1. The theorem is a consequence of (96).

Let G be a finite graph and V' be a finite set. Note that every supergraph of
G extended by the vertices from V is finite.
Let v be an object. Note that every supergraph of G extended by wv is finite.
Let G be a graph and V' be a non finite set. Note that every supergraph of
G extended by the vertices from V is non finite.
Let us consider G. Let v1, e, v9 be objects.
A supergraph of G extended by e between vertices v; and vs is a supergraph
of G defined by
(Def. 11) (i) the vertices of it = the vertices of G and the edges of it = (the edges
of G) U {e} and the source of it = (the source of G)+-(e——wv;) and
the target of it = (the target of G)+-(e——w2), if v1, v2 € the vertices
of G and e ¢ the edges of G,

(ii) it ~ G, otherwise.
Now we state the propositions:

(99) Let us consider objects vy, e, ve, and supergraphs G1, G2 of G extended
by e between vertices v1 and vs. Then Gy ~ Gs.

(100) Let us consider vertices vy, vy of G, an object e, and a supergraph G
of G4 extended by e between vertices v; and vo. Then G7 &~ G5 if and only
if e € the edges of Gs.

(101) Let us consider objects v1, e, v2, and a supergraph G of G extended by e
between vertices v1 and vy. Suppose G1 = G5. Then G is a supergraph of
G extended by e between vertices v1 and ve. The theorem is a consequence
of (58) and (62).

Let us consider G, vertices vy, vo of GGo, an object e, and a supergraph G
of G5 extended by e between vertices v; and vo. Now we state the propositions:

(102) The vertices of G = the vertices of Ga.

(103) G1.edgesBetween(the vertices of G3) = the edges of G. The theorem is
a consequence of (102).

(104) Every vertex of G is a vertex of G.
(105) If e ¢ the edges of G3, then e joins v; to v in Gy.

Let us consider G4, vertices vy, vo of (Go, an object e, a supergraph G of Go
extended by e between vertices v; and vo, and objects e, wy, wy. Now we state
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the propositions:

(106) Suppose e ¢ the edges of Ga. Then if e; joins w; and we in G and
e1 ¢ the edges of Go, then e; = e.

(107) Suppose e ¢ the edges of Go. Then suppose e; joins w; and wg in G
and e; ¢ the edges of G2. Then

(i) w1 =v; and we = vy, or
(ii) w1 = vo and wy = vy.

The theorem is a consequence of (106) and (105).

(108) Let us consider vertices v, vy of Ga, a set e, and a supergraph Gp of
G2 extended by e between vertices v; and ve. Suppose e ¢ the edges of
Go. Then G» is a subgraph of G; with edge e removed. The theorem is
a consequence of (57).

(109) Let us consider vertices vy, v2 of Ga, an object e, a supergraph G of G
extended by e between vertices v and v9, and a walk W of G1. Suppose

if e € W.edges(), then e € the edges of G3. Then W is a walk of G. The
theorem is a consequence of (57).

Let G be a trivial graph and w1, e, vo be objects. Let us note that every
supergraph of G extended by e between vertices v; and vy is trivial.

Let G be a connected graph. Let us note that every supergraph of G extended
by e between vertices v; and vy is connected.

Let G be a complete graph. Note that every supergraph of G extended by e
between vertices v; and vy is complete.

Now we state the propositions:
(110) Let us consider vertices vy, vy of Go, an object e, and a supergraph G

of Gy extended by e between vertices v; and va. Suppose e ¢ the edges
of Go. Then

(i) Gy.order() = Gy.order(), and
(ii) Gj.size() = Ga.size() + 1.

(111) Let us consider a finite graph Go, vertices vy, v2 of G, an object e, and
a supergraph G of G2 extended by e between vertices v; and vo. Suppose
e ¢ the edges of Ga. Then Gj.size() = Ga.size() + 1.

Let G be a finite graph and v, e, v3 be objects. Observe that every super-
graph of G extended by e between vertices v; and vy is finite.
(112) Let us consider vertices vy, vy of G2, an object e, and a supergraph G of

G extended by e between vertices v; and vs. If G is loopless and vy # wvo,
then G is loopless. The theorem is a consequence of (105).
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(113) Let us consider a vertex v of G2, an object e, and a supergraph G7 of
G2 extended by e between vertices v and v. Suppose G2 is not loopless or
e ¢ the edges of G2. Then G is not loopless. The theorem is a consequence
of (105).
Let us consider G. Let v be a vertex of GG. Let us note that every supergraph
of G extended by the edges of G between vertices v and v is non loopless.
Let us consider G, vertices vy, vo of GGo, an object e, and a supergraph G
of (G5 extended by e between vertices v; and v9. Now we state the propositions:

(114) If Go is non-directed-multi and there exists no object eg such that es joins
v1 to v9 in G, then (G7 is non-directed-multi. The theorem is a consequence
of (71) and (105).

(115) Suppose e ¢ the edges of G2 and there exists an object ey such that e
joins vq to vy in Go. Then G4 is not non-directed-multi. The theorem is
a consequence of (105) and (70).

(116) If G is non-multi and v; and v are not adjacent, then G is non-multi.
The theorem is a consequence of (72) and (105).

(117) If e ¢ the edges of G2 and v; and ve are adjacent, then G; is not non-
multi.

PrRoOOF: There exist objects e1, ea, u1, us such that e; joins u; and us in
G1 and e joins u; and ug in G and e; # ey, [

(118) If Go is acyclic and v2 ¢ Ga.reachableFrom(v;), then G is acyclic. The
theorem is a consequence of (57), (54), and (105).

(119) If e ¢ the edges of G2 and vy € Ga.reachableFrom(v;), then Gj is not
acyclic. The theorem is a consequence of (75), (105), and (113).

(120) If G2 is not connected and v € Ga.reachableFrom(v;), then G is not
connected. The theorem is a consequence of (68), (109), (27), (105), (75),
(47), and (40).

(121) Suppose e ¢ the edges of G2 and for every vertices vs, v4 of Gy such that
vs and vy are not adjacent holds v3 = v4 or v; = vs and vo = v4 or V1 = vy
and vy = v3. Then G is complete.

PROOF: For every vertices u1, us of G such that u; # us holds u; and us
are adjacent. [J

(122) If G4 is not complete and vy and vy are adjacent, then G is not complete.

The theorem is a consequence of (68), (72), and (105).
Let us consider G. Let vy, e, v be objects.

A supergraph of G extended by v1, v2 and e between them is a supergraph
of G defined by

(Def. 12) (i) the vertices of it = (the vertices of G) U {v2} and the edges of
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it = (the edges of G) U {e} and the source of it = (the source of
G)+-(e——w1) and the target of it = (the target of G)+-(e——wv2), if
v1 € the vertices of G and vy ¢ the vertices of G and e ¢ the edges
of G,

(ii) the vertices of it = (the vertices of G) U {v1} and the edges of
it = (the edges of G) U {e} and the source of it = (the source of
G)+-(e——wv7) and the target of it = (the target of G)+-(e——wv2), if
vy ¢ the vertices of G and vy € the vertices of G and e ¢ the edges
of G,

(iii) it =~ G, otherwise.

Let v be a vertex of G and e, vo be objects.
One can check that a supergraph of G extended by vy, va and e between
them can equivalently be formulated as follows:

(Def. 13) (i) the vertices of it = (the vertices of G) U {v2} and the edges of
it = (the edges of G) U {e} and the source of it = (the source of
G)+-(e——w1) and the target of it = (the target of G)+-(e——wv2), if
vy ¢ the vertices of G and e ¢ the edges of G,

(ii) it ~ G, otherwise.

Let v1, e be objects and vy be a vertex of G.
Let us note that a supergraph of G extended by v;, vo and e between them
can equivalently be formulated as follows:

(Def. 14) (i) the vertices of it = (the vertices of G) U {v;} and the edges of
it = (the edges of G) U {e} and the source of it = (the source of
G)+-(e——wv1) and the target of it = (the target of G)+-(e——uwv2), if
v1 ¢ the vertices of G and e ¢ the edges of G,

(ii) it ~ G, otherwise.

Now we state the propositions:
(123) Let us consider objects v1, e, v2, and supergraphs G, G2 of G extended
by v1, v2 and e between them. Then G =~ Gs.
(124) Let us consider objects vy, e, v2, and a supergraph G of G extended by
v1, v2 and e between them. Suppose G1 &~ G2. Then G4 is a supergraph of

G extended by v1, v and e between them. The theorem is a consequence

of (58) and (62).

(125) Let us consider a vertex v; of Ga, objects e, vy, and a supergraph G
of Gy extended by v1, vo and e between them. Suppose e ¢ the edges of

G2 and vy ¢ the vertices of Gio. Then there exists a supergraph Gs of Go

extended by v such that (G; is a supergraph of GGz extended by e between

vertices v; and va. The theorem is a consequence of (94).
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(126) Let us consider objects v1, e, a vertex vg of G, and a supergraph G;
of Go extended by vi, v2 and e between them. Suppose e ¢ the edges of
Go and vy ¢ the vertices of Go. Then there exists a supergraph G of Go
extended by v; such that (1 is a supergraph of G5 extended by e between
vertices v; and va. The theorem is a consequence of (94).

(127) Let us consider a graph G, a vertex vy of G'3, objects e, vo, a supergraph
G- of G5 extended by vo, and a supergraph G of G extended by e between
vertices v; and ve. Suppose e ¢ the edges of G5 and vy ¢ the vertices of
Gs3. Then Gy is a supergraph of G35 extended by vi, vo and e between
them. The theorem is a consequence of (62), (68), and (94).

(128) Let us consider a graph Gz, objects vy, e, a vertex vy of G, a supergraph
G5 of G35 extended by v1, and a supergraph G of G extended by e between
vertices v; and ve. Suppose e ¢ the edges of G5 and vy ¢ the vertices of
Gs. Then Gy is a supergraph of G3 extended by vi, vo and e between
them. The theorem is a consequence of (62), (68), and (94).

(129) Let us consider a vertex v; of Gg, objects e, ve, and a supergraph G of
G2 extended by v, v and e between them. Suppose vy ¢ the vertices of
G2 and e ¢ the edges of G3. Then vs is a vertex of Gy.

(130) Let us consider objects v, e, a vertex vy of G, and a supergraph G; of
G2 extended by v, v and e between them. Suppose v; ¢ the vertices of
G2 and e ¢ the edges of G3. Then v; is a vertex of Gj.

(131) Let us consider a vertex v1 of Ga, objects e, ve, and a supergraph Gy of
G2 extended by v1, v2 and e between them. Suppose ve ¢ the vertices of
Go and e ¢ the edges of Gy. Then
(i) e joins vy to ve in G, and
(ii) e joins v; and v in Gy.
(132) Let us consider objects vy, e, a vertex vy of Go, and a supergraph Gy of
G2 extended by v1, v2 and e between them. Suppose v; ¢ the vertices of
G9 and e ¢ the edges of Gy. Then
(i) e joins vy to ve in G, and
(ii) e joins v; and v in Gy.
(133) Let us consider a vertex v1 of Gg, objects e, ve, and a supergraph Gy of
G9 extended by v1, v2 and e between them. Suppose ve ¢ the vertices of
Go and e ¢ the edges of Go. Let us consider objects e1, w. If w # v; or
e1 # e, then e does not join w and vy in G1. The theorem is a consequence
of (72) and (131).
(134) Let us consider objects vy, e, a vertex vy of Go, and a supergraph G of
G2 extended by v, v and e between them. Suppose v1 ¢ the vertices of
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G2 and e ¢ the edges of Gy. Let us consider objects ey, w. If w # vy or
e1 # e, then e does not join v; and w in G1. The theorem is a consequence
of (72) and (132).
Let us consider G9, objects v1, e, v, and a supergraph G of G9 extended
by v1, v2 and e between them. Now we state the propositions:

(135) G1.edgesBetween(the vertices of G3) = the edges of G2. The theorem is
a consequence of (131), (70), and (132).

(136) G is a subgraph of G; induced by the vertices of Go. The theorem is
a consequence of (57), (135), (15), and (16).

(137) Let us consider a vertex v; of Go, an object e, a set v, and a supergraph
G1 of G2 extended by v1, v2 and e between them. Suppose e ¢ the edges
of Gy and vy ¢ the vertices of Gi. Then Gg is a subgraph of G with vertex
vg removed. The theorem is a consequence of (136).

(138) Let us consider a set v, an object e, a vertex v of G2, and a supergraph
G1 of G2 extended by v, v2 and e between them. Suppose e ¢ the edges
of Gy and v; ¢ the vertices of Gio. Then G9 is a subgraph of G; with vertex
v; removed. The theorem is a consequence of (136).

(139) Let us consider a non trivial graph G, a vertex v; of G, objects e, v,

a supergraph G of G extended by w1, v and e between them, a subgraph
G5 of GG1 with vertex v; removed, and a subgraph G3 of G with vertex v;
removed. Suppose e ¢ the edges of G and vy ¢ the vertices of G. Then Go
is a supergraph of G3 extended by vs.
PROOF: v; is a vertex of G; and vy # wvy. For every object e, e €
G1.edgesBetween((the vertices of G1)\{v1}) iff e; € G.edgesBetween((the
vertices of G)\{v1}). For every object e; such that e; € dom(the source of
G2) holds (the source of G2)(e;) = (the source of G3)(e1). For every object
e1 such that e; € dom(the target of G2) holds (the target of Ga)(e1) =
(the target of G3)(er). O

(140) Let us consider a non trivial graph G, objects vy, e, a vertex ve of G,

a supergraph G; of G extended by v1, v2 and e between them, a subgraph
G5 of G1 with vertex vy removed, and a subgraph G3 of G with vertex v
removed. Suppose e ¢ the edges of G and vy ¢ the vertices of G. Then Go
is a supergraph of G3 extended by v;.
PROOF: v9 is a vertex of GG; and vy # wvy. For every object e, e €
G1.edgesBetween((the vertices of G1)\{v2}) iff e; € G.edgesBetween((the
vertices of G)\{v2}). For every object e; such that e; € dom(the source of
G2) holds (the source of G2)(e1) = (the source of G3)(e1). For every object
e1 such that e; € dom(the target of G2) holds (the target of Ga)(e1) =
(the target of G3)(ey). O
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(141) Let us consider a vertex v; of Ga, objects e, ve, a supergraph G of Go
extended by vy, vo and e between them, and a vertex w of G1. Suppose
e ¢ the edges of G2 and vy ¢ the vertices of G2 and w = vy. Then w is
endvertex.
PROOF: There exists an object e; such that w.edgesInOut() = {e1} and
e1 does not join w and w in G1. U

(142) Let us consider objects v1, e, a vertex vy of Ga, a supergraph G; of Gy
extended by vi, vo and e between them, and a vertex w of G1. Suppose
e ¢ the edges of Gy and v; ¢ the vertices of G2 and w = v;. Then w is
endvertex.
PROOF: There exists an object e; such that w.edgesInOut() = {e;} and
e does not join w and w in G1. O

(143) Let us consider a vertex v; of Ga, objects e, vg, and a supergraph G
of G extended by v, v and e between them. Suppose vo ¢ the vertices
of G2 and e ¢ the edges of G3. Then G is not trivial. The theorem is
a consequence of (125) and (89).

(144) Let us consider objects vy, e, a vertex vy of Gg, and a supergraph G
of G extended by vy, v and e between them. Suppose v; ¢ the vertices
of G2 and e ¢ the edges of G3. Then G is not trivial. The theorem is
a consequence of (126) and (89).

Let G be a graph and v be a vertex of G. Let us note that every supergraph
of G extended by v, the vertices of G and the edges of G between them is non
trivial and every supergraph of G extended by the vertices of G, v and the edges
of G between them is non trivial.

Let G be a trivial graph. Note that every supergraph of G extended by
v, the vertices of G and the edges of G between them is complete and every
supergraph of G extended by the vertices of G, v and the edges of G between
them is complete.

Let G be a loopless graph and vy, e, v2 be objects. One can verify that every
supergraph of G extended by v1, vy and e between them is loopless.

Let G be a non-directed-multi graph. One can check that every supergraph
of G extended by v1, va and e between them is non-directed-multi.

Let G be a non-multi graph. One can check that every supergraph of G
extended by v1, v and e between them is non-multi.

Let G be a directed-simple graph. One can check that every supergraph of
G extended by vy, v and e between them is directed-simple.

Let G be a simple graph. One can check that every supergraph of G extended
by v1, v2 and e between them is simple.

Now we state the propositions:
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(145) Let us consider a vertex vy of Ga, objects e, ve, a supergraph G of Go
extended by w1, vo and e between them, and a walk W of G;. Suppose
e ¢ the edges of G5 and vy ¢ the vertices of G2 and (e ¢ W.edges() and W
is not trivial or vy ¢ W.vertices()). Then W is a walk of G2. The theorem
is a consequence of (125), (68), (94), (108), (90), (91), (137), (129), and
(143).

(146) Let us consider objects vy, e, a vertex vy of G, a supergraph G; of Go
extended by v, vy and e between them, and a walk W of G;. Suppose
e ¢ the edges of G5 and vy ¢ the vertices of G2 and (e ¢ W.edges() and W
is not trivial or vy ¢ W.vertices()). Then W is a walk of Ga. The theorem
is a consequence of (126), (68), (94), (108), (90), (91), (138), (130), and
(144).

(147) Let us consider objects v1, €, v9, a supergraph G of Gy extended by vy,
ve and e between them, and a trail 7" of G;. Suppose e ¢ the edges of
Go and T first(), T.last() € the vertices of Go. Then e ¢ T.edges(). The
theorem is a consequence of (129), (141), (145), (130), (142), and (146).

Let G be a connected graph and vy, e, vo be objects. Let us observe that
every supergraph of G extended by v, vy and e between them is connected.

Let G be a non connected graph. One can check that every supergraph of G
extended by vi, v2 and e between them is non connected.

Let G be an acyclic graph. Note that every supergraph of G extended by vy,
v9 and e between them is acyclic.

Let G be a tree-like graph. One can verify that every supergraph of G exten-
ded by v1, vo and e between them is tree-like.

Now we state the propositions:

(148) Let us consider a vertex v; of Gg, objects e, ve, and a supergraph G of
G2 extended by v1, vy and e between them. Suppose e ¢ the edges of Go
and vy ¢ the vertices of Gy and G is not trivial. Then G is not complete.
PROOF: There exist vertices u, v of G1 such that v # v and v and v are
not adjacent. [J

(149) Let us consider objects vy, e, a vertex vy of G, and a supergraph G; of
G2 extended by vy, vy and e between them. Suppose e ¢ the edges of Go
and v ¢ the vertices of Gy and G is not trivial. Then G is not complete.
PROOF: There exist vertices u, v of G1 such that v # v and v and v are
not adjacent. [J

Let G be a non complete graph and vy, e, v be objects. Observe that every
supergraph of G extended by v1, v2 and e between them is non complete.

Let v be a vertex of GG. Observe that every supergraph of G extended by v,
the vertices of G and the edges of G between them is non complete and every
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supergraph of G extended by the vertices of G, v and the edges of G between
them is non complete.
Now we state the propositions:

(150) Let us consider a vertex v1 of Ga, objects e, ve, and a supergraph G of
G2 extended by vy, vy and e between them. Suppose e ¢ the edges of Go
and v ¢ the vertices of Go. Then

(i) Gy.order() = Ga.order() + 1, and
(ii) Gj.size() = Ga.size() + 1.

(151) Let us consider objects vy, e, a vertex vy of Go, and a supergraph G of
G2 extended by v1, vy and e between them. Suppose e ¢ the edges of Go
and vy ¢ the vertices of Go. Then

(i) Gy.order() = Ga.order() + 1, and
(ii) Gy.size() = Ga.size() + 1.

(152) Let us consider a finite graph Ga, a vertex vy of Ga, objects e, v, and
a supergraph G of G5 extended by v, v and e between them. Suppose
e ¢ the edges of Gy and vy ¢ the vertices of Ga. Then

(i) Gy.order() = Ga.order() + 1, and
(ii) Gj.size() = Ga.size() + 1.

(153) Let us consider a finite graph G, objects v, e, a vertex vy of Ga, and
a supergraph G of G5 extended by v1, v9 and e between them. Suppose
e ¢ the edges of G2 and v; ¢ the vertices of Gy. Then

(i) Gy.order() = Ga.order() + 1, and
(ii) Gj.size() = Ga.size() + 1.

Let G be a finite graph and vy, e, vo be objects. One can verify that every
supergraph of G extended by w1, vo and e between them is finite.
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(ii) it ~ G, otherwise.
A graph given by reversing directions of the edges of G is a graph given by
reversing directions of the edges of G of G. Now we state the propositions:

(1) Let us consider graphs G1, G5 given by reversing directions of the edges
FE of G. Then Gy = Ga.

(2) Let us consider a graph G; given by reversing directions of the edges E
of G. Suppose G1 = G2. Then G is a graph given by reversing directions
of the edges F of G.

Let us consider G, F, and a graph G given by reversing directions of the
edges E of G5. Now we state the propositions:

(3) @3 is a graph given by reversing directions of the edges E of G.

(4) (i) the vertices of G1 = the vertices of G2, and

(ii) the edges of G = the edges of Gs.

(5) Let us consider a graph G; given by reversing directions of the edges of
Go. Then G5 is a graph given by reversing directions of the edges of Gj.
The theorem is a consequence of (4) and (3).

(6) Let us consider a trivial graph Go, a set E, and a graph Gj. Then
G =~ (G2 if and only if 1 is a graph given by reversing directions of the
edges E of Gs.

Let us consider Go, E, a graph (G1 given by reversing directions of the edges
FE of G4, and objects v1, e, v9. Now we state the propositions:

(7) If E C the edges of G2 and e € E, then e joins vy to ve in Gg iff e joins
v2 to v1 in Gp. The theorem is a consequence of (3) and (4).

(8) If E C the edges of G2 and e ¢ E, then e joins vy to ve in Go iff e joins
v1 to v2 in Gp. The theorem is a consequence of (3) and (4).

(9) e joins v; and vy in G if and only if e joins v; and v in G;. The theorem
is a consequence of (3).

(10) Let us consider a graph G given by reversing directions of the edges E
of G. Then v is a vertex of (7 if and only if v is a vertex of Gs.

Let us consider Go, E, V, and a graph G; given by reversing directions of
the edges F of Go. Now we state the propositions:

(11) Gh.edgesBetween(V) = Go.edgesBetween (V).
ProOF:
For every object e, e € Gy.edgesBetween(V) iff e € Ga.edgesBetween (V).
O

(12) Gi.edgesInOut(V) = Ga.edgesInOut(V).
PROOF: For every object e, e € G1.edgesInOut(V) iff e € G.edgesInOut(V').
O
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(13) Let us consider a graph G; given by reversing directions of the edges
E of G9, a vertex vy of G1, and a vertex vy of Ga. If v;7 = w9, then
v1.edgesInOut() = ve.edgesInOut(). The theorem is a consequence of (12).

Let us consider G, F, and a graph G given by reversing directions of the
edges E of G5. Now we state the propositions:

(14) Every walk of G2 is a walk of G;. The theorem is a consequence of (4)
and (9).

(15) Every walk of G; is a walk of Gi2. The theorem is a consequence of (3)
and (14).

(16) Let us consider a graph G given by reversing directions of the edges E
of G9, a walk Ws of G2, and a walk W7 of GG1. Suppose E C the edges of
Go and Wy = Wy and Wa.edges() C E. Then W is directed if and only if
Wh.reverse() is directed.
PRrROOF: For every odd element n of N such that n < len Wj holds Wi (n+1)
joins Wi(n) to Wi(n+2) in G by [6, (1)], [7, (12)]. O

(17) Let us consider a graph G; given by reversing directions of the edges
of G, a walk Wy of 9, and a walk Wy of G1. Suppose W1 = Ws. Then
W1 is directed if and only if Wy.reverse() is directed. The theorem is
a consequence of (16).

(18) Let us consider a graph G given by reversing directions of the edges E
of Go, a walk Wy of Go, and a walk W7 of Gy. If Wy = Ws, then Wy is
chordal iff W5 is chordal. The theorem is a consequence of (3).

(19) Let us consider a graph G; given by reversing directions of the edges E
of G2, and objects v1, v2. Then there exists a walk W7 of G such that W3
is walk from vy to ve if and only if there exists a walk Wy of G5 such that
Ws is walk from v; to vy. The theorem is a consequence of (15) and (14).

(20) Let us consider a graph G; given by reversing directions of the edges
E of Gy, a vertex vy of GG, and a vertex vy of Go. If v1 = v9, then
G .reachableFrom(v;) = Ga.reachableFrom(vy). The theorem is a conse-
quence of (19).

(21) Let us consider a graph G given by reversing directions of the edges E
of Go. Then

(i) G1.componentSet() = Ga.componentSet(), and
(ii) G1.numComponents() = Gg.numComponents().

The theorem is a consequence of (10) and (20).

Let G be a trivial graph and E be a set. Observe that every graph given by
reversing directions of the edges E of G is trivial.
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Let G be a non trivial graph. Let us observe that every graph given by
reversing directions of the edges F of G is non trivial.
Now we state the propositions:

(22) Let us consider a graph G; given by reversing directions of the edges
FE of Gs, a set v, and a subgraph G3 of G1 with vertex v removed. Then
every subgraph of G2 with vertex v removed is a graph given by reversing
directions of the edges E \ Gj.edgesInOut({v}) of G3. The theorem is
a consequence of (11), (2), (3), and (6).

(23) Let us consider a graph G given by reversing directions of the edges E
of G, a vertex v1 of G1, and a vertex vy of Go. Suppose v1 = v9. Then

(i) vy is isolated iff vg is isolated, and
(ii) v; is endvertex iff v9 is endvertex, and
(iii) vy is cut-vertex iff vy is cut-vertex.

The theorem is a consequence of (3).

Let us consider Go, F, and a graph GG given by reversing directions of the
edges F of Go. Now we state the propositions:

(24) (i) Gy.order() = Ga.order(), and

(il) G.size() = Go.size().
The theorem is a consequence of (4).

(25) Suppose E C the edges of Gy and G is non-directed-multi and for every
objects e1, ea, v1, v2 such that e; joins v1 and v9 in G5 and es joins v1 and
vg in G9 holds e1, e € E or e ¢ E and ey ¢ E. Then G; is non-directed-
multi.

PROOF: For every objects e, es, vy, vo such that e; joins v; to vg in Gy
and eo joins v1 to vy in G holds e} = ey. I
Let G be a non-directed-multi graph. Let us note that every graph given by
reversing directions of the edges of GG is non-directed-multi.
Let G be a non non-directed-multi graph. Observe that every graph given
by reversing directions of the edges of G is non non-directed-multi.
Let G be a non-multi graph and E be a set. One can verify that every graph
given by reversing directions of the edges F of G is non-multi.
Let G be a non non-multi graph. Let us note that every graph given by
reversing directions of the edges E of G is non non-multi.
Let G be a loopless graph. One can check that every graph given by reversing
directions of the edges E of G is loopless.
Let G be a non loopless graph. One can check that every graph given by
reversing directions of the edges E of G is non loopless.
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Let G be a connected graph. Let us observe that every graph given by
reversing directions of the edges E of G is connected.

Let G be a non connected graph. Observe that every graph given by reversing
directions of the edges E of GG is non connected.

Let G be an acyclic graph. Note that every graph given by reversing direc-
tions of the edges E of G is acyclic.

Let G be a non acyclic graph. One can verify that every graph given by
reversing directions of the edges E of G is non acyclic.

Let G be a complete graph. Observe that every graph given by reversing
directions of the edges E of G is complete.

Let G be a non complete graph. Observe that every graph given by reversing
directions of the edges E of GG is non complete.

Let G be a chordal graph. Note that every graph given by reversing directions
of the edges E of G is chordal.

Let G be a finite graph. Let us note that every graph given by reversing
directions of the edges E of G is finite.

Let G be a non finite graph. One can verify that every graph given by
reversing directions of the edges F of G is non finite.

Now we state the propositions:

(26) Let us consider a graph G; given by reversing directions of the edges of
Go. Then

(i) the source of G; = the target of G, and
(ii) the target of G1 = the source of Ga.

(27) Let us consider a graph G given by reversing directions of the edges of
G2, and objects vy, e, vo. Then e joins v to v2 in Gy if and only if e joins
v2 to v1 in Gy. The theorem is a consequence of (26).

2. ADDING A VERTEX AND SEVERAL EDGES TO A GRAPH

Let us consider G, v, and V.
A supergraph of G extended by vertex v and edges from v to V of G is
a supergraph of G defined by
(Def. 2) (i) the vertices of it = (the vertices of G) U {v} and the edges of

it = (the edges of G) U (V —— (the edges of G)) and the source
of it = (the source of G)+-((V +— (the edges of G)) — v) and
the target of it = (the target of G)+-m1(V K {the edges of G}), if
V' C the vertices of G and v ¢ the vertices of G,

(ii) it ~ G, otherwise.
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A supergraph of G extended by vertex v and edges from V of G to v is
a supergraph of G defined by

(Def. 3) (i) the vertices of it = (the vertices of G) U {v} and the edges of
it = (the edges of G) U (V —— (the edges of G)) and the source of
it = (the source of G)+-m(V W {the edges of G}) and the target
of it = (the target of G)+-((V +— (the edges of G)) +— v), if
V' C the vertices of G and v ¢ the vertices of G,

(i) it ~ G, otherwise.
A supergraph of G extended by vertex v and edges from v to the vertices of
G is a supergraph of G extended by vertex v and edges from v to the vertices
of G of G.
A supergraph of G extended by vertex v and edges from the vertices of G

to v is a supergraph of G extended by vertex v and edges from the vertices of
G of G to v. Now we state the propositions:

(28) Let us consider supergraphs G, G2 of G extended by vertex v and edges
from v to V of G. Then G1 ~ Gs.

(29) Let us consider supergraphs G, G2 of G extended by vertex v and edges
from V of G to v. Then G1 ~ Gs.

(30) Let us consider a supergraph G; of G extended by vertex v and edges
from v to V of G. Suppose G1 ~ G3. Then G is a supergraph of G
extended by vertex v and edges from v to V of G.

(31) Let us consider a supergraph G of G extended by vertex v and edges
from V of G to v. Suppose G; = (9. Then G, is a supergraph of G
extended by vertex v and edges from V of G to v.

(32) Let us consider a supergraph G of G extended by vertex v and edges
from v to V of G, and a supergraph G» of G extended by vertex v and
edges from V of G to v. Then

(i) the vertices of G = the vertices of G, and
(ii) the edges of G1 = the edges of G.

(33) Let us consider a supergraph G of Gy extended by vertex v and edges
from v to V' of G3. Suppose V' C the vertices of G2 and v ¢ the vertices
of Go. Then G1.edgesOutOf({v}) = V —— (the edges of G2).

PRrROOF: For every object e, e € Gi.edgesOutOf({v}) iff e € V +—
(the edges of Gg). O
(34) Let us consider a supergraph G of Gy extended by vertex v and edges

from V' of G2 to v. Suppose V' C the vertices of G2 and v ¢ the vertices
of Ga. Then Gj.edgesInto({v}) = V +—— (the edges of Ga).
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PROOF: For every object e, e € G1.edgesInto({v})iff e € V —— (the edges
of GQ) O

(35) Let us consider a supergraph G of G extended by vertex v and edges
from v to V of G, and a supergraph G of G extended by vertex v and edges
from V' of G to v. Suppose V' C the vertices of G and v ¢ the vertices of
G. Then

(i) Go is a graph given by reversing directions
of the edges G1.edgesOutOf({v}) of G1, and

(ii) Gy is a graph given by reversing directions
of the edges Ga.edgesInto({v}) of Gs.

The theorem is a consequence of (33) and (34).

(36) Let us consider a supergraph G of G extended by vertex v and edges
from v to V of G, a supergraph Gs of G extended by vertex v and edges
from V of G to v, and objects v1, e, vo. Then e joins v; and vy in Gy if
and only if e joins v; and v9 in Go. The theorem is a consequence of (35)
and (9).

(37) Let us consider a supergraph G of G extended by vertex v and edges
from v to V of GG, a supergraph G> of G extended by vertex v and edges
from V of G to v, and an object w. Then w is a vertex of G if and only
if w is a vertex of Gs.

(38) Let us consider a supergraph G of G2 extended by vertex v and edges
from v to V' of Ga. Suppose V' C the vertices of G and v ¢ the vertices
of G5. Let us consider objects ej, u. Then

(i) e; does not join u to v in Gy, and
(ii) if w ¢ V, then e; does not join v to u in Gy, and
(iii) for every object eg such that e; joins v to v in G; and ey joins v to
u in G1 holds e1 = es.

PROOF: e; does not join u to v in Gp. If u ¢ V', then e; does not join v to
uin Gy. e; ¢ the edges of G2 and ey ¢ the edges of Go. Consider x1, y;
being objects such that 1 € V and y; € {the edges of G2} and e; = (z1,
y1). Consider xa, y2 being objects such that xo € V and y2 € {the edges
of G} and eg = (2, y2). O

(39) Let us consider a supergraph G of Gy extended by vertex v and edges
from V' of G2 to v. Suppose V' C the vertices of G2 and v ¢ the vertices
of GG9. Let us consider objects ey, u. Then

(i) e does not join v to u in G, and

(i) if uw ¢ V, then e; does not join u to v in G, and
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(iii) for every object es such that e joins u to v in G and es joins u to
v in G7 holds e; = es.

PROOF: €1 does not join v to u in Gy. If u ¢ V', then e; does not join u to
v in Gi. e; ¢ the edges of G2 and ez ¢ the edges of Go. Consider x1, y;
being objects such that 1 € V and y; € {the edges of G2} and e; = (z1,
y1). Consider xa, y2 being objects such that xo € V and y2 € {the edges
of G} and eg = (2, y2). O

(40) Let us consider a supergraph G of Gy extended by vertex v and edges
from v to V' of G. Suppose V' C the vertices of G2 and v ¢ the vertices
of Gs. Let us consider objects e, vy, vo. Suppose v; # v. If e joins vy to v
in GG1, then e joins v1 to ve in Ga.
PROOF: e € the edges of Go. J

(41) Let us consider a supergraph G of Gy extended by vertex v and edges
from V' of G2 to v. Suppose V' C the vertices of G2 and v ¢ the vertices
of Gs. Let us consider objects e, vy, va. Suppose vs # v. If e joins vy to v
in GG1, then e joins v1 to vo in Ga.
PROOF: e € the edges of Gy. I

(42) Let us consider a supergraph G of Gy extended by vertex v and edges
from v to V of G2, and an object v1. Suppose V C the vertices of G2 and
v ¢ the vertices of G and v; € V. Then (v1, the edges of G2) joins v to
U1 in Gl.

(43) Let us consider a supergraph G of Gy extended by vertex v and edges
from V of G5 to v, and an object v1. Suppose V C the vertices of G2 and
v ¢ the vertices of Gy and v; € V. Then (v1, the edges of G2) joins vy to
v in Gj.

Let us consider G, v, V, a supergraph G1 of G extended by vertex v and
edges from v to V of G, and a supergraph G2 of G extended by vertex v and
edges from V of G to v. Now we state the propositions:

(44) Every walk of G; is a walk of Ga. The theorem is a consequence of (35)
and (14).

(45) Every walk of G2 is a walk of G;. The theorem is a consequence of (35)
and (14).

Let us consider G, v, and V.

A supergraph of G extended by vertex v and edges between v and V of G
is a supergraph of GG defined by

(Def. 4) (i) the vertices of it = (the vertices of G) U{v} and for every object e,
e does not join v and v in it and for every object vy, if v1 ¢ V', then e
does not join v; and v in 4t and for every object vo such that vy # v
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and vz # v and e joins vy to vg in 4t holds e joins vy to v2 in G and
there exists a set F such that V = E and E misses the edges of G
and the edges of it = (the edges of G) U E and for every object v;
such that v; € V there exists an object e; such that e; € F and e;
joins v; and v in 4t and for every object e such that eg joins vy and
v in it holds e; = eg, if V' C the vertices of G and v ¢ the vertices
of G,
(i) it = G, otherwise.

A supergraph of G extended by vertex v and edges between v and the vertices
of G is a supergraph of G extended by vertex v and edges between v and
the vertices of G of G.

One can verify that a supergraph of G extended by vertex v and edges from
v to V of G is a supergraph of G extended by vertex v and edges between v and
V of G.

Note that a supergraph of G extended by vertex v and edges from V of G
to v is a supergraph of G extended by vertex v and edges between v and V' of
G. Now we state the propositions:

(46) Let us consider a supergraph G of G2 extended by vertex v and edges
between v and () of Go. Then the edges of G2 = the edges of G.

(47) Let us consider a non empty set V', and a supergraph G; of G5 extended
by vertex v and edges between v and V' of Ga. Suppose V' C the vertices
of Gy and v ¢ the vertices of G5. Then the edges of Gy # 0.

(48) Let us consider a supergraph G; of G extended by vertex v and edges
between v and V of G. Suppose G1 =~ G5. Then Gs is a supergraph of G
extended by vertex v and edges between v and V' of G.

(49) Let us consider a supergraph G of G2 extended by vertex v and edges
between v and V of G, and objects vy, e, vo. Suppose V' C the vertices
of G2 and v ¢ the vertices of Go and v; # v and vy # v and e joins v; and
v9 in G1. Then e joins vy and vy in Ga.

(50) Let us consider a supergraph G of G2 extended by vertex v and edges be-
tween v and V' of Ga. Suppose V' C the vertices of Gg and v ¢ the vertices
of Go. Then v is a vertex of (G.

(51) Let us consider a supergraph G of Gy extended by vertex v and ed-

ges between v and V of G, a set E, and objects v, e, vy. Suppose
V' C the vertices of Gy and v ¢ the vertices of Gy and the edges of
G1 = (the edges of G2) U E and E misses the edges of G2 and e joins v;
and vy in G and e ¢ the edges of G3. Then

(i) e € E, and

133
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(ii) vy =v and vy € V or vg = v and v1 € V.

(52) Let us consider a supergraph G of Gy extended by vertex v and edges
between v and V' of G, and a set E. Suppose V C the vertices of G2 and
v ¢ the vertices of G2 and the edges of G; = (the edges of G2) U E and
FE misses the edges of G3. Then there exist functions f, g from E into
V U {v} such that

(i) the source of Gy = (the source of G3)+-f, and
(ii) the target of G1 = (the target of G2)+-g, and

(iii) for every object e such that e € F holds e joins f(e) to g(e) in Gy
and (f(e) = v iff g(e) # v).

PRroOF: Consider E; being a set such that V = E; and F; misses the ed-
ges of Gy and the edges of G = (the edges of G2) U E; and for every
object v1 such that v1 € V there exists an object e; such that e; € F7 and
e1 joins v1 and v in (G1 and for every object es such that es joins v and
v in G1 holds e; = es. Define Pobject, object] = there exists an object vy
such that $; joins $5 to v9 in G1. For every object e such that e € E there
exists an object v such that v; € V U {v} and Ple, v1].

Consider f being a function from E into V' U {v} such that for every
object e such that e € E holds Ple, f(e)]. Define Qlobject, object] = $;
joins f($1) to $2 in Gy. For every object e such that e € E there exists
an object vg such that ve € V U {v} and Qle, va].

Consider g being a function from E into V U {v} such that for every
object e such that e € E holds Qle, g(e)]. For every object e such that
e € dom(the source of G1) holds (the source of G1)(e) = ((the source of
G2)+-f)(e). For every object e such that e € dom(the target of G1) holds
(the target of G1)(e) = ((the target of Ga)+-g)(e). O

(53) Let us consider a supergraph G of G2 extended by vertex v and edges be-
tween v and V' of Ga. Suppose V' C the vertices of Gg and v ¢ the vertices
of G2. Then the edges of Go = G1.edgesBetween(the vertices of Gs).
PROOF: Set B = G;.edgesBetween(the vertices of Gg). For every object e,
e € the edges of Gs iff e € B. J

(54) Let us consider a graph Gg, sets v, V, and a supergraph G; of Ga
extended by vertex v and edges between v and V of G3. Suppose V' C
the vertices of Go and v ¢ the vertices of G. Then Gy is a subgraph of
G with vertex v removed. The theorem is a consequence of (53).

(55) Every supergraph of G5 extended by vertex v and edges between v and ()

of (G5 is a supergraph of G9 extended by v. The theorem is a consequence
of (46).
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(56) Let us consider an object vy, and a supergraph G7 of Go extended by
vertex v and edges between v and {v1} of Ga. Suppose v; € the vertices
of Gy and v ¢ the vertices of G3. Then there exists an object e such that

(i) e ¢ the edges of G, and

(ii) G, is supergraph of Ga extended by vertices v, v; and e between
them or supergraph of Gy extended by vertices v1, v and e between
them.

The theorem is a consequence of (52).

(57) Let us consider a subset W of V, and a supergraph G; of G extended
by vertex v and edges between v and V' of Ga. Suppose V' C the vertices
of G and v ¢ the vertices of Ga. Then there exists a function f from W
into G1.edgesBetween(W, {v}) such that

(i) f is one-to-one and onto, and
(ii) for every object w such that w € W holds f(w) joins w and v in Gj.

ProoF: Consider E being a set such that V' = E and E misses the edges
of G2 and the edges of G; = (the edges of G3) U E and for every object
v1 such that vy € V there exists an object e; such that e; € E and e;
joins v; and v in (G; and for every object es such that e joins v; and v
in G holds e; = ey. Define P[object, object] = $2 joins $; and v in Gj.
For every object w such that w € W there exists an object e such that
e € (G1.edgesBetween(W, {v}) and Plw, €].

Consider f being a function from W into G;.edgesBetween(W,{v})
such that for every object w such that w € W holds Plw, f(w)]. For every
objects wy, wg such that wi, wy € W and f(w;) = f(w2) holds w; = wy.
For every object e such that e € G;.edgesBetween(W, {v}) holds e € rng f.
O

(58) Let us consider a supergraph G of G extended by vertex v and edges be-

tween v and V' of Ga. Suppose V' C the vertices of Go and v ¢ the vertices
of Gy and E misses the edges of G9 and the edges of G; = (the edges of
G2) U E. Then E = G;.edgesBetween(V, {v}).
PRrooF: Consider E; being a set such that V = E; and F; misses the ed-
ges of G and the edges of G; = (the edges of G2)UE; and for every object
v1 such that v1 € V there exists an object e such that e; € E7 and e; joins
v1 and v in G1 and for every object es such that es joins vq and v in Gy
holds e; = ey. For every object e, e € E iff e € G;.edgesBetween(V, {v}).
O

(59) Let us consider a supergraph G of G2 extended by vertex v and edges be-
tween v and V of Gy. Suppose V' C the vertices of Gy and v ¢ the vertices
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of G9. Then
(i) G1.edgesBetween(V,{v}) misses the edges of G, and
(ii) the edges of G1 = (the edges of G3) U G1.edgesBetween(V, {v}).

PrOOF: Gj.edgesBetween(V, {v}) N (the edges of G2) = (). For every ob-
ject e such that e € the edges of G holds e € (the edges of Gj) U
G .edgesBetween(V, {v}). O

Let us consider a graph (3, an object v, sets Vi, V5, a supergraph G of
(3 extended by vertex v and edges between v and V1 UV of Gz, and a sub-
graph G of G7 with edges G;.edgesBetween(Vs, {v}) removed. Suppose
V1 U Vs C the vertices of G3 and v ¢ the vertices of G5 and V; misses V5.
Then G» is a supergraph of G3 extended by vertex v and edges between
v and Vi of Gg.

PRroor: Consider E being a set such that V; UVs = E and E misses
the edges of G3 and the edges of G; = (the edges of G3) U E and for
every object v; such that v; € V] U Vs there exists an object e; such that

e1 € E and e joins v; and v in Gy and for every object es such that es
joins v; and v in G holds e; = ey. E = G.edgesBetween(V; U Va, {v}).
For every object e such that e € the edges of G3 holds e € (the edges of
G3) \ G1.edgesBetween(Va, {v}). G is a supergraph of Gg. O

Let us consider a graph G, an object v, a set V', a vertex v; of G, and
a supergraph G of G3 extended by vertex v and edges between v and
V U{v1} of G3. Suppose V' C the vertices of G3 and v ¢ the vertices of
Gz and v; ¢ V.

Then there exists a supergraph Gs of GG3 extended by vertex v and

edges between v and V of G3 and there exists an object e such that
e ¢ the edges of G3 and G is supergraph of G2 extended by e between
vertices v and v; or supergraph of G2 extended by e between vertices vy
and v.
PROOF: Reconsider W = {v;} as a subset of VU {v;}. Consider f being
a function from W into Gj.edgesBetween(W, {v}) such that f is one-to-
one and onto and for every object w such that w € W holds f(w) joins w
and v in G1. f(v1) ¢ the edges of Gs. v is a vertex of G1. O

Let us consider a graph G3, an object v, a set V', a vertex v, of G3, an ob-
ject e, and a supergraph Gs of G'3 extended by vertex v and edges between
v and V of G3. Suppose V' C the vertices of G3 and v ¢ the vertices of G3
and v1 ¢ V and e ¢ the edges of G.

Let us consider a graph G1. Suppose (G is supergraph of G5 extended
by e between vertices v; and v or supergraph of G5 extended by e between
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vertices v and v1. Then G; is a supergraph of G3 extended by vertex v
and edges between v and V U {v;} of Gj.

PRrooF: Consider F being a set such that V = E and E misses the edges
of G5 and the edges of Gy = (the edges of G3) U E and for every object vy
such that vy € V there exists an object e; such that e; € E and e; joins
v1 and v in G9 and for every object es such that es joins vy and v in Go
holds e; = e3. Consider f being a function such that f is one-to-one and
dom f = Fand g f = V. Set f1 = f+-(e——wv1). rng fNrng(e——wvy) = 0.
For every object w such that w € rng f U rng(e——w1) holds w € rng fi. v
is a vertex of GGo and v; is a vertex of G3. J

Let us consider Go, v, V, a supergraph G; of G2 extended by vertex v
and edges between v and V of G2, and a walk W of GG;. Now we state the
propositions:

(63) Suppose V' C the vertices of G2 and v ¢ the vertices of Gy. Then

(i) if W.edges() C the edges of Gy and W is not trivial, then v ¢
W .vertices(), and

(ii) if v ¢ W.vertices(), then W.edges() C the edges of G.

ProOF: Consider E being a set such that V = E and F misses the edges
of G2 and the edges of G; = (the edges of G3) U E and for every object
v1 such that vy € V there exists an object e; such that e; € E and e;
joins v; and v in (G; and for every object es such that e joins v; and v
in G; holds e; = ey. For every object e such that e € W.edges() holds
e € the edges of Go. J

(64) Suppose V' C the vertices of G and v ¢ the vertices of G5 and (W .edges()
C the edges of Gy and W is not trivial or v ¢ W.vertices()). Then W is
a walk of G3. The theorem is a consequence of (63).

(65) If W.vertices() C the vertices of Ga, then W.edges() C the edges of Ga.
The theorem is a consequence of (63).

(66) Let us consider supergraphs G1, G2 of G extended by vertex v and edges
between v and V' of GG. Then

(i) the vertices of G1 = the vertices of Go, and
(ii) every vertex of G is a vertex of Ga.

PRrROOF: The vertices of G = the vertices of Go. O

(67) Let us consider supergraphs G, G2 of G extended by vertex v and edges
between v and V' of GG, and objects v1, e1, vo. Suppose e; joins v and vg
in G1. Then there exists an object es such that es joins v1 and vg in Go.
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(68) Let us consider supergraphs G, G2 of G extended by vertex v and edges
between v and V' of G. Then there exists a function f from the edges of
(G1 into the edges of G5 such that

(i) fl(the edges of G) = id,, and
(ii) f is one-to-one and onto, and
(iii) for every objects v1, e, vy such that e joins v; and v in G holds f(e)
joins v and vy in Go,

where « is the edges of G. The theorem is a consequence of (67), (47), and
(51).

Let G be a loopless graph. Let us consider v and V. Observe that every
supergraph of G extended by vertex v and edges between v and V of G is
loopless.

Let G be a non-directed-multi graph. Let us note that every supergraph of
G extended by vertex v and edges between v and V of GG is non-directed-multi.

Let G be a non-multi graph. Note that every supergraph of G extended by
vertex v and edges between v and V of GG is non-multi.

Let G be a directed-simple graph. One can verify that every supergraph of
G extended by vertex v and edges between v and V' of G is directed-simple.

Let GG be a simple graph. Let us observe that every supergraph of G extended
by vertex v and edges between v and V of G is simple.

Now we state the proposition:

(69) Let us consider a supergraph G of G2 extended by vertex v and edges
between v and V of G, a walk W of GG1, and vertices vy, vo of G. Suppose
V' C the vertices of Gy and v ¢ the vertices of Go and W first() = v; and
W.last() = ve and vy ¢ Ga.reachableFrom(v;). Then v € W.vertices().
The theorem is a consequence of (64).

Let us consider Go, v, V, and a supergraph G; of G2 extended by vertex v
and edges between v and V' of G2. Now we state the propositions:

(70) Suppose V' C the vertices of G2 and v ¢ the vertices of Gy and Gg is
acyclic and for every component G3 of G2 and for every vertices wi, wa of
G3 such that wi, we € V holds w; = wy. Then G, is acyclic.
Proor: Consider E being a set such that V' = E and E misses the edges
of G2 and the edges of G; = (the edges of G2) U E and for every object vy
such that v; € V there exists an object e; such that e; € E and e; joins
v1 and v in G and for every object e such that es joins v; and v in Gy
holds e; = ey. There exists no walk W of G such that W is cycle-like. [J

(71) Suppose V' C the vertices of Gy and v ¢ the vertices of G2 and (Gy is
not acyclic or there exists a component Gg of G5 and there exist vertices
w1, wy of G such that wq, wy € V and wy # we). Then G is not acyclic.
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(72) Suppose V C the vertices of G2 and v ¢ the vertices of Gy and for every
component GG3 of Go, there exists a vertex w of G such that w € V. Then
(G1 is connected.
PROOF: For every vertex u of G such that u # v there exists a walk Wy
of G1 such that Wi is walk from u to v. For every vertices u, w of Gy,
there exists a walk Wy of G such that Wi is walk from u to w. O

Let G be a connected graph, v be an object, and V' be a non empty set. Note
that every supergraph of G extended by vertex v and edges between v and V
of G is connected.

Let us consider Go, v, V, and a supergraph G1 of G2 extended by vertex v
and edges between v and V' of Go. Now we state the propositions:

(73) Suppose V' C the vertices of Gy and v ¢ the vertices of Gy and there
exists a component G3 of Gy such that for every vertex w of Gs, w ¢ V.
Then G is not connected.

PRrOOF: Consider G being a component of Gy such that for every vertex
w of Gg, w ¢ V. Set v1 = the vertex of G3. There exists no walk W of Gy
such that W is walk from vy to v. [

(74) Suppose V' C the vertices of G and v ¢ the vertices of G2 and there
exists a component GG3 of GG such that the vertices of G3 misses V. Then
G1 is not connected. The theorem is a consequence of (73).

Let G be a non connected graph and v be an object. One can check that
every supergraph of G extended by vertex v and edges between v and ) of G is
non connected.

(75) Let us consider a supergraph G of Gy extended by vertex v and ed-
ges between v and V of Ga. Suppose V' C the vertices of G and v ¢
the vertices of GGo. Then G is complete if and only if G2 is complete and
V' = the vertices of Gs.

PRrROOF: For every vertices u, v of (G1 such that u # v holds u and v are
adjacent. [

Let G be a complete graph. Observe that every supergraph of G extended
by vertex the vertices of G and edges between the vertices of G and the vertices
of G is complete.

Now we state the propositions:

(76) Let us consider a supergraph G of G2 extended by vertex v and edges be-
tween v and V of G3. Suppose V' C the vertices of Gy and v ¢ the vertices
of G9. Then

(i) Gy.order() = Ga.order() + 1, and
(i) Gy.size() = Ga.size() + V.
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(77) Let us consider a finite graph G, an object v, a set V', and a supergraph

G1 of G5 extended by vertex v and edges between v and V' of Go. Suppose
V' C the vertices of Gy and v ¢ the vertices of Ga. Then Gj.order() =
Go.order() + 1.

(78) Let us consider a finite graph Gg, an object v, a finite set V', and a su-

pergraph G of G2 extended by vertex v and edges between v and V' of
G. Suppose V' C the vertices of Go and v ¢ the vertices of G2. Then
G1.size() = Go.size() + V.

Let G be a finite graph, v be an object, and V be a set. One can verify that

every supergraph of G extended by vertex v and edges between v and V of G

is finite.

1]

2]
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Summary. This paper continues formalization in Mizar [2, [I] of basic
notions of the composition-nominative approach to program semantics [I3] which
was started in [} [IT].

The composition-nominative approach studies mathematical models of com-
puter programs and data on various levels of abstraction and generality and
provides tools for reasoning about their properties. Besides formalization of se-
mantics of programs, certain elements of the composition-nominative approach
were applied to abstract systems in a mathematical systems theory [4l [6] [7] 5 [3].

In the paper we introduce a definition of the notion of a binominative function
over a set D understood as a partial function which maps elements of D to D. The
sets of binominative functions and nominative predicates [II] over given sets form
the carrier of the generalized Glushkov algorithmic algebra [I4]. This algebra can
be used to formalize algorithms which operate on various data structures (such
as multidimensional arrays, lists, etc.) and reason about their properties.

We formalize the operations of this algebra (also called compositions) which
are valid over uninterpretated data and which include among others the sequ-
ential composition, the prediction composition, the branching composition, the
monotone Floyd-Hoare composition, and the cycle composition. The details on
formalization of nominative data and the operations of the algorithmic algebra
over them are described in [10], 12| [9].
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1. PRELIMINARIES

From now on x denotes an object and n denotes a natural number.

Let X, Y be sets. Observe that every element of XY is X-defined and
every element of XY is Y-valued.

Now we state the proposition:

(1) Let us consider sets X, Y, Z, T, objects z, y, z, and a function f from
X xY x ZintoT. Suppose x € X andy € Y and z € Z and T # (). Then
flx,y,2) eT.

One can verify that there exists a set which is non empty and has not non
empty elements.

Let A, B, C be sets. The functor -(A, B, C) yielding a function from (A B) x
(B—-C) into A=-C'is defined by

(Def. 1) for every partial function f from A to B and for every partial function
g from B to C, it(f,g)=g- f.

From now on D denotes a non empty set and p, ¢ denote partial predicates
of D.

Now we state the propositions:

(2) If q is total, then domp C dom(p V gq).
(3) If q is total, then domp C dom(p A q).
(4) If q is total, then domp C dom(p = ¢).

2. OPERATIONS IN ALGEBRAS OF ALGORITHMS AND SPECIFICATIONS OVER
UNINTERPRETED DATA

From now on D denotes a set.
Let us consider D. The functor FPrg(D) yielding a set is defined by the term
(Def. 2) D-D.
Observe that FPrg(D) is non empty and functional.
A binominative function of D is a partial function from D to D. Now we
state the proposition:
(5) Let us consider a non empty set D, and a binominative function f of D.
Then idgelq 5 is a binominative function of D.
In the sequel p, g denote partial predicates of D and f, g denote binominative
functions of D.
Let us consider D and p. Let F' be a function from Pr(D) into Pr(D). One
can check that F(p) is function-like and relation-like.
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Let p be an element of Pr(D). One can check that F(p) is function-like and
relation-like.

Let us consider p and ¢. Let F' be a function from Pr(D) x Pr(D) into Pr(D).
Observe that F(p,q) is function-like and relation-like.

Let p, ¢ be elements of Pr(D). One can check that F(p,q) is function-like
and relation-like.

Let z be an element of Pr(D) x Pr(D). Observe that F'(x) is function-like
and relation-like.

Let us consider f. Let F' be a function from FPrg(D) into FPrg(D). Let us
observe that F(f) is function-like and relation-like.

Let us consider p and g. Let F' be a function from Pr(D)xFPrg(D)xFPrg(D)
into FPrg(D). One can check that F(p, f, g) is function-like and relation-like
and F'({p, f, g)) is function-like and relation-like.

Let us consider g. Let F' be a function from Pr(D) x FPrg(D) x Pr(D) into
Pr(D). One can check that F'(p, f, q) is function-like and relation-like and F'({p,
f, q)) is function-like and relation-like.

Let D be a set. We introduce the notation idpp(D) as a synonym of idp.

One can verify that the functor idpp(D) yields a binominative function of
D. Let D be a non empty set and d be an element of D. The functor idpp(d)
yielding an element of D is defined by the term

(Def. 3) idpp(D)(d).
Let us consider D. The functor (D) yielding a function from FPrg(D) x
FPrg(D) into FPrg(D) is defined by the term
(Def. 4) (D, D, D).
Let us consider D, f, and g. The functor f e g yielding a binominative
function of D is defined by the term

(Def. 5)  o(D)(f,9)-
Let us consider D. The functor -(D) yielding a function from FPrg(D) x
Pr(D) into Pr(D) is defined by the term
(Def. 6) (D, D, Boolean).
Let us consider D, f, and p. The functor f - p yielding a partial predicate of
D is defined by the term

(Def. 7) -(D)(f,p)-
Let F be a function from Pr(D) x FPrg(D) x FPrg(D) into FPrg(D), p be
a partial predicate of D, and f, g be binominative functions of D. One can check
that F'(p, f, g) is function-like and relation-like.
Now we state the proposition:
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(6) Ifx € dom(f-p), then x € dom(p-f) and ((p- f)(x) = true or (p- f)(z) =
false).
The scheme PredToNomPredEz deals with a set D and a set Dy and a unary
predicate P and states that

(Sch. 1) There exists a partial predicate p of D such that domp = D; and for
every object d such that d € dom p holds if P[d], then p(d) = true and if
not P[d], then p(d) = false

provided
e D CD.

The scheme PredToNomPredUnique deals with a set D and a set D; and a
unary predicate P and states that

(Sch. 2) For every partial predicates p, ¢ of D such that domp = D; and for every
object d such that d € domp holds if P[d|, then p(d) = true and if not
P[d], then p(d) = false and dom g = Dy and for every object d such that
d € dom ¢ holds if P[d], then ¢(d) = true and if not P[d], then ¢(d) = false
holds p = gq.
Let us consider D. The functor isEmpty(D) yielding a partial predicate of
D is defined by

(Def. 8) dom it = D and for every object d such that d € dom it holds if d = 0,
then it(d) = true and if d # 0, then it(d) = false.
Let D be a set with non non empty elements. The functor Empty  yielding
a binominative function of D is defined by the term

(Def. 9) D — 0.

Let us consider D. The functor L p yielding a binominative function of D is
defined by the term

(Def. 10) 0.

In the sequel D denotes a non empty set, p, ¢ denote partial predicates of
D, and f, g, h denote binominative functions of D.

Let us consider D. The functor IF(D) yielding a function from Pr(D) x
FPrg(D) x FPrg(D) into FPrg(D) is defined by

(Def. 11) for every partial predicate p of D and for every binominative functions f,
g of D, dom it(p, f, g) = {d, where d is an element of D : d € dom p and
p(d) = true and d € dom f or d € domp and p(d) = false and d € dom g}
and for every object d, if d € domp and p(d) = true and d € dom f, then
it(p, f, g)(d) = f(d) and if d € domp and p(d) = false and d € dom g,
then it(p, f, g)(d) = g(d).
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Let us consider D, p, f, and g. The functor IF(p, f, g) yielding a binominative
function of D is defined by the term

(Def. 12) IF(D)(p, f, 9).
Now we state the proposition:
(7) Suppose z € dom(IF(p, f,¢g)). Then
(i) x € domp and p(x) = true and z € dom f, or
(ii) = € domp and p(z) = false and = € dom g.

Let us consider D. The functor FH(D) yielding a function from Pr(D) x
FPrg(D) x Pr(D) into Pr(D) is defined by
(Def. 13) for every partial predicates p, ¢ of D and for every binominative function
f of D, domit(p, f, q) = {d, where d is an element of D : d € domp and
p(d) = false or d € dom(q - f) and (¢ - f)(d) = true or d € domp and
p(d) = true and d € dom(q- f) and (¢- f)(d) = false} and for every object
d,if d € domp and p(d) = false or d € dom(q- f) and (q- f)(d) = true, then
it(p, f, ¢)(d) = true and if d € domp and p(d) = true and d € dom(q - f)
and (q- f)(d) = false, then it(p, f, q)(d) = false.
Let us consider D, p, ¢, and f. The functor FH(p, f,q) yielding a partial
predicate of D is defined by the term
(Def. 14) FH(D)(p, f, q)-
Now we state the proposition:
(8) Suppose z € dom(FH(p, f,q)). Then
(i) z € domp and p(z) = false, or
(ii) = € dom(q - f) and (q - f)(x) = true, or
(iii) = € domp and p(x) = true and = € dom(q- f) and (q- f)(z) = false.

Let us consider D. The functor WH(D) yielding a function from Pr(D) x
FPrg(D) into FPrg(D) is defined by
(Def. 15) for every partial predicate p of D and for every binominative function f of
D, dom it(p, f) = {d, where d is an element of D : there exists a natural
number n such that for every natural number ¢ such that ¢ < n—1 holds
d € dom(p - (f) and (p - (f}))(d) = true and d € dom(p - (f")) and
(p- (f™)(d) = false} and for every object d such that d € domit(p, f)
there exists a natural number n such that for every natural number ¢
such that i < n — 1 holds d € dom(p - (f%)) and (p - (f*))(d) = true and
d € dom(p- (f")) and (p- (f"))(d) = false and it(p, f)(d) = (f")(d).
Let us consider D, p, and f. The functor WH(p, f) yielding a binominative
function of D is defined by the term

(Def. 16)  WH(D)(p, f).
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The functor ~ D yielding a function from Pr(D) into Pr(D) is defined by

(Def. 17) for every partial predicate p of D, dom(it(p)) = {d, where d is an element

of D : d ¢ domp} and for every element d of D such that d ¢ dom p holds
it(p)(d) = true.

Let D be a non empty set and p be a partial predicate of D. The functor

~ p yielding a partial predicate of D is defined by the term
(Def. 18) (~ D)(p).

Now we state the propositions:

(9) Let us consider an element d of D. Then d € domp if and only if d ¢

dom(~ p).

(10) If p is total, then dom(~ p) = 0.
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Summary. This paper continues formalization in the Mizar system [2} []
of basic notions of the composition-nominative approach to program semantics
[14] which was started in [8), 12} [10].

The composition-nominative approach studies mathematical models of com-
puter programs and data on various levels of abstraction and generality and pro-
vides tools for reasoning about their properties. In particular, data in computer
systems are modeled as nominative data [I5]. Besides formalization of seman-
tics of programs, certain elements of the composition-nominative approach were
applied to abstract systems in a mathematical systems theory [4. 6, [7] [5] 3].

In the paper we give a formal definition of the notions of a binominative
function over given sets of names and values (i.e. a partial function which maps
simple-named complex-valued nominative data to such data) and a nominati-
ve predicate (a partial predicate on simple-named complex-valued nominative
data). The sets of such binominative functions and nominative predicates form
the carrier of the generalized Glushkov algorithmic algebra for simple-named
complex-valued nominative data [15]. This algebra can be used to formalize al-
gorithms which operate on various data structures (such as multidimensional
arrays, lists, etc.) and reason about their properties.

In particular, we formalize the operations of this algebra which require a spe-
cification of a data domain and which include the existential quantifier, the as-
signment composition, the composition of superposition into a predicate, the
composition of superposition into a binominative function, the name checking
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predicate. The details on formalization of nominative data and the operations of
the algorithmic algebra over them are described in [11] [13] [9].

MSC: 68Q60 68T37 |03B70 03B35
Keywords: Glushkov algorithmic algebra; nominative data

MML identifier: NOMIN_2, version:8.1.08 5.52.1328

1. PRELIMINARIES

From now on a, b, ¢, v, v1, x, y denote objects, V', A denote sets, and d
denotes a nominative data with simple names from V and complex values from

A.

Now we state the proposition:

(1) {a,b,c} C Aif and only if a, b, c € A.

Let a, b, ¢, d, e, f be objects. One can verify that {{a, b}, (¢, d), (e, f)} is
relation-like.

Let us consider objects a, b, ¢, d, e, f. Now we state the propositions:

(2) dom{(a, b), {(c, d), (e, f)} ={a,c,e}.
(3) rng{(a, b), <C, d)v (ev f>} = {b7 d, f}

Let us consider V. Note that there exists a finite sequence which is one-to-one
and V-valued.

(4) dom(a,b,c) ={1,2,3}.

Let us consider V' and A. Let us note that NDgg(V, A) is non empty and has
not non empty elements and NDgc(V, A) is non empty and has not non empty
elements.

Now we state the propositions:

(5) Ifv eV, then {(v, d)} is a non-atomic nominative data of V' and A.

(6) Let us consider a finite function D. Suppose dom D C V and rng D C
NDgc(V, A). Then D is a non-atomic nominative data of V' and A.
PROOF: Define P[set] = $; is a non-atomic nominative data of V' and A.
For every sets -, B such that x € D and B C D and P[B] holds P[BU{z}].
P|D]. O

(7) Let us consider nominative data d;, d2 with simple names from V' and
complex values from A. Then dy C diV,ds.

(8) Every non-atomic nominative data of V' and A is a nominative data with
simple names from V and complex values from A.
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(9) Let us consider non-atomic nominative data di, do of V and A. Then
d1V,ds is a non-atomic nominative data of V and A. The theorem is
a consequence of (8).

Let us consider V' and A. Let dy, ds be non-atomic nominative data of V
and A. Let us observe that d;V,ds is function-like and relation-like.

Let us consider v. One can verify that d;Vds is function-like and relation-
like.

Let d; be a non-atomic nominative data of V and A and ds be a nominative
data with simple names from V and complex values from A. Let us observe that
d1V?ids is function-like and relation-like.

Now we state the propositions:

(10) Suppose v € V. Let us consider nominative data d;, dy with simple names
from V' and complex values from A, and a function L. If L = d; Vids, then
L(v) = dg. The theorem is a consequence of (8).

(11) Suppose v € V and v # v;. Let us consider a non-atomic nominative
data d; of V and A, a nominative data ds with simple names from V'
and complex values from A, and a function L. Suppose L = d;V{dy and
v € domd; and di ¢ A and =v(d2) ¢ A. Then L(v1) = di(v1). The
theorem is a consequence of (8).

Let us consider a non-atomic nominative data d; of V and A and a nomi-
native data do with simple names from V' and complex values from A. Now we
state the propositions:

(12) Suppose v € V and v ¢ domd; and d; ¢ A and =v(dy) ¢ A. Then
dom(d;Vids) = {v} Udomd;.

(13) IfveVandv € domd; andd; ¢ Aand =v(da) ¢ A, then dom(d;Vida) =
dom dl .

(14) IfveVandd, ¢ Aand =v(ds) ¢ A, then dom(d;Vids) = {v}Udomd;.
The theorem is a consequence of (13) and (12).

Let us consider V and A.

A partial predicate over simple-named complex-valued nominative data of V'
and A is a partial predicate of NDgc(V, A). In the sequel p, ¢, r denote partial
predicates over simple-named complex-valued nominative date of V and A.

Now we state the propositions:

(15) dom(pV q) = {d, where d is a nominative data with simple names from
V and complex values from A : d € dom p and p(d) = true or d € dom ¢ and
q(d) = true or d € domp and p(d) = false and d € domgq and ¢(d) =
false}.

(16) dom(pAq) = {d, where d is a nominative data with simple names from
V and complex values from A : d € domp and p(d) = false or d €
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dom ¢ and ¢(d) = false or d € domp and p(d) = true and d € dom g and
q(d) = true}.

(17) dom(p = ¢q) = {d, where d is a nominative data with simple names
from V and complex values from A : d € domp and p(d) = false or d €
dom ¢ and ¢(d) = true or d € domp and p(d) = true and d € dom g and
q(d) = false}.

Let us consider V, A, and v. The functor 3%*4 yielding a function from
Pr(NDgc(V, A)) into Pr(NDgc(V, A)) is defined by
(Def. 1) for every partial predicate over simple-named complex-valued nomina-
tive data p of V and A, dom(it(p)) = {d, where d is a nominative data
with simple names from V and complex values from A : there exists
a nominative data d; with simple names from V' and complex values from
A such that dVid; € domp and p(dVid;) = true or for every nominative
data d; with simple names from V' and complex values from A,dVid; €
domp and p(dVid;) = false} and for every nominative data d with simple
names from V and complex values from A, if there exists a nominative
data d; with simple names from V and complex values from A such that
dVidy € domp and p(dVidy) = true, then it(p)(d) = true and if for every
nominative data d; with simple names from V' and complex values from
A, dVid, € domp and p(dVidy) = false, then it(p)(d) = false.
Let us consider p. The functor 3,p yielding a partial predicate over simple-
named complex-valued nominative data of ¥V and A is defined by the term

(Def. 2)  (3V4)(p).
Now we state the propositions:
(18) Suppose = € dom(3,p). Then
(i) there exists a nominative data d; with simple names from V and

complex values from A such that zVid; € domp and p(zVid;) =
true, or

(ii) for every nominative data d; with simple names from V' and complex
values from A, xV¥d; € domp and p(zVid,) = false.
(19) FyLlpp(NDgc(V,A)) = Lpp(NDgc(V, A)). The theorem is a consequence
of (18).
(20) DISTRIBUTIVITY LAW:
F(pVa) =3p Vg
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2. ON AN ALGORITHMIC ALGEBRA OVER SIMPLE-NAMED COMPLEX-VALUED
NOMINATIVE DATA

From now on n denotes a natural number and X denotes a function.
Let F' be a function yielding function and d be an object. We say that d is
in doms F' if and only if
(Def. 3) for every object x such that x € dom F' holds d € dom(F(x)).

Let g be a function yielding function and X be a function. The functor

NDdataSeq(g, X, d) yielding a function is defined by
(Def. 4) domit = dom X and for every x such that z € dom X holds it(z) =
(X(2), g(x)(d)).

Let X be a finite function. Let us note that NDdataSeq(g, X, d) is finite.

Let X be a finite sequence. One can check that NDdataSeq(g, X, d) is finite
sequence-like.

Let X be a function. The functor NDentry(g, X, d) yielding a set is defined
by the term

(Def. 5) rngNDdataSeq(g, X, d).

Now we state the propositions:

(21) Let us consider a function f, and objects a, d. Then NDentry({f), (a),d) =
{{a, f(d))}.

(22) Let us consider functions f, g, and objects a, b, d. Then NDentry((f,
g)? <a7 b>7d) = {(CL, f(d)>7 <b7 g(d))}

(23) Let us consider functions f, g, h, and objects a, b, ¢, d. Then NDentry((f,
g,h), {a,b,c),d) = {{a, f(d)), (b, g(d)), (¢, h(d))}. The theorem is a con-
sequence of (4).

Let g be a function yielding function, X be a function, and d be an object.
Let us note that NDentry(g, X, d) is relation-like.

Let X be a one-to-one function. One can verify that NDentry(g, X,d) is
function-like.

Let X be a finite function. Observe that NDentry(g, X, d) is finite.

Now we state the proposition:

(24) Let us consider a function yielding function g, a function X, and an ob-
ject d. Then dom(NDentry(g, X,d)) = rng X.

Let us consider V and A.

A binominative function over simple-named complex-valued nominative data
of V and A is a partial function from NDgc(V, A) to NDgc(V, A). From now
on f, g, h denote binominative functions over simple-named complex-valued
nominative date of V and A.
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Now we state the propositions:

(25) rngNDdataSeq((f), (v),d) = v— f(d).

(26) If @ € V and d € dom f, then NDentry((f), (a),d) = =a(f(d)). The
theorem is a consequence of (25).

(27) If a € V and d € dom f, then NDentry((f), (a),d) is a non-atomic
nominative data of V' and A. The theorem is a consequence of (26).

(28) Suppose {a,b} €V and a # b and d € dom f and d € domg. Then
NDentry((f, g), (a,b), d) is a non-atomic nominative data of V" and A. The
theorem is a consequence of (22) and (6).

(29) Suppose {a,b,c} CV and a, b, ¢ are mutually different and d € dom f
and d € dom g and d € dom h. Then NDentry({f, g, h), (a,b, c),d) is a non-
atomic nominative data of V' and A. The theorem is a consequence of (23),
(2), (3), (1), and (6).

Let us consider V and A. Let f be a finite sequence. We say that f is
(V,A)-FPrg-yielding if and only if

(Def. 6) for every n such that 1 < n <len f holds f(n) is a binominative function
over simple-named complex-valued nominative data of V and A.

Let us consider f. Let us note that (f) is (V,A)-FPrg-yielding.

Let us consider g. Note that (f, g) is (V,A)-FPrg-yielding.

Let us consider h. Let us observe that (f, g, h) is (V,A)-FPrg-yielding.

Let us consider n. One can verify that there exists a finite sequence which
is (V,A)-FPrg-yielding and n-element.

Let us consider z. Let g be a (V,A)-FPrg-yielding finite sequence. One can
verify that g(x) is function-like and relation-like and every finite sequence which
is (V,A)-FPrg-yielding is also function yielding.

Now we state the propositions:

(30) Let us consider a (V,A)-FPrg-yielding finite sequence g, and a one-to-
one finite sequence X. Suppose dom g = dom X and d is in doms g. Then
rng NDentry(g, X, d) C NDgc(V, A).

(31) Let us consider a (V,A)-FPrg-yielding finite sequence g, and a one-to-
one, V-valued finite sequence X. Suppose domg = dom X and d is in
doms g. Then NDentry(g, X, d) is a non-atomic nominative data of V' and
A. The theorem is a consequence of (24), (30), and (6).

Let us consider V, A, and v. The functor Asg"? yielding a function from
FPrg(NDgc(V, A)) into FPrg(NDgc(V, A)) is defined by

(Def. 7) for every binominative function over simple-named complex-valued no-
minative data f of V and A, dom(it(f)) = dom f and for every nominative
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data d with simple names from V and complex values from A such that
d € dom(it(f)) holds it(f)(d) = dVLf(d).

Let us consider V', A, v, and f. The functor Asg”(f) yielding a binominative
function over simple-named complex-valued nominative data of V and A is
defined by the term

(Def. 8)  Asg"v(f).

Let d be a non-atomic nominative data of V and A. One can check that
Asg’(f)(d) is function-like and relation-like.

Now we state the proposition:

(32) Let us consider a non-atomic nominative data d of V and A. Sup-
pose v € V and d ¢ A and =wv(f(d)) ¢ A and d € dom f. Then
dom((Asg”(f))(d)) = domd U {v}. The theorem is a consequence of (14).

Let us consider V' and A. Let g be a (V,A)-FPrg-yielding finite sequence.
Assume [[g # 0. Let X be a function. The functor Sp(g, X) yielding a function
from Pr(NDgc(V, A)) x [1g into Pr(NDgc(V, A)) is defined by

(Def. 9) for every partial predicate over simple-named complex-valued nomina-
tive data p of V and A and for every element z of [[g, domit(p,z) =
{d, where d is a nominative data with simple names from V" and complex
values from A : dV,(NDentry(g, X,d)) € domp and d is in doms ¢} and
for every nominative data d with simple names from V' and complex values
from A such that d is in doms g holds it(p, x)(d) = p(dV,(NDentry(g, X, d))).

Let us consider V', A, and p. Let g be a (V,A)-FPrg-yielding finite sequence.
Assume [Jg # (0. Let X be a function and = be an element of []g. The func-
tor Sp(p, z, X) yielding a partial predicate over simple-named complex-valued
nominative data of V' and A is defined by the term

(Def. 10)  Sp(g, X)(p, z).

Now we state the proposition:

(33) Let us consider a (V,A)-FPrg-yielding finite sequence g. Suppose [ g #
(). Let us consider an element x of [[g. Suppose d € dom(Sp(p,z, X)).
Then

(i) dis in doms g, and
(ii) Sp(p, =, X)(d) = p(dVa(NDentry(g, X, d))).
Let us consider V', A, and v. The functor SK’A’U yielding a function from
Pr(NDgc(V, A)) x FPrg(NDgc(V, A)) into Pr(NDgc(V, A)) is defined by
(Def. 11) for every partial predicate over simple-named complex-valued nomina-
tive data p of V and A and for every binominative function over simple-

named complex-valued nominative data f of V and A, domit(p, f) =
{d, where d is a nominative data with simple names from V" and complex
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values from A : dV!f(d) € domp and d € dom f} and for every nomina-
tive data d with simple names from V and complex values from A such
that d € dom f holds it(p, f)(d) = p(dVLf(d)).
Let us consider V', A, v, p, and f. The functor Sp(p, f,v) yielding a partial
predicate over simple-named complex-valued nominative data of V and A is
defined by the term

V,A,
(Def. 12)  (Sp™“)(p f)-
Now we state the propositions:

(34) Ifd € dom(Sp(p, f,v)), then Sp(p, f,v)(d) = p(dVL f(d)) and d € dom f.
(35) Let us consider an element z of [[(f). Suppose v € V and [[(f) # 0.
Then Sp(p, f,v) = Sp(p,z, (v)). The theorem is a consequence of (26),
(33), and (34).
Let us consider V' and A. Let g be a (V,A)-FPrg-yielding finite sequence.
Assume []g # (0. Let X be a function. The functor Sp(g, X) yielding a function
from FPrg(NDgc(V, A)) x [[¢g into FPrg(NDgc(V, A)) is defined by

(Def. 13) for every binominative function over simple-named complex-valued no-
minative data f of V and A and for every element z of [] g, dom it(f, z) =
{d, where d is a nominative data with simple names from V" and complex
values from A : dV,(NDentry(g, X,d)) € dom f and d is in doms g} and
for every nominative data d with simple names from V' and complex values
from A such that d is in doms ¢ holds it(f, z)(d) = f(dV,(NDentry(g, X, d))).

Let us consider V', A, and f. Let g be a (V,A)-FPrg-yielding finite sequence.
Assume [ g # 0. Let X be a function and x be an element of [] g. The functor
Sp(f,z, X) yielding a binominative function over simple-named complex-valued
nominative data of V and A is defined by the term

Now we state the proposition:

(36) Let us consider a (V,A)-FPrg-yielding finite sequence g. Suppose [[ g #
(). Let us consider an element x of [[g. Suppose d € dom(Sp(f,z, X)).
Then

(i) d is in doms g, and
(ii) Sp(f, =, X)(d) = f(dVa(NDentry(g, X, d))).
Let us consider V., A, and v. The functor SIZ’A’” yielding a function from
FPrg(NDgc(V, A)) x FPrg(NDgc(V, A)) into FPrg(NDgc(V, A)) is defined by

(Def. 15) for every binominative functions over simple-named complex-valued no-
minative date f, g of V and A, dom it(f, g) = {d, where d is a nominative
data with simple names from V' and complex values from A : dVig(d) €
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dom f and d € dom g} and for every nominative data d with simple na-
mes from V and complex values from A such that d € domg holds
it(f,9)(d) = f(dVig(d)).
Let us consider V, A, v, f, and g. The functor Sg(f, g,v) yielding a binomi-
native function over simple-named complex-valued nominative data of V" and A
is defined by the term

(Def. 16)  ($¢*)(/. ).
Now we state the propositions:
(37) Iftde dom(SF(f7 g, U))? then SF(fv g, 'l))(d) = f(dVZg(d)) and d € domg

(38) Let us consider an element x of [[(g). Suppose v € V and [](g) # 0.
Then Sp(f,g,v) = Sp(f,z, (v)). The theorem is a consequence of (26),
(36), and (37).
Let us consider V', A, and v. The functor v yielding a partial predicate
over simple-named complex-valued nominative data of V and A is defined by

!V,A

(Def. 17) dom it = NDgc(V, A) \ A and for every non-atomic nominative data d of
V and A such that d € dom it holds if v =, d € dom it, then it(d) = true
and if v =, d ¢ dom t, then it(d) = false.
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Summary. In the paper we give a formalization in the Mizar system [2]
I] of the rules of an inference system for an extended Floyd-Hoare logic with
partial pre- and post-conditions which was proposed in [7, [0]. The rules are
formalized on the semantic level. The details of the approach used to implement
this formalization are described in [5].

We formalize the notion of a semantic Floyd-Hoare triple (for an extended
Floyd-Hoare logic with partial pre- and post-conditions) [5] which is a triple of
a pre-condition represented by a partial predicate, a program, represented by
a partial function which maps data to data, and a post-condition, represented by
a partial predicate, which informally means that if the pre-condition on a pro-
gram’s input data is defined and true, and the program’s output after a run on
this data is defined (a program terminates successfully), and the post-condition
is defined on the program’s output, then the post-condition is true.

We formalize and prove the soundness of the rules of the inference system
[9, 7] for such semantic Floyd-Hoare triples. For reasoning about sequential com-
position of programs and while loops we use the rules proposed in [3].

The formalized rules can be used for reasoning about sequential programs,
and in particular, for sequential programs on nominative data [4]. Application
of these rules often requires reasoning about partial predicates representing pre-
and post-conditions which can be done using the formalized results on the Kleene
algebra of partial predicates given in [§].

MSC: 68Q60 68T37 [03B70 |03B35

(©) 2018 University of Bialystok
159 CC-BY-SA License ver. 3.0 or later
ISSN 1426-2630(Print), 1898-9934(Online)


https://content.sciendo.com/view/journals/forma/forma-overview.xml
https://orcid.org/0000-0002-4565-9082
https://orcid.org/0000-0002-4078-1062
http://zbmath.org/classification/?q=cc:68Q60
http://zbmath.org/classification/?q=cc:68T37
http://zbmath.org/classification/?q=cc:03B70
http://zbmath.org/classification/?q=cc:03B35
http://creativecommons.org/licenses/by-sa/3.0/

160 IEVGEN IVANOV et al.

Keywords: Floyd-Hoare logic; Floyd-Hoare triple; inference rule; program
verification

MML identifier: NOMIN_3, version:8.1.08 5.53.1335

From now on v, x denote objects, D, V', A denote sets, n denotes a natural
number, p, ¢ denote partial predicates of D, and f, g denote binominative
functions of D.

Let us consider D, f, and p. We say that f coincides with p if and only if

(Def. 1) for every element d of D such that d € domp holds f(d) € dom p.
Let us consider g and ¢q. We say that f and g coincide with p and ¢ if and
only if
(Def. 2) for every element d of D such that d € rng f and g(d) € domgq holds
d € dom p.
Now we state the propositions:
(1) f coincides with Lpp(D).
(2) idpp(D) coincides with p.
Let us consider D, p, and q. We say that p = ¢ if and only if
(Def. 3) for every element d of D such that d € domp and p(d) = true holds
d € domq and ¢(d) = true.
Observe that the predicate is reflexive.

In the sequel D denotes a non empty set, d denotes an element of D, f, ¢
denote binominative functions of D, and p, ¢, r, s denote partial predicates of
D.

Now we state the propositions:

(3) IfplEr,thenpAgkE=r.

4) pAqEp.

(5) IfpEqgandr=s,then pArE=gAs.

(6) IfpVglr, thenp =r.

(7) Suppose p =gV r.If d € domp and p(d) = true, then d € dom g and
q(d) = true or d € domr and r(d) = true.

8) pVpErp
(9) IfpEqgandr s, thenpVrE=qVs.
(10) IfpVvgET,thenpAgl=r.
Let us consider D. The functor SemanticFloydHoareTriples(D) yielding a set
is defined by the term
(Def. 4) {{(p, f,q), where p, q are partial predicates of D, f is a binominative

function of D : for every element d of D such that d € domp and p(d) =
true and d € dom f and f(d) € dom q holds q(f(d)) = true}.


http://fm.mizar.org/miz/nomin_3.miz
http://ftp.mizar.org/
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We introduce the notation SFHTs(D) as a synonym of
SemanticFloydHoareTriples(D).
Now we state the propositions:

(11) Suppose (p, f,q) € SFHTs(D). If d € domp and p(d) = true and d €
dom f and f(d) € domg, then q(f(d)) = true.
(12) (0, f,p) € SFHTs(D).
Let us consider D. Observe that SFHTs(D) is non empty.
A semantic Floyd-Hoare triple of D is an element of

SemanticFloydHoareTriples(D).
An SFHT of D is an element of SFHTs(D). Now we state the propositions:

(13) (p,iddomp,p) is an SFHT of D.
(14) <p, idﬁeldf,p> is an SFHT of D.
(15) CONS; RULE:

If (p, f,q) is an SFHT of D and r = p, then (r, f, ¢) is an SFHT of D. The
theorem is a consequence of (11).

(16) CONS2 RULE:
Suppose (p, f,q) is an SFHT of D and ¢ = r and domr C domg. Then
(p, f,r) is an SFHT of D. The theorem is a consequence of (11).

(17) SKIP RULE:
(p,idpp(D),p) is an SFHT of D.

(18) (falsepp(D), f,p) is an SFHT of D.

(19) INVERSION RULE:
If p is total, then (~ p, f, q) is an SFHT of D. The theorem is a consequence
of (18) and (15).

(20) COMPOSITION RULE:
Suppose (p, f,q) is an SFHT of D and (q, g,r) is an SFHT of D and f and
g coincide with ¢ and r. Then (p, f ® g,7) is an SFHT of D.
PROOF: Set F' = f o g. For every d such that d € domp and p(d) = true
and d € dom F' and F(d) € domr holds r(F(d)) = true. O

(21) IF RULE:
Suppose (r Ap, f,q) is an SFHT of D and (-7 A p,g,q) is an SFHT of D.
Then (p,IF(r, f,9),q) is an SFHT of D.
PROOF: Set F' = IF(r, f,g). For every d such that d € domp and p(d) =
true and d € dom F' and F'(d) € dom g holds ¢(F(d)) = true. O

(22) If f coincides with p and (p, f,p) is an SFHT of D, then (p, f",p) is
an SFHT of D.
PROOF: Define P[natural number] = (p, f%1, p) is an SFHT of D. P[0]. For
every natural number k such that P[k] holds P[k + 1]. For every natural

161



162 IEVGEN IVANOV et al.

number k, Plk]. O

(23) WHILE RULE:
Suppose f coincides with p and domp C dom f and (rAp, f,p) is an SFHT
of D. Then (p, WH(r, f),—r A p) is an SFHT of D.
PROOF: Set F' = WH(r, f). Set ¢ = —rAp. For every d such that d € dom p
and p(d) = true and d € dom F and F(d) € dom ¢ holds ¢(F(d)) = true.
]

(24) UNCONDITIONAL COMPOSITION RULE (USEQ):
Suppose (p, f,q) is an SFHT of D and (g, g,r) is an SFHT of D and (~ ¢,
g,s) is an SFHT of D. Then (p, f e g,7 V s) is an SFHT of D.
PROOF: Set F' = f o g. For every d such that d € domp and p(d) = true
and d € dom F' and F(d) € dom(r V s) holds (r V s)(F(d)) = true. O

(25) Un~conpiTioNAL WHILE rRULE (UWH):
Suppose (r Ap, f,p) is an SFHT of D and (rA ~ p, f,p) is an SFHT of D.
Then (p, WH(r, f),—r A p) is an SFHT of D.
PROOF: Set F' = WH(r, f). Set ¢ = —rAp. For every d such that d € dom p
and p(d) = true and d € dom F and F(d) € dom q holds q(F(d)) = true.
]

(26) DP RULE:
Suppose (p, f,r) is an SFHT of D and (q, f,r) is an SFHT of D. Then
(pVgq,f,r)is an SFHT of D.
PROOF: Set P = pV q. For every d such that d € dom P and P(d) = true
and d € dom f and f(d) € domr holds r(f(d)) = true. O

In the sequel p, ¢ denote partial predicates over simple-named complex-
valued nominative date of V and A, f, g denote binominative functions over
simple-named complex-valued nominative date of V' and A, E denotes a (V,A)-
FPrg-yielding finite sequence, e denotes an element of [[ £, and d denotes a no-
minative data with simple names from V' and complex values from A.

Now we state the proposition:

(27) Suppose for every nominative data d with simple names from V' and
complex values from A such that d € dom p and p(d) = true and d € dom f
and f(d) € domgq holds ¢(f(d)) = true. Then (p, f,q) is an SFHT of
NDgc(V, A).

PRroOOF: For every element d of NDgc(V, A) such that d € domp and

p(d) = true and d € dom f and f(d) € dom ¢ holds ¢(f(d)) = true. O
(28) ASSIGNMENT RULE:

(Sp(p, f,v),Asg’(f),p) is an SFHT of NDgc(V, A).

PROOF: Set P = Sp(p, f,v). Set F = Asg’(f). For every d such that

d € dom P and P(d) = true and d € dom F and F(d) € domp holds
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p(F(d)) = true by [6l, 34]. O

(29) SFID; RULE:
(SP(pa s U)’ SF(ldPP(NDSC(‘/’ A))v 8 U)ap> is an SFHT of NDSC(‘/’ A)
PRrROOF: Set I = idpp(NDgc(V, A)). Set P = Sp(p, f,v). Set F' = Sg(1, f,v).
For every d such that d € dom P and P(d) = true and d € dom F' and
F(d) € domp holds p(F(d)) = true. O

(30) SFID RULE:
Suppose [ E # (). Then (Sp(p, e, E), Sp(idpp(NDgc(V, A)), e, E), p) is
an SFHT of NDgc(V, A).
PROOF: Set I = idpp(NDgc(V, A)). Set P = Sp(p, e, E). Set F = Sp(1, e, E).
For every d such that d € dom P and P(d) = true and d € dom F and
F(d) € domp holds p(F(d)) = true. O

(31) SF; RULE:

Suppose (p, Sp(idpp(NDgc(V, A)), g,v) e f,q) is an SFHT of NDgc(V, A).
Then (p, Sr(f,g,v),q) is an SFHT of NDgc(V, A).

PRrOOF: Set I = idpp(NDgc(V, A)). Set F' = Sp(f, g,v). Set G = Sg({, g,v).
Set C = G o f. For every d such that d € domp and p(d) = true and
d € domC and C(d) € domgq holds ¢(C(d)) = true. For every d such
that d € domp and p(d) = true and d € dom F' and F(d) € dom ¢ holds
q(F(d)) = true. O

(32) SF RULE:
Suppose [[ E # () and (p, Sp(idpp(NDsc(V, A)), e, E) e f,q) is an SFHT of
NDgc(V, A). Then (p,Sr(f,e, E),q) is an SFHT of NDgc(V, A).
PRrOOF: Set I = idpp(NDgc(V, A)). Set F' = Sp(f,e, E).Set G = Sp(I, ¢, E).
Set C = G o f. For every d such that d € domp and p(d) = true and
d € domC and C(d) € domgq holds ¢(C(d)) = true. For every d such
that d € domp and p(d) = true and d € dom F' and F(d) € dom g holds
q(F(d)) = true. O
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Summary. In this paper we present a formalization in the Mizar system
[2, 1] of the correctness of the subtraction-based version of Euclid’s algorithm
computing the greatest common divisor of natural numbers. The algorithm is
written in terms of simple-named complex-valued nominative data |11} [4].

The validity of the algorithm is presented in terms of semantic Floyd-Hoare
triples over such data [7]. Proofs of the correctness are based on an inference
system for an extended Floyd-Hoare logic with partial pre- and post-conditions
[8, 10} 5L, 3.
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From now on v denotes an object, V', A denote sets, and f denotes a bi-
nominative function over simple-named complex-valued nominative data of V'
and A.

Let us consider A. We say that A is complex containing if and only if
(Def. 1) CC A.

One can verify that there exists a set which is complex containing and every
set which is complex containing is also non empty.

The scheme BinPredToFunFEzr deals with sets X', ) and a binary predicate
P and states that
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(Sch. 1) There exists a function f from X x ) into Boolean such that for every
objects z, y such that =, y € Y holds if P[x,y], then f(x,y) = true and if
not P[z,y], then f(x,y) = false.

The scheme BinPredToFunUnique deals with sets X', )V and a binary predi-
cate P and states that

(Sch. 2) For every functions f, g from X x ) into Boolean such that for every
objects z, y such that x, y € Y holds if P[z,y], then f(x,y) = true and
if not Plz,y|, then f(z,y) = false and for every objects x, y such that
x, y € Y holds if P[z,y], then g(z,y) = true and if not P[z,y], then
g(xz,y) = false holds f = g.

The scheme Lambda2Unique deals with sets X', ), Z and a binary functor
F yielding an object and states that

(Sch. 3) For every functions f, g from X x ) into Z such that for every objects
x, y such that z, y € Y holds f(z,y) = F(z,y) and for every objects x, y
such that z, y € Y holds g(x,y) = F(x,y) holds f = g.
Let us consider V' and A. The functor nonatomicsND(V, A) yielding a set is
defined by the term
(Def. 2) the set of all d where d is a non-atomic nominative data of V" and A.

Now we state the propositions:

(1) Let us consider an object d. Suppose d € nonatomicsND(V, A). Then d
is a non-atomic nominative data of V and A.

(2) 0 € nonatomicsND(V, A).
Let us consider V' and A. One can verify that nonatomicsND(V, A) is non
empty and functional.
We say that V' is without nonatomic nominative data w.r.t. A if and only if

(Def. 3) A misses nonatomicsND(V, A).
Now we state the propositions:

(3) If V is without nonatomic nominative data w.r.t. A, then for every non-
atomic nominative data d of V and A, d ¢ A.

(4) Suppose V is without nonatomic nominative data w.r.t. Aand v € V. Let
us consider a non-atomic nominative data d; of V and A, and a nominative
data do with simple names from V and complex values from A. Then
dom(d;Vids) = {v} Udomd;. The theorem is a consequence of (3).

(5) Suppose V is without nonatomic nominative data w.r.t. A. Let us con-
sider a non-atomic nominative data d of V and A. Suppose v € V and
d € dom f. Then dom((Asg”(f))(d)) = domdU{wv}. The theorem is a con-
sequence of (3).
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In the sequel d denotes a nominative data with simple names from V and
complex values from A.

(6) Let us consider a non-atomic nominative data d; of V and A. Suppo-
se v € V and V is without nonatomic nominative data w.r.t. A. Then
d1V2d € dom(v =,). The theorem is a consequence of (4).
From now on a, b, ¢, z, y, z denote elements of V' and p, ¢, r, s denote partial
predicates over simple-named complex-valued nominative date of V and A.
Let us consider V', A, d, and a. We say that d is an extended real on a if
and only if
(Def. 4) (a =4)(d) is extended real.

We say that d is a complex on a if and only if
(Def. 5)  (a =4)(d) is complex.

We say that d is a value on a if and only if
(Def. 6) (a=4)(d) € A.

Now we state the propositions:

(7) If A is complex containing and for every d, d is a complex on a, then for
every d, d is a value on a.

(8) If for every d, d is a value on a, then rnga =,C A.

(9) 1If for every d, d is a value on a and for every d, d is a value on b, then
rng{a =4,b =,) C A x A. The theorem is a consequence of (8).

Let us consider V and A. Let a, b be elements of V' and p be a function
from A x A into Boolean. The functor lift-binary-pred(p, a, b) yielding a partial
predicate over simple-named complex-valued nominative data of V and A is
defined by the term

(Def. 7) p-{a=-4,b=).

Let 01 be a function from A x A into A. The functor lift-binary-op(o1, a, b)
yielding a binominative function over simple-named complex-valued nominative
data of V and A is defined by the term

(Def. 8) 01 (a =q,b=).

The functor Equality(A) yielding a function from A x A into Boolean is

defined by
(Def. 9) for every objects a, b such that a, b € A holds if a = b, then it(a,b) = true
and if a # b, then it(a,b) = false.

Let us consider V. Let z, y be elements of V. The functor Equality(A, z,y)

yielding a partial predicate over simple-named complex-valued nominative data
of V and A is defined by the term

(Def. 10) lift-binary-pred(Equality(A), z,y).
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Let x, y be objects. We say that z is less than y if and only if
(Def. 11) there exist extended reals z1, y; such that x; = = and y; = y and
1 <Y1.
Observe that the predicate is irreflexive and asymmetric.
Now we state the proposition:

(10) Let us consider extended reals x, y. If x is not less than y, then y is less
than z or x = y.
Let us consider A. The functor less(A) yielding a function from A x A into
Boolean is defined by
(Def. 12) for every objects x, y such that x, y € A holds if z is less than y, then
it(x,y) = true and if  is not less than y, then it(x,y) = false.

Let us consider V. Let z, y be elements of V. The functor less(A, x,y) yiel-
ding a partial predicate over simple-named complex-valued nominative data of
V and A is defined by the term

(Def. 13) lift-binary-pred(less(A), z,y).
Now we state the propositions:

(11) Suppose for every d, d is a value on a and for every d, d is a value on b.
Then dom(Equality(A, a,b)) = dom(a =,) N dom(b =,). The theorem is
a consequence of (9).

(12) Suppose for every d, d is a value on a and for every d, d is a value on
b. Then dom(less(A4,a,b)) = dom(a =4) N dom(b =,). The theorem is
a consequence of (9).

(13) Suppose for every d, d is a value on a and for every d, d is a value on b
and for every d, d is an extended real on a and for every d, d is an extended
real on b. Then — Equality(A4, a,b) = less(A, a,b) Vless(A, b, a).
(14) Suppose for every d, d is a value on a and for every d, d is a value
on b and d is an extended real on a and d is an extended real on b and
d € dom(—Equality(A4, a,b)) and (—Equality(A4, a,b))(d) = true. Then
(i) d € dom(less(A, a,b)) and (less(A, a,b))(d) = true, or
(ii) d € dom(less(A,b,a)) and (less(A, b, a))(d) = true.
The theorem is a consequence of (10) and (12).
Let x, y be objects. Assume z is a complex number and y is a complex
number. The functor x — y yielding a complex number is defined by
(Def. 14) there exist complex numbers z1, y; such that ;1 = z and y; = y and
it =1x1 — Y.
Let us consider A. Assume A is complex containing. The functor subtraction A
yielding a function from A x A into A is defined by
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(Def. 15) for every objects z, y such that x, y € A holds it(z,y) =z — y.

Let us consider V. Let x, y be elements of V. The functor subtraction(A, z, y)
yielding a binominative function over simple-named complex-valued nominative
data of V and A is defined by the term

(Def. 16) lift-binary-op(subtraction 4, =, y).

Let us consider a and b. The functor ged-conditional-step(V, A, a, b) yielding
a binominative function over simple-named complex-valued nominative data of

V and A is defined by the term
(Def. 17) IF(less(A4,b, a), Asg®(subtraction(4, a,b)),idpp(NDgc(V, A))).

The functor ged-loop-body(V, A, a, b) yielding a binominative function over
simple-named complex-valued nominative data of V' and A is defined by the
term

(Def. 18) gcd-conditional-step(V, A, a, b) e gcd-conditional-step(V, A, b, a).

The functor ged-main-loop(V, A, a, b) yielding a binominative function over
simple-named complex-valued nominative data of V' and A is defined by the
term

(Def. 19) WH(—Equality(A, a,b), gcd-loop-body(V, A, a, b)).

Let us consider x and y. The functor ged-var-init(V, A, a,b,z,y) yielding
a binominative function over simple-named complex-valued nominative data of
V and A is defined by the term

(Def. 20)  Asg(z =4) @ Asgb(y =4).

The functor ged-main-part(V, A, a,b, z,y) yielding a binominative function
over simple-named complex-valued nominative data of V and A is defined by
the term

(Def. 21) ged-var-init(V, A, a, b, z,y) e gcd-main-loop(V, A, a, b).

Let us consider z. The functor ged-program(V, A, a, b, z,y, z) yielding a bi-
nominative function over simple-named complex-valued nominative data of V'
and A is defined by the term

(Def. 22) ged-main-part(V, A, a,b,x,y) @ Asg®(a =,).

From now on xg, yo denote natural numbers.

Let us consider V', A, x, y, xg, and yg. Let d be an object. We say that x,
yo and d constitute a valid input for the ged w.r.t. V, A, x and y if and only if

(Def. 23) there exists a non-atomic nominative data d; of V' and A such that
d=dy and z, y € domd; and d;(z) = xo and d1(y) = yo.

The functor valid-ged-input(V, A, x, y, xo, yo) yielding a partial predicate over
simple-named complex-valued nominative data of V' and A is defined by

169
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(Def. 24) dom it = NDgc(V, A) and for every object d such that d € dom it holds
if xg, yo and d constitute a valid input for the ged w.r.t. V, A,  and y,
then it(d) = true and if x, yo and d do not constitute a valid input for
the ged w.r.t. V, A, x and y, then it(d) = false.

One can check that valid-ged-input(V, A, x, y, xo, o) is total.
Let us consider z. Let d be an object. We say that xg, yo and d constitute
a valid output for the ged w.r.t. V, A and z if and only if

(Def. 25) there exists a non-atomic nominative data d; of V' and A such that
d=d; and z € domd; and d;(z) = ged(xo, Yo)-
The functor valid-ged-output(V, A, z, x¢, yo) yielding a partial predicate over
simple-named complex-valued nominative data of V' and A is defined by

(Def. 26) dom it = {d, where d is a nominative data with simple names from V'
and complex values from A : d € dom(z =)} and for every object d such
that d € dom 4t holds if zg, yo and d constitute a valid output for the ged
w.r.t. V, A and z, then it(d) = true and if z¢, yo and d do not constitute
a valid output for the ged w.r.t. V, A and z, then it(d) = false.

Let us consider a and b. Let d be an object. We say that xg, yg and d
constitute a valid invariant for the ged w.r.t. V', A, a and b if and only if

(Def. 27) there exists a non-atomic nominative data d; of V and A such that
d =dy and a, b € domd; and there exist natural numbers x, y such that
x =di(a) and y = d;(b) and ged(z,y) = ged(zo, yo)-
The functor ged-inv(V, A, a, b, xg, yo) yielding a partial predicate over simple-
named complex-valued nominative data of V' and A is defined by
(Def. 28) dom it = NDgc(V, A) and for every object d such that d € dom it holds
if zg, yo and d constitute a valid invariant for the ged w.r.t. V., A, a and

b, then it(d) = true and if xg, yo and d do not constitute a valid invariant
for the ged w.r.t. V, A, a and b, then it(d) = false.

Observe that ged-inv(V, A, a, b, xo,y0) is total.
Now we state the propositions:
(15) (~Sp(p,x =4,a), Asg®(x =), p) is an SFHT of NDgc(V, A).
(16) Suppose V is not empty and V is without nonatomic nominative data
w.r.t. Aand a # b and a # y.
Then (valid-ged-input(V, A, x, y, zo, o), ged-var-init(V, A, a, b, z, y), gcd-inv
(V, A, a, b, 0, y0)> is an SFHT of NDsc(V, A)
PROOF: Set D3 = x =,. Set Dy = y =4. Set p = ged-inv(V, A, a, b, xo, yo)-
Set Q@ = Sp(p, D4,b). Set P = Sp(Q, D3, a). Set G = Asg’(Dy). Set I =
valid-ged-input(V, A, z,y, xo,y0). (~ Q,G,p) is an SFHT of NDgc(V, A).
IEP.O
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(17) Suppose V is not empty and V is without nonatomic nominative data
w.r.t. A and ¢ # b and A is complex containing and for every d, d is
a complex on a and for every d, d is a complex on b.
Then (less(A, b, a) A ged-inv(V, A, a, b, g, yo), Asg®(subtraction(A4, a, b)),
ged-inv(V, A, a, b, xo,yo)) is an SFHT of NDgc(V, A).
PRrROOF: Set i = ged-inv(V, A, a, b, z9,yo). Set | = less(A,b,a). Set D =
subtraction(A, a,b). Set f = Asg®(D). Set p = I Ai. For every d such
that d € domp and p(d) = true and d € dom f and f(d) € domi holds
i(f(d)) = true. O

(18) Suppose V is not empty and V is without nonatomic nominative data
w.r.t. A and ¢ # b and A is complex containing and for every d, d is
a complex on a and for every d, d is a complex on b.
Then (less(A, a,b) A ged-inv(V, A, a, b, o, yo), Asg® (subtraction(A4, b, a)),
ged-inv(V, A, a, b, xg,yo)) is an SFHT of NDgc(V, A).
PROOF: Set i = ged-inv(V, A, a,b, zo,y0). Set | = less(A,a,b). Set D =
subtraction(A,b,a). Set f = Asg®(D). Set p = I A i. For every d such
that d € domp and p(d) = true and d € dom f and f(d) € domi holds
i(£(d)) = true by [B, (23)], B (9),(10)]. O

(19) Suppose V' is not empty and V is without nonatomic nominative data
w.r.t. A and @ # b and A is complex containing and for every d, d is
a complex on a and for every d, d is a complex on b.
Then (ged-inv(V, A, a, b, xg, yo), gcd-conditional-step(V, A, a, b), gcd-inv
(V,A,a,b,x0,y0)) is an SFHT of NDgc(V, A). The theorem is a consequ-
ence of (17).

(20) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and a # b and A is complex containing and for every d, d is
a complex on a and for every d, d is a complex on b.
Then (ged-inv(V, A, a, b, xo, yo), gcd-conditional-step(V, A, b, a), ged-inv
(V, A, a,b,x0,70)) is an SFHT of NDgc(V, A). The theorem is a consequ-
ence of (18).

(21) Suppose V is not empty and V is without nonatomic nominative data
w.r.t. A and a # b and A is complex containing and for every d, d is a com-
plex on a and for every d, d is a complex on b. Then (ged-inv(V, A, a, b, xo, yo),
ged-loop-body(V, A, a,b), ged-inv(V, A, a, b, xo,yo)) is an SFHT of NDgc(V,
A). The theorem is a consequence of (19) and (20).

(22) Suppose V is not empty and V is without nonatomic nominative data
w.r.t. A and ¢ # b and A is complex containing and for every d, d is
a complex on a and for every d, d is a complex on b.
Then (~ ged-inv(V, A, a, b, xg, yo), gcd-loop-body (V, A, a, ), ged-inv
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(V,A,a,b,xo,y0)) is an SFHT of NDgc(V, A). The theorem is a consequ-
ence of (20).

(23) Suppose V' is not empty and V' is without nonatomic nominative data
w.r.t. A and a # b and A is complex containing and for every d, d is a com-
plex on a and for every d, d is a complex on b. Then (ged-inv(V, A, a, b, xo, yo),
ged-main-loop(V, A, a, b), Equality (A4, a, b) A ged-inv(V, A, a, b, xo, o)) is
an SFHT of NDgc(V, A). The theorem is a consequence of (21) and (22).

(24) Suppose V is not empty and V is without nonatomic nominative data
wr.t. A and a # b and a # y and A is complex containing and for
every d, d is a complex on a and for every d, d is a complex on b. Then
(valid-ged-input(V, A, z, y, o, Y0 ), gcd-main-part(V, A4, a, b, z, y), Equality
(A, a,b) A ged-inv(V, A, a, b, g, yp)) is an SFHT of NDgc(V, A). The the-
orem is a consequence of (16) and (23).

(25) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and for every d, d is a value on a and for every d, d is a va-
lue on b. Then (Equality(A4,a,b) A ged-inv(V, A, a, b, g, y0), Asg®(a =),
valid-ged-output(V, A, z, 29, yo)) is an SFHT of NDgc(V, A).

PROOF: Set D1 = a =,. Set ¢ = Equality(A, a, b)Aged-inv(V, A, a, b, xo, yo)-
Set r = valid-ged-output(V, A, 2z, zo, o). Set s3 = Sp(r, D1,2). ¢ = s3. O

(26) PARTIAL CORRECTNESS OF GCD ALGORITHM:

Suppose V' is not empty and V is without nonatomic nominative da-
ta wrt. A and @ # b and a # y and A is complex containing and
for every d, d is a complex on a and for every d, d is a complex on
b. Then (valid-ged-input(V, A, x,y, xo, o), ged-program(V, A, a, b, z,y, z),
valid-ged-output(V, A, z, zg, yo)) is an SFHT of NDgc(V, A). The theorem
is a consequence of (7), (24), (25), and (11).
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Summary. The main purpose of formalization is to prove that two equ-
ations y,(z) = y, y = «* are Diophantine. These equations are explored in the
proof of Matiyasevich’s negative solution of Hilbert’s tenth problem.

In our previous work [6], we showed that from the diophantine standpoint
these equations can be obtained from lists of several basic Diophantine relations
as linear equations, finite products, congruences and inequalities. In this forma-
lization, we express these relations in terms of Diophantine set introduced in
[7]. We prove that these relations are Diophantine and then we prove several
second-order theorems that provide the ability to combine Diophantine relation
using conjunctions and alternatives as well as to substitute the right-hand side
of a given Diophantine equality as an argument in a given Diophantine relation.
Finally, we investigate the possibilities of our approach to prove that the two
equations, being the main purpose of this formalization, are Diophantine.

The formalization by means of Mizar system [3], [2] follows Z. Adamowicz,
P. Zbierski [I] as well as M. Davis [4].
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Let X be a set, p be a Z-valued series of X, Rr, and a be an integer element
of Rp. Observe that a - p is Z-valued.
Now we state the propositions:

(1) Let us consider a non empty ordinal number O, an element ¢ of O, an add-
associative, right zeroed, right complementable, well unital, distributive,
non trivial double loop structure L, and a function z from O into L. Then
eval(1.1(i, L), x) = x(4).

(2) d; is an element of n + k.

(3) Ifk<m,thenn+ken+m.

(4) Let us consider an (n + k)-element finite 0-sequence p. If n # 0 and

k # 0, then (pn)(i1) = p(i1).

2. BAsic DIOPHANTINE RELATIONS

Now we state the propositions:

(5) Let us consider a diophantine subset A of the n-xtuples of N, and k.
Suppose k < n. Then {plk : p € A} is a diophantine subset of the k-
xtuples of N.

ProOOF: Consider k; being a natural number, () being a Z-valued poly-
nomial of n + k1,Rp such that for every object s, s € A iff there exists
an n-element finite 0-sequence x of N and there exists a ki-element finite
0-sequence y of N such that s = 2 and eval(Q, %z " y)) = 0.

Set D = {plk, where p is an n-element finite O-sequence of N : p € A}.
D C the k-xtuples of N. Reconsider ko = n — k as a natural number.
Reconsider P = @ as a Z-valued polynomial of k + (k2 + k1),Rp. For every
object s, s € D iff there exists a k-element finite 0-sequence z of N and
there exists a (kg + k1)-element finite 0-sequence y of N such that s = =
and eval(P, %z " y)) = 0 by [5, (13)], [8, (54),(17),(27)]. O

(6) Let us consider integers a, b, ¢, i1, and ia. Then {p: a-p(i1) = b-p(iz)+c}
is a diophantine subset of the n-xtuples of N. The theorem is a consequence
of (1).

(7) {p:a-p(i1) > b-p(iz) + ¢} is a diophantine subset of the n-xtuples of
N. The theorem is a consequence of (2) and (1).

The scheme UnionDiophantine deals with a natural number n and a unary
predicate P, Q and states that

(Sch. 1) {p, where p is an n-element finite 0-sequence of N : P[p] or Q[p]} is
a diophantine subset of the n-xtuples of N

provided
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e {p, where p is an n-element finite O-sequence of N : P[p]} is a diophantine
subset of the n-xtuples of N and

e {p, where p is an n-element finite 0-sequence of N : Q[p]} is a diophantine
subset of the n-xtuples of N.

The scheme FEq deals with a natural number n and a unary predicate P, Q
and states that
(Sch. 2) {p, where p is an n-element finite 0-sequence of N : P[p|} = {q, where
q is an n-element finite 0-sequence of N : Q[q]}

provided
e for every n-element finite 0-sequence p of N, P[p] iff Q[p].

Now we state the propositions:

(8) {p:a-p(i1) > b-p(i2) + ¢} is a diophantine subset of the n-xtuples of N.
PROOF: Define Plfinite 0-sequence of N] = a-$1(i1) > b-$1(i2) + ¢. Define
Qlfinite 0-sequence of N] = a - $1(i1) = b - $1(i2) + ¢. Define R[finite
0-sequence of N] = P[$;] or Q[$1]. Define Slfinite 0-sequence of N] =
a-$1(i1) > b-$1(i2) +c. {p : P[p]} is a diophantine subset of the n-xtuples
of N. {p : Q[p|} is a diophantine subset of the n-xtuples of N. {p : P[p]
or Q[p|} is a diophantine subset of the n-xtuples of N. {p : R[p|]} = {¢
: Slgly- O

(9) {p:a-p(i1) =b-p(iz) - p(iz)} is a diophantine subset of the n-xtuples of
N. The theorem is a consequence of (1).

(10) {p: there exists a natural number z such that a-p(i;) = b-p(i2)+z-c-p(i3)}
is a diophantine subset of the n-xtuples of N. The theorem is a consequence
of (2) and (1).
The scheme IntersectionDiophantine deals with a natural number n and a
unary predicate P, Q and states that
(Sch. 3) {p, where p is an n-element finite O-sequence of N : P[p] and Q[p|} is
a diophantine subset of the n-xtuples of N

provided

e {p, where p is an n-element finite O-sequence of N : P[p]} is a diophantine
subset of the n-xtuples of N and

e {p, where p is an n-element finite 0-sequence of N : Q[p]} is a diophantine
subset of the n-xtuples of N.

The scheme Substitution deals with a 6-ary predicate P and a ternary functor
F yielding a natural object and states that
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(Sch. 4)  For every iy, iy, i3, i4, and s, {p : P[p(i1), p(i2), F (p(iz), p(ia), p(is)), p(iz),
p(i4),p(i5)]} is a diophantine subset of the n-xtuples of N

provided

e for every i1, i2, i3, i4, i5, and 16, {p : P[p(ll),p(Zg),p(Zg),p(Z4),p(Z5),p(26)]}
is a diophantine subset of the n-xtuples of N and

e for every iy, i, i3, and iy, {p : F(p(i1), p(i2),p(i3)) = p(i4)} is a diophan-
tine subset of the n-xtuples of N.

The scheme SubstitutionInt deals with a ternary predicate P and a ternary
functor F yielding an integer and states that
(SCh 5) For every 11, i2, i3, 4, and i5, {p : P[p(il)ap(iZ)v]:(p(i3)7p(i4)ap(i5))]}
is a diophantine subset of the n-xtuples of N

provided

o for every i, 49, i3, and a, {p : P[p(i1),p(i2),a - p(i3)]} is a diophantine
subset of the n-xtuples of N and

o for every iy, i9, i3, i4, and a, {p : F(p(i1),p(iz2),p(iz)) = a - p(is)} is
a diophantine subset of the n-xtuples of N.

Now we state the propositions:
(11) {p:a-p(i1) = b-p(iz2)+c-p(iz)+d} is a diophantine subset of the n-xtuples
of N. The theorem is a consequence of (1).

(12) {p:p(i1) = a-p(iz)} is a diophantine subset of the n-xtuples of N. The
theorem is a consequence of (6).

(13) {p:a-p(i1) = b} is a diophantine subset of the n-xtuples of N.
PROOF: Set iy = the element of n. Define P[finite O-sequence of N] =
a - $1(i1) = b. Define Q|finite 0-sequence of N] = a - $1(i1) = 0- $1(d2) + b.
{p: Pl ={g: Qlgl}- U

(14) {p: p(i1) = a} is a diophantine subset of the n-xtuples of N.
PROOF: Set iy = the element of n. Define P|[finite 0-sequence of N] =
$1(i1) = a. Define Q[finite 0-sequence of N = 1-8$1(i1) =0-$1(i2) +a. {p
:Plpl} =A{q: Qlal}. U

(15) {p:p(i1) = a-p(i2) + b} is a diophantine subset of the n-xtuples of N.
PROOF: Define Plfinite 0-sequence of N] = $1(i1) = a - $1(i2) + b. Define
Qlfinite 0-sequence of N| = 1-$1(i1) = a-3$1(i2)+0b. {p: Plp]} = {¢: Qlqg]}-
O

(16) {p:a-p(i1) # b-p(i2) + ¢} is a diophantine subset of the n-xtuples of N.
PROOF: Define P(finite 0-sequence of N] = a-$1(i1) > b-$1(i2) + ¢. Define
Q[finite 0-sequence of N] = a - $1(i1) + —¢ < b - $1(42). Define R[finite
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0-sequence of N] = P[$;1] or Q[$;]. Define Slfinite O-sequence of N] =
a-$1(i1) # b-$1(i2) +¢. {p : P[p]} is a diophantine subset of the n-xtuples
of N. {p : Q[p]} is a diophantine subset of the n-xtuples of N. {p : P[p]
or Q[p]} is a diophantine subset of the n-xtuples of N. R[p] iff S[p]. {p
RIpl} = {q: Slg}. O

(17) {p:a-p(i1) > b-p(iz) - p(iz)} is a diophantine subset of the n-xtuples
of N.
PROOF: Define P[natural number, natural number, integer] = a-$; > $3+
0. Define F(natural number, natural number, natural number) = b- $5 - $3.
Define Q[finite 0-sequence of N] = a - $1(i1) > b- $1(42) - $1(43) + 0. Define
R[finite 0-sequence of N] = a - $1(i1) > b- $1(42) - $1(43).

For every n, i1, iz, i3, and ¢, {p : P[p(i1), p(i2),c- p(i3)]} is a diophan-
tine subset of the n-xtuples of N. For every n, i1, i2, i3, i4, and ¢, {p :
F(p(i1),p(i2), p(iz)) = c-p(is)} is a diophantine subset of the n-xtuples of
N. For every n, i1, iz, i3, 44, and i5, {p : P[p(i1), p(i2), F (p(i3), p(ia), p(is))]}
is a diophantine subset of the n-xtuples of N. {p: Q[p]} = {q¢: R[q]}. O

Let us consider a, b, ¢, i1, 12, and 73. Now we state the propositions:

(18) {p:a-p(i1) < b-p(iz) +c-p(iz)} is a diophantine subset of the n-xtuples
of N.
PROOF: Define P[natural number, natural number, integer] = a - $; + 0 <
$3. Define F(natural number, natural number, natural number) = b - $3 +
¢+ %3+ 0. Define Qfinite 0-sequence of N] = a-$1(i1) +0 < b-$1(i2) + ¢+
$1(i3) +0. Define R/[finite 0-sequence of N] = a-$1(i1) < b-$1(i2) +c¢-$1(i3).
For every n, i1, i2, i3, and d, {p : P[p(i1),p(i2),d - p(i3)]} is a diophantine
subset of the n-xtuples of N.

For every n, i1, ia, i3, i4, and d, {p : F(p(i1), p(i2),p(i3)) = d - p(is)}

is a diophantine subset of the n-xtuples of N. For every n, i1, is, i3, 14,
and is, {p : P[p(i1), p(i2), F(p(i3), p(ia), p(i5))]} is a diophantine subset of
the n-xtuples of N. {p: Q[p|} = {¢: R[¢|}. O

(19) {p:a-p(i1) = b-p(iz) —"c-p(i3)} is a diophantine subset of the n-xtuples
of N.
PROOF: Define P|[finite 0-sequence of N| = a - $1(i1) = b - $1(i2) + (—¢) -
$1(i3)+0. Define Q|finite 0-sequence of N] = b-$(i2) > ¢-$1(i3)+0. Define
Rlfinite 0-sequence of N| = a - $1(i1) = 0 - $1(42) - $1(43). Define Slfinite
0-sequence of N] = b- $1(i2) + 0 < ¢- $1(i3). Define U[finite 0-sequence of
N] = P[$1] and Q[$1]. {p : P[p]} is a diophantine subset of the n-xtuples
of N. {p : Q[p]} is a diophantine subset of the n-xtuples of N. {p : Pp]
and Q[p]} is a diophantine subset of the n-xtuples of N.

Define W(finite 0-sequence of N] = RI[$1] and S[$1]. {p : R[p]} is
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a diophantine subset of the n-xtuples of N. {p : S[p]} is a diophantine
subset of the n-xtuples of N. {p : R[p] and S[p|} is a diophantine subset
of the n-xtuples of N. Define V[finite 0-sequence of N| = U[$1] or WI[$1].
Define 7 [finite 0-sequence of N| = a - $1(i1) = b - $1(i2) — ¢ - $1(i3). {p :
U[p] or WIp|} is a diophantine subset of the n-xtuples of N. V[p] iff 7[p].
{p:Vply ={q: Tldl}- O

(20) {p:a-p(i1) =b-p(iz) —' ¢} is a diophantine subset of the n-xtuples of N.
PROOF: Define P[natural number, natural number,integer] = a - $; =
b-$2—'8$3. For every n, i1, i, i3, and d, {p : P[p(i1),p(i2),d-p(i3)]} is a dio-
phantine subset of the n-xtuples of N. Define F(natural number, natural
number, natural number) = c¢. For every n, iy, i3, i3, i4, and d, {p :
F(p(i1),p(i2),p(iz)) = d-p(ia)} is a diophantine subset of the n-xtuples of
N. For every n, i1, i2, i3, i4, and i5, {p : P[p(i1), p(i2), F (p(i3), p(is), p(is))]}
is a diophantine subset of the n-xtuples of N. J

(21) {p:a-p(i1) =b-p(iz) (modc-p(i3))} is a diophantine subset of the n-
xtuples of N.
PROOF: Define Plfinite 0-sequence of N|] = there exists a natural number
z such that a-$1(i1) = b-3$1(i2) + 2z - ¢- $1(i3). Define Qlfinite O-sequence
of N] = there exists a natural number z such that b-$1(i2) = a - $1(i1) +
z-c-$1(i3). {p : Plp]} is a diophantine subset of the n-xtuples of N. {p
: Q[p]} is a diophantine subset of the n-xtuples of N. {p : P[p] or Q[p|}
is a diophantine subset of the n-xtuples of N. Set P = {p : a - p(i1) =
b-p(iz) (modec-p(iz))}. P C {p:Plp] or Qp]}. {p: Plp] or Q[p|} C P. O

(22) {p:{a-p(i1), b-p(iz)) is Pell’s solution of (¢-p(i3))%—'1} is a diophantine
subset of the n-xtuples of N. The theorem is a consequence of (2), (3), (9),
(20), (6), (5), and (4).

3. MAIN LEMMAS

Let us consider i1, i, and 73. Now we state the propositions:

(23) {p:p(i1) = ¥pq, (p(i3)) and p(iz) > 1} is a diophantine subset of the n-
xtuples of N. The theorem is a consequence of (2), (3), (7), (22), (8), (21),
(14), (12), (9), (5), and (4).

(24) {p: p(iz) = p(i1)P™} is a diophantine subset of the n-xtuples of N. The
theorem is a consequence of (2), (3), (14), (7), (6), (9), (23), (17), (8),
(18), (5), and (4).
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Summary. Rough sets, developed by Pawlak [I5], are important tool to
describe situation of incomplete or partially unknown information. In this article
we give the formal characterization of two closely related rough approximations,
along the lines proposed in a paper by Gomoliniska [2]. We continue the formali-
zation of rough sets in Mizar [I] started in [6].
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0. INTRODUCTION

In the paper [9] published in 2010 we discussed some pros and cons of various
approaches to rough operators dealing with some of the issues raised by Anna
Gomolinska [2]. Even if our chosen formal framework [6] faithfully reflected
Pawlak’s ideas [15], also possibility of other views for the same topic was quite
tempting. Our question was if the Mizar Mathematical Library is ready to do
some formal reasoning without much additional work needed to bridge the gap
between informal knowledge and its formal countepart present in the repository
of automatically verified mathematical knowledge. This expectation is not really
that trivial as we noted after an unsatisfactory — at least from our point of view —
attempt to formalize Rough Concept Analysis in Mizar [12]. On the other hand,

reuse of lattice theory to develop a rough framework [4] according to Jarvinen
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[13] or bulding a theory of approximations based on pure set theory in style of
[16], [17] showed the usefulness of automated theorem proving methods [3] in
order to obtain new results, with possibility of theory merging, taking care of
possible duplications [I1].

Our main aim was to use the existing implementation of rough sets in Mizar
to provide the formal proof of the following theorem (original notation of [2]):

Theorem 4.1 For any sets x,y C U, objects u,w € U, and ¢ =0, 1,
it holds that:

fi(x).k(I(u),z) > 0.
w € fil(x).k(I(u),z) = 1.

SRR el o
< <
<
m M

If 7(u) = 7(w), then u € fo(x) iff w € fo(z); and similarly for
d
O .

7. If I(u) = I(w), then u € fi(x) iff w € fi(z); and similarly for
fit

8. fi(0) =0 and f;(U) = U; and similarly for f¢.
9. f; and fld are monotone.

10. fi(zUy) = fi(z) U fi(y).

11. fA(zUy) D flz) U fi(y).

12. f;(zNy) C fi(x) N fily).

13. fl(zny) = f@) N fy).

With the exception of two subitems (4. and 5.) dealing with  as rough inclusion
operator, we succeeded.

It should be mentioned, that most of the reasoning on the properties of the
generalized approximation operator was done under the assumption

quU (NS I(U),

which we called map-reflexive of the uncertainty mapping I. Another, more
general relational aproach was adopted in [§] which is a Mizar counterpart of
[17]. There the reflexivity of binary indiscernibility relation was assumed where
needed.

Automated math-asistants can offer a new — semiautomated — insight [10]
also for quite elementary notions: in Section 4, we introduced more general Mizar
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functor dealing with arbitrary maps from the universe into its powerset, so that
we could obtain most of properties of mappings fy and f; as straightforward
consequences. We kept them both however, to assure full compatibility with [2].

1. PRELIMINARIES: MAP-REFLEXIVITY

Let R be a non empty set and I be a function from R into 2. We say that
I is map-reflexive if and only if
(Def. 1) for every element u of R, u € I(u).
The functor singletony, yielding a function from R into 2% is defined by
(Def. 2) for every element x of R, it(z) = {x}.
Let us observe that singletonp is map-reflexive.
Now we state the proposition:
(1) Let us consider a non empty relational structure R, and a function I from
the carrier of R into 2%. Suppose I is map-reflexive. Then the carrier of
R =U(I°(Qr)), where « is the carrier of R.
From now on f, g denote functions and R denotes a non empty, reflexive
relational structure.
Now we state the propositions:
(2) LAp(R) C idga, where « is the carrier of R.
PROOF: Set f = LAp(R). Set g = idy(he carrier ot ry. FOr every set i such
that ¢ € dom f holds f(i) C g(¢) by [7, (35)]. O
(3) idga € UAp(R), where a is the carrier of R.
PROOF: Set f = idy(he carsier ot 8. Set g = UAp(R). For every set i such
that i € dom f holds f(i) C g(¢). O

2. PROPERTIES OF FLIPPING OPERATOR f¢

From now on R denotes a non empty relational structure.
Now we state the propositions:

(4) Let us consider a map f of R, and subsets z, y of R. Then Flip Flip f = f.

(5) Let us consider maps f, g of R. Then Flip f - g = (Flip f) - (Flip g).
PROOF: Set fo = Flip f - g. Set fi = Flip f. Set g1 = Flipg. For every
subset z of R, fa(x) = (f1-¢g1)(x). O

(6) Let us consider a map f of R. Then f(0) = 0 if and only if
(Flip f)(the carrier of R) = the carrier of R.
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3. UNCERTAINTY MAPPINGS I AND T

Let R be a non empty relational structure. The functor Iy yielding a function
from the carrier of R into 2(the cartier of R) i5 defined by
(Def. 3) for every element x of R, it(z) = Coim((the internal relation of R), ).
Now we state the proposition:
(7) Let us consider elements w, u of R. Then (w, u) € the internal relation
of R if and only if w € (Ig)(u).
Let R be a non empty relational structure. The functor 7g yielding a function
from the carrier of R into 2(the carrier of R) i¢ qefined by
(Def. 4) for every element u of R, it(u) = (the internal relation of R)°u.
Now we state the propositions:
(8) Let us consider elements u, w of R. Then u € (the internal relation of
R)°w if and only if w € Coim((the internal relation of R),u).
PRrROOF: If u € (the internal relation of R)°w, then w € Coim((the internal
relation of R), u). Consider ¢ being an object such that (w, t) € the internal
relation of R and ¢t € {u}. O
(9) Let us consider elements w, u of R. Then (w, u) € the internal relation
of R if and only if u € (7r)(w).
PRrOOF: If (w, u) € the internal relation of R, then u € (7gp)(w). w €
Coim((the internal relation of R),u). Consider = being an object such
that (w, x) € the internal relation of R and = € {u}. O

4. GENERALIZED APPROXIMATION MAPPINGS

Let R be a non empty relational structure and f be a function from the car-
rier of R into 2(the carrier of ) The functor UAp 7 vielding a map of R is defined
by

(Def. 5) for every subset z of R, it(x) = {u, where u is an element of R : f(u)
meets z}.
The functors: fo(R) and fi(R) yielding maps of R are defined by terms
(Def. 6) UAp,,,
(Def. 7) UApy,,
respectively. Now we state the propositions:

(10) If the internal relation of R is symmetric, then Ir = 75.
PROOF: Set f = Ir. Set g = 7r. For every element x of R, f(x) = g(z)
by [14, (20)]. O
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(11) If the internal relation of R is symmetric, then fo(R) = fi(R). The
theorem is a consequence of (10).

(12) the internal relation of R is symmetric if and only if for every elements
u, v of R such that u € (7g)(v) holds v € (7g)(u). The theorem is a con-
sequence of (10), (7), and (9).

(13)  fo(R) = UAp(R).

(14) Flip fo(R) = LAp(R). The theorem is a consequence of (13).

(15) Let us consider an approximation space R, and a subset x of R. Then
(fo(R))(x) is exact. The theorem is a consequence of (13).

5. THE ORDERING OF APPROXIMATION MAPPINGS

Now we state the propositions:

(16) If the internal relation of R is total and reflexive, then idsa C fo(R),
where « is the carrier of R.
PROOF: Set f = idy(ine carsier of &). S€t g = fo(R). For every set i such that
i € dom f holds f(i) C g(7) by [5, (1)], (9). O

(17) If R is reflexive, then Flip fo(R) C idaa, where « is the carrier of R. The
theorem is a consequence of (14) and (2).

(18) If the internal relation of R is total and reflexive, then idga C fi(R),
where « is the carrier of R.
PROOF: Set f = idy(ine carrier of ®). Set g = f1(R). For every set i such that
i € dom f holds f(i) C g(i). O

6. ACTING ON THE EMPTY SET AND THE UNIVERSE

In the sequel f denotes a function from the carrier of R into 2(the carrier of )
Now we state the proposition:

Let us consider R and f. One can check that UAp; preserves empty set.
(20)  (fo(R))(@) = 0.
(21) (f1(R))(©@) =0.

Let R be a non empty, reflexive relational structure. Let us observe that
the internal relation of R is total and reflexive.

(22) If f is map-reflexive, then (UAp)(the carrier of R) = the carrier of R.
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(23) Suppose the internal relation of R is reflexive and total.
Then (fo(R))(the carrier of R) = the carrier of R.
PRrROOF: The carrier of R C {u, where u is an element of R : (7g)(u)
meets Qr}. O

(24) Suppose the internal relation of R is reflexive and total.
Then (f1(R))(the carrier of R) = the carrier of R.
PRrOOF: The carrier of R C {u, where u is an element of R : (Ir)(u)
meets Qr}. O

7. STANDARD PROPERTIES OF APPROXIMATIONS

Let us consider elements u, w of R and a subset z of R. Now we state the
propositions:

(25) If f(u) = f(w), then u € (UApy)(z) iff w € (UApy)(x).

(26) If (Ir)(u) = (Ir)(w), then u € (f1(R))(z) iff w € (f1(R))(x).

(27) If (7r)(u) = (7r)(w), then u € (fo(R))(z) iff w € (fo(R))(x).

(28) Let us consider a function f from the carrier of R into 2%, and a subset x
of R. Then (Flip(UAp;))(z) = {w, where w is an element of R : f(w) C
x}, where « is the carrier of R.

Proor: (Flip(UApy))(z) € {w, where w is an element of R : f(w) C z}.
Consider w being an element of R such that y = w and f(w) C x. Recon-
sider y1 = y as an element of R. y1 ¢ (UApy)(z°). O

Let us consider a subset  of R. Now we state the propositions:

(29) (Flip fo(R))(x) = {w, where w is an element of R : (7g)(w) C x}.

Proor: (Flip fo(R))(z) C {w, where w is an element of R : (7g)(w) C z}.
Consider w being an element of R such that y = w and (7g)(w) C =.
Reconsider y; = y as an element of R. y1 ¢ (fo(R))(z¢). O

(30) (Flip f1(R))(x) = {w, where w is an element of R : (Ig)(w) C x}.
Proor: (Flip f1(R))(z) C {w, where w is an element of R : (Ig)(w) C z}.
Consider w being an element of R such that y = w and (Ig)(w) C z.

Reconsider y; = y as an element of R. y; ¢ (f1(R))(z¢). O
Let us consider elements u, w of R and a subset z of R. Now we state the
propositions:
(31) If f(u) = f(w), then u € (Flip(UApy))(z) iff w € (Flip(UApy))(z). The
theorem is a consequence of (28).
(32) 1If (7r)(u) = (7r)(w), then u € (Flip fo(R))(x) iff w € (Flip fo(R))(x).
The theorem is a consequence of (29).
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(33) If (In)(u) = (Ip)(w), then u € (Flip fi(R))(z) iff w € (Flip f1(R))(x).
The theorem is a consequence of (30).
Let us consider an element w of R. Now we state the propositions:
(34) If R is reflexive, then w € (Ig)(w). The theorem is a consequence of (7).
(35) If R is reflexive, then w € (7g)(w). The theorem is a consequence of (9).

Let R be a reflexive, non empty relational structure. One can verify that I
is map-reflexive and 7 is map-reflexive.
Now we state the propositions:
(36) If R is reflexive, then Flip f1(R) C idaa, where « is the carrier of R. The
theorem is a consequence of (34) and (30).
B7) (fo(R)) - (fo(R)) = fo(R) if and only if (Flip fo(R)) - (Flip fo(R)) =
Flip fo(R). The theorem is a consequence of (5).
(38) If R is reflexive, then J((Ir)°(2r)) = the carrier of R. The theorem is

a consequence of (34).

8. MONOTONICITY OF APPROXIMATIONS

Let R be a non empty relational structure. One can verify that fo(R) is
C-monotone and f;(R) is C-monotone.
Now we state the propositions:

(39) Let us consider a map f of R. Suppose f is C-monotone. Then Flip f is
C-monotone.
PRrOOF: Set g = Flip f. For every subsets A, B of R such that A C B
holds g(A) C g(B). O

(40) Flip fo(R) is C-monotone.

(41) Flip f1(R) is C-monotone.

9. DISTRIBUTIVITY WRT. SET-THEORETIC OPERATIONS

Now we state the proposition:

(42) Let us consider a function f from the carrier of R into 2%, and subsets
z, y of R. Then (UAp;)(x Uy) = (UApy)(z) U (UApy)(y), where a is
the carrier of R.
Let us consider subsets x, y of R. Now we state the propositions:

(43) (fo(R)(xUy) = (fo(R))(x)U (fo(R))(y). The theorem is a consequence
of (42).
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(44) (fi(R)(xUy) = (fi(R))(x) U (fi(R))(y). The theorem is a consequence
of (42).

(45) Let us consider a function f from the carrier of R into 2%, and subsets z,
y of R. Then (Flip(UApy))(x) U (Flip(UApy))(y) € (Flip(UApy))(z Uy),
where « is the carrier of R. The theorem is a consequence of (28).

Let us consider subsets x, y of R. Now we state the propositions:

(16) (Flip fo(R))(x) U (Flip fo(R))(y) € (Flip fo(R))( Uy). The theorem is
a consequence of (45).

(47) (Flip f1(R))(x) U (Flip f1(R))(y) € (Flip f1(R))(z Uy). The theorem is
a consequence of (45).

(48) Let us consider a function f from the carrier of R into 2%, and subsets
z, y of R. Then (UAp;)(x Ny) € (UApy)(z) N (UApy)(y), where « is
the carrier of R.

Let us consider subsets x, y of R. Now we state the propositions:

(49) (fo(R)(zNy) C (fo(R))(x) N (fo(R))(y). The theorem is a consequence
of (48).

(50) (fi(R)(zNy) C (fi(R))(x)N(fi(R))(y). The theorem is a consequence
of (48).

(51) Let us consider a function f from the carrier of R into 2¢, and subsets z,
y of R. Then (Flip(UApy))(z) N (Flip(UApy))(y) = (Flip(UAp;))(z Ny),
where « is the carrier of R.

Let us consider subsets x, y of R. Now we state the propositions:

(52)  (Flip fo(R))(x) N (Flip fo(R))(y) = (Flip fo(R))(z Ny). The theorem is
a consequence of (51).

(53) (Flip fi(R))(z) N (Flip f1(R))(y) = (Flip f(R))(z N y). The theorem is
a consequence of (51).
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Summary. The main result of the article is to prove formally that two sets
of axioms, proposed by McKenzie and Sholander, axiomatize lattices and distri-
butive lattices, respectively. In our Mizar article we used proof objects generated
by Prover9. We continue the work started in [7], [2I], and [I3] of developing lat-
tice theory as initialized in [22] as a formal counterpart of [I1]. Complete formal
proofs can be found in the Mizar source code of this article available in the Mizar
Mathematical Library (MML).
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0. INTRODUCTION

For years, automated theorem provers have proven to be useful tool to so-
Ive quite complex problems dealing with axiomatizations of various systems
appearing in mathematics. Let us recall here the Robbins problem about the
alternative axiomatization of Boolean algebras: this was probably the first ti-
me lots of mathematicians have heard of EQP/OTTER [15]. The Mizar system,
via interface ott2miz[[19] allows for the automated translation of OTTER (or
Prover9) proof objects to allows such proofs to be included into the Mizar re-
pository. Among the examples of such areas of mathematics within the Mizar
Mathematical Library (MML) [I] explored by means of Prover9 we can give

(© 2018 University of Bialystok
193 CC-BY-SA License ver. 3.0 or later
ISSN 1426-2630(Print), 1898-9934(Online)


https://content.sciendo.com/view/journals/forma/forma-overview.xml
https://orcid.org/0000-0001-5026-3990
http://zbmath.org/classification/?q=cc:03B35
http://zbmath.org/classification/?q=cc:68T99
http://zbmath.org/classification/?q=cc:06B05
http://zbmath.org/classification/?q=cc:06D05
http://fm.mizar.org/miz/robbins5.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

194 ADAM GRABOWSKI AND DAMIAN SAWICKI

either the aforementioned solution of the Robbins problem [7] according to [3],
various short systems for ortholattices [21] inspired by [14], or axiom systems
for Boolean algebras in terms of the Sheffer stroke [I3]. An overview of the me-
chanization of lattice theory in MML can be found in [5]. The initial idea of this
development was to provide a formal counterpart of [I1] (or, more recently, [12])
or [2] and this Mizar challenge is alive for over thirty years now [9]. This is also
quite feasible taking into account automatic treatment of the equality predicate
in Mizar [10], and the equational axiomatics for lattices is strongly preferred in
the MML over that based on the ordering relation [4], although we created a
common — fully formal — Mizar framework where both can be used in parallel
[8].

In 1951, in his paper [20] Marlow Sholander showed that the necessary and
sufficient condition for an algebra (L,L,M) to be a distributive lattice is to
satisfy one of the following sets of axioms:

a=al(alb),
al(bnec)=(cUa) N (bUa);

or, dually
a=al(alld),

afl(bUec)=(cMa)U (bMa)

for arbitrary elements a, b, c of L.

We call the latter formula the Sholander axiom, and show in the first section,
that together with the other one, which corresponds with the Mizar adjective
join-absorbing, it implies all remaining standard axioms for distributive lat-
tices as defined in [22]. The theorem stating full equivalence of both axiom sets
is under number in the present article.

Ralph McKenzie’s [17] axiomatization of lattices consists of four formulas:

xU(yN(xNz) ==z
xMN(yU(xlUz) ==z
(yNz)U(zNz) Uz ==

(yUz)N(zUz) Nz ==x

where z,y, z are arbitrary elements of the carrier of (L, U, M). These formulas
were introduced in Section 2 in definitions (Def. [2) — (Def. [5), respectively, and
the full equivalence of these four axioms with the classical axiomatics from [22]
is proven as theorem providing also appropriate registration of clusters
allowing for automated reuse of both sets. Such approach is useful especially in
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the areas which use lattice theory as a kind of metalanguage, e.g., rough sets

[6].
Our work can be seen as a step towards a Mizar support for [16] or [18],
where original proof objects by OTTER/Prover9 were used.

1. SHOLANDER AXIOM FOR DISTRIBUTIVE LATTICES

From now on L denotes a non empty lattice structure and vy, vs, vg, v7, w3,
v, we, W1, Wy, Z, Y,  denote elements of L.
Let us consider L. We say that L satisfies Sholander axiom if and only if

(Def. 1) for every z, y, and z, x M (yU z) = (zMNz) U (yMNz).
Let us consider z. Now we state the propositions:
(1) If L is join-absorbing and for every z, z, and y, zM(yUz) = (2MNz)U(yMNz),
then z Mz = x.
(2) If L is join-absorbing and for every z, z, and y, zM(yUz) = (2Mz)U(yMNx),
then = Ll z = . The theorem is a consequence of (1).
Let us consider x and y. Now we state the propositions:
(3) If L is join-absorbing and for every z, z, and y, 2M(yLz)
then z My = y Mx. The theorem is a consequence of (2

(zMNz)U(yMNx),

).
(4) If L is join-absorbing and for every z, z, and y, zM(yUz) = (2MNz)U(yMNz),
then x Uy = y Ul z. The theorem is a consequence of (1).
(5) Suppose L is join-absorbing and for every z, z, and y, x M (y U z) =
(zMNx)U(yMNz). (zMNy)MNz=2aM(yMz). The theorem is a consequence
of (1), (2), (4), and (3).
(6) If for every y and x, zM(zUy) = x, then for every x and y, xM(xUy) = .
(7) Suppose L is join-absorbing and for every z, z, and y, x M (y U z) =
(zMz)U(yNez). U (zMNy) = . The theorem is a consequence of (1), (3),
and (4).
Let us consider z, y, and z. Now we state the propositions:
(8) Suppose L is join-absorbing and for every z, z, and y, x M (y U z) =
(zMx)U(yMzx). Then (zUy)Uz = xU(yLz). The theorem is a consequence
of (1), (3), (7), (2), (5), and (4).
(9) Suppose L is join-absorbing and for every z, z, and y, x M (y U z) =
(zMz)U(yMa). Then 2 M (yUz) = (zMy) U (xMz). The theorem is
a consequence of (4) and (3).
(10) Suppose L is join-absorbing and for every z, z, and y, z M (y U z) =
(zMz)U(yMa). Then x U (yMz) = (zUy) N (xUz). The theorem is
a consequence of (5), (1), (4), (8), (2), and (3).
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From now on L denotes a distributive, join-commutative, meet-commutative,
non empty lattice structure and x, y, z denote elements of L.

Now we state the propositions:

(11) znN(yUz)=(zNx)U(yMNx).

(12) Let us consider a non empty lattice structure L. Then L is a distributive
lattice if and only if L is join-absorbing and satisfies Sholander axiom. The
theorem is a consequence of (11), (9), (3), (4), (5), (8), and (7).

Let us observe that every non empty lattice structure which is join-absorbing
and satisfies Sholander axiom is also distributive and lattice-like and every
non empty lattice structure which is distributive, join-commutative, and meet-
commutative satisfies also Sholander axiom.

2. FOUR AXIOMS FOR LATTICES PROPOSED BY MCKENZIE

From now on L denotes a non empty lattice structure and ws, v, wa, wy, wo,
z, Y, © denote elements of L.
Let us consider L. We say that L satisfies first McKenzie axiom if and only
if
(Def. 2) for every y, z, and z, z U (y M (z M 2)) = x.
We say that L satisfies second McKenzie axiom if and only if
(Def. 3) for every y, z, and x, x M (y U (z U 2)) = =.
We say that L satisfies third McKenzie axiom if and only if
(Def. 4) for every z, y, and z, ((zNy)U (yMz2)) Uy =y.
We say that L satisfies fourth McKenzie axiom if and only if
(Def. 5) for every z, y, and z, ((zUy)N(yU=2)) Ny =y.
Now we state the propositions:

(13) Suppose L satisfies first McKenzie axiom and second McKenzie axiom
and for every z, y, and z, ((x My) U (yMz)) Uy =y and for every z, y,
and z, ((xUy)MN(yUz)) Ny =y. Then

(i) for every y and z, M (z Uy) =z, and
(i) for every y and z, x U (x My) = z, and
(iii) L is join-commutative, meet-commutative, meet-associative, and join-
associative.
(14) Suppose L is join-commutative, join-associative, meet-commutative, and
meet-associative and for every y and z, 2 M (z Uy) = = and for every y
and z, U (zMy) = . Then

(i) for every y, z, and z, z U (y M (x M z)) = x, and
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(ii) for every y, z, and z, M (y U (z U 2)) = x, and
(iii) for every z, y, and z, ((x My) U (yMz2)) Uy =y, and
(iv) for every z, y, and z, ((zxUy) N (yUz)) Ny =y.

Let L be a non empty lattice structure. We say that L satisfies four McKenzie
axioms if and only if

(Def. 6) L satisfies first McKenzie axiom, second McKenzie axiom, third McKen-
zie axiom, and fourth McKenzie axiom.

One can verify that every non empty lattice structure which satisfies four
McKenzie axioms satisfies also first McKenzie axiom, second McKenzie axiom,
third McKenzie axiom, and fourth McKenzie axiom and every non empty lat-
tice structure which satisfies first McKenzie axiom, second McKenzie axiom,
third McKenzie axiom, and fourth McKenzie axiom satisfies also four McKenzie
axioms.

From now on L denotes a non empty lattice structure.

Now we state the proposition:

(15) L is alattice if and only if L satisfies four McKenzie axioms. The theorem
is a consequence of (14) and (13).

Let us observe that every non empty lattice structure which is lattice-like
satisfies also four McKenzie axioms and every non empty lattice structure which
satisfies four McKenzie axioms is also lattice-like.
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