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Summary. In contrast to other proving systems Mizar Mathematical Li-
brary, considered as one of the largest formal mathematical libraries [4], is ma-
intained as a single base of theorems, which allows the users to benefit from
earlier formalized items [3], [2]. This eventually leads to a development of certain
branches of articles using common notation and ideas. Such formalism for finite
sequences has been developed since 1989 [I] and further developed despite of the
controversy over indexing which excludes zero [6], also for some advanced and
new mathematics [5].

The article aims to add some new machinery for dealing with finite sequences,
especially those of short length.
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1. PRELIMINARIES

One can verify that every binary relation which is empty is also positive
yielding and every binary relation which is empty is also negative yielding and
every binary relation which is natural-valued is also N-valued.

Let f be a complex-valued function and k be an object. Note that (0- f)(k)
reduces to 0.

Let us observe that 1- f reduces to f and (—1) - (—f) reduces to f. One can
verify that 0 - f is empty yielding and f — f is empty yielding.
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Let D be a set. Observe that there exists a D-valued finite sequence which is
empty yielding and every finite sequence which is empty yielding is also N-valued
and there exists an empty yielding finite sequence which is non empty.

Let n be a natural number. One can verify that there exists an empty yiel-
ding, N-valued finite sequence which is n-element and min(n, 0) is zero.

One can verify that max(n,0) reduces to n.

Let a be a non zero natural number. One can verify that min(a, 1) reduces
to 1 and max(a, 1) reduces to a.

Let a be a non trivial natural number. One can verify that min(a, 2) reduces
to 2 and max(a, 2) reduces to a.

Let a be a positive real number and b be a positive natural number. One
can verify that b — a is positive and every binary relation which is empty
yielding is also function-like and every function which is empty yielding is also
natural-valued and every real-valued function which is empty yielding is also
non-positive yielding.

Every real-valued function which is empty yielding is also non-negative yiel-
ding and every non empty, real-valued function which is empty yielding is also
non positive yielding and every non empty, real-valued function which is empty
yielding is also non negative yielding and every non empty, real-valued function
which is positive yielding is also non non-positive yielding and every non empty,
real-valued function which is negative yielding is also non non-negative yielding.

Let f be an empty yielding function and ¢ be a complex number. Note that
c- f is empty yielding.

Let g be a complex-valued function. Note that f - g is empty yielding.

2. THE LENGTH OF FINITE SEQUENCES

Let f be a complex-valued finite sequence and x be a complex number. Note
that f+z is (len f)-element and f—=x is (len f)-element and | f| is (len f)-element
and —f is (len f)-element and f~! is (len f)-element.

Let n, m be natural numbers, f be an n-element, complex-valued finite
sequence, and g be an m-element, complex-valued finite sequence. One can verify
that f + ¢ is (min(n, m))-element and f - g is (min(n, m))-element and f — g is
(min(n, m))-element and f/g is (min(n,m))-element.

Let g be an (n+m)-element, empty yielding, complex-valued finite sequence.
Observe that f 4 g reduces to f.

Let n be a natural number and g be an n-element, empty yielding, complex-
valued finite sequence. One can verify that f + g reduces to f.

Let X be a non empty set. Observe that there exists an X-defined, empty
yielding function which is total.
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Let f be a total, X-defined, complex-valued function and g be a total,
X-defined, empty yielding function. Let us observe that f 4+ ¢ reduces to f.

Let f be a binary relation. Let us observe that there exists a binary rela-
tion which is (dom f)-defined and fnull f is (dom f)-defined and there exists
a (dom f)-defined binary relation which is total.

Let f be a complex-valued function. Observe that there exists a (dom f)-
defined, empty yielding function which is total and —f is (dom f)-defined and
—fistotal and f~!is (dom f)-defined and f~! is total and | f| is (dom f)-defined
and | f]| is total.

Let ¢ be a complex number. Let us note that c+ f is (dom f)-defined and ¢+ f
is total and f —cis (dom f)-defined and f —c is total and c- f is (dom f)-defined
and c- f is total.

Let f be a finite sequence. Let us observe that every finite sequence which
is (len f)-element is also (dom f)-defined.

Let n be a natural number. Let us observe that every finite sequence which
is n-element is also (Segn)-defined and every finite sequence which is total and
(Seg n)-defined is also n-element.

Now we state the proposition:

(1) Let us consider a complex-valued finite sequence f. Then 0- f =len f —
0.

Let f be a complex-valued finite sequence. Note that f + len f — 0 reduces
to f.

Let n be a natural number, D be a non empty set, and X be a non empty
subset of D. One can verify that there exists an X-valued finite sequence which is
n-element and there exists a finite sequence of elements of X which is n-element.

3. ON POSITIVE AND NEGATIVE YIELDING FUNCTIONS

Let f be a real-valued function. Let us note that f + |f| is non-negative
yielding and |f| — f is non-negative yielding.

Let f be a non-negative yielding, real-valued function and x be an object.
Observe that f(z) is non negative.

Let f be a non-positive yielding, real-valued function. Let us observe that
f(x) is non positive.

Let f be a non-negative yielding, real-valued function and r be a non negative
real number. One can verify that - f is non-negative yielding and (—r) - f is
non-positive yielding and —f is non-positive yielding.

Let f be a non-positive yielding, real-valued function and r be a non negative
real number. Let us observe that r- f is non-positive yielding and (—r)- f is non-
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negative yielding and — f is non-negative yielding and every Z-valued function
which is non-negative yielding is also natural-valued.
Let f be a Z-valued function. Let us observe that 3-(f+]f|) is natural-valued
and 3 - (|f| — f) is natural-valued.
Let us consider a binary relation f. Now we state the propositions:
(2) rng f is natural-membered if and only if f is natural-valued.
PRrROOF: If rng f is natural-membered, then f is natural-valued. O
(3) f is N-valued if and only if rng f is natural-membered. The theorem is
a consequence of (2).
(4) rng f is integer-membered if and only if f is Z-valued.
PRrOOF: If rng f is integer-membered, then f is Z-valued. [
(5) rng f is rational-membered if and only if f is Q-valued.
PROOF: If rng f is rational-membered, then f is Q-valued. [
(6) rng f is real-membered if and only if f is real-valued.
PRrROOF: If rng f is real-membered, then f is real-valued. [J
(7) f is R-valued if and only if rng f is real-membered. The theorem is
a consequence of (6).
(8) rng f is complex-membered if and only if f is complex-valued.
PROOF: If rng f is complex-membered, then f is complex-valued. [J
(9) fis C-valued if and only if rng f is complex-membered. The theorem is
a consequence of (8).
(10) dom f is natural-membered if and only if f is N-defined.
ProoF: If dom f is natural-membered, then f is N-defined. [J
Let f be a Z-defined binary relation. Observe that dom f is integer-membered.
Now we state the proposition:

(11) Let us consider a binary relation f. Then dom f is integer-membered if
and only if f is Z-defined.
PRrooOF: If dom f is integer-membered, then f is Z-defined. [J
Let f be a (Q-defined binary relation. Let us note that dom f is rational-
membered.
Now we state the proposition:
(12) Let us consider a binary relation f. Then dom f is rational-membered if
and only if f is Q-defined.
PRrOOF: If dom f is rational-membered, then f is Q-defined. [
Let f be a R-defined binary relation. Note that dom f is real-membered.
Now we state the proposition:

(13) Let us consider a binary relation f. Then dom f is real-membered if and
only if f is R-defined.
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PROOF: If dom f is real-membered, then f is R-defined. [J
Let f be a C-defined binary relation. One can check that dom f is complex-
membered.
Now we state the propositions:

(14) Let us consider a binary relation f. Then dom f is complex-membered
if and only if f is C-defined.
ProOF: If dom f is complex-membered, then f is C-defined. O

(15) Let us consider a set D, and a function f. Then f is D-valued if and
only if f is a function from dom f into D.
Proor: If f is D-valued, then f is a function from dom f into D. I

(16) Let us consider a set C. Then every total, C-defined function is a function
from C into rng f.

(17) Let us consider sets C, D, and a total, C-defined function f. Then f
is a function from C into D if and only if f is D-valued. The theorem is
a consequence of (16) and (15).

(18) Every real-valued function is a function from dom f into R.

(19) Let us consider a complex-valued finite sequence f. Then
(i) f—f=0-f, and
(ii) f—f=lenf—0.
The theorem is a consequence of (1).

(20) Let us consider a complex number a, a finite sequence f, and a natural
number k. If k € dom f, then (len f — a)(k) = a.

Let a be a real number, k be a non zero natural number, [ be a natural
number, and f be a (k+1)-element finite sequence. One can verify that (len f —
a)(k) reduces to a.

Let f be a complex-valued function. The functors: delneg f, delpos f, and
delall f yielding complex-valued functions are defined by terms

(Def. 1) 5 - (f +f]),

2
(Def. 2) 5 - (If| = f),
(Def. 3) 0-f,

respectively. Now we state the propositions:

(21) Let us consider a complex-valued function f. Then
(i) dom f = dom(delpos f), and
(ii) dom f = dom(delneg f), and
(iii) dom f = dom(delall f).
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(22) Let us consider a complex-valued function f, and an object x. Then
f(z) = (delneg f)(z) — (delpos f)(z). The theorem is a consequence of
(21).
(23) Let us consider a complex-valued function f. Then f = delneg f —
delpos f. The theorem is a consequence of (21) and (22).
Let us consider a real-valued function f and an object x. Now we state the
propositions:

(24) (i) f(z) = (delneg f)(x), or
(i) f(x) = —(delpos f)(x).

The theorem is a consequence of (21).
(25) (i) (delneg f)(x) =0, or

(ii) (delpos f)(x) = 0.
The theorem is a consequence of (22) and (24).

Let f be a real-valued function. One can verify that delneg f - delpos f is
empty yielding.

Now we state the proposition:

(26) Let us consider a real-valued function f. Then delall f = delneg f -
delpos f. The theorem is a consequence of (21).

Let f be a complex-valued function and f; be a total, (dom f)-defined, emp-
ty yielding function. Let us observe that f 4+ f; reduces to f and f — f; reduces
to f.

Let f; be a total, (dom f)-defined, complex-valued function and fs be a to-
tal, (dom f)-defined, empty yielding function. One can verify that fi+ f reduces
to f1 and fi — fs reduces to fi.

Observe that f — f is (dom f)-defined and f — f is total.

Now we state the proposition:

(27) Let us consider a complex-valued function f. Then |f| = delneg f +
delpos f.

Let f be an empty finite sequence. Let us note that [] f is natural and [] f
is non zero.

Let f be a positive yielding, real-valued finite sequence. One can check that
I1f is positive.

Let f be a complex-valued finite sequence. Let us note that delneg f is
(len f)-element and delpos f is (len f)-element.

Now we state the proposition:

(28) Let us consider a complex-valued function f. Then delneg f = delpos(—f).

Let f be a non-negative yielding, real-valued function. Note that |f| reduces
to f and delneg f reduces to f. We identify delall f with delpos f. We identify
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delpos f with delall f. Let f be a non-positive yielding, real-valued function.
Observe that —delpos f reduces to f. One can verify that delneg f is empty
yielding.

We identify delall f with delneg f. We identify delneg f with delall f. Now
we state the proposition:

(29) Let us consider a finite sequence f of elements of Z. Then there exist
finite sequences f1, fo of elements of N such that f = f; — fo. The theorem
is a consequence of (23).

Let a be an integer and n be a natural number. Note that n — a is Z-valued.

Let f be a non empty, empty yielding finite sequence. Observe that [] f is
Zero.

Now we state the propositions:

(30) Let us consider finite sequences f1, fa of elements of R. Suppose len f; =
len fo and for every element k of N such that k € dom f; holds fi(k) >
f2(k) > 0. Then [T f1 > I1 fo.

PROOF: For every element k of N such that k& € dom fo holds fi(k) >
fa(k) > 0.0

(31) Let us consider a real number a, and a finite sequence f of elements of R.
Suppose for every element k of N such that k£ € dom f holds 0 < f(k) < a.
Then [] f <Tl(len f — a). The theorem is a consequence of (20).

(32) Let us consider a non negative real number a, and a finite sequence f of
elements of R. Suppose for every natural number k such that k € dom f
holds f(k) > a. Then [] f > a'*®/. The theorem is a consequence of (20).

(33) Let us consider non-negative yielding finite sequences fi, fo of elements
of R. Suppose len fi = len fo and for every element k& of N such that
k € dom fy holds fi(k) > fa(k). Then [] f1 > [1 fo.

(34) Let us consider finite sequences f1, f2 of elements of R. Suppose len f; =
len fo and for every element k of N such that k£ € dom fo holds fi(k) >
fo(k) > 0. Then T f1 > T1 fo.

PRrROOF: For every real number r such that » € rng fo holds r > 0. For
every real number r such that r € rng f; holds » > 0. O

(35) Let us consider a positive real number a, and a non-negative yielding
finite sequence f of elements of R. Suppose for every element k of N
such that k € dom f holds f(k) < a. Then [] f < a'*/. The theorem is
a consequence of (20) and (33).
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4. BASIC OPERATIONS ON SHORT FINSEQUENCES

Let a be a complex number. Let us note that (—(—a))(1) reduces to a and
({a=1)~1)(1) reduces to a.

Let us consider complex numbers a, b. Now we state the propositions:

(36) (a)+ (b) = (a+0b).

(37) (a) — (b) = (a — b). The theorem is a consequence of (36).
(38) (a)-(b) =(a-b).

(39) (a)/(b) = (a- (b~1)). The theorem is a consequence of (38).

Let n be a natural number, f be an n-element finite sequence, and a be
a complex number. One can verify that (f~(a))(n+1) reduces to a and (f~(a))[n
reduces to f.

Let a, b, ¢, d be complex numbers. Let us observe that (a, b, ¢, d) is complex-
valued.

Let a, b be complex numbers. Let us observe that (—(—a,b))(1) reduces
to a and (—{a, —b))(2) reduces to b and ((a=*,b)"!)(1) reduces to a and ({a,
b=1)~1)(2) reduces to b.

Let a, b, ¢ be complex numbers. Note that (a, b, ¢)(1) reduces to a and (a, b,
¢)(2) reduces to b and (—(—a,b,c))(1) reduces to a and (—(a, —b, c))(2) reduces
to b and (—(a, b, —c))(3) reduces to c and ({a~!,b,¢)"1)(1) reduces to a and ({a,
b1, ¢)71)(2) reduces to b and ({(a,b,c1)71)(3) reduces to c.

Now we state the propositions:

(40) Let us consider complex numbers a, b, a natural number n, and n-
element, complex-valued finite sequences f, g. Then f ™ (a) + g~ (b) =
(f +9)" {a+b).
PROOF: Reconsider f3 = f 7 (a) as an (n + 1)-element finite sequence
of elements of C. Reconsider g1 = ¢g ~ (b) as an (n + 1)-element finite
sequence of elements of C. For every object k such that k € dom(f3 + g1)
holds (fs +g1)(k) = ((f+9) " (a+b))(k). O

(41) Let us consider complex numbers a, b, z, y. Then (a, b) + (z,y) = (a + =z,
b+ y). The theorem is a consequence of (40) and (36).

(42) Let us consider complex numbers a, b, ¢, x, y, z. Then (a,b,c) + (z,y,
z) = (a+x,b+y,c+ z). The theorem is a consequence of (40) and (41).

(43) Let us consider complex numbers a, b, ¢, d, z, y, z, v. Then (a,b,c,
d) + (z,y,z,v) = (a+x,b+y,c+ z,d+v). The theorem is a consequence
of (40) and (42).

(44) Let us consider complex numbers a, b, a natural number n, and n-
element, complex-valued finite sequences f, g. Then (f ™ (a)) - (g~ (b)) =

(f-9) " {a-b).
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PROOF: Reconsider f3 = f ™ (a) as an (n + 1)-element finite sequence
of elements of C. Reconsider gy = ¢g ~ (b) as an (n + 1)-element finite
sequence of elements of C. For every object k such that k& € dom(f3 - g1)
holds (f3 - g1)(k) = ((f - 9) ™ (a- b)) (k). O

(45) Let us consider complex numbers a, b, z, y. Then (a,b) - (x,y) = (a - x,
b-y). The theorem is a consequence of (44) and (38).

(46) Let us consider complex numbers a, b, ¢, x, y, z. Then (a,b,c) - (z,y,
z) =(a-z,b-y,c-z). The theorem is a consequence of (44) and (45).

(47) Let us consider complex numbers a, b, ¢, d, x, y, z, v. Then (a, b, ¢, d) - (x,
y,2,v) = (a-x,b-y,c-z,d-v). The theorem is a consequence of (44) and
(46).

(48) Let us consider a complex number a, a non zero natural number n, and
an n-element, complex-valued finite sequence f. Then (a)+ f = (a+ f(1)).

(49) Let us consider complex numbers a, b, a non trivial natural number n,
and an n-element, complex-valued finite sequence f. Then (a,b) + f =
{a+f(1),0+ f(2)).

(50) Let us consider a complex number a, a non zero natural number n, and
an n-element, complex-valued finite sequence f. Then (a) - f = (a - f(1)).

(51) Let us consider complex numbers a, b, a non trivial natural number
n, and an n-element, complex-valued finite sequence f. Then (a,b) - f =

{a-f(1),b-f(2)).
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Some Remarks about Product Spaces

Sebastian Koch
Johannes Gutenberg University
Mainz, German

Summary. This article covers some technical aspects about the product
topology which are usually not given much of a thought in mathematics and
standard literature like [7] and [6], not even by Bourbaki in [4].

Let {7;}icr be a family of topological spaces. The prebasis of the product
space 7 = [[,.; 7 is defined in [5] as the set of all 77 (V) with i € T and V
open in 7;. Here it is shown that the basis generated by this prebasis consists
exactly of the sets Hiel Vi with V; open in 7; and for all but finitely many ¢ €
holds V; = 7;. Given I = {a} we have T = 7,, given I = {a,b} with a # b we
have 7 = 7, x Tp. Given another family of topological spaces {S;}icr such that
S, 27, for all i € I, we have S = Hie[ S, &2 7. If instead S; is a subspace of T;
for each i € I, then S is a subspace of 7.

These results are obvious for mathematicians, but formally proven here by
means of the Mizar system [3], [2].
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1. PRELIMINARIES

Now we state the propositions:

(1) Let us consider a one-to-one function f, and an object y. Suppose rng f =

{y}. Then dom f = {(f~")(y)}-

PROOF: Consider z( being an object such that xg € dom f and f(xg) = y.
For every object z, z € dom f iff z = (f~1)(y). O

!The author is enrolled in the Johannes Gutenberg University in Mayence, Germany, mailto:
skoch020@students.uni-mainz.de
© 2018 University of Bialystok

2 9 CC-BY-SA License ver. 3.0 or later:
0 ISSN 1426-2630(Print), 1898-9934(Online)


https://content.sciendo.com/view/journals/forma/forma-overview.xml
https://orcid.org/0000-0002-9628-177X
http://zbmath.org/classification/?q=cc:54B10
http://zbmath.org/classification/?q=cc:68T99
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/tops_5.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

210 SEBASTIAN KOCH

(2) Let us consider a one-to-one function f, and objects y1, y2. Suppose
g f = {y1,y2}. Then dom f = {(f~")(y1), (f ") (y2)}-
PROOF: Consider 21 being an object such that z; € dom f and f(x1) = y;.
Consider z5 being an object such that xo € dom f and f(z2) = ys. For
every object x, z € dom f iff z = (f~1)(y1) or . = (f ) (y2). O
Let X, Y be sets. Note that there exists a function which is empty, X-defined,
Y -valued, and one-to-one.
Let T, S be sets, f be a function from T into S, and G be a finite family of
subsets of T'. Let us note that f°G is finite.
Now we state the propositions:

(3) Let us consider a set A, a family F' of subsets of A, and a binary relation
R. Then R°(NF) CN{R°X, where X is a subset of A: X € F'}.

(4) Let us consider a set A, a family F' of subsets of A, and a one-to-one
function f. Then f°(NF) = N{f°X, where X is a subset of A: X € F'}.
PROOF: Set S = {f°X, where X isasubset of A : X € F}. NS C
fFNF). fF(NF)cns. O

(5) Let us consider a set X, a non empty set Y, and a function f from X into

Y. Then {f~1({y}), where y is an element of Y : y € rng f} is a partition
of X.
PrOOF: Set P = {f~'({y}), where y is an element of Y : 3 € rng f}. For
every object x, x € X iff there exists a set A such that z € A and A € P.
For every subset A of X such that A € P holds A # () and for every subset
B of X such that B € P holds A = B or A misses B. P C 2X. 0

(6) Let us consider a non empty set X, and objects z, y. If X —— z =
X — y, then x = y.

(7) Let us consider an object 4, and a many sorted set J indexed by {i}.
Then J = {i} — J(3).
PRrROOF: For every object x such that € domJ holds J(z) = ({i} —
J(i))(x). O

(8) Let us consider a 2-element set I, and elements 4, j of I. If i # j, then
I ={i,j}.
PRrROOF: For every object z, x =iorax=jiffx € I. O

(9) Let us consider a 2-element set I, a many sorted set f indexed by I, and
elements ¢, j of I. If i # j, then f = [i — f(i),j — f(j)]. The theorem
is a consequence of (8).

(10) Let us consider objects a, b, ¢, d. If a # b, then [a — ¢,b — d] =

[br— d,a— c].
PROOF: For every object = such that = € dom[a — ¢,b —— d] holds
[a— ¢,b— d](x) =[b—d,a— c|(z). O
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(11) Let us consider a function f, and objects i, j. If 4, j € dom f, then
f=f+li— f(@).5— FO)]-
(12) Let us consider objects z, y, z. Then z——y+-(z——z2) = z——2.
Let us observe that there exists a function which is non non-empty.
Now we state the propositions:

(13) Let us consider non empty sets X, Y, and an element y of Y. Then
Xr—yell(X—Y).
PROOF: Set f = X +— y. For every object x such that z € dom(X +— Y")
holds f(z) € (X — Y)(x). O

(14) Let us consider a non empty set X, a set Y, and a subset Z of Y. Then
[[(X+— 2)C[[(X+—Y).

(15) Let us consider a non empty set X, and an object 7. Then [[({i}
X) = {{i} — x, where z is an element of X}.
PRrROOF: Set S = {{i} — =, where x is an element of X}. For every ob-
ject z, z € [[{i} — X) iff z€ 5. O

(16) Let us consider a non empty set X, and objects i, f. Then f € [[({i} —
X) if and only if there exists an element x of X such that f = {i} — =.
The theorem is a consequence of (15).

(17) Let us consider a non empty set X, an object i, and an element z of X.
Then (proj({i} — X,7))({i} — z) = x. The theorem is a consequence
of (13).
(18) Let us consider sets X, Y. Then X # () and Y = ) if and only if [[(X —
Y)=0.
Let f be an empty function and x be an object. Let us note that proj(f, z)
is trivial.
Now we state the proposition:
(19) Let us consider a trivial function f, and an object z. If € dom f, then
proj(f,x) is one-to-one.
ProOOF: Consider t being an object such that dom f = {t}. Set F =
proj(f,z). For every objects y, z such that y, z € dom F and F(y) = F(z)
holds y = z. O

Let x, y be objects. Note that proj(z——y,x) is one-to-one.
Let I be a 1l-element set, J be a many sorted set indexed by I, and ¢ be
an element of I. One can verify that proj(.J,4) is one-to-one.
Now we state the propositions:
(20) Let us consider a non empty set X, a subset Y of X, and an object i.
Then (proj({i} — X,4))°(T1({i} — Y)) = Y. The theorem is a conse-
quence of (16), (13), and (14).
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(21) Let us consider non-empty functions f, g, and objects i, x. Suppose
z € [TfNII(f+-g). Then (proj(f,i))(x) = (proj(f+-g,7))(x).

(22) Let us consider non-empty functions f, g, an object i, and a set A.
Suppose A C [[f NTI(f+-g). Then (proj(f,i))°A = (proj(f+-g,i))°A.
The theorem is a consequence of (21).

(23) Let us consider non-empty functions f, g. Suppose dom g C dom f and
for every object i such that i € dom g holds g(i) C f(i). Then [[(f+-g) C
I/

Let us consider non-empty functions f, g and an object ¢. Now we state the
propositions:

(24) Suppose dom g C dom f and for every object i such that i € dom g holds
9(i) C £(3). Then if i € dom f\ dom g, then (proj(f,1)°(TT(f+9)) = £(i).
The theorem is a consequence of (23) and (22).

(25) Suppose dom g C dom f and for every object i such that i € dom g holds
g(i) C f(i). Then if i € domg, then (proj(f,4))°(I1(f+-9)) = g(i). The
theorem is a consequence of (23) and (22).

(26) Suppose dom g = dom f and for every object i such that i € dom g holds
g(2) C f(i). Then if i € dom g, then (proj(f,7))°(I]g) = g(7). The theorem
is a consequence of (25).

(27) Let us consider a function f, sets X, Y, and an object 7. Suppose X C Y.
Then [[(f+(i-—X)) C T1(f+-(i=—Y)),

(28) Let us consider objects i, j, and sets A, B, C', D. Suppose A C C and
B C D. Then [[[i — A,j —— B] C I[[i = C,j — D]. The theorem is
a consequence of (14).

(29) Let us consider sets X, Y, and objects f, i, j. Suppose i # j. Then

fellli— X,j+—— Y] if and only if there exist objects x, y such that
re€XandyeY and f=[i— z,j— y].
Proor: If f € T][i — X,j —— Y], then there exist objects z, y such
that z € X and y € Y and f = [i — =z,j — y]. Reconsider g = f as
a function. For every object z such that z € dom[i — X, j — Y] holds
9(2) € [i— X,j — Y](2). D

(30) Let us consider a non-empty function f, sets X, Y, objects i, j, z, v,
and a function g. Suppose x € X and y € Y and i # j and g € [[ f. Then
gtlir—z,j—yl € I(f+[i— X,j —Y]).

PROOF: For every object z such that z € dom(f+[i — X,j —— Y])
holds (g+-[i — z,j — y])(2) € (f+]i— X,j— Y])(2). O

(31) Let us consider a function f, sets A, B, C, D, and objects i, j. Suppose

A C C and B C D. Then [[(f+[i — A,j — B]) C TI(f+[i —
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C,j — DJ]). The theorem is a consequence of (27).

(32) Let us consider a function f, sets A, B, and objects i, j. Suppose i, j €
dom f and A C f(i) and B C f(j). Then [[(f+:[i — A,j— B]) C I f.
The theorem is a consequence of (11) and (31).

(33) Let us consider a set I, and many sorted sets f, g indexed by I. Then
[1/NIlg=TI(fNg).

PRrROOF: For every object z, x € [[f N[]g iff there exists a function h
such that h = z and dom h = dom(f Ng) and for every object y such that
y € dom(f Ng) holds h(y) € (fNg)(y). O

(34) Let us consider a 2-element set I, a many sorted set f indexed by I,
elements 4, j of I, and an object x. Suppose i # j. Then

(i) f+ (i,2) =[i— z,j — f(j)], and
(i) f+ G z) =[i— f(i),j — a].
The theorem is a consequence of (10).
Let us consider a non-empty function f, a set X, and an object i. Now we
state the propositions:

(35) Ifi e dom f, then f +- (i, X) is non-empty iff X is not empty.

PROOF: For every object = such that z € dom(f +- (i, X)) holds (f +-
(i, X))(zx) is not empty. O

(36) If i € dom f, then [[(f +- (i, X)) = 0 iff X is empty. The theorem is
a consequence of (35).

(37) Let us consider a non-empty function f, a set X, objects i, z, and a func-
tion g. Suppose ¢ € dom f and z € X and g € [[f. Then g + (i,2) €
[1(f +- (2, X)).

PRrOOF: For every object y such that y € dom(f +- (¢, X)) holds (g +-
(1,2))(y) € (f + (4, X))(y). O
(38) Let us consider a function f, sets X, Y, and an object i. Suppose i €

dom f and X CY. Then [[(f +- (i, X)) C [I(f + (¢,Y)). The theorem is
a consequence of (27).

(39) Let us consider a function f, a set X, and an object i. Suppose i € dom f
and X C f(¢). Then [](f +- (¢, X)) C I] f. The theorem is a consequence
of (38).

(40) Let us consider a non-empty function f, non empty sets X, Y, and objects
i, j. Suppose i, j € dom fand (X Z f(i)or f(5) € Y)and [T(f+ (i, X)) C
[1(f + (4,Y)). Then

(i) i =7, and
(i) X CY.
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PROOF: f +- (i, X) is non-empty and f +- (7,Y) is non-empty. i = j. Set
g = the element of [ f. g+ (i,2) € [I(f +- (4, X)). O

(41) Let us consider a non-empty function f, a set X, and an object i. Suppose
i € dom f and [[(f +- (4, X)) C [[f. Then X C f(i). The theorem is
a consequence of (37).

(42) Let us consider a non-empty function f, non empty sets X, Y, and objects
i, . Suppose i, j € dom f and (X # (i) or ¥ £ () and [[(/+(i, X)) =
[1(f +- (4,Y)). Then

(i) i =j, and
(i) X =Y.
PROOF: f +- (i, X) is non-empty and f +- (,Y) is non-empty. i = j. O

(43) Let us consider a non-empty function f, a set X, and an object i. Suppose
i € dom f and X C f(i). Then (proj(f,i))°(I[1(f + (i, X))) = X. The
theorem is a consequence of (25).

(44) Let us consider objects z, y, z. Then z——y +- (z,2) = z——z. The
theorem is a consequence of (12).

Let I be a non empty set and J be a 1-sorted yielding, nonempty many
sorted set indexed by I. Let us observe that the support of J is non-empty.

2. REMARKS ABOUT PRODUCT SPACES

Now we state the propositions:

(45) Let us consider topological spaces T', S, and a function f from 7T into
S. Then f is open if and only if there exists a basis B of T such that for
every subset V of T such that V € B holds f°V is open.

(46) Let us consider non empty topological spaces T1, Ts, S1, S2, a function
f from T} into Sp, and a function g from 75 into Ss. If f is open and g is
open, then f X g is open.

PROOF: There exists a basis B of T7 x T such that for every subset P of
T} x Ty such that P € B holds (f x g)°P is open.

Let us consider non empty topological spaces S, T" and a function f from S
into T'. Now we state the propositions:

(47) If f is bijective and there exists a basis K of S and there exists a basis
L of T such that f°K = L, then f is a homeomorphism.
PROOF: For every subset W of T such that W € L holds f~(W) is open.
For every subset V' of S such that V' € K holds f°V is open. f is open. [J
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(48) If f is bijective and there exists a prebasis K of S and there exists
a prebasis L of T such that f°K = L, then f is a homeomorphism.
PRrROOF: Reconsider Ky = FinMeetCl(K) as a basis of S. Reconsider Ly =
FinMeetCIl(L) as a basis of T'. For every subset W of T', W € Ly iff there
exists a subset V of S such that V € Ky and f°V =W. O

Let us consider topological spaces S, T. Now we state the propositions:

(49) If there exists a basis K of S and there exists a basis L of T such that
K = Lm{Qg}, then S is a subspace of T.
PROOF: For every subset A of S, A € the topology of S iff there exists
a subset B of T' such that B € the topology of T'and A = BN{2g. Consider
B being a subset of T" such that B € the topology of T" and the carrier of
S=BnNRg. O

(50) Suppose Qg C Qr and there exists a prebasis K of S and there exists
a prebasis L of T such that K = L@ {Qg}. Then S is a subspace of T'.
PRrROOF: Reconsider Ky = FinMeetCl(K) as a basis of S. Reconsider Ly =
FinMeetCl(L) as a basis of T'. For every object x, x € Ky iff x € Lom{Qs}.
O

(51) If there exists a prebasis K of S and there exists a prebasis L of T such
that Qg € K and K = LM {Qs}, then S is a subspace of T". The theorem
is a consequence of (50).

(52) Let us consider a non empty set I, a topological structure yielding, no-
nempty many sorted set J indexed by I, and an element ¢ of 1. Then
rng proj(.J, i) = the carrier of J(7).
Let X be a set and T" be a topological structure. Observe that X —— T is
topological structure yielding.
Let F' be a binary relation. We say that F' is topological space yielding if
and only if

(Def. 1) for every object  such that = € rng F' holds z is a topological space.

Note that every binary relation which is topological space yielding is al-
so topological structure yielding and every function which is topological space
yielding is also 1-sorted yielding.

Let X be a set and T be a topological space. One can verify that X —— T
is topological space yielding.

Let I be a set. One can verify that there exists a many sorted set indexed
by I which is topological space yielding and nonempty.

Let I be a non empty set, J be a topological space yielding, nonempty many
sorted set indexed by I, and ¢ be an element of I. Let us note that the functor
J (i) yields a non empty topological space. Let f be a function. The functor
ProjMap f yielding a many sorted function indexed by dom f is defined by
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(Def. 2) for every object 2 such that x € dom f holds it(x) = proj(f,z).

Let f be an empty function. One can verify that ProjMap f is empty.

Let f be a non-empty function. Note that ProjMap f is non-empty.

Let f be a non non-empty function. Let us note that ProjMap f is empty
yielding.

Let I be a non empty set and J be a topological structure yielding, nonempty
many sorted set indexed by I. The functor ProjMap J yielding a many sorted
set indexed by [ is defined by the term

(Def. 3) ProjMap(the support of .J).

Observe that ProjMap J is function yielding, non empty, and non-empty.
Now we state the proposition:

(53) Let us consider a non empty set I, a topological structure yielding, no-
nempty many sorted set J indexed by I, and an element i of I. Then
(ProjMap J) (i) = proj(J, ).

Let I be a non empty set, J be a topological structure yielding, nonempty
many sorted set indexed by I, and f be a one-to-one, I-valued function. The
functor ProdBasSel(J, f) yielding a many sorted set indexed by rng f is defined
by the term

(Def. 4) (ProjMap J) ° (I -indexing f~!)[ rng f.
Let f be an empty, one-to-one, I-valued function. Note that ProdBasSel(.J, f)
is empty.
Now we state the propositions:

(54) Let us consider a non empty set I, a topological structure yielding, no-
nempty many sorted set J indexed by I, a one-to-one, I-valued function
f, and an element i of I. Suppose i € rng f. Then (ProdBasSel(J, f))(i) =
(proj(J,4))°(f~1)(7). The theorem is a consequence of (53).

(55) Let us consider a non empty set I, a topological structure yielding, no-
nempty many sorted set J indexed by I, and a one-to-one, I-valued func-
tion f. Suppose f~!is non-empty and dom f C olle. Then ProdBasSel(J, f)
is non-empty, where « is the support of J. The theorem is a consequence
of (54).

(56) Let us consider a non empty set I, and a topological space yielding,
nonempty many sorted set J indexed by I. Then () € the product prebasis
for J. The theorem is a consequence of (36).

(57) Let us consider a non empty set I, a topological structure yielding, no-
nempty many sorted set J indexed by I, and a non empty subset P of
[1(the support of J). Suppose P € the product prebasis for J. Then there
exists an element 4 of I such that
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(i) (proj(J,i))°P is open, and

(ii) for every element j of I such that j # 4 holds (proj(J,j))°P = Q ;.
PRrROOF: Consider ¢ being a set, T' being a topological structure, V' being
a subset of T' such that ¢ € I and V is open and T' = J(i) and P =
[1((the support of J) +- (i,V')). rngproj(J,i) = the carrier of J(i). For
every object z, x € (proj(J,7))°P iff x € Q;¢; by [, (30), (32)], [9 (8)],
8, (7)]. O

(58) Let us consider a non empty set I, a topological space yielding, no-

nempty many sorted set J indexed by I, and a non empty subset P of
[1(the support of J). Suppose P € the product prebasis for J. Then

(i) for every element j of I, (proj(J,j))°P is open, and

(ii) there exists an element ¢ of I such that for every element j of I such

that j # i holds (proj(J, j))°P = Q).

The theorem is a consequence of (57).

(59) Let us consider a non empty set I, a topological structure yielding, no-
nempty many sorted set J indexed by I, a one-to-one, [-valued func-
tion f, and a family X of subsets of [](the support of J). Suppose X C
the product prebasis for J and dom f = X and f~! is non-empty and for
every subset A of [[(the support of J) such that A € X holds
(proj(J, f/4))° A is open. Let us consider an element i of I. Then

(i) if ¢ ¢ rng f, then (proj(J,7))°(I1((the support of J)+-
ProdBasSel(J, f))) = ¢, and
(ii) if ¢« € rng f, then (proj(J,))°([1((the support of J)+-
ProdBasSel(.J, f))) is open.
PROOF: Set g = ProdBasSel(J, f). Set P = []((the support of J)+-g). g
is non-empty. If i ¢ rng f, then (proj(J,7))°P = Q). O
(60) Let us consider a non empty set I, a topological space yielding, nonempty
many sorted set J indexed by I, a one-to-one, I-valued function f, and
a family X of subsets of [[(the support of J). Suppose X C the product
prebasis for J and dom f = X and f~! is non-empty and for every subset
A of [](the support of J) such that A € X holds (proj(J, f/4))°A is open.
Let us consider an element i of I. Then
(i) (proj(J,))°(I1((the support of J)+- ProdBasSel(J, f))) is open, and
(i) if i ¢ rng f, then (proj(J,))°([1((the support of J)+-
ProdBasSel(J, f))) = Q-

The theorem is a consequence of (59).
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(61) Let us consider a non empty set I, a topological space yielding, nonempty
many sorted set J indexed by I, and a subset P of [[(the support of .J).
Then P € FinMeetCl(the product prebasis for J) if and only if there exists
a family X of subsets of [](the support of J) and there exists a one-to-one,
I-valued function f such that X C the product prebasis for J and X is
finite and P = Intersect(X) and dom f = X and P = [[((the support of
J)+- ProdBasSel(J, f)).

Let us consider a non empty set I, a topological space yielding, nonempty
many sorted set J indexed by I, and a non empty subset P of [](the support
of J). Now we state the propositions:

(62) Suppose P € FinMeetCl(the product prebasis for J). Then there exists
a family X of subsets of [](the support of J) and there exists a one-to-one,
I-valued function f such that X C the product prebasis for J and X is
finite and P = Intersect(X) and dom f = X and for every element i of I,
(proj(J,4))°P is open and if i ¢ rng f, then (proj(J,7))°P = Q).
PROOF: Consider X being a family of subsets of [](the support of J), f
being a one-to-one, I-valued function such that X C the product prebasis
for J and X is finite and P = Intersect(X) and dom f = X and P =
[1((the support of J)+- ProdBasSel(J, f)). f~! is non-empty. OJ

(63) Suppose P € FinMeetCl(the product prebasis for J). Then there exists
a finite subset Iy of I such that for every element ¢ of I, (proj(J,:))°P is
open and if i ¢ Iy, then (proj(J,7))°P = Q;(;). The theorem is a consequ-
ence of (62).

(64) Let us consider a 1-element set I, a topological structure yielding, no-
nempty many sorted set J indexed by I, an element ¢ of I, and a subset P
of [1(the support of J). Then P € the product prebasis for J if and only if
there exists a subset V' of J (i) such that V' is open and P = [[({i} — V).
The theorem is a consequence of (7) and (44).

(65) Let us consider a 1-element set I, and a topological space yielding, no-
nempty many sorted set J indexed by I. Then the topology of [[J =
the product prebasis for J.

(66) Let us consider a 1-element set I, a topological space yielding, nonempty
many sorted set J indexed by I, an element ¢ of I, and a subset P of []J.
Then P is open if and only if there exists a subset V' of J(i) such that V'
is open and P = [[({i} —— V). The theorem is a consequence of (65) and
(64).

Let I be a non empty set, J be a topological structure yielding, nonempty
many sorted set indexed by I, and 7 be an element of I. Note that proj(J,1) is
continuous and onto.
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Let J be a topological space yielding, nonempty many sorted set indexed by
I. Note that proj(J, i) is open.

Let us consider a l-element set I, a topological space yielding, nonempty
many sorted set J indexed by I, and an element ¢ of I. Now we state the
propositions:

(67) proj(J,i) is a homeomorphism. The theorem is a consequence of (7).
(68) TIJ and J(i) are homeomorphic. The theorem is a consequence of (67).

Let us consider a 2-element set I, a topological space yielding, nonempty ma-
ny sorted set J indexed by I, elements i, j of I, and a subset P of [[(the support
of J). Now we state the propositions:

(69) Suppose i # j. Then P € the product prebasis for J if and only if
there exists a subset V of J(i) such that V is open and P = [[[i —
V,j = ;)] or there exists a subset W of J(j) such that W is open and
P =1T[[i = Qy(),j = W]. The theorem is a consequence of (34).

(70) Suppose i # j. Then P € FinMeetCl(the product prebasis for J) if and
only if there exists a subset V' of J(i) and there exists a subset W of J(j)
such that V is open and W is open and P = [[[i — V,j — W].
PROOF: There exists a family Y of subsets of [[(the support of J) such
that Y C the product prebasis for J and Y is finite and P = Intersect(Y").
O

(71) Let us consider a non empty set I, a topological space yielding, no-
nempty many sorted set J indexed by I, and elements ¢, j of I. Then
(proj(J, i), proj(J, 7)) is a function from []J into J(i) x J(j).

(72) Let us consider a non empty set I, a topological space yielding, nonempty
many sorted set J indexed by I, a subset P of [[(the support of J), and
elements i, j of I. Suppose i # j and there exists a many sorted set F
indexed by I such that P = [[ F' and for every element k of I, F(k) C
(the support of J)(k). Then (proj(J,i),proj(J,j))°P = (proj(J,i))°P x
(proj(J,7))°P. The theorem is a consequence of (26), (30), and (11).

(73) Let us consider a non empty set I, a topological space yielding, nonempty
many sorted set J indexed by I, elements ¢, j of I, and a function f from
[1J into J(i) x J(j). Suppose ¢ # j and f = (proj(.J,¢), proj(.J,j)). Then
f is onto and open.

PROOF: For every element k of I, (proj(J, k))O(QHa) = the carrier of
J(k), where « is the support of J. There exists a basis B of [] J such that
for every subset P of [][J such that P € B holds f°P is open. [J

(74) Let us consider a 2-element set I, a topological space yielding, nonempty
many sorted set J indexed by I, elements i, j of I, and a function f from
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[1J into J(i) x J(j). Suppose ¢ # j and f = (proj(J,), proj(.J,j)). Then
f is a homeomorphism.
PROOF: f is onto and open. For every objects x1, xo such that z1, zo €
dom f and f(x1) = f(x2) holds x1 = x9. O

(75) Let us consider a 2-element set I, a topological space yielding, nonempty
many sorted set J indexed by I, and elements i, j of I. If i # j, then [[J
and J (i) x J(j) are homeomorphic. The theorem is a consequence of (74).

Let I1, Is be non empty sets, J be a topological space yielding, nonempty
many sorted set indexed by I, and f be a function from I; into Is. One can
check that J - f is topological space yielding and nonempty.

Let J1 be a topological space yielding, nonempty many sorted set indexed
by I, J2 be a topological space yielding, nonempty many sorted set indexed
by I, and p be a function from Iy into Is. Assume p is bijective and for every
element ¢ of Iy, J1(7) and (J2 - p)(¢) are homeomorphic.

A product homeomorphism of Ji, Js and p is a function from [] J; into [] J2
defined by

(Def. 5) there exists a many sorted function F' indexed by I; such that for every
element ¢ of I, there exists a function f from Ji(¢) into (Ja - p)(i) such
that F'(i) = f and f is a homeomorphism and for every element g of [] J;
and for every element i of Iy, (it(g))(p(i)) = F(i)(g(7)).

Now we state the proposition:

(76) Let us consider non empty sets I1, I, a topological space yielding, no-
nempty many sorted set J; indexed by I;, a topological space yielding,
nonempty many sorted set Jo indexed by I3, a function p from I into
I, a product homeomorphism H of Jj, Jo and p, and a many sorted
function F' indexed by I;. Suppose p is bijective and for every element
i of Iy, there exists a function f from Ji(7) into (J2 - p)(i) such that
F(i) = f and f is a homeomorphism and for every element g of []Jy
and for every element i of I1, (H(g))(p(i)) = F(i)(g(7)). Let us consider
an element i of I, and a subset U of Jy(i). Then H°([]((the support of
J1) + (5,0))) = T1((the support of .15) +- (p(i), F(i)°U)).

PROOF: Reconsider j = p(i) as an element of I5. Consider f being a func-
tion from Ji(7) into (Jo - p)(i) such that F(i) = f and f is a homeomor-
phism. For every object y, y € H°(I]((the support of Jy) +- (3,U))) iff
y € [1((the support of J2) +- (4, F(i)°U)). O
Let us consider non empty sets I, I2, a topological space yielding, nonemp-
ty many sorted set J; indexed by I, a topological space yielding, nonempty
many sorted set Jy indexed by Io, a function p from I; into I», and a product
homeomorphism H of Ji, Jo and p. Now we state the propositions:
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(77) If p is bijective and for every element i of I, Ji(i) and (J2 - p)(i) are
homeomorphic, then H is bijective.
PRrROOF: Consider F' being a many sorted function indexed by I such that
for every element i of I, there exists a function f from J;(7) into (Ja-p)(i)
such that F(i) = f and f is a homeomorphism and for every element
g of [T J1 and for every element i of I, (H(g))(p(i)) = F(i)(g(i)). For
every objects x1, xo such that x1, zo € dom H and H(z1) = H(x3) holds
x1 = xa. Set ig = the element of I;. Consider fy being a function from
J1(ip) into (Ja - p)(ip) such that F(ig) = fo and fy is a homeomorphism.
]

(78) If p is bijective and for every element ¢ of I, Ji(i) and (J2 - p)(i) are
homeomorphic, then H is a homeomorphism.
PRrOOF: Consider F' being a many sorted function indexed by I such that
for every element 7 of I1, there exists a function f from Ji(7) into (J2-p)(i)
such that F(i) = f and f is a homeomorphism and for every element g
of [TJi and for every element ¢ of Iy, (H(g))(p(i)) = F(i)(g(i)). H is
bijective. There exists a prebasis K of [ J1 and there exists a prebasis L
of [ J2 such that H°K = L. J

(79) Let us consider non empty sets I, Is, a topological space yielding, no-
nempty many sorted set J; indexed by Iy, a topological space yielding,
nonempty many sorted set Js indexed by Is, and a function p from I into
I,. Suppose p is bijective and for every element ¢ of Iy, Ji(¢) and (J2-p)(i)
are homeomorphic. Then []J; and [] J2 are homeomorphic. The theorem
is a consequence of (78).

(80) Let us consider a non empty set I, topological space yielding, nonempty
many sorted sets Ji, Jo indexed by I, and a permutation p of 1. Suppose
for every element ¢ of I, Jy(7) and (J2-p)(i) are homeomorphic. Then [] J;
and [] Jo are homeomorphic.

(81) Let us consider a non empty set I, a topological space yielding, nonempty
many sorted set J indexed by I, and a permutation p of I. Then [[J and
[1J - p are homeomorphic. The theorem is a consequence of (79).

(82) Let us consider a non empty set I, and topological space yielding, no-
nempty many sorted sets Ji, Jo indexed by I. Suppose for every element
i of I, J1(7) is a subspace of Ja(i). Then ] J; is a subspace of [] Js.
PROOF: There exists a prebasis K7 of [[ J1 and there exists a prebasis Ko
of [] J2 such that anl € Ky and K1 = Kom {anl}. O
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Summary. Binary representation of integers [5], [3] and arithmetic ope-
rations on them have already been introduced in Mizar Mathematical Library
[8, 7, 6] [4]. However, these articles formalize the notion of integers as mapped
into a certain length tuple of boolean values.

In this article we formalize, by means of Mizar system [2], [I], the binary
representation of natural numbers which maps N into bitstreams.
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1. PRELIMINARIES

Let us consider a natural number x. Now we state the propositions:

(1) There exists a natural number m such that = < 2™.

(2) If x # 0, then there exists a natural number n such that 2" < z < 2"+1,
PROOF: Define Q[natural number] = x < 2%1. There exists a natural num-
ber m such that Q[m|. Consider k being a natural number such that Q[k]
and for every natural number n such that Q[n] holds k& < n. Reconsider
k1 = k — 1 as a natural number. 28t < z. O

(3) Let us consider a natural number z, and natural numbers ni, ng. If
oM L < 2mtland 272 < x < 2721 then ny = no.
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1
(5) Let us consider natural numbers ny, ng. Then (0,...,0) ~(0,...,0) =
——— ——
ni n2
(0,...,0).
——
ni+n2

2. HOMOMORPHISM FROM THE NATURAL NUMBERS TO THE BITSTREAMS

Let = be a natural number. The functor LenBinSeq(z) yielding a non zero
natural number is defined by

(Def. 1) (i) it =1, if z = 0,
(ii) there exists a natural number n such that 2" < x < 2"*! and it =
n + 1, otherwise.
Let us consider a natural number x. Now we state the propositions:
(6) T < gLenBinSeq(x)
(7) x = AbsVal(LenBinSeq(x) -BinarySequence(z)). The theorem is a con-
sequence of (6).
(8) Let us consider a natural number n, and an (n + 1)-tuple x of Boolean.
If (n + 1) = 1, then 2" < AbsVal(x) < 271,
(9) There exists a function F' from Boolean™ into N such that for every
element = of Boolean™, there exists a (len x)-tuple g of Boolean such that
x =9 and F(z) = AbsVal(zg).
PROOF: Define Plelement of Boolean™,object] = there exists a (len$;)-
tuple xg of Boolean such that $; = z¢ and $5 = AbsVal(x). For every
element x of Boolean™, there exists an element y of N such that P[z,y].
Consider f being a function from Boolean™ into N such that for every
element z of Boolean™, Plx, f(x)]. O
The functor Nat2BinLen yielding a function from N into Boolean™ is defined
by
(Def. 2) for every element x of N, it(x) = LenBinSeq(z) -BinarySequence(z).
Now we state the propositions:
(10) Let us consider an element x of N, and a (LenBinSeq(z))-tuple y of
Boolean. If (Nat2BinLen)(x) = y, then AbsVal(y) = z. The theorem is
a consequence of (7).

(11) rngNat2BinLen = {x, where z is an element of Boolean™ : z(lenz) =

1 U{(0)}
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PROOF: For every object z, z € rng Nat2BinLen iff z € {z, where x is
an element of Boolean™ : z(lenz) =1} U {(0)}. O

(12) Nat2BinLen is one-to-one.

Let x, y be elements of Boolean®™. Assume lenz # 0 and leny # 0. The
functor MaxLen(x, y) yielding a non zero natural number is defined by the term

(Def. 3) max(lenz,leny).

Let K be a natural number and x be an element of Boolean™. The functor
ExtBit(x, K) yielding a K-tuple of Boolean is defined by the term

x~(0,...,0), if lenz < K,
———
(Def 4) K—'lenz
K, otherwise.

Now we state the propositions:
(13) Let us consider a natural number K, and an element = of Boolean™.
Suppose lenz < K. Then ExtBit(x, K + 1) = ExtBit(z, K) " (0).
(14) Let us consider a non zero natural number K, and an element x of
Boolean™. If lenz = K, then ExtBit(z, K) = =.

(15) Let us consider a non zero natural number K, K-tuples z, y of Boolean,
and (K +1)-tuples 1, y1 of Boolean. Suppose 1 = =~ (0) and y; = y~(0).
Then z; and y; are summable.

(16) Let us consider a non zero natural number K, and a K-tuple y of
Boolean. Suppose y = (0,...,0). Let us consider a non zero natural num-
——

K
ber n. If n < K, then y/, = 0.

(17) Let us consider a non zero natural number K, and K-tuples z, y of
Boolean. Then carry(x,y) = carry(y, x).

(18) Let us consider a non zero natural number K, and K-tuples z, y of
Boolean. Suppose y = (0, ...,0). Let us consider a non zero natural num-
——

ber n. Suppose n < K. Thle<n
(i) (carry(z, )/ = 0, and
(i) (carry(y,))jn = 0.
PROOF: Define P[natural number] = if 1 < $; < K, then (carry(x,y)) s, =

0. For every non zero natural number ¢ such that P[i] holds P[i + 1]. For
every non zero natural number k, P[k]. O

Let us consider a non zero natural number K and K-tuples x, y of Boolean.
Now we state the propositions:

(19) z+y =y + x. The theorem is a consequence of (17).
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(20) Ify=(0,...,0), thenz+y=xand y+z =zx.
K
PROOF: For every natural number i such that ¢ € Seg K holds (x+y)(i) =
z(3). O
(21) Let us consider a non zero natural number K, and K-tuples z, y of
Boolean. If z(lenx) = 1 and y(leny) = 1, then x and y are not summable.

Let us consider a non zero natural number K and K-tuples x, y of Boolean.
Now we state the propositions:

(22) If x and y are summable, then y and x are summable. The theorem is
a consequence of (17).

(23) If x and y are summable and (z(lenz) = 1 or y(leny) = 1), then (x +
y)(len(x + y)) = 1. The theorem is a consequence of (19) and (22).

(24) Let us consider a non zero natural number K, K-tuples x, y of Boolean,
and (K + 1)-tuples x1, y1 of Boolean. Suppose x and y are not summable
and 1 =z ~ (0) and y; =y~ (0). Then (z1 + y1)(len(x; + 1)) = 1.
PRrROOF: Set K; = K + 1. Reconsider S = carry(z,y) ~ (1) as a Kj-tuple
of Boolean. S = false. For every natural number ¢ such that 1 <1 < K3
holds Syi1 = (w1 Ay1y V@1 NSp) V oy NSy U
Let x, y be elements of Boolean™. The functor x + y yielding an element of
Boolean™ is defined by the term
y,if lenxz =0,
x,if leny =0,
ExtBit(z, MaxLen(z,y)) + ExtBit(y, MaxLen(z,y)),
(Def. 5) if ExtBit(z, MaxLen(z,y)) and ExtBit(y, MaxLen(z,y))
are summable and lenz # 0 and leny # 0,
ExtBit(x, MaxLen(z,y) + 1) + ExtBit(y, MaxLen(z, y) + 1),
otherwise.

Let F be a function from N into Boolean™ and x be an element of N. Let
us note that the functor F'(x) yields an element of Boolean®. Now we state the
propositions:

(25) Let us consider an element x of Boolean™. If x € rng Nat2BinLen, then
1 <lenz.

(26) Let us consider elements x, y of Boolean™. Suppose x, y € rng Nat2BinLen.
Then z+y € rng Nat2BinLen. The theorem is a consequence of (11), (25),
(4), (18), (16), (20), (14), (21), (23), (13), and (24).

(27) Let us consider a non zero natural number n, an n-tuple = of Boolean,
natural numbers m, [, and an [-tuple y of Boolean. Suppose y = =z 7
(0,...,0). Then AbsVal(y) = AbsVal(x).

——

m
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PROOF: Define P[natural number| = for every natural number [ for eve-
ry I-tuple y of Boolean such that y = = = (0,...,0) holds AbsVal(y) =
——

$1
AbsVal(z). For every natural number m such that P[m| holds P[m + 1].

P[0]. For every natural number m, P[m]. O
(28) Let us consider a natural number n, an element z of N, and an n-tuple
y of Boolean. Suppose y = (Nat2BinLen)(z). Then
(i) n = LenBinSeq(z), and
(ii) AbsVal(y) = z, and
(iii) (Nat2BinLen)(AbsVal(y)) = y.

The theorem is a consequence of (6).

(29) Let us consider elements z, y of N. Then (Nat2BinLen)(z + y) =
(Nat2BinLen)(z)+ (Nat2BinLen)(y). The theorem is a consequence of (7),
(27), (26), (28), (13), and (15).

(30) Let us consider elements z, y of Boolean™. If z, y € rng Nat2BinLen,
then z +y = y + . The theorem is a consequence of (29).

(31) Let us consider elements z, y, z of Boolean™®. If x, y, z € rng Nat2BinLen,
then (x +y) + 2z =z + (y + z). The theorem is a consequence of (29).

3. HOMOMORPHISM FROM THE BITSTREAMS TO THE NATURAL NUMBERS

Let = be an element of Boolean®. The functor ExtAbsVal(z) yielding a na-
tural number is defined by

(Def. 6) there exists a natural number n and there exists an n-tuple y of Boolean

such that y = = and it = AbsVal(y).
Now we state the proposition:
(32) There exists a function F' from Boolean™ into N such that for every

element x of Boolean®, F(z) = ExtAbsVal(z).
PROOF: Define P[element of Boolean™, object] = $2 = ExtAbsVal($;). For
every element x of Boolean™, there exists an element y of N such that
P[x,y]. Consider f being a function from Boolean® into N such that for
every element x of Boolean™, Plz, f(x)]. O

The functor BinLen2Nat yielding a function from Boolean™® into N is defined
by
(Def. 7) for every element x of Boolean®, it(x) = ExtAbsVal(x).
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Let F be a function from Boolean™ into N and x be an element of Boolean™.
Let us observe that the functor F(z) yields an element of N. Observe that
BinLen2Nat is onto.

Now we state the propositions:

(33) Let us consider an element z of Boolean®, and a natural number K. Sup-
pose lenz # 0 and lenz < K. Then ExtAbsVal(z) = AbsVal(ExtBit(z, K)).
The theorem is a consequence of (27).

(34) Let us consider elements x, y of Boolean®. Then (BinLen2Nat)(x +y) =
(BinLen2Nat)(z) + (BinLen2Nat)(y). The theorem is a consequence of
(33), (13), and (15).

The functor EqBinLen2Nat yielding an equivalence relation of Boolean™ is
defined by

(Def. 8) for every objects z, y, (z, y) € it iff x,y € Boolean™ and (BinLen2Nat)(x)
= (BinLen2Nat)(y).

The functor QuBinLen2Nat yielding a function from Classes EqBinLen2Nat
into N is defined by

(Def. 9) for every element A of Classes EqBinLen2Nat, there exists an object z
such that = € A and it(A) = (BinLen2Nat)(x).

Let us observe that QuBinLen2Nat is one-to-one and onto.

Now we state the proposition:

(35) Let us consider an element = of Boolean™.

Then (QuBinLen2Nat)([z]gqpinLenanat) = (BinLen2Nat)(z).

Let A, B be elements of Classes EqBinLen2Nat. The functor A + B yielding
an element of Classes EqBinLen2Nat is defined by

(Def. 10) there exist elements x, y of Boolean®™ such that z € A and y € B and
it = [ + Y|pyBinLenaNat-

Now we state the proposition:

(36) Let us consider elements A, B of Classes EqBinLen2Nat, and elements
x, y of Boolean™. If © € A and y € B, then A+ B = [z + y]EqBinLGHQNat.
The theorem is a consequence of (34).

Let us consider elements A, B of Classes EqBinLen2Nat. Now we state the
propositions:

(37) (QuBinLen2Nat)(A+ B) = (QuBinLen2Nat)(A) + (QuBinLen2Nat)(B).
The theorem is a consequence of (36), (35), and (34).

(38) A+ B = B+ A. The theorem is a consequence of (36), (35), and (34).

(39) Let us consider elements A, B, C of Classes EqBinLen2Nat. Then (A +
B)+ C = A+ (B+ C). The theorem is a consequence of (36), (35), and
(34).
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(40) Let us consider a natural number n, and elements z, z; of Boolean™.

Suppose z = € Boolean and z1 = (0,...,0).
n
Then [Z]EqBinLBHZNat = [Zl]EqBinLenZNat'

(41) Let us consider elements A, Z of Classes EqBinLen2Nat, a natural num-
ber n, and an element z of Boolean™. Suppose Z = [Z]EqBinLeHZNat and
z=1{(0,...,0). Then

——
n

(i) A+ Z = A, and
(i) Z+ A=A
The theorem is a consequence of (40), (36), and (38).
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Summary. In this article, using the Mizar system [I], [2], we discuss the
continuity of bounded linear operators on normed linear spaces. In the first sec-
tion, it is discussed that bounded linear operators on normed linear spaces are
uniformly continuous and Lipschitz continuous. Especially, a bounded linear ope-
rator on the dense subset of a complete normed linear space has a unique natural
extension over the whole space. In the next section, several basic currying pro-
perties are formalized.

In the last section, we formalized that continuity of bilinear operator is equ-
ivalent to both Lipschitz continuity and local continuity. We referred to [4], [13],
and [3] in this formalization.
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Keywords: Lipschitz continuity; uniform continuity; bounded linear operators;
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1. UNIFORM CONTINUITY AND LIPSCHITZ CONTINUITY OF BOUNDED
LINEAR OPERATORS

From now on S, T, W, Y denote real normed spaces, f denotes partial
function from S to T', Z denotes a subset of S, and 7, n denote natural numbers.
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Now we state the propositions:

(1) Let us consider real normed spaces E, F', a subset E; of E, and a partial
function f from E to F. Suppose E; is dense and F' is complete and
dom f = E; and f is uniformly continuous on F;. Then

(i) there exists a function g from FE into F such that g[/E; = f and
g is uniformly continuous on the carrier of F and for every point
x of E, there exists a sequence sy of F such that rngsg C E; and
so is convergent and limsy = = and f,sg is convergent and g(z) =
lim(f.so) and for every point = of E and for every sequence sy of
such that rng sg C E7 and sg is convergent and lim sy = x holds f.sg
is convergent and g(x) = lim(f,s¢), and

(ii) for every functions g1, g2 from FE into F such that g;[F; = f and g1
is continuous on the carrier of ¥ and go[FE1 = f and g5 is continuous
on the carrier of E holds g1 = go.

PROOF: For every point x of E and for every sequence sg of F such that
rng sg C F1 and sg is convergent for every real number s such that 0 < s
there exists a natural number n such that for every natural number m such
that n < m holds ||(f«so)(m) — (f«s0)(n)|| < s. For every point z of E
and for every sequence sy of E¥ such that rng so C E; and sq is convergent
holds f.sp is convergent by [12, (5)]. For every point x of E and for every
sequences s, so of E such that rngs; € Ej and s; is convergent and
lims; = x and rngse C E; and s is convergent and lim ss = x holds
lm(f.s1) = im(f.s2) by [7, (14)].

Define P[object,object] = there exists a sequence sy of E such that
rng so € F7 and sg is convergent and lim sy = $; and f.sg is convergent
and $2 = lim(f.sg). For every element x of F, there exists an element y of
F such that P[z,y|. Consider g being a function from E into F' such that
for every element x of E, P[x, g(x)]. For every object x such that x € dom f
holds f(x) = g(z). For every point = of E and for every sequence sy of
FE such that rngsg C E1 and sg is convergent and lim sg = x holds f,sg
is convergent and g(z) = lim(f.so). For every real number r such that
0 < r there exists a real number s such that 0 < s and for every points
x1, x2 of E such that z1, zo € the carrier of E and ||z; — x2|| < s holds
9/2, — 9/a. |l < 7. For every element x of E, g1(z) = ga(x) by [5, (14)], [9,
(18)]. O

(2) Let us consider real normed spaces E, F, G, a point f of the real norm
space of bounded linear operators from FE into F', and a point g of the real
norm space of bounded linear operators from F' into G. Then there exists
a point A of the real norm space of bounded linear operators from F into
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G such that
(1) h:gf7 and
(ii) (Al < lgll - If1-

PROOF: Reconsider L; = f as a Lipschitzian linear operator from F into
F'. Reconsider Ly = g as a Lipschitzian linear operator from F' into G. Set
L3 = Ly - Ly. For every real number ¢ such that ¢ € PreNorms(L3) holds
t<lgll - 11l by [LT4 (16)]. OO

Let us consider real normed spaces E, F. Then every Lipschitzian linear

operator from FE into F is Lipschitzian on the carrier of E and uniformly
continuous on the carrier of E.
ProoF: Consider K being a real number such that 0 < K and for every
vector x of E, | L(z)|| < K -||z||. Set r = K + 1. Set Ey = the carrier of E.
For every points x1, 29 of E such that 1, x2 € Ep holds ||L/;, — L., | <
Tl — a2 O

Let us consider real normed spaces F, F', a subreal normal space E; of
FE, and a point f of the real norm space of bounded linear operators from
FE4 into F. Suppose F' is complete and there exists a subset Ey of F such
that Ey = the carrier of F; and Ej is dense. Then

(i) there exists a point g of the real norm space of bounded linear
operators from FE into F such that domg = the carrier of E and
g|(the carrier of E7) = f and ||g|| = ||f]| and there exists a partial
function Lq from F to F' such that L1 = f and for every point x of
E, there exists a sequence sg of F such that rng sy C the carrier of
F1 and sqg is convergent and lim sg = x and L1.S¢ is convergent and
g(x) = lim(L14s0) and for every point x of E and for every sequence
sg of E such that rng sy C the carrier of E; and sg is convergent and
lim sp = « holds Lj.so is convergent and g(x) = lim(Lj.s¢), and

(ii) for every points g1, g2 of the real norm space of bounded linear
operators from F into F' such that gy [(the carrier of Ey) = f and
g2 (the carrier of F1) = f holds g1 = ga.

PRroOF: Consider Ey being a subset of E such that Ey = the carrier of
FEq and FEj is dense. Reconsider L = f as a Lipschitzian linear operator
from F; into F. Reconsider L1 = L as a partial function from F to F.
Consider K being a real number such that 0 < K and for every vector x
of By, ||L(z)|| < K - ||z||. Set r = K + 1. For every points x1, x3 of E such
that x1, x9 € Ey holds ||Ll/gﬁ1 — Ll/mz” <r- Ha;l — 1:2”

There exists a function P3 from E into F' such that P3[Ey = L
and P35 is uniformly continuous on the carrier of E and for every point
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x of E, there exists a sequence sg of F such that rngsy C FEy and sq is
convergent and lim sg = z and L1, sg is convergent and Ps(z) = lim(L1.s0)
and for every point x of E and for every sequence sg of F such that
rng so C Ep and sg is convergent and lim sg = = holds Li.sq is convergent
and P3(z) = lim(L14s0) and for every functions Pj, P, from F into F' such
that P;[Ey = L1 and P is continuous on the carrier of £ and P»[Ey = L
and P is continuous on the carrier of E holds P, = Ps.

Consider P; being a function from FE into I’ such that P3[FEy = L
and Pj is uniformly continuous on the carrier of E and for every point
x of E, there exists a sequence sy of F such that rngsy C FEy and sq is
convergent and lim sy = z and L1, sg is convergent and Ps(z) = lim(L1.s0)
and for every point x of E and for every sequence sy of E such that
rng so € Ey and s is convergent and lim sg = z holds Li.sg is convergent
and P3(z) = lim(L1.s0) and for every point z of E, there exists a sequence
sp of E such that rngsy C Ey and sq is convergent and lim sy = z and
Ly.s¢ is convergent and P3(z) = lim(Li.s9) and for every point x of E
and for every sequence sg of E such that rg sy C Ey and sq is convergent
and limsyp = 2 holds Lj.so is convergent and Ps(x) = lim(Lj.so). For
every points z, y of F, P3(x +y) = P3(z) 4+ Ps(y). For every point x of E
and for every real number a, Ps3(a - x) = a- P3(x).

Reconsider ¢ = P3 as a point of the real norm space of bounded li-
near operators from F into F. For every real number ¢ such that ¢t €
PreNorms(L) holds ¢ < ||g|. For every real number ¢ such that ¢ €
PreNorms(P3) holds ¢ < || f]|. For every points g;, g2 of the real norm
space of bounded linear operators from E into F' such that g1 [(the carrier
of E1) = f and g2 (the carrier of Eq) = f holds g1 = g2 by (3), [8 (7)],
(1). O

2. Basic PROPERTIES OF CURRYING

Now we state the propositions:

(5) Let us consider non empty sets E, F', G, a function f from E x F into
G, and an object z. If z € E, then (curry f)(x) is a function from F' into

G.
(6) Let us consider non empty sets E, F, G, a function f from E x F into
G, and an object y. If y € F, then (curry’ f)(y) is a function from E into

G.
Let us consider non empty sets E, F', G, a function f from E x F into G,

and objects x, y. Now we state the propositions:
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(7) Ifz € E and y € F, then (curry f)(x)(y) = f(z,y).
(8) Ifx € E and y € F, then (curry’ f)(y)(x) = f(z,y).
Let E, F, G be real linear spaces and f be a function from (the carrier of
E) x (the carrier of F') into the carrier of G. We say that f is bilinear if and
only if
(Def. 1) for every point v of E such that v € dom(curry f) holds (curry f)(v)
is an additive, homogeneous function from F' into G and for every point
v of F such that v € dom(curry’ f) holds (curry’ f)(v) is an additive,
homogeneous function from E into G.

3. EQUIVALENCE OF SOME DEFINITIONS OF CONTINUITY OF BILINEAR
OPERATORS

Now we state the proposition:

(9) Let us consider real linear spaces E, F, G. Then (the carrier of E) x

(the carrier of F') — O is bilinear.
PROOF: Set f = (the carrier of E) x (the carrier of F') — 0g. For every
point z of E, (curry f)(z) is an additive, homogeneous function from F' into
G. For every point = of F' such that = € dom(curry’ f) holds (curry’ f)(z)
is an additive, homogeneous function from F into G. O

Let E, F, GG be real linear spaces. Observe that there exists a function from

(the carrier of E) x (the carrier of F') into the carrier of G which is bilinear.

Now we state the proposition:

(10) Let us consider real linear spaces E, F, G, and a function L from
(the carrier of E) x (the carrier of F') into the carrier of G. Then L is
bilinear if and only if for every points x1, o of E and for every point y
of F, L(x1 + x2,y) = L(z1,y) + L(x2,y) and for every point x of E and
for every point y of F' and for every real number a, L(a-z,y) = a- L(z,y)
and for every point x of E and for every points y1, y2 of F', L(z,y1 +y2) =
L(x,y1) + L(x,y2) and for every point x of E and for every point y of
F and for every real number a, L(z,a-y) = a- L(z,y). The theorem is
a consequence of (8) and (7).

Let E, F, G be real linear spaces and f be a function from E x F' into G.
We say that f is bilinear if and only if

(Def. 2) there exists a function g from (the carrier of E) x (the carrier of F) into
the carrier of G such that f = g and g is bilinear.
One can verify that there exists a function from E x F into G which is
bilinear.
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Let f be a function from F x F into G, x be a point of F, and y be a po-
int of F. Note that the functor f(z,y) yields a point of G. Now we state the
proposition:

(11) Let us consider real linear spaces F, F', G, and a function L from E X
F into G. Then L is bilinear if and only if for every points x1, 2 of E
and for every point y of F', L(x1 + x2,y) = L(x1,y) + L(z2,y) and for
every point z of E and for every point y of F' and for every real number a,
L(a-z,y) = a- L(z,y) and for every point = of F and for every points yi,
yo2 of F, L(x,y1+y2) = L(z,y1) + L(x, y2) and for every point x of E and
for every point y of F' and for every real number a, L(z,a-y) = a- L(z,y).

Let E, F', G be real linear spaces.

A bilinear operator from F x F into GG is a bilinear function from E x F
into G. Let E, I, G be real normed spaces and f be a function from F x F into
G. We say that f is bilinear if and only if

(Def. 3) there exists a function g from (the carrier of F) x (the carrier of F') into
the carrier of G such that f = g and g is bilinear.

Let us note that there exists a function from F x F' into G which is bilinear.

A bilinear operator from E x F into G is a bilinear function from E x F into
G. From now on E, F, G denote real normed spaces, L denotes a bilinear ope-
rator from £ x F into GG, x denotes an element of F/, and y denotes an element
of F.

Let F, F', G be real normed spaces, f be a function from F x F' into G, = be
a point of E, and y be a point of F. Note that the functor f(z,y) yields a point
of G. Now we state the propositions:

(12) Let us consider real normed spaces F, F', G, and a function L from F X
F into G. Then L is bilinear if and only if for every points z1, z9 of E
and for every point y of F, L(z1 + x2,y) = L(z1,y) + L(z2,y) and for
every point z of E and for every point y of F' and for every real number a,
L(a-z,y) = a- L(z,y) and for every point x of E and for every points yi,
y2 of F', L(x,y1+vy2) = L(z,y1) + L(x, y2) and for every point x of E and
for every point y of F' and for every real number a, L(z,a-y) = a- L(z,y).

(13) Let us consider real normed spaces E, F'; G, and a bilinear operator f
from £ x F into G. Then

(i) f is continuous on the carrier of E x F'iff f is continuous in Ogxp,
and

(ii) f is continuous on the carrier of E x F' iff there exists a real number
K such that 0 < K and for every point = of E and for every point y
of F | f(z,y)|l < K - [l - Iyl
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PRrOOF: If f is continuous in Ogxp, then there exists a real number K
such that 0 < K and for every point x of F and for every point y of F,
1f (@)l < K- lzf - [yl by [9 (7)), [6, (22)], [10, (18)]. If there exists
a real number K such that 0 < K and for every point z of F and for every
point y of F, || f(x,y)|| < K -||z] - ||y]|, then f is continuous on the carrier
of Ex F. O
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