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Summary. This paper is a continuation of Inoué [5]. As already mentio-
ned in the paper, a number of intuitionistic provable formulas are given with a
Hilbert-style proof. For that, we make use of a family of intuitionistic deduction
theorems, which are also presented in this paper by means of Mizar system [2],
[I]. Our axiom system of intuitionistic propositional logic IPC is based on the
propositional subsystem of H;-IQC in Troelstra and van Dalen [6, p. 68]. We
also owe Heyting [4] and van Dalen [7]. Our treatment of a set-theoretic intuitio-
nistic deduction theorem is due to Agata Darmochwal’s Mizar article “Calculus
of Quantifiers. Deduction Theorem” [3].
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1. THE NOTION OF PROOF IN INTUITIONISTIC SETTING

From now on ¢, j, n, k, I denote natural numbers, T', S, X, Y, Z denote
subsets of MC-w.f.f., p, q, r, t, F', H, G denote elements of MC-w.f.f., and s,
U, V denote MC-formulas.

Let p, g be elements of MC-w.f.f.. The functor p < ¢ yielding an element of
MC-w.f.f. is defined by the term
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(Def. 1) (p=q) A (g = p).

The functor Proof-Step-Kinds-IPC yielding a set is defined by the term
(Def. 2) {k: k< 10}.

Now we state the proposition:

(1) (i) 0 € Proof-Step-Kinds-IPC and ... and
(ii) 10 € Proof-Step-Kinds-IPC.
One can verify that Proof-Step-Kinds-IPC is non empty and Proof-Step-
Kinds-IPC is finite.

From now on f, g denote finite sequences of elements of MC-w.f.f. x Proof-
Step-Kinds-IPC. Now we state the proposition:

(2) Let us consider a natural number n. If 1 < n <len f, then (f(n))2 =0
or ...or (f(n))2 = 10.
Let P be a finite sequence of elements of MC-w.f.f. X Proof-Step-Kinds-IPC

and n be a natural number. Let us consider X. We say that P; is a correct n-th
step w.r.t. IPC (X) if and only if

(Def. 3) (1) (Pl(n))l € X, if (Pl (n))z =0,

(ii) there exists p and there exists ¢ such that (Pi(n))1 = p = (¢ = p),
if (Pl(n))2 = 1,

(iii) there exists p and there exists ¢ and there exists r such that (Pj(n))1 =
p=(@=r)=pP=q= (p=r)),if (Pi(n))2 =2,

(iv) there exists p and there exists ¢ such that (Pi(n))1 = p A ¢ = p, if

(Pr(n))2 = 3,
(v) there exists p and there exists ¢ such that (Pi(n))1 =pAq = gq, if
(Pr(n))2 = 4,

(vi) there exists p and there exists ¢ such that (Py(n))1 = p = (¢ = pAq),
if (P1(n))2 =5,

(vii) there exists p and there exists ¢ such that (Pi(n))1 = p = p Vg, if

(P1(n))2 = 6,
(viii) there exists p and there exists g such that (Pi(n))1 = ¢ = p Vg, if
(Pr(n))2 =1,

(ix) there exists p and there exists ¢ and there exists r such that (Py(n)); =
p=r=(q=r=pVg=r)),if (Pi(n))2 =8,

(x) there exists p such that (P;(n))1 = FALSUM = p, if (Pi(n))2 =9,

(xi) there exists ¢ and there exists j and there exists p and there exists ¢
such that 1 <i<mnand1<j<iandp=(Pi(j))1 and ¢ = (Pi(n))1
and (P1(i))1 = p = ¢, if (P1(n))2 = 10.
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Let us consider f. We say that f is a proof w.r.t. IPC (X) if and only if
(Def. 4) f # 0 and for every n such that 1 < n <len f holds f is a correct n-th
step w.r.t. IPC (X).
Now we state the propositions:
(3) If fis a proof w.r.t. IPC (X), then rng f # 0.
(4) If f is a proof w.r.t. IPC (X), then 1 <len f.
(5) If f is a proof w.r.t. IPC (X), then (f(1))2 = 0 or ... or (f(1))2 = 10.
The theorem is a consequence of (4) and (2).
(6) If 1 <n<lenf, then f is a correct n-th step w.r.t. IPC (X) iff f "¢ is
a correct n-th step w.r.t. IPC (X).
PRroOF: If f is a correct n-th step w.r.t. IPC (X), then f ™ g is a correct
n-th step w.r.t. IPC (X). (f(n))2 =0or ... or (f(n))2 =10. O
(7) If1<n<lengand g is a correct n-th step w.r.t. IPC (X), then f " g is
a correct n + len f-th step w.r.t. IPC (X). The theorem is a consequence
of (2).
(8) If fis a proof w.r.t. IPC (X) and g is a proof w.r.t. IPC (X), then f " g
is a proof w.r.t. IPC (X). The theorem is a consequence of (6) and (7).
(9) If fis a proof wr.t. IPC (X) and X C Y, then f is a proof w.r.t. IPC
(Y'). The theorem is a consequence of (2).
(10) If f is a proof w.r.t. IPC (X) and 1 < [ < lenf, then (f(I))1 €
CnIPC(X).
PROOF: For every n such that 1 < n < len f holds (f(n)); € CnIPC(X).
U
Let us consider f. Assume f # (). The functor Effect-IPC(f) yielding an ele-
ment of MC-w.f.f. is defined by the term

(Def. 5)  (f(len f))1.
Now we state the proposition:

(11) If f is a proof w.r.t. IPC (X), then Effect-IPC(f) € CnIPC(X). The
theorem is a consequence of (4) and (10).

2. A CONSEQUENCE AS A SET OF ALL INTUITIONISTIC PROVABLE
FOrRMULAS

Now we state the proposition:

(12) X C {F : there exists f such that f is a proof w.r.t. IPC (X) and
Effect-IPC(f) = F'}. The theorem is a consequence of (1).

Let us consider X. Now we state the propositions:
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(13) Suppose Y = {p : there exists f such that f is a proof w.r.t. IPC
(X) and Effect-IPC(f) = p}. Then Y is IPC theory.

(14) {p: there exists f such that f is a proof w.r.t. IPC (X) and Effect-IPC
(f) = p} = CnlPC(X). The theorem is a consequence of (12) and (13).

(15) p € CnIPC(X) if and only if there exists f such that f is a proof w.r.t.
IPC (X) and Effect-IPC(f) = p. The theorem is a consequence of (14).

(16) If p € CnIPC(X), then there exists Y such that Y C X and Y is finite
and p € CnIPC(Y).
ProOF: Consider f such that f is a proof w.r.t. IPC (X) and Effect-IPC( f)
= p. Consider A being a set such that A is finite and A C MC-w.f.f. and
g f C A x Proof-Step-Kinds-IPC. If 1 < n < len f, then f is a correct
n-th step w.r.t. IPC (Y). O

3. THE INTUITIONISTIC PROVABLE RELATION

Let us consider X and s. We say that X Frpc(s) if and only if

(Def. 6) s € CnlPC(X).

We say that Frpe s if and only if

(Def. 7)  Dmc-w.it. Fipc s.

Now we state the propositions:

(17) XFrpc(p = (g=p)).

(18) Xkrpclp=(g=r)=(P=q= (p=r1))).
(19) XtkrpolpAg=p).

(20) XFrpoc(pAgq=q).

(21) XbFipc(p= (¢=pAq)).

(22) Xkrpc(p=pVaq).

(23) Xtrpc(g=pVa).

(24) Xbrpeclp=r=(¢g=r=(pVg=r))).
(25) X F[pc(FALSUM = p).

(26) If XFrpop and Xl—[pc(p = q), then Xl—jpc(q).
(27) Frpcp = (¢=Dp).

(28) Frpep=(ag=71)= (P=q= (p=T1)).
(29) FrpcpAg=p.

(30) FrpcpANg=gq.

(31) Frpcp= (¢=pAq).

(32) Fipcp=pVa.
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(33) Fipcq=pVaq.
(34) Fipcp=r=(¢g=r=(pVqg=r)).
(35) |—]pc FALSUM = p.
(36) If Frpop and Frpep = ¢, then Frpeg.
Let us consider s. We say that s is IPC-valid if and only if
(Def. 8)  Dvic-w.tt. Frpo(s).
One can verify that s is IPC-valid if and only if the condition (Def. 9) is
satisfied.
(Def. 9) s € IPC-Taut.
Now we state the propositions:
(37) If p is IPC-valid, then X Frpc(p).
(38) p= (¢ = p) is IPC-valid.
(39) p=(¢g=r)= (p=q= (p=r)) is IPC-valid.
(40) p A q = pis IPC-valid.
(41) pAq = qis IPC-valid.
(42) p= (¢ = pAq) is IPC-valid.
(43) p=pV qis IPC-valid.
(44) ¢ = pV q is IPC-valid.
(45) p=r=(g=r= (pVg=r)) is IPC-valid.
(46) FALSUM = p is IPC-valid.
(47) If p is IPC-valid and p = ¢ is IPC-valid, then ¢ is IPC-valid.

(
(
(
(
(

In the sequel X, T denote subsets of MC-w.f.f., F', G, H, p, q, r, t denote
elements of MC-w.f.f., s, h denote MC-formulas, f denotes a finite sequence of
elements of MC-w.f.f. x Proof-Step-Kinds-IPC, and i, j denote elements of N.

4. THE FIRST DEDUCTION THEOREM FOR IPC

Now we state the propositions:

48
49
50
51
52

)
)
)
)
)

X Frpc(p = p). The theorem is a consequence of (26).

X F1pe(IVERUM).

If X+Frpc(p), then X Frpo(q = p).

If p is IPC-valid, then X Frpc(p).

If Xu {F} F[pc(G), then XF[pc(F = G)
PRrOOF: Consider f such that f is a proof w.r.t. IPC (X U {F'}) and
Effect-IPC(f) = G. Define P[natural number] = if 1 < $; < len f, then
for every H such that H = (f($1))1 holds X +;pc(F = H). For every
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natural number n such that for every natural number k£ such that £k < n
holds P[k] holds P[n]. For every natural number n, P[n]. 1 < len f. O

5. A FAMILY OF DEDUCTION THEOREMS FOR IPC

From now on Fl, FQ, Fg, F4, F5, FG, F7, Fg, Fg, Fl(), G denote MC-formulas
and z1, x2, T3, T4, T5, Tg, T7, Tg, Tg, T19, £ denote elements of MC-w.f.f..

Let x1, 2, x3 be elements of MC-w.f.f.. Let us observe that the func-
tor {z1, 2,23} yields a subset of MC-w.f.f.. Let 1, x2, x3, x4 be elements
of MC-w.f.f.. One can check that the functor {xi,xz2,x3,24} yields a subset
of MC-w.f.f.. Let x1, xo, x3, x4, x5 be elements of MC-w.f.f.. One can ve-
rify that the functor {x1, 2,23, 24,25} yields a subset of MC-w.f.f.. Let x,
To, T3, T4, T5, Tg be elements of MC-w.f.f.. One can verify that the functor
{x1, 9,23, 24, T5, 26} yields a subset of MC-w.f.f.. Let x1, x2, x3, 24, x5, T6, T7
be elements of MC-w.f.f..

One can check that the functor {1, z2, z3, x4, x5, X6, x7} yields a subset of
MC-w.f.f.. Let x1, x2, x3, T4, T5, T, T7, Tg be elements of MC-w.f.f.. Let us note
that the functor {x1,z2,x3, x4, x5, 26, x7, 28} yields a subset of MC-w.f.f.. Let
1, T2, T3, T4, T, T, L7, g, Tg be elements of MC-w.f.f.. One can verify that
the functor {z1, x9, 3, x4, x5, T, 7, T3, Tg} yields a subset of MC-w.f.f.. Let x,
To, T3, T4, T5, T, L7, Tg, Tg, 19 be elements of MC-w.f.f.. Observe that the
functor {1, xe, x3, x4, x5, T6, T7, T3, Tg, 10} yields a subset of MC-w.f.f.. Now
we state the propositions:

(563) If {F}trpc(G), then Frpe F = G. The theorem is a consequence of
(52).

(54) If {F1, Fa}Fipc(G), then {Fy}Frpc(F1 = G). The theorem is a conse-
quence of (52).

(55) If {FI,FQ,Fg}l—]pc(G), then {FQ,Fg} I—[pc(Fl = G) The theorem is
a consequence of (52).

(56) If {Fl,FQ,Fg,F4}|—[pc(G), then {Fg,Fg,F4}|—[P0(F1 = G) The the-
orem is a consequence of (52).

(57) If {Fl, FQ, Fg, F4, F5} l—]pc(G>, then {Fg, Fg, F4, F5} |—[P0<F1 = G) The
theorem is a consequence of (52).

(58) If {Fl, FQ, Fg, F4, F5, Fﬁ} l—[pc(G), then {FQ, F3, F4, F5, F6} l—[pc(Fl =
G). The theorem is a consequence of (52).

(59) Suppose {Fl, FQ, Fg, F4, F5, F@, F7} l_IPC'(G)- Then {FQ, F3, F47 F5, FG, F7
}Frpc(F1 = G). The theorem is a consequence of (52).

(60) Suppose {Fl, FQ, Fg, F4, F5, Fﬁ, F7, Fg} F[pc(G). Then {Fg, Fg, F4, F5, FG,
Fr, Fs}Frpo(F1 = G). The theorem is a consequence of (52).
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(61) Suppose {Fl, FQ, F3, F4, F5, F(j, F7, Fg, Fg} l_]pc(G). Then {FQ, F3, F4, F5,
Fg, F7, F3, Fy} Frpo(F1 = G). The theorem is a consequence of (52).
From now on x1, xo, 3, T4, 5, Tg, T7, TS, T9, 19 denote objects.

Now we state the propositions:

(62) {ml,xg,x3,x4,x5,xﬁ,x7,x8,$9,m10} = {xg,xg,x4,x5,m6,m7,x8,x9,x10}u
{z1}.

(63) Suppose {Fl, FQ, Fg, F4, F5, Fg, F7, Fg, Fg, Fl[)} l—[pc(G). Then {FQ, Fg, F4,
F5, Fg, Fr, Fg, Fy, Fio} Frpo(F1 = G). The theorem is a consequence of
(62) and (52).

6. INTUITIONISTIC PROVABLE FORMULAS AND THEOREMS

Now we state the propositions:

(64) {p}rirc(p).

(65) If Xtrpo(p) and X CY, then Y Frpc(p). The theorem is a consequence
of (15) and (9).

(66) If p € X, then Xtrpc(p). The theorem is a consequence of (64) and
(65).

(67) If pe X, then p € CnIPC(X). The theorem is a consequence of (66).

(68) If p € IPC-Taut, then Frpc p.

(69) If Frpc p, then p € IPC-Taut.

(70) p € IPC-Taut if and only if Frpc p.

(71) Frpcp = (p = FALSUM = FALSUM). The theorem is a consequence

of (66), (26), (54), and (53).

(72) {pAq}Fipc(p). The theorem is a consequence of (19), (64), and (26).

(73) {pAq}Fipc(q). The theorem is a consequence of (20), (64), and (26).

(74) Frpc(p= q) A (p = (¢ = FALSUM)) = (p = FALSUM). The theorem
is a consequence of (66), (19), (26), (20), (54), and (53).

(75) Frpcp = FALSUM = (p = ¢). The theorem is a consequence of (68).

(76) Frpc(p=r)AN(q=1)= (pV q=r). The theorem is a consequence of
(72), (73), (24), (26), and (53).

(77) Frpcp A (p = q) = ¢. The theorem is a consequence of (72), (73), (26),
and (53).

(78) F1pcp = (p = FALSUM = FALSUM = FALSUM = FALSUM). The
theorem is a consequence of (69), (71), and (68).

(79) Fipc(p = FALSUM) V g = (p = q). The theorem is a consequence of
(69), (75), (76), and (68).
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(80) Fipcp = q= (q = FALSUM = (p = FALSUM)).

(81) Frpc(p = FALSUM) V (¢ = FALSUM) = (p A ¢ = FALSUM). The
theorem is a consequence of (69), (76), (80), and (68).

(82) Let us consider MC-formulas p, q. If Frpo p and Frpe g, then FrpopAg.
The theorem is a consequence of (31) and (36).

(83) IftFrpcp = q and Frpc g = p, then Frpop<q.

(84) Frpcp = p. The theorem is a consequence of (27), (28), and (26).

(85) Frpcp< p. The theorem is a consequence of (84) and (82).

(86) Frpcp A q = FALSUM = (p = (¢ = FALSUM)). The theorem is

a consequence of (66), (21), (26), (55), (54), and (53).

(87) Frpcp = (¢ = FALSUM) = (p A ¢ = FALSUM). The theorem is
a consequence of (66), (19), (26), (20), (54), and (53).

(88) Frpc(p A q = FALSUM)<(p = (¢ = FALSUM)). The theorem is
a consequence of (86), (87), and (83).

(89) Frpcp A q = FALSUM = (¢ = (p = FALSUM)). The theorem is
a consequence of (66), (21), (26), (55), (54), and (53).

(90) Frpcq = (p = FALSUM) = (p A ¢ = FALSUM). The theorem is
a consequence of (66), (19), (26), (20), (54), and (53).

(91) Frpe(q = (p = FALSUM))<(p A ¢ = FALSUM). The theorem is
a consequence of (89), (90), and (83).

(92) Fipcp = (¢ = (p A q = FALSUM = FALSUM)). The theorem is
a consequence of (66), (21), (65), (26), (55), (54), and (53).

(93) Fipcq = (p = (p A q = FALSUM = FALSUM)). The theorem is
a consequence of (66), (21), (65), (26), (55), (54), and (53).

)-
(
)-
(
(94) Fipcp = (p Aq = FALSUM = (¢ = FALSUM)). The theorem is
a consequence of (66), (21), (65), (26), (55), (54), and (53).
)-
(

(95) Frpcq = (p A q = FALSUM = (p = FALSUM)). The theorem is
a consequence of (66), (21), (65), (26), (55), (54), and (53).

(96) FrpcpV q = FALSUM = (p = FALSUM) A (¢ = FALSUM). The
theorem is a consequence of (68).

(97) Frpc(p = FALSUM) A (¢ = FALSUM) = (pV ¢ = FALSUM).

(98) Frpo(pV g = FALSUM)<(p = FALSUM) A (¢ = FALSUM). The
theorem is a consequence of (96), (97), and (83).

(99) Frpep A (p = FALSUM) = FALSUM.
(100) Frpc FALSUM < p A (p = FALSUM). The theorem is a consequence of
(35), (99), and (83).
(101) Fypcp = FALSUM = (p = FALSUM = FALSUM = FALSUM).
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(102) Frpcp = FALSUM = FALSUM = FALSUM = (p = FALSUM). The
theorem is a consequence of (69), (71), and (68).

(103) Frpo(p = FALSUM) < (p = FALSUM = FALSUM = FALSUM). The
theorem is a consequence of (101), (102), and (83).

(104) Frpcp = FALSUM = ¢ = (p = FALSUM = FALSUM = FALSUM =
q). The theorem is a consequence of (66), (102), (65), (26), (54), and (53).

(105) Frpcp = q = (p = FALSUM = FALSUM = (¢ = FALSUM =
FALSUM)). The theorem is a consequence of (69), (80), and (68).

(106) tFrpcp A (¢ = FALSUM) = (p = ¢ = FALSUM). The theorem is
a consequence of (66), (19), (26), (20), (54), and (53).

(107) Frpep = g = FALSUM = FALSUM = (p = FALSUM = FALSUM =
(¢ = FALSUM = FALSUM)). The theorem is a consequence of (66), (21),
(26), (106), (80), (36), (65), (56), (55), (54), and (53).

(108) Fipep = FALSUM = FALSUM = (¢ = FALSUM = FALSUM) =
(p = ¢ = FALSUM = FALSUM). The theorem is a consequence of (66),
(79), (80), (36), (65), (26), (96), (19), (20), (54), and (53).

(109) Frpc(p = q¢ = FALSUM = FALSUM) <(p = FALSUM = FALSUM =
(¢ = FALSUM = FALSUM)). The theorem is a consequence of (107),
(108), and (83).

(110) F7pepAq = FALSUM = FALSUM = (p = FALSUM = FALSUM) A
(¢ = FALSUM = FALSUM). The theorem is a consequence of (29), (30),
(80), (36), and (68).

(111) Frpe(p = FALSUM = FALSUM) A (¢ = FALSUM = FALSUM) =
(p A g = FALSUM = FALSUM). The theorem is a consequence of (66),
(21), (26), (56), (19), (55), (20), (54), and (53).

(112) Frpe(p A ¢ = FALSUM = FALSUM) < (p = FALSUM = FALSUM) A
(g = FALSUM = FALSUM). The theorem is a consequence of (110),
(111), and (83).

(113) Frpcp = g = FALSUM = FALSUM = (p = (¢ = FALSUM =
FALSUM)). The theorem is a consequence of (66), (107), (65), (26), (71),
(54), and (53).

(114) If Frper and {r}trpc(q), then Frpe g. The theorem is a consequence
of (53) and (36).

(115) If X+Frpo(r) and X U {r}Frpc(q), then X Frpc(q). The theorem is
a consequence of (52) and (26).

(116) If X krpeo(r) and Y U{r}trpc(q), then X UY Frpe(q). The theorem is
a consequence of (52), (65), and (26).
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(117) IfFrpep and {r}Frpc(q), then {p = r}Frpc(q). The theorem is a con-
sequence of (65), (64), (26), and (115).

(118) If Xtrpo(p) and X U {r}trpc(q), then X U {p = r}Frpc(q). The
theorem is a consequence of (65), (66), (26), and (115).

(119) {q}Frpc(qV ). The theorem is a consequence of (64), (22), and (26).
(120) {r}rrpc(qV r). The theorem is a consequence of (64), (23), and (26).

(121) If {p}tFrpc(r) and {q}Frpc(r), then {p V ¢} Fipc(r). The theorem is
a consequence of (34), (53), (36), (65), (26), and (64).

(122) If Xu {p} F[pc(T‘) and X U {q} F[pc(T‘), then X U {p V q} F]pc(?“). The
theorem is a consequence of (52), (24), (26), (64), and (65).

(123) If XU{p}ripc(r) and Y U{q}Frpc(r), then (XUY)U{pVq}trpc(r).
The theorem is a consequence of (52), (65), (24), (26), and (64).

(124) Frpecp=qV (p=r1) = (p = qVr). The theorem is a consequence of
(120), (65), (64), (118), (119), (122), (52), and (53).

(125) Frpcp = (p = FALSUM = q). The theorem is a consequence of (66),
(26), (25), (54), and (53).

(126) Frpcp = q= (¢Nr = FALSUM = (p Ar = FALSUM)). The theorem
is a consequence of (66), (20), (26), (19), (21), (55), (54), and (53).

(127) Frpcp=q= (¢Vr = FALSUM = (pVr = FALSUM)). The theorem
is a consequence of (66), (68), (65), (26), (55), (54), and (53).

Let p be an element of MC-w.f.f.. Note that the functor neg(p) yields an ele-
ment of MC-w.f.f. and is defined by the term

(Def. 10) p = FALSUM.

The functor neg?(p) yielding an element of MC-w.f.f. is defined by the term
(Def. 11) p = FALSUM = FALSUM.

The functor neg?(p) yielding an element of MC-w.f.f. is defined by the term
(Def. 12) p = FALSUM = FALSUM = FALSUM.

The functor neg*(p) yielding an element of MC-w.f.f. is defined by the term
(Def. 13) p = FALSUM = FALSUM = FALSUM = FALSUM.

The functor neg®(p) yielding an element of MC-w.f.f. is defined by the term
(Def. 14) p = FALSUM = FALSUM = FALSUM = FALSUM = FALSUM.

Now we state the propositions:

128) trpcp = neg(neg(p)).
) Fipcp = neg?(p).
130)  Frpc(p = q) A (p = neg(q)) = neg(p).
) Fipcneg(p) = (p = q).
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Frpc p = neg(neg(neg(neg(p)))).

Frpeneg(p) Vg = (p = q).

Frpcp = q = (neg(q) = neg(p)).

Frpcneg(p) V neg(q) = neg(p A q).

Frponeg(p A q) = (p = neg(q)).

Frpcp = neg(q) = neg(p A q).

Frpcneg(p A q) <(p = neg(q)).

Frponeg(p A q) = (q = neg(p)).

Frpe g = neg(p) = neg(p A q).

Frpc(q = neg(p)) < neg(p A q).

Frpep = (¢ = neg(neg(p A q))).

Frpc g = (p = neg(neg(p A q))).

Frpop = (neg(p A q) = neg(q))

Frpc g = (neg(p A q) = neg(p))

Frpcneg(p V g) = neg(p) A neg(q).

Frpcneg(p) A neg(q) = neg(p Vv q).

Frpcneg(p V q) < neg(p) A neg(q).

Frpc p A neg(p) = FALSUM.

Frpc FALSUM < pA neg( )

Frpc neg(p) = neg(neg(neg(p))).

F1pc neg(neg(neg(p))) = neg(p).

F1pc neg(p) < neg(neg(neg(p))).

Frpcneg(p) = ¢ = (neg(neg(neg(p))) = q).
Frpep = q = (neg(neg(p)) = neg(neg(q))).
Frpep A neg(q) = neg(p = q).

Frpco neg(neg(p = q)) = (neg(neg(p)) = neg(neg(q))).
Frpc neg(neg(p)) = neg(neg(q)) = neg(neg(p = q)).
Frpc neg(neg(p = q)) < (neg(neg(p)) = neg(neg(q))).
Frpc neg(neg(p A q)) = neg(neg(p)) A neg(neg(q)).
F1pc neg(neg(p)) A neg(neg(q)) = neg(neg(p A q))-
Frpcneg(neg(p A q)) < neg(neg(p)) A neg(neg(q)).
Frpcneg(neg(p = q)) = (p = neg(neg(q))).
Frpep = (neg(p) = q).

Frpep = ¢ = (neg(q A 7’) = neg(p A r)).

Frpop = ¢ = (neg(q V) = neg(pVr)).
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Summary. In this article, Feed-forward Neural Network is formalized in
the Mizar system [I], [2]. First, the multilayer perceptron [6], [7], [§] is formalized
using functional sequences. Next, we show that a set of functions generated by
these neural networks satisfies equicontinuousness and equiboundedness property
[10], [5]. At last, we formalized the compactness of the function set of these neural
networks by using the Ascoli-Arzela’s theorem according to [4] and [3].
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1. PRELIMINARIES

From now on R;, Ry denote real linear spaces.
Now we state the propositions:
(1) Suppose the RLS structure of Ry = the RLS structure of Ry. Then
the carrier of Ry = the carrier of Rs.
(2) Suppose the RLS structure of R; = the RLS structure of Ry. Then Og, =
OR,-
(3) Suppose the RLS structure of Ry = the RLS structure of Rs. Let us
consider elements p, ¢ of Ry, and elements f, g of Rs. If p= f and ¢ = g,
thenp+q=f+g.
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(4) Suppose the RLS structure of Ry = the RLS structure of Ry. Let us
consider a real number r, an element ¢ of Ry, and an element g of Ro. If
q=g,thenr.-gq=1r-g.

(5) Suppose the RLS structure of Ry = the RLS structure of Rs. Let us
consider an element ¢ of R;, and an element g of Rs. If ¢ = g, then
—q=-g

(6) Suppose the RLS structure of R; = the RLS structure of Ry. Let us
consider elements p, ¢ of Ry, and elements f, g of Re. If p= f and ¢ = g,
thenp—g=f—g.

(7) Suppose the RLS structure of Ry = the RLS structure of Rs. Let us
consider a set X, and a natural number n. Then X is a linear combination
of Ry if and only if X is a linear combination of R;.

(8) Suppose the RLS structure of Ry = the RLS structure of Rs. Let us
consider a linear combination Ls of R, and a linear combination L3 of
Ry. Suppose L3 = Ls. Then the support of Ly = the support of Ls.

Let us consider a set F. Now we state the propositions:

(9) Suppose the RLS structure of R; = the RLS structure of Re. Then F' is
a subset of R; if and only if F' is a subset of Ra.

(10) Suppose the RLS structure of R; = the RLS structure of Ry. Then F' is
a finite sequence of elements of R; if and only if F' is a finite sequence of
elements of Rs.

(11) Suppose the RLS structure of R; = the RLS structure of Ry. Then F' is
a function from R; into R if and only if F' is a function from Ry into R.

(12) Suppose the RLS structure of Ry = the RLS structure of Ry. Let us
consider a finite sequence Fj of elements of Ry, a function f; from R; into
R, a finite sequence Fj of elements of Ro, and a function fo from Rs into
R. If f1 = f2 and F1 = F3, then f1 . F1 = f2 . Fg.

(13) Suppose the RLS structure of Ry = the RLS structure of Ry. Let us
consider a finite sequence F5 of elements of Ri, and a finite sequence Fj
of elements of Ro. If Fo = F, then > Fy, =" F}.
PROOF: Set T'= R;. Set V = Ry. Consider f being a sequence of the car-
rier of T such that Y F' = f(len F') and f(0) = Or and for every natural
number j and for every element v of T such that j < len F'and v = F/(j+1)
holds f(j+1) = f(j) +v. Consider fs being a sequence of the carrier of V'
such that Y F3 = fo(len F3) and f2(0) = Oy and for every natural number
j and for every element v of V' such that j < len F3 and v = F3(j + 1)
holds fa(j+1) = fa(j) +v. Define S[natural number| = if §; < len F', then
f($1) = f2($1). For every natural number i such that S[i] holds S[i + 1].
For every natural number n, S[n]. O
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(14) Suppose the RLS structure of Ry = the RLS structure of Ry. Let us
consider a linear combination L3 of Ry, and a linear combination L4 of
Ry. If Ly = Ly, then >~ Ly = Y Ly. The theorem is a consequence of (12)
and (13).

(15) Suppose the RLS structure of Ry = the RLS structure of Ry. Let us
consider a subset A; of Ry, and a subset As of R;. Suppose A1 = As. Let
us consider an object X. Then X is a linear combination of A; if and only
if X is a linear combination of As. The theorem is a consequence of (7).

Let us consider a subset A; of Ry and a subset Ay of Ry. Now we state the
propositions:

(16) Suppose the RLS structure of R; = the RLS structure of Ry. Then if
Ay = A, then Qpi,4,) = QLin(a,)- The theorem is a consequence of (7)
and (14).

(17) Suppose the RLS structure of R; = the RLS structure of Ry. Then if
Ay = As, then A; is linearly independent iff Ay is linearly independent.
The theorem is a consequence of (7) and (14).

(18) Suppose the RLS structure of Ry = the RLS structure of Ry. Let us
consider an object X. Then X is a subspace of Ry if and only if X is
a subspace of Rj.

(19) Suppose the RLS structure of Ry = the RLS structure of Ry. Let us
consider a linear combination L of Ry, and a linear combination S of Rj.
If L =S, then Y},L = > S. The theorem is a consequence of (12) and
(13).

(20) Suppose the RLS structure of Ry = the RLS structure of Ry. Let us
consider a set X. Then X is a basis of R; if and only if X is a basis of Ra.
The theorem is a consequence of (17) and (16).

(21) Let us consider real linear spaces Ry, Ry. Suppose the RLS structure of
R1 = the RLS structure of Ry and R; is finite dimensional. Then

(i) Rq is finite dimensional, and
(ii) dim(R2) = dim(Ry).
The theorem is a consequence of (20).
Let us consider a real normed space R3. Now we state the propositions:

(22) The normed structure of R3 is a strict real normed space.

(23) There exists a normed linear topological space T' such that the normed
structure of R3 = the normed structure of T
ProOOF: Reconsider R3 = the normed structure of RN S0 as a strict re-
al normed space. Set Lo = LinearTopSpaceNorm R3. Reconsider N =
the norm of Rz as a function from the carrier of Ly into R. Set W =
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(the carrier of Ly, the zero of Lg, the addition of Lg, the external multiplic-
ation of Lo, the topology of Ly, N). W is topological space-like, right com-
plementable, Abelian, add-associative, right zeroed, vector distributive,
scalar distributive, scalar associative, scalar unital, add-continuous, and
mult-continuous. [

(24) Suppose Rs is finite dimensional. Then there exists a normed linear
topological space T' such that

(i) the normed structure of Rg = the normed structure of 7', and
(ii) T is finite dimensional.

The theorem is a consequence of (23) and (21).

(25) Let us consider a normed linear topological space T', and a real normed
space R3. Suppose T is finite dimensional and Rs = the normed structure
of T. Then

(i) Rs is finite dimensional, and
(i) dim(Rs3) = dim(7T).

The theorem is a consequence of (21).

2. THE ASCOLI-ARZELA THEOREM ON FINITE DIMENSIONAL NORMED
LINEAR SPACES

Let us consider a non empty metric space M, a non empty, compact topolo-
gical space S, a normed linear topological space T', a subset G of (the carrier of
T) (the carrier of M) a1 a4 non empty subset H of MetricSpaceNorm(the R-norm
space of continuous functions of S and T').

Now we state the propositions:

(26) Suppose S = M;p and T is complete and finite dimensional and dim(7") #

0. Then suppose G = H. Then MetricSpaceNorm(the R-norm space of
continuous functions of S and T)[H is totally bounded if and only if G is
equibounded and equicontinuous.
PRrOOF: For every point x of S and for every non empty subset Hp of
MetricSpaceNorm T such that Hy = {f(x), where f is a function from S
into T : f € H} holds MetricSpaceNorm T'| H; is compact by [9} (1)], (25).
O

(27) Suppose S = M;p and T is complete and finite dimensional and dim(7") #
0. Then if G = H, then H is sequentially compact iff G is equibounded
and equicontinuous. The theorem is a consequence of (26).
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(28) Let us consider a non empty metric space M, a non empty, compact
topological space S, and a normed linear topological space T. Suppose
S = Miop and T is complete and finite dimensional and dim(T") # 0. Let
us consider a subset G of (the carrier of T)®, and a non empty subset F
of the R-norm space of continuous functions of S and 7T'. Suppose G = F'.
Then F is compact if and only if G is equibounded and equicontinuous,
where « is the carrier of M. The theorem is a consequence of (27).

(29) Let us consider a non empty real normed space Rs, a normed linear
topological space T', a non empty subset X of R3, a non empty, compact,
strict topological space S, and a non empty subset G of the R-norm space
of continuous functions of S and T'.

Suppose S is a subspace of TopSpaceNorm R3 and the carrier of S = X
and X is compact and 7T is complete and finite dimensional and dim(7") #
0 and there exist real numbers K, D such that 0 < K and 0 < D and for
every function F' from X into 7" such that F' € G holds for every points x,
y of R3 such that z, y € X holds ||[F), — Fy,|| < D - ||z — y|| and for every
point z of R3 such that x € X holds [|F/,|| < K. Then G is compact.
PROOF: Reconsider Y = X as a non empty subset of MetricSpaceNorm Rs.
Reconsider M = MetricSpaceNorm R3[Y as a non empty metric space.
For every object z, z € the topology of S iff z € the open set family of
M. For every object z such that z € the continuous functions of S and
T holds z € (the carrier of T')%, where « is the carrier of M. Reconsider
H = G as a subset of (the carrier of T)(the carrier of M) "Gl ig compact iff H
is equibounded and equicontinuous.

Consider K, D being real numbers such that 0 < K and 0 < D and for
every function F' from X into T such that F' € G holds for every points
z, y of Rz such that z, y € X holds ||[F), — F,|| < D - |lz — y|| and for
every point x of R3 such that z € X holds ||F,|| < K. For every function
f from the carrier of M into the carrier of T such that f € H for every
element x of M, ||f(z)]| < K. For every real number e such that 0 < e
there exists a real number d such that 0 < d and for every function f from
the carrier of M into the carrier of T' such that f € H for every points z1,
x9 of M such that p(x1,z2) < d holds ||f(x1) — f(z2)| <e. O
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3. HIGH-ORDER AND MULTILAYER PERCEPTRON

Let n be a natural number, k& be a finite sequence of elements of N, and N
be a finite sequence. We say that N is a multilayer perceptron with k& and n if
and only if

(Def. 1) len N = n and len N+1 = len k and for every natural number 7 such that
1 <i < lenk holds N (i) is a function from (£F@ |- |) into (EFEHD |- )).
We say that N is a multilayer perceptron-like if and only if

(Def. 2) there exists a finite sequence k of elements of N such that len N+1 = len k
and for every natural number i such that 1 < i < lenk holds N (i) is
a function from (EF® || - ||} into (EFE+D || |).
Observe that there exists a finite sequence which is a multilayer perceptron-
like. A multilayer perceptron is multilayer perceptron-like finite sequence. Now
we state the proposition:

(30) Let us consider a multilayer perceptron N. Then there exists a finite
sequence k of elements of N such that

(i) len N +1 =lenk, and

(ii) for every natural number 4 such that 1 < ¢ < lenk holds N(i) is
a function from (E¥0), || - |[) into (EXCTD |- ).

Let n be a natural number, £ be a finite sequence of elements of N, and
N be a finite sequence. Assume N is a multilayer perceptron with k& and n.
Assume len N # 0. The functor OutputFunc(V, k,n) yielding a function from
(EFM |-y into (EFHD || .||} is defined by

(Def. 3) there exists a finite sequence p such that lenp = len N and p(1) = N(1)
and for every natural number ¢ such that 1 < 7 < len N there exists
a function Ny from (EFCHD || ||} into (£FG+2) || - ||) and there exists
a function py from (EFMW |- ||) into (EFEHD |- ||) such that Ny = N(i+1)
and py = p(i) and p(i + 1) = Ny - py and it = p(len N).
Now we state the proposition:

(31) Let us consider a natural number n, a finite sequence k of elements
of N, and a non empty finite sequence N. Suppose n # 0 and N is a
multilayer perceptron with k and n+ 1. Then there exists a finite sequence
k1 of elements of N and there exists a non empty finite sequence N; and
there exists a function Ny from (£ +D || .||} into (¥(+2) || - ||) such
that Ny = N[n and k1 = kf(n + 1) and No = N(n + 1) and N; is
a multilayer perceptron with k; and n and OutputFunc(N,k,n + 1) =
Ny - (OutputFunc(Ny, k1, n)).
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PROOF: Reconsider N1 = N [n as a non empty finite sequence. Reconsider
k1 = k[(n + 1) as a finite sequence of elements of N. For every natural

number i such that 1 < i < len k1 holds Ny (4) is a function from (EF1@_||-||)
into (£F1G+D || |). Consider p being a finite sequence such that lenp =
len N and p(1) = N(1) and for every natural number i such that 1 <
i < len N there exists a function Ny from (EFCG+D || .||} into (EFG+2) || .
) and there exists a function py from (EFM || - ||) into (EFGHD || - ||)

such that Noa = N(i + 1) and po = p(i) and p(i +1) = Nz - p2 and
OutputFunc(N, k,n 4+ 1) = p(len N). Consider Ny being a function from

(EREFD |1L||) into (EXMF2) |||, p2 being a function from (¥ |||} into
<gkn+1,u |} such that No = N(n+1) and py = ()andp(n+1) Na-pa.
O

Let n be a natural number and k be a finite sequence of elements of N. The
functor Neurons(n, k) yielding a subset of

(the carrier of (EF(+1), || - ||y)(the carrier of (X1 i defined by the term

(Def. 4) {F, where F is a function from (£ || - ||) into (D || - ||} : there
exists a finite sequence N such that N is a multilayer perceptron with k
and n and F' = OutputFunc(N, k,n)}.

Now we state the propositions:

(32) Let us consider a natural number n, a finite sequence k of elements of N,
a non empty, compact, strict topological space .S, a non empty subspace M
of MetricSpaceNorm (£ || - ||}, a non empty subset X of (£ _||-||), and
a normed linear topological space T'. Suppose S = M., and the carrier
of M = X and X is compact and 7T is complete and finite dimensional
and dim(7T) # 0 and (¥ || - ||) = the normed structure of 7.

Let us consider a subset G of (the carrier of 7)%, and a non empty
subset F' of the R-norm space of continuous functions of S and T'. Sup-
pose G = F and G C {f] X, where f is a function from (£¥( || - ||} into
(EFMFD |||} - f € Neurons(n, k)}. Then F is compact if and only if G is
equibounded and equicontinuous, where « is the carrier of M.

(33) Let us consider a natural number n, a finite sequence k of elements of
N, a non empty7 compact, strict topological space S, a non empty subset
X of (¥ || -|), and a normed linear topological space T'. Suppose S is
a subspace of TopSpaceNorm(£¥(M) || ||} and the carrier of S = X and X
is compact and 7" is complete and finite dimensional and dim(7") # 0 and
(EFM+D) || .||y = the normed structure of T. Let us consider a non empty
subset G of the R-norm space of continuous functions of S and 7.

Suppose G C {f|X, where f is a function from (¥ || - |) into

(R || .||y : f € Neurons(n, k)} and there exist real numbers K, D
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such that 0 < K and 0 < D and for every function F' from X into T such
that F' € G holds for every points z, y of (¥ || - ||) such that z, y € X
holds [|Fy, — Fy,l| < D - ||z — y| and for every point x of (EFW |- ) such
that z € X holds ||F/,|| < K. Then G is compact.

Let X, Y be real normed spaces, F' be a function from X into Y, and D, K
be real numbers. We say that F' is a layer function of D and K if and only if

(Def. 5) for every points x, y of X, ||F(z) — F(y)|| < D - ||z — y|| and for every
point z of X, ||F(z)] < K.

Let n be a natural number, k& be a finite sequence of elements of N, and NV
be a finite sequence. We say that IV is a layer sequence of D, K, k and n if and
only if

(Def. 6) len N =n and N is a multilayer perceptron with k& and n and for every
natural number ¢ such that 1 < ¢ < len k there exists a function N3 from
(EF@ -]} into (EFEHD || . ||) such that N(i) = N3 and Nj is a layer
function of D and K.
Now we state the propositions:

(34) Let us consider real numbers D, K. Suppose 0 < D and 0 < K. Let
us consider a natural number n, a finite sequence k of elements of N, and
a non empty finite sequence N. Suppose N is a layer sequence of D, K, k
and n. Then OutputFunc(N, k,n) is a layer function of D™ and K.
PROOF: Define P[natural number| = for every finite sequence k of elements
of N for every non empty finite sequence N such that len N = $; and N is
a layer sequence of D, K, k and $; holds OutputFunc(N, k, $;) is a layer
function of D% and K. For every natural number n such that P[n] holds
P[n + 1]. For every natural number n, P[n]. O

(35) Let us consider a natural number n, a finite sequence k of elements of
N, a non empty, compact, strict topological space S, a non empty subset
X of (€¥M || - |), and a normed linear topological space T'. Suppose S is
a subspace of TopSpaceNorm(E*M) || - ||) and the carrier of S = X and X
is compact and 7T is complete and finite dimensional and dim(7") # 0 and
(EFMFD) |||y = the normed structure of 7.

Let us consider a non empty subset G of the R-norm space of con-
tinuous functions of S and 7', and real numbers D, K. Suppose 0 < D
and 0 < K and G C {F|X, where F is a function from (£¥1) || - ||} into
(EFMHAD ||y : there exists a non empty finite sequence N such that
N is a layer sequence of D, K, k and n and F' = OutputFunc(N, k,n)}.
Then G is compact.

PRrROOF: Set K1 = K + 1. Set D1 = D™ + 1. For every function F' from X
into 7 such that F € G holds for every points z, y of (£¥(1) || - ||) such
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that =, y € X holds ||[F), — F),|| < D1 - [|x — y|| and for every point z of
(EFW || - ||) such that 2 € X holds [ F)zll < K. O
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Summary. In [II] the existence (and uniqueness) of splitting fields has
been formalized. In this article we apply this result by providing splitting fields
for the polynomials X? —2, X3 —1, X% + X + 1 and X® — 2 over Q using the
Mizar [2], [I] formalism. We also compute the degrees and bases for these splitting
fields, which requires some additional registrations to adopt types properly.

The main result, however, is that the polynomial X2 — 2 does not split over
Q(¥/2). Because X? — 2 obviously has a root over Q(+/2), this shows that the
field extension Q(+/2) is not normal over Q [3], [E], [5] and [7].

MSC: [12F05 168V20
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1. PRELIMINARIES

Let L be a non empty double loop structure and a, b, ¢ be elements of L.
Note that the functor {a, b, c} yields a subset of L. Let i be an integer. Let us
observe that i3 is integer.

Let ¢ be an even integer. Let us observe that 3 is even.

Let ¢ be an odd integer. Let us observe that 3 is odd.

Now we state the propositions:

(1) Let us consider complex numbers r, s. Then (r - s)> = r? - 53,

®© 2022 The Author(s) / AMU
(Association of Mizar Users)
23 under [CC BY-SA 3.0 license


https://sciendo.com/journal/forma
https://orcid.org/0000-0001-9587-8737
http://zbmath.org/classification/?q=cc:12F05
http://zbmath.org/classification/?q=cc:68V20
http://fm.mizar.org/miz/field_10.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

24 CHRISTOPH SCHWARZWELLER AND SARA BURGOA

(2) Let us consider a rational number r. Then 73 > 0 if and only if r > 0.

(3) There exists no rational number r such that 73 = 2. The theorem is
a consequence of (2) and (1).

Note that roots(2) is non rational. Now we state the proposition:

(4) Let us consider finite sets X, Xo. Suppose X1 C X5 and X; = Xo.
Then X 1= XQ.

Let F be a field. Observe that there exists an element of the carrier of
PolyRing(F') which is linear and there exists an element of the carrier of PolyRing
(F') which is non linear and non constant.

Let us consider a field F' and an element p of the carrier of PolyRing(F).
Now we state the propositions:

(5) If deg(p) = 2, then p is reducible iff p has roots.
(6) If deg(p) = 3, then p is reducible iff p has roots.

2. MORE ON FIELD EXTENSIONS

One can check that Cp is (Fg)-extending and there exists an element of
Rp which is (Fg)-membered and there exists an element of Rp which is non
(Fg)-membered and there exists an element of Cr which is (Rp)-membered and
there exists an element of Cp which is non (Rp)-membered and there exists
an element of Cp which is (Fg)-membered and there exists an element of Cg
which is non (Fg)-membered.

Now we state the propositions:

(7) Let us consider a field F', an extension F of F, an E-extending extension
K of F, an element p of the carrier of PolyRing(F'), and an element ¢ of
the carrier of PolyRing(F). If p = ¢, then Roots(K, p) = Roots(K, q).

(8) Let us consider a field F', an extension E of F', an F-extending extension
K of F, an element a of F, and an element b of K. Suppose b = a. Then
RAdj(F,{a}) = RAdj(F,{b}).

(9) Let us consider a field F', an extension E of F, an F-extending extension
K of E, an F-algebraic element a of F, and an F-algebraic element b of
K. Suppose b = a. Then FAdj(F,{a}) = FAdj(F, {b}).

(10) Let us consider a field F', an extension E of F, an E-extending extension
K of F, an F-algebraic element a of F, and an Fralgebraic element b of
K. If a = b, then MinPoly(a, F') = MinPoly (b, F').

(11) Let us consider a field F', an F-finite extension E of F', and an element
a of E. Then deg(MinPoly(a, F)) | deg(E, F).
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Let F be a field, E be an extension of F, and T3, 15 be subsets of E. One
can check that FAdj(F, T U Ty) is (FAdj(F,T}))-extending and (FAdj(F,T3))-
extending.

Let a, b be elements of E. Observe that FAdj(F, {a,b}) is (FAdj(F,{a}))-
extending and (FAdj(F, {b}))-extending. Let a, b, ¢ be elements of E. Let us
observe that FAdj(F, {a,b,c}) is (FAdj(F,{a,b}))-extending, (FAdj(F,{a,c}))-
extending, and (FAdj(F, {b, c}))-extending.

3. THE RATIONAL PoLyNOMIALS X2 —2, X3 —1, X2+ X +1 AND X3 —2

The functors: X?—2, X3—1, X3—-2, and X? + X 41 yielding elements of
the carrier of PolyRing(Fg) are defined by terms
Def. 1) <_(1FQ + 115‘@), 0]14‘@7 hp@),
Def. 2) (0.Fg+-(0,—-1))+-(3,1),
Def. 3) (0.Fg +- (0,—2)) + (3,1),
Def. 4)  (Ipy, 1ry, lrg),
respectively. The functors: /2 and /2 yielding non zero elements of Ry are

(
(
(
(

defined by terms

(Def. 5) V2,

(Def. 6) roots(2),
respectively. The functors: v/2, v/2, and /=3 yielding non zero elements of Cy
are defined by terms

(Def. 7) /2,

(Def. 8) roots(2),

(Def. 9) (i) - V/3,
respectively. The functor ( yielding a non zero element of Cy is defined by the
term

—1+(3)-V3
(Def. 10) V8

Observe that X?—2 is monic, purely quadratic, and irreducible and X3—2
is monic, non constant, and irreducible and X3—1 is monic, non constant, and
reducible and X2 + X 4 1 is monic, quadratic, and irreducible and v/2 is non
(Fg)-membered and (Fg)algebraic and v/2 is non (Fg)-membered and (Fg)
algebraic and v/2 is non (Fg)-membered and (Fg )algebraic and v/2 is non (Fg)-
membered and (Fg)algebraic and ¢ is non (Rp)-membered and (Fg)algebraic.

(¢)? is non (Rp)-membered and (Fg)algebraic and FAdj(Fg, {v/2}) is (Fg)-
finite and FAdj(Fg, {V/2,(}) is (Fg)-finite and Ry is (FAdj(Fg, {v/2}))-extending
and Ry is (FAdj(Fg, {v/2}))-extending and Cr is (FAdj(Fg, {v/2}))-extending
and Cr is (FAdj(Fg, {V/2}))-extending and Cr is (FAdj(Fg, {v/2, (}))-extending.
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Now we state the propositions:
(12) ¢=-1+(i) %,
(13) (2=} - 5B~

2 2

(14) (i) ¢*#1, and
(ii) ¢ =1, and

(i) (*=-¢—1

(15) (i) ¢ is a complex root of 3, 1, and

(i) (¢)? is a complex root of 3, 1.
3

(16) \3/5 =2.
(17) = (X—1py) - (X24+ X +1).
(18) 1) eg(X?—2) = 2, and

(
(ii) deg(X®-2) =3, and
(iii) deg(X3—1) =3, and

(iv) deg(X?+X+1)=2.

Let us consider an element = of Fp. Now we state the propositions:

(19) eval(X2-2,7) = 2% — 2.

(20) eval(X3—1,7) = 2% — 1.

(21) eval(X2+X+1l,2)=22+2+1.

(22) eval(X3-2,7) =23 — 2.

(23) Let us consider an element r of Rp. Then ExtEval(X2—2,7) = 72 — 2.
Let us consider an element z of Cg. Now we state the propositions:

(24) ExtEval(X3-1,2) = 23 — 1.

(25) ExtEval(X2+ X +1,2) =224+ 2+ 1.

(26) ExtEval(X3-2,2) = 23 — 2.
(27)

27) Let us consider an element z of the carrier of Cp.

Then ExtEval(X3—1, z) = Oc, if and only if z is a complex root of 3, 1.
(28) Discriminant(X? + X + 1) = —3.
(29) FAdj(Fo, {C}) = FAdj(Fo, {v'—3}).
ProOF: {(} is a subset of FAdj(Fq, {v/—3}) by [10, (35)], [9, (12)], [6} (2)].
{V/—3} is a subset of FAdj(Fg, {¢}). O
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4. A SPLITTING FIELD OF X2 —2

Now we state the propositions:
(30) MinPoly(v/2,Fg) = X2-2.
(31) deg(FAdj(Fo, {v2}),Fg) = 2.
(32) {1,/2} is a basis of VecSp(FAdj(Fg, {v/2}),Fg). The theorem is a con-
sequence of (30).

(33) Roots(X2-2) = 0.

(34) X2-2 does not split in Fg.

(35) Roots(Rp, X2—2) = {2, —v/2}.
PrOOF: Roots(Rp, X2—2) =2 by [12, (22)], [13} (13)]. O

(36) X2-2=(X—V2)  (X+2).

(37) FAdj(Fg, {v2}) is a splitting field of X2—2.
PROOF: Set F' = FAdj(Fg, {v/2}). X2—2 = 1g, - (rpoly(1, v/2) * rpoly(1,
—v/2)). {V/2,—V/2} C the carrier of F. X2-2 splits in F. O

(38) /2 is not an element of FAdj(Fg, {v/2}). The theorem is a consequence
of (10), (30), and (11).

(39) R is not a splitting field of X2—2. The theorem is a consequence of (37)
and (38).

(40) Cp is not a splitting field of X2—2. The theorem is a consequence of (37)
and (38).

5. A SPLITTING FIELD OF X3 —1 AND X2+ X +1

Now we state the propositions:
Roots(X3—-1) = {1}.

Roots(X? + X +1) = 0.
MinPoly(¢,Fg) = X2 + X + 1.
Roots(Cp, X3—1) = {1,¢, (¢)?}.
Roots(Cp, X2 + X + 1) = {¢, (¢)2}.
X3—1 does not split in Fg.
X3—1 does not split in Ry.

X2 4+ X + 1 does not split in Fg.
X2 + X + 1 does not split in Rp.
X2+ X+1=(X=¢) - (X=(0)?.
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(51) X3-1=(X—1¢p) - (X=¢) - (X—(¢)?). The theorem is a consequence of
(50).

(52) FAdj(Fg, {¢}) is a splitting field of X2 + X + 1.
ProOOF: Set F' = FAdj(Fg, {¢}). Roots(Cg, X? + X + 1) C the carrier of
F. O

(53) FAdj(Fg, {C}) is a splitting field of X3—1.
PROOF: Set F' = FAdj(Fg, {¢}). Roots(Cr,X3—1) C the carrier of F. [J
(54)  deg(FAdj(Fq, {C}),Fo) = 2.
(55) {1,C} is a basis of VecSp(FAdj(Fq, {¢}),Fg). The theorem is a consequ-
ence of (43).

(56) /2 is not an element of FAdj(Fg, {¢}). The theorem is a consequence of
(55).

(57) Cp is not a splitting field of X2 + X + 1. The theorem is a consequence
of (52) and (56).

(58) Cr is not a splitting field of X3—1. The theorem is a consequence of (53)
and (56).

6. A SPLITTING FIELD OF X3 — 2

Now we state the propositions:
(59) MinPoly(v/2,Fg) = X3-2.
(60) deg(FAdj(Fg, {V/2}), Fg) = 3.
(61) {1,v/2, \3/52} is a basis of VecSp(FAdj(Fq, {V/2}),Fg). The theorem is
a consequence of (59).

(62) Roots(X?—2) = (). The theorem is a consequence of (6).

(63) X3—2 does not split in Fg. The theorem is a consequence of (6).
(64) Roots(FAdj(Fg, {¥/2}), X3—2) = {¥/2}.

(65) X3—2 does not split in FAdj(Fg, {V/2}).

(66) Roots(Rp, X3-2) = {/2}.

(67) X3—2 does not split in Rp.

(68) Roots(Cp, X*—2) = {V2,V2-¢, V2 (0)*}.

(69) XP-2— (X ¥2)- (X—V2-0)- (X— 2+ (O?).

PROOF: Set F = Cp. Set a = ¢/2-¢. Set b = /2 - (O)2. Set ¢ = V/2.
Reconsider p; = X— ¢ as a polynomial over F. p; * (a-b,—b+ —a,1p) =
X3-2 by [8, (10)]. O

(70) FAdj(Fg, {V/2,(}) is a splitting field of X3—2.
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PROOF: Set F = FAdj(Fg, {V/2,(}). Roots(Cg, X3—2) C the carrier of F.
O
Let us observe that Cr is (FAdj(Fg, {V/2}))-extending and FAdj(Fg, {v/2,(})
is (FAdj(Fg, {V/2}))-extending and (¢ is (FAdj(Fg, {V/2}))algebraic.
Now we state the propositions:

(71) MinPoly(¢, FAdj(Fg, {V/2})) = X2 + X + 1. The theorem is a consequ-
ence of (9), (5), and (7).

(72)  deg(FAdj(Fg, {V/2,(}), FAdj(Fg, {/2})) = 2. The theorem is a conse-
quence of (71).

(73) {1,(} is a basis of VecSp(FAdj(Fg, {v/2,(}), FAdj(Fg, {+/2})). The the-
orem is a consequence of (71).

(74) deg(FAdj(Fg,{v/2,¢}),Fg) = 6. The theorem is a consequence of (59),
(9), and (72).

(75) {1,v/2, \3752, ¢, v2-¢, \3@2(} is a basis of VecSp(FAdj(Fg, {V/2,(}),Fg).
PROOF: Set F = FAdj(Fg, {v/2,(}). Set K = FAdj(Fg,{V2}). K =
FAdj(Fg, {¥/2}). Set M = {1,92,92°,¢,9/2 - ¢, ¥2° - ¢}. Reconsider
B = {1,V/2, \3/52} as a basis of VecSp(K,Fg). Reconsider By = {1,(}
as a basis of VecSp(F, K). Base(B1,Bs) = M. O

One can verify that Cp is (FAdj(Fg, {v/2}))-extending and Cy is (FAdj(Fg,
{V2,¢}))-extending and FAdj(Fg, {v/2,(}) is (FAdj(Fg, {V/2}))-extending and
FAdj(Fg, {V/2,¢,v2}) is (FAdj(Fg, {v2,(}))-extending and ¢ is (FAdj(Fg,

{V/2}))algebraic and v/2 is (FAdj(Fg, {v/'2, (}) }algebraic and FAdj(Fg, {V/2,

(V) is (FAd)(Fg, {v/2, C})-finite.

Now we state the propositions:

(76) MinPoly(¢, FAdj(Fg, {v2})) = X2 + X + 1. The theorem is a consequ-
ence of (9), (5), and (7).

(77)  deg(FAdj(Fg, {v2,(}), FAdj(Fg, {v/2})) = 2. The theorem is a consequ-
ence of (76).

(78) deg(FAdj(Fg, {v2,¢}),Fg) = 4. The theorem is a consequence of (30),
(10), and (77).

(79) /2 is not an element of FAdj(Fg, {+/2, }). The theorem is a consequence
of (78) and (74).

(80) Cr is not a splitting field of X3—2. The theorem is a consequence of (70)
and (79).
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Summary. The goal of this article is to clarify the relationship between
Riemann’s improper integrals and Lebesgue integrals. In previous articles [6], [7],
we treated Riemann’s improper integrals [I], [I1] and [4] on arbitrary intervals.
Therefore, in this article, we will continue to clarify the relationship between
improper integrals and Lebesgue integrals [8], using the Mizar [3], [2] formalism.
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1. PRELIMINARIES

Let s be a without —oco sequence of extended reals. One can check that
>k g s(a))ken is without —oo.
Let s be a without +00 sequence of extended reals. One can verify that
(>oh_ s(@))ken is without +oo.
Now we state the propositions:
(1) Let us consider a without —oco sequence f; of extended reals, and a wi-
thout 400 sequence f5 of extended reals. Then

(D) (Ca=o(f1 = f2)(@))ren = (a0 f1(a))rxen — (Za=0 f2(@))ren, and
(i) (XCa=0(f2 = f)(@))ren = (Xa=0 f2(@))ren — (Za=0 f1(@))ren-
PROOF: Set P, = ( 320 fi(@))ken. Set Py = ( 320 fg(a)),ieN. Set Pjs =
(XF _o(fi—f2)(@))ken- Set Po; = (35 _o(f2—f1)())xen- Define C[natural
number] = Pi2(31) = Pi($1) — P2($1). For every natural number k such
that C[k] holds C[k+1]. For every natural number k, C[k]. For every element
k of N, Pio(k) = (Py — P2)(k). Define C[natural number] = P ($1) =
P5($1) — P1($1). For every natural number k such that C[k] holds C[k +1].
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For every natural number k, C[k]. For every element k of N, Py (k) =
(P2 = P1)(k) by [5, (7)]. O

(2) Let us consider sets X, A, and a partial function f from X to R. If f is
non-positive, then f[A is non-positive.

(3) Let us consider a set X, and a partial function f from X to R. If f is
non-positive, then — f is non-negative.

Let us consider a partial function f from R to R, a real number a, and a real
number x. Now we state the propositions:

(4) If f is left convergent in a and non-decreasing, then if z € dom f and
x < a, then f(z) < lim,- f.

(5) If f is left convergent in a and non-increasing, then if x € dom f and
x < a, then f(z) > lim,- f.

(6) If f is right convergent in a and non-decreasing, then if € dom f and
a <z, then f(z) > lim,+ f.

(7) If f is right convergent in a and non-increasing, then if x € dom f and
a < z, then f(z) <limg+ f.

(8) If f is convergent in —oo and non-increasing, then if x € dom f, then
f(z) <lim_o f.
(9) If f is convergent in 400 and non-decreasing, then if z € dom f, then
f(z) <limyoo f.
Let us consider real numbers a, b and a partial function f from R to R. Now
we state the propositions:

(10) Suppose a < b and [a,b] C dom f and f[[a,b] is bounded and non-
b
negative. Then /f(x)dac > 0.
(11) Suppose a < b and [a,b] C dom f and f[[a,b] is bounded and f is
b

integrable on [a,b] and f[[a,b] is non-positive. Then /f(x)da: < 0. The

theorem is a consequence of (3) and (10).
Let us consider real numbers a, b, ¢, d and a partial function f from R to

R. Now we state the propositions:

(12) Suppose ¢ < d and [¢,d] C [a,b] C dom f and f[[a,b] is bounded and
d

f is integrable on [a,b] and f[[a,b] is non-negative. Then /f(:l:)dm <
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b
/ f(z)dz. The theorem is a consequence of (10).

(13) Suppose ¢ < d and [¢,d] C [a,b] C dom f and f[[a,b] is bounded and
d

f is integrable on [a,b] and f[[a,b] is non-positive. Then /f(a:)dac >

b
/f(x)d:c The theorem is a consequence of (2) and (11).

a
2. FUNDAMENTAL PROPERTIES OF MEASURE AND INTEGRAL

Now we state the propositions:

(14) Let us consider a non empty set X, a partial function f from X to R,
and a set F. Then R(f)|E = R(f]E).

(15) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, an element A of S, and
a sequence F of subsets of S. Suppose f is A-measurable and A = dom f
and F is disjoint valued and A = JFE and ([t max, (f)dM < +o0 or
[T max_(f)dM < +00). Then there exists a sequence I of extended reals
such that

(i) for every natural number n, I(n) = [ f[E(n)dM, and

(ii) I is summable, and

(i) [ fdM =>"1.
ProoF: Consider I; being a non-negative sequence of extended reals such
that for every natural number n, I;(n) = [maxy(f)[E(n)dM and I; is
summable and [ max(f)dM = Y I. Consider I» being a non-negative
sequence of extended reals such that for every natural number n, Io(n) =
Jmax_(f)[E(n)dM and I is summable and [ max_(f)dM =} I. For
every natural number n, E(n) is an element of S and E(n) C dom f. For
every natural number n, I;(n) = [T max (f)[E(n) dM. For every natural
number n, Ir(n) = [T max_(f)[E(n)dM. O

(16) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and elements A, B of
S. Suppose AU B C dom f and f is (AU B)-measurable and A misses B
and ([T max, (f](AUB))dM < +ooor [T max_(f]|(AUB))dM < +o0).
Then [ f[(AUB)dM = [ flAdAM + [ fI|BdM.

(17) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, an element A of S, and
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a sequence F of subsets of S. Suppose f is A-measurable and A = dom f
and F is non descending and imF C A and M(A \ (im F)) = 0 and
(ST max, (f)dM < 400 or [T max_(f)dM < +oc). Then there exists
a sequence I of extended reals such that

(i) for every natural number n, I(n) =
J f1(the partial unions of E)(n)dM, and

(ii) I is convergent, and
(ifi) [ fdM = lim1.

PROOF: Reconsider Lo = lim E as an element of S. Reconsider F =
the partial diff-unions of E as a sequence of subsets of S. Set g = f[Ls.
Consider J being a sequence of extended reals such that for every natural
number n, J(n) = [g[F(n)dM and J is summable and [gdM =} J.
Reconsider I = (3°4_ J(@))xen as a sequence of extended reals.
For every natural number n, g[(the partial unions of F')(n) =

f1(the partial unions of E)(n). For every natural number n, (the partial
unions of E')(n) C |J E. Define P[natural number] = I($;) = [ g[(the part-
ial unions of F')($;) dM. For every natural number n such that P[n] holds
P[n + 1]. For every natural number n, P[n]. For every natural number n,
I(n) = [ f[(the partial unions of E)(n)dM. O

(18) Let us consider non empty sets X, Y, a set A, a sequence F of X, and
a sequence G of Y. Suppose for every element n of N, G(n) = AN F(n).
Then JrngG = ANYJrng F.

(19) Let us consider a non empty set X, a o-field S of subsets of X, a sequence
E of S, and a partial function f from X to R. Suppose for every natural
number n, f is (E(n))-measurable. Then f is (|J E)-measurable.

PROOF: For every real number r, | J E N LE-dom(f,r) € S. O

(20) Let us consider real numbers a, b, and a natural number n. If @ < b, then
b—a

a<b-—%<banda<a+ 2 <.

Let us consider real numbers a, b. Now we state the propositions:

(21) Suppose a < b. Then there exists a sequence E of subsets of L-Field such
that

(i) for every natural number n, E(n) = [a,b — Z;Jr‘i] and E(n) C [a,b]

and E(n) is a non empty, closed interval subset of R, and
(ii) £ is non descending and convergent, and
(iii) UE = [a, b].

PROOF: Define F(element of N) = [a, b— é’;fl]. Consider FE being a function

from N into 2% such that for every element n of N, E(n) = F(n). For
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every natural number n, E(n) = [a,b — TH] For every natural number
n, E(n) = [a,b — :’;‘i] and E(n) C [a,b[ and E(n) is a non empty, closed
interval subset of R. [J

(22) Suppose a < b. Then there exists a sequence E of subsets of L-Field such

that

(i) for every natural number n, E(n) = [a + +17b] and E(n) C |a, b
and E(n) is a non empty, closed interval subset of R, and

(ii) F is non descending and convergent, and
(iii) UE = ]a, b).
PROOF: Define F(element of N) = [a+ 2= TENE

from N into 2% such that for every element n of N, E(n) = F(n). For every
natural number n, F(n) = [a+ z;ﬁ, bl and E(n) C ]a,b] and E(n) is a non
empty, closed interval subset of R. [

|. Consider E being a function

Let us consider a real number a. Now we state the propositions:
(23) There exists a sequence E of subsets of L-Field such that

(i) for every natural number n, F(n) = [a,a + n], and
(ii) E is non descending and convergent, and
(i) UF = [a, +o0.

PROOF: Define F(element of N) = [a, a+ $1]. Consider E being a function
from N into 2% such that for every element n of N, E(n) = F(n). For every
natural number n, E(n) = [a,a +n]. O

(24) There exists a sequence E of subsets of L-Field such that
(i) for every natural number n, E(n) = [a — n,a], and
(ii) E is non descending and convergent, and
(iii) UF = ]—00,al.
PRrROOF: Define F(element of N) = [a —$1, a]. Consider E being a function
from N into 2% such that for every element n of N, E(n) = F(n). For every
natural number n, F(n) = [a — n,a]. O
(25) Let us consider a set X, a o-field S of subsets of X, a o-measure M on
S, and a set A with measure zero w.r.t. M. Then A € COM(S, M).

(26) Let us consider a real number r. Then {r} € L-Field. The theorem is
a consequence of (25).

(27) Let us consider a non empty set X, a o-field S of subsets of X, an element
E of S, and a partial function f from X to R. If E = (), then f is E-
measurable.
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(28) Let us consider a non empty set X, a o-field S of subsets of X, an element
E of S, and a partial function f from X to R. If E = (), then f is E-
measurable. The theorem is a consequence of (27).

(29) Let us consider a real number r, an element F of L-Field, and a partial
function f from R to R. If E = {r}, then f is E-measurable.
PROOF: For every real number a, £ N LE-dom(f,a) € L-Field. O

(30) Let us consider a real number r, an element E of L-Field, and a partial
function f from R to R. If E = {r}, then f is E-measurable. The theorem
is a consequence of (29).

Let us consider real numbers a, b, a partial function f from R to R, and
an element E of L-Field. Now we state the propositions:
(31) Suppose [a,b] C dom f and f is right improper integrable on a and b.
Then if E C [a,b], then f is E-measurable. The theorem is a consequence
of (21), (19), and (28).
(32) Suppose |a,b] C dom f and f is left improper integrable on a and b.
Then if E C ]a,b], then f is E-measurable. The theorem is a consequence
of (22), (20), (19), and (28).
(33) Suppose Ja,b[ C dom f and f is improper integrable on a and b. Then if
E Cla,b[, then f is EF-measurable. The theorem is a consequence of (32)
and (31).
Let us consider a real number a, a partial function f from R to R, and
an element E of L-Field. Now we state the propositions:
(34) Suppose [a,+0o] C dom f and f is improper integrable on [a, +o0o[. Then
if £ C [a,+o00[, then f is E-measurable.
PROOF: Set A = [a,+oo[. Consider K being a sequence of subsets of
L-Field such that for every natural number n, K(n) = [a,a 4+ n| and K is
non descending and convergent and |J K = [a, +oo[. Reconsider K; = K
as a sequence of L-Field. For every natural number n, R(f) is (K1(n))-

measurable by [8, (49)]. R(f) is A-measurable. (]

(35) Suppose |—00,a] C dom f and f is improper integrable on |—o0, a]. Then
if £ C|—o00,al, then f is E-measurable.
ProOF: Consider K being a sequence of subsets of L-Field such that for
every natural number n, K(n) = [a — n,a] and K is non descending and
convergent and |J K = ]—o0, a]. For every element n of N, K(n) is a non
empty, closed interval subset of R. Reconsider K1 = K as a sequence of
L-Field. For every natural number n, R(f) is (K;(n))-measurable by [,

(49)]. R(f) is (U K1)-measurable. [

(36) Let us consider a partial function f from R to R. Suppose dom f = R and
f is improper integrable on R. Let us consider an element E of L-Field.
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Then f is E-measurable. The theorem is a consequence of (34) and (35).

3. RELATION BETWEEN IMPROPER INTEGRAL AND LEBESGUE INTEGRAL

Now we state the propositions:

(37) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and an element A of
S. Suppose A = dom f and f is A-measurable. Then [ —fdM = —[ fdM.

(38) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and elements A, B,
FE of S. Suppose £ = dom f and f is E-measurable and non-positive and
ACB. Then [ flAdAM > [ fIBdM.
PROOF: For every set x such that x € dom(R(f)) holds (R(f))(z) < 0.
[R(fIA)dM > [B(f)[BAM. [R(flA)dM > [R(f[B)dM. O
Let us consider a partial function f from R to R, real numbers a, b, and
a non empty subset A of R. Now we state the propositions:
(39) Suppose [a,b] C dom f and A = [a,b[ and f is right improper integrable
on a and b and f[A is non-negative. Then
(i) right-improper-integral(f,a,b) = [ fIAdL-Meas, and
(i) if f is right extended Riemann integrable on a, b, then f[A is inte-
grable on L-Meas, and
(iii) if f is not right extended Riemann integrable on a, b, then [ f[AdL-
Meas = +00.
The theorem is a consequence of (12), (21), (31), (14), (17), (20), and (4).
(40) Suppose [a,b] C dom f and A = [a,b[ and f is right improper integrable
on a and b and f[A is non-positive. Then
(i) right-improper-integral(f,a,b) = [ flAdL-Meas, and
(i) if f is right extended Riemann integrable on a, b, then f[A is inte-
grable on L-Meas, and
(iii) if f is not right extended Riemann integrable on a, b, then [ f[AdL-
Meas = —o0.
The theorem is a consequence of (3), (39), and (31).
(41) Suppose |a,b] C dom f and A = |a,b] and f is left improper integrable
on a and b and f[A is non-negative. Then
(i) left-improper-integral(f,a,b) = [ f]|AdL-Meas, and
(ii) if f is left extended Riemann integrable on a, b, then f]A is integrable
on L-Meas, and

37
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(iii) if f is not left extended Riemann integrable on a, b, then [ f[AdL-
Meas = +o00.

The theorem is a consequence of (12), (22), (32), (14), (17), (20), and (7).
(42) Suppose |a,b] C dom f and A = |a,b] and f is left improper integrable
on a and b and f[A is non-positive. Then
(i) left-improper-integral(f,a,b) = [ f|AdL-Meas, and
(ii) if f is left extended Riemann integrable on a, b, then f[A is integrable
on L-Meas, and
(iii) if f is not left extended Riemann integrable on a, b, then [ f[AdL-
Meas = —o0.
The theorem is a consequence of (3), (41), and (32).
(43) Suppose Ja,b[ C dom f and A = Ja,b[ and f is improper integrable on a
and b and f[A is non-negative. Then
(i) improper-integral(f,a,b) = [ f[AdL-Meas, and

(ii) if there exists a real number ¢ such that @ < ¢ < b and f is left
extended Riemann integrable on a, ¢ and right extended Riemann
integrable on ¢, b, then f[A is integrable on L-Meas, and

(iii) if for every real number ¢ such that a < ¢ < bholds f is not left exten-
ded Riemann integrable on a, c or f is not right extended Riemann
integrable on ¢, b, then [ f]AdL-Meas = +oc0.

The theorem is a consequence of (31), (32), (41), (39), (26), and (33).
(44) Suppose ]a,b] C dom f and A = ]a,b] and f is improper integrable on a
and b and f[A is non-positive. Then
(i) improper-integral(f,a,b) = [ f[AdL-Meas, and

(ii) if there exists a real number ¢ such that a < ¢ < b and f is left
extended Riemann integrable on a, ¢ and right extended Riemann
integrable on ¢, b, then f[A is integrable on L-Meas, and

(iii) if for every real number ¢ such that a < ¢ < b holds f is not left exten-
ded Riemann integrable on a, ¢ or f is not right extended Riemann
integrable on ¢, b, then | f]AdL-Meas = —oc0.

The theorem is a consequence of (3), (43), (33), and (37).
Let us consider a partial function f from R to R, a real number b, and a non
empty subset A of R. Now we state the propositions:
(45) Suppose |—00,b] C dom f and A =]—o0,b] and f is improper integrable
on |—oo, b] and f is non-negative. Then
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b
(i) /f(x)dx: /f[AdL—Meas, and

(ii) if f is extended Riemann integrable on —oo, b, then f[A is integrable
on L-Meas, and

(iii) if f is not extended Riemann integrable on —oo, b, then [ f[Ad L-Meas
= +o00.
The theorem is a consequence of (12), (24), (35), (14), (17), and (8).

(46) Suppose |—o00,b] C dom f and A = ]—o0,b] and f is improper integrable
on |—oo, b] and f is non-positive. Then

b
(i) /f(x)dx: /f[AdL—MeaS, and

(ii) if f is extended Riemann integrable on —oo, b, then f[A is integrable
on L-Meas, and

(iii) if f is not extended Riemann integrable on —oo, b, then [ f[A d L-Meas
= —00.

PROOF: Reconsider A; = A as an element of L-Field. For every object x
b

such that x € dom(—f) holds 0 < (—f)(z). /(—f)(af)da: = /(—f)[AdL—

Meas. f]A is A;-measurable. [ —f[AdL-Meas = —[ f[AdL-Meas. O

Let us consider a partial function f from R to R, a real number a, and a non
empty subset A of R. Now we state the propositions:

(47) Suppose [a, +oo[ C dom f and A = [a,+o0] and f is improper integrable
on [a, +oo[ and f is non-negative. Then

+oo
(i) /f(x)dx: /f[AdL—Meas, and

(ii) if f is extended Riemann integrable on a, +o00, then f[A is integrable
on L-Meas, and

(iii) if f is not extended Riemann integrable on a, +o0o, then [ flAdL-
Meas = +00.

The theorem is a consequence of (12), (23), (34), (14), (17), and (9).

(48) Suppose [a, +0o] C dom f and A = [a, +00[ and f is improper integrable
on [a, +oo[ and f is non-positive. Then
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+oo
(i) /f(ar:)dx: /f[AdL—MeaS, and

(ii) if f is extended Riemann integrable on a, +00, then f[A is integrable
on L-Meas, and

(iii) if f is not extended Riemann integrable on a, +00, then [ f[Ad L-Meas

= —OQ.

PRrROOF: Reconsider A; = A as an element of L-Field. For every object x
+oo

such that = € dom(—f) holds 0 < (—f)(z). /(—f)(a:)d:c - /(—f)[AdL-

Meas. f]A is A;-measurable. [ —f[AdL-Meas = —[ f[AdL-Meas. O

(49) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and elements A,
B of S. Suppose there exists an element E of S such that £ = dom f
and f is E-measurable and f is non-negative. Then [T f](AU B)dM <
JTfIAAM + [T f1BdM.

(50) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and sets A, B. Suppose
A C domf and B C dom f and f[A is integrable on M and f[B is
integrable on M. Then f[(A U B) is integrable on M. The theorem is
a consequence of (49).

(51) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and sets A, B. Suppose
A C domf and B C dom f and f[A is integrable on M and f[B is
integrable on M. Then f[(A U B) is integrable on M. The theorem is
a consequence of (14) and (50).

Let us consider a partial function f from R to R, a real number a, and a non
empty subset A of R. Now we state the propositions:

(52) Suppose dom f = R and f is improper integrable on R and f is non-
negative. Then

+oo
(i) /f(a:)d:n: /de—Meas, and

(ii) if f is co-extended Riemann integrable, then f is integrable on L-Meas,
and

(iii) if f is not co-extended Riemann integrable, then [ f d L-Meas = +o0.
The theorem is a consequence of (45), (36), (26), (47), and (51).
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(53) Suppose dom f = R and f is improper integrable on R and f is non-
positive. Then

+oo
(i) /f(x)da:: /de—Meas, and

(ii) if f is co-extended Riemann integrable, then f is integrable on L-Meas,
and

(iii) if f is not co-extended Riemann integrable, then [ f d L-Meas = —oc.
PROOF: For every object x such that x € dom(—f) holds 0 < (—f)(z). Re-

“+oo
consider E' = R as an element of L-Field. f is F-measurable. — / flx)dx =
+00 o
| —fdL-Meas. — /f(a:)d:c = —[ fdL-Meas. O

4. ABSOLUTELY INTEGRABLE FUNCTION

Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(54) Suppose [a,b] = dom f. Then there exists a sequence F' of partial func-
tions from R into R such that

(i) for every natural number n, dom(F'(n)) = dom f and for every real

number z such that x € [a,b — n%rl] holds F(n)(z) = f(x) and for

every real number x such that = ¢ [a,b — n%rl] holds F(n)(x) = 0,

and
(i) limR(F) = f.
PROOF: For every element n of N, [a,b— n%rl} C dom f. Define P|element

of N, object] = $2 = X A s- For every element n of N, there exists
’ 1

an element ( of R5R such that P[n, (]. Consider C being a sequence of
R—-R such that for every element n of N, P[n, Cs(n)]. Define Qfelement

of N,object] = $2 = f - C2($1). For every element n of N, there exists
an element F' of R-R such that Q[n, F]. Consider F' being a sequence of

],dom

R-5R such that for every element n of N, Q[n, F'(n)]. For every natural
number n, dom(F(n)) = dom f and for every real number x such that

x € [a,b— %H] holds F'(n)(z) = f(x) and for every real number x such
that = ¢ [a,b — n%rl] holds F'(n)(x) = 0. For every element 2 of R such

that 2 € dom(lim R(F)) holds (imR(F))(z) = (R(f))(z) by [9, (16)]. O
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(55) Suppose a < b and [a,b] C dom f and f is right improper integrable on
a and b and |f] is right extended Riemann integrable on a, b. Then

(i) f is right extended Riemann integrable on a, b, and
(ii) right-improper-integral(f,a,b) < right-improper-integral(|f|, a,b) <
+00.

PRrROOF: Consider I being a partial function from R to R such that dom I =
[a,b] and for every real number z such that x € dom [ holds I(z) =

T
/ f(x)dx and I is left convergent in b or left divergent to +o00 in b or

a
left divergent to —oo in b. Consider Aj being a partial function from R
to R such that dom A; = [a,b] and for every real number x such that

x € dom Ay holds Aj(x) = /]f\(x)dx and Ay is left convergent in b. For

every real numbers 71, 7o SflCh that r1, 79 € dom A; and r; < 79 holds
Ar(r1) < Ar(rg). Consider r being a real number such that 0 < r < b—a.
For every real number g such that g € dom I N]b—r,b[ holds I(g) < Ar(g)
by [10, (8)]. O

(56) Suppose a < b and ]a,b] C dom f and f is left improper integrable on a
and b and |f] is left extended Riemann integrable on a, b. Then

(i) f is left extended Riemann integrable on a, b, and
(ii) left-improper-integral( f, a,b) < left-improper-integral(|f|, a,b) < +oc.

PRrROOF: Consider I being a partial function from R to R such that dom I =
la,b] and for every real number z such that x € dom/ holds I(z) =

b
/ f(z)dz and I is right convergent in a or right divergent to +oc in a

x
or right divergent to —oo in a. Consider A; being a partial function from
R to R such that dom A; = ]a, b] and for every real number = such that

b
x € dom Ay holds Af(z) = /\f\(a:)dx and Ay is right convergent in a. For
x

every real numbers 71, ry such that ry, ro € dom A; and r; < ro holds
Ar(r1) = Aj(re). Consider r being a real number such that 0 < r < b—a.
For every real number g such that g € dom INJa,a+7[ holds I(g) < A;(g).
U

(57) Let us consider a partial function f from R to R, and a non empty, closed
interval subset A of R. Suppose A C dom f. Then

(i) maxi(f [ A) =max;(f[A), and



(58)

(59)
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(ii) max_(f | A) = max_(f[A).

Let us consider a partial function f from R to R, and a real number b.
Suppose |—00,b] C dom f and f is improper integrable on |—oo, b] and | f]
is extended Riemann integrable on —oo, b. Then

(i) f is extended Riemann integrable on —oo, b, and

(ii) /bf(m)da: < /b\f|(:1;)d9c < +oo.

PROOF: Consider I being a partial function from R to R such that dom I =

]—00,b] and for every real number = such that z € dom I holds I(z) =
b

/ f(x)dx and I is convergent in —oo or divergent in —oo to +oo or di-

x
vergent in —oo to —oo. Consider A; being a partial function from R to
R such that dom A; = ]—o00,b] and for every real number x such that

b
x € dom Ay holds A;(z) = /\f|(az)dm and Ay is convergent in —oo. For

every real numbers 71, 7o sffch that r1, 7o € dom A; and r; < ro holds
Ajr(r1) > Aj(re). For every real number g such that g € dom I N]—oo,1]
holds I(g) < Ar(g). O

Let us consider a partial function f from R to R, and a real number a.
Suppose [a,+oo[ € dom f and f is improper integrable on [a, +oo[ and
|f| is extended Riemann integrable on a, +00. Then

(i) f is extended Riemann integrable on a, +o0, and

+oo +oo
(ii) /f(x)dw < /|f|(:c)dm < +oo.

PrOOF: Consider I being a partial function from R to R such that dom I =
[a, +00[ and for every real number x such that x € dom I holds I(z) =

T
/f(x)da: and [ is convergent in +oo or divergent in +o0o to +oco or di-
a

vergent in 400 to —oo. Consider A; being a partial function from R to
R such that dom A; = [a,+00| and for every real number x such that
€T

x € dom A; holds A;(z) = /\f|(az)dm and Ay is convergent in 4o00. For

every real numbers 71, ro sgch that r1, 7o € dom A; and r; < ro holds
Ajr(r1) < Aj(re). For every real number g such that g € dom I N1, 4o00]
holds I(g) < Az(g). O
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Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(60)

(61)

(62)

Suppose a < b and [a,b] C dom f and f is integrable on [a, b] and f[[a, b]
is bounded. Then

(i) max(f) is integrable on [a, b], and

(ii) max_(f) is integrable on [a, b], and

b b
(iii) /max x)dx) = /f(x)dx + /|f](x)dx, and

2. ( / max(f)(z)dz) = /b fla)dz + /b |f|(x)dz, and
V) /bf(:z:)da:: /bmfx(f)(:c)dx—/bm_ax(f)(a;)d:c

Suppose a < b and ]a,b] C dom f and f is left extended Riemann inte-
grable on a, b and |f] is left extended Riemann integrable on a, b. Then
maxy (f) is left extended Riemann integrable on a, b

PROOF: Set G = (R<) /f )dz. Set Ag = (R<) /\f\ )dz. Consider I
being a partial function from R to R such that dom I Ja, b] and for every

real number z such that x € dom I holds I / f(x)dx and I is right

convergent in a and G = lim,+ .
Consider A; being a partial function from R to R such that dom A; =
la,b] and for every real number x such that € dom Ay holds A;(z) =
b

/|f|($)d1‘ and Ay is right convergent in a and Ag = lim,+ A;. For every

x

real number d such that a < d < b holds max, (f) is integrable on [d, b]
and maxy (f)[[d,b] is bounded. There exists a partial function I3 from
R to R such that dom I3 = ]a b] and for every real number z such that

x € dom I3 holds I3(z / max(f)(z)dz and I3 is right convergent in a.

O

Suppose a < b and [a,b] C dom f and f is right extended Riemann
integrable on a, b and |f| is right extended Riemann integrable on a, b.
Then max4 (f) is right extended Riemann integrable on a, b.
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PROOF: Set G = (R>)/f(x)d:v. Set Ag = (R>)/\f|(az)dx Consider I
being a partial function from R to R such that dom I = [a, b] and for every
real number z such that x € dom I holds I(z / f(z)dz and I is left

convergent in b and G = lim,- I.
Consider A; being a partial function from R to R such that dom A; =
[a,b[ and for every real number x such that z € dom Ay holds A;(z) =
€T

/ |f|(z)dz and Aj is left convergent in b and Ag = lim,- A;. For every

real number d such that a < d < b holds max, (f) is integrable on [a, d]
and maxy (f)[[a,d] is bounded. There exists a partial function I3 from
R to R such that dom I3 = [a,b[ and for every real number z such that

x € dom I3 holds I3(x / max(f)(z)dz and I3 is left convergent in b. OJ

(63) Let us consider a partial function f from R to R, and a real number b.
Suppose |—o00,b] C dom f and f is extended Riemann integrable on —oo,
b and |f| is extended Riemann integrable on —oo, b. Then maxy(f) is
extended Riemann integrable on —oo, b.

PROOF: Set G = (R<)/ f(z)dz. Set Ag = (R~) / | f|(z)dz. Consider I
being a partial function from R to R such that dom I = ] 00, b] and for

every real number x such that = € dom I holds I(z / f(x)dx and I is

convergent in —oo and G = lim_ .

Consider Aj being a partial function from R to R such that dom A; =

]—00, b] and for every real number z such that z € dom Ay holds Aj(x) =
b

/\f|(:1;)dx and Ay is convergent in —oo and Ag = lim_., A;. For every

T

real number d such that d < b holds max(f) is integrable on [d,b] and
max4 (f)[[d,b] is bounded. There exists a partial function I3 from R to
R such that dom I3 = |— oo ,b] and for every real number z such that

x € dom I3 holds I3(x / max(f)(z)dr and I3 is convergent in —oo. [J

(64) Let us consider a partial function f from R to R, and a real number
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a. Suppose [a, +oo[ C dom f and f is extended Riemann integrable on a,
+oo and |f] is extended Riemann integrable on a, +oco. Then max(f) is
extended Riemann integrable on a, +00.

PROOF: Set G = (R”) / f(z)dz. Set Ag = (R”) / | f|(x)dx. Consider I
being a partial functlon from R to R such that domI = [a,+oo[ and for
every real number x such that = € dom I holds I(z / f(x)dx and I is

convergent in +o0o and G = lim  I.
Consider Aj being a partial function from R to R such that dom A; =
[a, +oo[ and for every real number z such that x € dom A holds Aj(x) =
T

/|f|(;v)dm and Ay is convergent in +oo and Ag = limy Ar. For every

real number d such that a < d holds max, (f) is integrable on [a,d] and
max (f)[[a,d] is bounded. There exists a partial function I3 from R to
R such that domI3 = [a, —|—oo[ and for every real number z such that

x € dom I3 holds Is(x /max x)dx and I3 is convergent in +oo. [J

Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(65) Suppose a < b and |a,b] C dom f and f is left extended Riemann inte-
grable on a, b and |f| is left extended Riemann integrable on a, b. Then
max_(f) is left extended Riemann integrable on a, b. The theorem is
a consequence of (61).

(66) Suppose a < b and [a,b] C dom f and f is right extended Riemann
integrable on a, b and |f| is right extended Riemann integrable on a, b.
Then max_(f) is right extended Riemann integrable on a, b. The theorem
is a consequence of (62).

(67) Let us consider a partial function f from R to R, and a real number b.
Suppose |—o00,b] C dom f and f is extended Riemann integrable on —oo,
b and |f| is extended Riemann integrable on —oo, b. Then max_(f) is
extended Riemann integrable on —oo, b. The theorem is a consequence of
(63).

(68) Let us consider a partial function f from R to R, and a real number
a. Suppose [a,+00[ C dom f and f is extended Riemann integrable on a,
+oo and |f] is extended Riemann integrable on a, +oco. Then max_(f) is
extended Riemann integrable on a, +00. The theorem is a consequence of
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(64).
Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(69) Suppose ]a,b] C dom f and max4 (f) is left extended Riemann integrable
on a, b and max_(f) is left extended Riemann integrable on a, b. Then

(i) f is left extended Riemann integrable on a, b, and

(ii) left-improper-integral( f, a,b) = left-improper-integral(max, (f), a, b)—
left-improper-integral(max_(f), a, b).

Proor: Consider I; being a partial function from R to R such that
domI; = ]a b] and for every real number z such that x € dom I; holds

/ max(f)(x)dz and I; is right convergent in a. Consider I3 being

a partlal function from R to R such that dom I, = ]a b] and for every real

number z such that z € dom I holds Iz(x / max x)dz and Iy is

right convergent in a. For every real number d such that a < d < b holds
f is integrable on [d,b] and f[[d,b] is bounded. For every real number x

such that = € dom(I; — I2) holds (I3 — /f )dx. O

(70) Suppose [a,b] € dom f and maxy(f) is right extended Riemann inte-
grable on a, b and max_(f) is right extended Riemann integrable on a, b.
Then

(i) f is right extended Riemann integrable on a, b, and

(ii) right-improper-integral(f, a,b) = right-improper-integral(max (f),
a,b) — right-improper-integral(max_(f), a, b).

Proor: Consider I; being a partial function from R to R such that
domI; = [a b[ and for every real number x such that * € dom I; holds

/ max(f)(z)dz and I; is left convergent in b. Consider Iy being
a partial functlon from R to R such that dom Iy = [a, b[ and for every real
number z such that z € dom I5 holds Iz(x / max x)dx and Iy is

left convergent in b. For every real number d such that ¢ < d < b holds
f is integrable on [a,d] and f[[a,d] is bounded. For every real number z
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such that = € dom(I; — I2) holds (I3 — /f )dx. O

Let us consider a partial function f from R to ]R, and a real number b.
Suppose |—00,b] € dom f and max(f) is extended Riemann integrable
on —oo, b and max_(f) is extended Riemann integrable on —oo, b. Then

(i) f is extended Riemann integrable on —oo, b, and

(i) /b fa)de = /b max(f) () dz — /b max(f)(z)da

ProoOF: Consider I; being a partial function from R to R such that

doml; = |—00 b] and for every real number z such that z € dom I}
holds I (x / max(f)(z)dz and I; is convergent in —oo. Consider Iy
being a partial functlon from R to R such that dom Iy = ] 00, b] and for
every real number x such that = € dom I3 holds Ix(z / max

and I is convergent in —oo. For every real number d such that d < b holds
f is integrable on [d,b] and f[[d,b] is bounded. For every real number x

such that 2 € dom([; — I5) holds (I; — /f Ydx. O

Let us consider a partial function f from R to R, and a real number a.
Suppose [a,+o0o] C dom f and max(f) is extended Riemann integrable
on a, 0o and max_(f) is extended Riemann integrable on a, +00. Then

(i) f is extended Riemann integrable on a, +o0, and

+o0 +o0 +00
() [f@)do = [max(f)@)da— [ max(f)(w)do

ProOOF: Consider I; being a partial function from R to R such that
domI; = [a, +oo [ and for every real number x such that z € dom I3

holds I (x / max(f)(x)dr and I; is convergent in +oo. Consider Io
being a partial functlon from R to R such that dom I» = a +oo[ and for
every real number z such that = € dom I3 holds Iz(x / max

and Iy is convergent in 4-oc0. For every real number d such that a < d holds
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f is integrable on [a,d] and f[[a,d] is bounded. For every real number z

T
such that z € dom(I; — I2) holds (I; — I2)(x) = /f(ac)d:v O

5. IMPROPER INTEGRAL OF ABSOLUTELY INTEGRABLE FUNCTIONS

Let us consider a partial function f from R to R, real numbers a, b, and
a non empty subset A of R. Now we state the propositions:

(73) Suppose Ja,b] C dom f and A = ]a,b] and f is left improper integrable
on a and b and |f| is left extended Riemann integrable on a, b and f[A is
non-negative. Then

(i) flA is integrable on L-Meas, and
(ii) left-improper-integral(f,a,b) = [ f]AdL-Meas.
The theorem is a consequence of (56) and (41).

(74) Suppose [a,b] C dom f and A = [a,b[ and f is right improper integrable
on a and b and |f| is right extended Riemann integrable on a, b and f[A
is non-negative. Then

(i) flA is integrable on L-Meas, and
(ii) right-improper-integral(f,a,b) = [ f[AdL-Meas.
The theorem is a consequence of (55) and (39).

(75) Let us consider a partial function f from R to R, a real number b, and
a non empty subset A of R. Suppose |—00,b] C dom f and A = ]—o0, b]
and f is improper integrable on |—oo, b] and |f| is extended Riemann
integrable on —oo, b and f is non-negative. Then

(i) flA is integrable on L-Meas, and

(ii) /b fx)de = / FlAdL-Meas.

The theorem is a consequence of (58) and (45).

(76) Let us consider a partial function f from R to R, a real number a, and
a non empty subset A of R. Suppose [a, +oo] C dom f and A = [a, +0o0]
and f is improper integrable on [a, +oo[ and |f| is extended Riemann
integrable on a, +00 and f is non-negative. Then

(i) flA is integrable on L-Meas, and

+oo
(ii) / Fla)de — / F1AdT-Mess.
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The theorem is a consequence of (59) and (47).

(77) Let us consider a partial function f from R to R, and real numbers a,
b. Suppose a < b and [a,b] C dom f and f is right improper integrable
on a and b and |f| is right extended Riemann integrable on a, b. Then
maxy (f) is right extended Riemann integrable on a, b. The theorem is
a consequence of (55) and (62).

Let us consider a partial function f from R to R, real numbers a, b, and
a non empty subset A of R. Now we state the propositions:

(78) Suppose [a,b] C dom f and A = [a,b] and f is right improper integrable
on a and b and |f] is right extended Riemann integrable on a, b. Then
(i) flA is integrable on L-Meas, and
(ii) right-improper-integral(f,a,b) = [ f[AdL-Meas.
The theorem is a consequence of (55), (62), (74), (66), and (70).
(79) Suppose |a,b] C dom f and A = |a,b] and f is left improper integrable
on a and b and |f] is left extended Riemann integrable on a, b. Then
(i) flA is integrable on L-Meas, and
(ii) left-improper-integral(f,a,b) = [ f]AdL-Meas.
The theorem is a consequence of (56), (61), (73), (65), and (69).
(80) Suppose |a,b] C dom f and A = |a,b[ and f is improper integrable on
a and b and there exists a real number ¢ such that a < ¢ < b and |f]

is left extended Riemann integrable on a, ¢ and right extended Riemann
integrable on ¢, b. Then

(i) flA is integrable on L-Meas, and
(ii) improper-integral(f,a,b) = [ f]|AdL-Meas.
The theorem is a consequence of (79), (78), (51), and (26).

(81) Let us consider a partial function f from R to R, a real number b, and
a non empty subset A of R. Suppose |—00,b] C dom f and A = ]—o0, b]
and f is improper integrable on |—oo, b] and |f| is extended Riemann
integrable on —oo, b. Then

(i) flA is integrable on L-Meas, and

(ii) /bf(m)dx:/f[AdL—Meas.

The theorem is a consequence of (58), (63), (75), (67), and (71).

(82) Let us consider a partial function f from R to R, a real number a, and
a non empty subset A of R. Suppose [a, 400 C dom f and A = [a, +0o0]



ABSOLUTELY INTEGRABLE FUNCTIONS ol

and f is improper integrable on [a, +o0o[ and |f| is extended Riemann
integrable on a, +00. Then

(i) flA is integrable on L-Meas, and

+oo
(i) / flz)de = / Fl1AdL-Mess.

The theorem is a consequence of (59), (64), (76), (68), and (72).

(83) Let us consider a partial function f from R to R. Suppose dom f = R and

3]

(10]

(11]

f is improper integrable on R and |f| is oco-extended Riemann integrable.
Then

(i) f is integrable on L-Meas, and
400
(ii) /f(x)d:v = /de—MeaS.
The theorem is a consequence of (81), (82), (51), and (36).
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Summary. Universe is a concept which is present from the beginning of the
creation of the Mizar Mathematical Library (MML) in several forms (Universe,
Universe_closure, UNIVERSE) [25], then later as the_universe_of, [33], and
recently with the definition GrothendieckUniverse [26], [II], [II]. These defi-
nitions are useful in many articles [28, [33] [8 [35], [19] [32] [3T} 15} @], but also
[34, 12, 20, 22, 211, [27, B2, 3, 23, [16, [7, @, 5]

In this paper, using the Mizar system [9] [10], we trivially show that Gro-
thendieck’s definition of Universe as defined in [26], coincides with the original
definition of Universe defined by Artin, Grothendieck, and Verdier (Chapitre 0
Univers et Appendice “Univers” (par N. Bourbaki) de I’Exposé 1. “PREFAISCE-
AUX”) [1], and how the different definitions of MML concerning universes are
related. We also show that the definition of Universe introduced by Mac Lane
([18]) is compatible with the MML’s definition.

Although a universe may be empty, we consider the properties of non-empty
universes, completing the properties proved in [25].

We introduce the notion of “trivial” and “non-trivial” Universes, depending
on whether or not they contain the set w (NAT), following the notion of Robert M.
Solovayﬂ The following result links the universes Ug (FinSETS) and U; (SETS):

GrothendieckUniverse w = GrothendieckUniverse Ug = U;

Before turning to the last section, we establish some trivial propositions
allowing the construction of sets outside the considered universe.
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The last section is devoted to the construction, in Tarski-Grothendieck, of a
tower of universes indexed by the ordinal numbers (See 8. Examples, Grothen-
dieck universe, ncatlab.org [24]).

Grothendieck’s universe is referenced in current works: “Assuming the exi-
stence of a sufficient supply of (Grothendieck) univers”, Jacob Lurie in “Higher
Topos Theory” [17], “Annexe B — Some results on Grothendieck universes”, Oli-
via Caramello and Riccardo Zanfa in “Relative topos theory via stacks” [13],
“Remark 1.1.5 (quoting Michael Shulman [30])”, Emily Riehl in “Category the-
ory in Context” [29], and more specifically “Strict Universes for Grothendieck
Topoi” [14].

MSC: 03E70 168V20

Keywords: Tarski-Grothendieck set theory; Grothendieck universe; universe
hierarchy

MML identifier: CLASSES4, version: 8.1.12 5.71.1431

1. PRELIMINARIES

Now we state the propositions:
(1) Let us consider a set X. Then 71 (X), ma(X) € 2UUX.

(2) R* = the set of all X where X is a finite sequence of elements of R.

One can verify that there exists a Grothendieck which is empty and there

exists a Grothendieck which is non empty.

Let X be a set. One can verify that every Grothendieck of X is non empty.

2. ORIGINAL DEFINITIONS OF GROTHENDIECK’S UNIVERSE

Let G be a set. We say that G satisfies axiom GUj if and only if

(Def. 1) for every sets z, y such that x € G and y € z holds y € G.
We say that G satisfies axiom GUs if and only if

(Def. 2) for every sets z, y such that =, y € G holds {z,y} € G.
We say that G satisfies axiom GUg if and only if

(Def. 3) for every set = such that x € G holds 2% € G.

Let G be a non empty set. We say that G satisfies axiom GUy if and only if

(Def. 4) for every element I of G and for every G-valued many sorted set x indexed

by I, Jrngz € G.


http://zbmath.org/classification/?q=cc:03E70
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3. EQUIVALENCES OF DEFINITIONS

Now we state the propositions:

(3) Let us consider a set X. Then X satisfies axiom GU; if and only if X is
transitive.

(4) Let us consider a non empty set X. Then X satisfies axiom GUy if and
only if X is Family-Union-closed.

(5) Let us consider a Family-Union-closed set X, and a function f. Suppose
dom f € X and rng f € X. Then Jrng f € X.

One can check that every Grothendieck satisfies axiom GUj, axiom GUs,
and axiom GUjg and every non empty Grothendieck satisfies axiom GU4.
Now we state the proposition:

(6) Let us consider a non empty set G. Suppose G satisfies axiom GU7, axiom
GUjy, axiom GUs, and axiom GUy. Then G is a non empty Grothendieck.

Let us consider a set X. Now we state the propositions:
(7) X is a universal class if and only if X is a non empty Grothendieck.
(8) T({X}*<) is a Grothendieck of X.

(9) The universe of {X} is a Grothendieck of X. The theorem is a consequ-
ence of (8).

(10) Universe_closure({ X }) = GrothendieckUniverse(X).

4. EQUIVALENCES OF MAC LANE DEFINITION

Now we state the propositions:
(11) Let us consider a Grothendieck U. Suppose w € U. Then
(i) for every sets z, u such that € w € U holds z € U, and
(ii) for every sets u, v such that u, v € U holds {u, v}, (u, v), uxv € U,
and
(iii) for every set = such that z € U holds 2%, |z € U, and
(iv) w e U, and
(v) for every sets a, b and for every function f from a into b such that
dom f =a and f is onto and a € U and b C U holds b € U.
(12) Let us consider a set U. Suppose for every sets z, u such that x € u € U
holds = € U and for every set x such that x € U holds 2%, |Jx € U and
w € U and for every sets a, b and for every function f from a into b such
that dom f = a and f is onto and @ € U and b C U holds b € U. Then U
is a Grothendieck. The theorem is a consequence of (4) and (3).
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5. PROPERTIES OF UNIVERSE, FOLLOWING [25]

From now on X denotes a set and U denotes a universal class.
Now we state the proposition:

(13) Suppose X satisfies axiom GU; and axiom GUs. Then

(i) for every set y and for every subset = of y such that y € X holds
x € X, and

(ii) for every sets x, y such that z C y and y € X holds z € X, and
(iii) if X is not empty, then ) € X.
Let U be a universal class. The functor (), yielding an element of U is defined
by the term
(Def. 5) 0.
Now we state the propositions:
(14) U is a Grothendieck of (). The theorem is a consequence of (13).
(15) Let us consider elements u, v of Y. Then v* C the set of all f where
f is a function from u into v.
Let U be a universal class and u be an element of U. Note that the functor
succu yields an element of . Now we state the propositions:
(16) Let us consider a natural number n. Then n € U.
PROOF: Define P[natural number| = $; € U. P[0]. For every natural
number n, Pln]. O

(17) wCU.
(18) (i) NelU,or
(i) N=U.

The theorem is a consequence of (16).

Let us note that every universal class is infinite. Now we state the proposi-
tion:
(19) Up is denumerable.

Observe that there exists a universal class which is denumerable.
Now we state the proposition:

(20) U is not denumerable if and only if w € U.

Observe that there exists a universal class which is non denumerable.
Let U be a universal class. We say that / is trivial if and only if

(Def. 6) wé¢U.
Now we state the proposition:
(21) (i) Ug is trivial, and
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(ii) Uy is not trivial.
The theorem is a consequence of (16), (13), (19), and (20).

One can check that there exists a universal class which is trivial and there
exists a universal class which is non trivial and every non trivial universal class
is non denumerable. Now we state the proposition:

(22) Let us consider an element x of U, and objects y, z. Suppose x = (y, z).
Then
(i) y is an element of U, and
(ii) z is an element of Y.

Let U be a universal class. Let us note that there exists an element of U
which is pair. Now we state the proposition:

(23) Let us consider elements u, v of Y. Then the set of all f where f is
a function from u into v is an element of ¢. The theorem is a consequence
of (13).

Let U be a universal class, I be an element of U, and = be a U-valued many
sorted set indexed by I. Let us observe that the functor []x yields an element
of U. Let z, y be elements of U. The functor x Wy yielding an element of I/ is
defined by the term

(Def. 7) [z +— Oy, y — {Ou}].

Now we state the propositions:

(24) Let us consider elements z, y of Y. Then x Wy is a subset of {z,y} x
{0,{0}}.
(25) Let us consider an element u of Y. Then u W u = {{u, {0})}.

Let U be a universal class, I be an element of U, and z be a U-valued
many sorted set indexed by I. Note that the functor dom z yields an element
of U. Note that the functor |Jx yields an element of /. Let us note that the
functor disjoint z yields a U-valued many sorted set indexed by I. The functor
|t x yielding an element of U is defined by the term

(Def. 8) | disjoint .
Let us consider an element I of U and a U-valued many sorted set x indexed
by I. Now we state the propositions:
(26) Ucoprod(z) is an element of U.
(27) Wax is a subset of Urngx x 1.
(28) If X satisfies axiom GUjy, then for every set x such that x € X holds
{z} € X.
Let us consider an element u of U. Now we state the propositions:
(29) wel.
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(30) (i) uzU, and
(i) TeU.

(31) Let us consider elements u, v of U. Then {{u, 0), (v, {0})} = {u} x
{0} u{v} x {{0}}.

(32) Let us consider elements I, a, b, u, v of U, and a U-valued many sorted

set x indexed by I. Suppose I = {a,b} and z(a) = w and x(b) = v. Then
Wax =ux{a}Uv x {b}.
Let us consider elements I, u, v of Y and a U-valued many sorted set z
indexed by I. Now we state the propositions:

(33) Suppose I = {0,{0}} and z(0) = u and x({0}) = v. Then Wz = u x
{0} Uv x {{0}}. The theorem is a consequence of (32).

(34) Suppose I = {0,{0}} and 2(0) = {u} and z({0}) = {v} and u # v. Then
2 = uWo. The theorem is a consequence of (33) and (31).

(35) Let us consider an element x of U, and objects y, z. Suppose = = (y, z).
Then

(i) y is an element of U, and
(ii) zis an element of U.

Let U be a universal class. Observe that there exists an element of & which
is pair.
Let u be a pair element of Y. The functors: (u); and (u)2 yield elements of
U. Now we state the proposition:
(36) Let us consider an element X of . Then
(i) m1(X) is an element of U, and
(ii) m2(X) is an element of Y.
The theorem is a consequence of (1).
Let us consider a binary relation R. Now we state the propositions:
(37) If R e U, then dom R, rng R € U. The theorem is a consequence of (36).

(38) If dom R is an element of & and rng R is an element of U, then R is
an element of U. The theorem is a consequence of (13).

(39) Let us consider a set X, a non empty set Y, and a function f from X
into Y. If f €U, then X € U. The theorem is a consequence of (37).

(40) Let us consider non empty sets A, B. Suppose A x B is an element of
U. Then

(i) A is an element of U, and
(ii) B is an element of Y.

The theorem is a consequence of (36).
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(41) Let us consider a set X. Suppose idy is an element of &/. Then X is
an element of Y. The theorem is a consequence of (37).

(42) Let us consider elements x, y, z of U. Then (x,y) — z is an element of
U.

6. PROPERTIES OF UNIVERSE CONTAINING w

Now we state the propositions:
(43) w C Ug. The theorem is a consequence of (16).
(44) Let us consider a set X. Then T(()) C T(X).

(45) Let us consider a Grothendieck G of X. Then Uy C G. The theorem is
a consequence of (44).

(46) (i) GrothendieckUniverse()) = Uy, and
(ii) GrothendieckUniverse(f)) = Uy.
(47) Let us consider a set X, and a Grothendieck G of X. Then Grothendieck
Universe(()) C GrothendieckUniverse(X) C G.

(48) Let us consider an element n of Uy. Then GrothendieckUniverse(n) =
Up. The theorem is a consequence of (45).

(49) the empty Grothendieck C w C GrothendieckUniverse()) C Grothendieck
Universe(w). The theorem is a consequence of (16), (46), (43), (19), and
(20).

(50) Let us consider a non empty Grothendieck G. Suppose G # Grothendieck
Universe(w). Then

(i) GrothendieckUniverse(w) € G, or
(ii) G € GrothendieckUniverse(w).

(51) T(w) = GrothendieckUniverse(w).

(52) Let us consider sets N1, No. Suppose N; = NxNUN and Ny = NyU2MN,
Then R C Ny UN x Ns.

Let us consider a non trivial universal class Y. Now we state the propositions:
53
54

(53) R is an element of U. The theorem is a consequence of (52) and (13).
(54)
(55) C € U. The theorem is a consequence of (16), (53), and (13).
(56)
(57)

R is an element of U. The theorem is a consequence of (53) and (13).

56) H € U. The theorem is a consequence of (16), (53), (55), and (13).

57) Let us consider a natural number n. Then Segn € Y. The theorem is
a consequence of (16) and (13).
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(58) Let us consider a set D. If D € U, then for every natural number n,
D™ € Y. The theorem is a consequence of (57).

(59) Let us consider a non trivial universal class U, and a natural number n.
Then R™ € U. The theorem is a consequence of (53) and (58).

Let us consider a set X and a natural number n. Now we state the proposi-
tions:

(60) If X elU, then X™ € U. The theorem is a consequence of (57).
(61) X" C X*.
(62) Let us consider a non empty set X, and an object x. If x € X*, then
there exists a natural number n such that z € X™.
(63) Let us consider a non empty set X. Then there exists a function f such
that
(i) dom f =N, and
(ii) for every natural number n, f(n) = X", and
(iii) Urng f = X*.
PROOF: Define P[object, object] = there exists a natural number n such
that ${ = n and $5 = X™. For every object x such that x € N there
exists an object y such that P[z,y]. Consider f being a function such that

dom f = N and for every object = such that z € N holds Plz, f(z)]. For
every natural number n, f(n) = X" Jrng f = X*. O

(64) Let us consider a non trivial universal class ¢, and a non empty set X.
If X €U, then X* € Y. The theorem is a consequence of (63) and (58).

Let us consider a non trivial universal class ¢/. Now we state the propositions:
65) R* € U. The theorem is a consequence of (53) and (64).
66) R € U. The theorem is a consequence of (54) and (64).
7 Crel.
)

)

(=)

68) (H)" € U.
69) Let us consider a universal class U, and a set X. If X € U, then for every

(
(
(
(
(

finite sequence s of elements of X, s € Y. The theorem is a consequence
of (57) and (13).

(70) Let us consider an empty set X, and a finite sequence f of elements of
X*. Then f =len f — 0.

(71) Let us consider a non trivial universal class U, and a non empty set D.
If D € U, then for every matrix M over D, M € U.

(72) Ug, N, R, R € Uj. The theorem is a consequence of (16), (13), (53), and
(54).
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(73) Let us consider a set X, and a universal class Y. If Y € T(X), then
T(U) C T(X).
Up € T(w). The theorem is a consequence of (19) and (20).
U; = T(w). The theorem is a consequence of (72), (73), and (74).
GrothendieckUniverse(w) = Uj.

GrothendieckUniverse(w) = GrothendieckUniverse(Uy) = Uj.
PROOF: GrothendieckUniverse(w) = GrothendieckUniverse(Uy). O

Let us consider a non empty set X, a Grothendieck G’ of X, and a universal
class G. Now we state the propositions:

(78) If X misses G, then G’ # G.

(79) If X misses G, then G’ € Gor G € G'.

(80) Let us consider universal classes U, U’, and an element a of Y. If a ¢ U/,
then U’ € U. The theorem is a consequence of (78).

(81) Let us consider a Grothendieck G. Then JG = G.

One can verify that every Grothendieck is limit ordinal.
Now we state the proposition:

74
75
76

(
(
(
(77

)
)
)
)

(82) Let us consider a universal class U, and a non empty element V' of U.
Then Funcs V' is a subset of Y. The theorem is a consequence of (81).

7. How 1o GET OUT OF A UNIVERSE?

Now we state the propositions:

(83) There exists a set a such that a ¢ U.

(84) There exists a subset A of U such that A ¢ U.

(85) the set of all u where u is an element of U is not an element of U.
(86)

86) Let us consider an element X of . Then ¢ \ X is not an element of U.

Proor: U\ X ¢ U. O
(87) 2M ¢ U.

8. A SEQUENCE OF UNIVERSES

Now we state the proposition:
(88) Let us consider a set X. Then there exists a function f such that

(i) dom f =N, and
(ii) f(0) = X, and
(iii) for every natural number n, f(n+1) = GrothendieckUniverse(f(n)).
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PROOF: Define G(set, set) = GrothendieckUniverse($3). There exists a func-
tion f such that dom f = N and f(0) = X and for every natural number
n, f(n+1) =G(n, f(n)). O
THE CONSTRUCTION OF X, GrothendieckUniverse(X ), GrothendieckUniverse
(GrothendieckUniverse(X)), ...
Let X be a set. The functor sequence-universe(X) yielding a function is
defined by

(Def. 9) domit = N and 4t(0) = X and for every natural number n, it(n+ 1) =
GrothendieckUniverse(it(n)).

Now we state the propositions:

(89) Let us consider a set X. Then sequence-universe(X) is a transfinite se-
quence.

(90) Let us consider a set X, and a transfinite sequence S. If domS = N,
then last S = S(N).
(91) Let us consider a transfinite sequence S. Suppose dom S = N. Then
(i) S(N) =0, and
(i) last.S = 0.
The theorem is a consequence of (90).

(92) Let us consider a set X, and a transfinite sequence S. Suppose S =
sequence-universe(X ). Then

(i) last S =0, and
(i) S(N) = 0.
The theorem is a consequence of (91).

THE CONSTRUCTION OF X UGrothendieckUniverse(X )UGrothendieckUnive-

rse(GrothendieckUniverse(X)) U. ..

Let X be a set. The functor union-sequence-universe(X) yielding a non emp-
ty set is defined by the term

(Def. 10) |Jrngsequence-universe(X).
Now we state the proposition:

(93) Let us consider a set X. Then rng sequence-universe(X ) C union-sequence-

universe(X).
THE FORMAL COUNTERPART OF (= Uy) € Uy € U € .. .: Sequence of uni-
verses indexed by the ordinal numbers (see 8. Examples, Grothendieck Universe

[24]).
The functor sequence-universe yielding a sequence of union-sequence-universe(()
is defined by the term

(Def. 11) sequence-universe(().
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Now we state the propositions:
(94) 0, Ug, U; € rngsequence-universe. The theorem is a consequence of (45)
and (77).
(95)  Upew Un 18 NOT A UNIVERSE:
|Jrngsequence-universe is not a Grothendieck. The theorem is a consequ-
ence of (72) and (94).
(96) (i) T(Ug) = GrothendieckUniverse(Uy), and
(ii) T(U;) = GrothendieckUniverse(Uy).
(97) Let us consider a set X, and a natural number n. Then
(i) (sequence-universe(X))(n + 1) is transitive, and
(ii) T((sequence-universe(X))(n+1)) =
GrothendieckUniverse((sequence-universe(X))(n + 1)).

Let us consider a natural number n. Now we state the propositions:

(98) T((sequence-universe(Uy))(n)) =
GrothendieckUniverse((sequence-universe(Uyp))(n)). The theorem is a con-
sequence of (77).

(99) U, € Upyr.

(100) (sequence-universe(Uyp))(n) = U,.

PROOF: Define P[natural number] = (sequence-universe(Uy))($1) = Us,.

For every natural number & such that P[k] holds P[k+1]. For every natural
number k, P[k]. O

(101) GrothendieckUniverse((sequence-universe(0))(n)) =
(sequence-universe(GrothendieckUniverse(()))(n).

PROOF: Define P[natural number| = GrothendieckUniverse((sequence-
universe(())($1)) = (sequence-universe(GrothendieckUniverse(()))($1).
P[0]. For every natural number k such that P[k| holds P[k + 1]. For every
natural number k, P[k]. O

(102) (sequence-universe)(n + 1) = U,,. The theorem is a consequence of (46),
(100), and (101).
Let us note that there exists an element of | rngsequence-universe which is
non empty.
Now we state the propositions:
(103) Uy, U; € GrothendieckUniverse(sequence-universe). The theorem is
a consequence of (45) and (77).
(104) Let us consider a natural number n. Then (sequence-universe)(n + 1) €

GrothendieckUniverse(sequence-universe). The theorem is a consequence
of (45) and (102).
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THE CONSTRUCTION OF U,: Tower of universes indexed by the ordinal
numbers (see 8. Examples, Grothendieck Universe [24]).
The functor U, yielding a non trivial universal class is defined by the term

(Def. 12)  GrothendieckUniverse(sequence-universe).
Now we state the proposition:

(105) Let us consider a natural number n. Then (sequence-universe)(n) C
(sequence-universe)(n + 1).
PROOF: Define P[natural number] = (sequence-universe)($;) C (sequence-
universe)($; + 1). P[0]. For every natural number %k such that P[k] holds
P[k + 1]. For every natural number n, P[n]. O
Let X be an element of |J rng sequence-universe. The functor rank-universe(X)
yielding a natural number is defined by

(Def. 13) X € (sequence-universe)(it) and for every natural number n such that
n < it holds X ¢ (sequence-universe)(n).
Now we state the propositions:
(106) Let us consider an element X of |Jrngsequence-universe, and a natural
number n. Suppose rank-universe(X) < n.
Then X € (sequence-universe)(n).
PROOF: Define P[natural number] = X € (sequence-universe)($;). For
every natural number j such that rank-universe(X) < j and P[j] holds
P[j+1]. For every natural number ¢ such that rank-universe(X) < 4 holds
Pli]. O
(107) Let us consider a natural number ¢. Then there exists a set = such that
x € (sequence-universe)(i + 1) \ (sequence-universe)(i). The theorem is
a consequence of (105) and (102).
(108) Let us consider a natural number n. Then U, 11 \ (U,) ¢ U,41. The
theorem is a consequence of (99) and (86).
The functor ComplUniverse yielding a function from N into |Jrng sequence-
universe is defined by
(Def. 14) for every natural number n, it(n) = U,y1 \ (Uy).
Let us consider a natural number n. Now we state the propositions:
(109) (ComplUniverse)(n) is not empty. The theorem is a consequence of (99).
(110) (ComplUniverse)(n) C Upyq.
(111) There exists a function f from N into |J|Jrngsequence-universe such
that for every natural number ¢, f(i) € (ComplUniverse)().
PROOF: Set g = the choice of ComplUniverse. rng g C |JJ rng sequence-
universe. For every natural number ¢, g(i) € (ComplUniverse)(3). O
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(112) Let us consider a function f from N into |Jrng sequence-universe. Then
f € Uy, The theorem is a consequence of (13) and (104).

(113) Let us consider a function f from N into |J|J rng sequence-universe. Then
f € Uy,. The theorem is a consequence of (13) and (104).

REFERENCES

[1] M. Artin, A. Grothendieck, and J.L. Verdier. Théorie des topos et cohomologie étale des
schémas. Tome 1: Théorie des topos (exposés i & iv). Séminaire de Géométrie Algébrique
du Bois Marie, Vol. 1964.

[2] Grzegorz Bancerek. Increasing and continuous ordinal sequences. Formalized Mathema-
tics, 1(4):711-714, 1990.

[3] Grzegorz Bancerek. Veblen hierarchy. Formalized Mathematics, 19(2):83-92, 2011.
doii10.2478 /v10037-011-0014-5.

[4] Grzegorz Bancerek. Consequences of the reflection theorem. Formalized Mathematics, 1
(5):989-993, 1990.

[5] Grzegorz Bancerek. The reflection theorem. Formalized Mathematics, 1(5):973-977, 1990.

[6] Grzegorz Bancerek and Noboru Endou. Compactness of lim-inf topology. Formalized
Mathematics, 9(4):739-743, 2001.

[7] Grzegorz Bancerek and Andrzej Kondracki. Mostowski’s fundamental operations — Part
I1. Formalized Mathematics, 2(3):425-427, 1991.

[8] Grzegorz Bancerek, Noboru Endou, and Yuji Sakai. |On the characterizations of compact-
ness. Formalized Mathematics, 9(4):733-738, 2001.

[9] Grzegorz Bancerek, Czestaw Byliniski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pak, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261-279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi;10.1007/978-3-319-20615-8_17.

[10] Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. |The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

[11] Chad E. Brown and Karol Pak. A tale of two set theories. In Cezary Kaliszyk, Edwin
Brady, Andrea Kohlhase, and Claudio Sacerdoti Coen, editors, Intelligent Computer Ma-
thematics — 12th International Conference, CICM 2019, CIIRC, Prague, Czech Republic,
July 8-12, 2019, Proceedings, volume 11617 of Lecture Notes in Computer Science, pages
44-60. Springer, 2019. doi:10.1007/978-3-030-23250-4_4.

[12] Czestaw Byliniski. |Category Ens. Formalized Mathematics, 2(4):527-533, 1991.

[13] Olivia Caramello and Riccardo Zanfa. Relative topos theory via stacks. arXiv preprint
arXiw:2107.04417, 2021.

[14] Daniel Gratzer, Michael Shulman, and Jonathan Sterling. Strict universes for Grothen-
dieck topoi. arXiv preprint arXiv:2202.12012, 2022.

[15] Ewa Gradzka. On the order-consistent topology of complete and uncomplete lattices.
Formalized Mathematics, 9(2):377-382, 2001.

[16] Andrzej Kondracki. Mostowski’s fundamental operations — Part I. Formalized Mathema-
tics, 2(3):371-375, 1991.

[17] Jacob Lurie. Higher Topos Theory. Princeton University Press, 2009.

[18] Saunders Mac Lane. Categories for the Working Mathematician, volume 5 of Graduate
Texts in Mathematics. Springer-Verlag, New York, Heidelberg, Berlin, 1971.

[19] Beata Madras. Irreducible and prime elements. Formalized Mathematics, 6(2):233-239,
1997.

[20] Michal Muzalewski. Categories of groups. Formalized Mathematics, 2(4):563-571, 1991.
[21] Michal Muzalewski. |Category of left modules. Formalized Mathematics, 2(5):649-652,


http://fm.mizar.org/1990-1/pdf1-4/ordinal4.pdf
http://dx.doi.org/10.2478/v10037-011-0014-5
http://fm.mizar.org/1990-1/pdf1-5/zfrefle1.pdf
http://fm.mizar.org/1990-1/pdf1-5/zf_refle.pdf
http://fm.mizar.org/2001-9/pdf9-4/waybel33.pdf
http://fm.mizar.org/1991-2/pdf2-3/zf_fund2.pdf
http://fm.mizar.org/1991-2/pdf2-3/zf_fund2.pdf
http://fm.mizar.org/2001-9/pdf9-4/yellow19.pdf
http://fm.mizar.org/2001-9/pdf9-4/yellow19.pdf
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/978-3-030-23250-4_4
http://fm.mizar.org/1991-2/pdf2-4/ens_1.pdf
http://fm.mizar.org/2001-9/pdf9-2/waybel32.pdf
http://fm.mizar.org/1991-2/pdf2-3/zf_fund1.pdf
http://fm.mizar.org/1997-6/pdf6-2/waybel_6.pdf
http://fm.mizar.org/1991-2/pdf2-4/grcat_1.pdf
http://fm.mizar.org/1991-2/pdf2-5/modcat_1.pdf

66

22]
23]
24]
(25]
[26]
27]
(28]

29]
(30]

(31]
32]
(33]
(34]

(35]

ROLAND COGHETTO

1991.

Michatl Muzalewski. Rings and modules — part II. Formalized Mathematics, 2(4):579-585,
1991.

Michal Muzalewski. |Category of rings. Formalized Mathematics, 2(5):643-648, 1991.
nLab Authors. Grothendieck universe, 2022.

Bogdan Nowak and Grzegorz Bancerek. Universal classes. Formalized Mathematics, 1(3):
595-600, 1990.

Karol Pak. Grothendieck universes. Formalized Mathematics, 28(2):211-215, 2020.
doi:10.2478 /forma-2020-0018.

Krzysztof Retel. [The class of series-parallel graphs. Part II. Formalized Mathematics, 11
(3):289-291, 2003.

Marco Riccardi. Free magmas. Formalized Mathematics, 18(1):17-26, 2010.
doi;10.2478 /v10037-010-0003-0.

Emily Riehl. Category Theory in Context. Courier Dover Publications, 2017.

Michael A. Shulman. Set theory for category theory. arXiv preprint arXiv:0810.1279,
2008.

Barttomiej Skorulski. Lim-inf convergence. Formalized Mathematics, 9(2):237-240, 2001.
Andrzej Trybulec. [Scott topology. Formalized Mathematics, 6(2):311-319, 1997.

Andrzej Trybulec. Moore-Smith convergence, Formalized Mathematics, 6(2):213-225,
1997.

Josef Urban. Mahlo and inaccessible cardinalsl Formalized Mathematics, 9(3):485-489,
2001.

Mariusz Zynel. |The equational characterization of continuous lattices. Formalized Ma-
thematics, 6(2):199-205, 1997.

Accepted April 30, 2022


http://fm.mizar.org/1991-2/pdf2-4/mod_2.pdf
http://fm.mizar.org/1991-2/pdf2-5/ringcat1.pdf
https://ncatlab.org/nlab/revision/Grothendieck%20universe/53
http://fm.mizar.org/1990-1/pdf1-3/classes2.pdf
http://dx.doi.org/10.2478/forma-2020-0018
http://fm.mizar.org/2003-11/pdf11-3/neckla_2.pdf
http://dx.doi.org/10.2478/v10037-010-0003-0
http://fm.mizar.org/2001-9/pdf9-2/waybel28.pdf
http://fm.mizar.org/1997-6/pdf6-2/waybel11.pdf
http://fm.mizar.org/1997-6/pdf6-2/yellow_6.pdf
http://fm.mizar.org/2001-9/pdf9-3/card_lar.pdf
http://fm.mizar.org/1997-6/pdf6-2/waybel_5.pdf

FORMALIZED MATHEMATICS DE .
vol. 30, No. 1, Pages 67-77, 2022 —~ % scien d o
ISSN: 1426-2630, e-ISSN: 1898-9934 (J’

DOI: 10.2478 /forma-2022-0006 sciendo.com/journal/forma

Isomorphism between Spaces of Multilinear
Maps and Nested Compositions over Real
Normed Vector Spaces

Kazuhisa Nakasho Yuichi Futa
Yamaguchi University Tokyo University of Technology
Yamaguchi, Japan Tokyo, Japan

Summary. This paper formalizes in Mizar [I], [2], that the isometric iso-
morphisms between spaces formed by an (n + 1)-dimensional multilinear map
and an n-fold composition of linear maps on real normed spaces. This result is
used to describe the space of nth-order derivatives of the Frechet derivative as a
multilinear space. In Section 1, we discuss the spaces of 1-dimensional multilinear
maps and 0-fold compositions as a preparation, and in Section 2, we extend the
discussion to the spaces of (n + 1)-dimensional multilinear map and an n-fold
compositions. We referred to [4], [11], [8], [9] in this formalization.

MSC: 15A69 4TA07 168V20

Keywords: Banach space; composition function; multilinear function

MML identifier: LOPBAN14, version:|8.1.12 5.71.1431

1. PRELIMINARIES

Let X be a real linear space. The functor IsoOCPRLSP(X) yielding a linear
operator from X into [J(X) is defined by

(Def. 1) for every point x of X, it(zx) = (x).
Now we state the proposition:

(1) Let us consider a real linear space X.
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Let X be a real linear space. Observe that IsoCPRLSP(X) is one-to-one and
onto and there exists a linear operator from X into [](X) which is one-to-one
and onto.

Let f be a bijective linear operator from X into [[(X). Let us note that the
functor f~! yields a linear operator from [[(X) into X. Let f be a one-to-one,
onto linear operator from X into [J(X). Let us note that f~! is bijective as
a linear operator from [[(X) into X and there exists a linear operator from
[I{X) into X which is one-to-one and onto.

Now we state the propositions:

(2) Let us consider a real linear space X, and a point x of X.
Then ((IsoCPRLSP (X)) !)((z)) = .
PROOF: Set I = IsoCPRLSP(X). Set J = I!. For every point = of X,
J({(x)) =2. O

(3) Let us consider a real linear space X.
Then ((IsoCPRLSP(X))*l)(OH<X>) = 0x. The theorem is a consequence
of (1).

(4) Let us consider a real linear space G. Then

(i) for every set z, x is a point of [[(G) iff there exists a point x; of G
such that z = (x1), and

(ii) for every points x, y of [[(G) and for every points x1, y; of G such
that x = (1) and y = (y1) holds x +y = (x1 + y1), and

(iv) for every point x of [[(G) and for every point x; of G such that
x = (x1) holds —x = (—x1), and

(v) for every point = of [[(G) and for every point z; of G and for every
real number a such that = (z1) holds a - x = (a - 7).

ProOOF: Consider I being a function from G into [[(G) such that I is
one-to-one and onto and for every point x of G, I(x) = (z) and for every
points v, w of G, I(v+w) = I(v)+I(w) and for every point v of G and for
every element r of R, I(r-v) =r-I(v) and Oy = I(0¢g). For every set
x, x is a point of [[(G) iff there exists a point 1 of G such that = = (x1).
For every points x, y of [[(G) and for every points z1, y1 of G such
that x = (x1) and y = (y1) holds  + y = (x1 + y1). For every point z of
[I{G) and for every point z; of G such that z = (z1) holds —z = (—x1).
For every point z of [[(G) and for every point 21 of G and for every real
number a such that x = (1) holds a -z = (a - z1). O
(5) Let us consider real linear spaces X, Y, and a function f from X into Y.
Then f is a linear operator from X into Y if and only if
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f - ((IsoCPRLSP(X))™1) is a linear operator from [[(X) into Y.

(6) Let us consider real linear spaces X, Y, and a function f from [[(X)
into Y. Then f is a linear operator from [[(X) into Y if and only if
f - (IsoCPRLSP(X)) is a linear operator from X into Y. The theorem
is a consequence of (5).

(7) Let us consider a real linear space X, a point s of [](X), and an element
i of dom(X). Then reproj(i, s) = IsoCPRLSP(X).
PROOF: For every element x of X, (reproj(i, s))(z) = (IsoOCPRLSP(X))(z).
O

(8) Let us consider real linear spaces X, Y, and an object f. Then f is a linear
operator from [[(X) into Y if and only if f is a multilinear operator from
(X) into Y. The theorem is a consequence of (6) and (7).

Let us consider real linear spaces X, Y. Now we state the propositions:

(9) MultOpers((X),Y) = LinearOperators([[(X),Y"). The theorem is a con-
sequence of (8).

(10) VectorSpaceOfMultOpersg ((X),Y)
VectorSpaceOfLinearOpersg ([[(X),Y'). The theorem is a consequence of

(9)-

(11) Let us consider a real normed space G. Then

(i) for every set x, x is a point of [[(G) iff there exists a point z; of G
such that z = (z1), and

(ii) for every points x, y of [[(G) and for every points x1, y; of G such
that z = (x1) and y = (y1) holds = + y = (z1 + v1), and

(iii) O = (0¢g), and

(iv) for every point x of [[(G) and for every point x; of G such that
x = (x1) holds —z = (—x1), and

(v) for every point x of [[(G) and for every point x; of G and for every
real number a such that = (1) holds a - x = (a - 1), and

(vi) for every point x of [[(G) and for every point z; of G such that
x = (x1) holds ||z|| = [|z1]|.

ProOOF: Consider I being a function from G into [[(G) such that I is
one-to-one and onto and for every point x of G, I(z) = (z) and for every
points v, w of G, I(v+ w) = I(v) + I(w) and for every point v of G and
for every element r of R, I(r-v) = r - I(v) and e = I(0¢) and for
every point v of G, ||I(v)|| = ||v||. For every set x, x is a point of [[(G) iff
there exists a point z; of G such that z = (z1).
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For every points z, y of [[(G) and for every points x;, y; of G such
that x = (x1) and y = (y1) holds  + y = (x1 + y1). For every point x of
[I{G) and for every point z; of G such that z = (z1) holds —z = (—x1).
For every point z of [[(G) and for every point 21 of G and for every real
number a such that = (z;) holds a -z = (a - z1). For every point z of
[I{G) and for every point x; of G such that z = (z1) holds ||z| = ||z1]]. O

Let X be a real normed space. The functor IsoCPNrSP(X) yielding a linear
operator from X into [[(X) is defined by
(Def. 2) for every point x of X, it(x) = (z).
Now we state the proposition:

(12) Let us consider a real normed space X.
Then Oryx) = (IsoCPNrSP(X))(0x).

Let X be a real normed space. Let us note that IsoCPNrSP(X) is one-to-
one, onto, and isometric and there exists a linear operator from X into [[(X)
which is one-to-one, onto, and isometric.

Let I be a one-to-one, onto, isometric linear operator from X into [[(X).
Let us observe that the functor 7! yields a linear operator from [[(X) into X.
One can check that I~! is one-to-one, onto, and isometric as a linear operator
from [[(X) into X and there exists a linear operator from [[(X) into X which
is one-to-one, onto, and isometric. Let us consider real normed spaces X, Y and
a function f from X into Y. Now we state the propositions:

(13)  f is alinear operator from X into Y if and only if f-((IsoCPNrSP(X))~1)
is a linear operator from [[(X) into Y.

(14) f is a Lipschitzian linear operator from X into Y if and only if f -
((IsoCPNrSP(X))~1) is a Lipschitzian linear operator from [[(X) into Y.

Let us consider real normed spaces X, Y and a function f from [[(X) into
Y. Now we state the propositions:

(15) fisalinear operator from JJ(X) into Y if and only if f-(IsoCPNrSP(X))
is a linear operator from X into Y. The theorem is a consequence of (13).

(16) f is a Lipschitzian linear operator from [[(X) into Y if and only if
f - (IsoCPNrSP(X)) is a Lipschitzian linear operator from X into Y. The
theorem is a consequence of (14).

(17) Let us consider a real normed space X, a point s of [[(X), and an element
i of dom(X). Then reproj(i, s) = IsoCPNrSP(X).
PROOF: For every element = of X, (reproj(i, s))(z) = (IsoCPNrSP(X))(z).
O

(18) Let us consider a real normed space X, and a point = of [[(X). Then
NrProduct x = ||z||. The theorem is a consequence of (11).
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Let us consider real normed spaces X, Y and an object f. Now we state the
propositions:
(19) f is a linear operator from [[(X) into Y if and only if f is a multilinear
operator from (X) into Y. The theorem is a consequence of (15) and (17).
(20) f is a Lipschitzian linear operator from [[(X) into Y if and only if f
is a Lipschitzian multilinear operator from (X) into Y. The theorem is
a consequence of (16), (18), (17), and (11).
Let us consider real normed spaces X, Y. Now we state the propositions:

(21) MultOpers((X),Y) = LinearOperators([[(X),Y). The theorem is a con-
sequence of (19).

(22) BoundedMultOpers({(X),Y) = BdLinOps([[(X),Y"). The theorem is a con-
sequence of (20).

(23) BoundedMultOpersNorm((X),Y) = BdLinOpsNorm([[(X),Y).
PROOF: Set n1 = BoundedMultOpersNorm((X),Y"). Set ny =
BdLinOpsNorm(JJ(X),Y"). BoundedMultOpers((X),Y) =
BdLinOps([[(X),Y). For every object f such that
f € BoundedMultOpers((X), Y') holds ny(f) = na(f). O

(24) VectorSpaceOfMultOpersg ((X),Y) =
VectorSpaceOfLinearOpersg ([[(X),Y'). The theorem is a consequence of
(21).

(25) NormSpaceOfBoundedMultOpersg((X),Y) = the real norm space of
bounded linear operators from [[(X) into Y. The theorem is a consequence
of (24) and (23).

(26) Let us consider a real normed space X. If X is complete, then [J(X) is
complete.

2. SPACES OF MULTILINEAR MAPS AND NESTED COMPOSITIONS OVER REAL
NORMED VECTOR SPACES

Now we state the propositions:

(27) Let us consider real norm space sequences X, Y, a real normed space
Z, and a Lipschitzian bilinear operator f from [[ X X [[Y into Z. Then
f-((IsoCPNrSP([T X, [1Y))~!) is a Lipschitzian multilinear operator from
(ITX,I1Y) into Z.

(28) Let us consider real norm space sequences X, Y, a real normed space Z,
and a point f of NormSpaceOfBoundedBilinOpersg([]X,[[Y, Z). Then
f - ((IsoCPNrSP(IT X, I1Y))™}) is a point of NormSpaceOfBoundedMult-

Opersg ((IT X, 1Y), Z).
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(29) Let us consider real linear space sequences X, Y. Then X Y = X 7Y.
PRrROOF: Reconsider C; = X, Cy = Y as a finite sequence. For every
natural number ¢ such that ¢ € dom X ~ Y holds X ~ Y (i) = (C1 ™ C2)(1).
g

(30) Let us consider a real linear space X. Then

(i) len (X) = len(X), and
(ii) len (X) =1, and

(iii) (X) = (the carrier of X).

(31) Let us consider a real norm space sequence X, an element z of [[ X,
a real normed space Y, an element z of [[(X ~(Y)), an element i of dom X,
an element j of dom(X ™ (Y)), an element z; of X (i), and a point y of Y.
Suppose i = j and z = " (y). Then (reproj(j, z))(x;) = (reproj(i, x))(x;)"
(y).
PROOF: Reconsider z; = z; as an element of (X ~(Y'))(j). For every object
k such that k € dom((reproj(i,z))(x;) ~ (y)) holds ((reproj(i,x))(z;) ™
(y))(k) = (reproj(j, z))(z;)(k). O

(32) Let us consider a real norm space sequence X, an element z of [[ X,
a real normed space Y, an element z of [[(X 7 (Y)), an element j of
dom(X ~(Y)), an element y of Y, and a point yo of Y. Suppose z = =7 (yo)
and j =lenz + 1. Then (reproj(j, z))(y) = = ~ (y).
PROOF: Reconsider y; = y as an element of (X ~(Y))(j). For every object
k such that k € dom((reproj(j,z))(y1)) holds (reproj(j,2))(y1)(k) = (z ™
(y))(k). O

(33) Let us consider a real norm space sequence X, an element z of [[ X,
a real normed space Y, and a point y of Y. Then = ~ (y) is a point of
e -y,
PROOF: Set C7 = X. Set Cy = the carrier of Y. The carrier of [[(X 7
(Y)) = [I(X ~ (Y)). For every object i such that i € dom(C; "~ (C3)) holds
(z ™ (y))(i) € (C1 ™ (C2)) (i) O

(34) Let us consider a real norm space sequence X, an element z of [[ X,
a real normed space Y, an element z of [[(X ~ (Y)), and a point y of Y.
Suppose z = x ~ (y). Then NrProduct z = ||y|| - (NrProduct ).
PRrOOF: Consider ny4 being a finite sequence of elements of R such that
domny = dom(X ™ (Y)) and for every element i of dom(X ™ (Y)), na(i) =
|2(i)|| and NrProduct z = [ n4. Set ng = nylenz. Set C; = X. Consider
x1 being a function such that £ = 1 and dom x7; = dom C; and for every
object i such that i € dom C holds z1(i) € C1(i). For every element ¢ of
dom X, n3(i) = ||z(7)||. 0 < []ng by [7, (42)]. For every object i such that
i € dom(ng ™ ([[y[[)) holds (n3 ™ ([ly))(7) = na(i). O
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(35) Let us consider real normed spaces X, Z, and a real norm space sequen-
ce Y. Then there exists a Lipschitzian linear operator I from the real norm
space of bounded linear operators from X into NormSpaceOfBoundedMult-
Opersg(Y, Z) into NormSpaceOfBoundedMultOpersg (Y ™ (X), Z) such
that

(i) I is one-to-one, onto, and isometric, and

(ii) for every point u of the real norm space of bounded linear operators
from X into NormSpaceOfBoundedMultOpersg(Y, Z), |lul| = ||Z(u)]|
and for every point y of [][Y and for every point = of X, I(u)(y
() = u(z)(y).
PROOF: Set C = the carrier of X. Set Cy =Y. Set C3 = the carrier of Z.
Consider J being a function from (C’3H )1 into C5l1(C274C0) guch that
J is bijective and for every function f from C; into Cgl_[ ©2 and for every fi-
nite sequence y and for every object x such that y € [[ C2 and x € C holds
J(f)(y " {(x)) = f(x)(y). Set Ly = the carrier of the real norm space of
bounded linear operators from X into NormSpaceOfBoundedMultOpersg
(Y,Z). Set B; = the carrier of NormSpaceOfBoundedMultOpersg(Y ™
(X), Z). Set Ly = the carrier of NormSpaceOfBoundedMultOpersg(Y, Z).
The carrier of [[(X) = [](the carrier of X). The carrier of [[(Y " (X)) =
[1(Y ~(X)). Ly“* C (031_[02)01 Reconsider I = J[L; as a function from
L1 into 03]-_[( <Cl>).

For every element f of L, for every point x of X, there exists a Lip-
schitzian multilinear operator g from Y into Z such that ¢ = f(z) and
for every point y of [1Y, I(f)(y ™ (z)) = g(y) and I(f) is a Lipschit-
zian multilinear operator from Y ~ (X) into Z and I(f) € By and the-
re exists a point Ir of NormSpaceOfBoundedMultOpersg(Y ™ (X), Z)
such that Iy = I(f) and ||f|| = ||I¢||. For every elements fi, fo of L,
I(f1 + f2) = I(f1) + I(f2). For every element f; of L; and for every re-
al number a, I(a - fi1) = a - I(f1) by [6, (2)], (11), [5, (49)]. For every
point u of the real norm space of bounded linear operators from X into
NormSpaceOfBoundedMultOpersg (Y, Z), ||u|| = ||I(u)|| and for every po-
int y of [T[Y and for every point z of X, I(u)(y " (x)) = u(z)(y). For every
object Iy such that Iy € B there exists an object f such that f € L; and
Iy = I(f). O

Let Y be a real normed space and X be a real norm space sequence. The
functor NestingLB(X,Y") yielding a real normed space is defined by

(Def. 3) there exists a function f such that dom f = N and it = f(len X) and

f(0) =Y and for every natural number i such that ¢ < len X there exists

a real normed space f; and there exists an element j of dom X such that
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fi=f(@)and i+ 1 = j and f(i + 1) = the real norm space of bounded
linear operators from X (j) into f;.

Let us consider real normed spaces X, Y, Z and a Lipschitzian linear operator

I from Y into Z. Now we state the propositions:

(36)

(37)

Suppose [ is one-to-one, onto, and isometric. Then there exists a Lip-
schitzian linear operator L from the real norm space of bounded linear
operators from X into Y into the real norm space of bounded linear ope-
rators from X into Z such that

(i) L is one-to-one, onto, and isometric, and

(ii) for every point f of the real norm space of bounded linear operators

from X into Y, L(f)=1-f.

ProOF: Consider J being a linear operator from Z into Y such that J =
I=! and J is one-to-one and onto and .J is isometric. Set ' = the carrier
of the real norm space of bounded linear operators from X into Y. Set
G = the carrier of the real norm space of bounded linear operators from
X into Z. Define P[function, function] = $5 = I - $;. For every element f
of F, there exists an element g of G such that P[f, g]. Consider L being
a function from F' into G such that for every element f of F, P[f, L(f)].

For every objects f1, fa such that fi, fo € F and L(f;) = L(f2) holds
f1 = fa. For every object g such that g € G there exists an object f such
that f € F and g = L(f) by [10 (2)]. For every points fi, f2 of the real
norm space of bounded linear operators from X into Y, L(f1 + f2) =
L(f1) + L(f2). For every point f of the real norm space of bounded linear
operators from X into Y and for every real number a, L(a- f) = a- L(f).
For every element f of the real norm space of bounded linear operators
from X into Y, [|L(f)[| = [|f]] by [3, (7)]. O

Suppose I is one-to-one, onto, and isometric. Then there exists a Lip-
schitzian linear operator L from the real norm space of bounded linear
operators from Y into X into the real norm space of bounded linear ope-
rators from Z into X such that

(i) L is one-to-one, onto, and isometric, and

(ii) for every point f of the real norm space of bounded linear operators
from Y into X, L(f) = f - (I"1).

ProoF: Consider J being a linear operator from Z into Y such that J =
I=! and J is one-to-one and onto and J is isometric. Set ' = the carrier
of the real norm space of bounded linear operators from Y into X. Set
G = the carrier of the real norm space of bounded linear operators from
Z into X. Define P[function, function] = $3 = $; - J. For every element f



ISOMORPHISM BETWEEN SPACES OF MULTILINEAR MAPS AND NESTED ... 75

of F', there exists an element g of G such that P[f, g]. Consider L being
a function from F' into G such that for every element f of F', P[f, L(f)].
For every objects fi1, fa such that fi, fo € F and L(f;) = L(f2) holds
f1 = fo. For every object g such that g € G there exists an object f such
that f € F and g = L(f). For every points fj, fo of the real norm space
of bounded linear operators from Y into X, L(f1 + f2) = L(f1) + L(f2).
For every point f of the real norm space of bounded linear operators from
Y into X and for every real number a, L(a - f) = a - L(f). For every
element f of the real norm space of bounded linear operators from Y into
X, LHI = (171l B
(38) Let us consider real normed spaces X, Y. Then there exists a Lipschitzian
linear operator I from the real norm space of bounded linear operators
from X into Y into the real norm space of bounded linear operators from
[[(X) into Y such that

(i) I is one-to-one, onto, and isometric, and

(ii) for every point u of the real norm space of bounded linear operators
from X into Y and for every point = of X, I(u)({(z)) = u(z), and

(iii) for every point u of the real norm space of bounded linear operators
from X into Y, |lu|| = || I(u)]].

PRrROOF: Set J = IsoCPNrSP(X). Consider I being a Lipschitzian linear
operator from the real norm space of bounded linear operators from X
into Y into the real norm space of bounded linear operators from [[(X)
into Y such that I is one-to-one, onto, and isometric and for every point
x of the real norm space of bounded linear operators from X into Y,
I(z) = z-(J~1). For every point u of the real norm space of bounded linear
operators from X into Y and for every point = of X, I(u)({x)) = u(z). O
(39) Let us consider real normed spaces X, Y, Z, W, a Lipschitzian linear
operator I from X into Z, and a Lipschitzian linear operator J from Y
into W. Suppose [ is one-to-one, onto, and isometric and .J is one-to-one,
onto, and isometric.
Then there exists a Lipschitzian linear operator K from the real norm
space of bounded linear operators from X into Y into the real norm space
of bounded linear operators from Z into W such that

(i) K is one-to-one, onto, and isometric, and

(ii) for every point x of the real norm space of bounded linear operators
from X into Y, K(z) = J - (x-(I71)).

ProoOF: Consider H being a Lipschitzian linear operator from the real
norm space of bounded linear operators from X into Y into the real norm
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space of bounded linear operators from Z into Y such that H is one-to-
one, onto, and isometric and for every point x of the real norm space of
bounded linear operators from X into Y, H(z) = x - (I"1). Consider L
being a Lipschitzian linear operator from the real norm space of bounded
linear operators from Z into Y into the real norm space of bounded linear
operators from Z into W such that L is one-to-one, onto, and isometric
and for every point x of the real norm space of bounded linear operators
from Z into Y, L(z) = J - x.

Reconsider K = L - H as a Lipschitzian linear operator from the real
norm space of bounded linear operators from X into Y into the real norm
space of bounded linear operators from Z into W. For every point x of
the real norm space of bounded linear operators from X into Y, ||K(z)| =
). O

(40) Let us consider a natural number n, real norm space sequences A, B,
and real normed spaces X, Y. Suppose len A = n+ 1 and A[n = B and
X = A(n+1). Then NestingLB(A, Y) = the real norm space of bounded
linear operators from X into NestingLB(B,Y).
ProOF: Consider f being a function such that dom f = N and Nestingl.B
(A,Y) = f(len A) and f(0) =Y and for every natural number j such that
j < len A there exists a real normed space V' and there exists an element
k of dom A such that V = f(j) and j +1 = k and f(j + 1) = the real
norm space of bounded linear operators from A(k) into V.

Consider V being a real normed space, k being an element of dom A
such that V' = f(len B) and len B+1 = k and f(len B+1) = the real norm
space of bounded linear operators from A(k) into V. For every natural
number j such that j < len B there exists a real normed space V and
there exists an element k& of dom B such that V' = f(j) and j+ 1 =k and
f(5 + 1) = the real norm space of bounded linear operators from B(k)
into V. I

Let Y be a real normed space and X be a real norm space sequence. Let us
observe that NestingL.B(X,Y") is constituted functions.
The functor NestMult(X,Y") yielding a Lipschitzian linear operator from
NestingLB(X,Y') into NormSpaceOfBoundedMultOpersg(X,Y) is defined by
(Def. 4) it is one-to-one, onto, and isometric and for every element u of Nesting.LB
(X,Y), |lit(uw)]| = |lu|]| and for every point u of NestingLB(X,Y") and for
every point x of [[ X, there exists a finite sequence g such that leng =
len X and ¢(1) = u and for every element ¢ of N such that 1 < i <len X
there exists a real norm space sequence Xo.
There exists a point h of Nestingl.LB(X3, Y') such that X5 = X [(len X —’
i+1)and h = g(i) and g(i+1) = h(z(len X —'i+1)) and there exists a real
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2]

norm space sequence X; and there exists a point h of NestingLB(X7,Y")
such that X; = (X (1)) and h = g(len X) and (it(u))(z) = h(z(1)).
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