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Summary. In this paper, we discuss the properties that hold in finite di-
mensional vector spaces and related spaces. In the Mizar language [1], [2], varia-
bles are strictly typed, and their type conversion requires a complicated process.
Our purpose is to formalize that some properties of finite dimensional vector spa-
ces are preserved in type transformations, and to contain the complexity of type
transformations into this paper. Specifically, we show that properties such as al-
gebraic structure, subsets, finite sequences and their sums, linear combination,
linear independence, and affine independence are preserved in type conversions
among TOP-REAL (n), REAL-NS (n), and n-VectSp_over F_Real. We referred to [4],
[9], and [§] in the formalization.
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1. COMMON PROPERTIES BETWEEN NORM AND TOPOLOGY IN FINITE
DIMENSIONAL LINEAR SPACES

From now on X denotes a set, n, m, k denote natural numbers, K denotes
a field, f denotes an m-element, real-valued finite sequence, and M denotes
a matrix over R of dimension nxm.

Now we state the propositions:
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(1) The RLS structure of &} = the RLS structure of (€™, || - ||).
PROOF: For every elements x, y of R", +¢n(x,y) = +pgsesn(2,y). For every
element = of R and for every element y of R", -gn(x,y) = -%Segn(x, y) by
3, (3)]. O

(2) &™ = MetricSpaceNorm(E™, || - ||).
PROOF: Set X = (£, || - ||). For every elements z, y of R", (the distance
of &™)(z,y) = (the distance by norm of X)(x,y). O

(3) The topological structure of £} = TopSpaceNorm(E™, ||-||). The theorem
is a consequence of (2).

(4) The carrier of £F = the carrier of (£, ||-||). The theorem is a consequence

of (1).
(5) The carrier of the n-dimension vector space over Rp = the carrier of
(€™, - |I)- The theorem is a consequence of (4).

(6) Ogn = O¢gn |.y- The theorem is a consequence of (1).

(7) Let us consider elements p, ¢ of &, and elements f, g of (€™, - ). If
p= f and ¢ = g, then p+ ¢ = f + g. The theorem is a consequence of (1).

(8) Let us consider a real number r, an element ¢ of £F, and an element g
of (€™, || - |I). If ¢ = g, then r- ¢ = r - g. The theorem is a consequence of
(1).

(9) Let us consider an element ¢ of £}, and an element g of (£", | - ||). If
q =g, then —g = —g. The theorem is a consequence of (8).

(10) Let us consider elements p, g of £, and elements f, g of (€7, - ||). If
p= f and g = g, then p— ¢ = f — g. The theorem is a consequence of (9)
and (7).

Let us consider a set X and a natural number n.

(11) X is a linear combination of (€™, || - ||) if and only if X is a linear com-
bination of £f. The theorem is a consequence of (4).

(12) X is a linear combination of (€™, || - ||) if and only if X is a linear com-
bination of the n-dimension vector space over Rgp. The theorem is a con-
sequence of (11).

(13) Let us consider a linear combination Ls of £}, and a linear combination
Ly of (€™, || -||). Suppose Lo = Ls. Then the support of Ly = the support

of L5.
(14) Let us consider a linear combination Ls of the n-dimension vector space
over Ry, and a linear combination Lo of (€™, ]|-||). Suppose L = Ls. Then

the support of Ly = the support of Ls. The theorem is a consequence of
(11).

Let us consider a set F'. Now we state the propositions:
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(15) Fis a subset of &} if and only if F is a subset of (£, ] - ||).

(16) F is a subset of (£™,]-||) if and only if F is a subset of the n-dimension
vector space over Rp.

(17) Fis a finite sequence of elements of £} if and only if F is a finite sequence
of elements of (€™ || - ||).

(18) F'isa function from £} into R if and only if F' is a function from (£, ||-]|)
into R. The theorem is a consequence of (4).

(19) Let us consider a finite sequence F of elements of £F, a function f; from
&L into R, a finite sequence Fy of elements of (€™, - ||), and a function f3
from (€™, - ||) into R. If f1 = f3 and Fy = Fy, then fi - Fo = f3- Fy. The
theorem is a consequence of (4) and (8).

(20) Let us consider a finite sequence F' of elements of (£", |- ||), a function f;
from (£",] - ||) into R, a finite sequence Fy of elements of the n-dimension
vector space over Rg, and a function f3 from the n-dimension vector space
over R into Rp. If fi = f3 and F' = F}, then f;-F = f3- F,. The theorem
is a consequence of (18), (4), and (19).

(21) Let us consider a finite sequence F3 of elements of £}, and a finite sequ-

ence Fy of elements of (€™, || - ||). If F3 = F, then ) F3 =Y Fb.
PROOF: Set T' = &F. Set V= (€™, || - ||). Consider f being a sequence of
the carrier of T" such that Y F' = f(len F') and f(0) = Or and for every
natural number j and for every element v of T such that j < len F' and
v=F(+1)holds f(j +1) = f(j) +v.

Consider f3 being a sequence of the carrier of V such that } Fy =
fa(len Fy) and f3(0) = Oy and for every natural number j and for every
element v of V such that j < len Fy and v = Fy(j + 1) holds f3(j + 1) =
f3(j) + v. Define S[natural number| = if $; < len F, then f($1) = f3($1).
For every natural number i such that S[i] holds S[i 4+ 1]. S[0]. For every
natural number n, Sn|. O

(22) Let us consider a finite sequence F of elements of (£", | - ||), and a finite
sequence Fy of elements of the n-dimension vector space over Rg. If )y =
F, then Y F =) Fj. The theorem is a consequence of (4) and (21).

(23) Let us consider a linear combination Ly of (£", ] - ||), and a linear com-
bination L4 of EF. If Ly = Ly, then ) Ly = Y L4. The theorem is a con-
sequence of (4), (19), and (21).

(24) Let us consider a linear combination Lj of the n-dimension vector space
over Rp, and a linear combination Lo of (€7, - ||). If Ly = L, then
S>> Lo =" Ls. The theorem is a consequence of (11) and (23).

(25) Let us consider a subset Az of (£, ||-|), and a subset A4 of . Suppose
As = Ay4. Let us consider an object X. Then X is a linear combination
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of Az if and only if X is a linear combination of A4. The theorem is
a consequence of (11).

(26) Let us consider a subset Az of (£, - ||), and a subset A4 of &F. If
Az = Ay, then Qpi;4;) = QLin(a,)- The theorem is a consequence of (11)
and (23).

(27) Let us consider a subset Ag of the n-dimension vector space over Rp,
and a subset Az of (€™, - [|). If Ay = As, then Qpi,(4,) = Qrin(a,)- The
theorem is a consequence of (4) and (26).

(28) Let us consider a subset A of (£, ||-||), and a subset A4 of . Suppose
As = Ay. Then Ajg is linearly independent if and only if Ay is linearly
independent. The theorem is a consequence of (11), (6), and (23).

(29) Let us consider a subset As of the n-dimension vector space over Rp, and
asubset Az of (€™, [|+]|). Suppose A2 = As. Then As is linearly independent
if and only if Az is linearly independent. The theorem is a consequence of
(4) and (28).

(30) Let us consider an object X. Then X is a subspace of (€™, || - ||) if and
only if X is a subspace of &f. The theorem is a consequence of (1), (4),
and (6).

(31) Let us consider a set X, a subspace U of (€™, || - ||), and a subspace W
of the n-dimension vector space over Rr. Suppose Qy = Q. Then X is
a linear combination of U if and only if X is a linear combination of W.
The theorem is a consequence of (30).

(32) Let us consider a one-to-one finite sequence F' of elements of (£", | - ||).
Suppose rng F' is linearly independent. Then there exists a square matrix
M over Ry of dimension n such that
(i) M is invertible, and
(i) M[lenF = F.
The theorem is a consequence of (4) and (28).

(33) Let us consider a square matrix M over Rp of dimension n, and a square
matrix N over R of dimension n. Suppose N = (Rp — R)M. Then M is
invertible if and only if N is invertible.

(34) Let us consider a square matrix M over R of dimension n. Then M is
invertible if and only if (R — Ryp)M is invertible.

(35) Let us consider a one-to-one finite sequence F' of elements of (€™, || - ||).
Suppose rng F' is linearly independent. Then there exists a square matrix
M over R of dimension n such that

(i) M is invertible, and
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(ii) M[lenF = F.
The theorem is a consequence of (32) and (33).

(36) Let us consider a one-to-one finite sequence F' of elements of (€™, || - ||).
Suppose rng F' is linearly independent. Let us consider an ordered basis
B of the n-dimension vector space over Rp. Suppose B = MX2FinS Iﬁ:”.
Let us consider a square matrix M over Rp of dimension n. Suppose M is
invertible and M [len F' = F'. Then (Mx2Tran(M))°(Qrin(mg(B|len F))) =
QLin(rmg F)- The theorem is a consequence of (4), (28), and (26).

(37) _Let us consider linearly independent subsets A, B of (£", |- ||). Suppose
‘A = B. Then there exists a square matrix M over Rp of dimension n
such that

(i) M is invertible, and
(i) (Mx2Tran(M))°(QLin(a)) = QLin(s)-
The theorem is a consequence of (4), (28), and (26).

(38) Let us consider natural numbers n, m, a matrix M over Rp of dimen-
sion nxm, and a linearly independent subset A of (£™,] - ||). Suppose
rk(M) = n. Then (Mx2Tran(M))°A is linearly independent. The theorem
is a consequence of (4) and (28).

(39) Let us consider an element p of £}, an element f of (£",||-||), a subset H
of £}, and a subset I of (€™, ||-||). Ifp= fand H = I, then p+H = f+1.
The theorem is a consequence of (4) and (7).

(40) Let us consider a subset Az of (£, - ||), and a subset A4 of &F. If
Ag = Ay, then Ag is affine iff A4 is affine. The theorem is a consequence
of (4), (8), and (7).

(41) Let us consider a set X. Then X is an affinely independent subset of
(€™, - ||) if and only if X is an affinely independent subset of £f. The
theorem is a consequence of (4), (6), (9), (39), and (28).

(42) Let us consider natural numbers n, m, a matrix M over Ry of dimen-
sion nxm, and an affinely independent subset A of (E™,|| - ||). Suppose
rk(M) = n. Then (Mx2Tran(M))°A is affinely independent. The theorem
is a consequence of (41).

(43) Let us consider a subset Az of (£",] - ||), and a subset A4 of EF. If
Az = Ay, then Affin A3 = Affin A4. The theorem is a consequence of (4)
and (40).

(44) Let us consider a linear combination L of (€™, ||-||), and a linear combina-
tion S of £F. If L = 5, then sum L = sum S. The theorem is a consequence

of (4).
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(45) Let us consider a subset Az of (£, || - ||), a subset Ay of £, an element
vof (€™, |- ||), and an element w of &Y. Suppose Az = A4 and v = w and
v € Affin A3 and Ajs is affinely independent. Then v — A3 = w — Ay.
The theorem is a consequence of (41), (25), (23), (44), and (43).

(46) Let us consider natural numbers n, m, a matrix M over Ry of dimension
nxm, and an affinely independent subset A of (£, ||-||). Suppose rk(M) =
n. Let us consider an element v of (€™, || - ||). Suppose v € Affin A. Then

(i) (Mx2Tran(M))(v) € Affin((Mx2Tran(M))°A), and

(ii) for every m-element, real-valued finite sequence f, (v — A)(f) =
((Mx2Tran(M))(v) — (Mx2Tran(M))°A)((Mx2Tran(M))(f)).
The theorem is a consequence of (41), (4), (43), and (45).

(47) Let us consider natural numbers n, m, a matrix M over Ry of dimen-
sion nxm, and a linearly independent subset A of (£™.] - ||). Suppose
rk(M) = n. Then (Mx2Tran(M))~!(A) is linearly independent. The the-
orem is a consequence of (4) and (28).

(48) Let us consider natural numbers n, m, a matrix M over Ry of dimen-
sion nxm, and an affinely independent subset A of (€™, || - ||). Suppose
rk(M) = n. Then (Mx2Tran(M))~!(A) is affinely independent. The the-
orem is a consequence of (41).

(49) Let us consider a real linear space V. Then every strict subspace of V' is
a strict subspace of Q.

(50) Let us consider a set X. Then X is a basis of the n-dimension vector
space over Ry if and only if X is a basis of £F.

Let us consider a non empty natural number n.
(51) +gsesn = 7" (the addition of Rp).
PROOF: Set O; = +pgsesn. Set Oy = 71" (the addition of Ry). For every
elements x, y of R", O1(z,y) = Oz(z,y). O
(52)  ‘Rsean = Ry
ProoF: Set O = -%Segn. Set Oy = -ﬁF. For every element x of R and for
every element y of R", O1(z,y) = Oz2(z,y). O
(53) (i) &% is finite dimensional, and
(ii) dim(&F) =n.
The theorem is a consequence of (50).
(54) Let us consider a non empty natural number n. Then

(i) the carrier of & = the carrier of the n-dimension vector space over
Rp, and

(ii) Ogn = 04, and



REAL VECTOR SPACE AND RELATED NOTIONS 123

iii e addition o = the addition of the n-dimension vector space
iii) the additi f £F = the additi f the n-di i t
over Ry, and

(iv) the external multiplication of &} = the left multiplication

of the n-dimension vector space over Rp,

where « is the n-dimension vector space over Rg. The theorem is a con-
sequence of (51) and (52).

(55) Let us consider a non empty natural number n, elements x9, y2 of the n-
dimension vector space over Ry, and elements x1, y; of £}. If zo = 1 and
Y2 = y1, then xy +y2 = x1 + 1.

(56) Let us consider a non empty natural number n, an element a; of Rp,
a real number as, an element s of the n-dimension vector space over Rp,
and an element 1 of £F. If a1 = az and x9 = x4, then a1 - v2 = as - x1.

(57) Let us consider a non empty natural number n, an element x of the n-
dimension vector space over Ry, and an element x1 of £F. If 9 = x4, then
—1x9 = —x1. The theorem is a consequence of (54).

(58) Let us consider a non empty natural number n, elements x9, y2 of the n-
dimension vector space over Ry, and elements x1, y; of £F. If o = 1 and
Y2 = Y1, then xo — yo = 21 — y1. The theorem is a consequence of (57) and
(54).

(59) Let us consider a non empty natural number n, a subset A4 of &%, and

a subset Ag of the n-dimension vector space over Rp. Suppose A4 = As.
Then

(i) the carrier of Lin(A4) = the carrier of Lin(A43), and

(i) OrLin(as) = OLin(as), and
(iii) the addition of Lin(A4) = the addition of Lin(A3), and
(iv) the external multiplication of Lin(A4) = the left multiplication of
Lin(A43).
The theorem is a consequence of (54).

(60) Let us consider a subset A4 of &, and a subset Az of (€7, - ). If
Ay = As, then Lin(A4) = Lin(As). The theorem is a consequence of (26)
and (1).

(61) Let us consider a set X. Then X is a basis of £} if and only if X is
a basis of (£",] - ||). The theorem is a consequence of (4), (28), (49), and
(26).

(62) (i) (€™ - is finite dimensional, and

(if) dim((€™ |- )) =
The theorem is a consequence of (53), (4), and (61).
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2. FINITE DIMENSIONAL VECTOR SPACES OVER REAL FIELD

Note that there exists a real normed space which is finite dimensional.
Now we state the propositions:
(63) Let us consider a field K, a finite dimensional vector space V over K,
and an ordered basis b of V. Then there exists a linear transformation T
from V to the dim(V')-dimension vector space over K such that

(i) T is bijective, and
(ii) for every element x of V, T'(x) = 2 — b.

PROOF: Set W = the dim(V')-dimension vector space over K. Define
Plobject, object] = there exists an element x of V such that $; = = and
$o=a —b.

For every element x of the carrier of V', there exists an element y
of the carrier of W such that Pz, y]. Consider f being a function from
the carrier of V' into the carrier of W such that for every element x of
the carrier of V, Pz, f(z)]. For every element = of V, f(z) = x — b. For
every elements x, y of V', f(x +vy) = f(x) + f(y). For every scalar a of K
and for every vector z of V| f(a-z) = a- f(z). For every objects z, y such
that z, y € dom f and f(z) = f(y) holds x = y.

For every object y such that y € the carrier of W there exists an object
x such that = € the carrier of V' and y = f(x) by [6, (102)], [7, (21)], [5,
(36)]. O

(64) Let us consider a field K, and a finite dimensional vector space V' over
K. Then there exists a linear transformation 7" from V' to the dim(V)-
dimension vector space over K such that 7' is bijective. The theorem is
a consequence of (63).

(65) Let us consider a field K, and finite dimensional vector spaces V', W over
K. Then dim (V') = dim(W) if and only if there exists a linear transforma-
tion T' from V to W such that T is bijective. The theorem is a consequence
of (64).

(66) Let us consider a real linear space X. Then

(i) the carrier of X = the carrier of RLSp2RVSp(X), and
(ii) the zero of X = the zero of RLSp2RVSp(X), and
(iii) the addition of X = the addition of RLSp2RVSp(X), and
)

(iv) the external multiplication of X =
the left multiplication of RLSp2RVSp(X).

(67) Let us consider a strict real linear space X.
Then RVSp2RLSp RLSp2RVSp(X) = X.
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(68) Let us consider a strict vector space X over Rp.
Then RLSp2RVSp(RVSp2RLSp X) = X.

Let us consider a real linear space V and a set F.
(69) F is a subset of V' if and only if F' is a subset of RLSp2RVSp(V').

(70) F'is a finite sequence of elements of V' if and only if F is a finite sequence
of elements of RLSp2RVSp(V').

(71) F is a function from V into R if and only if F' is a function from
RLSp2RVSp(V) into R.

(72) Let us consider a real linear space T, and a set X. Then X is a linear
combination of RLSp2RVSp(T') if and only if X is a linear combination of
T.

(73) Let us consider a real linear space T', a linear combination Ls
of RLSp2RVSp(T'), and a linear combination Ly of T'. Suppose Ly = Ls.
Then the support of Ly = the support of Ls.

PROOF: The support of Ly C the support of Ls. Consider u being an ele-
ment of RLSp2RVSp(T') such that x = u and Ls(u) # Og,. O

(74) Let us consider a real linear space V', a finite sequence F5 of elements
of V, a function f; from V into R, a finite sequence Fy of elements of
RLSp2RVSp(V), and a function f3 from RLSp2RVSp(V) into Rp. If f; =
f3 and Fy = Fy, then fi - Iy = f3- F}.

(75) Let us consider a real linear space T', a finite sequence F3 of elements
of T, and a finite sequence F; of elements of RLSp2RVSp(T). If F3 = F3,
then > F5 =" Fy.

(76) Let us consider a real linear space T, a linear combination L5 of
RLSp2RVSp(T), and a linear combination Ly of T. If Ly = Lj, then
> Ly =73 Ls. The theorem is a consequence of (73) and (74).

Let us consider a real linear space T', a subset Ag of RLSp2RVSp(7'), and
a subset Az of T. Now we state the propositions:
(77) If Ay = As, then Qpi,(4,) = Qrin(a,)- The theorem is a consequence of
(72), (73), and (76).
(78) 1If Ay = As, then As is linearly independent iff Aj is linearly independent.
The theorem is a consequence of (72), (73), and (76).

(79) Let us consider a real linear space T', a set X, a subspace U of
RLSp2RVSp(T'), and a subspace W of T'. Suppose Qy = Q. Then X is
a linear combination of U if and only if X is a linear combination of W.

(80) Let us consider a real linear space W, and a set X. Then X is a basis
of RLSp2RVSp(W) if and only if X is a basis of W. The theorem is
a consequence of (78) and (77).
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Let us consider a real linear space W. Now we state the propositions:

(81) If W is finite dimensional, then RLSp2RVSp(W) is finite dimensional
and dim(RLSp2RVSp(W)) = dim(W). The theorem is a consequence of
(80).

(82) W is finite dimensional if and only if RLSp2RVSp(W) is finite dimen-
sional. The theorem is a consequence of (80).

(83) Let us consider a non empty natural number n. Then RLSpQRVSp(R%egn)
= the n-dimension vector space over Rp. The theorem is a consequence of
(51) and (52).

(84) Let us consider real linear spaces V', W, and a set X. Then X is a linear
operator from V into W if and only if X is a linear transformation from
RLSp2RVSp(V) to RLSp2RVSp(W).

(85) Let us consider real linear spaces X, Y, and a linear operator L from X
into Y. Suppose L is bijective. Then there exists a linear operator K from
Y into X such that

(i) K=L"' and
(ii) K is one-to-one and onto.

PROOF: Reconsider K = L~! as a function from the carrier of Y into
the carrier of X. K is additive. For every vector x of Y and for every real
number r, K(r-z)=r- K(x). O

(86) Let us consider real linear spaces X, Y, Z, a linear operator L from X
into Y, and a linear operator K from Y into Z. Then K - L is a linear
operator from X into Z.
PRrROOF: Reconsider T' = K - L as a function from X into Z. For every
elements z, y of X, T'(x +y) = T'(z) + T(y). For every real number a and
for every vector x of X, T'(a-x) =a-T(x). O

(87) Let us consider real linear spaces V', W, a subset A of V| and a linear
operator T from V into W. Suppose T is bijective. Then A is a basis of V'
if and only if T°A is a basis of W. The theorem is a consequence of (84)
and (80).

(88) Let us consider a finite dimensional real linear space V', and a real linear
space W. Suppose there exists a linear operator T" from V into W such
that T is bijective. Then

(i) W is finite dimensional, and
(i) dim(W) = dim(V).
The theorem is a consequence of (87).

(89) Let us consider a finite dimensional real linear space V. Suppose dim(V")



REAL VECTOR SPACE AND RELATED NOTIONS
. . . Seg dim(V)
# 0. Then there exists a linear operator T' from V' into Ry such
that T is bijective. The theorem is a consequence of (81), (64), (83), and
(84).

(90) Let us consider finite dimensional real linear spaces V, W. Suppose

(1]

(8]
(9]

dim(V) # 0. Then dim(V) = dim(W) if and only if there exists a li-
near operator T from V into W such that T is bijective. The theorem is
a consequence of (89), (85), (86), and (88).
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Summary. In this article we further develop field theory in Mizar [,
[2): we prove existence and uniqueness of splitting fields. We define the splitting
field of a polynomial p € F[X] as the smallest field extension of F', in which
p splits into linear factors. From this follows, that for a splitting field E of p
we have E = F(A) where A is the set of p’s roots. Splitting fields are unique,
however, only up to isomorphisms; to be more precise up to F-isomorphims i.e.
isomorphisms ¢ with | = Idr. We prove that two splitting fields of p € F[X] are
F-isomorphic using the well-known technique [4], [3] of extending isomorphisms
from Fy — F> to Fi(a) — Fz(b) for a and b being algebraic over Fy and Fs,
respectively.
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1. PRELIMINARIES

Now we state the propositions:
(1) Let us consider a ring R, a polynomial p over R, and an element g of
the carrier of PolyRing(R). If p = ¢, then —p = —q.
(2) Let us consider a ring R, a polynomial p over R, and an element a of R.
Then a - p = (alR) * p.
(3) Let us consider a ring R, and an element a of R. Then LC(a[R) = a.

(4) Let us consider a ring R, a subring S of R, a finite sequence F of elements
of R, and a finite sequence G of elements of S. If F = G, then [[ F =[] G.

(©) 2021 University of Bialystok
129 CC-BY-SA License ver. 3.0 or later
ISSN 1426-2630(Print), 1898-9934(Online)


https://sciendo.com/journal/forma
https://orcid.org/0000-0001-9587-8737
http://zbmath.org/classification/?q=cc:12F05
http://zbmath.org/classification/?q=cc:68V20
http://fm.mizar.org/miz/field_8.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

130 CHRISTOPH SCHWARZWELLER

Let F be a field. Let us observe that there exists

a field which is F-homomorphic, F-monomorphic, and F-isomorphic.

Let R be a ring. Observe that every R-isomorphic ring is R-homomorphic
and R-monomorphic.

Let S be an R-homomorphic ring.

Observe that PolyRing(S) is (PolyRing(R))-homomorphic.

Let F} be a field and F5 be an Fi-isomorphic, Fi-homomorphic field. Observe
that PolyRing(F») is (PolyRing(F}))-isomorphic.

2. MORE ON POLYNOMIALS

Now we state the propositions:

(5) Let us consider a non degenerated ring R, a ring extension S of R,
a polynomial p over R, and a polynomial g over S. If p = ¢, then LCp =
LCgq.

(6) Let us consider a field F, an element p of the carrier of PolyRing(F’),
an extension E of F, and an element ¢ of the carrier of PolyRing(F).
Suppose p = ¢. Let us consider an E-extending extension U of F, and
an element a of U. Then ExtEval(q,a) = ExtEval(p, a).

(7) Let us consider a ring R, a ring extension S of R, an element p of
the carrier of PolyRing(R), and an element q of the carrier of PolyRing(.5).
Suppose p = ¢. Let us consider a ring extension 77 of S, and a ring
extension Th of R. If T1 = T, then Roots(Ts, p) = Roots(11, q).

(8) Let us consider an integral domain R, a non empty finite sequence F' of

elements of PolyRing(R), and a polynomial p over R. Suppose p = [[ F
and for every natural number ¢ such that ¢ € dom F' there exists an element
a of R such that F'(i) = rpoly(1,a). Then degp =len F.
PROOF: Define P[natural number] = for every non empty finite sequence
F' of elements of PolyRing(R) for every polynomial p over R such that
len ' = $; and p = [[ F and for every natural number 4 such that i €
dom F' there exists an element a of R such that F(i) = rpoly(1,a) holds
degp = len F'. For every natural number k, P[k]. O

(9) Let us consider a field F', a polynomial p over F', and a non zero element
a of F'. Then a - p splits in F' if and only if p splits in F.

(10) Let us consider a field F', a non constant, monic polynomial p over F,
and a non zero polynomial ¢ over F'. Suppose p * ¢ is a product of linear
polynomials of F'. Then p is a product of linear polynomials of F.
PROOF: Define P[natural number| = for every non constant, monic po-
lynomial p over F' for every non zero polynomial g over F' such that



SPLITTING FIELDS

deg(p * q) = $1 and p x ¢ is a product of linear polynomials of F' holds p
is a product of linear polynomials of F. For every natural number ¢ such
that 1 < holds P[i]. O

(11) Let us consider a field F', a non constant polynomial p over F', and a non
zero polynomial ¢ over F. If p % ¢ splits in F', then p splits in F. The
theorem is a consequence of (10) and (9).

(12) Let us consider a field F', and polynomials p, ¢ over F. If p splits in F
and ¢ splits in F', then p * ¢ splits in F.

(13) Let us consider a ring R, an R-homomorphic ring S, a homomorphism h
from R to S, and an element a of R. Then (PolyHom(h))(a[R) = h(a)[S.

(14) Let us consider a field Fy, an Fj-isomorphic, Fj-homomorphic field Fj,
an isomorphism h between F; and F5, and elements p, ¢ of the carrier of
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PolyRing(F}). Then p | ¢ if and only if (PolyHom(h))(p) | (PolyHom(h))(q).

(15) Let us consider a field F, an extension F of F', an Fralgebraic element a
of F, and an irreducible element p of the carrier of PolyRing(F'). Suppose
ExtEval(p,a) = 0. Then MinPoly(a, F') = NormPoly p.

(16) Let us consider a field Fj, an Fj-monomorphic, Fj-homomorphic field
F5, a monomorphism h of F; and F5, and an element p of the carrier of
PolyRing(F}). Then NormPoly(PolyHom(h))(p) =
(PolyHom(h))(NormPoly p).

Let Fi be a field, F5 be an Fj-isomorphic, Fi-homomorphic field, A be an iso-
morphism between F; and F>, and p be a constant element of the carrier of
PolyRing(F1). One can check that (PolyHom(h))(p) is constant as an element
of the carrier of PolyRing(F3).

Let p be a non constant element of the carrier of PolyRing(F7). Note that
(PolyHom(h))(p) is non constant as an element of the carrier of PolyRing(F3).

Let p be an irreducible element of the carrier of PolyRing(F7). Let us note
that (PolyHom(h))(p) is irreducible as an element of the carrier of PolyRing(F?).

Now we state the propositions:

(17) Let us consider a field F}, a non constant element p of the carrier of
PolyRing(F}), an Fj-isomorphic field F», and an isomorphism A between
Fy and F5. Then p splits in F} if and only if (PolyHom(h))(p) splits in F.

(18) Let us consider a field F', an element p of the carrier of PolyRing(F),
an extension F of F, and an E-extending extension U of F.
Then Roots(E, p) C Roots(U, p).

(19) Let us consider a field F, a non constant element p of the carrier of
PolyRing(F'), an extension E of F', and an extension U of E. If p splits in
E, then p splits in U. The theorem is a consequence of (2).
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3. MORE ON PRODUCTS OF LINEAR POLYNOMIALS

Now we state the propositions:

(20) Let us consider a field F', and a non empty finite sequence G of elements
of the carrier of PolyRing(F"). Suppose for every natural number i such
that ¢ € dom G there exists an element a of F' such that G(i) = rpoly(1, a).
Then G is a factorization of [] G.

(21) Let us consider a field F', and non empty finite sequences G, Ga of
elements of PolyRing(F'). Suppose for every natural number i such that
i € dom G there exists an element a of F' such that Gi(i) = rpoly(1,a)
and for every natural number ¢ such that ¢ € dom G2 there exists an ele-
ment a of F' such that G3(i) = rpoly(1,a) and [[G1 = [[G2. Let us
consider an element a of F. Then there exists a natural number ¢ such
that ¢ € dom G; and G (i) = rpoly(1,a) if and only if there exists a natu-
ral number ¢ such that ¢ € dom Gy and Ga(¢) = rpoly(1,a). The theorem
is a consequence of (20).

(22) Let us consider a field F, an extension E of F', and a non empty fi-
nite sequence G of elements of PolyRing(F"). Suppose for every natural
number ¢ such that ¢ € dom GG; there exists an element a of F' such that
G1(i) = rpoly(1, a).

Let us consider a non empty finite sequence G5 of elements of PolyRing
(E). Suppose for every natural number i such that ¢ € dom Gy there exists
an element a of E such that G2(i) = rpoly(1, a). Suppose [ G1 =[] Ga.

Let us consider an element a of E. Then there exists a natural number
i such that ¢ € dom G; and G1(i) = rpoly(1,a) if and only if there exists
a natural number ¢ such that ¢ € dom Gy and G2(i) = rpoly(1,a). The
theorem is a consequence of (4) and (21).

(23) Let us consider a field F, a product of linear polynomials p of F', and
an element a of F. Then LCa-p = a.

(24) Let us consider a field F, and an extension E of F. Then every product
of linear polynomials of F' is a product of linear polynomials of F.

(25) Let us consider a field F, an extension E of F, a non zero element a of
F', a non zero element b of E/, a product of linear polynomials p of F', and
a product of linear polynomials ¢ of E. If a-p = b - g, then a = b and
p = q. The theorem is a consequence of (5) and (2).

(26) Let us consider a field F', an extension E of F', and a non empty finite
sequence G of elements of the carrier of PolyRing(E). Suppose for every
natural number ¢ such that ¢ € dom G there exists an element a of F' such
that G(i) = rpoly(1,a). Then [] G is a product of linear polynomials of F'.
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PROOF: Define P[natural number] = for every non empty finite sequence
G of elements of PolyRing(E) such that len G = $; and for every natural
number ¢ such that ¢ € dom G there exists an element a of F' such that
G (i) = rpoly(1,a) holds J] G is a product of linear polynomials of F. For
every natural number k, P[k]. Consider n being a natural number such
that lenG = n. O

4. EXISTENCE OF SPLITTING FIELDS

Let us consider a field F', a non constant element p of the carrier of PolyRing
(F), an extension U of F, and a U-extending extension E of F. Now we
state the propositions:
(27) If p splits in E, then p splits in U iff Roots(E, p) C the carrier of U.
(28) If p splits in E, then p splits in U iff Roots(E,p) C Roots(U, p). The
theorem is a consequence of (27).
(29) If p splits in E, then p splits in U iff Roots(E,p) = Roots(U, p). The
theorem is a consequence of (28) and (18).
(30) Let us consider a field F', a non constant element p of the carrier of
PolyRing(F'), and an extension E of F. If p splits in F, then p splits in
FAdj(F,Roots(E,p)). The theorem is a consequence of (27).

Let F be a field and p be a non constant element of the carrier of PolyRing(F').
A splitting field of p is an extension of F' defined by
(Def. 1) p splits in it and for every extension E of F such that p splits in F and
FE is a subfield of it holds F =~ it.

Let us consider a field F' and a non constant element p of the carrier of
PolyRing(F'). Now we state the propositions:

(31) There exists an extension E of F' such that F is a splitting field of p.

(32) There exists an extension E of F such that FAdj(F,Roots(E,p)) is
a splitting field of p. The theorem is a consequence of (30), (18), and
(28).

(33) Let us consider a field F', a non constant element p of the carrier of
PolyRing(F'), and an extension E of F. Suppose p splits in E. Then
FAdj(F,Roots(E, p)) is a splitting field of p. The theorem is a consequence
of (30), (18), and (28).

(34) Let us consider a field F', a non constant element p of the carrier of
PolyRing(F'), and a splitting field E of p. Then E ~ FAdj(F, Roots(E, p)).
The theorem is a consequence of (33).
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Let F be a field and p be a non constant element of the carrier of PolyRing(F).
Let us observe that there exists a splitting field of p which is strict and every
splitting field of p is F-finite.

5. FIXING AND EXTENDING AUTOMORPHISMS

Let R be a ring. Let us observe that there exists a function from R into R
which is isomorphism.

A homomorphism of R is an additive, multiplicative, unity-preserving func-
tion from R into R.

A monomorphism of R is a monomorphic function from R into R.

An automorphism of R is an isomorphism function from R into R. Let R,
Sy be rings, S1 be a ring extension of R, and h be a function from S into Ss.
We say that h is R-fixing if and only if

(Def. 2) for every element a of R, h(a) = a.

Now we state the propositions:

(35) Let us consider rings R, Sy, a ring extension S of R, and a function h
from S7 into Ss. Then h is R-fixing if and only if A[R = idg.

(36) Let us consider a field F', an extension E; of F, an E;-homomorphic
extension Fy of F, and a homomorphism A from F; to Es. Then h is
F-fixing if and only if h is a linear transformation from VecSp(E1, F') to
VecSp(Es, F).

(37) Let us consider a field F', an extension E of F', an E-extending extension
FE, of F, an F-extending extension F5 of F', and a function h from Ej into
FEs. If h is E-fixing, then h is F-fixing.

Let R be a ring, Sq, Ss be ring extensions of R, and h be a function from
S1 into S3. We say that h is R-homomorphism if and only if

(Def. 3) h is R-fixing, additive, multiplicative, and unity-preserving.
We say that h is R-monomorphism if and only if
(Def. 4) h is R-fixing and monomorphic.
We say that h is R-isomorphism if and only if
(Def. 5) h is R-fixing and isomorphism.
Let S be a ring extension of R. Observe that there exists an automorphism
of S which is R-fixing.
Now we state the propositions:
(38) Let us consider a ring R, a ring extension S of R, an element p of the car-
rier of PolyRing(R), an R-fixing monomorphism h of S, and an element a
of S. Then a € Roots(S,p) if and only if h(a) € Roots(S, p).
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(39) Let us consider an integral domain R, a domain ring extension S of R,
a non zero element p of the carrier of PolyRing(R), and an R-fixing mo-
nomorphism h of S. Then h| Roots(S, p) is a permutation of Roots(S, p).
The theorem is a consequence of (38).

Let R1, Ro, S3 be rings, S1 be a ring extension of Ry, h; be a function from
Ry into Ro, and hs be a function from Sp into S3. We say that hso is hi-extending
if and only if
(Def. 6) for every element a of Ry, ha(a) = hi(a).
Now we state the proposition:

(40) Let us consider rings Rj, R, Sa, a ring extension S of Rj, a function
h1 from Rp into Ro, and a function ho from S; into S. Then hy is hi-
extending if and only if ho[Ry = hy.

Let R be a ring and S be a ring extension of R. Let us note that every auto-
morphism of S which is R-fixing is also (idg)-extending and every automorphism
of S which is (idg)-extending is also R-fixing.

Now we state the proposition:

(41) Let us consider fields Fy, F», an extension E; of Fj, an extension Eb
of Fy, an Ej-extending extension K of Fj, an FEs-extending extension
K5 of Fy, a function hy from F} into F5, a function ho from FEj into Es,
and a function h3 from K; into Ks. Suppose ho is hi-extending and hg is
ho-extending. Then hg is hi-extending.
Let F be a field and Fy, FEs be extensions of F. We say that F1 and E5 are
isomorphic over F' if and only if

(Def. 7) there exists a function ¢ from E; into Fs such that i is F-isomorphism.
Now we state the propositions:

(42) Let us consider a field F', and an extension E of F'. Then E and E are
isomorphic over F.

(43) Let us consider a field F', and extensions E1, Fy of F. If F; and Es are
isomorphic over F', then Fy and FE; are isomorphic over F.
ProoOF: Consider f being a function from FE; into Es such that f is F-
isomorphism. Reconsider ¢ = f~! as a function from FEj into Ej. g is
additive. ¢ is multiplicative. (]

(44) Let us consider a field F', and extensions F;, Eo, E3 of F. Suppose E;
and F5 are isomorphic over F' and Es and F3 are isomorphic over F'. Then
FE1 and Ej3 are isomorphic over F.
ProOF: Consider f being a function from F; into FEs such that f is F-
isomorphism. Consider g being a function from Fs, into E3 such that g is
F-isomorphism. dom(g - f) = the carrier of Ej. Reconsider h = g - f as
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a function from Fj into E3. h is F-fixing. O
(45) Let us consider a field F', an F-finite extension E; of F', and an extension
FE» of F'. Suppose E7 and FEs are isomorphic over F'. Then
(i) Ey is F-finite, and
(ii) deg(Er, F) = deg(Es, F).

The theorem is a consequence of (36).

6. SOME MORE PRELIMINARIES

Let R be a ring, S1, Sz be ring extensions of R, and h be a relation between
the carrier of S7 and the carrier of So. We say that h is R-isomorphism if and
only if

(Def. 8) there exists a function g from S into Sy such that ¢ = h and ¢ is
R-isomorphism.
Now we state the propositions:
(46) Let us consider a field F, an extension E of F', and an F-algebraic element
a of E. Then
(1) Opadj(F{a}) = ExtEval(0.F,a), and
(ii) lFAdj(F,{a}) = ExtEval(1.F,a).
(47) Let us consider a field F', an extension E of F'; an Fralgebraic element a
of E, elements x, y of FAdj(F, {a}), and polynomials p, ¢ over F. Suppose
x = ExtEval(p, a) and y = ExtEval(q,a). Then
(i) z+y = ExtEval(p + ¢,a), and
(ii) x -y = ExtEval(p * ¢, a).
(48) Let us consider a field F', an extension E of F', an Fralgebraic element a
of E, and an element = of F. Then x = ExtEval(z|F, a).

Let us consider a field F', an extension F of F, and an element a of E. Now
we state the propositions:

(49) HomExtEval(a, F) is a function from PolyRing(F") into RAdj(F, {a}).
(50) HomExtEval(a, F') is a function from PolyRing(F') into FAdj(F, {a}).
The theorem is a consequence of (49).

(51) Let us consider a field Fy, an Fj-isomorphic, Fj-homomorphic field Fj,
an isomorphism h between F; and F5, an extension Ej of Fj, an exten-
sion Es of F5, an Fralgebraic element a of Fq, an Foyalgebraic element b
of Es, and an irreducible element p of the carrier of PolyRing(F}). Sup-
pose ExtEval(p,a) = 0g, and ExtEval((PolyHom(h))(p),b) = 0g,. Then
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(PolyHom(h))(MinPoly(a, F1)) = MinPoly(b, F5). The theorem is a con-
sequence of (15) and (16).

(52) Let us consider a field F;, an Fj-isomorphic, Fj-homomorphic field Fj,
an isomorphism h between F; and F3, an extension E7 of I}, an extension
FEs of Fy, an Fi-algebraic element a of Fq, and an Fyalgebraic element
b of Ey. Suppose ExtEval((PolyHom(h))(MinPoly(a, F1)),b) = 0g,. Then
(PolyHom(h))(MinPoly(a, F1)) = MinPoly(b, F5). The theorem is a con-
sequence of (15) and (16).

(53) Let us consider a field F;, a non constant element p; of the carrier
of PolyRing(F}), an extension Fy of Fj, a non constant element ps of
the carrier of PolyRing(F»), and a splitting field E of p;. Suppose p2 = p1
and E is Fy-extending. Then E is a splitting field of po.

7. UNIQUENESS OF SPLITTING FIELDS

Let F be a field, E¥ be an extension of F, and a, b be Fralgebraic elements
of E. The functor ®(a, b) yielding a relation between the carrier of FAdj(F, {a})
and the carrier of FAdj(F, {b}) is defined by the term

(Def. 9) the set of all { ExtEval(p,a), ExtEval(p, b)) where p is a polynomial over
F.

Note that ®(a,b) is quasi-total. Now we state the proposition:

(54) Let us consider a field F', an extension E of F', and F-algebraic elements
a, b of E. Then ®(a,b) is F-isomorphism if and only if MinPoly(a, F') =
MinPoly (b, F'). The theorem is a consequence of (46), (47), and (48).

Let Fi be a field, F5 be an Fy-isomorphic, Fi-homomorphic field, A be an iso-
morphism between F; and F>, E7 be an extension of Fj, Fo be an extension
of Fy, a be an element of E1, b be an element of E», and p be an irreducible
element of the carrier of PolyRing(F}).

Assume ExtEval(p,a) = 0p, and ExtEval((PolyHom(%))(p),b) = Og,.
The functor ¥(a, b, h, p) yielding a function from FAdj(F1, {a}) into FAdj(F3, {b})
is defined by

(Def. 10) for every element r of the carrier of PolyRing(F1), it(ExtEval(r,a)) =
ExtEval((PolyHom(h))(r),b).
Now we state the propositions:

(55) Let us consider a field Fj, an Fj-isomorphic, Fj-homomorphic field Fj,

an isomorphism h between F; and F3, an extension E7 of F}, an extension

FEs of Fy, an element a of Fq, an element b of E5, and an irreducible
element p of the carrier of PolyRing(F}). Suppose ExtEval(p,a) = 0,
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and ExtEval((PolyHom(h))(p),b) = 0g,. Then ¥(a, b, h,p) is h-extending
and isomorphism.

PROOF: Set f = U(a,b, h,p). Set F3 = FAdj(F},{a}). Set F5 =

FAdj(F, {b}). f(1r,) = 1p; by [6, (36)], [5, (14)], [7, (14)], (13). [ is onto
by [6, (56), (45)]. O

(56) Let us consider a field F', an extension E of F, an irreducible element p

of the carrier of PolyRing(F'), and elements a, b of E. Suppose a is a root
of pin E and b is a root of p in E. Then FAdj(F,{a}) and FAdj(F, {b})
are isomorphic. The theorem is a consequence of (55).

(57) Let us consider a field F;, an Fj-homomorphic, Fj-isomorphic field Fj,

an isomorphism h between F; and F5, a non constant element p of the car-
rier of PolyRing(F}), a splitting field Ey of p, and a splitting field Es of
(PolyHom(h))(p). Then there exists a function f from Fj into E such
that f is h-extending and isomorphism.

PROOF: Define P[natural number| = for every field Fy for every Fi-
homomorphic, Fi-isomorphic field F> for every isomorphism h between Fj
and F; for every non constant element p of the carrier of PolyRing(F}) for
every splitting field E of p for every splitting field Fs of (PolyHom(h))(p)
such that (Roots(E1,p)) \ (the carrier of F1) = $; there exists a function
f from E7 into F such that f is h-extending and isomorphism.

For every natural number k, P[k]. Consider n being a natural number
such that (Roots(E1,p)) \ @ = n, where « is the carrier of Fy. O

(58) Let us consider a field F, a non constant element p of the carrier of

(1]

2]

PolyRing(F'), and splitting fields Ey, F5 of p. Then E; and FE, are isomor-
phic over F.
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1. PRELIMINARIES

Let a be a non empty finite sequence of elements of R and ¢ be an element
of doma. Let us observe that the functor a(i) yields an element of R. Let h be
a non empty finite sequence of elements of N* and 7 be an element of dom h. Let
us observe that the functor h(7) yields a finite sequence of elements of N. Now
we state the propositions:

(1) Let us consider a natural number n. If n is odd, then 1 < n and n +
1div2 = 2,

(2) Let us consider a set D, and a finite sequence p. Suppose for every natural
number i such that ¢ € dom p holds p(i) € D. Then p is a finite sequence
of elements of D.

(3) Let us consider objects x, y. Then {{z, y)}1({y}) = {z}.
PROOF: For every object v, v € {z} iff v € dom{(z, y)} and {(z, y)}(v) €
{y}. O

(4) Let us consider natural numbers a, b, and a set s. If Sega U {s} = Segb,
thena=0bora+1=5b. PROOF: b—a < 1.0

Let D be a non empty set, f be a D-valued finite sequence, and I be a set.
The functor Seq(f, I) yielding a D-valued finite sequence is defined by the term

(Def. 1)  Seq(fI1).

Let a be a non empty finite sequence of elements of R, f be a function, and
s be a set. The functor SumBin(a, f, s) yielding a real number is defined by the
term

(Def. 2) > Seq(a, f1(s)).

Let us observe that there exists a non empty finite sequence of elements of
R which is positive. Let a be a finite sequence of elements of R. We say that a
is at most one if and only if

(Def. 3) for every natural number ¢ such that 1 <4 < lena holds a(i) < 1.

Note that there exists a non empty, positive finite sequence of elements of R
which is at most one. Let us consider a finite sequence f of elements of N and
natural numbers j, b. Now we state the propositions:

(5) Ifb=j, then (f~(0))"'({j}) = f~'({j}) U {len f +1}.
PROOF: For every object z, z € (f (b))~ ({j}) iff z € f~1({j})U{len f +
1}.0

(6) Ifb# 7, then (f ~ (b)) '({s}) = ({7}
PROOF: For every object z, z € (f 7 (b)) "1 ({j}) iff z € f~1({j}). O

(7) Let us consider a non empty finite sequence a of elements of R, a set p,
and a natural number i. Suppose p U {i} C doma and for every natural
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number m such that m € p holds m < i. Then Seq(a[(pU{i})) = Seq(alp)”
{a(i)).

Let us consider a non empty finite sequence a of elements of R, a finite
sequence f of elements of N, and natural numbers j, b. Now we state the pro-
positions:

(8) Suppose len f + 1 < lena. Then if b = j, then SumBin(a, f ~ (b),{j}) =
SumBin(a, f,{j}) + a(len f + 1).
ProOF: (f°(b))"1({j}) = f1({j})U{len f+1}. For every natural number
m such that m € f~1({j}) holds m <len f + 1. O

(9) Suppose len f + 1 < lena. Then if b # j, then SumBin(a, f ™ (b),{j}) =
SumBin(a, /, {7}).

(10) Let us consider a non empty finite sequence a of elements of R, and
a finite sequence f of elements of N. Suppose dom f = doma. Then
SumBin(a, f,rng f) = a.

(11) Let us consider a non empty finite sequence a of elements of R, a finite
sequence f of elements of N, and sets s, t. Suppose dom f C doma and s
misses ¢. Then SumBin(a, f,s Ut) = SumBin(a, f, s) + SumBin(a, f,1).
PROOF: Reconsider F' = a as a partial function from N to R. For every set
W such that W C doma holds Y% F (k) = 3" Seq(a, W) by [3, (51)]. O

(12) Let us consider a non empty, positive finite sequence a of elements of R,
a finite sequence f of elements of N, and a set s. If dom f C doma, then
0 < SumBin(a, f, s).

PROOF: Reconsider s; = Seq(a, f~'(s)) as a real-valued finite sequence.
For every natural number 7 such that ¢ € dom s; holds 0 < s1(7). O
(13) Let us consider a non empty finite sequence a of elements of R, a fi-

nite sequence f of elements of N, and a set s. If s misses rng f, then
SumBin(a, f,s) = 0.

2. OPTIMAL PACKING

Now we state the propositions:

(14) Let us consider a non empty, at most one finite sequence a of elements
of R. Then there exists a natural number k£ and there exists a non empty
finite sequence f of elements of N such that dom f = dom a and for every
natural number j such that j € rng f holds SumBin(a, f,{j}) < 1 and
k=1ngf.

PROOF: Set k; = lena. Set f; = idseq(k;). For every natural number j
such that j € rng f; holds SumBin(a, f1,{j}) < 1. There exists a non
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empty finite sequence f of elements of N such that dom f = doma and for
every natural number j such that j € rng f holds SumBin(a, f,{j}) < 1

and k; = rmg f. O
(15) Let us consider a non empty finite sequence a of elements of R, and

a finite sequence f of elements of N. Suppose dom f = doma and for
every natural number j such that j € rng f holds SumBin(a, f,{j}) < 1.
Then there exists a finite sequence fa of elements of N such that

(i) dom f = doma, and

(ii) for every natural number j such that j € rng fo holds

SumBin(a, f2,{j}) < 1, and

(iii) there exists a natural number k such that rng fo = Seg k, and

(iv) g f = mg Jo.
PROOF: Reconsider g3 = Sgm rng f as a finite 0-sequence of N. Reconsider
go = XFS2FS(g3) as a one-to-one function. Reconsider g = go~! as a one-
to-one function. Reconsider f3 = ¢ - f as a finite sequence. Consider kg
being a natural number such that domgs = Segky. For every natural

number j such that j € rng f3 holds SumBin(a, f3,{j}) < 1. O

Let a be a non empty, at most one finite sequence of elements of R. The
functor Opt(a) yielding an element of N is defined by

(Def. 4) there exists a non empty finite sequence g of elements of N such that
dom g = doma and for every natural number j such that j € rng g holds
SumBin(a, g,{j}) < 1 and it = T™agg and for every non empty finite
sequence f of elements of N such that dom f = dom a and for every natural
number j such that j € rng f holds SumBin(a, f,{j}) < 1 holds it <

rng f.
Now we state the propositions:

(16) Let us consider a non empty finite sequence a of elements of R, a finite

sequence f of elements of N, a natural number &, and a real-valued finite
sequence Rj. Suppose dom f = doma and rng f = Segk and len R} = k
and for every natural number j such that j € dom R; holds R;(j) =
SumBin(a, f,{j}). Then >~ R; = SumBin(a, f,rng f).
PROOF: Define P[natural number| = for every real-valued finite sequ-
ence r; such that r; = R;[Seg$; holds Y r; = SumBin(a, f,Seg$;).
For every real-valued finite sequence r; such that r; = R;[Seg1 holds
Y- ry = SumBin(a, f,Seg 1). For every element i of N such that 1 <i < k
and PJi] holds P[i+ 1]. For every element ¢ of N such that 1 < ¢ < k holds
Pli]. O
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(17) Let us consider a non empty finite sequence a of elements of R, and
a finite sequence f of elements of N. Suppose dom f = doma and for
every natural number j such that j € rng f holds SumBin(a, f,{j}) < 1.
Then [ a] < mng f.

ProOF: Consider f2 being a finite sequence of elements of N such that

dom fs = dom a and for every natural number j such that j € rng fs holds
SumBin(a, f2,{j}) < 1 and there exists a natural number &k such that
rng fo = Seg k and rng f = rng fo. Consider i being a natural number such
that rng fo = Segi. Define N (natural number) = SumBin(a, f2, {$1}).

There exists a finite sequence p such that lenp = ¢ and for every
natural number j such that j € domp holds p(j) = N(j). Consider R;
being a finite sequence such that len Ry = i and for every natural number j
such that j € dom Ry holds R;(j) = SumBin(a, f2,{j}). For every natural
number j such that j € dom R; holds R;(j) € R. R; is a finite sequence
of elements of R.

Reconsider Ry = i — 1 as a real-valued, i-element finite sequence.
For every natural number j such that j € Segi holds Ri(j) < Ra(j).
S R1 = SumBin(a, f2,tng f2). Ya < mg f. O

(18) Let us consider a non empty, at most one finite sequence a of elements
of R. Then [} a] < Opt(a). The theorem is a consequence of (17).

3. ONLINE ALGORITHMS

Let a be a non empty finite sequence of elements of R and A be a function
from R x N* into N. The functor OnlinePackingHistory(a, A) yielding a non
empty finite sequence of elements of N* is defined by

(Def. 5) lenit =lena and it(1) = (1) and for every natural number i such that
1 < i < lena there exists an element d; of R and there exists a finite
sequence dg of elements of N such that d; = a(i + 1) and dp = it(i) and
it(i +1) = do ™ (A(dy, da)).

Now we state the propositions:

(19) Let us consider a non empty finite sequence a of elements of R, and
a function A from R x N* into N. Then (OnlinePackingHistory(a, 4))(1) =
[ 1},

(20) Let us consider a non empty finite sequence a of elements of R, a function
A from R x N* into N, and a non empty finite sequence h of elements of
N*. Suppose h = OnlinePackingHistory(a, A).
Then SumBin(a, h(1),{h(1)(1)}) = a(1). The theorem is a consequence of
(3).
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Let us consider a non empty finite sequence a of elements of R, a function
A from R x N* into N, a non empty finite sequence h of elements of N*, and
a natural number ¢. Now we state the propositions:

(21) If h = OnlinePackingHistory(a, A), then if 1 < ¢ < lena, then h(7) is
a finite sequence of elements of N.

(22) If h = OnlinePackingHistory(a, A), then if 1 < i < lena, then len h(i) =
Q.
PROOF: Define P[natural number] = len h($1) = $;. For every element 4
of N such that 1 < ¢ < lena and P[i] holds P[i + 1]. For every element 4
of N such that 1 < ¢ < lena holds P[i]. For every natural number i such
that 1 <4 < lena holds P[i]. O

(23) If h = OnlinePackingHistory(a, A), then if 1 <i < lena, then h(i41) =
h(i)~(A(a(i+1),h(:))) and h(i+1)(i+1) = A(a(i+1), h(i)). The theorem
is a consequence of (22).

(24) If h = OnlinePackingHistory(a, A), then if 1 < i < lena, then rngh(: +
1) =rngh(i) U{h(i + 1)(i + 1)}. The theorem is a consequence of (23).

(25) Let us consider a non empty, positive finite sequence a of elements of R,
a function A from R x N* into N, and a non empty finite sequence h of
elements of N*. Suppose h = OnlinePackingHistory(a, A). Let us consider
natural numbers ¢, [. Suppose 1 < i < lena. Then SumBin(a, h(7),{l}) <
SumBin(a, h(i+1),{l}). The theorem is a consequence of (21), (22), (23),
(8), and (6).

Let a be a non empty finite sequence of elements of R and A be a function
from R x N* into N. The functor OnlinePacking(a, A) yielding a non empty finite
sequence of elements of N is defined by the term

(Def. 6) (OnlinePackingHistory(a, A))(len OnlinePackingHistory(a, A)).

Now we state the proposition:

(26) Let us consider a non empty finite sequence a of elements of R, a function
A from R x N* into N, a non empty finite sequence h of elements of N*, and
a non empty finite sequence f of elements of N. Then dom(OnlinePacking(a,
A)) = doma. The theorem is a consequence of (22).

4. FEASIBILITY OF ALGORITHM NEXTFIT

Let a be a non empty finite sequence of elements of R. The functor NextFit(a)
yielding a function from R x N* into N is defined by
(Def. 7) for every real number s and for every finite sequence f of elements of
N, if s + SumBin(a, f,{f(len f)}) < 1, then (s, f) = f(lenf) and if
s+ SumBin(a, f,{f(len f)}) > 1, then it(s, f) = f(len f) + 1.



ALGORITHM NEXTFIT FOR THE BIN PACKING PROBLEM 147

Now we state the propositions:

(27) Let us consider a non empty finite sequence a of elements of R, and a non
empty finite sequence h of elements of N*.
Suppose h = OnlinePackingHistory (a, NextFit(a)). Let us consider a na-
tural number 7. Suppose 1 < 7 < lena. Then there exists a natural number
k such that

(i) rmgh(i) = Segk, and
(ii) h(i)(i) = k.

PROOF: Define R[natural number| = there exists a natural number k such
that rng h($1) = Segk and h(3$1)($1) = k. For every element ¢ of N such
that 1 < @ < lena and R[i] holds R[i + 1]. For every element i of N
such that 1 < ¢ < lena holds R[i]. For every natural number i such that
1 <i<lena holds R[i]. O

(28) Let us consider a non empty, positive, at most one finite sequence a of
elements of R, and a non empty finite sequence h of elements of N*. Sup-
pose h = OnlinePackingHistory(a, NextFit(a)). Let us consider a natural
number i. Suppose 1 < i < lena. Then SumBin(a, h(7), {h(i)(7)}) < 1.
PRrROOF: Define 7 [natural number] = SumBin(a, h($1), {h($1)($1)}) < 1.
SumBin(a, h(1), {h(1)(1)}) < 1. For every element ¢ of N such that 1 <1i <
len a and 7 [i] holds 7 [i+1]. For every element 7 of N such that 1 < i < lena
holds 7i]. For every natural number i such that 1 <14 < lena holds 7i].
]

(29) Let us consider a non empty, positive, at most one finite sequence
a of elements of R, and a non empty finite sequence h of elements of
N*. Suppose h = OnlinePackingHistory(a, NextFit(a)). Let us consider
natural numbers 4, j. Suppose 1 < ¢ < lena and j € rngh(i). Then
SumBin(a, h(i), {j}) < 1.
PROOF: Define P[natural number| = for every natural number j such that
J € rng h($;1) holds SumBin(a, h($1),{j}) < 1. For every natural number j
such that j € rng h(1) holds SumBin(a, h(1),{j}) < 1. For every element
ip of N such that 1 < ig < lena and Plig] holds Plig + 1].

For every element 7 of N such that 1 < ¢ < lena holds PJ[i]. For
every natural numbers ¢, j such that 1 < i < lena and j € rng h(i) holds
SumBin(a, (i), {j}) < 1. O

(30) Let us consider a non empty, positive, at most one finite sequence a of
elements of R, and a non empty finite sequence f of elements of N. Suppose
f = OnlinePacking(a, NextFit(a)). Let us consider a natural number j. If
j € rng f, then SumBin(a, f,{j}) < 1. The theorem is a consequence of
(29).
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5. APPROXIMATION GUARANTEE OF ALGORITHM NEXTFIT

Let us consider a non empty, positive, at most one finite sequence a of
elements of R, a non empty finite sequence h of elements of N*, and natural
numbers ¢, k. Now we state the propositions:

(31) If h = OnlinePackingHistory(a, NextFit(a)), then if 1 < ¢ < lena and
rng h(i) = Seg k, then h(i)(7) = k. The theorem is a consequence of (27).

(32) Suppose h = OnlinePackingHistory(a, NextFit(a)). Then suppose 1 <
i < lena and rngh(i) = Segk and rngh(i + 1) = Seg(k + 1). Then
SumBin(a, h(i + 1), {k}) + SumBin(a, h(i +1),{k 4+ 1}) > 1. The theorem
is a consequence of (21), (22), (23), (31), (24), (6), (8), and (12).

(33) Let us consider a non empty, positive, at most one finite sequence a
of elements of R, and a non empty finite sequence h of elements of N*.
Suppose h = OnlinePackingHistory(a, NextFit(a)). Let us consider natu-
ral numbers i, [, k. Suppose 1 < i < lena and rngh(i) = Segk and 2 < k
and 1 <[ < k. Then SumBin(a, h(7),{l}) + SumBin(a, h(i), {{ +1}) > 1.
PROOF: Define N [natural number] = for every natural number [ for every
natural number k such that rngh($1) = Segk and 2 < kand 1 <1 < k
holds SumBin(a, h($1), {I}) + SumBin(a, h($1), {{+1}) > 1. For every na-
tural number [ and for every natural number k such that rng h(1) = Seg k
and 2 < k and 1 <1 < k holds SumBin(a, h(1), {!}) +SumBin(a, h(1), {I+
1}) > 1.

For every element iy of N such that 1 < iy < lena and N[ig] holds
Nig +1]. For every element i of N such that 1 < i < lena holds Ni]. For

every natural numbers 4, [, k such that 1 <i <lena and rngh(i) = Seg k
and 2 < k and 1 <! < k holds SumBln(a,h( ) {l}) 4+ SumBin(a, h(3), {l +
1})>1.0

(34) Let us consider a non empty, positive, at most one finite sequence a of
elements of R, and a non empty finite sequence h of elements of N*. Sup-
pose h = OnlinePackingHistory(a, NextFit(a)). Let us consider natural
numbers ¢, j, k. Suppose 1 < ¢ < lena and rng h(i) = Segk and 2 < k and
1 < j < kdiv2. Then SumBin(a, h(i), {2-j—1})+SumBin(a, h(i), {2:7}) >
1. The theorem is a consequence of (33).

(35) Let us consider a non empty, positive, at most one finite sequence a of
elements of R, a non empty finite sequence h of elements of N*, and a finite
sequence f of elements of N. Suppose f = OnlinePacking(a, NextFit(a)).
Then there exists a natural number k& such that rng f = Seg k. The theorem
is a consequence of (27).

(36) Let us consider a non empty, positive, at most one finite sequence a of
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elements of R, a non empty finite sequence f of elements of N, and a natural
number k. Suppose f = OnlinePacking(a, NextFit(a)) and rng f = Seg k.
Let us consider a natural number j. Suppose 1 < j < kdiv2. Then
SumBin(a, f,{2-j—1}) + SumBin(a, f,{2-j}) > 1. The theorem is a con-
sequence of (34).

Let us consider a non empty, positive, at most one finite sequence a of
elements of R, a non empty finite sequence f of elements of N, and a natural
number k. Now we state the propositions:

(37) If f = OnlinePacking(a, NextFit(a)) and k = rng f, then kdiv2 < )" a.
The theorem is a consequence of (35), (26), (2), (36), (12), (16), and (10).

(38) Suppose f = OnlinePacking(a, NextFit(a)) and k& = rng f. Then k <

2-[>al -1

PRrOOF: kdiv2 < [Ya]. 52 < kdiv2 by [8 (4), (5)]. O

(39) If f = OnlinePacking(a, NextFit(a)) and £ = rng f, then & < 2 -
(Opt(a)) — 1. The theorem is a consequence of (38) and (18).

6. TIGHTNESS OF APPROXIMATION GUARANTEE OF ALGORITHM NEXTFIT

Now we state the propositions:

(40) Let us consider a natural number n, a real number ¢, a non empty,
positive, at most one finite sequence a of elements of R, and a non empty
finite sequence f of elements of N. Suppose n is odd and lena = n and
€ = n%rl and for every natural number ¢ such that i € Segn holds if i
is odd, then a(i) = 2 -¢ and if ¢ is even, then a(i) = 1 — ¢ and f =
OnlinePacking(a, NextFit(a)). Then n = rng f.

PrROOF: 1 < n. Set h = OnlinePackingHistory(a, NextFit(a)). Define
N[natural number] = if $; is odd, then SumBin(a, h($1), {h($1)($1)}) =
2. ¢ and if $; is even, then SumBin(a,h($1),{r($1)($1)}) = 1 — ¢ and

h($1)($1) = $1 and rngh($1) = Seg$:1. N1]. For every element i of N
such that 1 <4 < lena and Ni] holds N[i + 1]. For every element i of N
such that 1 <4 < lena holds Ni]. O

(41) Let us consider a natural number n, a real number ¢, and a non empty,

positive, at most one finite sequence a of elements of R. Suppose n is

odd and lena =n and € = % and for every natural number ¢ such that

i € Segn holds if 7 is odd, then a(i) = 2-¢ and if 7 is even, then a(i) = 1—¢.
+1 1

ThenZa—L+m—§.

PROOF: 1 < n. n+ 1div2 = 2. Define AMnatural number] = if $; is
odd, then > (al$1) =2-2-($1+1div2)+ (1 —¢) - (($1 + 1div2) — 1) and
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if $1 is even, then > (a[$1) =2-¢-($1div2) 4+ (1 —¢) - ($1 div 2). For every
element ¢ of N such that 1 <4 < lena and NTi] holds Ni + 1]. For every
element 7 of N such that 1 <4 <lena holds Ni]. O

(42) Let us consider a natural number n, a real number ¢, a non empty,
positive, at most one finite sequence a of elements of R, and a non empty
finite sequence f of elements of N. Suppose n is odd and lena = n and
€= %H and for every natural number ¢ such that ¢ € Segn holds if 7 is
odd, then a(i) = 2-¢ and if ¢ is even, then a(i) = 1 —e and dom f = doma
and for every natural number ¢ such that ¢ € Segn holds if ¢ is odd, then
f(i) = 1 and if i is even, then f(i) = (idiv2)+1. Let us consider a natural
number j. If j € rng f, then SumBin(a, f,{j}) < 1.

PROOF: 1 <n.n+1div2 =28 Set ny =n+1div2. 1+1<n+ 1. For
every object y, y € Segny iff there exists an object x such that x € dom f
and y = f(x). O

(43) Let us consider a natural number n, a real number £, and a non empty,

positive, at most one finite sequence a of elements of R. Suppose n is
odd and lena =n and € = %H and for every natural number ¢ such that
i € Segn holds if 7 is odd, then a(i) = 2-¢ and if 7 is even, then a(i) = 1—e.
Then n =2+ (Opt(a)) — 1.
ProoF: 1 < n.n+1div2 = "TH There exists a non empty finite sequence
g of elements of N such that dom g = dom a and for every natural number
j such that j € rng g holds SumBin(a, g,{j}) <1 and n+ 1div2 = Tngg
and for every non empty finite sequence f of elements of N such that
dom f = doma and for every natural number j such that j € rng f holds
SumBin(a, f,{j}) <1 holds n + 1div2 < g f. O

(44) Let us consider a natural number n. Suppose n is odd. Then there exists

a non empty, positive, at most one finite sequence a of elements of R such
that

(i) lena = n, and

(ii) for every non empty finite sequence f of elements of N such that
f = OnlinePacking(a, NextFit(a)) holds

n=rng f and n =2 (Opt(a)) — 1.

PROOF: 1 < n. Set € = %4-1 Define P[natural number, object] = if $; is
odd, then $5 = 2 - ¢ and if $; is even, then $5 = 1 — e. For every natural
number ¢ such that ¢ € Segn there exists an object z such that P[i, x].
Consider ag being a finite sequence such that dom ag = Segn and for every
natural number ¢ such that i € Segn holds PJi, ap(7)]. For every natural

number ¢ such that ¢ € domag holds ag(i) € R. ag is positive by (1), [7,
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(22)]. For every natural number ¢ such that 1 < i < lenag holds ag(i) < 1.
O
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