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Klein-Beltrami model. Part 111

Roland Coghetto
Rue de la Brasserie 5
7100 La Louviere, Belgium

Summary. Timothy Makarios (with Isabelle/HOIEb and John Harrison
(with HOL—LightEI) shown that “the Klein-Beltrami model of the hyperbolic plane
satisfy all of Tarski’s axioms except his Euclidean axiom” [2],[3],[4],[5].

With the Mizar system [I] we use some ideas taken from Tim Makarios’s
MSc thesis [I0] to formalize some definitions (like the absolute) and lemmas
necessary for the verification of the independence of the parallel postulate. In
this article we prove that our constructed model (we prefer “Beltrami-Klein”
name over “Klein-Beltrami”, which can be seen in the naming convention for
Mizar functors, and even MML identifiers) satisfies the congruence symmetry, the
congruence equivalence relation, and the congruence identity axioms formulated
by Tarski (and formalized in Mizar as described briefly in []]).

MSC: 51A05 [51M10 68V20

Keywords: Tarski’s geometry axioms; foundations of geometry; Klein-Beltrami
model

MML identifier: BKMODEL3, version: 8.1.09 5.60.1371

1. PRELIMINARIES

Now we state the propositions:
(1) Let us consider real numbers z, y. If z -y < 0, then 0 < xiﬁ < 1.
(2) Let us consider a non zero real number a, and real numbers b, r. Suppose

r =va? + b2. Then

(i) r is positive, and
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(i) (2)2+ (1) =1.

(3) Let us consider a non zero real number a, and real numbers b, ¢, d, e.
- . 2_c2 9. cd, 2 2
Suppose a-b=c—d-e. Then b= & —2- 20 e+ S5 - e”.

Let us consider complex numbers a, b, c. Now we state the propositions:
(4) Ifa#0,then CEc=p.c.

(5)

(6) Let us consider a real number a. If 1 < a, then % —-1<0.
(7)

7) Let us consider real numbers a, b. If 0 < a and 1 < b, then 7 —a < 0.
The theorem is a consequence of (6).

If a # 0, then % =2-b-c. The theorem is a consequence of (4).

(8) Let us consider a non zero real number a, and real numbers b, ¢, d.
2\2
Suppose a?+¢? = b2 and 1 < b%. Then &) —2.0¢. g & g2 4 g2 £ 1.
The theorem is a consequence of (5) and (7).
(9) Let us consider real numbers a, b, ¢. If a - (—=b) = ¢ and a - ¢ = b, then
c=0and b=0.
Vva 1

(10) Let us consider a positive real number a. Then = = Ja

2. PLANAR LEMMAS

Let a be a non zero real number and b, ¢ be real numbers. Observe that [a,
b, c] is non zero as an element of &3 and [c, a, b] is non zero as an element of &3,
and [b, ¢, a] is non zero as an element of £3..

Let P be an element of the real projective plane. Assume P € (the absolute)U
(the BK-model). The functor # P yielding a non zero element of &3 is defined
by

(Def. 1) the direction of it = P and it(3) = 1.
Now we state the propositions:

(11) Let us consider an element P of the real projective plane. Then there
exists an element ) of the BK-model such that P # Q.

From now on P denotes an element of the BK-model.
(12) There exist elements Pj, P» of the absolute such that

(i) P # P, and
(ii) Py, P and Py are collinear.

The theorem is a consequence of (11).

(13) Let us consider an element @ of the absolute. Then there exists an ele-
ment R of the BK-model such that

(i) P # R, and
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(ii) P, @Q and R are collinear.

(14) Let us consider a line L of Inc-ProjSp(the real projective plane). Suppose
P € L. Then there exist elements P, P of the absolute such that

(i) P # P, and
(i) P, Py e L.

Let N be an invertible square matrix over Rr of dimension 3. The functor
Line-homography (/N) yielding a function from the lines of Inc-ProjSp(the real
projective plane) into the lines of Inc-ProjSp(the real projective plane) is defined
by

(Def. 2) for every line = of Inc-ProjSp(the real projective plane), it(x) =
{(the homography of N)(P), where P is a point of Inc-ProjSp(the real
projective plane) : P lies on z}.

In the sequel N, Ny, Ny denote invertible square matrices over Rg of dimen-
sion 3 and [, l1, l2 denote elements of the lines of Inc-ProjSp(the real projective
plane). Now we state the propositions:

(15) (Line-homography(N7))((Line-homography(N2))(1)) =
(Line-homography (N; - N2))(1).
PROOF: Reconsider Iy = (Line-homography(N2))(l) as a line of Inc-ProjSp
(the real projective plane). {(the homography of Ny)(P), where P is a point
of Inc-ProjSp(the real projective plane) : P lieson lo} = {(the homography
of N1-N3)(P), where P is a point of Inc-ProjSp(the real projective plane) :
P lies on 1} by [3, (3), (4), (5], [6, (13)]. O

(16) (Line—homography([%?g’))(l) =1.
PRrROOF: Set X = {(the homography of I§:3)(P), where P is a point of
Inc-ProjSp(the real projective plane) : P lieson i}. X Cl. [ C X. O

(17) (i) (Line-homography(N))((Line-homography(N~))(l)) =, and

(ii) (Line-homography(N~))((Line-homography(N))(l)) = .
The theorem is a consequence of (15) and (16).
(18) If (Line-homography(N))(l1) = (Line-homography(N))(l2), then l; = ls.
The theorem is a consequence of (17).
The functor SetLineHom3 yielding a set is defined by the term
(Def. 3) the set of all Line-homography (V) where N is an invertible square matrix
over Ry of dimension 3.

Observe that SetLineHom3 is non empty. Let hi, ho be elements of SetLine-
Hom3. The functor hj o hy yielding an element of SetLineHom3 is defined by
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(Def. 4) there exist invertible square matrices N1, No over Rp of dimension 3
such that h; = Line-homography(N;) and he = Line-homography(Ns)
and it = Line-homography (N; - Na).

Now we state the propositions:

(19) Let us consider elements h1, ha of SetLineHom3. Suppose h; =
Line-homography(/N1) and he = Line-homography (/Nz).
Then Line-homography(Ny - N2) = hy o hy. The theorem is a consequence
of (15).
(20) Let us consider elements z, y, z of SetLineHom3. Then (z oy) oz =
o (y o z). The theorem is a consequence of (19).
The functor BinOpLineHom3 yielding a binary operation on SetLineHom3
is defined by
(Def. 5) for every elements hj, hy of SetLineHom3, it(h1, ha) = hy o ha.
The functor GroupLineHom3 yielding a strict multiplicative magma is defi-
ned by the term
(Def. 6) (SetLineHom3, BinOpLineHom3).

Let us observe that GroupLineHom3 is non empty, associative, and group-
like. Now we state the propositions:

(21) 1GroupLineHom3 = Line—homography([é:g).

(22) Let us consider elements h, g of GroupLineHom3, and invertible square
matrices N, N over Ry of dimension 3. Suppose h = Line-homography(N)
and g = Line-homography(N;) and N; = N~. Then g = h~!. The theorem
is a consequence of (21).

In the sequel P denotes a point of the projective space over S% and [ denotes
a line of Inc-ProjSp(the real projective plane).

(23) If (the homography of N)(P) € [, then P € (Line-homography(N~))(l).

(24) If P € (Line-homography(N))(l), then (the homography of N~)(P) € .

(25) P € lif and only if (the homography of N)(P) € (Line-homography(N))
(I). The theorem is a consequence of (23) and (17).

(26) Let us consider non zero elements u, v, w of £3. Suppose (u)s = 1
and (v); = —(u)2 and (v)2 = (u)1 and (v)s = 0 and (w)s = 1 and
([u, v,w]) = 0. Then ((u)1)? + ((u)2)* — (w1 - (w)1 — (w)2 - (w)2 = 0.

(27) Let us consider a non zero real number a, and real numbers b, ¢. Then
a- [g, g, 1] = [b, ¢, al.

Let us consider non zero elements u, v, w of £. Now we state the proposi-
tions:
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(28) Suppose (u)1 # 0 and (u)g =1 and (v); = —(u)2 and (v)2 = (u); and
(v)3 =0 and (w)g = 1 and {Ju,v,w|) =0 and 1 < ((u)1)%+ ((u)2)2. Then
((w)1)%2+ ((w)2)? # 1. The theorem is a consequence of (26), (2), (3), and
(8).

(29) Suppose (u)2 # 0 and (u)g = 1 and (v); = —(u)2 and (v)2 = (u); and
(v)3 =0 and (w)s = 1 and (Ju,v,w|) =0 and 1 < ((u)1)%+ ((u)2)2. Then
((w)1)%2+ ((w)2)? # 1. The theorem is a consequence of (26), (2), (3), and
(8).

(30) Let us consider an element P of the absolute. Then there exists a non
zero element u of £3. such that

(i) u(3) =1, and
(ii) P = the direction of u.

(31) Let us consider real numbers a, b, ¢, d, and non zero elements u, v
of £3. Suppose u = [a,b,1] and v = [c,d,0]. Then the direction of u #
the direction of v.

(32) Let us consider a non zero element u of £3%. Suppose u(1)% + u(2)? < 1
and u(3) = 1. Then the direction of u is an element of the BK-model.

(33) Let us consider real numbers a, b. Suppose a24b2 < 1. Then the direction
of [a,b,1] € (the BK-model) U (the absolute). The theorem is a consequ-
ence of (32).

(34) If P ¢ (the BK-model) U (the absolute), then there exists [ such that
P € [ and [ misses the absolute. The theorem is a consequence of (9),

(30), (27), (31), (33), (28), and (29).

(35) Let us consider a point P of the real projective plane, an element h of
the subgroup of K-isometries, and an invertible square matrix N over Rp
of dimension 3. Suppose h = the homography of N. Then P is an element
of the absolute if and only if (the homography of N)(P) is an element of
the absolute.

Let us consider an element P of the BK-model, an element h of the subgroup
of K-isometries, and an invertible square matrix N over Ry of dimension 3.

(36) If h = the homography of N, then (the homography of N)(P) is an ele-
ment of the BK-model.
PROOF: Set hy = (the homography of N)(P). hy is not an element of
the absolute by (35), [7, (1)]. Consider [ such that h; € [ and [ mis-
ses the absolute. Reconsider L = (Line-homography(/N~))(l) as a line of
the real projective plane. Reconsider L' = L as a line of Inc-ProjSp(the real
projective plane). Consider P;, Py being elements of the absolute such that
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Py # Py and P € L' and P, € L'. (The homography of N)(P;) is an ele-
ment of the absolute. (The homography of N)(P;) € (Line-homography(V))
(L). (The homography of N)(Py) € 1. O
(37) Suppose h = the homography of N. Then there exists a non zero element
u of £3 such that
(i) (the homography of N)(P) = the direction of u, and
(i) u(3) = 1.

The theorem is a consequence of (36).

3. THE CONSTRUCTION OF BELTRAMI-KLEIN MODEL

The functor BK-model-Betweenness yielding a relation between
(the BK-model) x (the BK-model) and the BK-model is defined by
(Def. 7) for every elements a, b, ¢ of the BK-model, ({a, b), c) € it iff
BK-to-REAL2(b) € L(BK-to-REAL2(a), BK-to-REAL2(c)).
The functor BK-model-Equidistance yielding a relation between

(the BK-model) x (the BK-model) and (the BK-model) x (the BK-model) is
defined by

(Def. 8) for every elements a, b, ¢, d of the BK-model, ({a, b), (c, d)) € it
iff there exists an element h of the subgroup of K-isometries and the-
re exists an invertible square matrix N over Ry of dimension 3 such
that h = the homography of N and (the homography of N)(a) = ¢ and
(the homography of N)(b) = d.

The functor BK-model-Plane yielding a Tarski plane is defined by the term
(Def. 9) (the BK-model, BK-model-Betweenness, BK-model-Equidistance ).

4. CONGRUENCE SYMMETRY

Now we state the proposition:

(38) BK-model-Plane satisfies the axiom of congruence symmetry.

5. CONGRUENCE EQUIVALENCE RELATION

Now we state the proposition:

(39) BK-model-Plane satisfies the axiom of congruence equivalence relation.



KLEIN-BELTRAMI MODEL. PART III

6. CONGRUENCE IDENTITY

Now we state the proposition:

(40) BK-model-Plane satisfies the axiom of congruence identity.

(1]

(9]
(10]
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Klein-Beltrami model. Part IV

Roland Coghetto
Rue de la Brasserie 5
7100 La Louviere, Belgium

Summary. Timothy Makarios (with Isabelle/HOIEb and John Harrison
(with HOL-LightEI) shown that “the Klein-Beltrami model of the hyperbolic plane
satisfy all of Tarski’s axioms except his Euclidean axiom” [2],[3],[4, [5].

With the Mizar system [I] we use some ideas taken from Tim Makarios’s
MSc thesis [I0] to formalize some definitions and lemmas necessary for the veri-
fication of the independence of the parallel postulate. In this article, which is the
continuation of [§], we prove that our constructed model satisfies the axioms of
segment construction, the axiom of betweenness identity, and the axiom of Pasch
due to Tarski, as formalized in [II] and related Mizar articles.

MSC: 51A05 [51M10 68V20

Keywords: Tarski’s geometry axioms; foundations of geometry; Klein-Beltrami
model

MML identifier: BKMODEL4, version: 8.1.09 5.60.1371

1. PRELIMINARIES

Let us consider real numbers a, b. Now we state the propositions:
_ b
(].) If(l;éb, thenl—ﬁ——ﬂ
(2) IfO<a-b,then0< §.
Now we state the propositions:
(3) Let us consider real numbers a, b, ¢. Suppose 0 < a < 1 and 0 < b-c.

Then0<%<l.
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(4) Let us consider real numbers a, b, ¢. Suppose (1 —a)-b+a-c # 0. Then
. _ (1-a)b
L= (1763-lc>+a-c - (1fa)-(z+a-c'

(5) Let us consider real numbers a, b, ¢, d. If b # 0, then L{d = %l.
(6) Let us consider an element u of £3. Then u = [u(1), u(2), u(3)].
(7) Let us consider an element P of the BK-model. Then BK-to-REAL2(P) €
TarskiEuclid2Space.
Let P be a point of BK-model-Plane. The functor BKtoT2(P) yielding a po-
int of TarskiEuclid2Space is defined by
(Def. 1) there exists an element p of the BK-model such that P = p and it =
BK-to-REAL2(p).
Let P be a point of TarskiEuclid2Space. Assume P € the inside of circle(0,0,1).
The functor T2toBK(P) yielding a point of BK-model-Plane is defined by
(Def. 2)  there exists a non zero element u of &3 such that it = the direction of u
and (u)g =1 and P = [(u)1, (u)2].
Let us consider a point P of BK-model-Plane. Now we state the propositions:
(8) BKtoTQ(P) € the inside of circle(0,0,1).
(9) T2toBK(BKtoT2(P)) = P.
(10) Let us consider a point P of TarskiEuclid2Space. Suppose P is an element
of the inside of circle(0,0,1). Then BKtoT2(T2toBK(P)) = P.

(11) Let us consider a point P of BK-model-Plane, and an element p of
the BK-model. Suppose P = p. Then

(i) BKtoT2(P) = BK-to-REAL2(p), and
(ii) BKtoT2(P) = BK-to-REAL2(p).

(12) Let us consider points P, @, R of BK-model-Plane, and points P, Q2, R
of TarskiEuclid2Space. Suppose P, = BKtoT2(P) and Q2 = BKtoT2(Q)
and Ry = BKtoT2(R). Then @ lies between P and R if and only if Q2 lies
between P, and Ry. The theorem is a consequence of (11).

(13) Let us consider elements P, Q of 4. If P # Q, then P(1) # Q(1) or
P(2) #Q(2).

(14) Let us consider real numbers a, b, and elements P, Q of £2. If P # Q
and (1—a)-P+a-Q=(1-0b)-P+b-Q, then a = b. The theorem is
a consequence of (13).

(15) Let us consider points P, @ of BK-model-Plane. If BKto’TQ(P) =
BKtoT2(Q), then P = Q. The theorem is a consequence of (11).

Let P, @, R be points of BK-model-Plane. Assume @ lies between P and R
and P # R. The functor length(P, @, R) yielding a real number is defined by
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(Def. 3) 0 < it <1 and BKtoT2(Q) = (1— it) - (BKtoT2(P)) + it - (BKtoT2(R)).
Let us consider points P, () of BK-model-Plane. Now we state the proposi-
tions:

(16) (i) P lies between P and @, and

(ii) @ lies between P and Q.
The theorem is a consequence of (12).

(17) If P # @, then length(P, P,Q) = 0 and length(P, @, Q) = 1. The the-
orem is a consequence of (16).

(18) Let us consider a square matrix N over Rp of dimension 3. Suppose

N = {(2,0,-1),(0,+/3,0), (1,0, —2)). Then
(i) Det N = (—3) - /3, and
(ii) N is invertible.

(19) Let us consider elements ai1, ai2, ai3, as1, a2, a3, asi, aze, asz, bii,
bi2, b13, b1, baa, bas, b1, b32, b33, a1, az, as, as, as, ag, ar, as, ag of Ry,
and square matrices A, B over Ry of dimension 3.

Suppose A = <<CL11, a2, CL13>, <a21, ag, CL23>, <a31, asa, CL33>> and B =
((b11, b12, b13), (b1, b2z, ba3), (b31, b32,b33)) and a1 = aiy - b1y + a12 - bay +
ay3-b31 and ag = a11-b12+a12-bag+a13-b32 and ag = a11-b13+aiz-baz+ai3-b33
and a4 = asy - bi1 + ag - ba1r + ags - bay.

Suppose a5 = ag1-b1o+a92-bag+aoz-b3e and ag = ao1-b13+ag2-bag+aos-
bz and a7 = a3y -b11+agzz-ba1 +ass-b31 and ag = az1-bia+asz-be2+ass-b32
and ag = a3y - b1z + azz - bz + as3 - bss.

Then A- B = (<a1, ag, a3>, (a4, as, ag), <a7, as, a9>).

Let us consider square matrices N1, Ny over Rp of dimension 3. Now we
state the propositions:

(20) Suppose Ny = ((2,0,-1),(0,+/3,0), (1,0,—2)) and N2 = ((%,0,—3), (0,

%,0>,<%70,—%>>.ThenN1-N2: ((1,0,0),(0,1,0),(0,0,1)). The theorem

is a consequence of (19)
(21) Suppose No = ((2,0,—1),(0,/3,0),(1,0,—-2)) and Ny = <( 0,—%>,<0,
%,O),(%,O,—%)).Thean Ny = ((1,0,0),(0,1,0), (0,0, 1)). The theorem

is a consequence of (19).
(22) Suppose Ny = ((2,0,-1),(0,+/3,0), (1,0,—2)) and N2 = ((%,0,—3), (0,
%, 0), <%, 0, —%)> Then N is inverse of No. The theorem is a consequence
of (20) and (21).
Let us consider an invertible square matrix N over Rg of dimension 3. Now
we state the propositions:
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(23) Suppose N = (<%,0, —%), (0, %,0), (é,(), —%>) Then (the homography
of N)°(the absolute) C the absolute.
PRrROOF: (The homography of N)°(the absolute) C the absolute by [7,
(89)], [9, (7)]. OO

(24) Suppose N = ((2,0,—1),(0,v/3,0), (1,0, —2)). Then (the homography
of N)°(the absolute) = the absolute.
PROOF: (The homography of N)°(the absolute) C the absolute.
The absolute C (the homography of N)°(the absolute) by [6, (19)], (22),
(23). O

(25) Let us consider real numbers a, b, r, and elements P, Q, R of £%. Suppose
Q € L(P,R) and P, R € the inside of circle(a,b,r). Then @ € the inside
of circle(a,b,r).

(26) Let us consider non zero elements u, v of 8%. Suppose the direction of
u = the direction of v and u(3) # 0 and «(3) = v(3). Then u = v.

(27) Let us consider an element R of the projective space over £3. elements
P, @ of the BK-model, non zero elements u, v, w of 5%, and a real number
r. Suppose 0 < r < 1 and P = the direction of u and ) = the direction
of v and R = the direction of w and u(3) = 1 and v(3) = 1 and w =
r-u+ (1 —7r)-v. Then R is an element of the BK-model.
ProoF: Consider uy being a non zero element of 5% such that the direction
of ug = P and u2(3) = 1 and BK-to-REAL2(P) = [ua(1), u2(2)]. u = ua.
Reconsider r4 = [ua(1),u2(2)] as an element of £2. Consider v being a non
zero element of &3 such that the direction of vy = Q and v2(3) = 1 and
BK-to-REAL2(Q) = [v2(1),v2(2)]. v = v2. Reconsider rg = [v2(1), v2(2)]
as an element of £3. Reconsider rg = [w(1),w(2)] as an element of £3.
rs = r-ry+ (1 —7) - re. Consider R3 being an element of €2 such that
R3 = rg and REAL2-to-BK(rg) = the direction of [(R3)1, (R3)2,1]. O

(28) Let us consider an invertible square matrix N over Ry of dimension 3,
elements ni1, ni2, N13, N21, N2, N23, N31, N32, N3z of Ry, points P, ) of
the projective space over 5%, and non zero elements u, v of 5%. Suppose
N = <<TL11, ni2, n13>, <n21, n99, n23>, <n31, nsa, n33>> and P = the direction
of u and @ = the direction of v and @ = (the homography of N)(P) and
u(3) = 1. Then there exists a non zero real number a such that

(i) v(1) =a- (n11-w(l) + ni2 - u(2) + n13), and
(i) v(2) = a- (n21 - u(l) + noa - u(2) 4 na3), and
(iii) v(3) = a - (n31 - u(l) + ng2 - u(2) + ns33).

(29) Let us consider an invertible square matrix N over Rp of dimension
3, elements nq1, ni2, N3, No1, N2, N3, N31, N32, N33 of Rp, an element
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P of the BK-model, a point @ of the projective space over &2, and non
zero elements u, v of 3. Suppose N = ((n11,n12,n13), (na1, n2a, nag), (n31,
ns2,n33)) and P = the direction of u and @ = the direction of v and
@ = (the homography of N)(P) and u(3) =1 and v(3) = 1. Then

(i) n31-u(l) + n32 - u(2) + ngg # 0, and

.. ni1-u(l)+niz-u(2)+n
(i) v(1) = MraGrmeuin,
2)

_ naru(l)+nos-u(2)+n
(iii) v(2) = ni.u(1)+n§§-u(2)+n§§'

The theorem is a consequence of (28).

and

(30) Let us consider an invertible square matrix N over Rp of dimension
3, an element h of the subgroup of K-isometries, elements ni1, nis, n13,
n91, Nog, Nog, N31, N3z, N33 of Rp, an element P of the BK-model, and
a non zero element u of 8%. Suppose h = the homography of N and
N = <<n11, n127n13>, (ngl,ngg,n23>, <n31,n32,n33>> and P = the direction
of w and u(3) = 1. Then n3; - u(1) + n32 - u(2) + n3z # 0. The theorem is
a consequence of (29).

(31) Let us consider an invertible square matrix N over Rp of dimension
3, elements nq1, ni2, N3, N21, No2, N3, N31, N3z, N33 of Rp, an element
P of the absolute, a point ) of the projective space over 5%, and non
zero elements u, v of £3. Suppose N = ((n1,n12, n13), (n21, nag, naz), (na1,
nsa,n33)) and P = the direction of u and @ = the direction of v and
@) = (the homography of N)(P) and u(3) =1 and v(3) = 1. Then

(1) na1-u(l) +n32 - uw(2) +ng3 # 0, and

.. ni1-u(l)+ni2-u(2)+n
(i) v(1) = mruEms u i,
)

_ nar-u(l)+naz-u(2)+n
(iii) v(2) = niu(l)—i—niiﬂ(?)-&-nz;'

The theorem is a consequence of (28).

and

(32) Let us consider an invertible square matrix N over Ry of dimension 3,
an element h of the subgroup of K-isometries, elements ni1, ni2, n13, no1,
N9, Nag, N31, N32, N33 of Rp, an element P of the absolute, and a non
zero element u of £3. Suppose h = the homography of N and N = {(ny1,
n12,n13), (N1, n22, M23), (n31,n32, ng3)) and P = the direction of u and
u(3) = 1. Then n3y-u(1)+nge-u(2)+ns3 # 0. The theorem is a consequence
of (31).

(33) Let us consider an invertible square matrix N over Rp of dimension
3, an element h of the subgroup of K-isometries, elements ny1, ni2, n1s,
no1, N22, N23, N31, N32, N33 of RF, an element P of the BK—model, and
a non zero element u of £3. Suppose h = the homography of N and
N = ((n11,n12, 113), (n21, N2, n23), (N31, n32, n33)) and P = the direction
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of u and u(3) = 1. Then (the homography of N)(P) = the direction of
[nll'u(1)+n12‘u(2)+n13 n21-u(1)+no2-u(2)+ns2s
n31-u(1l)+n32-u(2)+n33’ n31-u(l)+nzz-u(2)+na3
of (29).

(34) Let us consider an invertible square matrix N over Rp of dimension

, 1]. The theorem is a consequence

3, an element A of the subgroup of K-isometries, elements nq1, n12, n13,
n91, No2, Mo3, N31, N3z, N33 of Ry, an element P of the absolute, and
a non zero element u of £. Suppose h = the homography of N and
N = <<7’L11, nlg,n13>, <n21, n22,n23>, (n31,n32,n33>> and P = the direction

of v and u(3) = 1. Then (the homography of N)(P) = the direction of
[nll-u(1)+n12-u(2)+n13 na1-u(1l)+n22-u(2)+nas3 1

n31-u(1l)+n32-u(2)+n33’ n31-u(l)+nzz-u(2)+na3’
of (31).

(35) Let us consider a subset A of £, a convex, non empty subset B of £%,

]. The theorem is a consequence

a real number r, and an element = of £3. Suppose A = {z, where z is
an element of & : [(z)1, (x)2] € B and (z)3 = r}. Then A is non empty
and convex.

(36) Let us consider elements ni, ng, ng of Rp, and elements n, u of £3.
Suppose n = (n1,n2,n3) and u(3) = 1. Then |(n,u)| = ny - u(l) + ng -
u(2) + n3.

(37) Let us consider a convex, non empty subset A of £, and elements n,
u, v of £3. Suppose for every element w of &3 such that w € A holds
|(n,w)| # 0 and u, v € A. Then 0 < |(n,u)| - |(n,v)|.

PROOF: Set # = |(n, u)|. Set y = |(n, v)|. Reconsider I = 2% as a non zero
real number. Reconsider w = -v + (1 —[) - u as an element of 3. z # y.
1-l=-4|(nw)]=0.0

Let us consider elements n31, n3e, ngz of Rp and elements u, v of 5%. Now
we state the propositions:

(38) Suppose u, v € the inside of circle(0,0,1) and for every element w of £2
such that w € the inside of circle(0,0,1) holds nz;-w(1)+n32-w(2)+nszs # 0.
Then 0 < (7”L31 u(l) + n32 u(2) + 7”L33) . (7131 . U(l) + ns3g - ’U(2) + 7”L33). The
theorem is a consequence of (35), (36), and (37).

(39) Suppose u € the inside of circle(0,0,1) and v € circle(0,0,1) and for
every element w of £2 such that w € the closed inside of circle(0,0,1)
holds n31 - w(1) + ng2 - w(2) + ngg # 0. Then 0 < (n31 - u(l) + n32 - u(2) +
ns3) - (ns1 - v(1) + n3z - v(2) + ngsg). The theorem is a consequence of (35),
(36), and (37).

(40) Let us consider real numbers [, r, elements u, v, w of £3,, and real numbers
ni1, N2, 113, N21, 122, N23, N31, N32, N33, M1, M2, M3, M4, M5, Mg, M7,
meg, ™My.



KLEIN-BELTRAMI MODEL. PART IV

Suppose m3 # 0 and mg # 0 and mg # 0 and r = (l_l)lm%
and (1 —=10)-mg+1-mg #0and w = (1 —1)-u+1-vand m; =
niy - ’LL(].) + nq9 - u(2) 4+ ni13 and my = noy - U(l) + Nnog - U(2) + n93 and
ms =ngy - u(l) + n3z - w(2) + n3z and my = nqy - v(1) + nyg - v(2) + nys.

Suppose ms = nap-v(1)+na2-v(2)+ngs and me = nz1-v(1)+ns2-v(2)+
ng3 and my = nll.w(1)+n12-w(2)+n13 and mg = ngl-w(1)+n22-w(2)+n23
and mg = ngy - w(l) + nz2 - w(2) + ns3.

Then (1 —r)-[;t, 22, 1] 4[4, 78 1] = [0, ™8 1]. The theorem is
a consequence of (4) and (5).

(41) Let us consider an invertible square matrix N over Rp of dimension
3, an element h of the subgroup of K-isometries, elements ni1, nis, n13,
n91, Nog, Nog, N31, N32, N3z of Rp, and an element P of the BK-model.
Suppose h = the homography of N and N = ({(ni1,ni2,ni3), (na1, nag,

na3), (n31, n32, n3s)). Then (the homography of N)(P) = the direction of
TL11-(BK-tO—REAL2(P))1+n12~(BK-t0-REAL2(P))2+TL13
[TL31~(BK-t0—REAL2(P))1+n32~(BK—t0—REAL2(P))2+n33 ’
TL21~(BK—tO—REALQ(P))l+n22-(BK-tO—REALQ(P))2+7L23 1
n31~(BK—tO—REALQ(P))l+n32~(BK-tO—REAL2(P))2+TL33’ ]

The theorem is a consequence of (33).

(42) Let us consider an element h of the subgroup of K-isometries, an in-
vertible square matrix N over Rg of dimension 3, elements n11, n12, n13,
n91, Moo, N3, N31, N3z, N33 of Rp, and an element us of 5%. Suppose
h = the homography of N and N = ((ni1,n12,n13), (no1, na2, na3), (N3,
ns2, n3s)) and ug € the inside of circle(0,0,1). Then ngy-ug(1)+ns2-u2(2)+
ns3 # 0. The theorem is a consequence of (30).

(43) Let us consider a positive real number r, and an element u of 6’%. If
u € circle(0,0,7), then u is not zero.

(44) Let us consider an element h of the subgroup of K-isometries, an in-
vertible square matrix N over Rp of dimension 3, elements ni1, ni2, n13,
n91, Mo, N3, N31, N3z, N33 of Rp, and an element us of 8%. Suppose
h = the homography of N and N = ((n11,n12,n13), (no1, noa, na3), (n31,
nsa,n33)) and ug € the closed inside of circle(0,0,1). Then ns3; - ug(1) +
n3z - u2(2) +n33 # 0. The theorem is a consequence of (30), (43), and (32).

(45) Let us consider real numbers a, b, ¢, d, e, f, r. Suppose (1 —r) - [a,b,
1 4+7r-[c,d, 1] =[e, f,1]. Then (1 —7) - [a,b] +r - [c,d] = e, f].

(46) Let us consider points P, Q, R, P', @', R’ of BK-model-Plane, elements
p, q, 7, p, ¢, r of the BK-model, an element h of the subgroup of K-
isometries, and an invertible square matrix N over Ry of dimension 3.
Suppose h = the homography of N and @ lies between P and R and
P=pand @ = g and R = r and p’ = (the homography of N)(p) and
¢ = (the homography of N)(q) and " = (the homography of N)(r) and

15
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P'=p and Q' = ¢ and R’ = r'. Then @’ lies between P’ and R'.
Proor: Consider niy, Ni2, N13, N21, N2, N23, N31, N32, N33 being ele-
ments of RF such that NV = <<n11, nio, n13>, <n21, no22, 7”L23>, <’/L31, n3a, TL33>>.
Consider u being a non zero element of £3 such that the direction of
u = p and u(3) = 1 and BK-to-REAL2(p) = [u(1),u(2)]. Consider v
being a non zero element of £3 such that the direction of v = r and
v(3) = 1 and BK-to-REAL2(r) = [v(1),v(2)]. Consider w being a non
zero element of &3 such that the direction of w = ¢ and w(3) = 1 and
BK-to-REAL2(q) = [w(1),w(2)].

Reconsider my = nqp - u(1) + nio - u(2) + ni3, mg = noy - u(1) + nag -
u(2) +na3, mg = n3i-u(l)+nz2-u(2)+ns3, ma = ni1-v(1)+ni2-v(2)+n13,
ms = ngy - V(1) + nag - v(2) + na3, me = n31 - v(1) + n3a - v(2) + ngz, my =
ni1-w(l)+nig-w(2)+n13, mg = nop-w(1l)+noe-w(2)+nes, mg = nz-w(l)+
n32 - w(2) + ng3 as a real number. BKtoT2(P) = BK-to-REAL2(p) and
BKto’TQ(P) = BK-to-REAL2(p) and BKtoT2(Q) = BK-to-REAL2(q)
and BKtoTQ(Q) BK-to-REAL2(q) and BKtoT2(R) = BK-to-REAL2(r)
and BKtoT2(R) = BK-to- REAL2(r) Consider [ being a real number such
that 0 < I < 1 and BKtoT2(Q) = (1—1)- (BKtoT2(P)) +1- (BKtoT2(R)).

l-
Set 1 = (rptatir (L) - (5 22 - [ ) = (2

ms 11,0 < r < 1. BKtoT2(P') = BK-to-REAL2(p') and BKtoT2(P') =

mg N
BK-to-REAL2(p') and BKtoT2(Q') = BK-to-REAL2(¢') and BKtoT2(Q') =
BK-to-REAL2(q') and BKtoT2(R') = BK-to-REAL2(r") and BKtoT2(R') =
BK-to-REAL2(r"). O

Let P be a point of the projective space over S%. We say that P is point at
oo if and only if

(Def. 4)

there exists a non zero element v of 5% such that P = the direction of
uw and (u)s = 0.

Now we state the proposition:

(47)

Let us consider a point P of the projective space over 8%. Suppose there
exists a non zero element u of £ such that P = the direction of u and
(u)g # 0. Then P is not point at oo.

Note that there exists a point of the projective space over 5% which is point

at oo

at 0o.

and there exists a point of the projective space over 5% which is non point

Let P be a non point at oo point of the projective space over £3. The functor
RP3toREAL2(P) yielding an element of R? is defined by

(Def. 5)

there exists a non zero element u of 5% such that P = the direction of
uwand (u)s =1 and it = [(u)1, (u)2].
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The functor RP3toT2(P) yielding a point of TarskiEuclid2Space is defined
by the term

(Def. 6) RP3toREAL2(P).
Now we state the propositions:

(48) Let us consider non point at oo elements P, Q, R, P', @', R’ of the pro-
jective space over £, an element h of the subgroup of K-isometries, and
an invertible square matrix N over Ry of dimension 3.

Suppose h = the homography of N and P, Q) € the BK-model and R €
the absolute and P’ = (the homography of N)(P) and Q" = (the homogra-
phy of N)(Q) and R’ = (the homography of N)(R) and RP3toT2(Q) lies
between RP3toT2(P) and RP3toT2(R).

Then RP3t0T2(Q’) lies between RP3toT2(P’) and RP3toT2(R’).
Proor: Consider nq1, nis2, n13, n21, No2, Nog, N31, N32, N33 being elements
of RF such that N = <<n11, nig, 7%13), <7”L21, n22, n23>, <7”L31, nsz, n33)>. Con-
sider u being a non zero element of £ such that P = the direction
of u and (u)g = 1 and RP3toREAL2(P) = [(u)1, (u)2]. Consider v be-
ing a non zero element of £3 such that R = the direction of v and
(v)s = 1 and RP3toREAL2(R) = [(v)1, (v)2]. Consider w being a non
zero element of &3 such that @ = the direction of w and (w)s = 1 and
RP3toREAL2(Q) = [(w)1, (w)2].

Reconsider my = ny1-u(1)+ni2-u(2)+nis, ma = noy-u(l)+noe-u(2)+
ng3, M3 = N3 * u(l) “+ nszo - u(2) + n33, Mg = N1 - 1)(1) + N2 - 1)(2) + nis,
ms = na1 - v(1) + nag - v(2) + no3, mg = n31 - v(1) + nz2 - v(2) + nss,
my7 = ni1 - w(l) + nig - w(2) + niz, mg = nar - w(l) + noa - w(2) + nas,
mg = ngy - w(l) + n32 - w(2) + n33 as a real number.

Consider [ being a real number such that 0 <7 <1 and RP3t0T2(Q) =
(1—1)-(RP3toT2(P))+1-(RP3toT2(R)). Set r = (u)lm% (1—r)- [,
m2 )+ [%g,mg 1]:[%;,23 1.0<r<1.0

(49) Let us consider real numbers a, b, ¢, and elements u, v, w of 5%. Suppose
a#0anda+b+c=0anda-u+b-v+c-w= Ogs . Then u € Line(v, w).

(50) Let us consider non point at co points P, @, R of the projective space
over 5%, and non zero elements u, v, w of 8%. Suppose P = the direction
of u and () = the direction of v and R = the direction of w and (u)3 =1
and (v)s = 1 and (w)g = 1. Then P, Q and R are collinear if and only if
u, v and w are collinear. The theorem is a consequence of (49).

(51) Let us consider elements u, v, w of £3. Suppose u € L(v,w). Then [(u)1,
(u)2] € L([(v)1, (v)2]; [(w)1, (w)2])-
(52) Let us consider elements u, v, w of £2. Suppose u € L(v,w). Then [(u)1,

(u)2, 1] € L([(v)1, (v)2, 1], [(w)1, (w)2, 1]).



18 ROLAND COGHETTO

PRrOOF: Consider r being a real number such that 0 < r and r < 1 and
u=(1-=7r)-v+7r-w. Reconsider v’ = [(u)1, (u)2,1], v' = [(v)1, (v)2,1],
w' = [(w)1, (w)2,1] as an element of £3. v/ = (1 —7r) - v +7r-w'. O

(53) Let us consider non point at co points P, @, R of the projective spa-
ce over £. Then P, Q and R are collinear if and only if RP3toT2(P),
RP3toT2(Q) and RP3toT2(R) are collinear. The theorem is a consequen-
ce of (50), (51), and (52).

(54) Let us consider elements u, v, w of £4. Suppose u, v and w are colline-
ar. Then [(u)1, (u)2,1], [(v)1, (v)2,1] and [(w)1, (w)2, 1] are collinear. The
theorem is a consequence of (52).

(55) Let us consider non point at oo elements P, @, P; of the projective
space over 5%. Suppose P, @ € the BK-model and P; € the absolute.
Then RP3toT2(P;) does not lie between RP3toT2((Q) and RP3toT2(P).
The theorem is a consequence of (52) and (27).

The functor Dir001 yielding a non point at co element of the projective space
over 5% is defined by the term

(Def. 7)  the direction of [0, 0, 1].

The functor Dirl01 yielding a non point at co element of the projective space
over £} is defined by the term

(Def. 8) the direction of [1,0, 1].
Now we state the propositions:

(56) Let us consider non point at oo elements P, @ of the projective space over
E3.. Suppose P, Q € the absolute. Then RP3toT2(Dir001) RP3toT2(P) =
RP3toT2(Dir001) RP3toT2(Q).

(57) Let us consider non point at co elements P, @), R of the projective space

over 5%, and non zero elements u, v, w of 5%. Suppose P, @ € the absolute
and P # @ and P = the direction of v and @) = the direction of v and
R = the direction of w and (u)g = 1 and (v)g = 1 and w = [%
(w242 4] Then R € the BK-model.
PRrROOF: Reconsider v = [u(1),u(2)], v' = [v(1),v(2)] as an element of
E2. u' # v'. Reconsider rg = [(w)1, (w)2] as an element of the inside of
circle(0,0,1). Consider R3 being an element of 5% such that R3 = rg and
REAL2-to-BK(rg) = the direction of [(R3)1, (R3)2,1]. O

(58) Let us consider points Ry, Re of TarskiEuclid2Space. Suppose Rl, Ry €
circle(0,0,1) and R; # Ra. Then there exists an element P of BK-model-
Plane such that BKtoT2(P) lies between R; and Rs. The theorem is
a consequence of (47), (57), and (26).

(59) Let us consider non point at co elements P, @ of the projective space

)
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over £3. If RP3toT2(P) = RP3toT2(Q), then P = Q.

(60) Let us consider non point at oo elements R, Ro of the projective space
over £3. Suppose Rj, Rs € the absolute and Ry # Ry. Then there exi-
sts an element P of BK-model-Plane such that BKtoT2(P) lies between
RP3toT2(R;) and RP3toT2(R2). The theorem is a consequence of (59)
and (58).

(61) Let us consider points P, ), R of TarskiEuclid2Space. Suppose @ lies be-
tween P and R and P, R € the inside of circle(0,0,1). Then Q € the inside
of circle(0,0,1).

Let us consider a non point at oo element P of the projective space over 8%.

(62) If P € the absolute, then RP3toREAL2(P) € circle(0,0,1).

(63) If P € the BK-model, then RP3toREAL2(P) € the inside of circle(0,0,1).
The theorem is a consequence of (26).

(64) Let us consider a non point at oo point P of the projective space over £3,,
and an element @ of the BK-model. If P = @, then RP3toREAL2(P) =
BK-to-REAL2(Q). The theorem is a consequence of (26).

(65) Let us consider non point at oo elements P, @, Ry, Ry of the projecti-
ve space over 5%. Suppose P # @ and P € the BK-model and R;, Ro €
the absolute and RP3toT2(Q) lies between RP3toT2(P) and RP3toT2(R;)
and RP3toT2(Q) lies between RP3toT2(P) and RP3toT2(Rz). Then R; =
Ry. The theorem is a consequence of (60), (59), (62), (64), (8), and (61).

(66) Let us consider non point at co elements P, @), Py, P» of the projective
space over 6’%. Suppose P # @ and P, Q € the BK-model and Py, P, €
the absolute and P; # P, and P, () and P; are collinear and P, () and P
are collinear. Then

(i) RP3toT2(P) lies between RP3toT2(Q) and RP3toT2(F;), or
(ii) RP3toT2(P) lies between RP3toT2((Q) and RP3toT2().
The theorem is a consequence of (55), (53), and (65).

Let us consider elements P, @) of the BK-model. Now we state the proposi-
tions:

(67) Suppose P # @Q. Then there exists an element R of the absolute such
that for every non point at co elements p, ¢, r of the projective space over
&3 such that p= P and ¢ = Q and 7 = R holds RP3toT2(p) lies between
RP3toT2(¢q) and RP3toT2(r). The theorem is a consequence of (47) and

(66).
(68) Suppose P # @. Then there exists an element R of the absolute such
that for every non point at co elements p, ¢, r of the projective space over
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&3 such that p = P and ¢ = Q and r = R holds RP3toT2(q) lies between
RP3toT2(p) and RP3toT2(r). The theorem is a consequence of (67).

(69) The direction of [1,0,1] is an element of the absolute.

(70) Let us consider points a, b of BK-model-Plane. Then @a = bb. The
theorem is a consequence of (69).

(71) Every element of the BK-model is a non point at co element of the pro-
jective space over £3.. The theorem is a consequence of (47).

(72) Every element of the absolute is a non point at co element of the pro-
jective space over £3. The theorem is a consequence of (47).

(73) Let us consider an element P of the BK-model, and a non point at oo ele-
ment P’ of the projective space over £.. If P = P/, then RP3toREAL2(P') =
BK-to-REAL2(P). The theorem is a consequence of (26).

(74) Let us consider points a, ¢, b, ¢ of BK-model-Plane. Then there exists
a point z of BK-model-Plane such that
(i) a lies between ¢ and x, and
(ii) @z = be.
The theorem is a consequence of (71), (68), (72), (12), (70), (48), and (73).

(75) Let us consider points P, @ of BK-model-Plane.
If BKtoT2(P) = BKtoT2(Q), then P = Q.

(76) Let us consider real numbers a, b, r, and elements P, @, R of 5%. Sup-
pose P, R € the inside of circle(a,b,r). Then L(P,R) C the inside of
circle(a,b,r).

2. THE AXIOM OF SEGMENT CONSTRUCTION

Now we state the proposition:

(77) BK-model-Plane satisfies the axiom of segment construction.

3. THE AXIOM OF BETWEENNESS IDENTITY

Now we state the proposition:

(78) BK-model-Plane satisfies the axiom of betweenness identity. The the-
orem is a consequence of (12) and (75).
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4. THE AXIOoM OF PASCH

Now we state the proposition:

(79) BK-model-Plane satisfies the axiom of Pasch. The theorem is a conse-

2]
8]

(10]

(11]

quence of (12), (8), (25), and (10).
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Summary. This article contains many auxiliary theorems which were mis-
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0. INTRODUCTION

A generalized approach to graph theory as it was done in [3, 5] in contrast
to [9], [4] is rather uncommon. To avoid duplication of the same theorems in
different formalization frameworks in the Mizar Mathematical Library [I], a
generalized approach to formalization is preferable (cf. [§], [6]). However, due
to the sheer amount of “obvious facts” such an approach brings with it, it is
only natural some of them not immediately needed slip the initial formalization
process. This article aims to fill some of the gaps that emerged. Thereby, in
most cases, preliminaries needed in [7] are provided.

Many theorems in this article regard the change of incident edge sets and
degrees of a vertex when going from one graph to a related one (e.g. when
reversing edge directions or adding an edge).
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1. PRELIMINARIES NOT DIRECTLY RELATED TO GRAPHS

Let us consider sets X, Y, Z. Now we state the propositions:
(1) fZCX,then XUY\Z=XUY.
(2) X NZ misses Y\ Z.
(3) Let us consider objects x, y. Then {z,y} \ {the element of {z,y}} = 0 if
and only if z = y.
Let us consider objects a, b, x, y. Now we state the propositions:

(4) Suppose a # b and = = the element of {a,b} and y = the element of
{a,b} \ {the element of {a,b}}. Then

(i) x=aand y =0, or
(ii) =band y = a.
(5) {a,b} ={z,y} if and only if x =a and y =bor z = b and y = a.

(6) Let us consider a set X, and a non empty set Y. Then X C Y if and
only if X is a proper subset of Y.

Let X be a non empty set. One can check that idx is non irreflexive and
X x X is non irreflexive and non asymmetric and there exists a binary relation
on X which is non irreflexive and non asymmetric and there exists a binary
relation on X which is symmetric, irreflexive, and non total and there exists
a binary relation on X which is symmetric, non irreflexive, and non empty.
Let X be anon trivial set. Observe that id x is non connected and there exists
a binary relation on X which is symmetric and non connected and X x X
is non antisymmetric and there exists a binary relation on X which is non
antisymmetric.
Now we state the propositions:
(7) Let us consider binary relations R, S, and a set X. Then (RUS)°X =
R°X US°X.
(8) Let us consider binary relations R, S, and a set Y. Then (RUS)~}(Y) =
RYY)uS~L(Y).
(9) Let us consider a binary relation R, and sets X, Y. Then (Y1R)[X =
(Y1R) N (R[X).
(10) Let us consider a symmetric binary relation R, and an object x. Then
R°z = Coim(R, ).
(11) Let us consider a set X, and a binary relation R on X. Then R is
irreflexive if and only if idx misses R.

(12) Let us consider objects x, y. Then ({{x, y)} qua binary relation)~ = {(y,
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(13) Let us consider a set X, objects x, y, and a symmetric binary relation
Ron X.If (z, y) € R, then (y, z) € R.
Let a, b be cardinal numbers. Note that aNb is cardinal and aUb is cardinal.
Let X be a C-linear set. One can check that <x is connected and (X, C) is
connected.
Now we state the propositions:
(14) Let us consider a non empty set X. Suppose for every set a such that

a € X holds a is a cardinal number. Then there exists a cardinal number
A such that

(i) Ae X, and
(i) A=NX.

PROOF: Define Pordinal number] = $; € X and $; is a cardinal num-
ber. There exists an ordinal number A such that P[A]. Consider A being
an ordinal number such that P[A] and for every ordinal number B such
that P[B] holds A C B.
(15) Let us consider a set X. Suppose for every set a such that a € X holds
a is a cardinal number. Then ()X is a cardinal number. The theorem is
a consequence of (14).
Let f be a cardinal yielding function and x be an object. Note that f(x) is
cardinal.
Let X be a functional set. Note that [ X is function-like and relation-like.
Now we state the propositions:
(16) Let us consider a set X. Then 4 C X if and only if there exist objects
w, x, Y, z such that w, x, y, z € X and w # x and w # y and w # z and
r#yand r #zand y # 2.

PRrOOF: If 4 C X, then there exist objects w, x, y, z such that w, x, vy,
z€ X and w+# x and w # y and w # z and x # y and x # z and y # z.
O

(17) Let us consider a set X. Suppose 4 C X. Let us consider objects w, x,
y. Then there exists an object z such that

(i) z € X, and
(ii) w # z, and
(iii) = # z, and
(iv) y # 2.
The theorem is a consequence of (16).
(18) Let us consider a set X. Then Sx misses 2Set X.

25
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(19) Let us consider sets X, Y. Suppose X = Y. Then 2Set X = 2SetY .
PRroOOF: Consider g being a function such that g is one-to-one and dom g =
X and rngg = Y. Define K(set) = the element of $;. Define L(set) =
the element of $1\ {/C($1)}. Define F(object) = {g(K($1(€ 2%))), g(L($1(€
2%)))}. Consider f being a function such that dom f = 2Set X and for
every object x such that x € 2Set X holds f(z) = F(x). O

(20) Let us consider a finite set X. Then 2Set X = (?) The theorem is

a consequence of (19).

2. InTo GLIB_000

Now we state the propositions:

(21) Let us consider a graph G, a vertex v of G, and objects e, w. If v is
isolated, then e does not join v and w in G.

(22) Let us consider a graph G, a vertex v of GG, and objects e, w. Suppose v
is isolated. Then
(i) e does not join v to w in G, and

(ii) e does not join w to v in G.

The theorem is a consequence of (21).

(23) Let us consider a graph G, and a vertex v of G. Then v is isolated if and
only if v ¢ rng(the source of G) U rng(the target of G). The theorem is
a consequence of (22).

(24) Let us consider a graph G, a vertex v of G, and an object e. If v is
endvertex, then e does not join v and v in G.

(25) Let us consider a graph G, and a vertex v of G. Then
(i) v.edgesIn() = (the target of G)~({v}), and
(ii) v.edgesOut() = (the source of G)~1({v}).

Let us consider a trivial graph G and a vertex v of G. Now we state the
propositions:
(26) (i) v.edgesIn() = the edges of G, and
(ii) v.edgesOut() = the edges of G, and
(iii) v.edgesInOut() = the edges of G.

i) v.inDegree() = G'.size(), and

)
)
27 (
)

(ii) v.outDegree() = G.size(), and
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(iii) v.degree() = G.size() + G.size().
The theorem is a consequence of (26).

(28) Let us consider a graph G, and sets X, Y. Then G.edgesBetween(X,Y) =
G.edgesDBetween(X,Y) U G.edgesDBetween(Y, X).

(29) Let us consider a graph G, and a vertex v of G. Then v.edgesInOut() =
G.edgesBetween(the vertices of G, {v}). The theorem is a consequence of
(28).

Let us consider a graph G and sets X, Y. Now we state the propositions:

(30) G.edgesDBetween(X,Y) = G.edgesOutOf(X) N G.edgesInto(Y').

(31) G.edgesDBetween(X,Y) C G.edgesBetween(X,Y).

Let us consider a graph G and a vertex v of G. Now we state the propositions:

(32) If for every object e, e does not join v and v in G, then v.edgesInOut() =
v.degree().
PROOF: v.edgesIn() Nv.edgesOut() = (. O

(33) w is isolated if and only if v.edgesIn() = () and v.edgesOut() = 0.

(34) w is isolated if and only if v.inDegree() = 0 and v.outDegree() = 0. The
theorem is a consequence of (33).

(35) w is isolated if and only if v.degree() = 0. The theorem is a consequence
of (34).

Let us consider a graph G and a set X. Now we state the propositions:
(36) G.edgesInto(X) = [J{v.edgesIn(), where v is a vertex of G : v € X }.
(37) G.edgesOutOf(X) = J{v.edgesOut(), where v is a vertex of G : v €

X}
(38) G.edgesInOut(X) = J{v.edgesInOut(), where v is a vertex of G : v €
X}.
Let us consider a graph GG and sets X, Y. Now we state the propositions:

(39) G.edgesDBetween(X,Y) = J{v.edgesOut()Nw.edgesIn(), where v, w are
vertices of G :v € X and w € Y'}.

(40) G.edgesBetween(X,Y) C [J{v.edgesInOut() N w.edgesInOut(), where
v,w are vertices of G: v € X and w € Y}.

(41) Suppose X misses Y. Then G.edgesBetween(X,Y") = [J{v.edgesInOut()N
w.edgesInOut(), where v, w are vertices of G : v € X and w € Y}. The
theorem is a consequence of (40).

(42) Let us consider a graph G, a set E, a subgraph G of G with edges E
removed, a vertex vy of G, and a vertex vy of Go. Suppose v1 = v9. Then

(i) va.edgesIn() = vy.edgesIn() \ F, and
(ii) wvy.edgesOut() = vi.edgesOut() \ E, and
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(iii) vo.edgesInOut() = vy.edgesInOut() \ E.

(43) Let us consider graphs G, G, and a set V. Then G; is a subgraph of
(G1 with vertices V' removed if and only if G5 is a subgraph of G; with
vertices V' N (the vertices of G1) removed.

(44) Let us consider a graph Gi, a set V, a subgraph G2 of G; with ver-
tices V' removed, a vertex v; of (G1, and a vertex vg of (G3. Suppose

V' C the vertices of G; and vy = vy. Then
(i) ve.edgesIn() = v;.edgesIn() \ (G1.edgesOutOf(V)), and
(ii) wvy.edgesOut() = vy.edgesOut() \ (G1.edgesInto(V)), and
(iii) ve.edgesInOut() = vy.edgesInOut() \ (G;.edgesInOut(V)).
PROOF: v1.edgesOut()NG1.edgesOutOf (V') = . v;1.edgesIn()NG;.edgesInto

(V)y=0.0
(45) Let us consider a non trivial graph G1, a vertex v of GG1, a subgraph Go
of GG1 with vertex v removed, a vertex v; of G, and a vertex vy of Gs.

Suppose v1 = vy. Then

(i) wvo.edgesIn() = vy.edgesIn() \ (v.edgesOut()), and

(ii) ve.edgesOut() = vy.edgesOut() \ (v.edgesIn()), and
(iii) vo.edgesInOut() = vy.edgesInOut() \ (v.edgesInOut()).

The theorem is a consequence of (44).

3. InTo GLIB_002

Now we state the proposition:
(46) Let us consider a graph G, a component C of G, a vertex v; of G, and

a vertex vy of C. Suppose v1 = v9. Then
(i) vy.edgesIn() = vg.edgesIn(), and
(ii) wvy.inDegree() = vo.inDegree(), and
(iii) v1.edgesOut() = va.edgesOut(), and
(iv) vi.outDegree() = vp.outDegree(), and
(v) vi.edgesInOut() = vy.edgesInOut(), and
)

(vi) vi.degree() = vo.degree().
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4. InTOo GLIB_006

Now we state the propositions:

(47) Let us consider a graph Ga, a set V', a supergraph G; of Gy extended
by the vertices from V', a vertex v; of G1, and a vertex vy of Go. Suppose
v1 = v9. Then

(i) vy.edgesIn() = vg.edgesIn(), and

(ii) wvy.inDegree() = vq.inDegree(), and

)

(iii) vy.edgesOut() = vy.edgesOut(), and
(iv) wvi.outDegree() = ve.outDegree(), and
(v) v1.edgesInOut() = vy.edgesInOut(), and
(vi) vy.degree() = vo.degree().

(48) Let us consider a graph Gg, objects v, w, e, a supergraph G of Go
extended by e between vertices v and w, a vertex v; of G, and a vertex
v9 of Gi9. Suppose v1 = v9 and ve # v and v9 # w. Then

(i) vy.edgesln() = vg.edgesIn(), and
(ii) v1.inDegree() = vo.inDegree(), and
(iii) v1.edgesOut() = vy.edgesOut(), and
(iv) vi.outDegree() = vo.outDegree(), and
v)
(vi) vi.degree() = vo.degree().

v1.edgesInOut() = v2.edgesInOut(), and

(49) Let us consider a graph Ga, vertices v, w of G2, an object e, a supergraph
G1 of GG9 extended by e between vertices v and w, and a vertex vy of G.
Suppose e ¢ the edges of G2 and v; = v and v # w. Then

(i) v1.edgesIn() = v.edgesIn(), and
) vi.inDegree() = v.inDegree(), and
(iii) v1.edgesOut() = v.edgesOut() U {e}, and
) vi.outDegree() = v.outDegree() + 1, and
) v1.edgesInOut() = v.edgesInOut() U {e}, and
(vi) vy.degree() = v.degree() + 1.

(50) Let us consider a graph G, vertices v, w of G2, an object e, a supergraph
G1 of G2 extended by e between vertices v and w, and a vertex wy of Gy.
Suppose e ¢ the edges of G and w; = w and v # w. Then

(i) wy.edgesIn() = w.edgesIn() U {e}, and
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wy.inDegree() = w.inDegree() + 1, and

wi.edgesOut() = w.edgesOut(), and

wy.outDegree() = w.outDegree(), and

wi.edgesInOut() = w.edgesInOut() U {e}, and
(vi) wi.degree() = w.degree() + 1.

(51) Let us consider a graph Ga, a vertex v of Go, an object e, a supergraph
G of G2 extended by e between vertices v and v, and a vertex v; of Gy.
Suppose e ¢ the edges of G and v; = v. Then

(i) vi.edgesIn() = v.edgesIn() U {e}, and
vi.inDegree() = v.inDegree() 4 1, and
v1.edgesOut() = v.edgesOut() U {e}, and

)
)
(iv) wvi.outDegree() = v.outDegree() + 1, and
) v1.edgesInOut() = v.edgesInOut() U {e}, and
)

vi.degree() = v.degree() + 2.

5. INTO GLIB_007

Now we state the propositions:

(52) Let us consider a graph Gs, a set E, a graph G4 given by reversing
directions of the edges F of (i3, a supergraph G of G35, and a graph Ga
given by reversing directions of the edges E of G1. Suppose E C the edges
of G3. Then G5 is a supergraph of Gy.

(53) Let us consider a graph G2, and an object v. Then every supergraph of
G extended by v is a supergraph of Go extended by vertex v and edges
between v and () of Gs.

(54) Let us consider a graph Gi, a set E, a graph G2 given by reversing
directions of the edges E of G, a vertex v; of GG1, and a vertex vy of Gs.
Suppose v; = v9 and F C the edges of G;. Then

(i) wva.edgesIn() = vy.edgesIn() \ E U v;j.edgesOut() N E, and
(ii) ve.edgesOut() = vy.edgesOut() \ F U v;.edgesIn() N E.

(55) Let us consider a graph G, a graph Ga given by reversing directions of
the edges of G1, a vertex v1 of G1, and a vertex ve of G5. Suppose v = vs.
Then

(i) va.edgesIn() = vy.edgesOut(), and

(ii) ve.inDegree() = v;.outDegree(), and
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(iii) wvg.edgesOut() = v;.edgesIn(), and
(iv) wva.outDegree() = v1.inDegree().
(56) Let us consider a graph Gy, a set E, a graph G2 given by reversing

directions of the edges E of G1, a vertex v; of GG1, and a vertex vy of Gs.
Suppose v1 = vy. Then

(i) va.edgesInOut() = v;.edgesInOut(), and

(ii) wvy.degree() = v;.degree().
The theorem is a consequence of (54) and (2).

(57) Let us consider a graph Go, an object v, a set V, a supergraph G of

G2 extended by vertex v and edges between v and V' of Gs, and a vertex
w of G1. Suppose V' C the vertices of G and v ¢ the vertices of Gy and
v = w. Then

(i) w.allNeighbors() =V, and

(i) w.degree() = V.
The theorem is a consequence of (29), (32), and (35).

(58) Let us consider a graph Gg, an object v, a set V', a supergraph G of Go
extended by vertex v and edges between v and V of G3, a vertex v1 of Gy,
and a vertex vg of Ga. Suppose v1 = v9 and ve ¢ V. Then

(i) vy.edgesIn() = vg.edgesIn(), and

(ii) v1.inDegree() = vo.inDegree(), and

)

(iii) v1.edgesOut() = vy.edgesOut(), and

(iv) vi.outDegree() = vo.outDegree(), and
(v) vi.edgesInOut() = vy.edgesInOut(), and
(vi) vy.degree() = vo.degree().

(59) Let us consider a graph G2, an object v, a subset V' of the vertices of Go,
a supergraph G of G2 extended by vertex v and edges between v and V'
of Ga, a vertex v of G, and a vertex vy of G. Suppose v ¢ the vertices
of G9 and v1 = vy and vy € V. Then

(i) v;.allNeighbors() = vy.allNeighbors() U {v}, and
(ii) vy.degree() = vo.degree() + 1.

(60) Let us consider a graph Gg, an object v, a set V', a supergraph G of Go
extended by vertex v and edges between v and V of G5, a vertex v; of Gy,
and a vertex vy of Go. Suppose v1 = vy. Then

(i) vy.degree() C vy.degree() 4+ 1, and
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(ii) v1.inDegree() C vo.inDegree() + 1, and
(iii) vy.outDegree() C vg.outDegree() + 1.

The theorem is a consequence of (58).

6. INTo GLIB_008

Now we state the propositions:

(61) Let us consider a graph G. Then G is edgeless if and only if for every
vertices v, w of G, v and w are not adjacent.

(62) Let us consider a loopless graph G. Then G is edgeless if and only if for
every vertices v, w of G such that v # w holds v and w are not adjacent.
The theorem is a consequence of (61).

7. INTO GLIB_009

Now we state the propositions:

(63) Let us consider a graph G. Then G.loops() = dom((the source of G) N
(the target of G)).

(64) Let us consider graphs G1, G2, and a set E. Then G is a graph given
by reversing directions of the edges F of G if and only if G5 is a graph
given by reversing directions of the edges E \ (G1.loops()) of G;.

(65) Let us consider a graph G, a subgraph G2 of G; with loops removed,
a vertex v1 of GG1, and a vertex vy of GGo. Suppose v1 = vo. Then

(i) wvg.inNeighbors() = vy.inNeighbors() \ {v1}, and
(ii) ve.outNeighbors() = vi.outNeighbors() \ {v1}, and
(iii) wg.allNeighbors() = v;.allNeighbors() \ {v1}.

(66) Let us consider a graph Gi, a subgraph G of G with parallel edges
removed, a vertex v; of (G, and a vertex ve of Go. If v1 = wo, then
vg.allNeighbors() = v;.allNeighbors().

(67) Let us consider a graph G, a subgraph G2 of G with directed-parallel
edges removed, a vertex v; of G, and a vertex ve of Go. Suppose vy = vs.
Then

(i) ve2.inNeighbors() = v;.inNeighbors(), and
(ii) wa.outNeighbors() = vy.outNeighbors(), and
(iii) wy.allNeighbors() = v;.allNeighbors().



MISCELLANEOUS GRAPH PRELIMINARIES 33

(68) Let us consider a graph G, a simple graph G2 of Gy, a vertex vy of
G1, and a vertex ve of Ga. Suppose v; = v2. Then wvy.allNeighbors() =
vi.allNeighbors() \ {v1}. The theorem is a consequence of (65) and (66).

(69) Let us consider a graph G, a directed-simple graph G of Gy, a vertex
v1 of GG1, and a vertex vy of Go. Suppose v1 = vo. Then

(i) va.inNeighbors() = v;.inNeighbors() \ {v1}, and
(ii) wg.outNeighbors() = vj.outNeighbors() \ {v;}, and
(iii) wg.allNeighbors() = v;.allNeighbors() \ {v;1}.

The theorem is a consequence of (65) and (67).

Let G be a non loopless graph. One can verify that every subgraph of G with
parallel edges removed is non loopless and every subgraph of G with directed-
parallel edges removed is non loopless.

Let G be a non edgeless graph. Note that every subgraph of G with parallel
edges removed is non edgeless and every subgraph of G with directed-parallel
edges removed is non edgeless.

Now we state the propositions:

(70) Let us consider a graph G, and a representative selection of the parallel
edges E of G. Then E = Classes EdgeParEqRel(G).

PROOF: Define F(object) = [$1]gggeparbqrei(c)- Consider f being a func-
tion such that dom f = E and for every object x such that x € F holds
f(z) = F(x). O

(71) Let us consider a graph G, and a representative selection of the directed-
parallel edges F of G. Then E = Classes DEdgeParEqRel(G).

PROOF: Define F(object) = [$1]ppagepariqrel(c)- Consider f being a func-
tion such that dom f = E and for every object x such that x € F holds
flz) = F(z). O

(72) Let us consider a graph G, a set X, a subset E of the edges of G, and

a graph H given by reversing directions of the edges X of G. Then E

is a representative selection of the parallel edges of G if and only if F is
a representative selection of the parallel edges of H.

(73) Let us consider a graph G, a non empty subset V' of the vertices of G,
a subgraph H of GG induced by V, and a representative selection of the
parallel edges F of G. Then E N G.edgesBetween(V') is a representative
selection of the parallel edges of H.

(74) Let us consider a graph G, a non empty subset V' of the vertices of G,
a subgraph H of G induced by V, and a representative selection of the
directed-parallel edges E of G. Then E N G.edgesBetween(V') is a repre-
sentative selection of the directed-parallel edges of H.
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Let us consider a graph G, a set V', a supergraph H of G extended by the
vertices from V', and a subset E of the edges of G. Now we state the propositions:
(75) FE is a representative selection of the parallel edges of G if and only if E
is a representative selection of the parallel edges of H.
(76) FE is a representative selection of the directed-parallel edges of G if and
only if E is a representative selection of the directed-parallel edges of H.
Note that there exists a graph which is non non-multi and non-directed-
multi.
Let G be a graph-yielding function. We say that G is plain if and only if
(Def. 1) for every object = such that z € dom G there exists a graph G such
that Gp(x) = G and G is plain.
Let G be a plain graph. Note that (G) is plain and N — G is plain.
Let G be a non empty, graph-yielding function. One can check that G is
plain if and only if the condition (Def. 2) is satisfied.
(Def. 2) for every element x of dom G, Gp(x) is plain.

Let Ggq4 be a graph sequence. Note that Gg, is plain if and only if the
condition (Def. 3) is satisfied.

(Def. 3) for every natural number n, Ggq4(n) is plain.

Observe that every graph-yielding function which is empty is also plain and
there exists a graph sequence which is plain and there exists a graph-yielding
finite sequence which is non empty and plain.

Let G'r be a plain, non empty, graph-yielding function and = be an element
of dom G'r. Let us observe that Gp(x) is plain. Let G g, be a plain graph sequence
and z be a natural number. Let us observe that Gg,(z) is plain. Let p be a plain,
graph-yielding finite sequence and n be a natural number. One can check that
pln is plain and p), is plain. Let m be a natural number.

Observe that smid(p, m,n) is plain and (p(m),...,p(n)) is plain. Let p, g
be plain, graph-yielding finite sequences. One can check that p ™ ¢ is plain and
p ~ ¢ is plain. Let G1, G2 be plain graphs. Let us observe that (G, G2) is
plain. Let G3 be a plain graph. One can verify that (G1, G2, G3) is plain.

8. InTOo GLIB_010

Let us consider graphs GG1, G5. Now we state the propositions:
(77) If G = Ga, then there exists a partial graph mapping F' from G; to G
such that F' =idg, and F' is directed-isomorphism.
(78) If G1 = Gg, then Gy is G;-directed-isomorphic. The theorem is a conse-
quence of (77).
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(79) Let us consider a graph G1, a set E, and a graph G2 given by reversing
directions of the edges E of G'1. Then there exists a partial graph mapping
F from G7 to G9 such that
(i) F =idg,, and
(ii) F is isomorphism.
(80) Let us consider a graph Gy, and a set E. Then every graph given by

reversing directions of the edges E of (G1 is Gi-isomorphic. The theorem
is a consequence of (79).

(81) Let us consider graphs G1, G, and a partial graph mapping F' from G;
to G9. Suppose F is directed-continuous and isomorphism. Then
(i) Gi is non-directed-multi iff G is non-directed-multi, and
(ii) G; is directed-simple iff Go is directed-simple.
Let us consider graphs G1, Ga, a partial graph mapping F' from G; to Ga,
and a vertex v of G;. Now we state the propositions:

(82) If v € dom(Fy), then (Fg)°(v.edgesinOut()) C (Fy),,-edgesInOut().
(83) Suppose F is directed and v € dom(Fy). Then

(i) (Fk)°(v.edgesn()) C (Fy)/,-edgesIn(), and

(ii) (Fi)°(v.edgesOut()) C (Fy) ,-edgesOut().
(84) Suppose F' is onto and semi-continuous and v € dom(Fy).

Then (F)°(v.edgesInOut()) = (FYy) ,,-edgesInOut(). The theorem is a con-
sequence of (82).

(85) Suppose F' is onto and semi-directed-continuous and v € dom(Fy). Then
(i) (Fk)°(v.edgesIn()) = (Fy),-edgesIn(), and
(ii) (Fr)°(v.edgesOut()) = (Fy) ,-edgesOut().
The theorem is a consequence of (83).
(86) If F'is isomorphism, then (Ff)°(v.edgesInOut()) = (Fy) /,.edgesInOut ().
The theorem is a consequence of (84).
(87) Suppose F' is directed-isomorphism. Then
(i) (Fk)°(v.edgesIn()) = (Fy),-edgesIn(), and
(ii) (Fr)°(v.edgesOut()) = (Fy) ,-edgesOut().
The theorem is a consequence of (85).

Let G1 be a graph and G5 be an edgeless graph. Note that every partial
graph mapping from G; to G is directed.

Let us consider graphs G, G and a partial graph mapping Fj from G7 to
G5. Now we state the propositions:
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(88) Suppose Fyp is one-to-one. Then there exists a subset E of the edges of
G5 such that for every graph G3 given by reversing directions of the edges
FE of GQ.
There exists a partial graph mapping F' from (G to G3 such that
F = Fy and F is directed and if Fy is not empty, then F' is not empty
and if Fy is total, then F' is total and if F{y is one-to-one, then F' is one-
to-one and if Fy is onto, then F' is onto and if Fy is semi-continuous, then
F' is semi-continuous and if Fy is continuous, then F' is continuous. The
theorem is a consequence of (79).
(89) Suppose Fyg is one-to-one. Then there exists a subset E of the edges of
(G5 such that for every graph G3 given by reversing directions of the edges
FE of GQ.
There exists a partial graph mapping F' from G to G3 such that
F = Fy and F is directed and if Fy is weak subgraph embedding, then
F' is weak subgraph embedding and if F{ is strong subgraph embedding,
then F' is strong subgraph embedding and if Fj is isomorphism, then F is
isomorphism. The theorem is a consequence of (88).
Let us consider graphs G, Ga, a partial graph mapping F' from G; to Go,
and a vertex v of G;. Now we state the propositions:

(90) Suppose F' is directed and weak subgraph embedding. Then
(i) v.inDegree() C (FYy) ,-inDegree(), and
(ii) v.outDegree() C (Fy)/,.outDegree().
The theorem is a consequence of (83).

(91) If F is weak subgraph embedding, then v.degree() C (Fy),,.degree().
The theorem is a consequence of (89) and (56).

(92) Suppose F is onto and semi-directed-continuous and v € dom(Fy). Then
(i) (Fy),y-inDegree() C v.inDegree(), and
(ii) (Fy)/p-outDegree() C v.outDegree().

The theorem is a consequence of (85).
(93) If F is onto and semi-directed-continuous and v € dom(Fy),
then (FYy),,.degree() C v.degree(). The theorem is a consequence of (92).
(94) If F'is directed-isomorphism, then v.inDegree() = (Fy) /,.inDegree() and
v.outDegree() = (Fy) ,.outDegree(). The theorem is a consequence of (92)
and (90).
(95) If F' is isomorphism, then v.degree() = (Fy) ,.degree(). The theorem is
a consequence of (89), (94), and (56).
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9. INTo CHORD

Now we state the proposition:

(96) Let us consider a graph G, and vertices u, v, w of G. Suppose v is
endvertex and v # w. Then

(i) u and v are not adjacent, or
(ii) v and w are not adjacent.

PROOF: Consider e being an object such that v.edgesInOut() = {e} and
e does not join v and v in G. Consider v being a vertex of G such that e
joins v and v’ in G. Consider eg being an object such that eg joins v and
u in G. There exists no object €’ such that €’ joins v and w in G. O

Let us consider a graph G and a vertex v of G. Now we state the propositions:

(97) Suppose 3 C G.order() and v is endvertex. Then there exist vertices u,
w of G such that

(i) u # v, and
(ii) w # v, and
(iii) u # w, and
(iv) w and v are adjacent, and
(v) v and w are not adjacent.

The theorem is a consequence of (96).

(98) Suppose 4 C G.order() and v is endvertex. Then there exist vertices x,
y, z of G such that

(i) v # z, and
(ii) v # y, and
(iii) v # z, and
(iv) z #y, and
(v) = # z, and
(vi) y # 2z, and
(vii) v and z are adjacent, and
(viii) v and y are not adjacent, and

(ix) v and z are not adjacent.

The theorem is a consequence of (97), (17), and (96).

Let G be a graph-yielding function. We say that G g is chordal if and only
if
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(Def. 4) for every object x such that x € dom G there exists a graph G such
that Gp(z) = G and G is chordal.
Let G be a chordal graph. Let us note that (G) is chordal and N — G is
chordal.
Let G be a non empty, graph-yielding function. Note that G g is chordal if
and only if the condition (Def. 5) is satisfied.

(Def. 5) for every element x of dom G, Gp(x) is chordal.

Let G g4 be a graph sequence. Let us note that Gg, is chordal if and only if
the condition (Def. 6) is satisfied.

(Def. 6) for every natural number n, Gg4(n) is chordal.

Let us observe that every graph-yielding function which is empty is also
chordal and there exists a graph sequence which is chordal and there exists
a graph-yielding finite sequence which is non empty and chordal.

Let Gr be a chordal, non empty, graph-yielding function and x be an ele-
ment of dom G'r. One can verify that Gp(z) is chordal. Let Gg, be a chordal
graph sequence and = be a natural number. One can verify that Gg,(z) is chor-
dal.

Let p be a chordal, graph-yielding finite sequence and n be a natural number.
Note that p[n is chordal and p), is chordal. Let m be a natural number. Let us
observe that smid(p, m,n) is chordal and (p(m),...,p(n)) is chordal.

Let p, ¢ be chordal, graph-yielding finite sequences. Note that p~¢q is chordal
and p ~ ¢ is chordal.

Let G1, G2 be chordal graphs. One can verify that (G, Gs) is chordal. Let
G3 be a chordal graph. One can check that (G1, G2, G3) is chordal.

10. InTO GLIB_011

Now we state the propositions:

(99) Let us consider non-directed-multi graphs Gp, Ga, a directed partial
vertex mapping f from G to Go, and a vertex v of G1. Suppose f is
directed-isomorphism. Then

(i) v.inDegree() = f/,.inDegree(), and
(ii) v.outDegree() = f/,.outDegree().
The theorem is a consequence of (94).

(100) Let us consider non-multi graphs G1, G2, a partial vertex mapping f from
G1 to Go, and a vertex v of Gy. If f is isomorphism, then v.degree() =
f/v-degree(). The theorem is a consequence of (95).



(1]

MISCELLANEOUS GRAPH PRELIMINARIES

REFERENCES

Grzegorz Bancerek, Czestaw Byliniski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pak, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261-279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi:10.1007/978-3-319-20615-8_17.

Grzegorz Bancerek, Czestaw Byliniski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. [The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

John Adrian Bondy and U. S. R. Murty. Graph Theory. Graduate Texts in Mathematics,
244. Springer, New York, 2008. ISBN 978-1-84628-969-9.

Pavol Hell and Jaroslav Nesetril. Graphs and homomorphisms. Oxford Lecture Series
in Mathematics and Its Applications; 28. Oxford University Press, Oxford, 2004. ISBN
0-19-852817-5.

Ulrich Knauer. Algebraic graph theory: morphisms, monoids and matrices, volume 41 of
De Gruyter Studies in Mathematics. Walter de Gruyter, 2011.

Sebastian Koch. About graph mappings. Formalized Mathematics, 27(3):261-301, 2019.
doi;10.2478 /forma-2019-0024.

Sebastian Koch. About graph complements. Formalized Mathematics, 28(1):41-63, 2020.
doij10.2478 /forma-2020-0004.

Gilbert Lee and Piotr Rudnicki. Alternative graph structures. Formalized Mathematics,
13(2):235-252, 2005.

Robin James Wilson. Introduction to Graph Theory. Oliver & Boyd, Edinburgh, 1972.
ISBN 0-05-002534-1.

Accepted December 30, 2019

39


http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.2478/forma-2019-0024
http://dx.doi.org/10.2478/forma-2020-0004
http://fm.mizar.org/2005-13/pdf13-2/glib_000.pdf

40

SEBASTIAN KOCH



FORMALIZED MATHEMATICS DE .
Vol. 28, No. 1. Pages 41 03, 2020 i $ sciendo
T
DOI: 10.2478/forma-2020-0004 @ https://www.sciendo.com/

About Graph Complements

Sebastian Koch
Johannes Gutenberg University
Mainz, German

Summary. This article formalizes different variants of the complement
graph in the Mizar system [3], based on the formalization of graphs in [6].

MSC: 05C76 168V20
Keywords: graph complement; loop

MML identifier: GLIB_012, version: 8.1.09 5.60.1371

0. INTRODUCTION

In the first section of this article, the property of a graph to be reflexive is
rigorously introduced. But since the irreflexive attribute was called loopless in
[6], loopfull was chosen this time.

The following section introduces a mode to add loops to a subset of the
vertices of a graph. It is shown that for a finite subset this operation can be
done by adding a loop at a time (cf. [5]). It is also shown that adding loops
can preserve isomorphism between graphs, if the subset of vertices of the second
graph the loops are added to is the image under an isomorphism of the subset
of vertices of the first graphs the loops are added to.

The next four sections formalize the directed complement with loops, the
undirected complement with loops, the directed complement without loops and
the undirected complement without loops, respectively. Given a simple undi-
rected graph, its complement is usually defined on the same vertex set; two
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[8], [2], [1]. A similar definition can be given for simple digraphs [1]. The loop
variants are introduced on the base of similarity between graphs and relations.

In contrast to the literature the definitions formalized allow to take the
complement of any graphs, with parallel edges simply being ignored. So any
complement of a graph is also a complement of that graph with its parallel
edges removed. Furthermore on a technical note, the vertex sets of the graph
and its complement are required to be the same, while the edge sets have to be
disjoint. This choice was made to ensure the union of a graph and its comple-
ment would be complete and its intersection edgeless. Since the edge set of the
complement graph is otherwise unspecified, for each complement type all possi-
ble complements of a graph are only isomorphic to each other. Other theorems
include:

e Involutiveness of the graph complement: If a graph is of the right type
(e.g. simple for undirected complement without loops), then it is the com-
plement of its complement.

e The complement of an edgeless graph is complete.
e The undirected complement without loops of a complete graph is edgeless.
e The complement of an unconnected graph is connected.

e The neighbors of a vertex in a complement without loops of a graph is the
complement of the neighbors in the original graph.

e If a graph has order at least 3, no vertex can be an endvertex in both that
graph and its directed complement without loops (the directed K3 is a
counterexample for order equal to 2.)

e If a graph has order at least 4, no vertex can be an endvertex in both that
graph and its undirected complement without loops (Ps with its comple-
ment K9 + K7 is a counterexample for order equal to 3.)

The last section briefly introduces the property of a graph to be self-comple-
mentary for all four variants, but without going into depth. However, it is shown
that these four variants are mutually exclusive, except for K7 which is self-
complementary with respect to the directed or undirected complement, without
loops in both cases.



ABOUT GRAPH COMPLEMENTS

1. LoorPFuLL GRAPHS

Let G be a graph. We say that G is loopfull if and only if
(Def. 1) for every vertex v of G, there exists an object e such that e joins v and
v in G.
Let us consider a graph G. Now we state the propositions:

(1) @G is loopfull if and only if for every vertex v of G, there exists an object
e such that e joins v to v in G.

(2) G is loopfull if and only if for every vertex v of G, v and v are adjacent.

One can verify that every graph which is loopfull is also non loopless and
every graph which is trivial and non loopless is also loopfull and there exists
a graph which is loopfull and complete and there exists a graph which is non
loopfull.

Now we state the proposition:

(3) Let us consider a graph G, a set E, and a graph G given by reversing
directions of the edges E of G1. Then (G is loopfull if and only if G4 is
loopfull.

Let G be a loopfull graph and F be a set. One can check that every graph
given by reversing directions of the edges F of G is loopfull.

Let G be a non loopfull graph. Let us observe that every graph given by
reversing directions of the edges E of G is non loopfull.

Now we state the propositions:

(4) Let us consider graphs G, Go. If G1 =~ Go, then if G; is loopfull, then
G is loopfull.

(5) Let us consider a loopfull graph G2, and a supergraph G; of G. Suppose
the vertices of G1 = the vertices of Go. Then (7 is loopfull.

Let us consider graphs G1, G2 and a partial graph mapping F' from G to
G5. Now we state the propositions:

(6) Suppose rng Fy = the vertices of G and Gj.loops() € dom(Fg). Then
if G is loopfull, then G5 is loopfull.

(7) If F is total and onto, then if G; is loopfull, then G3 is loopfull. The
theorem is a consequence of (6).

(8) Suppose F' is semi-continuous and dom(Fy) = the vertices of G; and
Go.loops() C rng F. Then if G is loopfull, then Gy is loopfull.

(9) If F is total, onto, and semi-continuous, then if Gy is loopfull, then G;
is loopfull. The theorem is a consequence of (8).

(10) If F is isomorphism, then Gy is loopfull iff G5 is loopfull.
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Let G be a loopfull graph and V be a set. Let us observe that every subgraph
of G induced by V is loopfull and every subgraph of G with vertices V' removed
is loopfull and every subgraph of G with vertex V removed is loopfull.

Let G be a non loopfull graph. Let us observe that every spanning subgraph
of G is non loopfull.

Let F be a set. Let us note that every subgraph of G induced by the vertices
of G and F is non loopfull and every subgraph of G with edges E removed is
non loopfull and every subgraph of G with edge FE removed is non loopfull.

Now we state the proposition:

(11) Let us consider a graph Gs, a set V', and a supergraph G of G5 extended
by the vertices from V. Suppose V' \ (the vertices of G3) # (). Then Gy is
not loopfull.

Let G be a non loopfull graph and V' be a set. Observe that every supergraph
of GG extended by the vertices from V is non loopfull.

Let G be a loopfull graph and v, e, w be objects. One can verify that every
supergraph of G extended by e between vertices v and w is loopfull.

Now we state the propositions:

(12) Let us consider a graph Ga, a vertex v of Gg, objects e, w, and a su-
pergraph G of G2 extended by v, w and e between them. Suppose e ¢
the edges of G5 and w ¢ the vertices of G3. Then G is not loopfull.

(13) Let us consider a graph Ga, objects v, e, a vertex w of G, and a su-
pergraph G of G2 extended by v, w and e between them. Suppose e ¢
the edges of Gy and v ¢ the vertices of Go. Then G is not loopfull.

Let G be a non loopfull graph and v, e, w be objects. Let us observe that
every supergraph of G extended by v, w and e between them is non loopfull.

Now we state the proposition:

(14) Let us consider a graph Go, an object v, a subset V' of the vertices of
Go, and a supergraph Gy of G2 extended by vertex v and edges between
v and V of Gy. Suppose v ¢ the vertices of Gy. Then G is not loopfull.

Let G be a non loopfull graph, v be an object, and V' be a set. One can check
that every supergraph of G extended by vertex v and edges between v and V
of G is non loopfull.

Let G be a loopfull graph. Let us note that every subgraph of G with parallel
edges removed is loopfull and every subgraph of G with directed-parallel edges
removed is loopfull.

Let G be a non loopfull graph. Note that every subgraph of G with parallel
edges removed is non loopfull and every subgraph of G with directed-parallel
edges removed is non loopfull.
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Let Gg be a graph-yielding function. We say that G is loopfull if and only
if
(Def. 2) for every object = such that z € dom G there exists a graph G such
that Gp(x) = G and G is loopfull.

Let G be a loopfull graph. Let us note that (G) is loopfull and N — G is
loopfull.

Let G be a non empty, graph-yielding function. Note that G g is loopfull if
and only if the condition (Def. 3) is satisfied.

(Def. 3) for every element x of dom G, Gp(x) is loopfull.

Let G g4 be a graph sequence. Let us note that Gg, is loopfull if and only if
the condition (Def. 4) is satisfied.

(Def. 4) for every natural number n, Gg4(n) is loopfull.

Let us observe that every graph-yielding function which is empty is also
loopfull and every graph-yielding function which is non empty and loopfull is
also non loopless and there exists a graph sequence which is loopfull and there
exists a graph-yielding finite sequence which is non empty and loopfull.

Let GF be a loopfull, non empty, graph-yielding function and x be an ele-
ment of dom Gr. Note that Gp(x) is loopfull.

Let Gs4 be a loopfull graph sequence and z be a natural number. Note that
Gsq(x) is loopfull.

Let p be a loopfull, graph-yielding finite sequence and n be a natural number.
Observe that p[n is loopfull and py,, is loopfull.

Let m be a natural number. One can check that smid(p, m, n) is loopfull and
(p(m),...,p(n)) is loopfull.

Let p, q be loopfull, graph-yielding finite sequences. Observe that p ™ ¢ is
loopfull and p ~ ¢ is loopfull.

Let G1, G2 be loopfull graphs. Note that (G, G2) is loopfull.

Let G5 be a loopfull graph. Let us note that (G1, G2, G3) is loopfull.

2. AppING Loors TO A GRAPH

Let G be a graph and V be a set.
A graph by adding a loop to each vertex of G in V is a supergraph of G
defined by
(Def. 5) (i) the vertices of it = the vertices of G and there exists a set £ and
there exists a one-to-one function f such that F misses the edges of
G and the edges of it = (the edges of G) U F and dom f = E and
rng f = V and the source of it = (the source of G)+-f and the target
of it = (the target of G)+-f, if V' C the vertices of G,
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(ii) it ~ G, otherwise.
A graph by adding a loop to each vertex of G is a graph by adding a loop
to each vertex of G in the vertices of G. Now we state the proposition:

(15) Let us consider a graph Ga, a set V, and a graph G; by adding a loop
to each vertex of G5 in V. Then the vertices of GG; = the vertices of Gs.

Let us consider a graph Ga, a set V', a graph G; by adding a loop to each
vertex of GGo in V', and objects e, v, w. Now we state the propositions:

(16) If v # w, then e joins v to w in G iff e joins v to w in Ga.

(17) If v # w, then e joins v and w in G iff e joins v and w in Ga. The
theorem is a consequence of (16).

(18) Let us consider a graph Gg, a subset V' of the vertices of Gg, a graph
(GG1 by adding a loop to each vertex of G in V, and a vertex v of G;. If
v € V, then v and v are adjacent.

(19) Let us consider a graph Ga, a set V, and a graph G; by adding a loop
to each vertex of Gy in V. Then Gj.order() = Ga.order().

(20) Let us consider a graph Gg, a subset V' of the vertices of G, and a graph
G by adding a loop to each vertex of Gy in V. Then G size() = G2.size()+
V.

(21) Let us consider graphs G1, G2. Then G is a graph by adding a loop to
each vertex of G5 in () if and only if G; ~ G5. The theorem is a consequence
of (15).

(22) Every graph is a graph by adding a loop to each vertex of G in ().

(23) Let us consider a graph G, subsets Vi, V5 of the vertices of G, a graph
(1 by adding a loop to each vertex of G in Vi, and a graph Gs by adding
a loop to each vertex of GG; in V5. Suppose Vi misses Vo. Then Go is
a graph by adding a loop to each vertex of G in Vi U V5. The theorem is
a consequence of (15).

(24) Let us consider a graph Gs, subsets Vi, V5 of the vertices of G3, and
a graph GG1 by adding a loop to each vertex of G3 in V; U V5. Suppose Vi
misses V5. Then there exists a graph G2 by adding a loop to each vertex
of G35 in Vj such that G is a graph by adding a loop to each vertex of Go
in VQ.

(25) Let us consider a loopless graph G, a subset V' of the vertices of G,
and a graph G by adding a loop to each vertex of Go in V. Then

(i) the edges of G2 misses G1.loops(), and
(ii) the edges of G = (the edges of G2) U G1.loops().



(26)

(27)

(28)

(29)
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Let us consider a loopless graph G1, a set V', a graph G2 by adding a loop
to each vertex of G in V, and a subgraph G35 of G2 with loops removed.
Then G ~ G3. The theorem is a consequence of (25).

Let us consider graphs G1, G2, and a vertex v of Go. Then G is a graph
by adding a loop to each vertex of Gg in {v} if and only if there exists
an object e such that e ¢ the edges of Gy and G is a supergraph of Go
extended by e between vertices v and v.

Let us consider a graph Ga, a finite subset V' of the vertices of G2, and
a graph G by adding a loop to each vertex of Gy in V. Then there exists
a non empty, graph-yielding finite sequence p such that

(i) p(1) = Gs, and

(ii) p(lenp) = Gy, and

(iii) lenp = V +1, and
)

(iv) for every element n of domp such that n < lenp — 1 there exists
a vertex v of G2 and there exists an object e such that p(n + 1) is
a supergraph of p(n) extended by e between vertices v and v and
v €V and e ¢ the edges of p(n).

PROOF: Define P[natural number| = for every graph Gs for every finite
subset V' of the vertices of G2 for every graph G; by adding a loop to
each vertex of G5 in V such that V' = $; there exists a non empty, graph-
yielding finite sequence p such that p(1) ~ G2 and p(lenp) = G and
lenp =1V +1.

For every element n of domp such that n < lenp — 1 there exists
a vertex v of G and there exists an object e such that p(n + 1) is a su-
pergraph of p(n) extended by e between vertices v and v and v € V and
e ¢ the edges of p(n). P[0]. For every natural number k such that P[k]
holds P[k + 1]. For every natural number k, P[k]. O

Let us consider graphs Gs, Gy, sets V1, Vo, a graph G by adding a loop
to each vertex of G3 in Vi, a graph G2 by adding a loop to each vertex
of G4 in V5, and a partial graph mapping Fy from G3 to G4. Suppose
V1 C the vertices of G3 and V5 C the vertices of G4 and Fyy[V; is one-
to-one and dom(Fpy[V1) = Vi and rng(Foy|Vi) = Va. Then there exists
a partial graph mapping F' from G; to G such that

(1) FV = F0V7 and

(ii) Fg|dom(Fog) = Fog, and
(iii) if Fp is not empty, then F' is not empty, and

)

(iv) if Fp is total, then F' is total, and

47
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if Fy is onto, then F' is onto, and
if Fj is one-to-one, then F' is one-to-one, and
if Fy is directed, then F' is directed, and

if Fy is weak subgraph embedding, then F'is weak subgraph embed-
ding, and

(ix) if Fp is isomorphism, then F' is isomorphism, and
(x) if Fp is directed-isomorphism, then F' is directed-isomorphism.

PROOF: Reconsider f = Fyy as a partial function from the vertices of G to
the vertices of G5. Consider E; being a set, f; being a one-to-one function
such that E; misses the edges of G3 and the edges of G; = (the edges
of G3) U Ey and dom f; = E; and rng fi; = V; and the source of G; =
(the source of G3)+-f1 and the target of G1 = (the target of G3)+-fi.

Consider F» being a set, fo being a one-to-one function such that Fs
misses the edges of G4 and the edges of G2 = (the edges of G4) U Fy and
dom fo = FEy and rng fo = V5 and the source of Gy = (the source of
G4)+-f2 and the target of Gy = (the target of G4)+-f2. Set h = fo=! -
(Fov[V1) - f1. Set g = Fyg+-h. Reconsider F' = (f, g) as a partial graph
mapping from G to Go. If Fy is total, then F' is total. If F{ is onto, then
F' is onto by [7, (6)]. If Fy is one-to-one, then F' is one-to-one. If Fj is
directed, then F' is directed by [4, (70), (71)]. O

(30) Let us consider a graph (3, a G3-isomorphic graph G4, and a graph G
by adding a loop to each vertex of Gs. Then every graph by adding a loop
to each vertex of (G4 is Gi-isomorphic. The theorem is a consequence of
(29).

(31) Let us consider a graph Gs, a Gs-directed-isomorphic graph G4, and
a graph (G1 by adding a loop to each vertex of GG3. Then every graph by
adding a loop to each vertex of G4 is G1-directed-isomorphic. The theorem
is a consequence of (29).

(32) Let us consider graphs G, G4, a set V, a graph G by adding a loop to
each vertex of G in V, and a graph G5 by adding a loop to each vertex
of G4 in V. If G3 = G4, then G5 is GG1-directed-isomorphic. The theorem
is a consequence of (29).

(33) Let us consider a graph Gs, sets V, E, a graph G4 given by reversing
directions of the edges E of G3, and a graph G by adding a loop to each
vertex of G3 in V. Then every graph by adding a loop to each vertex of
G4 in V is Gi-isomorphic. The theorem is a consequence of (29).

(34) Let us consider a graph Gs, sets E, V, a graph G4 given by reversing
directions of the edges E of 3, a graph G by adding a loop to each vertex
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of G3 in V, and a graph G5 given by reversing directions of the edges E
of G1. Suppose F C the edges of G3. Then G5 is a graph by adding a loop
to each vertex of G4 in V. The theorem is a consequence of (15).

(35) Let us consider a graph Gs, a subset V; of the vertices of G5, a non
empty subset V5 of the vertices of G3, a subgraph G4 of G induced by V5,
and a graph GG; by adding a loop to each vertex of GG3 in V4. Then every
subgraph of (G1 induced by V3 is a graph by adding a loop to each vertex
of G4 in V1 N Va.

(36) Let us consider a graph Gg, a set V, a graph G; by adding a loop to
each vertex of G5 in V, a vertex v1 of GG1, and a vertex vo of Go. Suppose
vy ¢ V and v; = vy. Then

(i) vy is isolated iff vy is isolated, and
(ii) v is endvertex iff v9 is endvertex.

The theorem is a consequence of (17).

(37) Let us consider a graph Ga, a set V, a graph G; by adding a loop to
each vertex of G5 in V, and a path P of GG;. Then

(i) P is a path of G, or

(ii) there exist objects v, e such that e joins v and v in G; and P =
G1.walkOf (v, e, v).
The theorem is a consequence of (15).
(38) Let us consider a graph Ga, a set V, a graph G by adding a loop to
each vertex of Gy in V, and a walk W of G;. Suppose W.edges() mis-

ses (Gy.loops()) \ (Gz2.loops()). Then W is a walk of Go. The theorem is
a consequence of (15).

Let G be a graph. Observe that every graph by adding a loop to each vertex
of G is loopfull.

Let V' be a non empty subset of the vertices of G. Observe that every graph
by adding a loop to each vertex of G in V is non loopless.

Now we state the proposition:

(39) Let us consider a graph G, a set V, and a graph G by adding a loop
to each vertex of G in V. Then G is finite if and only if G4 is finite. The
theorem is a consequence of (15).

Let G be a finite graph and V be a set. Observe that every graph by adding
a loop to each vertex of G in V is finite.

Let G be a non finite graph. Note that every graph by adding a loop to each
vertex of G in V is non finite.

Now we state the proposition:

49
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(40) Let us consider a graph G, a set V, and a graph G by adding a loop
to each vertex of G2 in V. Then G; is connected if and only if Gs is
connected. The theorem is a consequence of (15) and (37).

Let G be a connected graph and V be a set. Let us observe that every graph
by adding a loop to each vertex of G in V is connected.

Let G be a non connected graph. Let us note that every graph by adding a
loop to each vertex of GG in V is non connected.

Now we state the proposition:

(41) Let us consider a graph G, a set V, and a graph G by adding a loop
to each vertex of Go in V. Then (G is chordal if and only if G5 is chordal.
The theorem is a consequence of (17) and (37).

Let G be a chordal graph and V be a set. Let us observe that every graph
by adding a loop to each vertex of G in V is chordal.

Let G be a non edgeless graph. Let us note that every graph by adding a
loop to each vertex of G in V is non edgeless.

Let G be a loopfull graph. Note that every graph by adding a loop to each
vertex of G in V is loopfull.

Let G be a simple graph. Let us note that every graph by adding a loop to
each vertex of G in V' is non-multi.

Let G be a directed-simple graph. Note that every graph by adding a loop
to each vertex of G in V' is non-directed-multi.

Let us consider a graph Go, a subset V of the vertices of G2, a graph G by
adding a loop to each vertex of Go in V, a vertex vy of G1, and a vertex vs of
G2. Now we state the propositions:

(42) Suppose v; = vy and v; € V. Then there exists an object e such that
(i) e joins v to v1 in Gy, and
(ii) e ¢ the edges of G, and
(iii) v1.edgesIn() = ve.edgesIn() U {e}, and
(iv) v1.edgesOut() = vo.edgesOut() U {e}, and
(v) vi.edgesInOut() = vy.edgesInOut() U {e}.

(43) If v1 = vy and vy € V, then vi.inDegree() = wve9.inDegree() + 1 and
vi.outDegree() = vg.outDegree() + 1 and v;.degree() = vo.degree() + 2.
The theorem is a consequence of (42).

(44) Suppose v; = vy and v ¢ V. Then
(i) vy.edgesln() = vg.edgesIn(), and
(ii) wvy.inDegree() = vq.inDegree(), and

(iii) vy.edgesOut() = vy.edgesOut(), and
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(iv) wvi.outDegree() = vo.outDegree(), and
(v) vi.edgesInOut() = va.edgesInOut(), and
(vi) vi.degree() = vo.degree().

3. DIRECTED GRAPH COMPLEMENT WITH LOOPS

Let G be a graph.
A directed graph complement of G with loops is a non-directed-multi graph
defined by

(Def. 6) the vertices of it = the vertices of G and the edges of it misses the edges
of G and for every vertices v, w of GG, there exists an object e; such that
e1 joins v to w in G iff there exists no object eo such that e joins v to w
in .
Now we state the proposition:
(45) Let us consider graphs G1, G2, G3, and a directed graph complement G4
of G1 with loops. Suppose G1 =~ G5 and G3 =~ GG4. Then G35 is a directed
graph complement of G5 with loops.

Let G be a graph. Observe that there exists a directed graph complement of
G with loops which is plain.
Now we state the propositions:

(46) Let us consider a graph G, a directed graph complement Go of G; with
loops, and objects ey, eg, v, w. If e joins v to w in G1, then es does not
join v to w in Ga.

(47) Let us consider a graph G, and a subgraph Gy of G with directed-
parallel edges removed. Then every directed graph complement of G; with
loops is a directed graph complement of Go with loops. The theorem is
a consequence of (46).

(48) Let us consider graphs G, Gg, a subgraph G3 of G with directed-
parallel edges removed, a subgraph G4 of G with directed-parallel edges
removed, a directed graph complement G5 of G with loops, and a direc-
ted graph complement Gg of G with loops. Suppose G4 is Gs-directed-
isomorphic. Then Gg is Gs-directed-isomorphic. The theorem is a conse-
quence of (47).

(49) Let us consider a graph G, a G-directed-isomorphic graph Gg, and a di-
rected graph complement G35 of G1 with loops. Then every directed graph
complement of G2 with loops is G3-directed-isomorphic. The theorem is
a consequence of (48).
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(50) Let us consider a graph G, and directed graph complements Gy, G3
of (G1 with loops. Then Gg3 is Ga-directed-isomorphic. The theorem is
a consequence of (49).

(51) Let us consider a graph G1, a graph G2 given by reversing directions of
the edges of G1, and a directed graph complement G3 of G; with loops.
Then every graph given by reversing directions of the edges of G5 is a di-
rected graph complement of GGo with loops. The theorem is a consequence
of (46).

(52) Let us consider a graph G1, a non empty subset V' of the vertices of Gy,
a subgraph Gs of G induced by V, and a directed graph complement G3
of G1 with loops. Then every subgraph of G35 induced by V is a directed
graph complement of G with loops. The theorem is a consequence of (46).

(53) Let us consider a graph G, a proper subset V of the vertices of G,
a subgraph G2 of G with vertices V' removed, and a directed graph com-
plement G35 of GG; with loops. Then every subgraph of G5 with vertices V'
removed is a directed graph complement of G2 with loops. The theorem
is a consequence of (52).

(54) Let us consider a non-directed-multi graph G, and a directed graph
complement G5 of G with loops. Then G is a directed graph complement
of Go with loops.

Let us consider a graph GG; and a directed graph complement G5 of G1 with
loops. Now we state the propositions:

(55) Gi.order() = Ga.order().
(56) (i) Gy is trivial iff Gy is trivial, and
(ii) Gy is loopfull iff Gg is loopless, and

(iii) Gy is loopless iff Ga is loopfull.
The theorem is a consequence of (55), (1), and (46).

Let G be a trivial graph. One can verify that every directed graph comple-
ment of G with loops is trivial. Let G be a non trivial graph. One can check
that every directed graph complement of G with loops is non trivial. Let G be
a loopfull graph. Note that every directed graph complement of G with loops is
loopless.

Let G be a non loopfull graph. Let us note that every directed graph com-
plement of G with loops is non loopless. Let G be a loopless graph. Observe that
every directed graph complement of G with loops is loopfull. Let G be a non
loopless graph. Let us observe that every directed graph complement of G with
loops is non loopfull.

Now we state the proposition:



ABOUT GRAPH COMPLEMENTS 53

(57) Let us consider a graph G, and a directed graph complement Gy of G
with loops. Suppose the edges of G; = G1.loops(). Then G2 is complete.

Let G be an edgeless graph. One can verify that every directed graph com-
plement of G with loops is complete. Let G be a non connected graph. One can
check that every directed graph complement of G with loops is connected.

Now we state the propositions:

(58) Let us consider a graph G, a directed graph complement G of G; with
loops, a vertex v1 of G1, and a vertex vy of Go. Suppose v; = vo. Then
(i) if v; is isolated, then vy is not isolated, and

(ii) if v; is endvertex, then vy is not endvertex.

(59) Let us consider a graph G1, a directed graph complement G5 of G1 with
loops, and vertices v, w of G1. Suppose there exists no object e such that
e joins v and w in G1. Then there exists an object e such that e joins v
and w in Gs.
PROOF: There exists no object e such that e joins v to w in G;. Consider
e being an object such that e joins v to w in Ga. [

Let us consider a graph Gi, a directed graph complement G5 of GGy with
loops, a vertex v; of Gp, and a vertex vy of G2. Now we state the propositions:

(60) Suppose v; = v. Then
(i) va.inNeighbors() = (the vertices of G2) \ (v;.inNeighbors()), and
(ii) ve.outNeighbors() = (the vertices of Ga) \ (vi.outNeighbors()).
(61) Suppose v1 = vy and vy is isolated. Then
(i) va.inNeighbors() = the vertices of G, and
(ii) ve.outNeighbors() = the vertices of G, and
(iii) vo.allNeighbors() = the vertices of G.

The theorem is a consequence of (60).

4. UNDIRECTED GRAPH COMPLEMENT WITH LOOPS

Let G be a graph.
An undirected graph complement of G with loops is a non-multi graph de-
fined by
(Def. 7) the vertices of it = the vertices of G and the edges of it misses the edges
of G and for every vertices v, w of GG, there exists an object e; such that
e1 joins v and w in G iff there exists no object es such that ey joins v and
w in .
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Now we state the proposition:

(62) Let us consider graphs G, G2, G3, and an undirected graph comple-
ment G4 of G7 with loops. Suppose G1 ~ G2 and G3 =~ G4. Then Gj is
an undirected graph complement of G5 with loops.

Let G be a graph. Note that there exists an undirected graph complement
of G with loops which is plain.
Now we state the propositions:

(63) Let us consider a graph G1, and a non-multi graph G2. Then G9 is an un-
directed graph complement of G; with loops if and only if the vertices of
(9 = the vertices of G; and the edges of (G5 misses the edges of G; and
for every vertices v1, wy of G1 and for every vertices ve, wo of G such
that v1 = v and wy; = wy holds v; and wy are adjacent iff v9 and wy are
not adjacent.

(64) Let us consider a graph G, an undirected graph complement G of G;
with loops, and objects e1, eo, v, w. If e1 joins v and w in GG1, then es does
not join v and w in Gbs.

(65) Let us consider a graph Gi, and a subgraph G2 of G with parallel
edges removed. Then every undirected graph complement of G with loops
is an undirected graph complement of G2 with loops. The theorem is
a consequence of (64).

(66) Let us consider graphs G1, Go, a subgraph G3 of G; with parallel edges
removed, a subgraph G4 of G with parallel edges removed, an undirec-
ted graph complement G5 of GG; with loops, and an undirected graph
complement Gg of Go with loops. If G4 is G3-isomorphic, then Gg is G5-
isomorphic. The theorem is a consequence of (65).

(67) Let us consider a graph G'1, a Gi-isomorphic graph Gs, and an undirec-
ted graph complement G35 of G with loops. Then every undirected graph
complement of G with loops is GG3-isomorphic. The theorem is a conse-
quence of (66).

(68) Let us consider a graph G, and undirected graph complements G, G3
of G1 with loops. Then (3 is GGo-isomorphic. The theorem is a consequence
of (67).

(69) Let us consider a graph G1, a non empty subset V' of the vertices of G,
a subgraph G2 of G induced by V, and an undirected graph complement
G5 of G1 with loops. Then every subgraph of G5 induced by V' is an undi-
rected graph complement of G5 with loops. The theorem is a consequence
of (64).

(70) Let us consider a graph G, a proper subset V of the vertices of G,
a subgraph Go of G1 with vertices V' removed, and an undirected graph
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complement G3 of G; with loops. Then every subgraph of G3 with vertices
V' removed is an undirected graph complement of Go with loops. The
theorem is a consequence of (69).

(71) Let us consider a non-multi graph G, and an undirected graph comple-
ment G of G with loops. Then (G is an undirected graph complement
of Go with loops.

Let us consider a graph G; and an undirected graph complement Go of G
with loops. Now we state the propositions:

(72) Gi.order() = Go.order().

(73) (i) G is trivial iff Gy is trivial, and

(ii) Gy is loopfull iff Gy is loopless, and

(iii) Gy is loopless iff Ga is loopfull.
The theorem is a consequence of (72) and (64).
Let G be a trivial graph. Observe that every undirected graph complement
of G with loops is trivial.
Let G be a non trivial graph. Let us observe that every undirected graph
complement of G with loops is non trivial.
Let G be a loopfull graph. One can verify that every undirected graph com-
plement of G with loops is loopless.
Let G be a non loopfull graph. One can check that every undirected graph
complement of G with loops is non loopless.
Let G be a loopless graph. Note that every undirected graph complement of
G with loops is loopfull.
Let G be a non loopless graph. Let us note that every undirected graph
complement of G with loops is non loopfull.
Now we state the proposition:

(74) Let us consider a graph G, and an undirected graph complement Go
of G with loops. Suppose the edges of G; = Gi.loops(). Then Gy is
complete.

Let G be an edgeless graph. Observe that every undirected graph comple-
ment of G with loops is complete.
Now we state the proposition:

(75) Let us consider a complete graph G, and an undirected graph com-

plement Gy of G; with loops. Then the edges of Gy = Ga.loops(). The
theorem is a consequence of (64).

Let G be a complete, loopfull graph. Observe that every undirected graph
complement of G with loops is edgeless.
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Let G be a non connected graph. Note that every undirected graph comple-
ment of G with loops is connected.

Let us consider a graph G1, an undirected graph complement G4 of G with
loops, a vertex v1 of GG1, and a vertex vy of Go. Now we state the propositions:

(76) If v; = vy, then if v; is isolated, then ve is not isolated and if vy is
endvertex, then vy is not endvertex.

(77) Ifv; = ve, then vy.allNeighbors() = (the vertices of G2)\ (v;.allNeighbors
0)-

(78) If v; = v9 and vy is isolated, then vy.allNeighbors() = the vertices of G.
The theorem is a consequence of (77).

5. DIRECTED GRAPH COMPLEMENT WITHOUT LOOPS

Let G be a graph.
A directed graph complement of G is a directed-simple graph defined by

(Def. 8) there exists a directed graph complement G’ of G with loops such that
it is a subgraph of G’ with loops removed.

Now we state the proposition:

(79) Let us consider graphs Gi, Go, G3, and a directed graph complement
G4 of GG1. Suppose G1 =~ G2 and G3 ~ G4. Then Gj3 is a directed graph
complement of G2. The theorem is a consequence of (45).

Let G be a graph. One can check that there exists a directed graph comple-
ment of G which is plain. Now we state the propositions:

(80) Let us consider a graph G, and a directed-simple graph G3. Then Go
is a directed graph complement of Gy if and only if the vertices of Go =
the vertices of G1 and the edges of (G2 misses the edges of G and for every
vertices v, w of G1 such that v # w holds there exists an object e; such
that e; joins v to w in Gy iff there exists no object ey such that ey joins v
to w in G. The theorem is a consequence of (46), (26), and (1).

(81) Let us consider a graph Gy, a directed graph complement Gy of G, and
objects e1, €2, v, w. If e1 joins v to w in G, then ey does not join v to w
in Go. The theorem is a consequence of (80).

(82) Let us consider a graph G1, and a directed-simple graph G of G;. Then
every directed graph complement of G; is a directed graph complement of
G2. The theorem is a consequence of (80) and (81).

(83) Let us consider graphs G, G, a directed-simple graph G of G1, a di-
rected-simple graph G4 of Ga, a directed graph complement G5 of Gy,
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and a directed graph complement Gg of Go. Suppose G4 is G3-directed-
isomorphic. Then Gg is Gs-directed-isomorphic. The theorem is a conse-
quence of (82) and (80).

(84) Let us consider a graph G, a Gp-directed-isomorphic graph Ga, and
a directed graph complement G3 of G1. Then every directed graph com-
plement of G4 is G3-directed-isomorphic. The theorem is a consequence of
(83).

(85) Let us consider a graph G, and directed graph complements G2, G3 of
G1. Then G3 is Ga-directed-isomorphic. The theorem is a consequence of
(84).

(86) Let us consider a graph G, a graph Go given by reversing directions of
the edges of (G1, and a directed graph complement G5 of G1. Then every
graph given by reversing directions of the edges of G3 is a directed graph
complement of G2. The theorem is a consequence of (80) and (81).

(87) Let us consider a graph Gi, a non empty subset V of the vertices of
(G1, a subgraph G5 of GG induced by V, and a directed graph complement
G35 of GG1. Then every subgraph of G3 induced by V is a directed graph
complement of G2. The theorem is a consequence of (80) and (81).

(88) Let us consider a graph G, a proper subset V of the vertices of G,
a subgraph G9 of G1 with vertices V' removed, and a directed graph com-
plement G35 of G1. Then every subgraph of G'3 with vertices V' removed is
a directed graph complement of Gy. The theorem is a consequence of (80)
and (87).

(89) Let us consider a directed-simple graph G, and a directed graph com-
plement G5 of G1. Then G is a directed graph complement of Ga. The
theorem is a consequence of (80).

Let us consider a graph G and a directed graph complement G2 of G;. Now
we state the propositions:
(90) Gi.order() = Go.order().
(91) @ is trivial if and only if G is trivial. The theorem is a consequence of
(90).
Let G be a trivial graph. One can verify that every directed graph comple-

ment of G is trivial. Let G be a non trivial graph. One can check that every
directed graph complement of G is non trivial. Now we state the proposition:

(92) Let us consider a graph G1, and a directed graph complement G of G;.
Suppose the edges of G; = G1.loops(). Then Go is complete. The theorem
is a consequence of (80).

Let G be an edgeless graph. One can check that every directed graph com-
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plement of G is complete. Let G be a trivial, edgeless graph. Let us observe that
every directed graph complement of G is edgeless. Let G be a non connected
graph. One can check that every directed graph complement of GG is connected.
Now we state the proposition:

(93) Let us consider a non trivial graph G1, a directed graph complement G4
of G1, a vertex vy of G, and a vertex vy of Ga. If v1 = vy, then if vy is
isolated, then vy is not isolated. The theorem is a consequence of (80).

Let us consider a graph G, a directed graph complement G2 of G1, a vertex
v1 of GG1, and a vertex vy of GGo. Now we state the propositions:

(94) If v; = v9 and 3 C Gj.order(), then if v is endvertex, then vg is not
endvertex.
ProoOF: Consider u, w being vertices of (G1 such that u # v; and w # vy
and v # w and u and v; are adjacent and v; and w are not adjacent.
There exists no object e such that e joins v; to w in G;1. Consider e; being
an object such that e; joins v; to w in Ga. There exists no object e such
that e joins w to v in G1. Consider ey being an object such that es joins w
to v1 in Go. Consider €’ being an object such that vy.edgesInOut() = {e’}
and €’ does not join vg and ve in Ga. O

(95) Suppose v; = vy. Then
(i) vo.inNeighbors() = (the vertices of G3) \ (v1.inNeighbors() U {v2}),
and
(ii) wa.outNeighbors() = (the vertices of G2) \ (v1.outNeighbors()U{vs}).
The theorem is a consequence of (60).
(96) Suppose v; = vy and v; is isolated. Then
(i) ve.inNeighbors() = (the vertices of G3) \ {v2}, and
(ii) ve.outNeighbors() = (the vertices of G3) \ {v2}, and
(iii) vo.allNeighbors() = (the vertices of Ga) \ {va}.

The theorem is a consequence of (95).

6. UNDIRECTED GRAPH COMPLEMENT WITHOUT LOOPS

Let G be a graph.
A graph complement of G is a simple graph defined by

(Def. 9) there exists an undirected graph complement G’ of G with loops such
that it is a subgraph of G’ with loops removed.

Now we state the proposition:
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(97) Let us consider graphs G, G2, G3, and a graph complement G4 of Gj.
Suppose G1 ~ G5 and G3 ~ G4. Then G5 is a graph complement of Gbs.
The theorem is a consequence of (62).

Let G be a graph. Observe that there exists a graph complement of G which
is plain. Let us consider a graph G; and a simple graph G2. Now we state the
propositions:

(98) G9 is a graph complement of G if and only if the vertices of Gy =
the vertices of G; and the edges of G misses the edges of G; and for
every vertices v, w of GG such that v # w holds there exists an object e;
such that e; joins v and w in G iff there exists no object eo such that es
joins v and w in Go. The theorem is a consequence of (64) and (26).

(99) Gs9 is a graph complement of G if and only if the vertices of G =
the vertices of G; and the edges of Go misses the edges of (G; and for
every vertices vy, wy of G1 and for every vertices vo, wo of Go such that
v1 = vg and wy; = wo and vy # wy holds v; and wy are adjacent iff ve and
wy are not adjacent. The theorem is a consequence of (98).

(100) Let us consider a graph Gy, a graph complement Gy of G1, and objects
e1, €2, v, w. If e joins v and w in GG1, then es does not join v and w in
G2. The theorem is a consequence of (98).

(101) Let us consider a graph G, and a simple graph G2 of G;. Then every
graph complement of G is a graph complement of G3. The theorem is
a consequence of (98) and (100).

(102) Let us consider graphs G, Ga, a simple graph G3 of G1, a simple graph
G4 of G9, a graph complement G5 of G1, and a graph complement Gj
of Gg. If G4 is G3-isomorphic, then Gg is Gs-isomorphic. The theorem is
a consequence of (101) and (98).

(103) Let us consider a graph G, a G1-isomorphic graph G, and a graph com-
plement G35 of G1. Then every graph complement of G5 is Gg-isomorphic.
The theorem is a consequence of (102).

(104) Let us consider a graph G1, and graph complements Gg, G3 of G7. Then
G35 is Gio-isomorphic. The theorem is a consequence of (103).

(105) Let us consider a graph G, an object v, a subset V' of the vertices of G,
a supergraph GG of (G1 extended by vertex v and edges between v and V
of G1, and a graph complement G3 of G1. Suppose v ¢ the vertices of Gy
and the edges of G5 misses the edges of G3. Then there exists a supergraph
G4 of G3 extended by vertex v and edges between v and (the vertices of
G1) \ 'V of G3 such that G4 is a graph complement of G3. The theorem is
a consequence of (98).

(106) Let us consider a graph Gi1, an object v, a supergraph Go of G extended



60 SEBASTIAN KOCH

by v, and a graph complement G3 of G1. Suppose v ¢ the vertices of Gj.
Then there exists a supergraph G4 of G3 extended by vertex v and edges
between v and the vertices of G3 such that G4 is a graph complement of
(2. The theorem is a consequence of (98) and (105).

(107) Let us consider a graph Gy, an object v, a supergraph Go of G exten-
ded by vertex v and edges between v and the vertices of G, a graph
complement G35 of GG1, and a supergraph G4 of G5 extended by v. Suppose
v ¢ the vertices of G and the edges of G misses the edges of Gi3. Then
Gy is a graph complement of G5. The theorem is a consequence of (105)
and (97).

(108) Let us consider a graph G1, a non empty subset V' of the vertices of G,
a subgraph G of 1 induced by V, and a graph complement G5 of Gj.
Then every subgraph of GG3 induced by V is a graph complement of Gs.
The theorem is a consequence of (98) and (100).

(109) Let us consider a graph G, a proper subset V of the vertices of G,
a subgraph G5 of G with vertices V' removed, and a graph complement
G5 of G1. Then every subgraph of G5 with vertices V' removed is a graph
complement of G2. The theorem is a consequence of (98) and (108).

(110) Let us consider a simple graph G, and a graph complement G3 of Gj.
Then G is a graph complement of G5. The theorem is a consequence of
(98).

Let us consider a graph GG; and a graph complement G of G;. Now we state
the propositions:

(111) Gj.order() = Ga.order().

(112) Gy is trivial if and only if G is trivial. The theorem is a consequence of
(111).

Let G be a trivial graph. Observe that every graph complement of G is trivial.

Let G be a non trivial graph. Let us observe that every graph complement of G

is non trivial. Now we state the proposition:

(113) Let us consider a graph Gy, and a graph complement Gy of G1. Then
(i) G is complete iff G is edgeless, and
(ii) the edges of G1 = G.loops() iff G2 is complete.

The theorem is a consequence of (99) and (98).

Let G be a complete graph. Observe that every graph complement of G is
edgeless.

Let G be a non complete graph. Let us observe that every graph complement
of G is non edgeless.
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Let G be an edgeless graph. One can verify that every graph complement of
G is complete.

Let G be a non connected graph. One can check that every graph complement
of G is connected.

Now we state the propositions:

(114) Let us consider a non trivial graph G, a graph complement Go of Gy,
a vertex v1 of G, and a vertex vy of Go. If v1 = v9, then if v; is isolated,
then v is not isolated. The theorem is a consequence of (98).

(115) Let us consider a graph Gi, a graph complement G2 of G1, a vertex v;
of G1, and a vertex vy of Gy. Suppose v; = vy and Gj.order() = 2. Then
(i) if vy is endvertex, then vy is isolated, and

(ii) if vy is isolated, then vy is endvertex.

The theorem is a consequence of (111), (98), and (100).

(116) Let us consider a simple graph G, a graph complement Gy of G1, a ver-
tex v1 of Gp, and a vertex vy of Go. Suppose v; = vy and Gj.order() = 2.
Then

(i) vy is endvertex iff vy is isolated, and
(i) vy is isolated iff vo is endvertex.

The theorem is a consequence of (110), (111), and (115).

Let us consider a graph G1, a graph complement Gy of GG1, a vertex vy of
(1, and a vertex vy of GGo. Now we state the propositions:

(117) If v; = v9 and 4 C Gj.order(), then if v is endvertex, then vg is not
endvertex. The theorem is a consequence of (99).

(118) Ifwv; = w9, then vy.allNeighbors() = (the vertices of G2)\ (v;.allNeighbors
() U{v2}). The theorem is a consequence of (77).

(119) If v; = v2 and vy is isolated, then vq.allNeighbors() = (the vertices of
G2) \ {v2}. The theorem is a consequence of (118).

7. SELF-COMPLEMENTARY GRAPHS

Let G be a graph. We say that G is self-DLcomplementary if and only if
(Def. 10) every directed graph complement of G with loops is G-directed-isomor-
phic.
We say that G is self-Lcomplementary if and only if
(Def. 11) every undirected graph complement of G with loops is G-isomorphic.
We say that G is self-Dcomplementary if and only if
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(Def. 12) every directed graph complement of G is G-directed-isomorphic.
We say that G is self-complementary if and only if
(Def. 13) every graph complement of G is G-isomorphic.
Let us consider a graph G. Now we state the propositions:

(120) G is self-DLcomplementary if and only if there exists a directed graph
complement H of G with loops such that H is G-directed-isomorphic. The
theorem is a consequence of (50).

(121) @ is self-Leomplementary if and only if there exists an undirected graph
complement H of G with loops such that H is G-isomorphic. The theorem
is a consequence of (68).

(122) G is self-Dcomplementary if and only if there exists a directed graph
complement H of G such that H is G-directed-isomorphic. The theorem
is a consequence of (85).

(123) G is self-complementary if and only if there exists a graph complement
H of G such that H is G-isomorphic. The theorem is a consequence of
(104).

Let us observe that every graph which is self-DLcomplementary is also non
loopless, non loopfull, non-directed-multi, and connected and every graph which
is self-Lcomplementary is also non loopless, non loopfull, non-multi, and con-
nected and every graph which is self-Dcomplementary is also directed-simple
and connected and every graph which is self-complementary is also simple and
connected.

Every graph which is trivial and edgeless is also self-Dcomplementary
and self-complementary and every graph which is self-Dcomplementary and
self-complementary is also trivial and edgeless and every graph which is self-
DLcomplementary is also non trivial, non self-Lcomplementary, non self-Dcom-
plementary, and non self-complementary and every graph which is self-Lcom-
plementary is also non trivial, non self-DLcomplementary, non self-Dcomple-
mentary, and non self-complementary and there exists a graph which is self-
Dcomplementary and self-complementary.
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Summary. To evaluate our formal verification method on a real-size cal-
culation circuit, in this article, we continue to formalize the concept of the 7-3
Compressor (STC) Circuit [6] for Wallace Tree [11], to define the structures of
calculation units for a very fast multiplication algorithm for VLSI implementation
[10]. We define the circuit structure of the tree constructions of the Generalized
Full Adder Circuits (GFAs). We then successfully prove its circuit stability of
the calculation outputs after four and six steps. The motivation for this research
is to establish a technique based on formalized mathematics and its applications
for calculation circuits with high reliability, and to implement the applications
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The various concepts for the Boolean operations, the logic gate elements ne-
eded to define the digital circuit, and the connections are defined and have been
proved [I]. For logic gate elements that compose a calculation circuit using many
Boolean operations, we have prepared a practical collection of logic gates [13].
To construct the adder circuit structure for the RSD numeric representation,
we then formalized the definitions and properties of the Generalized Full Adder
Circuits (GFAs) to have three inputs and two outputs [I4]. Since we have to
scale the size of evaluation up to this formal verification method on a real-size
calculation circuit, we have already completed formalize the concept of the 4-2
Binary Addition Cell primitives (FTAs) [12] to construct the structures of cal-
culation units for a very fast multiplication algorithm for VLSI implementation
[10].

There is the Wallace tree multiplication method [I1] as achieved high-speed
multiplier, which is connected like the tree using the usual full adder (FA) circuit
cell. Since it transforms the Wallace tree multiplication method to improve
the high-speed computation and circuit regularity, there is also a refinement
multiplication method using the 7-3 Compressor Circuit [6].

We show the component symbol and the block diagram of a 7-3 Compressor
Circuit implementation in Figure 1 and Figure 2 using four GFAs. First two
GFAs take six of the seven inputs (x1,x2,x3,x5,x6,x7) and generate two sum
(A1,A2) and two carry outputs (C1,C2) in Layer-I (after 2-steps). The sum
outputs are combined with the seventh input (x4) in another GFA to generate
the sO output of the 7-3 Compressor in Layer-1I (after 4-steps). The carry output
of this GFA is combined with the carry outputs from the two first level GFAs
using fourth GFA to yield sl and s2, with weights of two and four respectively
in Layer-11I (after 6-steps).

x1 x2 x3 x4 x5 x6 x7 Inputs : x1,x2,...,x7 (without pair)
[

-k —k——k——k——k——k——k—+

| STC TYPE-0 I
| I
o Kk ———k—————— +
| | |
s2 sl sO Outputs : s2,s1,s0 (pair)

Composition : Cascading tree together with four GFA TYPE-O
Function : [s2:81:50] = bit_count_of_<x1,x2,...,x7>

Fig.1 7-3 Compressor Circuit (Seven-to-Three Compressor:STC): TYPE-0,
Component Symbol.
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7-inputs x1 x2 x3 x4 x5 x6 x7T ........0.....
| /! | /7
+-——k———x% / / +———k———x% /
| GFA *__/ / | GFA x*__/
| TYPEO | / | TYPEO | LAYER-I
k———k———t / k———k———t (2-steps)
/ | / /
c1 ___/ Al / C2/ A2/ ... Voooo..
/o l___ [/ /
/ / | / /
YA —— /
/ /| GFA *_______ / LAYER-II
/ / | TYPEO | (4-steps)
/ / K———k———+ |
ci| c2/ C3/ A3/ e Voooo..

+o——k——— / /
| GFA *____/ /

| TYPEO | ____/ LAYER-III
. et T4 (6-steps)
/ | / |
s2 sl s0 3-outputs ... Voo,

Intermediate Outputs (2-steps):

C1 := GFAOCarryOutput(x1,x2,x3)
C2 := GFAOCarryOutput (x5,x6,x7)
A1 := GFAOAdderOutput(x1,x2,x3)
A2 := GFAOAdderOutput (x5,x6,x7)

Intermediate Output (4-steps):
C3 := GFAOCarryOutput (A1,A2,x4)
External Outputs (4,6-steps):
sO := GFAOAdderOutput(Al,A2,x4) (=A3)
sl := GFAOAdderOutput(C1,C2,C3)
s2 := GFAOCarryOutput(C1,C2,C3)

Composite Circuit Structure:
( ( BitGFAOStr(x1,x2,x3) +* BitGFAOStr(x5,x6,x7) ) # STCOIIStr

+x BitGFAOStr(A1,A2,x4) ) # STCOIStr
+x BitGFAOStr(C1,C2,C3) # STCOStr
-—=>

STCOStr(x1,x2,x3,x4,x5,x6,x7)

Fig.2 7-3 Compressor Circuit, Block Diagram and Calculation Stability:
Following(s,6) is stable.
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1. PROPERTIES OF ‘INTERMEDIATE’
STC CirculT STRUCTURE (LAYER-I)

Let x1, xq, x3, x4 be non pair objects. Let us note that {1, x9,x3, 24} has
no pairs.

Let 25 be a non pair object. Observe that {x1, 2, x3, x4, x5} has no pairs.

Let z¢ be a non pair object. Let us note that {z1, z2,x3, x4, 25,26} has no
pairs.

Let x7 be a non pair object. One can verify that {x1,x9,x3, x4, x5, T6, T7}
has no pairs.

Let x1, z2, x3, T5, T, 7 be sets. The functor STCOIIStr(z1, x2, 3, T5, T6, T7)
yielding an unsplit, non void, strict, non empty many sorted signature with
arity held in gates and Boolean denotation held in gates is defined by the term

(Def. 1) BitGFAOStr(z1, x2, 23)+- BitGFAOStr (x5, z6, 7).

The functor STCOIICirc(x1, xo, x3, T5, 6, 7) yielding a strict, Boolean cir-
cuit of STCOIIStr(xy, x2, x3, x5, T6, v7) With denotation held in gates is defined
by the term

(Def. 2) BitGFAO0Circ(z1, z2, x3)+- BitGFAOCirc(xs, z6, x7).
Let us consider sets z1, x2, =3, T5, Tg, 7. Now we state the propositions:

(1) InnerVertices(STCOIIStr(x1, 2, z3, x5, 6, 7)) = (({{(x1, 22), X012 ),
GFAO0AdderOutput(z1, x2, z3) } U {{{(x1, x2), ands ), ({z2, x3), ands ), ((x3,
x1), ands ), GFAOCarryOutput(z1, x2, z3)}) U {{{zs5, z6), xors ), GFAOAd-
derOutput(zs, zs, x7)}) U {{(x5, z6), anda ), ((x6, z7), anda ), ((x7, z5),
ands ), GFAOCarryOutput(xs, ¢, 7) }.

(2) InnerVertices(STCOIIStr(x1, x2, x3, x5, T¢, 7)) is a binary relation.

Let us consider non pair sets x1, x2, x3, T5, Tg, 7. Now we state the pro-
positions:

(3) InputVertices(STCOIIStr(z1, x2, x3, x5, T6, 7)) = {x1, T2, T3, T5, T6, T7}-

(4) InputVertices(STCOIIStr(zy, x2, z3, x5, x6, 7)) has no pairs.

Let us consider sets x1, x2, T3, x5, Tg, 7. Now we state the propositions:

(5) 1, x9, x3, x5, T, T7, ((x1,22), X013 ), GFAOAdderOutput(z1,z2, x3),
((x1,22), anda ), ((x2, x3), anda ), ((z3,x1), ands ), GFAOCarryOutput(z1,
x2,w3), {(x5,x6), x0r2 ), GFAOAdderOutput(zs, x¢, z7), {(xs,zs), anda ),
((zg, z7), ands ), ((x7,x5), andy ), GFAOCarryOutput(xs, x¢, x7) € the
carrier of STCOIIStr(z1,x2, x3, x5, Te, 7).

(6) {((x1,xz2), xory ), GFAOAdderOutput(x1,x2,x3), {(z1,z2), ands ), ({x2,
x3), ands ), ((z3, 1), ands ), GFAOCarryOutput(x1, x2, x3), ({(x5, z¢), x0rs ),
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GFAO0AdderOutput(zs, x6, 7), (x5, ), anda ), ((xe, z7), anda ), ({(x7, z5),
andy ), GFAOCarryOutput(xs, z6, x7) € InnerVertices(STCOIIStr(x1, z2,
x3,Ts5, %6, x7)). The theorem is a consequence of (1).

(7) Let us consider non pair sets x1, x2, 3, T5, T, 7. Then x1, x9, T3, x5,
x6, v7 € InputVertices(STCOIIStr(z1, x2, x3, 5, X6, x7)). The theorem is
a consequence of (3).

Let 1, x9, x3, x5, 6, x7 be sets. The functors: STCOIICarryOutCl(z1, z2, 3,
x5, x6, x7), STCOIIAdderOutAl(xy, x9, x3, 5, 6, x7), STCOIICarryOutC2(x1,
x9,x3,T5, e, v7), and STCOITAdderOutA2(zy, x2, x3, 5, X6, x7) yielding ele-
ments of InnerVertices(STCOIIStr(z1, x2, x3, 5, X6, 7)) are defined by terms
(Def. 3) GFAOCarryOutput(zy, x2, z3),
(Def. 4) GFAOAdderOutput(xy, z2, z3),
(Def. 5) GFAOCarryOutput(xs, g, x7),
(Def. 6) GFAOAdderOutput(zs, g, x7),
respectively. Now we state the propositions:

(8) Let us consider non pair sets x1, x2, 3, T5, Tg, £7, a state s of STCOIICirc
(21,2, x3, x5, T6, 7), and elements ai, ag, as, as, ag, a7 of Boolean. Sup-
pose a1 = s(z1) and ag = s(xz2) and az = s(x3) and a5 = s(z5) and
ag = s(zg) and a7 = s(x7). Then

(i) (Following(s,2))(STCOIICarryOutCl(x1, z2, x3, x5, T, x7)) = (a1 A
az V az A as)Vas A ap, and
(ii) (Following(s,2))(STCOIIAdderOutAl(z1,x2, x3, Ts5, 6, 7)) = (a1 @
az) @ as, and
(iii) (Following(s,?2))(STCOIICarryOutC2(z1,x2, x3, T5, T6, x7)) = (a5 A
ag V ag A\ az)Vay A as, and
(iv) (Following(s,2))(STCOIIAdderOutA2(x1, x9, x3, x5, 6, 7)) = (as @
ag) ® az, and

(v) (Following(s,2))(x1) = a1, and
(vi) (Following(s,2))(x2) = a2, and
(vii) (Following(s,?2))(x3) = ag, and
(viii) (Following(s,2))(x5) = a5, and
(ix) (Following(s,2))(xs) = ag, and

(x) (Following(s,2))(x7) = ar.
The theorem is a consequence of (7).

(9) Let us consider non pair sets 1, 2, 3, x5, Tg, 7, and a state s of
STCOIICirc(xy, x2, x3, 5, 6, 7). Then Following(s, 2) is stable.
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2. PROPERTIES OF ‘INTERMEDIATE’
STC CirculT STRUCTURE (LAYER-II)

Let x1, x9, x3, x4, 5, Tg, x7 be sets. The functor STCOIStr(x1, x2, x3, T4, X5,

x6, x7) yielding an unsplit, non void, strict, non empty many sorted signa-
ture with arity held in gates and Boolean denotation held in gates is defined by
the term

(Def. 7) STCOIIStr(z1, x2, 3, T5, 6, x7)+- BitGFA0Str(GFAOAdderOutput(z1,
x9,x3), GFAOAdderOutput(xs, xg, x7), 4).
The functor STCOICirc(z1, z2, 3, x4, X5, Te, x7) yielding a strict, Boolean

circuit of STCOIStr(z1, x2, x3, 24, 5, Te, x7) With denotation held in gates is de-
fined by the term
(Def. 8) STCOIICirc(z1, z2, T3, T5, 6, 7)++ Bit GFAOCirc(GFAOAdderOutput(x1,
x2, x3), GFAOAdderOutput(xs, ¢, x7), 4).
Let us consider sets z1, z2, 3, T4, T5, T¢, T7.
Now we state the propositions:
(10) InnerVertices(STCOIStr(z1,x2, 3, T4, 5, Tg, 7)) =
{{{x1, z2), xora ), GFAOAdderOutput(zy, z2, x3) }U
{{{x1,2z2), anda ), ((x2, x3), anda }, ((x3, z1), ands ), GFAOCarryOutput(x,
)pu
{{{x5, x6), xory ), GFAOAdderOutput(xs, x¢, x7) }U
{{{z5, x¢), andz ), ((zs, x7), andz ), ((z7, x5), ands ), GFAOCarryOutput(zs,
x6, x7)}U
{{{(GFAOAdderOutput(z1, x2, x3), GFAOAdderOutput(xs, ¢, 7)), x0rs ),
GFAO0AdderOutput(GFAOAdderOutput(xy, 2, z3), GFAOAdderOutput
(x5, 26, 27), T4) }U
{{{(GFAOAdderOutput(z1, x2, x3), GFAOAdderOutput(zs, x6, 7)), ands ),
((GFAOAdderOutput(zxs, ¢, x7), x4), andsa ), ({(z4, GFAOAdderOutput
(21,2, 23)), ands ), GFAOCarryOutput(GFAOAdderOutput(z1, x2, 3),
GFAO0AdderOutput(zs, x6, z7), x4) }.
The theorem is a consequence of (1).

(11) InnerVertices(STCOIStr(x1, x2, 3, x4, T5, T, 7)) is a binary relation.

(12) Let us consider non pair sets x1, x2, 3, Ts5, T, L7, and a set x4. Suppo-
se x4 # ((GFAOAdderOutput(z1, z2, x3), GFAOAdderOutput(zs, x¢, 7)),
xorg ) and x4 # ((GFAOAdderOutput(z1, z2, x3), GFAOAdderOutput(zs,
x6, 7)), ands ) and x4 ¢ InnerVertices(STCOIIStr(z1, x2, x3, x5, T6, T7)).
Then InputVertices(STCOIStr(z1, z2, 3, X4, 5, Te, 7)) = {X1, T2, T3, T4,
x5, T, x7}. The theorem is a consequence of (1) and (3).

Let us consider non pair sets x1, x2, 3, T4, T5, Tg, T7.



STABILITY OF THE 7-3 COMPRESSOR CIRCUIT FOR WALLACE ... 71

(13) InputVertices(STCOIStr(z1, x2, 3, T4, x5, T, 7)) = {T1, T2, T3, T4, T5, T6,
x7}. The theorem is a consequence of (12).

(14) InputVertices(STCOIStr(x1, x2, x3, x4, x5, Te, ©7)) has no pairs. The the-
orem is a consequence of (13).

Let us consider sets x1, x2, T3, T4, T5, Tg, T7.

(15)  z1, x9, x3, T4, T5, Te, 7, {(x1,x2), X013 ), GFAOAdderOutput(z, z2, x3),
((z1,x2), anda ), ((x2, x3), anda ), ({3, 1), ands ), GFAOCarryOutput(x;,
x2,73), ((GFAOAdderOutput(zy, z2,x3), GFAOAdderOutput(zs, z¢, 7)),
xorg ), GFAOAdderOutput(GFAOAdderOutput(z, 22, z3), GFAOAdder
Output(xs, xg, x7), 24), ((GFAOAdderOutput(x1, x2, x3), GFAOAdderOut—
put(zs, zg, x7)), ands ), ((GFAOAdderOutput(xs, xg, x7), x4), andsy ), ({24,
GFAO0AdderOutput(z, x2,z3)), andy ) € the carrier of STCOIStr(xy, z2,
T3,T4,T5,T6, 337).

And also GFAO0CarryOutput(GFAOAdderOutput(zy, 9, 23), GFAO
AdderOutput(xs, x¢, x7), x4), {(x5,x¢), x0rs ), GFAOAdderOutput(zs, zg,
x7), {(rs5,x6), anda ), ((ve,x7), anda ), ((z7,x5),ands ), GFAOCarryOut—
put(zs, zg, x7) € the carrier of STCOIStr(xy,x2, x3, T4, T5, Te, T7).

The theorem is a consequence of (5).

(16) ({x1,x2), xore ), GFAOAdderOutput(z1,x2,x3), {(x1,z2), andsy), ((xa,
x3), ands ), ((x3, 1), anda ), GFAOCarryOutput(xy, z2, z3), ((GFAOAdder
Output(zy, 2, x3), GFAOAdderOutput(xs, x6, x7)), xory ), GFAOAdder
Output(GFA0AdderOutput(z, z2, x3), GFAOAdderOutput(zs, z¢, x7), z4),
((GFAOAdderOutput(x1, 2, z3), GFAOAdderOutput(zs, z6, x7)), ands ),
((GFAOAdderOutput(xs, ¢, x7), x4), anda ), ((x4, GFAOAdderOutput
(z1,x2,23)), andy ), GFAOCarryOutput(GFAOAdderOutput(zy, 22, x3),
GFAOAdderOutput(xs, xg, x7), x4), {{(x5, x6), x0r3 ), GFAOAdderOutput
(x5, ¢, x7), (x5, 26), anda ), {((xe, z7), anda ), ((x7, x5), andy ), GFAOCarry
Output(xs, zg, z7) € InnerVertices(STCOIStr(x1, x2, 3, x4, 5, 6, x7)). The
theorem is a consequence of (10).

(17) Let us consider non pair sets x1, z2, 3, T5, T, T7, and a set z4. Suppo-
se 4 # ((GFAO0AdderOutput(zy, x2, x3), GFAOAdderOutput(zs, zg, 7)),
xorg ) and x4 # ((GFAOAdderOutput(x1, x2, x3), GFAOAdderOutput(xs,
x6, 7)), anda ) and x4 ¢ InnerVertices(STCOIIStr(xy, x2, x3, x5, T6, T7))-
Then 1, x2, x3, x4, T5, Te, x7 € InputVertices(STCOIStr(x1, x2, x3, x4, T5,
x¢,27)). The theorem is a consequence of (12).

(18) Let us consider non pair sets xi1, z2, T3, 4, T5, T, 7. Then z1, T2,

x3, T4, Ts, Tg, T7 € InputVertices(STCOIStr(x1, x2, x3, X4, 5, 6, x7)). The
theorem is a consequence of (13).
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Let 21, x9, x3, 24, 5, s, 7 be sets. The functors: STCOICarryOutC1(xq, x2,
x3, T4, X5, e, 7), STCOICarryOutC2(xy, x2, x3, 4, x5, e, x7), STCOICarry
OutC3(z1, x2, 3, T4, x5, T, x7), and STCOIAdderOutA3(xy, x2, x3, 4, T5, Tp,
x7) yielding elements of InnerVertices(STCOIStr(x1, x2, x3, x4, x5, T6, 7)) are
defined by terms
(Def. 9) GFAOCarryOutput(xy, xe, x3),
(Def. 10) GFAO0CarryOutput(zs, ze, 27),
(Def. 11) GFAO0CarryOutput(GFAOAdderOutput(xy, 2, z3), GFAOAdderOutput
(5,26, 27),X4),
(Def. 12) GFAO0AdderOutput(GFAOAdderOutput(z1, z2, x3), GFAOAdderOutput
(.CU5, Ie, a;7), 1’4),
respectively.
Now we state the propositions:

(19) Let us consider non pair sets x1, za, x3, T4, T5, Te, 7, a state s of
STCOICirc(x1, x2, x3, x4, x5, ¢, T7), and elements ai, ag, as, a4, as, ag,
a7 of Boolean. Suppose a1 = s(x1) and ag = s(x2) and az = s(x3) and
ay = s(z4) and a5 = s(z5) and ag = s(xg) and a7 = s(x7). Then

(i) (Following(s,2))(STCO0ICarryOutCl(x1, x2, x3, x4, T5, Te, 7)) = (a1
as V az A as)Vas A ap, and
(ii) (Following(s,2))(STCO0ICarryOutC2(z1, x2, T3, X4, X5, Te, 7)) = (azA
ag V ag A ar) V ar A az, and
(iii) (Following(s,4))(STCOICarryOutC3(z1, z2,x3, 24, Ts5, Te, T7)) =
(((a1 ®az)®as) A ((as Bag) Dar)V ((as Bag) Darz) Aag)Vas A ((a1 ®
az) @ asz), and

(iv) (Following(s,4))(STCOIAdderOutA3(x1, x2, x3, x4, x5, T, T7)) =
(((((a1 ® a2) @ a3) ® a1) ® a5) & ag) © a7, and
(v) (Following(s,4))(x1) = a1, and
(vi) (Following(s,4))(xz2) = ag, and
(vii) (Following(s,4))(x3) = as, and
(viii) (Following(s,4))(x4) = a4, and
(ix) (Following(s,4))(x5) = as, and
(x) (Following(s,4))(xzs) = ag, and
(xi) (Following(s,4))(z7) = ay.

(20) Let us consider non pair sets x1, x2, T3, T4, T5, Tg, T7, and a state s
of STCOICirc(x1, xe, x3, T4, Ts5, Tg, 7). Then Following(s, 4) is stable. The
theorem is a consequence of (9).
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3. PROPERTIES OF STC CIRcUIT STRUCTURE (LAYER-III)

Let x1, z2, x3, T4, T5, Te, 7 be sets. The functor STCOStr(x1, x2, x3, T4, X5,

x6, x7) yielding an unsplit, non void, strict, non empty many sorted signa-
ture with arity held in gates and Boolean denotation held in gates is defined by
the term

(Def. 13) STCOIStr(z1,x2, x3, 24, 5, Te, ©7)+- BitGFA0Str(STCOICarryOutC1(z1,
X9, X3, T4, Ts, T, T7), STCOICarryOutC2(xy, x9, 3, x4, 5, 6, x7), STCOI
CarryOutC3(x1, x2, x3, 4, T5, T, T7)).
The functor STCOCirc(x1, x2, 3, x4, x5, T, T7) yielding a strict, Boolean cir-
cuit of STCOStr(z1, z2, 3, T4, T5, Te, 7) with denotation held in gates is defined
by the term
(Def. 14) STCOICirc(z1, z2, T3, T4, T5, e, 7))+ Bit GFAOCirc(STCOICarryOutC1
(1,22, X3, T4, T5, 6, x7), STCOICarryOutC2(z1, z2, 3, T4, L5, Te, T7),
STCOICarryOutC3(z1, z2, 3, T4, T5, Te, T7))-
Let us consider sets x1, x2, T3, T4, x5, Tg, 7. Now we state the propositions:
(21) InnerVertices(STCOStr(xy,x2, x3, x4, 5, Tg, T7)) =
InnerVertices(STCOIStr (1, z2, 23, T4, T5, Tg, X7) )U
{{{STCOICarryOutC1(x1, x2, x3, x4, T5, x6, x7), STCOICarryOutC2(z1, 2,
x3, x4, L5, Te, 7)), X0rs ), GFAOAdderOutput(STCOICarryOutCl(z1, z2,
x3, x4, x5, Tg, v7), STCOICarryOutC2(z1, x2, 3, X4, 5, Tg, x7), STCOICa—
rryOuwtC3(x1, x2, 3, x4, T5, e, 7)) U

{{{STCOICarryOutC1(x1, x2, 3, x4, T5, ¢, 7), STCOICarryOutC2(x1, x2,
X3, x4, x5, Tg, 7)), ands ), ((STCOICarryOutC2(z1, x2, T3, T4, L5, Te, T7),
STCOICarryOutC3(x1, x2, x3, x4, T5, Te, 7)), andy ), ((STCOICarryOut
C3(z1,x2, x3, T4, 5, T6, x7), STCOICarryOutCl(z1, z2, T3, T4, T5, Te, 7)),
ands ), GFAOCarryOutput(STCOICarryOutCl(xy, x2, 3, T4, T35, T, T7),
STCOICarryOutC2(x1, x2, x3, x4, T5, e, x7), STCOICarryOutC3(z1, 2,
X3, X4, L5, L6, T7))}

(22) InnerVertices(STCOStr(z1, x2, 3, 24, 5, Ts, 7)) = {{{(x1, x2), XOr2 ),
GFAO0AdderOutput(z, x2, z3) } U {{(x1, x2), ands ), ({z2, x3), andz ), ((x3,
x1), andg ), GFAOCarryOutput(z1, x2, z3) }U{{(xs, z¢), xors ), GFAOAdder
Output(zs, z6, 27)} U {{{z5, z6), andz ), {{z¢, 27), andz ), ({7, z5), andz ),
GFAOCarryOutput(zs, zg, x7) } U{{((GFAOAdderOutput(z1, x2, 23), GFAO
AdderOutput(zs, z6, x7)), xors ), GFAOAdderOutput(GFAOAdderOutput
(1,2, x3), GFAOAdderOutput(zs, z6, x7), z4) } U {((GFAOAdderOutput
(21, 2, 23), GFAOAdderOutput(zs, z6, x7)), ands ), ((GFAOAdderOutput
(x5, 6, T7), x4), ands ), ((z4, GFAOAdderOutput(xy, 2, z3)), ands ), GFAO
CarryOutput(GFAOAdderOutput(z1, z2, x3), GFAOAdderOutput(zs, z¢, z7),
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z4)} U {{((GFA0CarryOutput(z1, z2, x3), GFAOCarryOutput(zs, xg, x7)),
xorg ), GFAOAdderOutput(GFAOCarryOutput(x1, x2, x3), GFAOCarry
Output(xs, xg, x7), GFAOCarryOutput(GFAOAdderOutput(z1, z2, z3),
GFAO0AdderOutput(zs, x6, z7),z4)) } U {{({(GFAOCarryOutput(x1, z2, x3),
GFAO0CarryOutput(zs, z6, x7)), ands ), ((GFAOCarryOutput(zs, z6, x7),
GFAOCarryOutput(GFAOAdderOutput(xy, 2, x3), GFAOAdderOutput
(x5, 6, 27), 4)), ands ), ((GFAOCarryOutput(GFAOAdderOutput(z1, 2,
x3), GFAOAdderOutput(zs, ¢, 27), x4), GFAOCarryOutput(xy, 2, x3)),
andy ), GFAOCarryOutput(GFAOCarryOutput(z1, x2, z3), GFAOCarry
Output(zxs, zg, z7), GFAOCarryOutput(GFAOAdderOutput(xy, z2,x3),
GFAO0AdderOutput(zs, x6, z7),24)) }. The theorem is a consequence of (21)
and (10).

(23) InnerVertices(STCOStr(z1, x2, x3, T4, 5, T6, 7)) is a binary relation.

Let us consider non pair sets x1, xo2, T3, T4, T5, Tg, T7.

(24) InputVertices(STCOStr(z1, x2, X3, X4, Ts5, X6, 7)) = {X1, T2, T3, T4, T5, T,
x7}. The theorem is a consequence of (10), (14), and (13).

(25) InputVertices(STCOStr(z1, x2, 3, x4, T5, Te, 7)) has no pairs. The the-
orem is a consequence of (24).

Let us consider sets x1, 9, T3, T4, T5, Tg, T7.

(26) z1, z2, T3, T4, T5, Tg, T7, {(T1,22), X0r2), {(z1,22), ands ), ((z2,x3),
ands ), ((x3, 1), ands ), {(x5, x6), x0r2 ), ((x5, z6), ands ), ({xe, x7), ands ),
((z7,z5), ands ), GFAOAdderOutput(x1, x2, x3), GFAOCarryOutput(xy, x2,
x3), GFAOAdderOutput(xs, x¢, x7), GFAOCarryOutput(xs, x6, x7), ((GFAO
AdderOutput(z1, z2, x3), GFAOAdderOutput(zs, x¢, 7)), xors ), ((GFAOAd
derOutput(z1, z2, x3), GFAOAdderOutput(zs, z¢, 7)), ands ), ((GFAOAdd
erOutput(zs, ¢, v7), 4), ands ),{(x4, GFAOAdderOutput(z, z2, x3)), ands)
€ the carrier of STCOStr(z1, z2, z3, T4, Ts5, Tg, T7)-

And also GFAOAdderOutput(GFAOAdderOutput(z1, z2, 3), GFAOAdd
erOutput(zs, x¢, v7), 4), GFAOCarryOutput(GFAOAdderOutput(z1, z2, z3),
GFAO0AdderOutput(xs, xg, x7), x4), {(( GFAOCarryOutput(z1, z2, 3), GFAQ
CarryOutput(xs, x6, x7)), x0r2 ), GFAOAdderOutput(GFAOCarryOutput(z1,
x9,x3), GFAOCarryOutput(zs, zg, 7), GFAOCarryOutput (GFAOAdderOut—
put(z, x2, x3), GFAOAdderOuput(zs, z¢, 27), x4)), ((GFAOCarryOutput(x1,
x9,x3), GFAOCarryOutput(zs, zg, 7)), ands ), ((GFAOCarryOutput(zs, zg,
x7), GFAOCarryOutput(GFAOAdderOutput(x1, x2, x3), GFAOAdderOutput
(r5,26,27),14)), ands ),{(GFAOCarryOutput(GFAOAdderOutput(z1, 22, x3),
GFAOAdderOutput(xs, xg, x7), x4), GFAOCarryOutput(z1, 2, z3)), ands ),
GFAO0CarryOutput(GFAOCarryOutput(zy, x2, x3), GFAOCarryOutput(zs,
x6, x7), GFAOCarryOutput(GFAOAdderOutput(x1, x2, x3), GFAOAdderOut
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put(zs, xg, x7),x4)) € the carrier of STCOStr(x1, 2,23, X4, T5, Te, T7).
The theorem is a consequence of (15).

(27)  ((z1,x2), x0r2 ), ((x1,22), anda ), ((x2, x3), anda ), ((z3, 1), ands ), ((xs5,
x6), xora ), ((xs5,xe), anda ), ((xe, x7), anda ), ((x7,zs5), ands ), GFAOAdd
erOutput(zy, g, z3), GFAOCarryOutput(x1, x2, x3), GFAOAdderOutput
(x5, 6, x7), GFAOCarryOutput(zs, zg, 7), ((GFAOAdderOutput(x1, 2,
x3),GFAOAdderOutput(zs,z6, x7)),x0rs ), ((GFAOAdderOutput(z,z2, x3),
GFAO0AdderOutput(zs, x6, z7)), anda ), ((GFAOAdderOutput(xs, z¢, x7),
x4), ands ), ((x4, GFAOAdderOutput(z1, z2, x3)), ands ), GFAOAdderOut
put(GFAOAdderOutput(zy, ze, z3), GFAOAdderOutput(xs, x6, x7), x4)
GFAO0CarryOutput(GFAOAdderOutput(xy, 2, x3), GFAOAdderOutput(xs,
x6,27),24), {{(GFAOCarryOutput(z,ze, r3), GFAOCarryOutput(xs,ze, 7)),
xorg ), GFAOAdderOutput(GFAOCarryOutput(z1, 9, z3), GFAOCarryOut
put(zs, zg, x7), GFAOCarryOutput(GFAOAdderOutput(z1, z2, z3), GFAO
Adder Output(zs, z6, 27),z4)) € InnerVertices(STCOStr(z1, xo, x3, 24, 5,
L6, T7)).

And also ((GFAOCarryOutput(z, 22, z3), GFAOCarryOutput
(5,26, 27)), andy ), ((GFAOCarryOutput(zs, z¢, 27), GFAOCarryOutput
(GFAOAdderOutput(z1,x2, x3),GFAOAdderOutput(zs, z¢, 7), 24)), ands ),
((GFAOCarryOutput(GFAOAdderOutput(z1, z2, 23), GFAOAdderOutput
(5,26, 27), x4), GFAOCarryOutput(z1, 2, x3)), ands ), GFAOCarryOutput
(GFAOCarryOutput(x1, x2, x3), GFA0OCarryOutput(zs, xg, v7), GFAOCarry
Output(GFAOAdderOutput(xy, z2, x3), GFAOAdderOutput(zs, x6, x7), T4))
€ Inner Vertices(STCOStr(z1, x2, 3, T4, 5, ¢, x7)). The theorem is a con-
sequence of (22).

(28) Let us consider non pair sets xj, z2, 3, x4, T5, T, 7. Then z1, x2,
x3, T4, Ts, Te, T7 € InputVertices(STCOStr(z1, z2, 3, T4, 5, Te, x7)). The
theorem is a consequence of (24).

Let x1, z2, x3, x4, x5, T¢, 7 be sets. The functors: STCOOutS0(x1, x2, 3, T4,
x5, x6, x7), STCOOWSL(21, T2, T3, T4, T5, T6, x7), and STCOOutS2(x1, x2, x3,
x4, x5, T, r7) yielding elements of InnerVertices(STCOStr(x1, x2, 3, x4, T5, T,
x7)) are defined by terms

(Def. 15) GFA0AdderOutput(GFAOAdderOutput(z1, z2, x3), GFAOAdderOutput
(w5, 26, 27), T4),

(Def. 16) GFAO0AdderOutput(GFAOCarryOutput(xy, z2, z3), GFAOCarryOutput
(x5, x6, x7), GFAOCarryOutput(GFAOAdderOutput(zy, x2, x3), GFAOAd—
derOutput(zs, x6, z7), T4)),

(Def. 17) GFAO0CarryOutput(GFAO0CarryOutput(z1, ze, r3), GFAOCarryOutput
(5,26, x7), GFAOCarryOutput(GFAOAdderOutput(zy, x2, x3), GFAOAd—
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derOutput(zs, zg, 7), T4)),
respectively. Now we state the propositions:

(29) Let us consider non pair sets x1, za, x3, T4, T5, Te, 7, a state s of
STCOCirc(z1, x2, T3, T4, T5, Te, T7), and elements ay, ag, as, aq, as, ag, ar
of Boolean. Suppose a1 = s(x1) and ag = s(x2) and az = s(x3) and
ay = s(z4) and a5 = s(z5) and ag = s(xg) and a7 = s(x7). Then

(i) (Following(s,4))(STCOOutSO(x1, x2, x3, x4, x5, Te, T7)) =

(a1 @ az) @ a3) @ aq) @ as) @ ag) @ a7, and

(ii) (Following(s,6))(STCOOutS1(x1,z2,x3, x4, Ts5, 6, 7)) = (((a1 Aag V
ag ANas)VazAar)® ((as NagVagAay)VarAas)) @ ((((a1 @ az) @
az) A ((as @ ag) © a7) V ((as © ag) © ar) Aag) Vag A ((a1 © az) © az)),
and

(iii) (Following(s,6))(STCOOutS2(xz1, x2,x3, x4, Ts5, xe, 7)) = (((a1 Aag Vv
a2 /\a3)\/ag/\al)/\((a5/\a6Va6/\a7)\/a7/\a5)\/((a5/\a6\/a6/\a7)\/
arNas) A ((((a1 @ az) Baz) A((as P as) Bar)V ((as B as) Bar) Aag)V
ag A ((a1 ©az) ®az))) vV ((((a1 @ az) ©az) A ((as D ag) D ar) V ((a5 ©
ag) ®ar) ANag)Vas A ((a1 ®az) Bas)) A((ag AagVaz Aas)VagAay),

and
(iv) (Following(s,6))(z1) = a1, and
(v) (Following(s,6))(z2) = a2, and
(vi) (Following(s,6))(z3) = a3, and
(vii) (Following(s,6))(x4) = a4, and
(viii) (Following(s,6))(x5) = as, and
(ix) (Following(s,6))(zs) = ag, and
(x) (Following(s,6))(z7) = ar.

(30) Let us consider non pair sets x1, x2, T3, T4, T5, Tg, T7, and a state s
of STCOCirc(z1,x2, 3, T4, x5, T6, 7). Then Following(s,6) is stable. The
theorem is a consequence of (20).
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Summary. This article formalized rings of fractions in the Mizar system
[B], [4]. A construction of the ring of fractions from an integral domain, namely
a quotient field was formalized in [7].

This article generalizes a construction of fractions to a ring which is commu-
tative and has zero divisor by means of a multiplicatively closed set, say S, by
known manner. Constructed ring of fraction is denoted by S~ R instead of S™*R
appeared in [I], [6]. As an important example we formalize a ring of fractions by
a particular multiplicatively closed set, namely R ~\ p, where p is a prime ideal
of R. The resulted local ring is denoted by R,. In our Mizar article it is coded
by R™p as a synonym.

This article contains also the formal proof of a universal property of a ring
of fractions, the total-quotient ring, a proof of the equivalence between the total-
quotient ring and the quotient field of an integral domain.

MSC: [13B30 [16S85 168V20
Keywords: rings of fractions; localization; total-quotient ring; quotient field

MML identifier: RINGFRAC, version: 8.1.09 5.60.1371

1. PRELIMINARIES:
UNITS, ZERO DIVISORS AND MULTIPLICATIVELY-CLOSED SET

From now on R, R; denote commutative rings, A, B denote non degenerated,
commutative rings, o, 01, oo denote objects, r, r1, ro denote elements of R, a,
a1, az, b, by denote elements of A, f denotes a function from R into R;, and p
denotes an element of the spectrum of A.

Let R be a commutative ring and r be an element of R. We say that r is

zero-divisible if and only if
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(Def. 1) there exists an element r; of R such that r1 # Og and r -7y = Og.
Let A be a non degenerated, commutative ring. Let us observe that there
exists an element of A which is zero-divisible.
Let us consider A.
A zero-divisor of A is a zero-divisible element of A. Now we state the pro-
positions:
(1) 04 is a zero-divisor of A.
(2) 14 is not a zero-divisor of A.
Let us consider A. The functor ZeroDivSet(A) yielding a subset of A is
defined by the term
(Def. 2) {a, where a is an element of A : a is a zero-divisor of A}.
The functor NonZeroDivSet(A) yielding a subset of A is defined by the term
(Def. 3) Q4 \ (ZeroDivSet(A)).
Let us note that ZeroDivSet(A) is non empty and NonZeroDivSet(A) is non
empty.
Now we state the propositions:
(3) 04 ¢ NonZeroDivSet(A). The theorem is a consequence of (1).
(4) If Ais an integral domain, then {04} = ZeroDivSet(A). The theorem is
a consequence of (1).
(5) {1g} is multiplicatively closed.
Let us consider R. One can check that there exists a non empty subset of R
which is multiplicatively closed.
Let us consider A. Let V' be a subset of A. We say that V' is without zero if
and only if
(Def. 4) OA ¢ V.
Let us observe that there exists a non empty, multiplicatively closed subset
of A which is without zero.
Now we state the propositions:
(6) 4\ p is multiplicatively closed.
(7) Let us consider a proper ideal J of A. Then multClSet(J, a) is multipli-
catively closed.

Let us consider A. One can check that NonZeroDivSet(A) is multiplicatively
closed.

Let us consider R. The functor UnitSet(R) yielding a subset of R is defined
by the term

(Def. 5) {a, where a is an element of R : a is a unit of R}.

Let us observe that UnitSet(R) is non empty.
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Now we state the proposition:

(8) If r1 € UnitSet(R), then 7 is right mult-cancelable.
Proor: Consider r9 such that ro - r; = 1. For every elements u, v of R
such that w-r1 =v -7 holds u =v. O
Let us consider R. Let r be an element of R. Assume r € UnitSet(R). The
functor recip(r) yielding an element of R is defined by
(Def. 6) it-r =1g.
We introduce the notation r~
Let u, v be elements of R. The functor u/v yielding an element of R is
defined by the term

(Def. 7)  w - recip(u).
Let us consider a unit v of R and an element v of R. Now we state the

! as a synonym of recip(r).

propositions:
(9) If f inherits ring homomorphism, then f(u) is a unit of Ry and f(u)™ " =
Flu).
(10) If f inherits ring homomorphism, then f(v - (u™')) = f(v) - (f(u) ™).
The theorem is a consequence of (9).

2. EQUIVALENCE RELATION OF FRACTIONS

In the sequel S denotes a non empty, multiplicatively closed subset of R.
Let us consider R and S. The functor Frac(.S) yielding a subset of (the carrier
of R) x (the carrier of R) is defined by
(Def. 8) for every set z, x € it iff there exist elements a, b of R such that z = (a,
b) and b € S.
Now we state the proposition:
(11) Frac(S) =Qgr x S.
Let us consider R and S. Let us observe that Frac(S) is non empty.
The functor fracl(S) yielding a function from R into Frac(S) is defined by
(Def. 9) for every object o such that o € the carrier of R holds it(o) = (o, 1R).
From now on u, v, w, z, y, z denote elements of Frac(.S).
Let us consider R and S. Let u, v be elements of Frac(S). The functor
FracAdd(u,v) yielding an element of Frac(S) is defined by the term
(Def. 10)  ((u)1 - ()2 + ()1 - (w)2, (u)2 - (v)2)-
One can verify that the functor is commutative.
The functor FracMult(u, v) yielding an element of Frac(S) is defined by the
term
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(Def. 11) - ((w)1 - (v)1, (u)2 - (v)2).
One can check that the functor is commutative.
Let us consider z and y. The functors: z + y and z - y yielding elements of
Frac(S) are defined by terms

(Def. 12) FracAdd(z,y),
(Def. 13) FracMult(z, y),
respectively. Now we state the propositions:
(12) FracAdd(z,FracAdd(y, z)) = FracAdd(FracAdd(z, y), 2).
(13) FracMult(z, FracMult(y, z)) = FracMult(FracMult(z, y), 2).
Let us consider R and S. Let z, y be elements of Frac(S). We say that
T =prg y if and only if
(Def. 14) there exists an element s; of R such that s; € S and ((z)1-((y)2) — (y)1-
((#)2)) - 51 = Or.
Now we state the propositions:
(14) IfOr € S, then & =g, y.
(15) z =prq .
(16) If v =pyq y, then y =p, .
(17) Ifx =pyq y and y =prg 2, then & =g, 2.

Let us consider R and S. The functor EqRel(S) yielding an equivalence
relation of Frac(.S) is defined by

(Def. 15)  (u, v) € it iff u =prg v.
Now we state the propositions:
(18) @ € [ylpqrals) if and only if 2 =g, y.

(19) [m]EqRel(S) = [y]EqRel(S) if and only if x =p,g v.
PROOF: Set £ = EqRel(S)' If [x]E = [y]E7 then x =Frg Y- T € [y]E g

(20) If v =pyq u and y =py4 v, then FracMult(z,y) =p,, FracMult(u, v).
(21) If x =pyq uw and y =py4 v, then FracAdd(z,y) =pr FracAdd(u,v).
(22) (x+4vy)-z2=prgz-2+Yy-2.
Let us consider R and S. The functors: 03, and I *® yielding elements of
Frac(S) are defined by terms

(Def. 16)  (Or, 1g),
(Def. 17)  (1r, 1g),
respectively. Now we state the proposition:

(23) Let us consider an element s of S. If x = (s, s), then z =p, ngs.
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3. CONSTRUCTION OF RING OF FRACTIONS

Let us consider R and S. The functor FracRing(S) yielding a strict double
loop structure is defined by

(Def. 18) the carrier of it = Classes EqRel(S) and 1, = [I}%XS]EqRel

[O%XS]EqRel(S) and for every elements x, y of it, there exist elements a, b

(S) and Oit =

of Frac(S) such that z = [a]greys) and ¥ = [blggre(s) and (the addition
of it)(z,y) = [a + blpqrars) and for every elements z, y of it, there exist
elements a, b of Frac(S) such that « = [a]gqres) and ¥ = [blggrey(s) and
(the multiplication of it)(z,y) = [a - b]gqrel(s)-
We introduce the notation S~R as a synonym of FracRing(.5).
One can verify that S~R is non empty.
Now we state the proposition:
(24) Og € S if and only if S~R is degenerated. The theorem is a consequence
of (19).
In the sequel a, b, ¢ denote elements of Frac(S) and z, y, z denote elements
of S~R.
Now we state the propositions:
(25) There exists an element a of Frac(S) such that x = [a]gge(s)-
(26) If 2 = [alpqreas) and ¥ = [Blggres), then -y = [a- blpqpes)- The
theorem is a consequence of (19) and (20).
(27) x -y =1y -z. The theorem is a consequence of (25) and (26).
(28) If z = [a]pqrey(sy and ¥ = [Blpqrei(s): then = +y = [a + blggges)- The
theorem is a consequence of (19) and (21).
(29) S~Ris a ring.
PrROOF: z +y =y+z (v+y)+z=2+ (y+2). 2+ 05.r = z. = is
right complementable. (x 4+ y)-z=xz-z24+y-z. z-(y+2)=x-y+x-z
and (y+z2)- e =y-z+z-x. (x-y)-z=z-(y-2). x-(lgor) = x and
lgop-z=a.0
Let us consider R and S. One can verify that S~R is commutative, Abelian,
add-associative, right zeroed, right complementable, associative, well unital, and
distributive.
Now we state the proposition:

(30) There exist elements 71, 2 of R such that
(i) ro € S, and

(ii) z = [{r1, r2))pqreis)-

The theorem is a consequence of (25).
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In the sequel S denotes a without zero, non empty, multiplicatively closed
subset of A.

Let us consider A and S. The canonical homomorphism of S into quotient
field yielding a function from A into S~A is defined by

(Def. 19) for every object o such that o € the carrier of A holds it(o) =
(frac1 () (0)]qercs)-

Let us observe that the canonical homomorphism of S into quotient field is
additive, multiplicative, and unity-preserving.

Now we state the propositions:

(31) Let us consider elements a, b of A. Then (the canonical homomorphism
of S into quotient field)(a — b) = (the canonical homomorphism of S
into quotient field)(a) — (the canonical homomorphism of S into quotient
field)(b).

(32) Suppose 04 ¢ S. Then kerthe canonical homomorphism of S into
quotient field C ZeroDivSet(A).

PROOF: For every o such that o € ker the canonical homomorphism of S
into quotient field holds o € ZeroDivSet(A). O
(33) Suppose 04 ¢ S and A is an integral domain. Then
(i) kerthe canonical homomorphism of S into quotient field = {04}, and
(ii) the canonical homomorphism of S into quotient field is one-to-one.

PROOF: ker the canonical homomorphism of S into quotient field C ZeroDiv
Set(A). ZeroDivSet(A) = {04}. For every objects x, y such that x, y €
dom(the canonical homomorphism of S into quotient field) and (the canoni-
cal homomorphism of S into quotient field)(x) = (the canonical homomor-
phism of S into quotient field)(y) holds x = y. O

4. LOCALIZATION IN TERMS OF PRIME IDEALS

From now on p denotes an element of the spectrum of A.
Let us consider A and p. The functor Loc(A,p) yielding a subset of A is
defined by the term
(Def. 20) Q4 \ p.
One can check that Loc(A, p) is non empty and Loc(A, p) is multiplicatively
closed and Loc(A,p) is without zero.
The functor A~p yielding a ring is defined by the term
(Def. 21) Loc(A,p)~A.
One can verify that A~p is non degenerated and A~p is commutative.
The functor Locldeal(p) yielding a subset of Q4. is defined by the term
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(Def. 22) {y, where y is an element of A~p : there exists an element a of
Frac(Loc(A, p)) such that a € p x Loc(A, p) and y = [alpqrei(roc(4,p)) -
Observe that Locldeal(p) is non empty.
In the sequel a, m, n denote elements of A~p.
Now we state the propositions:
(34) Locldeal(p) is a proper ideal of A~p.
PROOF: Reconsider M = Locldeal(p) as a subset of A~p. For every ele-
ments m, n of A~p such that m, n € M holds m + n € M. For every
elements x, m of A~p such that m € M holds x-m € M. M is proper by
[2, (19)], (19). O
(35) Let us consider an object x. Suppose x € Qa~p \ (Locldeal(p)). Then x
is a unit of A~p. The theorem is a consequence of (25) and (11).
(36) (i) A~p is local, and
(ii) Locldeal(p) is a maximal ideal of A~p.
PROOF: Reconsider J = Locldeal(p) as a proper ideal of A~p. A~p is
local. J is a maximal ideal of A~p by [8, (8), (11)], (35). O

5. UNIVERSAL PROPERTY OF RING OF FRACTIONS

From now on f denotes a function from A into B.

Now we state the proposition:

(37) Let us consider an element s of S. Suppose f inherits ring homomorphism
and f°S C UnitSet(B). Then f(s) is a unit of B.

Let us consider A, B, S, and f. Assume f inherits ring homomorphism and
f°S C UnitSet(B). The functor UnivMap(S, f) yielding a function from S~A
into B is defined by

(Def. 23) for every object x such that x € the carrier of S~A there exist elements
a, s of A such that s € S and = = [{a, 5)|pqrey(s) and it(z) = f(a) -
(f()™h).

Now we state the propositions:

(38) If f inherits ring homomorphism and f°S C UnitSet(B),
then UnivMap(S, f) is additive.
PROOF: For every elements z, y of S~A, (UnivMap(S, f))(x +y) =
(UnivMap(S, f))(z) + (UnivMap(S, f))(y). O

(39) If f inherits ring homomorphism and f°S C UnitSet(B),
then UnivMap(S, f) is multiplicative.
PROOF: For every elements z, y of S~A, (UnivMap(S, f))(z -y) =
(UnivMap(S, f))(z) - (UnivMap(S, f))(y). O
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(40) If f inherits ring homomorphism and f°S C UnitSet(B),
then UnivMap(S, f) is unity-preserving.
PRrOOF: (UnivMap(S, f))(1g~a) =15. O

(41) If f inherits ring homomorphism and f°S C UnitSet(B),
then UnivMap(S, f) inherits ring homomorphism.

(42) Suppose f inherits ring homomorphism and f°S C UnitSet(B). Then
f = (UnivMap(S, f)) - (the canonical homomorphism of S into quotient
field).

PRrROOF: Set g1 = (UnivMap(S, f)) - (the canonical homomorphism of
S into quotient field). For every object z such that x € dom f holds
7(x) = g1(x) by (19), (37), B 8)). O

6. THE TOTAL-QUOTIENT RING
AND THE QUOTIENT FIELD OF INTEGRAL DOMAIN

Let us consider A. The functor TotalQuotRing(A) yielding a ring is defined
by the term

(Def. 24) NonZeroDivSet(A)~A.

Observe that TotalQuotRing(A) is non degenerated.
In the sequel z denotes an object.
Now we state the proposition:
(43) If Ais a field, then Ideals A = {{04}, the carrier of A}.
PRrROOF: If = € Ideals A, then = € {{04}, the carrier of A}.
If x € {{04}, the carrier of A}, then x € Ideals A. O
From now on A denotes an integral domain.
(44) (i) NonZeroDivSet(A) = Q4 \ {04}, and

(ii) NonZeroDivSet(A) is a without zero, non empty, multiplicatively
closed subset of A.
The theorem is a consequence of (4).

(45) Let us consider an element a of A. Then a € NonZeroDivSet(A) if and
only if a # 04. The theorem is a consequence of (44).

(46) TotalQuotRing(A) is a field. The theorem is a consequence of (4), (30),
and (19).

(47) Let us consider an integral domain A. Then the field of quotients of A
is ring isomorphic to TotalQuotRing(A).
PROOF: Set S = NonZeroDivSet(A). Set B = the field of quotients of
A. Set f = the canonical homomorphism of A into quotient field. f°S C
UnitSet(B). Reconsider S = NonZeroDivSet(A) as a without zero, non
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empty, multiplicatively closed subset of A. UnivMap(S, f) inherits ring
homomorphism. TotalQuotRing(A) is a field. Set g = UnivMap(S, f). For
every object y such that y € Qp holds y € rngg. [J
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Summary. The subset sum problem is a basic problem in the field of
theoretical computer science, especially in the complexity theory [8]. The input
is a sequence of positive integers and a target positive integer. The task is to
determine if there exists a subsequence of the input sequence with sum equal
to the target integer. It is known that the problem is NP-hard [2] and can be
solved by dynamic programming in pseudo-polynomial time [I]. In this article
we formalize the recurrence relation of the dynamic programming.
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1. PRELIMINARIES

Let = be a finite sequence and I be a set. The functor Seq(z,I) yielding
a finite sequence is defined by the term

(Def. 1)  Seq(x|I).
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Let D be a set and = be a [valued finite sequence. One can check that
Seq(x, I) is D-valued.

Let x be a real-valued finite sequence. Let us observe that Seq(x, I) is real-
valued.

Let D be a set, x be a D}valued finite sequence, and ¢ be a natural number.
Let us observe that x[i is D-valued as a finite sequence-like function.

Let = be a real-valued finite sequence. One can verify that x| is real-valued
as a finite sequence-like function.

2. SUMMING UP FINITE SEQUENCES

Let x be an Rvalued finite sequence and a be a real number. We say that
the sum of z is equal to a if and only if

(Def. 2) there exists a set I such that I C domx and } Seq(z,I) = a.
The functor Q, yielding a function from Seglen x X R into Boolean is defined
by
(Def. 3) for every natural number ¢ and for every real number s such that 1 <
i < lenz holds if the sum of z|i is equal to s, then it(i,s) = true and if
the sum of z[i is not equal to s, then it(i, s) = false.
Let A be a subset of N, ¢ be a natural number, s be a real number, and f
be a function from A x R into Boolean. Let us note that f(7,s) is Boolean.
Let a, b be objects. The functor a =x b yielding an object is defined by the
term

(Def. 4)  (a = b — true, false).

Note that a =x, b is Boolean.
Let a, b be extended reals. The functor a <y b yielding an object is defined
by the term

(Def. 5) (a > b — false, true).
Let us note that a <s; b is Boolean.
Now we state the propositions:
(1) Let us consider a real number s, and an Rvalued finite sequence z.
Suppose 1 < lenz. Then Q,(1,s) = (z(1)=xs) V (s=x0).
(2) Let us consider functions f, g, and sets X, Y. Suppose rng g C X. Then
(fIXUY))-g=(f1X)-g.
PROOF: For every object i, i € dom((f[(X UY))-g) iff i € domg and
g(i) € dom(f[X). For every object i such that i € dom((f[(X UY))-g)
holds ((f[(X UY))-g)(i) = (f1X)(g()). O
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(3) Let us consider an Rvalued finite sequence z, a natural number i, and
a set Iy. Suppose Iy C Segi and Seg(i + 1) C domz. Then Seq(z[(i +
1), IoU{i+1}) = Seq(z]i, Ip) ~ (x(i + 1)). The theorem is a consequence
of (2).

(4) Let us consider a real-valued finite sequence z. If z # () and x is positive,
then 0 < ) .

(5) Let us consider a real-valued finite sequence z, and a natural number i.
Suppose x is positive and 1 < ¢ < lenz. Then

(i) x[i is positive, and
(i) xli # 0.
PROOF: For every natural number j such that j € dom(x[7) holds 0 <
(z]4)(4) by [4; (112)]. O
(6) Let us consider a real-valued finite sequence x, and a set I. Suppose z
is positive and I C domx and I # (). Then
(i) Seq(z,I) is positive, and
(ii) Seq(z,I) # 0.
PROOF: For every natural number j such that j € dom(Seq(x, I)) holds
0 < (Sea(z, 1))(j). O

3. RECURRENCE RELATION OF DYNAMIC PROGRAMMING
FOR THE SUBSET SUM PROBLEM

Now we state the proposition:

(7) Let us consider an Rvalued finite sequence x. Suppose x is positive. Let
us consider a natural number ¢, and a real number s. Suppose 1 < ¢ < len .
Then Q, (1 +1,s) = Q,(¢,s) V(z(i+1)<us) AN Q,(i,s —z(i + 1)).
PRrOOF: Q,(i41,s) = true iff Q (i, s)V(z(i+1) <z s)AQ.(i,s—z(i+1)) =
true. [J

ACKNOWLEDGEMENT: We are very grateful to Prof. Yasunari Shidama for
his encouraging support. We thank Prof. Pauline N. Kawamoto, Dr. Hiroyuki
Okazaki, and Dr. Hiroshi Yamazaki for their helpful discussions.

REFERENCES

[1] Michael R. Garey and David S. Johnson. Computers and Intractability: A Guide to the
Theory of NP-Completeness. W. H. Freeman & Co., New York, NY, USA, 1979. ISBN
0716710447.



92 HIROSHI FUJIWARA, HOKUTO WATARI, AND HIROAKI YAMAMOTO

[2] Richard M. Karp. [Reducibility among combinatorial problems. In Miller et al. [§], pages
85-103. ISBN 978-1-4684-2001-2. doi:10.1007/978-1-4684-2001-2_9.

[8] Raymond E. Miller, James W. Thatcher, and Jean D. Bohlinger, editors. Complezity of
Computer Computations, 1972. Springer US. ISBN 978-1-4684-2001-2. doi;10.1007/978-1-
4684-2001-2_9.

[4] Wojciech A. Trybulec. Non-contiguous substrings and one-to-one finite sequences. Forma-
lized Mathematics, 1(8):569-573, 1990.

Accepted January 13, 2020


https://doi.org/10.1007/978-1-4684-2001-2_9
http://dx.doi.org/10.1007/978-1-4684-2001-2_9
http://dx.doi.org/10.1007/978-1-4684-2001-2_9
http://dx.doi.org/10.1007/978-1-4684-2001-2_9
http://fm.mizar.org/1990-1/pdf1-3/finseq_3.pdf

FORMALIZED MATHEMATICS DE .
Vol. 28, No. 1, pages 03 104, 2020 i $ sciendo
T
DOI: 10.2478/forma-2020-0008 @ https://www.sciendo.com/

Reconstruction of the One-Dimensional
Lebesgue Measure

Noboru Endou
National Institute of Technology, Gifu College
2236-2 Kamimakuwa, Motosu, Gifu, Japan

Summary. In the Mizar system ([I], [2]), Jézef Bialas has already given
the one-dimensional Lebesgue measure [4]. However, the measure introduced by
Biatas limited the outer measure to a field with finite additivity. So, although it
satisfies the nature of the measure, it cannot specify the length of measurable
sets and also it cannot determine what kind of set is a measurable set. From the
above, the authors first determined the length of the interval by the outer measu-
re. Specifically, we used the compactness of the real space. Next, we constructed
the pre-measure by limiting the outer measure to a semialgebra of intervals. Fur-
thermore, by repeating the extension of the previous measure, we reconstructed
the one-dimensional Lebesgue measure [7], [3].
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1. PROPERTIES OF INTERVALS

Now we state the propositions:
(1) Let us consider non empty intervals A, B. Suppose A is open interval
and B is open interval and A U B is an interval. Then
(i) AU B is open interval, and
(ii) A meets B, and
(iii) inf A < sup B or inf B < sup A.
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(2) Let us consider open interval subsets A, B of R. If A meets B, then
A U B is an open interval subset of R. The theorem is a consequence of
(1).
(3) Let us consider an interval A, and open interval subsets B, C' of R. If
A C BUC and A meets B and A meets C, then B meets C.
Let us consider non empty sets A, B and extended real numbers p, ¢, r, s.
Now we state the propositions:

(4) If A=[p,q] and B = [r,s] and A misses B, then ¢ < r or s < p.
(5) If A=|[p,q] and B = [r,s[ and A misses B, then ¢ < r or s < p.
(6) If A=[p,q] and B =]r,s| and A misses B, then ¢ <7 or s < p.
(7) If A=[p,q] and B =]r,s[ and A misses B, then ¢ <7 or s < p.
(8) If A=[p,q[ and B = [r,s[ and A misses B, then ¢ < or s < p.
(9) If A=[p,q[ and B =]r,s| and A misses B, then ¢ <7 or s < p.
(10) If A= [p,q[ and B =]r,s[ and A misses B, then ¢ < or s < p.
(11) If A=]p,q] and B = |r,s] and A misses B, then ¢ < or s < p.
(12) If A=]p,q] and B =]r,s[ and A misses B, then ¢ < or s < p.
(13) If A=|p,q[ and B =]r, s[ and A misses B, then ¢ <r or s < p.
(14) Let us consider non empty intervals A, B, and extended real numbers p,

q, r, s. Suppose A = [p,q] and B = [r,s] and A misses B. Then AU B is
not an interval. The theorem is a consequence of (4).

Let us consider non empty intervals A, B and extended real numbers p, ¢,
r, s. Now we state the propositions:

(15) If A = [p,q] and B = [r,s] and A misses B and AU B is an interval,
then p = s and AU B = [r, ¢]. The theorem is a consequence of (5).

(16) If A = [p,q] and B = |r,s| and A misses B and AU B is an interval,
then ¢ = r and AU B = [p, s]. The theorem is a consequence of (6).

(17) Suppose A = [p,q] and B = ]r, s[ and A misses B and AUB is an interval.
Then

(i) p=sand AUB =]r,q|, or
(ii) ¢g=r and AUB = [p, s[.
The theorem is a consequence of (7).

(18) Suppose A = [p,q[ and B = [r, s[ and A misses B and AUB is an interval.
Then

(i) p=sand AUB =[r,q]|, or
(ii) ¢g=r and AU B = [p, s|.

The theorem is a consequence of (8).
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(19) Let us consider non empty intervals A, B, and extended real numbers p,
q, r, s. Suppose A = [p,q[ and B = |r,s] and A misses B. Then AU B is
not an interval. The theorem is a consequence of (9).

Let us consider non empty intervals A, B and extended real numbers p, ¢,
r, s. Now we state the propositions:

(20) Suppose A = [p,q[ and B = |r, s[ and A misses B and AUB is an interval.
Then
(i) p=s, and
(i) AUB =r,q|.
The theorem is a consequence of (10).
(21) Suppose A = |p,q] and B = ]r, s] and A misses B and AUB is an interval.
Then
(i) p=sand AUB =]r,q|, or
(ii) ¢g=r and AU B = |p, s|.
The theorem is a consequence of (11).
(22) Suppose A = |p,q| and B = |r, s[ and A misses B and AUB is an interval.
Then
(i) ¢=r, and
(i) AUB =p,s|.
The theorem is a consequence of (12).

(23) Let us consider non empty intervals A, B, and extended real numbers p,
q, r, s. Suppose A = |p,q[ and B = |r, s| and A misses B. Then AU B is
not an interval. The theorem is a consequence of (13).

(24) Let us consider real numbers a, b, and a subset I of RY. If I = [a, b],
then I is compact.

2. TooLs FOR EXTENDED REAL SEQUENCES

Let f be a finite sequence of elements of R. The functor max, f yielding
a natural number is defined by
(Def. 1) if len f = 0, then it = 0 and if len f > 0, then it € dom f and for every
natural number ¢ and for every extended reals r1, ro such that ¢ € dom f
and r; = f(i) and ro = f(it) holds r; < 72 and for every natural number
j such that j € dom f and f(j) = f(it) holds it < j.

The functor min;, f yielding a natural number is defined by
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(Def. 2) if len f = 0, then it = 0 and if len f > 0, then it € dom f and for every
natural number ¢ and for every extended reals r1, ro such that ¢ € dom f
and r; = f(i) and ro = f(it) holds r; > 79 and for every natural number
j such that j € dom f and f(j) = f(it) holds it < j.

The functors: max f and min f yielding extended reals are defined by terms

(Def. 3)  f(maxy, f),

(Def. 4)  f(miny, f),

respectively.
Let us consider a finite sequence f of elements of R and a natural number
i. Now we state the propositions:

(25) If1<i<lenf, then f(i) < f(maxp f) and f(i) < max f.
(26) If1<i<lenf, then f(i) > f(min, f) and f(¢) > min f.

Let us consider a function F' and objects x, y. Now we state the propositions:
(27) If z, y € dom F', then Swap(F,x,y) = F - (Swap(idgom r, %, y))-

(28) Ifz,y € dom F, then F and Swap(F, z,y) are fiberwise equipotent. The
theorem is a consequence of (27).

<
2>

Now we state the proposition:

(29) Let us consider a set X, a function F, and objects z, y. Suppose = ¢ X
and y ¢ X. Then F[X = Swap(F,z,y)[X.

3. OPEN COVERING OF INTERVALS

Let A be a subset of R.
An open interval covering of A is an interval covering of A defined by

(Def. 5) for every element n of N, it(n) is open interval.
Let F' be an open interval covering of A and n be an element of N. One
can verify that the functor F'(n) yields an open interval subset of R. Let F' be
a sequence of 2R,
An open interval covering of F' is an interval covering of F' defined by
(Def. 6) for every element n of N, it(n) is an open interval covering of F'(n).
Let H be an open interval covering of F' and n be an element of N. Let us
note that the functor H(n) yields an open interval covering of F(n). Let A be
a subset of R. The functor Svc2(A) yielding a subset of R is defined by
(Def. 7)  for every extended real number x, x € it iff there exists an open interval
covering F' of A such that x = vol(F).

Let us note that Svc2(A) is non empty. Now we state the propositions:
(30) Let us consider a subset A of R. Then
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(i) Sve2(A) C Sve(A), and
(ii) infSve(A) < infSve2(A).

(31) Let us consider a sequence F' of 28, an open interval covering G of F,
and a sequence H of N x N. Suppose rng H = N x N. Then On(G, H) is
an open interval covering of |Jrng F'.

(32) Let us consider a subset A of R, and a sequence G of 2®. Suppose A C
Urng G and for every element n of N, G(n) is open interval. Then G is
an open interval covering of A.

(33) Let us consider a sequence F of 2%, and a sequence G of (2%)N. Suppose
for every element n of N, G(n) is an open interval covering of F'(n). Then
G is an open interval covering of F.

(34) Let us consider a sequence H of N x N. Suppose H is one-to-one and
rmg H = N x N. Let us consider a natural number k. Then there exists
an element m of N such that for every sequence F of 2R for every open
interval covering G of F', (Ser((On(G, H)) vol))(k) < (Servol(G))(m).

(35) Let us consider a sequence F of 2%, and an open interval covering G of
F. Then inf Sve2(Jrng F) < Y vol(G). The theorem is a consequence of
(34) and (31).

Let F' be a non empty family of subsets of R. One can verify that an element
of I is a subset of R. Now we state the propositions:

(36) Let us consider an element A of Intervalsg. Suppose A is open interval.
Then there exists an open interval covering F' of A such that

(i) F(0) = A, and

(ii) for every natural number n such that n # 0 holds F'(n) = (), and
(iii) Urmg F' = A, and
(iv) S ((F)vol) = @ A.

PROOF: Define Plnatural number,set] = if $; = 0, then $5 = A and if
$1 # 0, then $5 = Pg. For every element n of N, there exists an element
E of 2% such that P[n, E]. Consider F being a function from N into 2%
such that for every element n of N, P[n, F'(n)]. For every natural number
n such that n # 0 holds F(n) = (. For every object n, 0 < ((F)vol)(n).
Define P[natural number] = ((3°5_,(F) vol(«))xen)($1) = FA. For every
natural number n such that P[n] holds P[n+1]. For every natural number
n, P[n]. > ((F)vol) = @A by [0, (2)], [9, (32)], [5, (52)]. O

(37) Let us consider subsets A, B of R, and an interval covering F' of A. If
B C A, then F is an interval covering of B.
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(38) Let us consider subsets A, B of R, and an open interval covering F' of
A. If B C A, then F is an open interval covering of B. The theorem is
a consequence of (37).

(39) Let us consider subsets A, B of R, an interval covering F' of A, and
an interval covering G of B. If F' = G, then (F') vol = (G) vol.

(40) Let us consider a finite sequence F of elements of 2%, and a natural
number k. Suppose for every natural number n such that n € dom F holds
F(n) is an open interval subset of R and for every natural number n such
that 1 < n <len F holds Jrng(F[n) meets F(n+ 1). Then Jrng(F'[k) is
an open interval subset of R.

PROOF: Define P[natural number| = (Jrng(F'[$1) is an open interval sub-
set of R. For every natural number k such that P[k] holds P[k + 1]. For
every natural number k, P[k]. O

(41) Let us consider a non empty, closed interval subset A of R, and a finite
sequence F of elements of 28, Suppose A C |Jrng F and for every natural
number n such that n € dom F' holds A meets F'(n) and for every natural
number n such that n € dom F holds F(n) is an open interval subset of
R. Then there exists a finite sequence G of elements of 28 such that

(i) F and G are fiberwise equipotent, and

(ii) for every natural number n such that 1 < n < len G holds [Jrng(Gn)
meets G(n + 1).

PROOF: Define P[natural number| = if $; < len F, then there exists a finite
sequence G of elements of 28 such that F' and G are fiberwise equipotent
and for every natural number n such that 1 < n < $; holds (Jrng(G[n)
meets G(n + 1). For every non zero natural number k such that P[k]
holds P[k + 1]. For every non zero natural number k, P[k]. Consider G
being a finite sequence of elements of 2% such that F' and G are fiberwise
equipotent and for every natural number n such that 1 < n < len F holds
Urng(GIn) meets G(n+1). O

4. MEASURE OF INTERVALS BY OS-MEAS

Let us consider an element I of Intervalsg. Now we state the propositions:

(42) If I is open interval, then (OS-Meas)(/) < @1. The theorem is a conse-
quence of (36) and (30).

(43) If I # 0 and I is right open interval, then (OS-Meas)(I) < &I. The
theorem is a consequence of (36), (38), (39), and (30).
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(44) 1If I is an interval, then (OS-Meas)(I) < @I. The theorem is a consequ-
ence of (42) and (43).

(45) Let us consider a non empty, closed interval subset A of R, a finite

sequence F' of elements of 28, and a finite sequence G of elements of R.
Suppose A C Jrng F' and len F' = len G and for every natural number n
such that n € dom F' holds F'(n) is an open interval subset of R and for
every natural number n such that n € dom F holds G(n) = @F(n) and for
every natural number n such that n € dom F' holds A meets F'(n). Then
ALY G.
PRrOOF: Consider F| being a finite sequence of elements of 28 such that
F and Fj are fiberwise equipotent and for every natural number n such
that 1 <n < len Fy holds Jrng(F}[n) meets Fy(n+ 1). Consider P being
a permutation of dom F' such that F' = Fy - P. Reconsider G; = G - (P7!)
as a finite sequence of elements of R. For every natural number n such
that n € dom F} holds Gi(n) = @F;(n). Define P[natural number| = if
$1 € dom Fy, then @ Jrng(F1[$1) < Y. (G11$1). For every natural num-
ber k such that P[k] holds P[k + 1]. For every natural number k, P[k].
Urng(F1[len Fy) is an open interval subset of R. [J

(46) Let us consider a non empty set X, a sequence f of X, and natural
numbers ¢, j. Then there exists a sequence g of X such that

(i) for every natural number n such that n # i and n # j holds f(n) =
g(n), and

(i) £) = 9(j), and

(iii) f(5) = g(9).
PROOF: Define Plobject, object] = if $1 # i and $; # j, then $5 = f($;)
and if $; = ¢, then $2 = f(j) and if $; = j, then $5 = f(i). For every
element n of N, there exists an element = of X such that P[n, z]|. Consider
g being a function from N into X such that for every element n of N,
Pln,g(n)]. O

(47) Let us consider sequences f, g of R. Suppose f is non-negative and there

exists a natural number N such that (Ser f)(N) < (Ser g)(/V) and for every
natural number n such that n > N holds f(n) < g(n). Then 3. f < Y. g.
ProOF: Consider N being a natural number such that (Ser f)(N) <
(Ser g)(N) and for every natural number n such that n > N holds f(n) <
g(n). Define P[natural number| = (Ser f)(N + $1) < (Serg)(N + $;1). For
every natural number k such that P[k] holds P[k + 1]. For every natural
number m, P[m]. For every extended real x such that = € rng Ser f there
exists an extended real y such that y € rngSerg and x < y. [J
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(48) Let us consider sequences f, g of R, and natural numbers j, k. Suppose
k < j and for every natural number n such that n < j holds f(n) = g(n).
Then (Ser f)(k) = (Ser g)(k).

PROOF: Define P[natural number] = if $; < k, then (Ser f)($;) =
(Ser g)($1). For every natural number m such that P[m| holds P[m + 1].
For every natural number m, P[m]. O

(49) Let us consider sequences f, g of R, and natural numbers 4, j. Suppose
f is non-negative and ¢ > j and for every natural number n such that
n # i and n # j holds f(n) = g(n) and f(i) = ¢g(j) and f(j) = g(¢). Then
(Ser f)(i) = (Ser g)(s).
PROOF: For every element k of N, 0 < g(k). O

(50) Let us consider sequences f, g of R, and natural numbers 4, j. Suppose
f is non-negative and f(i) = g(j) and f(j) = g(i) and for every natural
number n such that n # i and n # j holds f(n) = g(n). Let us consider
a natural number n. If n > 4 and n > j, then (Ser f)(n) = (Serg)(n).
PROOF: Define P[natural number| =if $; > i and $; > j, then (Ser f)($1) =
(Ser g)($1). For every natural number k such that P[k] holds P[k + 1]. For
every natural number k, P[k]. O

(51) Let us consider sequences f, g of R, and natural numbers 4, j. Suppose
f is non-negative and i > j and for every natural number n such that
n # i and n # j holds f(n) = g(n) and f(i) = ¢g(j) and f(j) = g(i). Then
Y I=Xg
PROOF: For every element k of N, 0 < g(k). O

(52) Let us consider a subset A of R, interval coverings Fij, F of A, and
natural numbers n, m. Suppose for every natural number k such that k # n
and k # m holds Fi(k) = Fa(k) and Fi(n) = Fo(m) and Fi(m) = Fa(n).
Then vol(Fy) = vol(Fy). The theorem is a consequence of (51).

(53) Let us consider a subset A of R, interval coverings Fj, Fy of A, and
natural numbers n, m. Suppose for every natural number k such that k # n
and k # m holds Fi(k) = Fa(k) and Fi(n) = Fy(m) and Fi(m) = Fa(n).
Let us consider a natural number k. Suppose k > n and k > m. Then
(Ser((Fy)vol))(k) = (Ser((Fz)vol))(k). The theorem is a consequence of
(50).

(54) Let us consider a non empty set X, a sequence sp of X, and a finite
sequence f of elements of X. Suppose rng f C rngsy. Then there exists
a natural number N such that rng f C rng(s2[Zy).

PROOF: Define P[natural number| = for every finite sequence F' of ele-
ments of X such that len F = $; and rng F' C rng so there exists a natural
number N such that rng ' C rng(s2[Zy). For every natural number k
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such that P[k] holds P[k + 1]. For every natural number k, P[k]. O

(55) Let us consider a non empty subset A of R, an interval covering F' of
A, and a one-to-one finite sequence G of elements of 28. Suppose rng G C
rng I'. Then there exists an interval covering I of A such that

(i) for every natural number n such that n € dom G holds G(n) = Fi(n),
and
(ii) vol(Fy) = vol(F).

PROOF: Define P[natural number| = there exists an interval covering Fj
of A such that for every natural number n such that n € dom(G[$;) holds
(G1$1)(n) = Fy(n) and Fy and F are fiberwise equipotent and vol(Fp) =
vol(F'). P[0]. For every natural number k such that P[k] holds P[k + 1].
For every natural number k, P[k]. O

(56) Let us consider a non empty subset A of R, an interval covering F' of
A, a one-to-one finite sequence G of elements of 28, and a finite sequence
H of elements of R. Suppose rng G C rng I and dom G = dom H and for
every natural number n, H(n) = gG(n). Then Y H < vol(F).
PRrROOF: Consider F; being an interval covering of A such that for every
natural number n such that n € dom G holds G(n) = Fi(n) and vol(F}) =
vol(F). Consider S being a sequence of R such that > H = S(len H) and
S(0) = 0 and for every natural number n such that n < len H holds
S(n+1) = S(n)+ H(n + 1). Define P[natural number| = if §; < len H,
then S($1) < (Ser((F1)vol))($1). For every natural number n such that
P[n] holds P[n + 1]. For every natural number n, P[n]. O

(57) Let us consider an interval I. Then @I = (OS-Meas)(I). The theorem is
a consequence of (44).

5. CONSTRUCTION OF THE ONE-DIMENSIONAL LEBESGUE MEASURE

Let F be a finite sequence of elements of Intervalsg and n be a natural
number. Let us note that the functor F'(n) yields an interval subset of R. The
functor pre-Meas yielding a non-negative, zeroed function from Intervalsg into
R is defined by the term

(Def. 8) OS-Meas | Intervalsg.

Now we state the propositions:

(58) Let us consider an element I of Intervalsg. Then (pre-Meas)(I) = @1.
The theorem is a consequence of (57).

(59) Let us consider an interval I. Then (pre-Meas)(I) = @I. The theorem is
a consequence of (58).
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(60) Let us consider elements A, B of Intervalsg. Suppose A misses B and AU
B is an interval. Then (pre-Meas)(AUB) = (pre-Meas)(A)+(pre-Meas)(B).
The theorem is a consequence of (58), (14), (15), (59), (16), (17), (19), (18),
(20), (21), (22), and (23).

(61) Let us consider a non empty, disjoint valued finite sequence F' of elements
of Intervalsg. Suppose |J F' is an interval. Then there exists a natural
number n such that

(i) n € dom F', and
(ii) (UF)\ F(n) is an interval.
The theorem is a consequence of (26).
(62) Let us consider an interval A. Then (pre-Meas) - (A) = ((pre-Meas)(A)).
PROOF: Reconsider F' = (A) as a finite sequence of elements of Intervalsg.
For every natural number n such that n € dom((pre-Meas) - F') holds
((pre-Meas) - F')(n) = ((pre-Meas)(A4))(n). O
(63) Let us consider a disjoint valued finite sequence F of elements of Intervalsg.

Suppose |J F' € Intervalsg. Then there exists a disjoint valued finite sequ-
ence G of elements of Intervalsg such that

(i) F and G are fiberwise equipotent, and

(ii) for every natural number n such that n € dom G holds J(GIn) €
Intervalsg and (pre-Meas)(U(G[n)) = Y (pre-Meas) - (GIn).

PROOF: Define P[natural number| = for every disjoint valued finite se-
quence H of elements of Intervalsg such that len H = $; and JH €
Intervalsg there exists a disjoint valued finite sequence G of elements of
Intervalsg such that H and G are fiberwise equipotent and for every na-
tural number n such that n € domG holds J(G[n) € Intervalsg and
(pre-Meas)(U(GIn)) = >_(pre-Meas) - (G[n). For every natural number k
such that P[k] holds P[k + 1]. For every natural number k, P[k]. O

(64) Let us consider finite sequences F', G of elements of R. Then

(i) if F is without —oo and G is without —oo, then F' ™ G is without
—o00, and

(i) if F is without 400 and G is without +o0, then F ~ G is without
+-00.

(65) Let us consider a finite sequence F of elements of R, and a natural
number k. Then

(i) if F is without —oo, then FJ, is without —oo, and
ii) if F' is without 400, then Fj; is without +oo.
|
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(66) Let us consider a finite sequence F' of elements of R. Then
(i) if F' is without —oo, then )~ F' # —oo, and
(ii) if F' is without +o0, then Y F' # +oc.

ProOOF: Consider S being a sequence of R such that > F = S(len F)
and S(0) = 0 and for every natural number n such that n < len F' holds
S(n+1) = S(n)+ F(n+1). Define P[natural number| = if $; < len F', then
S(81) # +oo. For every natural number n such that P[n] holds P[n + 1].
For every natural number n, P[n]. O

(67) Let us consider without —oo finite sequences Ry, Ro of elements of R. If
R; and R are fiberwise equipotent, then > R; = > Rs.
PROOF: Define P[natural number| = for every without —oo finite sequen-
ces f, g of elements of R such that f and g are fiberwise equipotent and
len f = $; holds > f = >" g. For every natural number n such that P[n]
holds P[n + 1]. P[0]. For every natural number n, P[n]. O

(68) Let us consider a disjoint valued finite sequence F' of elements of Intervalsg.
Suppose | F' € Intervalsg. Then (pre-Meas)(|J F') = Y (pre-Meas)- F'. The
theorem is a consequence of (63), (59), and (67).

(69) Let us consider a disjoint valued function K from N into Intervalsg.

Suppose |J K € Intervalsg. Then (pre-Meas)( K) < > (pre-Meas) - K.
PROOF: Reconsider F = K as a sequence of 2%, For every element n of N,
((OS-Meas) - F')(n) = ((pre-Meas) - K)(n). O

One can verify that the functor pre-Meas yields a pre-measure of Intervalsg.

The functor J-Meas yielding a measure on the field generated by Intervalsg is
defined by

(Def. 9) for every set A such that A € the field generated by Intervalsg for
every disjoint valued finite sequence F' of elements of Intervalsg such that
A= F holds it(A) = > (pre-Meas) - F.
Note that the functor J-Meas yields an induced measure of Intervalsg and
pre-Meas. Now we state the proposition:
(70) J-Meas is completely-additive.

The functor B-Meas yielding a o-measure on the Borel sets is defined by the
term

(Def. 10) o-Meas(the Caratheodory measure determined by J-Meas)[(the Borel
sets).

Let us consider an interval A. Now we state the propositions:
(71)  (J-Meas)(A) = 9 A. The theorem is a consequence of (62) and (59).
(72) (B-Meas)(A) = FA. The theorem is a consequence of (71).
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(73) A € the Borel sets.
The functor L-Field yielding a o-field of subsets of R is defined by the term
(Def. 11) COM(the Borel sets, B-Meas).
The functor L-Meas yielding a o-measure on L-Field is defined by the term
(Def. 12) COM(B-Meas).
Observe that L-Meas is complete. Now we state the propositions:
(74) 0 is a set with measure zero w.r.t. B-Meas. The theorem is a consequence
of (72).
(75) Let us consider a real number a. Then {a} is a set with measure zero
w.r.t. B-Meas. The theorem is a consequence of (72).

(76) The Borel sets C L-Field. The theorem is a consequence of (74).

(77) Let us consider an interval A. Then (L-Meas)(A) = @A. The theorem is
a consequence of (73), (74), and (72).

REFERENCES

[1] Grzegorz Bancerek, Czestaw Byliniski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pak, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261-279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi:10.1007/978-3-319-20615-8_17.

[2] Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornilowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. [The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

[3] Heinz Bauer. Measure and Integration Theory. Walter de Gruyter Inc., 2002.

[4] Jozef Biatas. [The one-dimensional Lebesgue measure. Formalized Mathematics, 5(2):253~
258, 1996.

[5] Noboru Endou and Yasunari Shidama. Integral of measurable function. Formalized Ma-
thematics, 14(2):53-70, 2006. doi:10.2478/v10037-006-0008-x..

[6] Noboru Endou, Hiroyuki Okazaki, and Yasunari Shidama. Hopf extension theorem of
measure. Formalized Mathematics, 17(2):157-162, 2009. doii10.2478/v10037-009-0018-6.

[7] Gerald B. Folland. Real Analysis: Modern Techniques and Their Applications. Wiley, 2nd
edition, 1999.

[8] Raymond E. Miller, James W. Thatcher, and Jean D. Bohlinger, editors. Complezity of
Computer Computations, 1972. Springer US. ISBN 978-1-4684-2001-2. doi;10.1007/978-1-
4684-2001-2_9.

[9] Hiroshi Yamazaki, Noboru Endou, Yasunari Shidama, and Hiroyuki Okazaki. Inferior
limit, superior limit and convergence of sequences of extended real numbers. Formalized
Mathematics, 15(4):231-236, 2007. doii10.2478/v10037-007-0026-3.

Accepted January 13, 2020


http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://fm.mizar.org/1996-5/pdf5-2/measure7.pdf
http://dx.doi.org/10.2478/v10037-006-0008-x
http://dx.doi.org/10.2478/v10037-009-0018-6
http://dx.doi.org/10.1007/978-1-4684-2001-2_9
http://dx.doi.org/10.1007/978-1-4684-2001-2_9
http://dx.doi.org/10.2478/v10037-007-0026-3

FORMALIZED MATHEMATICS .
Vol. 28, No. 1, Pages 105-113, 2020 ‘. sciendo

DOI: 10.2478/forma-2020-0009 @l https://www.sciendo.com/

Qe

Developing Complementary Rough
Inclusion Functions

Adam Grabowski
Institute of Informatics

University of Biatystok
Poland

Summary. We continue the formal development of rough inclusion func-
tions (RIFs), continuing the research on the formalization of rough sets [15] — a
well-known tool of modelling of incomplete or partially unknown information. In
this article we give the formal characterization of complementary RIF's, following
a paper by Gomolinska [4]. We expand this framework introducing Jaccard index,
Steinhaus generate metric, and Marczewski-Steinhaus metric space [I]. This is
the continuation of [9]; additionally we implement also parts of [2], [3], and the
details of this work can be found in [7].
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0. INTRODUCTION

In the paper, continuing our development of rough inclusion functions (RIFs),
we deal with functions complementary to RIF's, and consider distance operators
obtained from such functions.

Quite large part of the Mizar formalization of rough sets [5], [8] was done
by means of the notion of a generalized approximation space understood as a
pair (U, p), where p is an indiscernibility relation defined on the universe U.
This reflects the standpoint of Skowron and Stepaniuk [I6], based on tolerance
relations instead of equivalence relations (claimed by Pawlak) and further ge-
neralized by Zhu [17], among many others. The framework build in a similar
manner is contained in [10] and [11].
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In the alternative approach, used by Gomolinska [3], approximation spaces
are treated as triples of the form A = (U, I, k), where U is a non-empty set called
the universe, I : U — pU is an uncertainty mapping, and « : pU x U +— [0, 1]
is a rough inclusion function. The formalization of uncertainty mappings was
discussed in [13], and the current submission goes further in this direction. Still
however, we can merge our existing approaches via theory merging mechanism
[6], having in mind that we should avoid duplications in the repository of Mizar
texts as much as we can [12].

After filling some gaps in the Mizar Mathematical Library, proving preli-
minary facts needed later, in Sect. 2 we continue the development of functions
complementary to RIFs. Given arbitrary preRIF f (where preRIF stands for a
general mapping from the Cartesian square of the powerset of the universe into
the unit interval, without any additional assumptions), we introduce the Mizar
functor CMap f (see Def. 1), which is of much more general interest. Then we
prove a list of properties of the complementary function on three well-known
RIFs (see [9]): k%, k1, and ko.

Let us briefly recall these three mappings. The first one, standard rough
inclusion function, £ based on the ideas of Jan Lukasiewicz [14] is defined as
follows:

IXny| .
X y) =g e XA
1, otherwise

Two others are

Y
/il(X,Y):{ [XUY]’ if XUY #£0

1, otherwise

and
(U—-X)UY|
U]
Additionally, we introduce a new type for an object complementary to RIF,
called just co-RIF.
Our testbed for chosen formal approach was Section 4, where full formali-

HQ(X,Y) =

zation of Proposition 4 from [3] was presented. This was also a step towards
defining three metrics: oy, d1, and dy (Def. 3, 4, and 5, respectively). It is worth
noticing that even if we can deal with fixed rough approximation space, say R,
we give this variable explicitly both in definitions of all three s functions, and
consequently in corresponding distances 9.

Section 5 contains the definition and very basic properties of Jaccard simi-
larity coefficient .J,, widely used in data mining and information retrieval. We
adopt the setting allowing both sets to be empty at the same time (then the
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value of Jaccard index is set to 1). Based on that, in Sect. 6 we define Jaccard
distance (or Marczewski distance) for arbitrary subsets A, B of the universe as
1—Js(A, B).

We met some difficulties in proofs of the triangle inequality for such metrics,
and in order to make it easier for us, we decided to implement some more ideas
from the theory of distances. Namely, we introduced the symmetric difference
metric (Def. 11). Then, using newly defined construction of Steinhaus generate
metric (Def. 10), we can obtain from any distance a new one. The crucial fact was
that the Jaccard distance is precisely Steinhaus generate metric from symmetric
difference distance, hence all ordinary properties of a metric space can be easily
obtained by means of this construction.

In the last section, we show that the value of Marczewski metric on two
subsets A, B of given rough approximation space R is equal to 01(A, B). As ¢;
satisfies the triangle inequality, so does Marczewski metric.

1. PRELIMINARIES

Let us consider finite sets z1, 2. Now we state the propositions:

(1) r1—Tr9 = 1‘1\1‘2 =+ xg\xl.

(2) 2-x1—x9 — T1—T9
T+ T3+~ x1Uz2

Now we state the propositions:
(3) Let us consider sets A, B, C. Then A~C = (A-B)=~(B=C).

(4) Let us consider finite sets A, B. Suppose AU B # (). Then 1 — AnB

b
Syl

AUB
(5) Let us consider a finite set R, and subsets X, Y of R. Then X UY =
X NY if and only if X =Y.

Observe that there exists a metric space which is finite and non empty.

2. COMPLEMENTARY ROUGH INCLUSION FUNCTIONS

From now on R denotes a finite approximation space and X, Y, Z denote
subsets of R.

Let R be a finite approximation space and f be a preRIF of R. The functor
CMap f yielding a preRIF of R is defined by

(Def. 1) for every subsets z, y of R, it(z,y) =1— f(x,y).

Now we state the propositions:
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(6) Let us consider a preRIF f of R. Then CMap CMap f = f.
PROOF: Set g = CMap f. For every element = of 2% x 2% (CMap g)(z) =
f(z), where « is the carrier of R. [J

(7) If X # 0, then (CMap % (R))(X,Y) = %

(8) If X = (), then (CMapx£(R))(X,Y) = 0.

(9) If X # 0, then (CMapx®(R))(X,Y) = ¥ (X,Y°)
(10) If X UY %0, then (CMap k1 (R))(X,Y) = ;‘L\Ji
(11) If XUY =0, then (CMapk1(R))(X,Y) =0.
(12) (CMap ra(R)(X.Y) = L.

R

(13) Suppose X # . Then £ (X, V) = (CMepmlERYT) _ (CMapratRR(ELYE)

3. INTRODUCING cO-RIFs

Let us consider R. Let f be a preRIF of R. We say that f is co-RIF-like if
and only if

(Def. 2) CMap f is a RIF of R.

Let f be a RIF of R. Let us observe that CMap f is co-RIF-like and there
exists a preRIF of R which is co-RIF-like.
A co-RIF of R is a co-RIF-like preRIF of R.

4. PROPOSITION 6 FROM [4]

From now on k denotes a RIF of R. Now we state the propositions:
(14) (CMapk)(X,Y)=0if and only if X C Y.
(15) (CMap x4 (R))(X,Y) =0 if and only if X C Y-
Proor: If (CMap x£(R))(X,Y) =0, then X C Y. O

(16) IfY C Z, then (CMapk)(X,Z) < (CMapk)(X,Y).

(17) IfY C Z, then (CMap x%(R))(X, Z) < (CMap s (R))(X,Y).

(18) (CMap k2(R))(X,Y) < (CMap s1(R))(X,Y) < (CMap k* (R))(X,Y).
(19) Let us consider real numbers a, b, ¢. If a < b and 0 < ¢ < b and 0 < b,

then § > {=.

(20) If X # 0 and Y = 0, then (CMapr;(R))(X,Y) = 1. The theorem is
a consequence of (10).

(21) If X =0 and Y # 0, then (CMapr;(R))(X,Y) = 0. The theorem is

a consequence of (10).
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(22) (CMapk1(R))(X,Y)+(CMapk1(R))(Y,Z) > (CMapk1(R))(X, Z). The
theorem is a consequence of (14) and (20).
(23) 0 < (CMap k*(R))(X,Y) <
(24) 0 < (CMap ki (R))(X,Y) +
a consequence of (11) and (10).
(25) 0 < (CMap ko (R))(X,Y) +
a consequence of (12).
(26) Suppose X =0 andY £ or X #0 and Y = (.
Then (CMap % (R))(X,Y)+(CMap s (R))(Y, X) = (CMap k1(R))(X,Y)
+(CMap ki (R)(Y, X) = 1
Let us consider R. The functors: 01, (R), 61(R), and d2(R) yielding preRIFs
of R are defined by conditions

(Def. 3) for every subsets z, y of R, d1,(R)(z,y) =
(CMap H£(R))(w7y);(CMap H"e(R))(va)

(CMap k1(R))(Y,X) < 1. The theorem is

(CMap k2(R))(Y,X) < 1. The theorem is

(Def. 4) for every subsets z, y of R, 61( )z, y) =
(CMap 1 (R))(z, y) + (CMap £1(R))(y, ),
(Def. 5) for every subsets z, y of R, d2(R)(x, )
(CMap rz(R))(z, y) + (CMap ra(R))(y, ),
respectively. Now we state the propositions:
(27) (0n(R))(X,Y) =0 if and only if X =Y. The theorem is a consequence
of (14).
(28)  (0r(R))(X,Y) = (dr(R))(Y, X).
(29) X #PandY =0or X =0 and Y # 0, then (61,(R))(X,Y)

X;Y_i_y
X
2

[l

X

<H\/

(30) Suppose X # () and Y # (. Then (0.(R))(X,Y) = . The

theorem is a consequence of (7).

(31) (W(R)(X,)Y)= ))((;;/ The theorem is a consequence of (10) and (14).

(32) (02(R))(X,Y) = £=X. The theorem is a consequence of (12).

(33) (1(R)(X,Y)+ (61(R))(Y,Z) > (01(R))(X, Z). The theorem is a conse-
quence of (22).

(34) (61(R))(X,Y) =0 if and only if X =Y. The theorem is a consequence
of (14).

(35)  (01(R)(X,Y) = (6:(R))(Y, X).

(36) (02(R))(X,Y) =0 if and only if X =Y. The theorem is a consequence
of (14).

B7)  (02(R))(X,Y) = (62(R))(Y, X).
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(38) (CMaprk2(R))(X,Y)+(CMap ke(R))(Y,Z) > (CMap k2(R))(X, Z). The
theorem is a consequence of (12).
(39) (62(R))(X,Y)+ (62(R))(Y,Z) = (02(R))(X, Z). The theorem is a conse-

quence of (38).

5. JACCARD INDEX MEASURING SIMILARITY OF SETS

Let R be a finite set and A, B be subsets of R. The functor JaccardIndex(A, B)
yielding an element of [0, 1] is defined by the term

408 if AUB # 0,
AU

)

(Def. 6)
1, otherwise.
Let us consider a finite set R and subsets A, B of R. Now we state the

propositions:
(40) JaccardIndex(A, B) = 1 if and only if A = B. The theorem is a conse-
quence of (5).
(41) JaccardIndex(A, B) = JaccardIndex(B, A).

6. MARCZEWSKI-STEINHAUS METRIC

Let X be a non empty set and f be a function from X x X into R. Observe
that f is non-negative yielding if and only if the condition (Def. 7) is satisfied.

(Def. 7) for every elements z, y of X, f(z,y) > 0.

One can verify that there exists a function from X x X into R which is
discernible, symmetric, reflexive, and triangle and every function from X x X
into R which is reflexive, symmetric, and triangle is also non-negative yielding.

Now we state the proposition:

(42) Let us consider a non empty set X, a non-negative yielding, discernible,
triangle, reflexive function f from X x X into R, and elements x, y of X.
If z # y, then f(z,y) > 0.

Let R be a finite set. The functor JaccardDist R yielding a function from
2% x 2 into R is defined by

(Def. 8) for every subsets A, B of R, it(A, B) = 1 — JaccardIndex(A, B).

Let R be a finite 1-sorted structure. The functor MarczewskiDistance R yiel-
ding a function from 2(the carrier of R) . o(the carrier of R) jnto R is defined by the

term
(Def. 9) JaccardDist Qp.
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7. STEINHAUS GENERATE METRIC

Let X be a non empty set, p be an element of X, and f be a function from
X x X into R. The functor SteinhausGen(f,p) yielding a function from X x X
into R is defined by

(Def. 10) for every elements x, y of X, it(x,y) = 7 2(2.y)

z,p)+f(y.p)+f(zy)
Let f be a non-negative yielding function from X x X into R. Observe that

SteinhausGen( f, p) is non-negative yielding.

Let f be a non-negative yielding, reflexive function from X x X into R. One
can verify that SteinhausGen(f, p) is reflexive.

Let f be a non-negative yielding, discernible function from X x X into R.
Let us observe that SteinhausGen(f,p) is discernible.

Let f be a non-negative yielding, symmetric function from X x X into R.

Let us note that SteinhausGen(f, p) is symmetric.
Let f be a discernible, symmetric, triangle, reflexive function from X x X
into R. Let us observe that SteinhausGen(f, p) is triangle.

8. MARCZEWSKI-STEINHAUS METRIC IS GENERATED BY SYMMETRIC
DIFFERENCE METRIC

Let X be a finite set. The functor SymmetricDiffDist X yielding a function
from 2% x 2% into R is defined by
(Def. 11) for every subsets z, y of X, it(x,y) = z—y.
One can check that SymmetricDiffDist X is reflexive, discernible, symmetric,
and triangle.
The functor SymDifMetrSpace X yielding a metric structure is defined by
the term
(Def. 12) (2%, SymmetricDiffDist X).
One can verify that SymDifMetrSpace X is non empty and SymDifMetrSpace
X is reflexive, discernible, symmetric, and triangle.
Now we state the propositions:

(43) Let us consider a finite set R, and subsets A, B of R.
Then (JaccardDist R)(A, B) = ‘jﬁg . The theorem is a consequence of
U
(4).

(44) Let us consider a finite set X.
Then JaccardDist X = SteinhausGen(SymmetricDiffDist X, () x ). The the-
orem is a consequence of (43) and (2).
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9. STEINHAUS METRIC SPACES

Let M be a finite, non empty metric space. One can check that the distance
of M is symmetric, reflexive, discernible, and triangle.

Let M be a finite, non empty metric structure and p be an element of M.
The functor SteinhausMetrSpace(M, p) yielding a metric structure is defined by
the term

(Def. 13)  (the carrier of M, SteinhausGen((the distance of M), p)).
Let M be a metric structure. We say that M is with nonnegative distance
if and only if
(Def. 14) the distance of M is non-negative yielding.

Let A be a finite, non empty set. Note that the discrete metric of A is finite,
non empty, and non-negative yielding and there exists a metric space which is
finite, non empty, and with nonnegative distance.

Let M be a finite, non empty, with nonnegative distance metric structure
and p be an element of M. Let us observe that SteinhausMetrSpace(M,p) is
with nonnegative distance.

Let M be a finite, non empty, with nonnegative distance, discernible metric
structure. Observe that SteinhausMetrSpace(M, p) is discernible.

Let M be a finite, non empty, with nonnegative distance, reflexive metric
structure. Let us note that SteinhausMetrSpace(M, p) is reflexive.

Let M be a finite, non empty, with nonnegative distance, symmetric metric
structure. Note that SteinhausMetrSpace(M, p) is symmetric.

Let M be a finite, non empty, discernible, symmetric, reflexive, triangle
metric structure. Let us observe that SteinhausMetrSpace(M, p) is triangle.

Let R be a finite 1-sorted structure. Observe that MarczewskiDistance R is
reflexive, discernible, and symmetric.

Now we state the proposition:

(45) Let us consider a finite approximation space R, and subsets A, B of
R. Then (MarczewskiDistance R)(A, B) = (01(R))(A, B). The theorem is
a consequence of (43) and (31).

Let R be a finite 1-sorted structure. Note that MarczewskiDistance R is
triangle.
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Summary. In this paper we demonstrate the feasibility of formalizing re-
creational mathematics in Mizar ([1], [2]) drawing examples from W. Sierpinski’s
book “250 Problems in Elementary Number Theory” [4]. The current work con-
tains proofs of initial ten problems from the chapter devoted to the divisibility
of numbers. Included are problems on several levels of difficulty.
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1. PROBLEM 1
One can verify that there exists an integer which is positive.

Now we state the propositions:
(1) Let us consider a positive integer n. Then n + 1 | n% + 1 if and only if

n=1.
PROOF: If n+1 | n? + 1, then n =1 by [6, (2)]. O
(2) Let us consider integers ¢, n. If |i| = n, then i =n or i = —n.

(3) Let us consider a natural number n. Suppose n | 24. Then
(i) n=1, or
(ii) n =2, or

(iii) n =3, or
(©) 2020 University of Bialystok
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(iv) n=4, or

(v) m =6, or

(vi) n =38, or
(vil) n =12, or
(viii) n = 24.

(4) Let us consider an integer t. Suppose ¢ | 24. Then
(i) t=-1, 0or
(ii) t=1, or

(iii) t = -2, or
(iv) t =2, or
(v) t=-=3,0r
(vi) t =3, or
(vil) t = —4, or
(viii) t =4, or
(ix) t = —6, or
(x) t=6, or
(xi) t = —8, or
(xii) t =8, or
(xiii) t = —12, or
(xiv) t =12, or
(xv) t =—24, or

The theorem is a consequence of (3) and (2).

2. PROBLEM 2

Now we state the proposition:

(5) Let us consider an integer . Suppose x — 3 | 3 — 3. Then
(i) x =—21, or
) x=-9, or
(iii) = = =5, or
)

r=—3,or
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)
i)
i)

(viii) = =2, or
(ix) =4, or
(x) z =25, or
(xi) =6, or

(xii) x =7, or

(xiii)) x =09, or

(xiv) x =11, or

(xv) =15, or

(xvi) z =27

The theorem is a consequence of (4).

3. PROBLEM 3

Now we state the proposition:

(6) {n, where n is a positive integer : 5 | 4- (n?) +1 and 13 | 4- (n?) + 1} is
infinite.
PROOF: Set S = {n, where n is a positive integer : 5 | 4 - (n?) + 1 and
13 | 4 - (n?) + 1}. Define F(natural number) = 65 - $; + 56. Consider f
being a many sorted set indexed by N such that for every element n of
N, f(n) = F(n). Set R =rng f. R C S. For every element m of N, there
exists an element n of N such that n > m and n € R. [J

4. PROBLEM 4

Now we state the proposition:

(7) Let us consider a positive integer n. Then 169 | 3373 — 26 . n — 27.
PROOF: Reconsider k = n as a natural number. Define P[natural number| =
169 | 33%143 _ 26 . $; — 27. For every natural number k such that 1 < k
holds P[k]. O
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5. PROBLEM 5

Now we state the proposition:

226<k+2

Let us consider a natural number k. Then 19 | + 3.

6. PROBLEM 6 (DUE TO KRAITCHIK)

Now we state the proposition:

13 | 270 4 370,

7. PROBLEM 7

Now we state the propositions:

11-31-61|20% —1.
Let us consider an integer a, and a natural number m. Then a—1 | a™—1.

PROOF: Define P[natural number] = a — 1 | a® — 1. For every natural
number k, P[k]. O

Let us consider a natural number a, a positive integer m, and a finite

0-sequence f of Z. Suppose a > 1 and len f = m — 1 and for every natural
number 4 such that i € dom f holds f(i) = a’*! — 1. Then o™ — 1div(a —
1)=>f+m.
PROOF: Define P[natural number| = for every finite 0-sequence f of Z
such that len f = $; and for every natural number i such that i € dom f
holds f(i) = ' — 1 holds a®*! — 1div(a — 1) = 3 f + ($1 + 1). P[0].
For every natural number k, P[k]. O

8. PROBLEM &

Now we state the proposition:

Let us consider a positive integer m, and a natural number a. Suppose
a > 1. Then ged(a™ — 1div(a — 1),a — 1) = ged(a — 1,m).
PrROOF: Reconsider my = m as a natural number. Reconsider m; = mg—1
as a natural number. Define F(natural number) = a®1+1 — 1. Consider
f being a finite 0-sequence such that len f = m; and for every natural
number ¢ such that ¢ € my holds f(i) = F(i) from [5, Sch.2]. rng f C Z.
am —1divia—1)=Y f+m. O
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9. PROBLEM 9

Now we state the propositions:

(14) Let us consider finite 0-sequences si, sz of N, and a natural number n.
Suppose len s; = n+1 and for every natural number ¢ such that : € dom s;
holds s1(i) = i® and len sy = n 4 1 and for every natural number i such
that ¢ € dom sy holds s5(i) = 3. Then 359 | 3- (3 51).

PROOF: Define F(natural number) = $,2. Consider S being a sequence
of real numbers such that for every natural number 4, Sp(i) = F (7). Define
G(natural number) = $;°.

Consider S7 being a sequence of real numbers such that for every
natural number ¢, S1(i) = G(7). O

(15) Let us consider integers a, b, and a positive natural number m. Then
(M) a0b™, . (M)amb0) = @™ 4 b+ S (((M)a%™, . (M) amb0) [m) 1.

(16) Let us consider natural numbers n, k. If n is odd, then n | k" + (n — k)".

The theorem is a consequence of (15).

10. PROBLEM 10

Now we state the proposition:

(17) Let us consider a finite sequence s of elements of N, and a natural number
n. Suppose n > 1 and lens = n — 1 and for every natural number ¢ such
that i € dom s holds s(i) =4". If n is odd, then n | Y s.

PROOF: rng(s 4+ Rev(s)) C N. If n is odd, then n | >~ s by [3, (3)]. O
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Summary. We continue in the Mizar system [2] the formalization of fuzzy
implications according to the book of Baczynski and Jayaram “Fuzzy Implica-
tions” [1]. In this article we define fuzzy negations and show their connections
with previously defined fuzzy implications [4] and [5] and triangular norms and
conorms [6]. This can be seen as a step towards building a formal framework
of fuzzy connectives [I0]. We introduce formally Sugeno negation, boundary ne-
gations and show how these operators are pointwise ordered. This work is a
continuation of the development of fuzzy sets [12], [3] in Mizar [7] started in [IT]
and partially described in [§]. This submission can be treated also as a part of
a formal comparison of fuzzy and rough approaches to incomplete or uncertain
information within the Mizar Mathematical Library [9].
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0. INTRODUCTION

The main aim of this Mizar article was to implement a formal counterpart
of (the part of) Chapter 1.4, pp. 13-20 of Baczynski and Jayaram book “Fuzzy
Implications” [I]. This is the fourth submission in the series formalizing this
textbook, following [4], [5], and [6].

After filling some gaps — proving lemmas about monotone functions absent

in the Mizar Mathematical Library, in Section 2 we recall the notion of conjugate
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fuzzy implications, and formally implement a method of generating a new fuzzy
implication from a given one. We prove that I; inherits corresponding properties
of f, such as (NP) — the left neutrality property, (EP) — the exchange principle,
(IP) — the identity principle, and (OP) — the ordering property, providing also
registrations of clusters which guarantee the automatic handling of adjectives
(their adjunction to the respective radix type), thus making a formalization
work a bit easier.

Section 3, which is a fundamental part of this paper, contains elementary
definitions needed to cope with fuzzy negations, and Sect. 4 provides a method
of generating fuzzy negation from a given fuzzy implication. There are also con-
crete examples given in Section 5: the classical (standard) fuzzy complement N¢
introduced at the beginning, two boundary (in the sense of the natural ordering
of the functions) negations Np; and Npy (Def. 17 and 18, respectively). Section
6 shows which negations are generated from nine well-known fuzzy implications,
so it can be treated as the formal counterpart of Table 1.7, p. 18 [IJ.

Fuzzy implication I | Fuzzy negation Ny
Ik N¢
Icp Npy
Irc N¢
Ixp Ne¢
Jfelel Npy
Irs Npy
Iva Np;
Iws Np2
Irp N¢

Section 7 is devoted to Sugeno negation (Def. 21), which can be used as a
useful method of constructing examples of fuzzy negations (for example, substi-
tuting A = 0 in the Sugeno negation, we obtain the standard fuzzy complemen-
tation). We conclude with some properties of conjugate fuzzy negations.

1. PRELIMINARIES

Now we state the proposition:
(1) Let us consider real numbers z, 7. If 0 < x < 1 and r > —1, then
x-r+1>0.
Let us consider a real number z. Now we state the propositions:
(2) If z €0,1] and z # 0, then there exists an element w of [0, 1] such that
w < 2.
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(3) If z € [0,1] and z # 1, then there exists an element w of [0, 1] such that
w > z.

Note that there exists a unary operation on [0, 1] which is bijective and incre-
asing and every unary operation on [0, 1] which is bijective and non-decreasing
is also increasing and every unary operation on [0, 1] which is bijective and in-
creasing is also non-decreasing. Let f be a bijective, increasing unary operation
on [0, 1]. One can check that f~! is real-valued and function-like and (f[0,1])~*
is real-valued. Now we state the propositions:

(4) Let us consider a one-to-one unary operation f on [0, 1], and an element
d of [0,1]. If d € tng f, then (f~!)(d) € dom f.
(5) Let us consider a bijective, increasing unary operation f on [0, 1]. Then
f~1is increasing.
Let f be a bijective, increasing unary operation on [0, 1]. Let us note that
f~1 is increasing. Let us consider a unary operation f on [0,1]. Now we state
the propositions:

(6) f is non-decreasing if and only if for every elements a, b of [0, 1] such
that a < b holds f(a) < f(b).

(7) f is non-increasing if and only if for every elements a, b of [0,1] such
that a < b holds f(a) > f(b).

(8) f is decreasing if and only if for every elements a, b of [0,1] such that
a < b holds f(a) > f(b).

(9) f is increasing if and only if for every elements a, b of [0,1] such that
a < b holds f(a) < f(b).

(10) Let us consider an increasing, bijective unary operation f on [0, 1]. Then
(i) £(0) =0, and
(i) (1) =1.
Let f be a bijective, increasing unary operation on [0, 1]. Observe that f~!
is bijective and increasing as a unary operation on [0, 1].

2. CONJUGATE Fuzzy IMPLICATIONS

The functor @ yielding a set is defined by the term
(Def. 1) the set of all f where f is a bijective, increasing unary operation on [0, 1].

Let f be a binary operation on [0, 1] and ¢ be a bijective, increasing unary
operation on [0, 1]. The functor f, yielding a binary operation on [0, 1] is defined
by

(Def. 2) for every elements x1, ¥ of [0,1], it(z1,22) = (¢~ 1) (f(p(x1), p(12))).
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Let f, g be binary operations on [0, 1]. We say that f, g are conjugate if and
only if
(Def. 3) there exists a bijective, increasing unary operation ¢ on [0, 1] such that

g=1F p-

Let I be a fuzzy implication and f be a bijective, non-decreasing unary
operation on [0, 1]. Let us note that Iy is antitone w.r.t. 1st coordinate, isotone
w.r.t. 2nd coordinate, 00-dominant, 11-dominant, and 10-weak.

(11) Let us consider a fuzzy implication I, and a bijective, increasing unary
operation f on [0,1]. Then I; is a fuzzy implication.
Let us note that there exists a fuzzy implication which satisfies (NP), (OP),
(EP), and (IP). Let us consider a fuzzy implication I and a bijective, increasing
unary operation f on [0, 1]. Now we state the propositions:
(12) If I satisfies (NP), then Iy satisfies (NP). The theorem is a consequence
of (10).
(13) If I satisfies (EP), then I satisfies (EP).
(14) If I satisfies (IP), then I satisfies (IP). The theorem is a consequence
of (10).
(15) If I satisfies (OP), then Iy satisfies (OP).
PRrROOF: Set g = I;. If g(x,y) =1, then x < y. f(z) < f(y).
(I (@), fy) =1.0

Let I be fuzzy implication satisfying (NP) and f be a bijective, increasing
unary operation on [0,1]. Let us observe that Iy satisfies (NP). Let I be fuz-
zy implication satisfying (EP). Observe that Iy satisfies (EP). Let I be fuzzy
implication satisfying (IP). Let us note that Iy satisfies (IP). Let I be fuzzy
implication satisfying (OP). Note that Iy satisfies (OP). Now we state the pro-
position:

(16) Let us consider a fuzzy implication I, and a bijective, increasing unary
operation f on [0,1]. Then Iy = f~1-I-(f x f).
PROOF: Set g = Iy. For every object = such that € dom g holds g(z) =
(f7HI-(f x f))(2). O

3. Fuzzy NEGATIONS

Let N be a unary operation on [0,1]. We say that N is satisfying (N1) if
and only if

(Def. 4) N(0) =1 and N(1) =0.

We say that N is satisfying (N2) if and only if

(Def. 5) N is non-increasing.
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The functor N¢ yielding a unary operation on [0, 1] is defined by
(Def. 6) for every element z of [0,1], it(x) =1 — z.

Note that N¢ is satisfying (N1) and satisfying (N2) and N¢ is bijective and
decreasing and there exists a unary operation on [0, 1] which is bijective and
decreasing and there exists a unary operation on [0, 1] which is satisfying (N1)
and satisfying (N2).

A fuzzy negation is a satisfying (N1), satisfying (N2) unary operation on
[0,1]. Let f be a unary operation on [0,1]. We say that f is continuous if and
only if

(Def. 7) there exists a function g from I into I such that f = g and g is continuous.
Let N be a unary operation on [0, 1]. We say that N is involutive if and only
if
(Def. 8) for every element z of [0,1], N(N(z)) = «.
We say that N is satisfying (N3) if and only if
(Def. 9) N is decreasing.
We say that N is satisfying (N4) if and only if
(Def. 10) N is continuous.
We say that N is satisfying (N5) if and only if
(Def. 11) N is involutive.
We say that IV is strict if and only if
(Def. 12) N is satisfying (N3) and satisfying (N4).
We say that N is strong if and only if
(Def. 13) N is satisfying (N5).
We say that N is non-vanishing if and only if
(Def. 14) for every element z of [0,1], N(z) =0 iff z = 1.
We say that N is non-filling if and only if
(Def. 15) for every element z of [0,1], N(z) =1 iff = 0.

4. GENERATING Fuzzy NEGATIONS FROM FUzzy IMPLICATIONS

Now we state the proposition:

(17) Let us consider a decreasing, bijective unary operation f on [0, 1]. Then
() £(0) =1, and
(ii) f(1) =0.

Let I be a binary operation on [0, 1]. The functor N yielding a unary ope-
ration on [0, 1] is defined by
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(Def. 16) for every element z of [0, 1], it(x) = I(x,0).
Let I be binary operation on [0, 1] satisfying (I1), (I3), and (I5). Note that
Ny is satisfying (N1) and satisfying (N2).
Now we state the proposition:

(18) Let us consider a fuzzy implication I. Then Ny is a fuzzy negation.

5. BOUNDARY Fuzzy NEGATIONS

The functors: Np; and Npo yielding unary operations on [0, 1] are defined
by conditions

(Def. 17) for every element x of [0, 1], if z = 0, then Npy(z) = 1 and if = # 0, then

Np1 (.’E) =0,
(Def. 18) for every element x of [0, 1], if z = 1, then Npa(z) = 0 and if = # 1, then
NDQ(.T) = 1,

respectively. Let fi1, fo be unary operations on [0, 1]. We say that fi < fs if and
only if
(Def. 19) for every element a of [0,1], fi(a) < fa(a).

Let us note that Np; is satisfying (N1) and satisfying (N2) and Npg is
satisfying (N1) and satisfying (N2).
Now we state the proposition:
(19) Let us consider a fuzzy negation N. Then Np; < N < Npg.

6. Fuzzy NEGATIONS GENERATED BY NINE Fuzzy IMPLICATIONS

Now we state the propositions:
(20) Np . = Nc.
PRrROOF: Set I = I1k. Set f = Nj. Set g = N¢. For every element = of
[0,1], f(z) = g(z). O

PRrROOF: Set I = Ixp. Set f = Nj. Set ¢ = N¢. For every element z of
[0,1], f(z) = g(z). O

(24) Niye = Npa
(25) N = Npi
(26) Nryo = Npi
(27) Nryws = Np2
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(28) Np., = Ne.
PROOF: Set I = Ipp. Set f = Ni. Set g = N¢. For every element x of
[0,1], f(2) = g(z). O

(29) Let us consider binary operation I on [0, 1] satisfying (EP) and (OP).
Then Ny is a fuzzy negation.

(30) Let us consider binary operation I on [0, 1] satisfying (EP) and (OP),
and an element x of [0,1]. Then = < (N7)((Ny)(x)).

(31) Let us consider binary operation I on [0,1] satisfying (EP) and (OP).
Then (Ny) - (N7) - (N;) = Nj. The theorem is a consequence of (7) and
(30).

7. SUGENO NEGATION

Let x, A be real numbers. We say that A is greater than z if and only if
(Def. 20) A > z.

One can verify that there exists a real number which is greater than (—1).
Let A be a real number. Assume A > —1. The functor SugenoNegation A
yielding a unary operation on [0, 1] is defined by

. 1—
(Def. 21)  for every element z of [0,1], it(z) = 1555-

Now we state the proposition:
(32) N¢ = SugenoNegation 0.
Let A be a greater than (—1) real number. Note that SugenoNegation \ is
satisfying (N1) and satisfying (N2).

8. CONJUGATE Fuzzy NEGATIONS

Let f be a unary operation on [0, 1] and ¢ be a bijective, increasing unary
operation on [0, 1]. The functor f, yielding a unary operation on [0, 1] is defined
by

(Def. 22) for every element x of [0, 1], it(x) = (¢~ 1) (f(e(2))).

Now we state the proposition:

(33) Let us consider a fuzzy negation I, and a bijective, increasing unary
operation f on [0,1]. Then Iy = f~'-I- f.
PROOF: Set g = I7. For every object  such that € dom g holds g(z) =
(f'-1-f)x). 0

Let f, g be unary operations on [0, 1]. We say that f, g are conjugate if and
only if
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(Def. 23) there exists a bijective, increasing unary operation ¢ on [0, 1] such that
9= fe
Let N be a fuzzy negation and ¢ be a bijective, increasing unary operation
on [0, 1]. One can check that NN, is satisfying (N1) and satisfying (N2).
Now we state the proposition:

(34) Let us consider a fuzzy implication I, and a bijective, increasing unary
operation ¢ on [0,1]. Then (Ny), = Ny . The theorem is a consequence
of (10).
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