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Summary. The coexistence of “classical” finite sequences [1] and their
zero-based equivalents finite 0-sequences [6] in Mizar has been regarded as a
disadvantage. However the suggested replacement of the former type with the
latter [5] has not yet been implemented, despite of several advantages of this
form, such as the identity of length and domain operators [4]. On the other hand
the number of theorems formalized using finite sequence notation is much larger
then of those based on finite 0-sequences, so such translation would require quite
an effort.

The paper addresses this problem with another solution, using the Mizar
system [3], [2]. Instead of removing one notation it is possible to introduce ope-
rators which would concatenate sequences of various types, and in this way allow
utilization of the whole range of formalized theorems. While the operation could
replace existing FS2XFS, XFS2FS commands (by using empty sequences as initial
elements) its universal notation (independent on sequences that are concatena-
ted to the initial object) allows to “forget” about the type of sequences that are
concatenated on further positions, and thus simplify the proofs.
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1. PRELIMINARIES

Let a be a real number and b be a non negative real number. One can check
that a —' (a + b) is zero.
One can check that a + b —' a reduces to b.

(© 2019 University of Bialystok
1 CC-BY-SA License ver. 3.0 or later
ISSN 1426-2630(Print), 1898-9934(Online)


https://content.sciendo.com/view/journals/forma/forma-overview.xml
https://orcid.org/0000-0001-9681-4380
http://zbmath.org/classification/?q=cc:11B99
http://zbmath.org/classification/?q=cc:68T99
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/rvsum_4.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

2 RAFAL ZIOBRO

Let n, m be natural numbers. We identify nNm with min(m, n). We identify
min(m,n) with n N m. We identify max(m,n) with n U m. Let n, m be non
negative real numbers. Observe that min(n 4+ m,n) reduces to n and max(n +
m,n) reduces to n + m.

Now we state the propositions:

(1) Let us consider a binary relation f, and natural numbers n, m. Then
(f1(n+m))In = fIn.
(2) Let us consider a function f, a natural number n, and a non zero natural
number m. Then (f[(n+m))(n) = f(n).
Let D be a non empty set, z be a sequence of D, and n be a natural number.
Let us note that dom(z[n) reduces to n. Observe that x[n is finite and transfinite
sequence-like and z[n is n-element.

2. COMPLEX-VALUED SEQUENCES

Now we state the proposition:

(3) Let us consider complex-valued functions f, g, and a set X. Then (f -
9IX = (f1X) - (91X).
PROOF: For every object z such that z € dom((f - g)[X) holds ((f -
NIX)(z) = ((f1X) - (91X))(z). O

Let D be a non empty set and f, g be sequences of D. Let us note that f+-g
is transfinite sequence-like.

Let f be a constant complex sequence and n be a natural number. Let us
note that f T n is constant and there exists a complex sequence which is empty
yielding and there exists a sequence of real numbers which is empty yielding
and every complex sequence which is empty yielding is also natural-valued and
there exists a complex sequence which is constant and real-valued.

Now we state the proposition:

(4) Let us consider a sequence s of real numbers, and a natural number n.
Then ((36=0 5(@))ren)(n) = >2(s1Znt1)-
Let ¢ be a complex number. The functor {c},cn yielding a complex sequence
is defined by the term

(Def. 1) N+—ec.
Let n be a natural number. One can check that ({c},en)(n) reduces to c.
Now we state the proposition:

(5) Let us consider complex-valued functions f, g, and a set X. Then (f +
9IX = f1X +glX.
PROOF: For every object x such that x € dom((f 4 ¢)[X) holds ((f +
PIX) () = (f1X + g1X)(2). O
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Let f be a l-element finite sequence. One can verify that (f(1)) reduces to
!
Let f be a 2-element finite sequence. Let us note that (f(1), f(2)) reduces
to f.
Let f be a 3-element finite sequence. Let us note that (f(1), f(2), f(3))
reduces to f.
Now we state the propositions:
(6) Let us consider a complex-valued finite sequence f. Then Y f = f(1) +
> fi
(7) Let us consider a non empty, complex-valued finite sequence f. Then
[1f=7r@) -1 )
(8) Let us consider a natural number n, a non zero natural number m, and
an (n+m)-element finite sequence f. Then fl(n+1) = (fIn) " (f(n+1)).
(9) Let us consider a complex-valued finite sequence f, and a natural number
n. Then I1f = T1(f1n) - T1 fin-
PROOF: Define P[natural number] = [ f = ([1(f1$1)) - (] fis,)- For every
natural number k such that P[k] holds P[k + 1] by [8, (35)], (7). For every
natural number z, Plz]. O
(10) Let us consider complex-valued finite sequences f, g. Then [[(f ~g) =
(TTf) - (ITg)- The theorem is a consequence of (9).

3. ON ProDUCT AND SUM OF COMPLEX SEQUENCES

Let s be a complex sequence. The partial product of s yielding a complex
sequence is defined by
(Def. 2) it(0) = s(0) and for every natural number n, it(n+1) = it(n)-s(n+1).
Now we state the propositions:
(11) Let us consider a complex sequence f, and a natural number n. Suppose
f(n) =0. Then (the partial product of f)(n) = 0.

(12) Let us consider a complex sequence f, and natural numbers n, m. Sup-
pose f(n) = 0. Then (the partial product of f)(n+m) = 0.
PROOF: Define P[natural number] = (the partial product of f)(n+$;) = 0.
P0]. For every natural number k such that P[k] holds P[k + 1]. For every
natural number z, Plz]. O
Let ¢ be a complex number and n be a non zero natural number. Observe
that the functor ¢” is defined by the term
(Def. 3) (the partial product of {c}nen)(n — 1).

Now we state the proposition:
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(13) Let us consider a natural number n. Then (the partial product of
{0c}nen)(n) = 0. The theorem is a consequence of (12).

Let k be a natural number. Let us note that (the partial product of {0},en) (k)
reduces to 0.

One can verify that every complex sequence which is empty yielding is also
absolutely summable and every sequence of real numbers which is empty yielding
is also absolutely summable.

Observe that (38 _o(N —— 0)(a))xen reduces to N — 0 and the partial
product of {0},en reduces to {0},en. One can verify that every complex se-
quence is transfinite sequence-like and there exists a sequence of C which is
summable.

Let s1 be an empty yielding complex sequence. One can check that > s is
Zero.

Let s; be an empty yielding sequence of real numbers. Let us note that > s;
is zero.

4. FINITE 0-SEQUENCES

Let ¢ be a complex number. Observe that (c) is complex-valued.

One can verify that > (c) reduces to c.

Let n be a natural number. One can verify that there exists a natural-valued
finite 0-sequence which is n-element.

Let k£ be an object. One can check that n —— k is n-element and there exists
a finite 0-sequence which is n-element.

Let f be an n-element finite 0-sequence. Let us note that f[n reduces to f.

Let n, m be natural numbers. One can check that f[(n + m) reduces to f.

Let f be a 1-element finite 0-sequence. Let us note that (f(0)) reduces to f.

Let f be a 2-element finite O-sequence. Let us note that (f(0), f(1)) reduces
to f.

Let f be a 3-element finite 0-sequence. One can verify that (f(0), f(1), f(2))
reduces to f.

Now we state the propositions:

(14) Let us consider natural numbers n, k. If k € Z,, 11, then n—k is a natural
number.

(15) Let us consider complex numbers a, b, and natural numbers n, k. Suppose
k € Zyn+1- Then there exists an object ¢ and there exists a natural number
I such that I = n — k and ¢ = a' - (b¥). The theorem is a consequence of
(14).



CONCATENATION OF FINITE SEQUENCES 5
5. SHIFTING SEQUENCES

Let f be a complex-valued finite 0-sequence and s; be a complex sequence.
The functor f ™ s; yielding a complex sequence is defined by the term
(Def. 4)  f U Shift(sy, len f).
Let f be a function. The functor s; ~ f yielding a sequence of C is defined
by the term
(Def 5) S1.
Now we state the propositions:

(16) Let us consider an object x. Then z is a real-valued complex sequence if
and only if = is a sequence of real numbers.

(17) Let us consider a sequence 71 of real numbers, and a complex sequence
c1. Suppose ¢; = r1. Then the partial product of r; = the partial product
of C1.

Let f be a complex-valued finite O-sequence and s; be a sequence of real
numbers. The functor f ™ s; yielding a complex sequence is defined by the term
(Def. 6) f U Shift(sy,len f).
Now we state the proposition:

(18) Let us consider a sequence r; of real numbers. Then () ™7 is a real-
valued complex sequence.

Let f be a sequence of real numbers and g be a function. The functor f " g
yielding a real-valued sequence of C is defined by the term

(Def. 7)  f.

Let f be a complex-valued finite 0-sequence and s; be a complex sequence.
Let us observe that (f ™ s1)[dom f reduces to f.

Let s1 be a sequence of real numbers. Let us note that (f~s1)[ dom f reduces
to f.

Now we state the propositions:

(19) Let us consider a complex-valued finite 0-sequence f, and a natural num-
ber z. Then (f ~ {0}nen)(z) = f(x).

(20) Let us consider a sequence f of real numbers. Then f~ f is a real-valued
complex sequence.

Let f be a real-valued complex sequence. Note that I(f) is empty yielding.
One can check that £(f) reduces to f.

Let us observe that there exists a sequence of real numbers which is empty
yielding and every sequence of real numbers is transfinite sequence-like.

Let r be a real number. Let us note that R(r - (7)) is zero.

One can check that (7 - (7)) reduces to r.
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Let f be a complex-valued finite 0-sequence. Let us note that R(f) is real-
valued, finite, and transfinite sequence-like and J(f) is real-valued, finite, and
transfinite sequence-like and R(f) is (len f)-element and J(f) is (len f)-element.

Let f be a complex-valued finite sequence. Note that R(f) is real-valued and
finite sequence-like and (f) is real-valued and finite sequence-like.

Let f be a complex-valued function. Let us observe that R(R(f)) reduces to
R(f) and R(I(f)) reduces to I(f). Let us note that I(R(f)) is empty yielding
and $(S(f)) is empty yielding.

One can check that R(R(f)+¢-3(f)) reduces to R(f) and S(R(f)+i-3(f))
reduces to S(f) and R(f) + i - I(f) reduces to f.

Let n be a natural number. One can check that there exists a finite function
which is n-element.

Let f be a finite, complex-valued transfinite sequence. Note that Shift(f,n)
is finite and Shift(f,n) is (len f)-element and {0},cn is empty yielding.

6. CONVERTING COMPLEX 0-SEQUENCES INTO ORDINARY ONES

Let f be a complex-valued finite 0-sequence. The functor Sequel f yielding
a complex sequence is defined by the term

(Def. 8) (N+—— 0)+-f.
Now we state the propositions:

(21) Let us consider a complex-valued finite 0-sequence f, and a natural num-
ber z. Then (Sequel f)(z) = f(z).

(22) Let us consider a complex-valued finite 0-sequence f. Then Sequel f =
f {0} nen
PrOOF: dom(Sequel f) = dom(f ~ {0},en). For every natural number z,
(Sequel f)(z) = (f ™ {O}nen)(z). O
(23) Let us consider a complex sequence s1. Then s1 = R(s1) + 7 - S(s1).
Let us consider a complex-valued finite 0-sequence f. Now we state the
propositions:
(24) R(Sequel f) = Sequel R(f). The theorem is a consequence of (21).
(25)  (Sequel f) = Sequel I(f). The theorem is a consequence of (21).
Now we state the propositions:
(26) Let us consider a complex number ¢. Then 0+ (N +— ¢) = N+— 0.

(27) Let us consider a complex sequence s1, and a natural number x. Suppose
for every natural number & such that k£ > x holds s1(k) = 0. Then s; is
summable.
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(28) Let us consider a sequence s; of real numbers, and a natural number
x. Suppose for every natural number k such that k£ > z holds s;(k) = 0.
Then s7 is summable.

Let f be a complex-valued finite 0-sequence. One can check that Sequel f is
summable.

7. PROPERTIES OF CONCATENATION

Let f be a finite O-sequence and g be a finite sequence. The functor f ~ g
yielding a finite O-sequence is defined by
(Def. 9) dom it = len f+len g and for every natural number & such that k& € dom f
holds it(k) = f(k) and for every natural number k such that & € domg
holds it(len f + k — 1) = g(k).
Let f be a finite sequence and g be a finite 0-sequence. The functor f " g
yielding a finite sequence is defined by
(Def. 10) dom it = Seg(len f + leng) and for every natural number k such that
k € dom f holds it(k) = f(k) and for every natural number k such that
k € domg holds it(len f + k + 1) = g(k).
Now we state the proposition:
(29) Let us consider a finite 0-sequence f, and a finite sequence g. Then

(i) len(f " g) =len f 4 leng, and
(ii) len(g ™ f) =len f + leng.

Let n, m be natural numbers, f be an n-element finite 0-sequence, and g
be an m-element finite sequence. Let us note that f ™ g is (n + m)-element and
g~ fis (n 4+ m)-element.

Now we state the propositions:

(30) Let us consider a finite O-sequence f, a finite sequence g, and a natural
number x. Then x € dom(f " g) if and only if x € dom f or x4+ 1—1len f €
dom g.

ProoF: If z € dom(f " g), then 2 € dom f or x + 1 —len f € domg. If
x €dom forxz+1—1lenf € domg, then z € dom(f ~g). O

(31) Let us consider a finite sequence f, a finite 0-sequence g, and a natural
number x. Then z € dom(f~g) if and only if z € dom f or x—(len f+1) €
dom g.

PRrooOF: If z € dom(f ™ g), then = € dom f or z — (len f + 1) € dom g. O

(32) Let us consider a finite sequence f, and a finite 0-sequence g. Then

(i) mg(f " g) =1ng fUrngg, and
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(ii) rng(g " f) = rng f Urngg.

PROOF: mng(f ~g) C g fUrngg. rng fUrngg C rg(f ~g). rng(g ™ f) C
rng f Urngg. g f Urngg C rng(g ™ f). O
(33) Let us consider a non empty finite 0-sequence f, and a finite sequence
g. Then dom(f U Shift(g,len f — 1)) = Zien f+ieng-
PRrROOF: For every object z, x € dom(f U Shift(g,len f — 1)) iff z €
Zlen f+leng- 0
(34) Let us consider a finite sequence f, and a finite 0-sequence g. Then
dom(f U Shift(g,len f + 1)) = Seg(len f + len g).
PRrOOF: For every object x, x € dom(f U Shift(g,len f + 1)) iff z €
Seg(len f +leng). O
Let f be a complex-valued finite sequence. One can verify that () = f is
complex-valued.
Let f be a complex-valued finite 0-sequence. Let us note that e¢c ~ f is
complex-valued.
Let f be a finite O-sequence and ¢ be a finite sequence. One can verify that
(f " g)llen f reduces to f and (g ™ f)[len g reduces to g.
Now we state the propositions:
(35) Let us consider a set D, a finite 0-sequence f, and a finite sequence g of
elements of D. Then (f 7~ g)jien f = FS2XFS(g).
PROOF: For every natural number ¢ such that i € dom((f ™ g)ien f) holds
((f 7~ 9)pen ) (1) = (FS2XFS(g)) (). O
(36) Every finite 0-sequence is a finite 0-sequence of rng f U {1}.
(37) Let us consider a set D, a finite sequence f, and a finite 0-sequence g of
D. Then (f - g) |len f = XFSQFS(Q).
PROOF: len f < len(f ™ g). For every natural number ¢ such that i €
dom((f ™ g) jten ¢) holds ((f ™ g)jen ) (i) = (XFS2FS(g))(i). O
Let D be a set and f be a finite 0-sequence of D. One can verify that the
functor XFS2FS(f) is defined by the term
(Def. 11) ep ™ f.
Now we state the proposition:
(38) Let us consider a set D, and a finite O-sequence f of D.
Then dom(Shift(f,1)) = Seglen f.
PROOF: For every object « such that z € Seglen f holds z € dom(Shift(f,1)).
For every object x such that x € dom(Shift(f,1)) holds = € Seglen f by
[7, (106)]. O
Let D be a set and f be a finite 0-sequence of D. One can verify that the
functor XFS2FS(f) is defined by the term
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(Def. 12)  Shift(f,1).

Let f be a finite sequence of elements of D. One can check that the functor
FS2XFS(f) is defined by the term

(Def. 13) ()p " f.
Now we state the propositions:

(39) Let us consider a set D, and finite 0-sequences f, g of D. Then f ™~ g =
f = XFS2FS(g).
PROOF: For every natural number k£ such that £ € dom(f ™ g) holds
(f " g)(k) = (f ~ XFS2FS(g))(k). O
(40) Let us consider a set D, and finite sequences f, g of elements of D. Then
f~g=f"FS2XFS(g).
PRrROOF: For every natural number k such that k& € dom(f ~ g) holds
(f " g)(k) = (f ~ FS2XFS(g))(k). O
Let f be a finite 0-sequence of R. Let us observe that Sequel f[ dom f reduces
to f. One can check that Shift(f,1) is finite sequence-like and Sequel f T dom f
is empty yielding.
Now we state the propositions:

(41) Let us consider a set D, a finite sequence f of elements of D, and a fi-
nite 0-sequence g of D. Then f =g = f = XFS2FS(g). The theorem is
a consequence of (40).

(42) Let us consider a set D, a finite O-sequence f of D, and a finite sequ-
ence g of elements of D. Then f ~¢g = f = FS2XFS(g). The theorem is
a consequence of (39).

(43) Let us consider a set D, and finite sequences f, g of elements of D. Then
FS2XFS(f ~ g) = FS2XFS(f) ~ FS2XFS(g).
PROOF: For every natural number = such that € dom(FS2XFS(f " g))
holds (FS2XFS(f ~ g))(z) = (FS2XFS(f) ~ FS2XFS(g))(z). O

Let D be a set, f be a finite sequence of elements of D, and g be a finite
0-sequence of D. Note that the functor f ™ g yields a finite sequence of elements
of D. Now we state the propositions:

(44) Let us consider a set D, a finite sequence f of elements of D, and a finite
0-sequence g of D. Then FS2XFS(f ~ g) = FS2XFS(f) ™ g. The theorem
is a consequence of (43) and (40).

(45) Let us consider a set D, and finite 0-sequences f, g of D. Then XFS2FS(f™
g) = XFS2FS(f) ~ XFS2FS(g).
PROOF: For every natural number = such that x € dom(XFS2FS(f " g))
holds (XFS2FS(f ™ ¢))(z) = (XFS2FS(f) ~ XFS2FS(g))(z). O
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Let D be a set, f be a finite O-sequence of D, and g be a finite sequence of
elements of D. One can check that the functor f ~ ¢ yields a finite 0-sequence
of D. Now we state the propositions:

(46) Let us consider a set D, a finite 0-sequence f of D, and a finite sequence
g of elements of D. Then XFS2FS(f ™ g) = XFS2FS(f) ™ g. The theorem
is a consequence of (45) and (39).

(47) Let us consider a set D, finite 0-sequences f, g of D, and a finite sequence
h of elements of D. Then

(i) (f79)"h=f"(g"h), and
(ii) (f~h)~g=f"(h"g), and
(iii) (™ f)"g=h"(f"g)
The theorem is a consequence of (42), (39), (43), (41), and (45).

8. SuM OF FINITE 0-SEQUENCES

Now we state the proposition:

(48) Let us consider a complex-valued finite 0-sequence f. Then Y (f[1) =
f(0).

Let n, m be natural numbers and f be an (n+m)-element finite 0-sequence.
One can verify that f[n is n-element. Let n be a natural number and p be an n-
element, complex-valued finite 0-sequence. Let us observe that —p is n-element
and p~! is m-element and p? is n-element and [p| is n-element and Rev(p) is
n-element.

Let m be a natural number and ¢ be an (n + m)-element, complex-valued
finite 0-sequence. Let us observe that domp N dom ¢ reduces to dom p. Note
that p + ¢ is n-element and p — ¢ is n-element and p - ¢ is n-element and p/q is
n-element. Let p, ¢ be n-element, complex-valued finite 0-sequences. Note that
p + ¢ is n-element and p — ¢ is n-element and p - ¢ is n-element and p/q is
n-element. Now we state the propositions:

(49) Let us consider a natural number n, and n-element, complex-valued finite
0-sequences f1, f2. Then >3(f1 + f2) = X f1 + 3 fo.
PROOF: Define P[natural number| = for every $;-element, complex-valued
finite 0-sequences f1, f2, > (fi + f2) = > f1 + 2 f2. For every natural
number k such that P[k] holds P[k+ 1]. For every natural number k, P[k].
O

(50) Let us consider a complex number ¢. Then XFS2FS((c)) = (c).
PROOF: For every natural number k such that k£ € dom(c) holds
(XFS2FS((c))) (k) = () (k). O
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(51) Let us consider a finite O-sequence f of R. Then Y XFS2FS(f) = f.
The theorem is a consequence of (16).

(52) Let us consider a complex-valued finite O-sequence f. Then > f =
YR(f)+ (3) - (3= S(f)). The theorem is a consequence of (49).

(53) Let us consider a complex-valued transfinite sequence f, and a natural
number n. Then

(i) R(Shift(f,n)) = Shift(R(f),n), and
(ii) (Shift(f,n)) = Shift(I(f),n).
Let us consider a complex-valued finite 0-sequence f.

(54) (i) XFS2FS(R(f)) = R(XFS2FS(f)), and
(ii) XFS2FS(3(f)) = S(XFS2FS(f)).

(55) Y. XFS2FS(f) = > f. The theorem is a consequence of (52), (51), and
(53).

(56) Let us consider a finite sequence f of elements of C. Then ) FS2XFS(f) =
>~ f. The theorem is a consequence of (55).

(57) Let us consider a real-valued finite 0-sequence f. Then Y f = > Sequel f.

Note that there exists a real-valued complex sequence which is summable.
Let f be a summable complex sequence. The functors: R(f) and I(f) yield
summable, real-valued complex sequences. Now we state the propositions:

(58) Let us consider a complex-valued finite O-sequence f. Then > f =
> Sequel f. The theorem is a consequence of (57), (24), (25), and (52).

(59) Let us consider a finite 0-sequence f of C, and a finite sequence g of
elements of C. Then

(i) X(f"g)=>Xf+>g and
(i) 297 =2Xg+ 2/
The theorem is a consequence of (39), (56), (40), and (55).

9. ProDUCT OF FINITE 0-SEQUENCES

Let f be a finite O-sequence. The functor [] f yielding an element of C is
defined by the term

(Def. 14) ¢ ® f.
Now we state the proposition:
(60) Let us consider an empty finite 0-sequence f. Then [] f = 1.

Let ¢ be a complex number. One can check that []{c) reduces to c.
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(61) Let us consider a natural number n, and a complex-valued finite 0-
sequence f. Suppose n € dom f. Then [[(f[n) - f(n) =T1(fI(n +1)).
(62) Let us consider a natural number n, and a complex sequence f. Then
[I(fIn) - f(n) =TI(fI(n+1)). The theorem is a consequence of (61).

(63) Let us consider a non empty, complex-valued finite 0-sequence f. Then
[1(f11) = f(0).

(64) Let us consider a natural number n, and n-element, complex-valued finite
O-sequences f1, fo. Then [[(f1 - f2) = (ITf1) - (IT f2)-
PROOF: Define P[natural number] = for every $;-element, complex-valued
finite O-sequences f1, fo, [1(f1 - fo) = (I1 f1) - (I f2). For every natural
number k such that P[k] holds P[k + 1]. P[0]. For every natural number
k, Plk]. O

(65) Let us consider a complex sequence f, and a natural number n. Then
[I(fI(n + 1)) = (the partial product of f)(n).
PROOF: Define P[natural number| = [T(f[($1+1)) = (the partial product
of )($1). P[0]. For every natural number k such that P[k] holds P[k + 1].
For every natural number z, P[z]. O

(66) Let us consider a complex-valued finite 0-sequence f.
Then []XFS2FS(f) =11 f.
PROOF: Define P[natural number| = [ XFS2FS(f1$1) = [1(fI$1). P[0].
For every natural number & such that P[k] holds P[k+1]. For every natural
number z, Plz]. O

(67) Let us consider a finite sequence f of elements of C. Then [TFS2XFS(f) =
[1f. The theorem is a consequence of (66).

(68) Let us consider a finite 0-sequence f of C, and a finite sequence g of
elements of C. Then

(i) TI(f ~g) = (I1f) - (Il 9), and
(ii) TI(g = f) = (I1g) - (T /)-
The theorem is a consequence of (66), (46), (10), and (40).
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Summary. The main aim of this article is proving properties of bilinear
operators on normed linear spaces formalized by means of Mizar [I]. In the first
two chapters, algebraic structures [3] of bilinear operators on linear spaces are
discussed. Especially, the space of bounded bilinear operators on normed linear
spaces is developed here. In the third chapter, it is remarked that the algebraic
structure of bounded bilinear operators to a certain Banach space also constitutes
a Banach space.

In the last chapter, the correspondence between the space of bilinear opera-
tors and the space of composition of linear opearators is shown. We referred to
[4], [T, [2], [7] and [§] in this formalization.
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1. REAL VECTOR SPACE OF BILINEAR OPERATORS

Let X, Y, Z be real linear spaces. The functor BilinOpers(X,Y, Z) yielding
a subset of RealVectSpace((the carrier of X x Y'), Z) is defined by

(Def. 1) for every set x, x € it iff x is a bilinear operator from X x Y into Z.

Let us observe that BilinOpers(X,Y, Z) is non empty and functional and
BilinOpers(X,Y, Z) is linearly closed.

The functor VectorSpaceOfBilinOpersg (X, Y, Z) yielding a strict RLS struc-
ture is defined by the term
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(Def. 2) (BilinOpers(X,Y, Z), Zero(BilinOpers(X, Y, Z), Real VectSpace((the car-
rier of X xY'), 7)), Add(BilinOpers(X, Y, Z), RealVectSpace((the carrier
of X xY),Z)),Mult(BilinOpers(X, Y, Z), RealVectSpace((the carrier of
X xY),Z))).

Let us note that VectorSpaceOfBilinOpersg (X, Y, Z) is non empty and Vector-
SpaceOfBilinOpersg (X, Y, Z) is Abelian, add-associative, right zeroed, right com-
plementable, vector distributive, scalar distributive, scalar associative, and sca-
lar unital and VectorSpaceOfBilinOpersg (X, Y, Z) is constituted functions.

Now we state the proposition:

(1) Let us consider real linear spaces X, Y, Z. Then VectorSpaceOfBilin-
Opersg (X, Y, Z) is a subspace of RealVectSpace((the carrier of X xY'), Z).

Let X, Y, Z be real linear spaces, f be an element of VectorSpaceOfBilin-
Opersg(X,Y, Z), v be a vector of X, and w be a vector of Y. Let us note that
the functor f(v,w) yields a vector of Z. Now we state the propositions:

(2) Let us consider real linear spaces X, Y, Z, and vectors f, g, h of Vector-
SpaceOfBilinOpersg(X,Y, Z). Then h = f + ¢ if and only if for every
vector z of X and for every vector y of Y, h(x,y) = f(x,y) + g(x,y).

(3) Let us consider real linear spaces X, Y, Z, vectors f, h of VectorSpaceOf-
BilinOpersg(X,Y, Z), and a real number a. Then h = a - f if and only if
for every vector z of X and for every vector y of Y, h(x,y) = a - f(z,y).

Let us consider real linear spaces X, Y, Z. Now we state the propositions:

(4) OVectorSpaceOfBilinOpersR(X,Y,Z) = (the carrier of X x Y) = 0Z-

(5) (The carrier of X X Y) — 0z is a bilinear operator from X x Y into
Z.

2. REAL NORMED LINEAR SPACE OF BOUNDED BILINEAR OPERATORS

Let X, Y, Z be real normed spaces and I; be a bilinear operator from X x
Y into Z. We say that I is Lipschitzian if and only if

(Def. 3) there exists a real number K such that 0 < K and for every vector x of
X and for every vector y of Y, ||I1(z,y)|| < K - ||z| - ||y
Now we state the propositions:
(6) Let us consider real normed spaces X, Y, Z, and a bilinear operator f
from X x Y into Z. Suppose for every vector x of X for every vector y of
Y, f(z,y) = 0z. Then f is Lipschitzian.

(7) Let us consider real normed spaces X, Y, Z. Then (the carrier of X x
Y) — 0z is a bilinear operator from X x Y into Z.
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Let X, Y, Z be real normed spaces. Let us observe that there exists a bilinear
operator from X X Y into Z which is Lipschitzian.
Now we state the proposition:

(8) Let us consider real normed spaces X, Y, Z, and an object z. Then
z € BilinOpers(X,Y, Z) if and only if z is a bilinear operator from X X
Y into Z.

Let X, Y, Z be real normed spaces. The functor BoundedBilinOpers(X, Y, Z)
yielding a subset of VectorSpaceOfBilinOpersg (X, Y, Z) is defined by

(Def. 4) for every set x, x € it iff x is a Lipschitzian bilinear operator from X x
Y into Z.

Note that BoundedBilinOpers(X, Y, Z) is non empty and BoundedBilinOpers

(X,Y, Z) is linearly closed.

The functor VectorSpaceOfBoundedBilinOpersg(X,Y, Z) yielding a strict
RLS structure is defined by the term

(Def. 5) (BoundedBilinOpers(X,Y, Z), Zero(BoundedBilinOpers(X, Y, Z), Vector-
SpaceOfBilinOpersg (X, Y, 7)), Add(BoundedBilinOpers(X, Y, Z),
VectorSpaceOfBilinOpersg (X, Y, 7)), Mult(BoundedBilinOpers(X, Y, Z),
VectorSpaceOfBilinOpersg (X, Y, Z))).

Now we state the proposition:

(9) Let us consider real normed spaces X, Y, Z. Then VectorSpaceOfBounded-
BilinOpersg (X, Y, Z) is a subspace of VectorSpaceOfBilinOpersg (X, Y, 7).
Let X, Y, Z be real normed spaces. Note that VectorSpaceOfBoundedBilin-
Opersg(X, Y, Z) is non empty and VectorSpaceOfBoundedBilinOpersg (X, Y, Z)
is Abelian, add-associative, right zeroed, right complementable, vector distribu-
tive, scalar distributive, scalar associative, and scalar unital and VectorSpaceOf-
BoundedBilinOpersg (X, Y, Z) is constituted functions.
Let f be an element of VectorSpaceOfBoundedBilinOpersg(X,Y, Z), v be
a vector of X, and w be a vector of Y. One can verify that the functor f(v,w)
yields a vector of Z. Now we state the propositions:

(10) Let us consider real normed spaces X, Y, Z, and vectors f, g, h of
VectorSpaceOfBoundedBilinOpersg (X, Y, Z). Then h = f + g if and only
if for every vector x of X and for every vector y of Y, h(z,y) = f(x,y) +
g(x,y). The theorem is a consequence of (2).

(11) Let us consider real normed spaces X, Y, Z, vectors f, h of VectorSpaceOf-
BoundedBilinOpersg (X, Y, Z), and a real number a. Then h = a- f if and
only if for every vector x of X and for every vector y of Y, h(x,y) =
a- f(x,y). The theorem is a consequence of (3).

(12) Let us consider real normed spaces X, Y, Z.
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Then OVectorSpaceOfBoundedBilinOpersR(X,Y,Z) = (the carrier of X XY) — 0z.
The theorem is a consequence of (4).
Let X, Y, Z be real normed spaces and f be an object. Assume f €
BoundedBilinOpers(X, Y, Z). The functor modetrans(f, X, Y, Z) yielding a Lip-
schitzian bilinear operator from X X Y into Z is defined by the term

(Def. 6) f.

Let u be a bilinear operator from X X Y into Z. The functor PreNorms(u)
yielding a non empty subset of R is defined by the term

(Def. 7)  {]|u(t, s)||, where t is a vector of X, s is a vector of Y : ||t|| < 1 and
[[s]] <13
Let g be a Lipschitzian bilinear operator from X x Y into Z. Observe that
PreNorms(g) is upper bounded.
Now we state the proposition:

(13) Let us consider real normed spaces X, Y, Z, and a bilinear operator g
from X x Y into Z. Then g is Lipschitzian if and only if PreNorms(g) is
upper bounded.

Let X, Y, Z be real normed spaces. The functor BoundedBilinOpersNorm (X,
Y, Z) yielding a function from BoundedBilinOpers(X, Y, Z) into R is defined
by
(Def. 8) for every object = such that € BoundedBilinOpers(X,Y,Z) holds
it(x) = sup PreNorms(modetrans(z, X, Y, 7)).
Let f be a Lipschitzian bilinear operator from X x Y into Z. Let us note
that modetrans(f, X,Y, Z) reduces to f.
Now we state the proposition:

(14) Let us consider real normed spaces X, Y, Z, and a Lipschitzian bilinear
operator f from X x Y into Z. Then (BoundedBilinOpersNorm(X,Y, 7))
(f) = sup PreNorms(f).

Let X, Y, Z be real normed spaces. The functor NormSpaceOfBoundedBilin-
Opersg(X,Y, Z) yielding a non empty normed structure is defined by the term
(Def. 9) (BoundedBilinOpers(X,Y, Z), Zero(BoundedBilinOpers(X, Y, Z), Vector-
SpaceOfBilinOpersg (X, Y, 7)), Add(BoundedBilinOpers(X, Y, Z),
VectorSpaceOfBilinOpersg (X, Y, Z)), Mult(BoundedBilinOpers(X, Y, Z),
VectorSpaceOfBilinOpersg (X, Y, 7)), BoundedBilinOpersNorm (X, Y, Z)).
Now we state the propositions:

(15) Let us consider real normed spaces X, Y, Z. Then (the carrier of X x

Y) — 0z = 0NormSpaceOfBoundedBilinOpersR(X,Y,Z)- The theorem is a conse-
quence of (12).
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(16) Let us consider real normed spaces X, Y, Z, a point f of NormSpaceOf-
BoundedBilinOpersg (X, Y, Z), and a Lipschitzian bilinear operator g from
X x Y into Z. Suppose g = f. Let us consider a vector t of X, and a vector
s of Y. Then || g(t,s)|| < ||f]l - [I£]l - Is|]|. The theorem is a consequence of
(14).
Let us consider real normed spaces X, Y, Z and a point f of NormSpaceOf-
BoundedBilinOpersg (X, Y, Z). Now we state the propositions:

(17) 0 < [|f]|. The theorem is a consequence of (14).

(18) It f= 0NormSpaceOfBoundedBilinOperS]R(X,Y,Z)7 then 0 = Hf” The theorem
is a consequence of (15) and (14).

Let X, Y, Z be real normed spaces. One can verify that every element of
NormSpaceOfBoundedBilinOpersg (X, Y, Z) is function-like and relation-like.

Let f be an element of NormSpaceOfBoundedBilinOpersg(X,Y, Z), v be
a vector of X, and w be a vector of Y. Observe that the functor f(v,w) yields
a vector of Z. Now we state the propositions:

(19) Let us consider real normed spaces X, Y, Z, and points f, g, h of
NormSpaceOfBoundedBilinOpersg (X, Y, Z). Then h = f + ¢ if and on-
ly if for every vector x of X and for every vector y of Y, h(z,y) =
f(x,y) + g(x,y). The theorem is a consequence of (10).

(20) Let us consider real normed spaces X, Y, Z, points f, h of NormSpaceOf-
BoundedBilinOpersg (X, Y, Z), and a real number a. Then h = a- f if and
only if for every vector z of X and for every vector y of Y, h(z,y) =
a- f(x,y). The theorem is a consequence of (11).

(21) Let us consider real normed spaces X, Y, Z, points f, g of NormSpaceOf-
BoundedBilinOpersg (X, Y, Z), and a real number a. Then

(1> HfH =0 iff f = ONormSpaceOfBoundedBilinOpersR(X,Y,Z)7 and
(i) fla- fIl = lal-[If]|, and
(i) 117 +gll < 51+ lll
PROOF: [|f + gl < [[f]| +llgll- la- £l = lal - [If]]- O
Let X, Y, Z be real normed spaces. Observe that NormSpaceOfBoundedBilin-
Opersg(X,Y, Z) is non empty and NormSpaceOfBoundedBilinOpersg (X, Y, Z)
is reflexive, discernible, and real normed space-like.
Now we state the proposition:
(22) Let us consider real normed spaces X, Y, Z. Then NormSpaceOfBounded-
BilinOpersg(X, Y, Z) is a real normed space.

Let X, Y, Z be real normed spaces. Let us note that NormSpaceOfBounded-
BilinOpersg(X, Y, Z) is vector distributive, scalar distributive, scalar associati-
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ve, scalar unital, Abelian, add-associative, right zeroed, and right complemen-

table.

Now we state the proposition:

(23)

Let us consider real normed spaces X, Y, Z, and points f, g, h of
NormSpaceOfBoundedBilinOpersg (X, Y, Z). Then h = f — ¢ if and on-
ly if for every vector x of X and for every vector y of Y, h(x,y) =
f(z,y) — g(z,y). The theorem is a consequence of (19).

3. REAL BANACH SPACE OF BOUNDED BILINEAR OPERATORS

Now we state the propositions:

(24)

(25)

Let us consider real normed spaces X, Y, Z. Suppose Z is complete. Let

us consider a sequence s; of NormSpaceOfBoundedBilinOpersg(X,Y, 7).
If 51 is Cauchy sequence by norm, then s; is convergent.
PROOF: Define P|set, set] = there exists a sequence x3 of Z such that for
every natural number n, z3(n) = vseq(n)($1) and x3 is convergent and
$5 = lim x3. For every element x4 of X x Y, there exists an element z of
Z such that P[z4, z]. Consider f being a function from the carrier of X x
Y into the carrier of Z such that for every element z of X x Y, Pz, f(2)].
Reconsider t1 = f as a function from X x Y into Z. For every points z1,
x9 of X and for every point y of Y, t1(x1 +x2,y) = t1(x1,y) +t1(z2,y). For
every point x of X and for every point y of Y and for every real number
a, t1(a-z,y) = a-ti(z,y). For every point x of X and for every points y1,
y2 of Y, t1(z,y1 +y2) = ta(z, y1) + ta(z, y2).

For every point = of X and for every point y of ¥ and for every
real number a, t1(z,a -y) = a - ti1(z,y). t1 is Lipschitzian by [6, (18)],
[9, (20)], (16). For every real number e such that e > 0 there exists
a natural number k such that for every natural number n such that
n > k for every point z of X for every point y of Y, |vseq(n)(x,y) —
ti(z,y)l| < e-|lz| - |lyl by IO, (8)], (23). Reconsider ty = t; as a point
of NormSpaceOfBoundedBilinOpersg(X, Y, Z). For every real number e
such that e > 0 there exists a natural number k such that for every na-
tural number n such that n > k holds ||vseq(n) — t2|| < e. For every real
number e such that e > 0 there exists a natural number m such that for
every natural number n such that n > m holds ||vseq(n) — t2f| < e. O

Let us consider real normed spaces X, Y, and a real Banach space Z.
Then NormSpaceOfBoundedBilinOpersg(X, Y, Z) is a real Banach space.
The theorem is a consequence of (24).
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Let X, Y be real normed spaces and Z be a real Banach space. Let us note
that NormSpaceOfBoundedBilinOpersg (X, Y, Z) is complete.

4. ISOMORPHISMS BETWEEN THE SPACE OF BILINEAR OPERATORS AND THE
SPACE OF COMPOSITION OF LINEAR OPERATORS

From now on X, Y, Z denote real linear spaces.
Now we state the proposition:

(26) There exists a linear operator I from VectorSpaceOfLinearOpersg (X,
VectorSpaceOfLinearOpersg (Y, Z)) into VectorSpaceOfBilinOpersg (X, Y,
Z) such that

(i) I is bijective, and

(ii) for every point u of VectorSpaceOfLinearOpersg (X, VectorSpaceOf-
LinearOpersg(Y, Z)) and for every point x of X and for every point

y of Y, I(u)(z,y) = u(z)(y).

PROOF: Set X = the carrier of X. Set Y7 = the carrier of Y. Set Z; =
the carrier of Z. Consider Iy being a function from (Z;¥1)%1 into Z; X111
such that I is bijective and for every function f from X; into Z;** and for
every objects d, e such that d € X; and e € Y7 holds Ip(f)(d,e) = f(d)(e).
Set L; = the carrier of VectorSpaceOfLinearOpersg (X, VectorSpaceOf-
LinearOpersg(Y, Z)). Set B = the carrier of VectorSpaceOfBilinOpersg (X,
Y, Z). Reconsider I = Iy[L; as a function from L; into Zy XX
For every element x of L, for every point p of X and for every po-
int ¢ of Y, there exists a linear operator G from Y into Z such that
G = z(p) and I(z)(p,q) = G(q) and I(z) € B. For every elements
x1, xg of Ly, I(x1 + x9) = I(x1) + I(x2). For every element z of L,
and for every real number a, I(a-x) = a - I(z). For every point u of
VectorSpaceOfLinearOpersg (X, VectorSpaceOfLinearOpersg (Y, Z)) and for
every point x of X and for every point y of Y, I(u)(z,y) = u(z)(y). For
every object y such that y € B there exists an object x such that x € L
and y = I(z). O
In the sequel X, Y, Z denote real normed spaces.

(27) There exists a linear operator I from the real norm space of bounded
linear operators from X into the real norm space of bounded linear opera-
tors from Y into Z into NormSpaceOfBoundedBilinOpersg(X, Y, Z) such
that

(i) I is bijective, and
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(ii) for every point u of the real norm space of bounded linear operators
from X into the real norm space of bounded linear operators from Y
into Z, |Ju|| = ||I(u)| and for every point x of X and for every point

y of Y, I(u)(z,y) = u(z)(y).

ProOOF: Set X7 = the carrier of X. Set Y7 = the carrier of Y. Set Z; =
the carrier of Z. Consider Iy being a function from (Z;¥1)%1 into Z;¥1>11
such that Iy is bijective and for every function f from X into Z;** and for
every objects d, e such that d € X; and e € Y7 holds Iy(f)(d,e) = f(d)(e).
Set L1 = the carrier of the real norm space of bounded linear operators
from X into the real norm space of bounded linear operators from Y into
7. Set B = the carrier of NormSpaceOfBoundedBilinOpersg (X, Y, Z). Set
Lo = the carrier of the real norm space of bounded linear operators from
Y into Z. LyX' C (Z1Y1)X1. Reconsider I = Iy[Ly as a function from L,
into Z;X1x¥1,

For every element x of Ly, for every point p of X and for every point
q of Y, there exists a Lipschitzian linear operator G from Y into Z such
that G = x(p) and I(x)(p,q) = G(q) and I(x) is a Lipschitzian bilinear
operator from X x Y into Z and I(z) € B and there exists a point Iy
of NormSpaceOfBoundedBilinOpersg(X,Y, Z) such that I = I(z) and
llz|| = ||I2||. For every elements xy, x5 of L1, I(x1 + x2) = I(z1) + I(22).
For every element x of L; and for every real number a, I(a-z) = a- I(z).
For every point u of the real norm space of bounded linear operators from
X into the real norm space of bounded linear operators from Y into Z,
|lul| = [[I(w)| and for every point x of X and for every point y of Y,
I(u)(xz,y) = u(x)(y). For every object y such that y € B there exists
an object z such that z € Ly and y = I(z) by [5, (12)]. O
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Summary. In this article, we formalized in Mizar [4], [I] simple partial
differential equations. In the first section, we formalized partial differentiability
and partial derivative. The next section contains the method of separation of
variables for one-dimensional wave equation. In the last section, we formalized
the superposition principle. We referred to [6], [3], [5] and [9] in this formalization.
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1. PRELIMINARIES

From now on m, n denote non zero elements of N, i, j, k denote elements of
N, Z denotes a subset of R?, ¢ denotes a real number, I denotes a non empty
finite sequence of elements of N, and dy, do denote elements of R.
Now we state the proposition:
(1) Let us consider a non zero element m of N, a subset X of R", a non emp-
ty finite sequence I of elements of N, and a partial function f from R™ to
R. Suppose f is partially differentiable on X w.r.t. I. Then dom(f[IX) =
X.

Let us note that Qg is open and {252 is open.

Now we state the proposition:
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(2) Let us consider a partial function f from R to R, a subset Z of R, and
a real number xg. Suppose Z is open and zg € Z. Then

(i) f is differentiable in xq iff f[Z is differentiable in x, and
(ii) if f is differentiable in xg, then f'(x¢) = (f1Z) (x0).
PRrROOF: f is differentiable in x¢ iff f[Z is differentiable in xq. O
Let us consider a partial function f from R to R and a subset X of R. Now
we state the propositions:
(3) If X is open and X C dom f, then f is differentiable on X iff f]X is
differentiable on X. The theorem is a consequence of (2).
(4) If X isopenand X C dom f and f is differentiable on X, then (f[X)’rX =
fix- The theorem is a consequence of (3) and (2).
Let us consider a partial function f from R to R and a subset Z of R. Now
we state the propositions:
(5) If Z Cdom f and Z is open and f is differentiable 1 times on Z, then f
is differentiable on Z and (f'(Z))(1) = f{;. The theorem is a consequence
of (3) and (4).
(6) Suppose Z C dom f and Z is open and f is differentiable 2 times on Z.
Then

(i) f is differentiable on Z, and

(i) (f'(2))(1) = fiz, and
(iii) fi is differentiable on Z, and

(iv) (f(2)2) = (fiz)\z-
The theorem is a consequence of (5).

(7) Let us consider subsets X, T of R, a partial function f from R to R, and
a partial function g from R to R. Suppose X C dom f and T" C domg.
Then there exists a partial function u from R? to R such that

(i) domwu = {(x,t), where z,t are real numbers : © € X and ¢t € T},
and

(ii) for every real numbers z, ¢ such that x € X and ¢t € T holds w4y =
fre - (9y2)-

PROOF: Define QJobject, object] = there exist real numbers x, t such that
r€ Xandt € Tand$ = (x,t) and $2 = f/,-(g/). For every objects z, wy,
wo such that z € R? and Q[z,w;] and Q[z,ws] holds w; = ws. Consider
u being a partial function from R? to R such that for every object z,
z € domu iff z € R? and there exists an object w such that Q[z,w] and
for every object z such that z € dom u holds Q[z, u(z)]. For every object z,
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z € domu iff z € {(x,t), where x,t are real numbers : € X and t € T'}.
Consider x1, t; being real numbers such that 1 € X and ¢; € T and (z,
t> = <$1,t1> and u((x,t>) = f/:m : (g/t1>' U
Let us consider a partial function f from R to R, a partial function g from
R to R, a partial function u from R? to R, real numbers xg, to, and an element
z of R?. Now we state the propositions:
(8) Suppose domu = {(x,t), where z,t are real numbers : x € dom f and
t € domg} and for every real numbers x, t such that x € dom f and
t € domg holds w4y = f/z - (9) and z = (20, t0) and ¢ € dom f and
to € domg. Then
(i) u- (reproj(1,2)) = g, - f, and
(11) - (reproj(2, Z)) = f/xo g
PROOF: For every object s, s € dom(u - (reproj(1,z2))) iff s € dom f.
For every object s, s € dom(u - (reproj(2,z2))) iff s € domg. For every
object s such that s € dom(u - (reproj(1, z))) holds (u- (reproj(1, z)))(s) =
(94, - f)(s). For every object s such that s € dom(u - (reproj(2, z))) holds
(u - (reproj(2,2)))(s) = (f/a, - 9)(s) by [T, (14)]. O
(9) Suppose zy € dom f and tyg € domg and z = (xp,tp) and domu =
{{x,t), where z,t are real numbers : 2 € dom f and ¢ € domg} and f is

differentiable in xy and for every real numbers z, ¢ such that = € dom f
and t € dom g holds u /¢,y = f/z - (9/¢). Then

(i) w is partially differentiable in z w.r.t. 1, and

(ii) partdiff(u, z,1) = f/(xo) - (9/t)-
The theorem is a consequence of (8).

(10) Suppose zp € dom f and tg € domg and z = (xg,ty) and domu =
{{(z,t), where x,t are real numbers : x € dom f and ¢t € domg} and g is
differentiable in ¢y and for every real numbers z, ¢ such that x € dom f
and t € dom g holds w4y = f/z - (9/1)- Then

(i) w is partially differentiable in z w.r.t. 2, and

(ii) partdiff(u,z,2) = f/4, - (¢'(t0)).
The theorem is a consequence of (8).

Let us consider subsets X, T of R, a subset Z of R?, a partial function f
from R to R, a partial function g from R to R, and a partial function u from
R? to R. Now we state the propositions:

(11) Suppose X C dom f and T' C domg and X is open and 7' is open
and Z is open and Z = {(z,t), where z,¢ are real numbers : x € X and
t € T} and domwu = {(z,t), where z,t are real numbers : x € dom f and
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t € domg} and f is differentiable on X and g is differentiable on 7" and
for every real numbers x, ¢ such that x € dom f and ¢ € domg holds
Uyey = fra - (9/¢)- Then
(i) w is partially differentiable on Z w.r.t. (1), and
(ii) for every real numbers z, ¢t such that z € X and t € T holds
WM Z) )y = f'(x) - (g/¢), and
(iii) w is partially differentiable on Z w.r.t. (2), and

(iv) for every real numbers z, ¢ such that z € X and ¢t € T holds
W'®2) )y = Fro - (9'(2)).

PrOOF: Z C domu. For every element z of R? such that z € Z holds u
is partially differentiable in z w.r.t. 1. For every real numbers x, ¢ and for
every element z of R? such that + € X and t € T and z = (z,t) holds
partdiff (u, 2,1) = f'(z)-(g/). For every real numbers x, ¢ such that » € X
and t € T holds (u[<1>Z)/<m> = f/(x) - (g9/1). For every element z of R?
such that z € Z holds u is partially differentiable in z w.r.t. 2. For every
real numbers x, ¢t and for every element z of R? such that x € X andt € T
and z = (z,t) holds partdiff(u, z,2) = f,, - (¢'(t)). O

(12) Suppose X C dom f and T" C domg and X is open and 7' is open
and Z is open and Z = {(z,t), where z,¢ are real numbers : x € X and
t € T} and domu = {(z,t), where z,t are real numbers : x € dom f and
t € domg} and f is differentiable 2 times on X and ¢ is differentiable
2 times on T and for every real numbers x, ¢t such that x € dom f and
t € dom g holds w4y = f/z - (9/¢)- Then

(i) w is partially differentiable on Z w.r.t. (1) = (1), and

(ii) for every real numbers z, ¢ such that € X and ¢t € T holds
@V Z)wry = (F(X))(2) 2 - (1), and

(iii) w is partially differentiable on Z w.r.t. (2) ~ (2), and

(iv) for every real numbers z, t such that x € X and ¢t € T holds
@I 2) oy = Fra - ((9'(T)(2)12).

PROOF: u is partially differentiable on Z w.r.t. (1) and for every real

numbers z, ¢ such that x € X and ¢ € T holds (u[<l>Z)/<$7t) = f'(x)-(91)

and wu is partially differentiable on Z w.r.t. (2) and for every real numbers

x, t such that x € X and ¢t € T holds (u[<2>Z)/<x7t> = fro - (g'(t)) uis

partially differentiable on Z w.r.t. 1. For every real numbers x, ¢ such

that z € dom(fyx) and ¢t € dom(g[T’) holds (u[<1>Z)/<x7t> = (fix)/e -

((91T) 1) uM Z is partially differentiable on Z w.r.t. (1) and for every

real numbers z, t such that 2 € X and ¢t € T holds ((u]"2) [<1>Z)/<m> =



A SIMPLE EXAMPLE FOR LINEAR PARTIAL DIFFERENTIAL ... 29

(fix)'(@)-((gIT) ;). For every real numbers z, t such that z € X andt € T
holds (u["" M Z) i, = (f/(X))(2)/x - (9/¢)- u is partially differentiable
on Z w.r.t. 2. For every real numbers z, ¢t such that z € dom(f[X) and
t € dom(gy) holds (u[<2>Z)/<I7t> = (f1X) /e - ((9)7) j2)- ul? Z is partially
differentiable on Z w.r.t. (2) and for every real numbers z, ¢ such that
z€X and t € T holds (u[*2)[*2) 1,4 = (f1X) 2 - (g}p)(t))- O
(13) Let us consider functions f, g from R into R, a partial function u from
R? to R, and a real number c. Suppose f is differentiable 2 times on Qg
and g is differentiable 2 times on Qp and domwu = x2 and for every
real numbers x, t, Uy = frz (g/t) and for every real numbers x, t,

fra - (g (QR))(2) ) = - ((f'(2%))(2)/2) - (9/¢)- Then
(i) w is partially differentiable on Qg2 w.r.t. (1) ~ (1), and
(ii) for every real numbers z, ¢ such that x, ¢ € Qg holds
(" M p2) 0y = (F'())(2)z - (91), and
(iii) w is partially differentiable on Qp2 w.r.t. (2) ~ (2), and
(iv) for every real numbers z, t such that x, ¢ € Qg holds
(Wl P Qps2) 0 = 1z - ((9'(Q))(2) 1), and
(v) for every real numbers z, ¢, (u[<2>m<2>QR2)/<$7t> =
2 (I M0g2) )
The theorem is a consequence of (12).

(14) Let us consider real numbers A, B, e, and a function f from R into R.
Suppose for every real number z, f(z) = A - (the function cos)(e-x)+ B -
(the function sin)(e - ). Then

(i) f is differentiable on Qg, and

(ii) for every real number z, (f{q,)(x) = —e - (A - (the function sin)(e - x)

—B - (the function cos)(e - x)).

PROOF: Reconsider f; = A - (the function cos) - (e - idq,), fo = B -
(the function sin) - (e-idg,) as a partial function from R to R. Reconsider
Z = Qp as an open subset of R. Reconsider £ = e-idg, as a function from
R into R. For every real number z such that x € Z holds E(z) = e-x. For
every object x such that z € dom f holds f(x) = fi1(z) + f2(x). For every
real number , (fiq,)(z) = —e - (A - (the function sin)(e - x) — B-
(the function cos)(e - z)). O
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2. THE METHOD OF SEPARATION OF VARIABLES FOR ONE-DIMENSIONAL
WAVE EQUATION

Now we state the propositions:
(15) Let us consider real numbers A, B, e, and a function f from R into R.

Suppose for every real number z, f(z) = A - (the function cos)(e-x)+ B -
(the function sin)(e - z). Then

(i) f is differentiable 2 times on Qp, and

(ii) for every real number z, (f{q,)(x) = —e - (A - (the function sin)(e - x)
—B - (the function cos)(e - z)) and ((fiq, )0, ) () = —e2. (A
(the function cos)(e - z) + B - (the function sin)(e - z)) and
(F(9)(2)ja + ¢ (f12) = 0.
PROOF: f is differentiable on Qg and for every real number =, (fio, )(z) =
—e - (A - (the function sin)(e - ) — B - (the function cos)(e - x)). For every
real number z, (fo]R)(x) = e - B - (the function cos)(e - z) + (—e- A) -

(the function sin)(e - ). For every natural number i such that i < 2 —1
holds (f'(Qr))(4) is differentiable on Q. OJ

(16) Let us consider real numbers A, B, e. Then there exists a function f

from R into R such that for every real number z, f(z) = A- (the function
cos)(e - x) + B - (the function sin)(e - x).
PROOF: Define Plobject, object] = there exists a real number ¢ such that
$1 =t and $5 = A-(the function cos)(e-t)+ B-(the function sin)(e-t). For
every object x such that x € R there exists an object y such that y € R
and Plz, y|. Consider f being a function from R into R such that for every
object x such that z € R holds Pz, f(x)]. O

(17) Let us consider real numbers A, B, C, d, ¢, e, and functions f, g from
R into R. Suppose for every real number z, f(x) = A - (the function
cos)(e-x)+ B - (the function sin)(e- ) and for every real number ¢, g(t) =
C'- (the function cos)(e-c-t)+d- (the function sin)(e-c-t). Let us consider
veal numbers . ¢. Then £ - ((¢/(Q8))(2)) = & - (F(2))2)2) - (970).
The theorem is a consequence of (15).

(18) Let us consider functions f, g from R into R, and a function u from R?
into R. Suppose f is differentiable 2 times on Qg and g is differentiable
2 times on Qg and for every real numbers x, t, f/, - ((¢'(Qr))(2) ) =
A-((f(m))(2)/2)- (9/¢) and for every real numbers z, t, u/z 1y = f/z-(9/1)-
Then

(i) w is partially differentiable on Qg2 w.r.t. (1), and

(ii) for every real numbers z, t, (u[<1>QR2)/<x7t> = f'(x) - (9/¢), and
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(iii) w is partially differentiable on Q2 w.r.t. (2), and
(iv) for every real numbers z, t, (u[<2>QR2)/<x’t> = f/e - (g'(1)), and
(v

(vi

f is differentiable 2 times on Qg, and
g is differentiable 2 times on g, and

)
)
)
)
(vii) u is partially differentiable on Qz2 w.r.t. (1) ~ (1), and
(viii) for every real numbers z, t, (u[<1>m<1>QR2)/<$7t> =
(f'(2®))(2) /o - (92), and
(ix) w is partially differentiable on Qx> w.r.t. (2) ~(2), and

(x) for every real numbers z, t, (u[<2>“<2>QR2)/<I’t> =
1z - ((9'(R))(2) ), and
(xi) for every real numbers z, t, (u[<2>ﬁ<2>QR2)/<$’t> =

2 (I M0g2) )
The theorem is a consequence of (11) and (13).

(19) Let us consider real numbers A, B, C, d, e, ¢, and a function u from R?
into R. Suppose for every real numbers x, t, u;(, ;) = (A - (the function
cos)(e-z)+ B - (the function sin)(e - x)) - (C - (the function cos)(e-c-t) +
d - (the function sin)(e - ¢ - t)). Then

(i) w is partially differentiable on Qr2 w.r.t. (1), and

(ii) for every real numbers z, t, (u[<1>QR2)/<x7t> =

(—A-e- (the function sin)(e - )+ B-e- (the function cos)(e-x))-(C'-

(the function cos)(e - c¢-t) 4 d - (the function sin)(e - c¢-t)), and

iii) w is partially differentiable on (22 w.r.t. (2), and

( ) p Yy R )

(iv) for every real numbers z, ¢, (u[<2>QR2)/<x’t> = (A-(the function cos)(e-
x)+B-(the function sin)(e-x))-(—C - (e - ¢) - (the function sin)(e - ¢ - t)
+d - (e c¢) - (the function cos)(e - ¢ - t)), and

(v) w is partially differentiable on Qp2 w.r.t. (1) ~ (1), and

(vi) for every real numbers z, t, (u[<1>m<1>QR2)/<m’t> =
—e? - (A - (the function cos)(e - z) + B - (the function sin)(e - x)) - (C-
(the function cos)(e - ¢ - t) + d - (the function sin)(e - ¢ - t)) and u is par-
tially differentiable on Q2 w.r.t. (2) ~(2) and for every real numbers
x,t, (u[<2>ﬂ<2>QRz)/<x,t> = —(e-c)?- (A~ (the function cos)(e - x) + B-
(the function sin)(e - x)) - (C - (the function cos)(e-c-t) + d-

(the function sin)(e - c-t)), and
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(vii) for every real numbers z, t, (u[<2>ﬁ(2>QRz)/<x’t> =

2 (I W Qgra) )
The theorem is a consequence of (16), (15), (17), (18), and (6).
(20) Let us consider a real number c. Then there exists a partial function u
from R? to R such that
(i) w is partially differentiable on Q2 w.r.t. (1) ~ (1) and partially dif-
ferentiable on Qp2 w.r.t. (2) ~ (2), and

(ii) for every real numbers z, t, (u[<2>m<2>QR2)/<$7t> =

- (" M0gR2) 0y
The theorem is a consequence of (16), (7), (15), (17), and (18).

3. THE SUPERPOSITION PRINCIPLE

Now we state the propositions:

(21) Let us consider real numbers C, d, ¢, a natural number n, and a func-
tion u from R? into R. Suppose for every real numbers z, t, Uf(t) =
(the function sin)(n-m-x)-(C-(the function cos)(n-m-c-t)+d-(the function
sin)(n-m-c-t)). Then

(i) w is partially differentiable on Qg2 w.r.t. (1), and

(ii) for every real numbers z, t, (UmeR?)/(x,t) = n - m - (the function
cos)(n-m-x)- (C - (the function cos)(n-m-c-t) + d - (the function
sin)(n-m-c-t)), and

(iii) w is partially differentiable on Q2 w.r.t. (2), and

(iv) for every real numbers z, ¢, (u[<2)QR2)/<x7t> = (the function sin)(n -
m-xz)- (=C-(n-m-c)- (the function sin)(n-7-c-t)+d-(n-m-c) -
(the function cos)(n-7-c-t)), and

(v) w is partially differentiable on Qp2 w.r.t. (1) ~ (1), and

(vi) for every real numbers z, t, (u[<1>m<1>QR2)/<x’t> =—(n-m)2
(the function sin)(n - 7 - x) - (C - (the function cos)(n -7 -c-t) + d-
(the function sin)(n - 7 - ¢ - t)) and u is partially differentiable on Qx>
w.r.t. (2) 7 (2) and for every real numbers z, t, (u[<2>ﬁ<2>QR2)/<z7t> =
—(n - m-¢)? - (the function sin)(n - 7 - x) - (C - (the function cos)(n-
m-c-t)+d- (the function sin)(n - 7-c-t)), and

(vii) for every real number ¢, u = 0 and u/(; 5 = 0, and
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(viii) for every real numbers z, ¢, (u[<2>ﬁ(2>QRz)/<x’t> =
2 (WM g2) 4.

PROOF: Set e = n - w. For every real numbers z, t, (u ) QR2)/(x,t) =
e (the function cos)(e-x)- (C'- (the function cos)(e-c- t) +d- (the function
sin)(e-c-t)). For every real numbers z, t, (u[<2>QR2) = (the function
sin)(e-x)-(—C - (e ¢) - (the function sin)(e-c-t)+d- ( ) (the function
cos)(e - c¢-t)). For every real numbers z, t, (u[u)A(l)QRz)/(Lﬂ = —e2.
(the function sin)(e - ) - (C - (the function cos)(e - c-t) 4+ d-
(the function sin)(e - ¢ - t)). For every real numbers z, ¢, (u[<2>ﬁ<2>QR2)/<x7t> =
—(e - ¢)2 - (the function sin)(e - z) - (C - (the function cos)(e - ¢ - t) + d-
(the function sin)(e - ¢ - t)). For every real number ¢, u o ;) = 0 and u /(; 4y =
0 by [8, (30)]. O
(22) Let us consider partial functions u, v from R? to R, a subset Z of R?, and
a real number ¢. Suppose Z is open and Z C domwu and Z C domv and u
is partially differentiable on Z w.r.t. (1)~ (1) and partially differentiable on
Z w.r.t. (2) 7 (2) and for every real numbers z, t such that (z,t) € Z holds
(u[<2>ﬁ<2>Z)/<I7t> =c2. ((u[<1>m<1>Z)/(x7t>) and v is partially differentiable
on Z w.r.t. (1) = (1) and partially differentiable on Z w.r.t. (2) ~(2) and
for every real numbers z, ¢ such that (z,t) € Z holds (v[<2>A<2>Z)/<x,t> =
2. ((v[<1>A<1>Z)/<xyt>). Then
(i) Z C dom(u+ v), and

(ii) w + v is partially differentiable on Z w.r.t. (1) ~ (1) and partially
differentiable on Z w.r.t. (2) ~ (2), and
(iii) for every real numbers z, ¢ such that (z,t) € Z holds
(v 7Z) iy = (u+ o1V 2) 0 ).
PRrOOF: For every real numbers x, ¢t such that (z,t) € Z holds (u +
U[<2> <2>Z)/(a:,t) = 02 : ((u + Uf<1> <1>Z)/(x,t>) by (1>7 [27 (75)]' O
(23) Let us consider a sequence u of partial functions from R? into R, a subset
Z of R?, and a real number c. Suppose Z is open and for every natural
number i, Z C dom(u(i)) and dom(u(i)) = dom(u(0)) and (i) is par-
tially differentiable on Z w.r.t. (1) ~ (1) and partially differentiable on Z
w.r.t. (2) © (2) and for every real numbers x, ¢ such that (x,t) € Z holds
(@B 2Z) =2 (u@) "M 2Z) ), ). Let us consider a natural
number ¢. Then

(i) Z € dom(((X u(c))ne) (1)), and

(i) ((Ch_pu())ken)(i) is partially differentiable on Z w.r.t. (1) = (1)
and partially differentiable on Z w.r.t. (2) ~ (2), and
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(iii) for every real numbers z, ¢ such that (z,t) € Z holds

(S0 wl(@)wem) ()12 2) 0y =

- (o w(@)sem) DTNV Z) 0 ).
PROOF: Define X [natural number] = Z C dom(((>5_qu(a))xen)($1))
and (36 _pu(a))ken)($1) is partially differentiable on Z w.r.t. (1) = (1)
and partially differentiable on Z w.r.t. (2) ~ (2) and for every real numbers
x, t such that (z,t) € Z holds (((X5_ u(a))een)($1)1P P 2Z) 4 = 2
(((XE g u(a)),{eN)(&)[<1)A<1>Z)/<x,t>). For every natural number ¢ such
that X[i] holds X'[i + 1]. For every natural number n, X[n]. O
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Summary. In the first chapter, the notion of multilinear operator on real
linear spaces is discussed. The algebraic structure [2] of multilinear operators
is introduced here. In the second chapter, the results of the first chapter are
extended to the case of the normed spaces. This chapter shows that bounded
multilinear operators on normed linear spaces constitute the algebraic structure.
We referred to [3], [7], [E], [6] in this formalization.
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1. MULTILINEAR OPERATOR ON REAL LINEAR SPACES

Let X be a non empty, non-empty finite sequence, ¢ be an object, and x be
an element of [] X. The functor reproj(i, ) yielding a function from X (i) into
[T X is defined by
(Def. 1) for every object r such that r € X (¢) holds it(r) = = +- (i,7).

Now we state the propositions:

(1) Let us consider a non empty, non-empty finite sequence X, an element
x of [[ X, an element i of dom X, and an object . If »r € X(7), then
(reproj(i, x))(r)(i) = 7.
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(2) Let us consider a non empty, non-empty finite sequence X, an element
x of [[ X, elements i, j of dom X, and an object r. If r € X (i) and i # j,
then (reproj(i,z))(r)(j) = z(j).

(3) Let us consider a non empty, non-empty finite sequence X, an element
x of [[ X, and an element i of dom X. Then (reproj(i, x))(x(i)) = x.

Let X be a real linear space sequence, ¢ be an element of dom X, and = be
an element of [[ X. The functor reproj(i, z) yielding a function from X (i) into
[1X is defined by

(Def. 2) there exists an element x¢ of [[ X such that xo = z and it = reproj(i, zo).
Now we state the propositions:

(4) Let us consider a real linear space sequence X, an element i of dom X,
an element z of [ X, an element r of X (i), and a function F. If F =
(reproj(i,z))(r), then F'(i) = r. The theorem is a consequence of (1).

(5) Let us consider a real linear space sequence X, elements i, j of dom X,
an element = of [T X, an element r of X (), and functions F, s. If F' =
(reproj(i,z))(r) and x = s and i # j, then F(j) = s(j). The theorem is
a consequence of (2).

(6) Let us consider a real linear space sequence X, an element i of dom X,
an element x of [[ X, and a function s. If x = s, then (reproj(i, z))(s(i)) =
x. The theorem is a consequence of (3).

Let X be a real linear space sequence, Y be a real linear space, and f be
a function from [] X into Y. We say that f is multilinear if and only if

(Def. 3) for every element i of dom X and for every element z of [[X, f -
(reproj(i,z)) is a linear operator from X (i) into Y.
One can verify that there exists a function from [[ X into Y which is mul-
tilinear.
A multilinear operator from X into Y is a multilinear function from [] X
into Y. Now we state the propositions:

(7) Let us consider real linear spaces X, Y, and a linear operator f from X
into Y. Then Oy = f(Ox)

(8) Let us consider a real linear space sequence X, a real linear space Y,
a multilinear operator g from X into Y, a point ¢ of [[ X, and an element
s of [T X. Suppose s = t and there exists an element i of dom X such that
5(7) = Ox(;)- Then g(t) = Oy. The theorem is a consequence of (17) and
(7).

(9) Let us consider a real linear space sequence X, a real linear space Y,
a multilinear operator g from X into Y, and a finite sequence a of elements
of R. Suppose doma = dom X. Let us consider points ¢, t; of [[ X, and
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elements s, s; of [[ X. Suppose t = s and t; = s1 and for every element i
of dom X, s1(7) = a/; - 5(i). Then g(t1) = ([Ia) - g(t).
PROOF: Define Plnatural number] = for every points ¢, t; of [[X for
every elements s, s; of [[ X for every finite sequence b of elements of R
such that ¢ = s and t; = s1 and b = a[$; and $; < lena and for every
element i of dom X, if i € Seg$1, then s1(i) = ay; - s(i) and if i ¢ Seg $1,
then s1(7) = s(2) holds g(t1) = (I1b) - g(t). P[0]. For every natural number
k such that P[k] holds P[k + 1]. For every natural number k, P[k]. For
every element i of dom X, if i € Seglena, then s1(i) = a/; - s(i) and if
i ¢ Seglena, then s1(i) = s(i). O
Let X be a real linear space sequence and Y be a real linear space. The
functor MultOpers(X,Y) yielding a subset of RealVectSpace((the carrier of
[1X),Y) is defined by
(Def. 4) for every set z, x € it iff x is a multilinear operator from X into Y.
One can check that MultOpers(X,Y) is non empty and functional and
MultOpers(X,Y) is linearly closed.

The functor VectorSpaceOfMultOpersg(X,Y) yielding a strict RLS struc-
ture is defined by the term

(Def. 5)  (MultOpers(X,Y'), Zero(MultOpers(X, Y), RealVectSpace((the carrier of
[1X),Y)),Add(MultOpers(X,Y), RealVectSpace((the carrier of [] X),Y)),
Mult(MultOpers(X, YY), RealVectSpace((the carrier of [[ X),Y))).

Now we state the proposition:

(10) Let us consider a real linear space sequence X, and a real linear space Y.
Then (MultOpers(X,Y'), Zero(MultOpers(X, Y), RealVectSpace((the carrier
of [[X),Y)), Add(MultOpers(X,Y'), RealVectSpace((the carrier of [] X),
Y)), Mult(MultOpers(X, Y'), RealVectSpace((the carrier of []X),Y))) is
a subspace of RealVectSpace((the carrier of []X),Y).

Let X be a real linear space sequence and Y be a real linear space. One can
verify that VectorSpaceOfMultOpersg (X, Y") is non empty and VectorSpaceOf

MultOpersg (X, Y") is Abelian, add-associative, right zeroed, right comple-
mentable, vector distributive, scalar distributive, scalar associative, and scalar
unital and VectorSpaceOfMultOpersg(X,Y) is constituted functions.

Let f be an element of VectorSpaceOfMultOpersg(X,Y) and v be a vector
of [T X. Let us note that the functor f(v) yields a vector of Y. Now we state the
propositions:

(11) Let us consider a real linear space sequence X, a real linear space Y, and
vectors f, g, h of VectorSpaceOfMultOpersg(X,Y'). Then h = f+g if and
only if for every vector z of [ X, h(x) = f(x) + g(x).
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(12) Let us consider a real linear space sequence X, a real linear space Y,
vectors f, h of VectorSpaceOfMultOpersg(X,Y’), and a real number a.
Then h = a- f if and only if for every vector z of [[ X, h(z) = a- f(z).

Let us consider a real linear space sequence X and a real linear space Y.
Now we state the propositions:

(13) OVectorSpaceOﬂ\/IultOpersR(X,Y) = (the carrier of HX) — Oy.
(14) (The carrier of [[ X) —— Oy is a multilinear operator from X into Y.

2. BOUNDED MULTILINEAR OPERATOR ON NORMED LINEAR SPACES

Now we state the propositions:

(15) Let us consider a real norm space sequence X, an element i of dom X,
an element z of [ X, an element r of X (i), and a function F. If F =
(reproj(i,z))(r), then F'(i) = r. The theorem is a consequence of (1).

(16) Let us consider a real norm space sequence X, elements i, j of dom X,
an element z of [[ X, an element r of X (i), and functions F, s. If F =
(reproj(i,x))(r) and x = s and ¢ # j, then F(j) = s(j). The theorem is
a consequence of (2).

(17) Let us consider a real norm space sequence X, an element i of dom X,
an element x of [T X, and a function s. If z = s, then (reproj(i, x))(s(i)) =
x. The theorem is a consequence of (3).

Let X be a real norm space sequence, Y be a real normed space, and f be
a function from [] X into Y. We say that f is multilinear if and only if

(Def. 6) for every element i of dom X and for every element x of [[X, f -
(reproj(i,z)) is a linear operator from X (i) into Y.
One can verify that there exists a function from [[ X into Y which is mul-
tilinear.
A multilinear operator from X into Y is a multilinear function from [] X into
Y. The functor MultOpers(X, Y') yielding a subset of RealVectSpace((the carrier
of [TX),Y) is defined by
(Def. 7) for every set x, x € it iff x is a multilinear operator from X into Y.
Note that MultOpers(X, Y') is non empty and functional and MultOpers(X,Y)
is linearly closed.
Now we state the proposition:
(18) Let us consider a real norm space sequence X, and a real normed space Y.

Then (MultOpers(X,Y'), Zero(MultOpers(X, Y), Real VectSpace((the carrier
of [TX),Y)), Add(MultOpers(X,Y'), RealVectSpace((the carrier of [T X),
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Y)), Mult(MultOpers(X, Y), RealVectSpace((the carrier of [[X),Y))) is
a subspace of RealVectSpace((the carrier of []X),Y).

Let X be a real norm space sequence and Y be a real normed space. Note
that (MultOpers(X,Y), Zero(MultOpers(X, Y'), RealVectSpace((the carrier of
[1X),Y)), Add(MultOpers(X,Y), RealVectSpace((the carrier of [[ X),Y)),

Mult(MultOpers(X,Y), RealVectSpace((the carrier of [[X),Y))) is Abe-
lian, add-associative, right zeroed, right complementable, vector distributive,
scalar distributive, scalar associative, and scalar unital.

The functor VectorSpaceOfMultOpersg(X,Y") yielding a strict real linear
space is defined by the term

(Def. 8) (MultOpers(X,Y'), Zero(MultOpers(X, Y), Real VectSpace((the carrier of
[1X),Y)), Add(MultOpers(X, Y), RealVectSpace((the carrier of [] X),Y")),
Mult(MultOpers(X,Y), RealVectSpace((the carrier of [[ X),Y))).

One can check that VectorSpaceOfMultOpersg(X,Y) is constituted func-
tions.

Let f be an element of VectorSpaceOfMultOpersg(X,Y) and v be a vector
of [T X. One can check that the functor f(v) yields a vector of Y. Now we state
the propositions:

(19) Let us consider a real norm space sequence X, a real normed space Y,
and vectors f, g, h of VectorSpaceOfMultOpersg(X,Y). Then h = f + ¢
if and only if for every vector z of [T X, h(x) = f(x) + g(x).

(20) Let us consider a real norm space sequence X, a real normed space Y,
vectors f, h of VectorSpaceOfMultOpersg(X,Y), and a real number a.
Then h = a- f if and only if for every vector = of [[ X, h(z) =a - f(x).

Let us consider a real norm space sequence X and a real normed space Y.
Now we state the propositions:

(21) OVectorSpaceOfMultOpersR(X,Y) = (the carrier of HX) — Oy.
(22) (The carrier of [[ X) —— Oy is a multilinear operator from X into Y.
Let X be a real norm space sequence, Y be a real normed space, I be
a multilinear operator from X into Y, and x be a vector of [[ X. Let us observe
that the functor I(x) yields a point of Y. Note that [ X is constituted functions.
Let x be a point of [[ X and ¢ be an element of dom X. One can check that
the functor z(7) yields a point of X (7). Now we state the propositions:
(23) Let us consider a real norm space sequence GG, and points p, ¢, r of [[ G.
Then p+¢ = r if and only if for every element i of dom G, (i) = p(i)+q(i).
(24) Let us consider a real norm space sequence G, points p, r of [[G, and
a real number a. Then a-p = r if and only if for every element 7 of dom G,
r(i) = a-p(i).
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(25) Let us consider a real norm space sequence G, and a point p of [[G.
Then Orpe =» if and only if for every element i of dom G, p(i) = Og(;)-

(26) Let us consider a real norm space sequence G, and points p, ¢, r of [[ G.
Then p—q = r if and only if for every element ¢ of dom G, (i) = p(i) —q().
The theorem is a consequence of (23) and (24).
Let X be a real norm space sequence and = be a point of [[ X. The functor
NrProduct z yielding a non negative real number is defined by

(Def. 9) there exists a finite sequence N of elements of R such that dom N =
dom X and for every element i of dom X, N(i) = ||(¢)| and it =[] N.

Now we state the proposition:

(27) Let us consider a real norm space sequence X, and a point x of [] X.
Then

(i) there exists an element 7 of dom X such that
z(i) = Ox(; iff NrProduct z = 0, and

(ii) if there exists no element i of dom X such that x(i) = Ox(;, then
0 < NrProduct z.

ProOOF: Consider N being a finite sequence of elements of R such that
dom N = dom X and for every element i of dom X, N(i) = ||«(¢)] and
NrProduct x = [][ N. There exists an element i of dom X such that z(i) =
Ox (i iff NrProductz = 0 by [I, (103)]. If there exists no element i of
dom X such that x(i) = Ox(;), then 0 < NrProduct x by [4, (42)]. O
Let X be a real norm space sequence, Y be a real normed space, and I be
a multilinear operator from X into Y. We say that [ is Lipschitzian if and only
if
(Def. 10) there exists a real number K such that 0 < K and for every point x of
[1X, [[I(z)]] < K - (NrProduct z).
Now we state the proposition:

(28) Let us consider a real norm space sequence X, a real normed space Y,
and a multilinear operator f from X into Y. If for every vector x of [[ X,
f(z) = Oy, then f is Lipschitzian.

Let X be a real norm space sequence and Y be a real normed space. One
can check that there exists a multilinear operator from X into Y which is Lip-
schitzian.

The functor BoundedMultOpers(X,Y) yielding a subset of

VectorSpaceOfMultOpersg (X, Y) is defined by

(Def. 11) for every set x, x € it iff x is a Lipschitzian multilinear operator from X
into Y.
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Note that BoundedMultOpers(X,Y’) is non empty and
BoundedMultOpers(X,Y) is linearly closed.
Now we state the proposition:

(29) Let us consider a real norm space sequence X, and a real normed space
Y. Then (BoundedMultOpers(X,Y), Zero(BoundedMultOpers(X,Y),
VectorSpaceOfMultOpersg (X, Y')), Add(BoundedMultOpers(X, Y),
VectorSpaceOfMultOpersg (X, Y')), Mult(BoundedMultOpers(X, Y),
VectorSpaceOfMultOpersg (X, Y))) is a subspace of
VectorSpaceOfMultOpersg (X, Y).

Let X be a real norm space sequence and Y be a real normed space. Observe
that (BoundedMultOpers(X,Y'), Zero(BoundedMultOpers(X,Y),

VectorSpaceOfMultOpersg (X, Y')), Add(BoundedMultOpers(X, Y),

VectorSpaceOfMultOpersg (X, Y')), Mult(BoundedMultOpers(X, Y),

VectorSpaceOfMultOpersg (X, Y))) is Abelian, add-associative, right zeroed,
right complementable, vector distributive, scalar distributive, scalar associative,
and scalar unital.

The functor VectorSpaceOfBoundedMultOpersg (X, Y") yielding a strict real
linear space is defined by the term

(Def. 12) (BoundedMultOpers(X,Y"), Zero(BoundedMultOpers(X,Y),
VectorSpaceOfMultOpersg (X, Y)), Add(BoundedMultOpers(X,Y'),
VectorSpaceOfMultOpersg (X, Y')), Mult(BoundedMultOpers(X, Y),
VectorSpaceOfMultOpersg (X, Y))).

Let us note that every element of VectorSpaceOfBoundedMultOpersg (X, Y")
is function-like and relation-like.
Let f be an element of VectorSpaceOfBoundedMultOpersg(X,Y’) and v be
a vector of [T X. Note that the functor f(v) yields a vector of Y. Now we state
the propositions:
(30) Let us consider a real norm space sequence X, a real normed space Y,
and vectors f, g, h of VectorSpaceOfBoundedMultOpersg(X,Y). Then
h = f+ g if and only if for every vector z of [[ X, h(z) = f(z) + g(z).
The theorem is a consequence of (19).

(31) Let us consider a real norm space sequence X, a real normed space
Y, vectors f, h of VectorSpaceOfBoundedMultOpersg(X,Y), and a real
number a. Then h = a - f if and only if for every vector x of [[ X, h(z) =
a - f(z). The theorem is a consequence of (20).

(32) Let us consider a real norm space sequence X, and a real normed space Y.

Then OVectorSpaceOfBoundedMuItOpersR(X,Y) = (the carrier of HX) — Oy.
The theorem is a consequence of (21).
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Let X be a real norm space sequence, Y be a real normed space, and f be
an object. Assume f € BoundedMultOpers(X,Y'). The functor PartFuncs(f, X,Y)
yielding a Lipschitzian multilinear operator from X into Y is defined by the term

(Def. 13) f.

Let u be a multilinear operator from X into Y. The functor PreNorms(u)
yielding a non empty subset of R is defined by the term

(Def. 14)  {J|u(t)||, where t is a vector of [[ X : for every element i of dom X,
[E(@)] < 1}
Now we state the propositions:

(33) Let us consider a real norm space sequence X, and an element s of [] X.
Then there exists a finite sequence F' of elements of R such that
(i) dom F' = dom X, and
(ii) for every element ¢ of dom X, F(i) = ||s(i)]|.
PROOF: Define Q[object,object] = there exists an element ¢ of dom X
such that $; = 7 and $2 = ||s(7)||. For every natural number n such that
n € Seglen X there exists an element d of R such that Q[n,d]. Consider
F' being a finite sequence of elements of R such that len F' = len X and
for every natural number n such that n € Seglen X holds Q[n, F /n]. For
every element ¢ of dom X, F'(i) = ||s(¢)]|. O
(34) Let us consider a finite sequence F' of elements of R. Suppose for every
element i of dom F', 0 < F(i) < 1. Then 0 <[] F < 1.

(35) Let us consider a real norm space sequence X, and a point z of [[ X. Sup-
pose for every element ¢ of dom X, ||z(4)|| < 1. Then 0 < NrProductz < 1.
The theorem is a consequence of (34).

(36) Let us consider a real norm space sequence X, a real normed space Y,
a multilinear operator ¢g from X into Y, and a point ¢ of [[ X. Suppose
there exists an element 7 of dom X such that ¢(i) = 0x ;). Then g(¢) = Oy
The theorem is a consequence of (17).

(37) Let us consider a real norm space sequence X, and a point x of [] X.

Then there exists a finite sequence d of elements of R such that

(i) domd = dom X, and

(ii) for every element i of dom X, d(i) = ||=(7)|| .
PRrROOF: Define Q[object,object] = there exists an element ¢ of dom X
such that $; = i and $2 = ||z(7)|| ~!. For every natural number n such that
n € Seglen X there exists an element d of R such that Q[n,d]. Consider
F being a finite sequence of elements of R such that len FF = len X and
for every natural number n such that n € Seglen X holds Q[n, F,]. For
every element i of dom X, F(i) = ||z(i)|~!. O
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(38) Let us consider a real norm space sequence X, a point s of [[ X, and

a finite sequence a of elements of R. Then there exists a point s; of [[ X
such that for every element i of dom X, s1(i) = a/; - 5(7).
PROOF: Define Q[object,object] = there exists an element ¢ of dom X
such that $; = 7 and $2 = a/; - z(i). For every natural number n such
that n € Seglen X there exists an object d such that Q[n,d]|. Consider F
being a finite sequence such that dom F' = Seglen X and for every natural
number n such that n € Seglen X holds Q[n, F/(n)]. For every object y
such that y € dom X holds F(y) € X(y). For every element i of dom X,
F(i) = as- z(i). O

(39) Let us consider a real norm space sequence X, a real normed space Y,
a multilinear operator g from X into Y, and a finite sequence a of elements
of R. Suppose dom a = dom X . Let us consider points £, t; of [ X . Suppose
for every element i of dom X, t1(i) = ay; - t(i). Then g(t1) = ([1a) - g(t).
PROOF: Define P[natural number] = for every points ¢, ¢; of [[ X for every
finite sequence b of elements of R such that b = al$; and $; < lena and
for every element i of dom X, if i € Seg$;, then t,(i) = a/; - t() and if
i ¢ Seg$q, then t1(i) = t(i) holds g(t1) = (I]b) - g(t). P[0]. For every
natural number k such that P[k] holds P[k +1]. For every natural number
k, P[k]. For every element i of dom X, if i € Seglena, then t1(i) = a/;-t(i)
and if i ¢ Seglena, then ¢1(i) = ¢(:). O

(40) Let us consider finite sequences F', G of elements of R. Suppose dom F' =
dom G and for every element i of dom F, G(i) = F(i)™'. Then [[G =
(I F).

(41) Let us consider a real norm space sequence X, a real normed space Y, and
a Lipschitzian multilinear operator g from X into Y. Then PreNorms(g)
is upper bounded. The theorem is a consequence of (35).

(42) Let us consider a real norm space sequence X, a real normed space Y,
and a multilinear operator g from X into Y. Then g is Lipschitzian if and
only if PreNorms(g) is upper bounded. The theorem is a consequence of

(36), (37), (38), (39), (40), and (41).

Let X be a real norm space sequence and Y be a real normed space. The
functor BoundedMultOpersNorm(X,Y) yielding a function from
BoundedMultOpers(X,Y') into R is defined by

(Def. 15) for every object = such that x € BoundedMultOpers(X,Y') holds it(z) =
sup PreNorms(PartFuncs(z, X,Y)).
Let f be a Lipschitzian multilinear operator from X into Y. One can verify
that PartFuncs(f, X,Y’) reduces to f.
Now we state the proposition:
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(43) Let us consider a real norm space sequence X, a real normed spa-
ce Y, and a Lipschitzian multilinear operator f from X into Y. Then
(BoundedMultOpersNorm(X,Y'))(f) = sup PreNorms(f).

Let X be a real norm space sequence and Y be a real normed space. The

functor NormSpaceOfBoundedMultOpersg (X, YY) yielding a non empty, strict
normed structure is defined by the term

(Def. 16) (BoundedMultOpers(X,Y'), Zero(BoundedMultOpers(X,Y),
VectorSpaceOfMultOpersg (X, Y)), Add(BoundedMultOpers(X, Y),
VectorSpaceOfMultOpersg (X, Y')), Mult(BoundedMultOpers(X, Y),
VectorSpaceOfMultOpersg (X, Y')), BoundedMultOpersNorm (X, Y)).

Now we state the propositions:

(44) Let us consider a real norm space sequence X, and a real normed space
Y. Then (the carrier of HX) — Oy = ONormSpaCeOfBoundedMultOpersR(X,Y)-
The theorem is a consequence of (32).

(45) Let us consider a real norm space sequence X, a real normed space Y,
a point f of NormSpaceOfBoundedMultOpersg(X,Y’), and a Lipschitzian
multilinear operator g from X into Y. Suppose g = f. Let us consider
a vector t of [[X. Then ||g(t)[| < [|f|l - (NrProductt). The theorem is
a consequence of (41), (36), (37), (38), (39), (40), and (43).

Let us consider a real norm space sequence X, a real normed space Y, and
a point f of NormSpaceOfBoundedMultOpersg(X,Y). Now we state the pro-
positions:

(46) 0 < [|f]|- The theorem is a consequence of (41) and (43).

(47) If f = ONormSpaceOfBoundedMultOpersR(X,Y)7 then 0 = Hf” The theorem is
a consequence of (41), (44), and (43).

Let X be a real norm space sequence and Y be a real normed space. Let us
note that every element of NormSpaceOfBoundedMultOpersg (X, Y') is function-
like and relation-like.

Let f be an element of NormSpaceOfBoundedMultOpersg (X,Y) and v be
a vector of [] X. Note that the functor f(v) yields a vector of Y. Now we state
the propositions:

(48) Let us consider a real norm space sequence X, a real normed space
Y, and points f, g, h of NormSpaceOfBoundedMultOpersg(X,Y). Then
h = f+ g if and only if for every vector x of [[ X, h(z) = f(z) + g(z).
The theorem is a consequence of (30).

(49) Let us consider a real norm space sequence X, a real normed space Y, po-
ints f, h of NormSpaceOfBoundedMultOpersg(X,Y'), and a real number
a. Then h = a - f if and only if for every vector x of [[ X, h(z) = a- f(x).



MULTILINEAR OPERATOR AND ITS BASIC PROPERTIES 45

The theorem is a consequence of (31).

(50) Let us consider a real norm space sequence X, a real normed space Y, po-
ints f, g of NormSpaceOfBoundedMultOpersg(X,Y'), and a real number
a. Then

(1) £l =0 iff f = ONormSpaceOfBoundedMultOpersz (X,v), and
(i) [la- fll =lal-[[f], and
(iti) [If +gll <IfI+ llgll-
Proor: |[f +gll < [IfI[ +llgll- lla- flI = lal - || f]]. O

(51) Let us consider a real norm space sequence X, and a real normed space
Y. Then NormSpaceOfBoundedMultOpersg (X, Y') is a real normed space.

Let X be a real norm space sequence and Y be a real normed space. Let
us note that NormSpaceOfBoundedMultOpersg (X, Y') is reflexive, discernible,
real normed space-like, vector distributive, scalar distributive, scalar associative,
scalar unital, Abelian, add-associative, right zeroed, and right complementable.

Now we state the proposition:

(52) Let us consider a real norm space sequence X, a real normed space
Y, and points f, g, h of NormSpaceOfBoundedMultOpersg(X,Y). Then
h = f — g if and only if for every vector z of [[ X, h(z) = f(x) — g(z).
The theorem is a consequence of (48).
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1. PRELIMINARIES

Let a, b, ¢, d be objects. Observe that (a,b, c,d)(1) reduces to a and (a, b, ¢,
d)(2) reduces to b and (a, b, ¢, d)(3) reduces to ¢ and (a, b, c,d)(4) reduces to d.
Now we state the proposition:
(1) Let us consider objects a, b, ¢, d, a’, ¥/, ¢/, d'. Suppose (a, b, c,d) = (d/,
v, d'). Then

(i) a=d, and

(ii) b=V, and
(iii) ¢=¢, and
(iv) d =d'.
Let r be a real number. We say that r is unit if and only if
(Def. 1) r=1.

Let us observe that there exists a non zero real number which is non unit.
Let r be a non unit, non zero real number. The functor op1(r) yielding a non
unit, non zero real number is defined by the term

(Def. 2) 1.

-
One can check that the functor is involutive.

The functor op2(r) yielding a non unit, non zero real number is defined by
the term
(Def. 3) 1—r.
Let us observe that the functor is involutive.
From now on a, b, r denote non unit, non zero real numbers.
Now we state the propositions:

(2) (i) op2(opl(r)) = "7+, and
(i) opl(op2(r)) = 1=, and
(iii) opl(op2(opl(r))) = — 7, and
) op2(opl(op2(r))) = 55
(i) op2(op1(op2(opl(r )))) = opl(op2(r)), and
(ii) op1(op2(opl(op2(r)))) = op2(opl(r)).
The theorem is a consequence of (2).

opl(a) _ b
(4) opl(h) — a-

In the sequel X denotes a non empty set and = denotes a 4-tuple of X.
Now we state the propositions:
(5) X* = the set of all (dy,ds,ds,ds) where dy,ds,ds,dy are elements of X.

(iv

(3)
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(6) Let us consider objects a, b, ¢, d. Suppose (a = :U(l) or a = x(2) or
a=2x(3) ora=x(4)) and (b = z(1) or b = z(2) or x(3) or b = x(4))
and (¢ = z(1) or ¢ = x(2) or ¢ = z(3) or ¢ = x(4)) and (d = z(1) or
d=x(2) or d=x(3) or d = x(4)). Then (a,b,c,d) is a 4-tuple of X. The
theorem is a consequence of (5).

Let X be a non empty set and = be a 4-tuple of X. The functors: o1342(z),
01423(x), 02143(x), 02314(), and 02341 () yielding 4-tuples of X are defined by

terms
(Def. 4)  (x(1),2(3),2(4), x(2)),
(Def. 5)  (z(1),z(4),x(2),z(3)),
(Def. 6) (x(2),2(1),2(4),z(3)),
(Def. 7)  (x(2),2(3),z(1),z(4)),
(Def. 8)  (x(2),z(3),z(4),z(1)),

respectively. The functors: oa413(x), 02431(%), 03124(2), 03142(x), and o3241(x)
yielding 4-tuples of X are defined by terms

(Def. 9)  (x(2), z(4), ( 3));
Def. 10) (x
Def. 11) (x
Def. 12) (z )>
Def. 13) (x(3),x(2), ( ) z(1)),

respectively. The functors: os412(x), 03421(2), 04123(x), o4132(x), and o4213(z)
yielding 4-tuples of X are defined by terms

(Def. 14)  (2(3), z(4), (1), z(2)),
(Def. 15)  (x(3),z(4),z(2),z(1)),
(Def. 16) (x(4),x(1),z(2), z(3)),
( (4) (
( ) (3

(
(
(
(

\_/\_/\_/\_/

Def. 17) (x(4),z(1),2z(3),z(2)),
Def. 18) (x(4),z(2),z(1),z(3)),

respectively. The functors: 4312(x) and 04301 () yielding 4-tuples of X are de-
fined by terms

(Def. 19) (x(4),2(3),z(1),z(2)),

(Def. 20) (x(4),z(3),z(2),x(1)),
respectively. The functors: ojq(x) and o12(z) yielding 4-tuples of X are defined
by terms

(Def. 21)  (x(1),z(2),z(3),x(4)),

(Def. 22)  (x(2),z(1),2(3),z(4)),

);
);
)
);
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respectively. Observe that the functor is involutive.
The functors: o13(x) and o14(z) yielding 4-tuples of X are defined by terms

(Def. 23)  (x(3),z(2),z(1),z(4)),
(Def. 24)  (x(4),x(2),2(3),x(1)),
respectively. One can check that the functor is involutive.
The functor o93(x) yielding a 4-tuple of X is defined by the term
(Def. 25)  (x(1),z(3),z(2),z(4)).
Note that the functor is involutive.
The functors: o94(x) and o34(x) yielding 4-tuples of X are defined by terms
(Def. 26) (x(1),z(4),2(3),z(2)),
(Def. 27)  (x(1),2(2),z(4),z(3)),
respectively. Let us observe that the functor is involutive.
Note that ojq(x) reduces to x.
We introduce the notation oj234(x) as a synonym of oiq(x) and o9134(x)
as a synonym of o12(x) and o3214(z) as a synonym of o13(z). And o4231(x) as
a synonym of o14(x) and o1324(x) as a synonym of o93(x) and o432(x) as a
synonym of o94(x) and o1243(2) as a synonym of o34(z).
Now we state the propositions:

(7) (i) o12(o13(2)) = 013(023()), and

(i) o12(014(z)) = 014(024()), and
(iii) o12(0o23(x)) = o13(012(7)), and
(iv) o12(024(z)) = 014(012()), and
(v) o12(034(2)) = 034(012()), and
(vi) o13(012(2)) = o23(013(2)), and
(vii) o13(014(x)) = 034(013(2)), and
(viii) o13(023(x)) = o12(013(2)), and
(ix) o13(024(x)) = 013(024()), and
(x) o13(034(2)) = 014(013(2)), and
(xi) o93(012(x)) = 013(023(x)), and
(xii) oo3(o13(x)) = o12(023(2)), and
(xiii) oo3(014(x)) = 014(023(2)), and
(xiv) o23(024(x)) = 034(023(x)), and
(xv) o23(034(x)) = 024(023()), and
(xvi) o94(012(x)) = 014(024()), and
(xvil) o24(013(x)) = 013(024()), and
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2. AFFINE RATIO

In the sequel V' denotes a real linear space and A, B, C, P, @, R, S denote
elements of V.
Now we state the proposition:

(11) P, @ and @ are collinear.

Let V be a real linear space and A, B, C be elements of V. Assume A # C
and A, B and C are collinear. The functor AffineRatio(A4, B, (') yielding a real
number is defined by

(Def. 28) B—A=it-(C—A).

Now we state the propositions:

(12) If A# Cand A, B and C are collinear, then A—B = (AffineRatio(A4, B, C))-
(A-0).

(13) If A# C and A, B and C are collinear, then AffineRatio(A, B,C) =0
iff A= B.

(14) If A# C and A, B and C are collinear, then AffineRatio(A, B,C) =1
ifft B=2C.

(15) Let us consider real numbers a, b. If P # Q and a-(P—Q) =b- (P —Q),
then a = b.

(16) If P, @ and R are collinear and P # R and P # @, then AffineRatio(P, R,
Q)= AfﬁneRatlio( PO Lhe theorem is a consequence of (15).

(17) Suppose P, @ and R are collinear and P # R and Q # R and P # Q.
Then AffineRatio(Q, P, R) = A/?ﬁﬁr?:ﬁg{g ZIF }(’ZQR?) The theorem is a conse-
quence of (13) and (14).

(18) If P, @ and R are collinear and P # R, then AffineRatio(R,Q, P) =
1 — AffineRatio(P, @, R). The theorem is a consequence of (15).

(19) If P, @ and R are collinear and P # R and P # @, then AffineRatio

(
P) = Aﬂgﬁ;ﬁ&g@g&ggl. The theorem is a consequence of (13) and (
(

Q, R,

15).

(20) If P,Q and R are collinear and P # R and ) # R, then AffineRatio(R, P,
Q)= kAfﬁneRitio(P,Q,R)' The theorem is a consequence of (14) and (15).

(21) Let us consider a real number r. Suppose P, @ and R are collinear and
P # R and Q # R and P # @ and r = AffineRatio(P, @, R). Then

(i) AffineRatio(P,R,Q) =1, and
(ii) AffineRatio(Q, P,R) =

(iii) AffineRatio(Q, R, P) = "=,
(iv) AffineRatio(R, P, Q) = % nd

< 3
L J
Q CL
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(v) AffineRatio(R,Q,P)=1—r.

(22) Let us consider a non zero real number a. Suppose P, @) and R are
collinear and P # R. Then AffineRatio(P, @, R) = AffineRatio(a - P, a -
Q,a- R).

(23) Let us consider elements z, y of R!, and 1-tuples p, g of R. If p = x and
q=1y,thenx+y=p+gq.

Let us consider elements x, y of &L and 1-tuples p, ¢ of R. Now we state the
propositions:

(24) If p=zand g=y, then x +y=p+gq.

(25) Ifp=zand g=y, thenx —y=p—gq.

(26) Let us consider an element x of £}, and a 1-tuple p of R. If p = z, then
—x = —p.

(27) Let us consider a real linear space T', elements z, y of T, and 1-tuples p,
q of R. IfT:é’% and p=zand ¢ =y, thenz+y=p+q.

(28) Let us consider a 1-tuple p of R. Then —p is a 1-tuple of R.

(29) Let us consider a real linear space T, an element x of T', and a 1-tuple p

of R.If T = S% and p = z, then —p = —x. The theorem is a consequence
of (27).

(30) Let us consider a real linear space T', an element x of T, and an element p
of &L If T = &} and p = x, then —p = —x. The theorem is a consequence
of (29).

(31) Let us consider a real linear space T', elements x, y of T', and 1-tuples p,
q of R. IfT:é’% and p =z and ¢ = y, then £ — y = p — ¢q. The theorem
is a consequence of (28) and (29).

(32) Let us consider a real linear space T, elements z, y of T', and elements p,
qofé'%. If T =&k and p =2 and ¢ = y, then = +y = p + ¢. The theorem
is a consequence of (27).

(33) Let us consider a set D, and an element d of D. Then Seg1 — d = (d).

(34) Let us consider real numbers a, r. Then (-g)°(Seg1+— a, (r)) = (a-7).
The theorem is a consequence of (33).

Let us consider a real number a and a 1-tuple p of R. Now we state the
propositions:

(35) (‘r)°(domp+— a, p) = a-p. The theorem is a consequence of (34).

(36) (‘r)°(domp+—— a, p)=a-p.

(37) Let us consider a real linear space T', elements x, y of T', a real number
a, and 1-tuples p, g of R. f T = &} and p=r and ¢ =y and = = a - y,
then p = a - q. The theorem is a consequence of (35).
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Let us consider a real linear space T', elements x, y of T, a real number

(38)
a, and elements p, g of EL. If T = EL and p = z and ¢ = y, then if z = a-y,

then p = a - ¢. The theorem is a consequence of (37).
Let us consider a real linear space T', elements x, y of T', and elements p,

(39)
qof EL. T =EL and p= 2 and ¢ =y, then z — y = p — q. The theorem

is a consequence of (30) and (32).
Let us consider 1-tuples p, ¢ of R, and a real number r. Suppose p =r-¢q

(40)
and p # (0). Then there exist real numbers a, b such that

(i) p=(a), and
(ii) ¢ = (b), and

(iii) r = .
(41) Let us consider elements z, y, z of 5111. Then z, y and z are collinear.

Let us consider a real linear space T and elements x, y, z of T. Now we state

the propositions:
(42) If T = &L, then z, y and z are collinear.
(43) Suppose T = &4. Then suppose z # z and y # z. Then there exist real

numbers a, b, ¢ such that
(i) z = (a), and
(ii) y = (b), and
(iii) z = (c), and
b—a

(iv) AffineRatio(z,y,2) = =.
The theorem is a consequence of (31), (41), (37), and (40)

Now we state the propositions:
(44) Let us consider an element z of £k, and real numbers a, r. If = (a),

then r -z = (r - a).
(45) Let us consider elements x, y of &+, and real numbers a, b, r. If x = (a)
and y = (b), then x = r - y iff a = r - b. The theorem is a consequence of

(44).
(46) Let us consider elements x, y of £, and real numbers a, b. If z = (a)

and y = (b), then z —y = (a — b).
Let us consider a real linear space V, elements z, y of Ry, and elements

(47)
2,y of V.l V=Rpand x =2/ and y = ¢/, then z +y = 2/ + ¢/.
Let us consider a real linear space V and elements P, @), R of V. Now we

state the propositions:
(48) If P, @Q and R are collinear and P # R and @ # R and P # @, then
AffineRatio( P, Q, R) # 0 and AffineRatio(P, @, R) # 1.
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(49) Suppose P, @ and R are collinear and P # R and @ # R and P # Q.
Then there exists a non unit, non zero real number r such that

(i) r = AffineRatio(P, @, R), and
(ii) AffineRatio(P, R, Q) = opl(r), and
(iii) AffineRatio(Q, P, R) = opl(op2(opl(r))), and
(iv) AffineRatio(Q, R, P) = op2(opl(r)), and
(v) AffineRatio(R, P,Q) = opl(op2(r)), and
(vi) AffineRatio(R, @, P) = op2(r).

The theorem is a consequence of (13), (14), (16), (17), (18), (19), (20),
and (2).

3. Cross-RaTIO

Now we state the propositions:

(50) Let us consider a non empty set X, a 4-tuple x of X, and elements P,
Q, R, S of X. Suppose z = (P,Q, R, S). Then

(i) o1234(x) = (P,Q, R, S), and

(ii) o1243(z) = (P,Q, S, R), and
(iii) o1324(2) = (P, R, @, S), and
(iv) o1312(2) = (P, R, S,Q), and
(v) ow2(z) = (P, S,Q, R), and
(vi) o1as2(z) = (P, S, R, Q), and
(vii) og134(x) = (Q, P, R, S), and
(viii) o2143(z) = (@, P, S, R), and
(ix) o9s1a(w) = (Q, R, P, S), and
(x) o2341(x) = (Q, R, S, P), and
(xi) o2413(2) =(Q, S, P,R), and
(xii) o931(x) =(Q, S, R, P), and
(xiii) os104(z) = (R, P,Q,S), and
(xiv) os142(z) = (R, P, S,Q), and
(xv) o3214(2) = (R, Q, P, S), and
(xvi) o3241(7) = (R, Q, S, P), and
(xvil) os3412(2) = (R, S, P,Q), and
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(xviil) og421(x) = (R, S, Q, P), and
(xix) o4123(%) = (S, P,Q, R), and
(xx) oa132(z) = (S, P, R, Q), and
(xxi) o4213(z) = (S,Q, P, R), and
(xxii) o4931(2) = (S,Q, R, P), and

(xxiil) oy4312(2) = (S, R, P,Q), and

(XXIV) 04321($) = <Sv R7Q7P>
(51) Let us consider a non empty set X, and a 4-tuple = of X. Then

(i) o1324(01243(%)) = 01423(2), and
(i) o2143(01243(7)) = o2134(), and
(iii) o3412(01243(x)) = 04312(2), and
(iv) 04321(01243(7)) = 03421 (), and
(v) 03412(01324(%)) = 02413(7), and
(vi) 02143(01324(7)) = 03142(2), and
(vii) 04321(01324(7)) = 04231(7), and
(viii) o3412(01423(x)) = 02314(x), and
(ix) 02143(01423(7)) = 04132(x), and
(x) 04321(01423(7)) = 03241(7), and
(xi) 01243(01423(7)) = 01432(7), and
(xii) o4321(01432(7)) = 02341(2), and
(xiii) o3412(01432(x)) = 03214(), and
(xiv) 02143(01432(7)) = 04123(7), and
(xv) 04321(03124(7)) = 04213(2), and
(xvi) 03412(03124(7)) = 02431(), and
(xvil) 02143(03124(2)) = 01342(), and
(xviil) o4312(03124()) = 04231 (), and
(xix) 04321(03124(2)) = 04213(7).

In the sequel z denotes a 4-tuple of the carrier of V and P, Q’, R', S’ denote
elements of V.

Let V be a real linear space and P, @, R, S be elements of V. The functor
CrossRatio(P, @, R, S) yielding a real number is defined by the term

AffineRatio(R,P,Q)
(Def. 29) AfﬁEZRZtliz(S,RQ)'

Now we state the propositions:
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(52) If P, @, R, and S are collinear and R # @ and S # @ and S # P, then
R = P iff CrossRatio(P, @, R,S) = 0. The theorem is a consequence of
(13).

(53) If P # R and P # S, then CrossRatio(P, P, R, S) = 1. The theorem is
a consequence of (11) and (14).

(54) If P, Q, R, and S are collinear and R # @Q and S # @ and R # S and
CrossRatio(P, @, R, S) = 1, then P = Q. The theorem is a consequence of
(15) and (14).

(55) Suppose P, @, R, and S are collinear and P’, @', R’, and S’ are collinear
and S # Pand S # Q and S’ # P’ and S’ # Q'. Then CrossRatio(P, @, R,
S) = CrossRatio(P’',Q', R', S") if and only if AffineRatio(R, P, Q)-AffineRa-
tio(S”, P’, Q") = AffineRatio(R’, P’, @Q’)-AffineRatio(S, P, Q). The theorem
is a consequence of (13).

(56) If P, @, R, and S are collinear and P # S and R # @ and S # @, then
CrossRatio(P, @, R, S) = CrossRatio(R, S, P, Q). The theorem is a conse-
quence of (13).

(57) Let us consider a real linear space V', and elements P, @, R, S of V.
Suppose P, @, R, and S are collinear and P # R and P # S and R # Q
and S # Q. Then CrossRatio(P, @, R, S) = CrossRatio(Q, P, S, R). The
theorem is a consequence of (11), (14), and (49).

(58) If P, @, R, and S are collinear and P # R and P # S and R # Q
and S # @, then CrossRatio(P, @, R,S) = CrossRatio(S, R, @, P). The
theorem is a consequence of (57) and (56).

(59) CrossRatio(P,Q,S,R) = CrOSSRatié(P7Q7R78).

(60) If P, Q, R, and S are collinear and P # R and P # S and R # @ and
S # @, then CrossRatio(Q, P,R,S) = CrossRatié(P7Q,R7S). The theorem is
a consequence of (57).

(61) If P, Q, R, and S are collinear and P # R and P # S and R # Q and
S # @Q, then CrossRatio(R, S,Q, P) = CrossRati;(P,Q,R,S)' The theorem is
a consequence of (58).

(62) If P, Q, R, and S are collinear and P # R and P # S and R # @ and
S # @, then CrossRatio(S, R, P,Q) = CrossRatié(P’Qﬁ,S). The theorem is
a consequence of (56).

(63) If P, @Q, R, and S are collinear and P, @, R, S are mutually different,
then CrossRatio(P, R, @, S) = 1 — CrossRatio(P, @, R, S). The theorem is
a consequence of (17), (20), (14), (13), and (15).

(64) If P, Q, R, and S are collinear and P, @, R, S are mutually different,
then CrossRatio(Q, S, P, R) = 1 — CrossRatio(P, @, R, S). The theorem is
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a consequence of (56) and (63).

(65) If P, Q, R, and S are collinear and P, @, R, S are mutually different,
then CrossRatio(R, P, S,Q) = 1 — CrossRatio(P, Q, R, S). The theorem is
a consequence of (57) and (63).

(66) If P, Q, R, and S are collinear and P, @, R, S are mutually different,
then CrossRatio(S, @, R, P) = 1 — CrossRatio(P, @, R, S). The theorem is
a consequence of (58) and (63).

Let V be a real linear space and x be a 4-tuple of the carrier of V. The
functor CrossRatio(z) yielding a real number is defined by
(Def. 30) there exist elements P, @, R, S of V such that P = z(1) and Q = z(2)
and R = z(3) and S = z(4) and it = CrossRatio(P, @, R, S).
Now we state the propositions:
(67) If x =(P,Q,R,S), then CrossRatio(P, @, R, S) = CrossRatio(x).
(68) Suppose x = (P,Q, R,S) and P, @, R, and S are collinear and P # S
and @ # R and @Q # S. Then CrossRatio(x) = CrossRatio(o3412(z)). The
theorem is a consequence of (56).

(69) Suppose x = (P,Q, R,S) and P, Q, R, and S are collinear and P # R
and P # S and @ # R and Q # S. Then

(i) CrossRatio(z) = CrossRatio(o2143()), and
(ii) CrossRatio(x) = CrossRatio(o4321(z)).
The theorem is a consequence of (57) and (58).
(70) CrossRatio(o1243(x)) = Wmom.

(71) Suppose z = (P,Q, R,S) and P, Q, R, S are mutually different and P,
@, R, and S are collinear. Then there exists a non unit, non zero real
number r such that

(i) r = CrossRatio(z), and
(ii) CrossRatio(oi243(x)) = opl(r).
The theorem is a consequence of (54), (52), and (70).

(72) Suppose x = (P,Q, R, S) and P, Q, R, and S are collinear and P # R
and P # S and Q # R and @Q # S. Then

(i) CrossRatio(oj243()) = mv and

(ii) CrossRatio(o2134(x)) = m, and
(111) CI‘OSSRatiO(O'3421 (l‘)) = Watio(m)’ and

1

(iv) CrossRatio(o4z12(z)) = CrosRatio@) "

The theorem is a consequence of (69) and (68).
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(73) Suppose z = (P,Q, R, S) and P, Q, R, S are mutually different and P,
Q, R, and S are collinear. Then

(i) CrossRatio(oi324(z)) = 1 — CrossRatio(z), and
(ii) CrossRatio(og413(x)) = 1 — CrossRatio(z), and
(iii) CrossRatio(osi42(x)) = 1 — CrossRatio(z), and
(iv) CrossRatio(o4231(z)) = 1 — CrossRatio(z).

The theorem is a consequence of (68), (69), and (63).

(74) Suppose z = (P,Q, R,S) and P, Q, R, S are mutually different and P,
Q, R, and S are collinear. Then

(l) CrossRatio 0'3124(.’13)) = m, and

and

(i

i) (z)) =
(iii) CrossRatio(o1342(x)) = m, and
v) (z)) =

(i

The theorem is a consequence of (70), (73), (68), and (69).

(75) Suppose x = (P,Q, R,S) and P, @, R, S are mutually different and P,
Q, R, and S are collinear. Then
CrossRatio(z)—1

1— CrossRamo(a:) ’

(
CrossRatio(og431 (2
(
CrossRatio(c4213(x

1- CrossRatlo(x)

(i) CrossRatio(01423(7)) = ~Grossmatio() » 20d
(ii) CrossRatio(og314(x)) = %M’ and
(iii) CrossRatio(cg132(z)) = %%, and
(iv) CrossRatio(ose41(z)) = Cgs#m'

The theorem is a consequence of (52), (67), (73), (72), (68), and (69).

(76) Suppose x = (P,Q, R,S) and P, Q, R, S are mutually different and P,
Q, R, and S are collinear. Then

CrossRatio(z)

CrossRatio(z)—1" and

(i) CrossRatio(o1432()) =

CrossRatio(z) and
CrossRatio(z)—1" 1

(iii) CrossRatio(os214() and

(

(ii) CrossRatio(oas41(x)
( CrossRatio(z)—1"
(

) =
) CrossRatio(z)
) =

CrossRatio(z)
CrossRatio(z)—1"

The theorem is a consequence of (70), (75), (69), and (68).

(iv) CrossRatio(og1923(x)
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4. CrROSS-RATIO AND THE REAL LINE

Now we state the proposition:

(77) Let us consider elements z1, z2, =3, x4 of 5%. Suppose o # x3 and

[1]

2]

[4]
[5]

(6]

x3 # x1 and x9 # x4 and x1 # x4. Then there exist real numbers a, b, ¢,
d such that

(iv) x4 = (d), and

(v) CrossRatio({z1,z2, 73, 24)) = ¢ - %
The theorem is a consequence of (43).
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Summary. In this article, various definitions of contuity of multilinear
operators on normed linear spaces are discussed in the Mizar formalism [4], [1]
and [2]. In the first chapter, several basic theorems are prepared to handle the
norm of the multilinear operator, and then it is formalized that the linear space
of bounded multilinear operators is a complete Banach space.

In the last chapter, the continuity of the multilinear operator on finite normed
spaces is addressed. Especially, it is formalized that the continuity at the origin
can be extended to the continuity at every point in its whole domain. We referred
to [B], [11], [8], [9] in this formalization.
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1. COMPLETENESS OF THE SPACE OF MULTILINEAR OPERATORS

Now we state the propositions:
(1) Let us consider a natural number n, and a real number r. Suppose 0 < r.
Then there exists a real number s such that

(i) 0 <s<r,and

(i) Vs 5 n<r
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(2) Let us consider finite sequences Rj, Ry of elements of R, natural numbers
n, i, and a real number r. Suppose i € dom R; and R; = n — (1 qua real
number) and Ry = Ry +- (¢,7). Then [[ R = 7.

(3) Let us consider a finite sequence F' of elements of R. Suppose for every
element &k of N such that k£ € dom F' holds 0 < F'(k). Then 0 <[] F.
PROOF: Define P[natural number| = for every finite sequence F of ele-
ments of R such that for every element k£ of N such that k£ € dom F' holds
0 < F (k) and len F = $; holds 0 < [] F. For every natural number n such
that P[n] holds P[n + 1]. P[0]. For every natural number n, P[n]. O

From now on X, G denote real norm space sequences, Y denotes a real
normed space, and f denotes a multilinear operator from X into Y.
Now we state the propositions:

(4) dom X = dom X.

(5) Let us consider an element z of [T X. If z = OH y then for every element
i of dom X, (i) = Ox(;). The theorem is a consequence of (4).

(6) f(OHX) = Oy. The theorem is a consequence of (5).

(7) Let us consider a finite sequence F' of elements of R. If for every element
i of dom F', F'(i) > 0, then [T F > 0.

(8) Let us consider a real norm space sequence X, and a real normed space
Y. Suppose Y is complete. Let us consider a sequence s;
of NormSpaceOfBoundedMultOpersg (X, Y). If s; is Cauchy sequence by
norm, then s; is convergent.
PROOF: Define P|set, set] = there exists a sequence z1 of Y such that for
every natural number n, x1(n) = (PartFuncs(vseq(n), X,Y))($1) and
is convergent and $2 = limx;. For every element x of [][ X, there exists
an element y of Y such that P[z,y]. Consider f being a function from
the carrier of []X into the carrier of Y such that for every element x
of [IX, Pz, f(z)]. Reconsider t; = f as a function from [] X into Y.
For every point u of [ X and for every element ¢ of dom X and for every
point x of X (7), there exists a sequence x2 of Y such that for every natural
number n, z2(n) = ((PartFuncs(vseq(n), X,Y")) - (reproj(i,u)))(z) and x
is convergent and (¢ - (reproj(i,u)))(z) = lim . t; is Lipschitzian by [10),
(20)].

For every real number e such that e > 0 there exists a natural number

k such that for every natural number n such that n > k for every point
x of [[ X, ||(PartFuncs(vseq(n), X,Y))(z) — t1(z)|| < e - (NrProduct x).
Reconsider ty = ¢ as a point of NormSpaceOfBoundedMultOpersg (X, Y).
For every real number e such that e > 0 there exists a natural number &
such that for every natural number n such that n > k holds ||vseq(n) —
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to|| < e. For every real number e such that e > 0 there exists a natural
number m such that for every natural number n such that n > m holds
luseq(n) — taf| < e. O

(9) Let us consider a real norm space sequence X, and a real Banach space
Y. Then NormSpaceOfBoundedMultOpersg (X, Y') is a real Banach space.
The theorem is a consequence of (8).

Let X be a real norm space sequence and Y be a real Banach space. One
can check that NormSpaceOfBoundedMultOpersg (X, Y) is complete.

2. EQUIVALENCE OF CONTINUITY DEFINITIONS OF MULTILINEAR
OPERATORS

Now we state the propositions:

(10) Let us consider a natural number n, an element F' of R", and a real
number s. Suppose for every natural number ¢ such that ¢ € dom F' holds
0< F(i) < s. Then |F| < \/s-s- (len F).
PROOF: Set G = len F — s. Reconsider Fy = F as an element of R*" . For
every natural number j such that j € Seglen Fyy holds (2Fp)(j) < (3G)(j).
O

(11) Let us consider a real norm space sequence X, a real normed space Y,
a multilinear operator f from X into Y, and a real number K. Suppose
0 < K and for every point x of [[X, ||f(z)|| < K - (NrProduct z). Let
us consider points vg, v1 of [[ X, finite sequences Cp, C1, and an element
i of dom X. Suppose Cy = vy and C7; = v; and ||jv; — vg|| < 1 and for
every element j of dom X such that i # j holds C1(j) = Cy(j). Then
£ o = Frooll < (ol + 1'% - K - || (01 = vo) (3)]]-

PROOF: For every object z such that € dom vy holds vy (z) = (reproj(i, vg))
(v1(4))(z). Reconsider vz = (reproj(i, vo))(v1(i) —vo(i)) as a point of [T X.
Reconsider R; = len X +— (1 qua real number) as a finite sequence of
elements of R. Reconsider N1 = |[(v1 — vo)(i)|| as an element of R. Re-
consider Ry = Ry +- (i, N1) as a finite sequence of elements of R. Recon-
sider R = len X — (||vg|| + 1) as a finite sequence of elements of R. Set
Ry = Rye R3. [[ Ry = |[(v1 — v9)(3)||. Consider Ny being a finite sequence
of elements of R such that dom Ny = dom X and for every element i of
dom X, Na(i) = ||vg(i)|| and NrProductwvs = [] Na. For every element k
of N such that & € dom Na holds Na(k) < R4(k) and 0 < Na(k). O

(12) Let us consider a real norm space sequence X, a real normed space Y,
a multilinear operator f from X into Y, and a real number K. Suppose
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(14)
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0 < K and for every point x of [T X, || f(z)| < K - (NrProduct z). Let us
consider a point vy of [] X. Then there exists a real number M such that

(i) 0< M, and

(ii) for every point vy of [T X such that ||v; —vg|| < 1 there exists a finite
sequence F' of elements of R such that dom F' = dom X and || f Jo1 —
f/UOH < M- K- (X F) and for every element i of dom X, F(i) =
[[(v1 = o) (@)]-

Proor: Consider g being a function such that vy = g and dom g = dom X
and for every object i such that i € dom X holds g(i) € X (i). Reconsider
Co = vp as a finite sequence. Define P[natural number] = for every points
vo, v1 of [T X for every finite sequences Cpy, Cy such that ||v; — vo| <
1 and v9 = Cp and v;1 = C; and $; < len X and C;l(len X —' $;) =
Col(len X —' $1) there exists a finite sequence F of elements of R such
that dom F' = Seg$; and ||/, — f/u,ll < (J|lvoll +3)rX K. (X F) and
for every natural number n such that n € Seg $; there exists an element i
of dom X such that ¢ =len X —'$; +n and F(n) = ||(v1 — vo)(?)]|.

P[0]. For every natural number k such that P[k] holds P[k + 1]. For
every natural number n, P[n]. Consider g being a function such that v; = ¢
and domg = dom X and for every object i such that i € dom X holds
g(i) € X (i). Consider F being a finite sequence of elements of R such that
dom F = Seglen X and || f/y, — f/u, |l < (||vo]| +3)'** - K - (X F) and for
every natural number n such that n € Seglen X there exists an element ¢
of dom X such that i =len X —"len X +n and F(n) = ||(v1 — vo)(4)||. For
every element i of dom X, F(i) = |[(v1 —vo)(¢)]]. O

Let us consider a point x of [[ X, and a real number r. Suppose 0 < 7.

Then there exists a finite sequence s of elements of R and there exists
a non empty, non-empty finite sequence Y such that dom s = dom X and
domY = dom X and [[Y C Ball(x,r) and for every element ¢ of dom X,
0 < s(i) < rand Y (i) = Ball(z(7), s(7)).

PRroOOF: Consider sg being a real number such that 0 < sp < 7 and
VS0 so - (len X) < r.Set Cy =len X — sg. For every element i of dom X,
0 < Cy(i) < r. Define Plobject,object] = there exists an element i of
dom X such that $; = i and $2 = Ball(z (), C2(i)). For every natural num-
ber n such that n € Seglen X there exists an object d such that P[n,d|.
Consider Y being a finite sequence such that domY = Seglen X and for
every natural number n such that n € Seglen X holds P[n,Y (n)]. 0 ¢
rng Y by [6, (14)]. For every element i of dom X, Y (i) = Ball(x (), Ca(i)).
For every object z such that z € [[Y holds z € Ball(x,r). O

Let us consider a real norm space sequence X, a real normed space Y,



[1]

2]

3]

8]
[9]
(10]

(11]

CONTINUITY OF MULTILINEAR OPERATOR ON NORMED LINEAR ...

and a multilinear operator f from X into Y. Then

(i) f is continuous on the carrier of [] X iff f is continuous in OH » and

(ii) f is continuous on the carrier of [[ X iff f is Lipschitzian.
PROOF: f)g .= Oy. If f is continuous in OHX’ then f is Lipschitzian

by [7, (7)], (13), (4), (5). If f is Lipschitzian, then f is continuous on
the carrier of [T X by (12), [3, (10)]. O
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Fubini’s Theorem

Noboru Endou
National Institute of Technology, Gifu College
2236-2 Kamimakuwa, Motosu, Gifu, Japan

Summary. Fubini theorem is an essential tool for the analysis of high-
dimensional space [8], [2], [3], a theorem about the multiple integral and iterated
integral. The author has been working on formalizing Fubini’s theorem over the
past few years [4], [6] in the Mizar system [7], [I]. As a result, Fubini’s theorem
was proved in complete form by this article.

MSC: 28A35 68T99 [03B35

Keywords: Fubini’s theorem; product measure; multiple integral; iterated
integral

MML identifier: MESFUN13, version:|8.1.09 5.54.1344

1. PRELIMINARIES

From now on X denotes a set.
Now we state the proposition:

(1) Let us consider a subset A of X, and an X-defined binary relation f.

Then f[A° = f[(dom f \ A).
Let us consider a partial function f from X to R. Now we state the propo-
sitions:

(2) GTE-dom(f,+00) = EQ-dom(f, +00).

(3) LEQ-dom(f,—o00) = EQ-dom(f, —00).

(4) Let us consider a partial function f from X to R, and an extended real
e. Then GTE-dom( f, e) misses LE-dom(f, e).

(5) Let us consider a partial function f from X to R. Then dom f = (EQ-dom
(f, —00) U GT-dom(f, —oc) N LE-dom( f, +00)) U EQ-dom( f, +00).
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In the sequel X, X7, X5 denote non empty sets.

(6) Let us consider a partial function f from X to R, and an element x of
X. Then

(i) (max(f))(x) < |f|(x), and
(i) (max_(f))(z) < |f|(2)-

(7) Let us consider a partial function f from X; x X5 to R, an element z of
X1, and an element y of Xo. Then

(i) ProjPMapl(|f|,z) = | ProjPMapl(f,x)|, and
(if) ProjPMap2(|f|,y) = [ProjPMap2(f,y)|.

2. MARKOV’S INEQUALITY

From now on S denotes a o-field of subsets of X, S7 denotes a o-field of
subsets of X7, Sy denotes a o-field of subsets of X5, M denotes a o-measure on
S, My denotes a o-measure on Sp, and My denotes a o-measure on So.

Let X be a non empty set, S be a o-field of subsets of X, and E be an element
of S. One can verify that there exists a partial function from X to R which is
E-measurable.

Now we state the proposition:

(8) Let us consider an element E of S, and an E-measurable partial function
f from X to R. Suppose dom f = E.
Then EQ-dom(f, +0), EQ-dom(f, —o0) € S.

Let us consider an element E of o(MeasRect(S1,.52)) and an E-measurable

partial function f from X; x X5 to R. Now we state the propositions:

(9) Suppose M; is o-finite and My is o-finite and dom f = E. Then
(i) [Integral2(May,|f|)dM1 = [|f|dProdMeas(M;, Ms), and
(ii) [ Integrall(Mi,|f|)dMs = [|f|dProdMeas(M;i, Ms).

(10) Suppose M; is o-finite and M is o-finite and £ = dom f. Then f is
integrable on ProdMeas(M;, M») if and only if [ Integrall(M;, |f|) dMa <
+0c0.

(11) Suppose M; is o-finite and My is o-finite and F = dom f. Then f is
integrable on ProdMeas(Mj, Ms) if and only if [ Integral2(Ma, |f]) dM; <
+o00.

(12) Let us consider an element E of o(MeasRect(S1,52)), an element U of

S1, and an E-measurable partial function f from X; x X5 to R. Suppose
My is o-finite and E' = dom f. Then Integral2(Mo, |f|) is U-measurable.
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(13) Let us consider an element E of o(MeasRect(S1,.52)), an element V' of
Sy, and an E-measurable partial function f from X; x X5 to R. Suppose
M, is o-finite and E = dom f. Then Integrall(Mi, |f]) is V-measurable.

Let us consider a partial function f from X; x X» to R. Now we state the
propositions:
(14) Suppose M, is o-finite and f is integrable on ProdMeas(M7, Ms). Then
(i) [ maxy (Integral2(Ma,|f])) dM; = [ Integral2(Ma, |f]) dM;, and
(ii) [ max_(Integral2(Ma,|f]))dM; = 0.
The theorem is a consequence of (12).
(15) Suppose M; is o-finite and f is integrable on ProdMeas(M;, Ms). Then
(i) [ maxy (Integrall(My,|f|)) dMs = [ Integrall(Mi, |f|) dMs, and
(i) [ max_(Integrall(Mji,|f])) dMs = 0.
The theorem is a consequence of (13).

(16) MARKOV’S INEQUALITY:
Let us consider an element E of S, an E-measurable partial function f
from X to R, and an extended real e. Suppose dom f = E and f is non-
negative and e > 0. Then e - M(GTE-dom(f,e)) < [ fdM.
PrROOF: GTE-dom( f, +o0) = EQ-dom( f, +00). Reconsider E5 = GTE-dom
(f,e) as an element of S. For every element = of X such that
S dom(X&E&X ng) holds (Xe,Eg,X ng)(x) < (fng)(l‘) O

3. FUBINI’'S THEOREM

Now we state the propositions:

(17) Let us consider partial functions f, g from X to R. Suppose f is inte-
grable on M and g is integrable on M. Then

(i) [f+gdM = [ f(dom f Ndomg)dM + [ g|(dom f N domg)dM,

and
(i) [f—gdM = [ f](dom f Ndom g)dM — [ g[(dom f Ndomg)dM.

(18) Let us consider a partial function f from X to R. Then f is integrable
on M if and only if max (f) is integrable on M and max_(f) is integrable
on M.

(19) Let us consider elements A, B of S, and a partial function f from X to
R. Suppose B C A and f|A is B-measurable. Then f is B-measurable.
Let X be a non empty set, S be a o-field of subsets of X, M be a o-measure
on S, and f be a partial function from X to R. We say that f is integrable a.e.
w.r.t. M if and only if
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(Def. 1) there exists an element A of S such that M(A) =0 and A C dom f and
fTAS is integrable on M.

Let us consider a partial function f from X to R. Now we state the propo-
sitions:
(20) If f is integrable a.e. w.r.t. M, then dom f € S.

(21) If f is integrable on M, then f is integrable a.e. w.r.t. M. The theorem
is a consequence of (1).

Let X be a non empty set, S be a o-field of subsets of X, M be a o-measure
on S, and f be a partial function from X to R. We say that f is finite M-a.e.
if and only if

(Def. 2) there exists an element A of S such that M(A) =0 and A C dom f and
fTAC is a partial function from X to R.

Now we state the propositions:

(22) Let us consider an element E of S, and an E-measurable partial function
f from X to R. Suppose dom f = E. Then f is finite M-a.e. if and only if
M (EQ-dom( f, +00)UEQ-dom(f, —00)) = 0. The theorem is a consequence
of (8).

(23) Let us consider a partial function f from X to R. Suppose f is integrable
on M. Then

(i) M(EQ-dom(f,+00)) =0, and
(ii) M(EQ-dom(f, —o0)) =0, and
(iii) f is finite M-a.e., and

)

(iv) for every real number r such that » > 0 holds M (GTE-dom(|f|,r)) <
+00.
The theorem is a consequence of (16).

(24) Let us consider a partial function f from X; x X5 to R. Suppose M
is o-finite and Mj is o-finite and f is integrable on ProdMeas(Mj, M3).

Then
(i) Integrall(M;, maxy(f)) is integrable on Mj, and
(ii) Integral2(Msy, maxy(f)) is integrable on M, and
)

f
f)) is integrable on M, and

(iii) Integrall(M;, max_ is integrable on M», and

(
(
(
My, max_(

(v) Integrall(Mi,|f|) is integrable on Ms, and

(
) (
) (
(iv) Integral2(
) (
) (

(vi) Integral2(Ma,|f|) is integrable on Mj.
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(25) Let us consider an element E of S, and an E-measurable partial function
f from X to R. Suppose dom f C E and f is integrable a.e. w.r.t. M. Then
f is integrable on M. The theorem is a consequence of (20) and (1).

(26) Let us consider an element A of S, and a partial function f from X to
R. Suppose M(A) =0 and A C dom f and f[|AC is integrable on M. Then
there exists a partial function g from X to R such that

(i) domg = dom f, and

(ii) flA° = g[AC°, and
(iii) ¢ is integrable on M, and
(iv) [ f1A°dM = [ gdM.
PRrROOF: Consider B being an element of S such that B = dom(f[A°)
and f[A¢ is B-measurable. fl[A° = f[(dom f \ A). Define Clobject] =
$1 € A. Define F(object) = 4o0. Define G(object) = f($1). Consider g
being a function such that dom g = dom f and for every object z such that
x € dom f holds if C[z], then g(x) = F(x) and if not C[x], then g(z) =
G(x). For every real number r, (AU B) NLE-dom(g,r) € S. [ flA°dM =
Jgl(domg\ A)dM. O

(27) Let us consider a partial function f from X; x X5 to R. Suppose M;
is o-finite and My is o-finite and f is integrable on ProdMeas(M;, Ma).
Then

(i) [ fdProdMeas(M;, M) =

[ Integrall(M;, maxy (f)) dMs — [ Integrall(M;, max_(f)) dMa, and
(ii) [ fdProdMeas(Mi, Ms) =

J Integral2(Ms, max, (f)) dM; — [ Integral2(Ma, max_(f)) dM;.

(28) Let us consider an element E of o(MeasRect(S1,.52)), and an element y

of X5. Then
(i) if M;(MeasurableYsection(E,y)) # 0, then
(Integrall (M, Xg, x,xx5))(
(ii) if M;(MeasurableYsection(F, )) = 0, then
(Integrall(M1,XE, x,xx5))(y) =
(29) Let us consider an element F of U(MeasRect(Sl, S2)), and an element z
of Xy. Then
(i) if My(MeasurableXsection(E, x)) # 0, then
(Integral2(Ma2, XE, x,x x,))(z) = 400, and
(
(

y) = 400, and

(ii) if Ma(MeasurableXsection(£, a:)) =0, then
(Integral2(Msz, Xg, x, x x,)) () =
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(30)

(31)
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FUBINI’S THEOREM:
Let us consider non empty sets X1, Xo, a o-field Sy of subsets of X1, a o-
field Sy of subsets of X5, a o-measure M7 on Sp, a o-measure Ms on S9,
a partial function f from X7 x X5 to R, and an element S3 of S7. Suppose
M is o-finite and My is o-finite and f is integrable on ProdMeas(M7, M)
and X7 = S3. Then there exists an element U of S such that

(i) My(U) =0, and

(ii) for every element = of X; such that x € U° holds ProjPMapl(f,x)
is integrable on M>, and

) Integral2(Ma, |f])[U€ is a partial function from X; to R, and
) Integral2(Mo, f) is (S3 \ U)-measurable, and
(v) Integral2(Ma, f)[U€ is integrable on M, and
) Integral2(Ma, f)[UC € the L! functions of M, and
)

there exists a function g from X; into R such that g is integrable on
M; and g|U® = Integral2(Ma, f)[U® and [ f d ProdMeas(M1, Ms) =
fg dM1

PrOOF: Consider A being an element of o(MeasRect(S1,S2)) such that
A = dom f and f is A-measurable. Integral2(Ms,|f|) is integrable on
M, and Integral2(Ms, maxy(f)) is integrable on M; and Integral2(Ms,
max_(f)) is integrable on M. Integral2(Ma, | f]) is finite M;-a.e.. Consider
U being an element of S such that M;(U) = 0 and Integral2(Ms, |f|)[U€ is
a partial function from X7 to R. For every element x of X7 such that z € U°
holds ProjPMapl(f,x) is integrable on Mjs. Consider g; being a partial
function from X; to R such that dom g; = dom(Integral2(Mz, max (f)))
and g1 [U¢ = Integral2(Ms, max, (f))|U¢ and ¢; is integrable on M; and
J g1 dM; = [ Integral2(Ma, max (f))[U°dM;.

Consider go being a partial function from X; to R such that dom go =
dom(Integral2(Msy, max_(f))) and ¢g2[U® = Integral2(Msy, max_(f))[U®
and gz is integrable on M; and [ go dM; = [ Integral2(Ms, max_(f))[U®
dM;. Consider g being a partial function from X to R such that dom g =
dom(Integral2(Ms, f)) and g[U® = Integral2(Ms, f)[U€ and g is integrable
on M; and [ gdM; = [ Integral2(Ma, f)[UdM;. [ f d ProdMeas(M;, M)
= [glU*dM,;. O

Let us consider non empty sets X1, Xo, a o-field S; of subsets of X1, a o-
field So of subsets of Xo, a o-measure M; on Si, a o-measure My on So,
a partial function f from X; x X5 to R, and an element S, of Sy. Suppose
M is o-finite and Ms is o-finite and f is integrable on ProdMeas(Mj, M)
and X9 = S4. Then there exists an element V' of Sy such that



FUBINI’S THEOREM 73

(i) Ma(V) =0, and

(ii) for every element y of Xo such that y € V¢ holds ProjPMap2(f,y) is
integrable on Mj, and

) Integrall(My, |f|)[V¢ is a partial function from Xs to R, and
Integrall (M7, f) is (S4 \ V)-measurable, and
) Integ
(v) Integrall(Mi, f)[V® is integrable on My, and
Integrall(Mi, f)[VC € the L' functions of M>, and
) Integ
)

there exists a function g from X5 into R such that g is integrable on
M; and gV = Integrall(My, f)[VC and [ fdProdMeas(M;, M) =
J g dMs.

PRrROOF: Consider A being an element of o(MeasRect(S1,S2)) such that
A = dom f and f is A-measurable. Integrall(M,|f]) is integrable on
My and Integrall(M;, max(f)) is integrable on My and Integrall (M,
max_(f)) is integrable on Ms. Integrall (M7, | f|) is finite Ma-a.e.. Consider
V being an element of Sy such that My (V') = 0 and Integrall(My, |f|)[V¢
is a partial function from X5 to R. For every element y of Xo such that
y € V¢ holds ProjPMap2(f,y) is integrable on M; by (7), [B, (31)].
Consider g; being a partial function from X, to R such that domg; =
dom(Integrall(M;, max(f))) and g¢1[V¢ = Integrall(M;, max(f))[V¢
and g is integrable on My and [ g1 dMs = [ Integrall(M;, max,(f))[V*®
dMs.

Consider go being a partial function from X5 to R such that dom go =
dom(Integrall(M;, max_(f))) and g2[V® = Integrall(M;, max_(f))[V¢
and gz is integrable on My and [ go dMa = [ Integrall(M;, max_(f))[V®
dMs. Consider g being a partial function from X5 to R such that dom g =
dom(Integrall(Mi, f)) and g[V¢ = Integrall(My, f)[V and g is integrable
on My and [ gdMs = [Integrall(M;, f)[VCdMs. [ f d ProdMeas(M;, Ma)
= [glVedMsy. O

Let us consider non empty sets X, X9, a o-field S7 of subsets of X, a o-field
So of subsets of X5, a o-measure M; on 51, a o-measure M, on Sz, and a partial
function f from X; x X, to R. Now we state the propositions:

(32) Suppose M is o-finite and M is o-finite and f is integrable on ProdMeas
(M7, Ms) and for every element x of Xi, (Integral2(Ma, |f|))(z) < 4oc.
Then

(i) for every element x of X, ProjPMapl(f,x) is integrable on My, and
(ii) for every element U of Si, Integral2(Ms, f) is U-measurable, and
(iii) Integral2(Mo, f) is integrable on M, and
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(iv) [ fdProdMeas(My, M3) = [ Integral2(May, f)dM;, and
(v) Integral2(Msa, f) € the L' functions of Mj.
The theorem is a consequence of (7), (24), (6), and (17).

(33) Suppose M is o-finite and Ms is o-finite and f is integrable on ProdMeas

1]

(8]

(My, M3) and for every element y of X, (Integrall(My,|f|))(y) < +oo.
Then

(i) for every element y of Xy, ProjPMap2(f,y) is integrable on M, and
(ii) for every element V' of So, Integrall(M, f) is V-measurable, and
(iii) Integrall(My, f) is integrable on Ma, and
(iv) [ fdProdMeas(My, M3) = [ Integrall(M, f) dMz, and
(v) Integrall(My, f) € the L' functions of Ms.

The theorem is a consequence of (7), (24), (6), and (17).
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Summary. In the article, we continue [7] the formalization of the work
devoted to Tarski’s geometry — the book “Metamathematische Methoden in der
Geometrie” (SST for short) by W. Schwabhéuser, W. Szmielew, and A. Tarski
[14], [9], [I0]. We use the Mizar system to systematically formalize Chapter 8 of
the SST book.

We define the notion of right angle and prove some of its basic properties,
a theory of intersecting lines (including orthogonality). Using the notion of per-
pendicular foot, we prove the existence of the midpoint (Satz 8.22), which will be
used in the form of the Mizar functor (as the uniqueness can be easily shown) in
Chapter 10. In the last section we give some lemmas proven by means of Otter
during Tarski Formalization Project by M. Beeson (the so-called Section 8A of
SST).

MSC: 5b1A05 H1MO04 68199 103B35
Keywords: Tarski geometry; foundations of geometry; right angle

MML identifier: GTARSKI4, version:|8.1.09 5.54.1344

0. INTRODUCTION

We use the Mizar system [1], [2] to systematically formalize Chapter 8
(“Rechte Winkel — Right angle”) of the SST book. The theorems of this chapter
are valid in neutral geometry [13].

We start (Def. 1) with the translation of the definition of the “right angle”

which in SST reads as follows:
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a,b,c bilden einen rechten winkel (mit dem Scheitel b):

Rabc :—— ac = aSy(c).

In the Mizar formalism (note explicit use of Tarski’s axioms):

definition
let S be satisfying_Congruenceldentity satisfying_CongruenceSymmetry
satisfying_CongruenceEquivalenceRelation
satisfying_SegmentConstruction satisfying_SAS
satisfying_BetweennessIdentity TarskiGeometryStruct;
let a,b,c be POINT of S;
pred right_angle a,b,c means
a,c equiv a,reflection(b,c);
end;

where reflection is defined in [7].

For the purpose of this presentation, we use the notation h (a,b, ¢) instead
of Rabc chosen in SST. Section 3 starts with variants of Definition 8.11, while
in the next section predicate A, B Is x is defined, and this is Def. 7 in our
translation. Section 5 deals with perpendicular foot — Satz 8.18 is Lotsatz, Satz
8.22 states that every segment has a midpoint (Gupta 1965 [11]).

In 2006, the first eight chapters were formalised in Coq in 2006 by Narbo-
ux [12] and we are essentially in this place. The entire SST book have been
formalized within intuitionistic logic [5]. Note that the definitions in [6]'}

(* Definition 8.1. %)
Definition Per A B C := exists C’, Midpoint B C C’ /\ Cong A C A C’.

and in [4]: ABC is a right angle if there is a point D such that B(A, B, D) and
AB = DB and AC = DC:"

rightangle ‘RR A B C <=> ?X. BEABX /\EEABXB /\EEACXC /\ NE B C*
are slightly different than in SST.

Some of the results were obtained by means of other automatic proof assi-
stants, either partially [§], or completely [3].

"https://github.com/GeoCoq/GeoCoq/blob/master/Tarski_dev/Definitions.v
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1. PRELIMINARIES

From now on S denotes a non empty Tarski plane satisfying seven Tarski’s
geometry axioms and a, b, ¢, d, ¢, x, y, z, p, q, ¢ denote points of S.

Let S be a non empty Tarski plane satisfying the axiom of congruence iden-
tity, the axiom of segment construction, the axiom of betweenness identity, and
the axiom of Pasch and a, b be points of S. Let us note that the functor Line(a, b)
is commutative.

Now we state the proposition:

(1) Let us consider Tarski plane S satisfying the axiom of congruence sym-
metry, the axiom of congruence equivalence relation, and the axiom of
congruence identity, and points a, b, ¢, d of S. Suppose ab = cd. Then

(i) ab = dc, and

and
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(vii)
Let us consider Tarski plane S satisfying the axiom of congruence symme-
try, the axiom of congruence equivalence relation, and the axiom of congruence
identity and points p, ¢, a, b, ¢, d of S. Now we state the propositions:
(2) Suppose (pg = ab or pq = ba or qp = ab or gp = ba) and (pg = cd or
PG = dc or qp = cd or gp = dc). Then
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(vii)
The theorem is a consequence of (1).

(3) Suppose (pg = ab or pq = ba or gp = ab or gp = ba or ab = pq or ba = pq
or ab = @p or ba = qp) and (pg = cd or pq = dc or qp = cd or gp = dc or
cd = pg or dc = pg or cd = @p or dc = gp). Then
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(i) ab = dc, and
(ii) ba = ed, and
(iii) ba = dc, and
(iv) cd = ab, and
(v) dc = ab, and
(vi) cd = ba, and
(vii) dc = ba, and

(viii) ab =2 cd.
The theorem is a consequence of (1) and (2).

(4) Let us consider Tarski plane S satisfying the axiom of congruence identi-
ty, the axiom of segment construction, the axiom of betweenness identity,
and the axiom of Pasch, and points a, b of S. Then

(i) a, b and b are collinear, and
(ii) b, b and a are collinear, and
(iii) b, a and b are collinear.

(5) Let us consider a non empty Tarski plane S satisfying seven Tarski’s
geometry axioms, and points p, ¢, r of S. Suppose p # q and p # r and (p,
q and r are collinear or ¢, r and p are collinear or r, p and q are collinear
or p, r and ¢ are collinear or ¢, p and r are collinear or r, ¢ and p are
collinear). Then

(i) Line(p,q) = Line(p, ), and
(ii) Line(p
(iii) Line(q,p) = Line(p,r), and

q (p,7)
,q) = Line(r, p), and
p (p,7)
(iv) Line(q,p) = Line(r, p).

(6) Let us consider a Tarski plane S, and points a, b, ¢ of S. Suppose
Middle(a, b, c) or b lies between a and c. Then a, b and ¢ are collinear.

(7) Let us consider Tarski plane S satisfying the axiom of congruence identi-
ty, the axiom of segment construction, the axiom of betweenness identity,
and the axiom of Pasch, and points a, b, ¢ of S. Suppose Middle(a, b, ¢) or
b lies between a and c. Then

(i) a, b and ¢ are collinear, and
) b, c and a are collinear, and

(iii) ¢, a and b are collinear, and
)

¢, b and a are collinear, and
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(v) b, a and c are collinear, and
(vi) a, ¢ and b are collinear.
The theorem is a consequence of (6).
(8) ExTl:
Let us consider a non empty Tarski plane S satisfying seven Tarski’s geo-
metry axioms, and points a, b, ¢, d of S. Suppose a # b and a, b and ¢ are

collinear and a, b and d are collinear. Then a, ¢ and d are collinear. The
theorem is a consequence of (4) and (5).

(9) Let us consider a non empty Tarski plane S satisfying seven Tarski’s geo-
metry axioms, and points a, b of S. Suppose Middle(a, a, b) or Middle(a, b, b)
or Middle(a, b,a). Then a = b.

(10) Suppose (Middle(a, b, c) or Middle(c, b, a)) and (a # b or b # ¢). Then
(i) Line(b,a) = Line(b, ¢), and
(ii) Line(a,b) = Line(b, c), and
(iii) Line(a,b) = Line(c,b), and
(iv) Line(b,a) = Line(c, b).
The theorem is a consequence of (9).

(11) Suppose a # b and ¢ # ¢ and (¢ € Line(a,b) or ¢ € Line(b,a)) and
(¢ € Line(a, b) or ¢ € Line(b,a)). Then
(

(i) Line(c,c’) = Line(a,b), and
(ii) Line(e, ') = Line(b,a), and
(ili) Line(c,c¢) = Line(b,a), and
(iv) Line(¢, ¢) = Line(a, b).

(12)  Middle(Sy(c), Sp(b), Sp((Sp(c))))-

2. RIGHT ANGLE

Let S be Tarski plane satisfying the axiom of congruence identity, the axiom
of congruence symmetry, the axiom of congruence equivalence relation, the
axiom of segment construction, the axiom of betweenness identity, and the axiom
of SAS and a, b, ¢ be points of S. We say that b (a, b, ¢) if and only if

(Def. 1)  ac = aSy(c).

From now on S denotes Tarski plane satisfying seven Tarski’s geometry
axioms and a, a’, b, V', ¢, ¢ denote points of S.

Now we state the propositions:



80 ROLAND COGHETTO AND ADAM GRABOWSKI

(13) 8.2 Sarz:
If b (a,b,c), then b (c,b,a).
(14) Si(a) = a.
(15) 8.3 Sarz:
If b(a,b,¢) and a # b and b, a and a’ are collinear, then b (a’,b,c). The
theorem is a consequence of (14).
(16) 8.4 Sarz:
If b (a,b,c), then b (a,b,Sy(c)).
(17) 8.5 Sarz:
b (a,b,b). The theorem is a consequence of (14).
(18) 8.6 Sarz:
If b (a,b,c) and b (a’,b,¢) and c lies between a and o/, then b = c.

(19) 8.7 Sarz:
If b(a,b,c) and b(a,c,b), then b = c. The theorem is a consequence of

(13), (17), (1), (7), (15), and (18).

(20) 8.8 Sarz:
If b (a,b,a), then a = b. The theorem is a consequence of (13), (17), and
(19).

(21) 8.9 Sarz:
If b (a,b,c) and a, b and c are collinear, then a = b or ¢ = b. The theorem
is a consequence of (15) and (20).

(22) 8.10 SaTz:
If b(a,b,c¢) and Aabe = Ad'b'd, then b (a’,', ). The theorem is a con-
sequence of (17), (1), and (3).

3. ORTHOGONALITY

Let S be a non empty Tarski plane satisfying seven Tarski’s geometry axioms,
A, A’ be subsets of S, and z be a point of S. We say that A 1, A’ if and only if

(Def. 2) Ais aline and A’ is a line and x € A and x € A" and for every points u,
v of S such that u € A and v € A’ holds b (u, z,v).

We say that A 1 A" if and only if
(Def. 3) there exists a point z of S such that A 1, A"
Let A be a subset of S and z, ¢, d be points of S. We say that A,z L ¢,d if
and only if
(Def. 4) c¢# d and A L, Line(c,d).
Let a, b, x, ¢, d be points of S. We say that a,b L, ¢, d if and only if
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(Def. 5) a # b and ¢ # d and Line(a, b) 1, Line(c, d).
Let a, b, ¢, d be points of S. We say that a,b L c,d if and only if
(Def. 6) a # b and ¢ # d and Line(a, b) L Line(c, d).

From now on S denotes a non empty Tarski plane satisfying seven Tarski’s
geometry axioms, A, A’ denote subsets of S, and z, y, z, a, b, ¢, ¢, d, u, p, q, ¢
denote points of S.

Now we state the propositions:

(23) 8.12 Sarz:
A1, A'if and only if A" 1, A.
(24) 8.13 Sarz:
A 1, A’ if and only if A is a line and A’ is a line and vz € A and z € A’
and there exist points u, v of S such that v € A and v € A" and u # x
and v # x and b (u,z,v). The theorem is a consequence of (15) and (13).
(25) 8.14 (1) SATZ:
If AL A’ then A # A’. The theorem is a consequence of (24) and (21).

4. INTERSECTION OF LINES

Let S be a non empty Tarski plane, A, B be subsets of S, and x be a point
of S. We say that A, B intersect at x if and only if
(Def. 7) Ais aline and B is a line and A # B and x € A and = € B.
Now we state the propositions:
(26) 8.14 (11) SATZ:
A 1, A if and only if A L A’ and A, A’ intersect at z. The theorem is
a consequence of (25).
(27) 8.14 (1) SATzZ:
If A1, A and A 1, A, then z = y. The theorem is a consequence of
(25) and (26).
(28) If a, b and x are collinear and a,b L ¢ T, then a,b L, ¢ Z. The theorem
is a consequence of (25) and (26).
(29) 8.15 SaTz:
If @ # b and a, b and z are collinear, then a,b L &z iff a,b L, ¢,z. The
theorem is a consequence of (28).
(30) 8.16 Sarz:
Suppose a # b and a, b and z are collinear and a, b and u are collinear
and v # x. Then a,b L ¢ 7 if and only if a, b and ¢ are not collinear and
b (¢, z,u). The theorem is a consequence of (29), (13), (21), and (24).
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5. PERPENDICULAR FooT

Let S be a non empty Tarski plane satisfying seven Tarski’s geometry axioms
and a, b, ¢,  be points of S. We say that = is perpendicular foot of a, b, ¢ if
and only if

(Def. 8) a, b and x are collinear and a,b L ¢, z.
Now we state the propositions:

(31) 8.18 SATZ — UNIQUENESS:
If x is perpendicular foot of a, b, ¢ and y is perpendicular foot of a, b, ¢,
then 2 = y. The theorem is a consequence of (29), (13), and (19).

(32) Suppose a, b and ¢ are not collinear and a lies between b and y and a # y
and y lies between a and z and 5z = yp and y # p and ¢ = S,(¢) and
Middle(e, z, ¢') and ¢ # y and y lies between ¢’ and ¢ and Middle(y, p, ¢)
and y lies between p and ¢ and ¢ # ¢. Then x # y. The theorem is

a consequence of (10) and (11).

In the sequel S denotes a non empty Tarski plane satisfying Lower Dimension
Axiom and seven Tarski’s geometry axioms and a, b, ¢, p, ¢, x, y, 2z, t denote
points of S.

Now we state the propositions:

(33) 8.18 SATZ — EXISTENCE:
If a, b and ¢ are not collinear, then there exists x such that z is perpendi-
cular foot of a, b, c.
PRrooOF: Consider y such that a lies between b and y and ay = a¢. Consider
p such that Middle(y, p, c). Consider z such that y lies between a and z
and gz = yp. Consider ¢ such that y lies between p and ¢ and yq = 7a.
Set ¢’ = S.(q). Consider ¢’ such that y lies between ¢’ and ¢’ and yc’ = 7e.
a#y. 5(q z29) bh(y,zq). Consider x such that Middle(c, z,c). y # p.
cty. q#q¢. c#x. O

(34) 8.20 LEMMA:
If b(a,b,c) and Middle(S,(c),p, Sp(c)), then b (b, a,p) and if b # ¢, then
a # p.
PROOF: Set d = Sp(c). Set b’ = Su(b). Set ¢ = Su(c). Set d' = S,(d).
Set p’ = Sa(p). b(¥/,b,¢). b 2 bb. bc = b’. Ab'be = Abb'. b(b, b, ).
Sy(c) =d.TFS (;:7’5;"1”%). If b # c, then a # p. O

(35) Suppose a, b and ¢ are not collinear. Then there exists p and there exists
t such that a,b L p,a and a, b and t are collinear and ¢ lies between ¢ and
p. The theorem is a consequence of (33), (29), (34), and (24).

(36) 8.21 Sarz:
If a # b, then there exists p and there exists ¢ such that a,b L p,a and a, b
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and t are collinear and t lies between ¢ and p. The theorem is a consequence
of (35).

(37) If a# b and a# p and b (b,a,p) and b (a,b, q), then p, a and g are not
collinear. The theorem is a consequence of (13), (15), and (19).

(38) Let us consider a non empty Tarski plane S satisfying Lower Dimension
Axiom and seven Tarski’s geometry axioms, and points a, b, p, ¢, t of
S. Suppose a,p < b,q and a,b L ¢,b and a,b L p,a and a, b and t are
collinear and ¢ lies between ¢ and p. Then there exists a point x of S such
that Middle(a, z,b).
ProOF: Consider r being a point of S such that r lies between b and ¢
and @p = br. Consider = being a point of S such that x lies between ¢ and
b and x lies between r and p. a, b and z are collinear. Consider 2’ being
a point of S such that Line(a,b) L,/ Line(q,b). Consider y being a point
of S such that Line(a,b) L, Line(p,a). b-(¢,b,a) and ¢ # b and b, ¢ and r
are collinear. b.(r,b,a). b, a and p are not collinear and a, b and ¢ are not
collinear. [

(39) 8.22 Sarz:
Let us consider a non empty Tarski plane S satisfying Lower Dimension
Axiom and seven Tarski’s geometry axioms, and points a, b of S. Then
there exists a point z of S such that Middle(a, x,b). The theorem is a con-
sequence of (36) and (38).

(40) 8.24 LEMMA:
Let us consider a non empty Tarski plane S satisfying Lower Dimension
Axiom and seven Tarski’s geometry axioms, and points a, b, p, g, r, t of
S. Suppose p,a L a,b and ¢,b L a,b and a, b and t are collinear and ¢
lies between p and ¢ and r lies between b and ¢ and @p = br. Then there
exists a point x of S such that

(i) Middle(a, z,b), and

(ii) Middle(p, z,r).
ProOF: Consider x being a point of S such that x lies between ¢ and b
and x lies between r and p. a, b and x are collinear. Consider 2’ being
a point of S such that Line(a,b) L,/ Line(q,b). Consider y being a point
of S such that Line(a,b) L, Line(p,a). b-(¢,b,a) and ¢ # b and b, ¢ and r

are collinear. b (r,b,a). b, a and p are not collinear and a, b and ¢ are not
collinear. [J
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6. ADDITIONAL LEMMAS NEEDED BY OTTER: CHAPTER SA

Now we state the propositions:

(41) ExTCoL2:
Let us consider points a, b, ¢, d, z, p, q of S. Suppose ¢, d € Line(a,b) and
a # b and ¢ # d. Then Line(a, b) = Line(c, d).

(42) EXTPERP:
Let us consider points a, b, ¢, d, z, p, ¢ of S. Suppose ¢, d € Line(a,b) and
c#dand a,b L, p,q. Then c,d L, P,q. The theorem is a consequence of
(11).

(43) EXTPERP2:
Let us consider points a, b, ¢, d, p, ¢ of S. Suppose p, ¢ € Line(a,b) and
a #band p,q L ¢,d. Then a,b L ¢,d. The theorem is a consequence of
(11).

(44) EXTPERP3:
Let us consider points a, b, ¢, d of S. Suppose a # b and b # c and ¢ # d
and a # cand a # d and b # d and b,a L @, ¢ and a, ¢ and d are collinear.
Then b,a L a,d. The theorem is a consequence of (11).

(45) EXTPERP4:
Let us consider points a, b, p, g of S. If a,b L p,q, then a,b L g, p.

(46) EXTPERP5:
Let us consider points a, b, ¢, d, p, ¢ of S. Suppose p, g € Line(a,b) and
p # q and a,b L ¢,d. Then p,q L ¢, d. The theorem is a consequence of
(11).

(47) EXTPERP5A:
Let us consider points a, b, ¢, d, p, g of S. Suppose a, b and p are collinear

and a, b and ¢ are collinear and p # ¢ and a,b L c¢,d. Then p,q L c,d.
The theorem is a consequence of (46).

(48) EXTPERPG6:
Let us consider points a, b, ¢, d, p, ¢ of S. Suppose p, ¢ € Line(a,b)
and p # g and a # b and ¢,d 1 P,q. Then ¢,d 1L a,b. The theorem is
a consequence of (11).

REFERENCES

[1] Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pak, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261-279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi:10.1007/978-3-319-20615-8_17.


http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17

TARSKI GEOMETRY AXIOMS. PART IV — RIGHT ANGLE 85

[2] Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

[3] Michael Beeson and Larry Wos. OTTER proofs in Tarskian geometry. In International
Joint Conference on Automated Reasoning, volume 8562 of Lecture Notes in Computer
Science, pages 495-510. Springer, 2014. doii10.1007/978-3-319-08587-6_38.

[4] Michael Beeson, Julien Narboux, and Freek Wiedijk. [Proof-checking Euclid. Annals of
Mathematics and Artificial Intelligence, Jan 2019. doi:10.1007/s10472-018-9606-x.

[5] Pierre Boutry, Gabriel Braun, and Julien Narboux. Formalization of the Arithmetization
of Fuclidean Plane Geometry and Applications. Journal of Symbolic Computation, 90:
149-168, 2019. doi:10.1016/j.jsc.2018.04.007.

[6] Pierre Boutry, Charly Gries, Julien Narboux, and Pascal Schreck. Parallel postulates
and continuity axioms: a mechanized study in intuitionistic logic using Coq. Journal of
Automated Reasoning, 62(1):1-68, 2019.

[7] Roland Coghetto and Adam Grabowski. Tarski geometry axioms. Part III. Formalized
Mathematics, 25(4):289-313, 2017. doi:10.1515/forma-2017-0028.

[8] Sana Stojanovic Durdevic, Julien Narboux, and Predrag Janic¢ié. Automated generation
of machine verifiable and readable proofs: a case study of Tarski’s geometry. Annals of
Mathematics and Artificial Intelligence, 74(3-4):249-269, 2015.

[9] Adam Grabowski. Tarski’s geometry modelled in Mizar computerized proof assistant. In
Maria Ganzha, Leszek Maciaszek, and Marcin Paprzycki, editors, Proceedings of the 2016
Federated Conference on Computer Science and Information Systems (FedCSIS), volume 8
of ACSIS — Annals of Computer Science and Information Systems, pages 373-381, 2016.
doi;10.15439/2016F290.

[10] Adam Grabowski and Roland Coghetto. Tarski’s geometry and the Euclidean plane in
Mizar. In Joint Proceedings of the FM4M, MathUI, and ThEdu Workshops, Doctoral
Program, and Work in Progress at the Conference on Intelligent Computer Mathematics
2016 co-located with the 9th Conference on Intelligent Computer Mathematics (CICM
2016), Bialystok, Poland, July 25-29, 2016, volume 1785 of CEUR-W.S, pages 4-9, 2016.

[11] Haragauri Narayan Gupta. Contributions to the Aziomatic Foundations of Geometry.
PhD thesis, University of California-Berkeley, 1965.

[12] Julien Narboux. Mechanical theorem proving in Tarski’s geometry. In Francisco Botana
and Tomas Recio, editors, Automated Deduction in Geometry, pages 139-156, Berlin,
Heidelberg, 2007. Springer Berlin Heidelberg. ISBN 978-3-540-77356-6.

[13] William Richter, Adam Grabowski, and Jesse Alama. Tarski geometry axioms. Formalized
Mathematics, 22(2):167-176, 2014. doi:10.2478/forma-2014-0017.

[14] Wolfram Schwabhéuser, Wanda Szmielew, and Alfred Tarski. Metamathematische Me-
thoden in der Geometrie. Springer-Verlag, Berlin, Heidelberg, New York, Tokyo, 1983.

Accepted March 11, 2019


https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/978-3-319-08587-6_38
https://doi.org/10.1007/s10472-018-9606-x
http://dx.doi.org/10.1007/s10472-018-9606-x
https://hal.inria.fr/hal-01483457
https://hal.inria.fr/hal-01483457
http://dx.doi.org/10.1016/j.jsc.2018.04.007
http://dx.doi.org/10.1515/forma-2017-0028
http://dx.doi.org/10.15439/2016F290
http://dx.doi.org/10.2478/forma-2014-0017




FORMALIZED MATHEMATICS DE .
Vol. 27, No. 1, Pages 57 91, 2019 i $ sciendo
T
DOI: 10.2478/forma-2019-0009 @ https://www.sciendo.com/

Maximum Number of Steps Taken by
Modular Exponentiation and Euclidean
Algorithm(|

Hiroyuki Okazaki Koh-ichi Nagao
Shinshu University Kanto Gakuin University
Nagano, Japan Kanagawa, Japan

Yuichi Futa
Tokyo University of Technology
Tokyo, Japan

Summary. In this article we formalize in Mizar [1], [2] the maximum
number of steps taken by some number theoretical algorithms, “right—to-left
binary algorithm” for modular exponentiation and “Euclidean algorithm” [5]. For
any natural numbers a, b, n, “right—to-left binary algorithm” can calculate the
natural number, see (Def. , Algogp,,, (a,n,m) := a® mod n and for any integers
a, b, “Euclidean algorithm” can calculate the non negative integer ged(a, b). We
have not formalized computational complexity of algorithms yet, though we had
already formalize the “Euclidean algorithm” in [7].

For “right-to-left binary algorithm”, we formalize the theorem, which says
that the required number of the modular squares and modular products in this al-
gorithms are 1+ |log, n] and for “Euclidean algorithm”, we formalize the Lamé’s
theorem [6], which says the required number of the divisions in this algorithm is
at most 5log,, min(|al, |b]). Our aim is to support the implementation of number
theoretic tools and evaluating computational complexities of algorithms to prove
the security of cryptographic systems.
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1. RIGHT-TO-LEFT BINARY ALGORITHM FOR MODULAR EXPONENTIATION

Let F' be an element of Boolean™ and x be an object. Let us note that the
functor F'(x) yields a natural number. Let n, m be natural numbers. Let us
note that the functor n'™ yields a natural number. Let a, b be objects and ¢ be
a natural number. The functor BinBranch(a, b, ¢) is defined by the term

(Def. 1) {

Let a, b, ¢ be natural numbers. Let us note that the functor BinBranch(a, b, c¢)
yields a natural number. Let a, n, m be elements of N. The functor Algogpow(a, n,
m) yielding an element of N is defined by

(Def. 2) there exist sequences A, B of N such that it = B(LenBinSeq(n)) and
A(0) = a mod m and B(0) = 1 and for every natural number i, A(i +
1) = A(7) - A(4) mod m and B(i 4+ 1) = BinBranch(B(), B(7) - A(i) mod
m, (Nat2BinLen)(n)(i + 1)).

Now we state the propositions:

a, if c=0,
b, otherwise.

(1) Let us consider natural numbers a, m, i, and a sequence A of N. Suppose
A(0) = a mod m and for every natural number j, A(j + 1) = A(j) -
A(j) mod m. Then A(i) = a* mod m.
PROOF: Define P[natural number] = A($1) = o2 mod m. For every
natural number ¢ such that P[i] holds P[i + 1] by [8, (11)]. For every
natural number i, Pi]. O

LenBinSeq(0) = 1.

LenBinSeq(1) = 1.

Let us consider a natural number z. If 2 < z, then 1 < LenBinSeq(x).

~~ o~ —~
[SAN
— — — —

Let us consider a natural number n. Suppose 0 < n.
Then LenBinSeq(n) = [logyn| + 1.
(6) (Nat2BinLen)(0) = (0).
(7) (Nat2BinLen)(1) = (1). The theorem is a consequence of (3).

(8) Let us consider an element n of N. If 0 < n,
then (Nat2BinLen)(n)(LenBinSeq(n)) = 1.
PROOF: Reconsider z = (Nat2BinLen)(n) as an element of Boolean™.
x ¢ {y, where y is an element of Boolean™ : y(leny) =1}. O

(9) (Nat2BinLen)(2) = (0,1). The theorem is a consequence of (5).
(10) (Nat2BinLen)(3) = (1,1). The theorem is a consequence of (5).
(11) (Nat2BinLen)(4) = (0,0, 1). The theorem is a consequence of (5).
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(12) Let us consider a natural number n. Then (Nat2BinLen)(2") = (0,...,0)"

——
n

(1). The theorem is a consequence of (5).

(13) Let us consider an element m of N. Then Algoppey(0,0,m) = 1. The
theorem is a consequence of (6).

(14) Let us consider elements n, m of N. If 0 < n, then Algogpow (0,1, m) = 0.
The theorem is a consequence of (1) and (8).

Let us consider elements a, n, m of N. Now we state the propositions:

(15) If 0 < n and m < 1, then Algoppow(a,n, m) = 0. The theorem is a con-
sequence of (8).

(16) If a # 0 and 1 < m, then Algoppow(a,n,m) = a™ mod m.
PRrOOF: Consider A, B being sequences of N such that Algogpew(a, n, m) =
B(LenBinSeq(n)) and A(0) = a mod m and B(0) = 1 and for eve-
ry natural number i, A(i + 1) = A(i) - A(i) mod m and B(i + 1) =
BinBranch(B(i), B(i) - A(i) mod m, (Nat2BinLen)(n)(i + 1)).

Define P[natural number| = if $; < LenBinSeq(n), then there exists

a ($1 + 1)-tuple S of Boolean such that S = (Nat2BinLen)(n)[($; + 1)
and B($; + 1) = a*"V2) mod m. P[0] by [3, (5)]. For every natural
number 4 such that P[i] holds P[i + 1]. For every natural number i, P]i].
Reconsider f = LenBinSeq(n) — 1 as a natural number. Consider Fj being
an (f + 1)-tuple of Boolean such that F; = (Nat2BinLen)(n)[(f 4+ 1) and
B(f +1) = a®PsVallf) mod m. O

2. LAME’S THEOREM

Now we state the propositions:

(17) Fib(5) = 5.

(18) 1<.

(19) <2

(20) log, 10 < 5. The theorem is a consequence of (17) and (18).

(21) Let us consider a natural number n. If 3 < n, then 7"~2 < Fib(n).

PROOF: Define P[natural number] = 7%1-2 < Fib($;). For every natural
number £k such that & > 3 holds if for every natural number ¢ such that
i > 3 holds if i < k, then P[i], then P[k] by [4 (22)], (19). For every
natural number & such that k& > 3 holds P[k]. O

(22) Let us consider elements a, b of Z. Suppose |a|] > |b| and b > 1. Then
there exist sequences A, B of N and there exists a sequence C' of real
numbers and there exists an element n of N such that A(0) = |a| and
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B(0) = |b| and for every natural number i, A(i+1) = B(i) and B(i+1) =
A(7) mod B(i) and n = min*{i, where ¢ is a natural number : B(i) = 0}
and ged(a,b) = A(n) and Fib(n + 1) < |b] and n < 5 - [logyo |b]] and
n < C(|b]) and C' is polynomially bounded.

PrOOF: Consider A, B being sequences of N such that A(0) = |a| and
B(0) = |b| and for every natural number i, A(i + 1) = B(i) and B(i +
1) = A(4) mod B(i) and Algogcp(a,b) = A(min*{i, where 7 is a natural
number : B(i) = 0}). Consider n being an element of N such that n
min*{i, where i is a natural number : B(i) = 0} and Algogcp(a,b) =
A(n). For every elements a, b of Z and for every sequences A, B of N
such that A(0) = |a| and B(0) = |b| and for every natural number ¢,
A(t +1) = B(i) and B(i + 1) = A(i) mod B(i) holds {i, where i is
a natural number : B(i) = 0} is a non empty subset of N. B(n — 1) # 0.
For every natural number 4 such that ¢ < n holds B(i) > 0. For every
natural number ¢ such that ¢ < n holds B(i + 1) < B(i) — 1. Define
P[natural number| = if §; < n, then B($;) < B(0) — $;.

For every natural number ¢ such that P[] holds P[i + 1]. For every
natural number i, P[i]. n < B(0). For every natural number j such that
j <nholds A(j+1) < A(j). If 1 < n, then Fib(3) < A(n — 1). For every
natural number 4 such that 0 < i < n holds A(i +2) + A(i + 1) < A(q).
For every natural number ¢ such that ¢ < n holds Fib(i 4+ 2) < A(n — 7).
n <5- [logyg[b[]. O
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