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Summary. We formalize in Mizar [1], [2] the notion of characteristic sub-
groups using the definition found in Dummit and Foote [3], as subgroups invariant
under automorphisms from its parent group. Along the way, we formalize notions
of Automorphism and results concerning centralizers. Much of what we formalize
may be found sprinkled throughout the literature, in particular Gorenstein [4]
and Isaacs [5]. We show all our favorite subgroups turn out to be characteristic:
the center, the derived subgroup, the commutator subgroup generated by cha-
racteristic subgroups, and the intersection of all subgroups satisfying a generic
group property.
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1. PREPARATORY WORK

From now on X denotes a set.
Let us consider natural numbers a, b, c. Now we state the propositions:

(1) Ifc#0andc-alc-b, then a|b.
(2) Ifb#0andb|canda-band c are relatively prime, then b = 1.

(3) Let us consider groups G1, G, a subgroup H of G, a homomorphism f
from G; to Go, and an element h of Gy. If h € H, then (f[H)(h) = f(h).

(4) Let us consider non empty sets X, Y, and a function f from X into Y.
If f is bijective, then for every element y of Y, f((f~1)(y)) = v.

(5) Let us consider non empty sets X, Y, a non empty subset A of X, and
an element x of X. Suppose = ¢ A. Let us consider a function f from X
into Y. If f is one-to-one, then f(z) ¢ f°A.
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80 ALEXANDER M. NELSON
2. NONTRIVIAL GROUPS AND SUBGROUPS

Note that there exists a group which is strict and non trivial.

Let G be a group. Observe that there exists a subgroup of G which is trivial.

Let H be a subgroup of G. One can check that there exists a subgroup of H
which is trivial.

Let G be a non trivial group. Observe that there exists a subgroup of G
which is non trivial and there exists a subgroup of G which is strict and non
trivial. Now we state the proposition:

(6) Let us consider a group G. Then G is trivial if and only if the multiplicative
magma of G = {1}¢.

PRroOOF: If G is trivial, then the multiplicative magma of G = {1}¢. O

Note that there exists a finite group which is non trivial.

Now we state the propositions:

(7) Let us consider a group G, and a subgroup H of G. Suppose H is trivial.
Then the multiplicative magma of H = {1}¢. The theorem is a consequ-
ence of (6).

(8) Let us consider a group G, a trivial subgroup H of G, and a trivial sub-
group K of GG. Then the multiplicative magma of H = the multiplicative
magma of K. The theorem is a consequence of (7).

(9) Let us consider a group G, a trivial subgroup K of G, and a subgroup
H of G. If H is a subgroup of K, then H is a trivial subgroup of G.
PRrROOF: The carrier of H = {1¢}. O

3. PROPER SUBGROUPS

Let G be a group and I; be a subgroup of G. We say that [; is proper if and
only if
(Def. 1) the multiplicative magma of I; # the multiplicative magma of G.

In the sequel G denotes a group and H denotes a subgroup of G.
Now we state the proposition:

(10) H is proper if and only if the carrier of H # the carrier of G.
In the sequel h, x, y denote objects. Now we state the proposition:
(11) H is proper if and only if (the carrier of G) \ (the carrier of H) is a non
empty set. The theorem is a consequence of (10).
Let G be a non trivial group. Let us note that there exists a subgroup of
G which is strict and proper and every subgroup of G which is maximal is also
proper. Now we state the proposition:
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(12) Let us consider a non trivial group G, a proper subgroup H of G, and
a subgroup K of G. Suppose H is a subgroup of K and the multiplicative
magma of H # the multiplicative magma of K. Then K is a non trivial
subgroup of G. The theorem is a consequence of (9) and (8).

4. AUTOMORPHISMS

Let us consider G. An endomorphism of G is a homomorphism from G to
G. From now on f denotes an endomorphism of G.
Let us consider G. One can check that there exists an endomorphism of G
which is bijective.
An automorphism of G is a bijective endomorphism of G. In the sequel ¢
denotes an automorphism of G. Now we state the propositions:
(13) Im(fi{1}e) = {1}c.
(14) Im(e[{1l}qg) is a subgroup of {1}q. The theorem is a consequence of
(13).
(15) Let us consider groups G, G2, a homomorphism f from G7 to G, and
a subgroup H of G1. Then Ker(f[H) is a subgroup of Ker f.
PROOF: For every element g of G such that g € Ker(f[H) holds g € Ker f.
O
(16) Suppose for every automorphism f of G, Im(f[H) is a subgroup of H.
Then there exists an automorphism v of G such that

(i) ¥ =¢ ', and

(ii) Im(e[Im(xp[H)) is a subgroup of Im(p[H).
(17) There exists an automorphism v of G such that

(i) v = ¢!, and

(ii) Im(e[Im(yp[H)) = the multiplicative magma of H.

PROOF: Reconsider 1) = ¢! as an automorphism of G. For every element

gof G, g € Im(p[Im(y[H)) iff g€ H. O

(18) Let us consider a strict subgroup H of G, and a subgroup K of G.
Suppose Im(p[H) is a subgroup of K. Then there exists an automorphism
1 of G such that

(i) = ', and
(ii) H is a subgroup of Im(¢[K).
The theorem is a consequence of (17).

(19) H and ¢°H are isomorphic.
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(20) Let us consider a finite group G, and strict subgroups Hy, Hy of G.
Suppose H; and Hsy are isomorphic. Then |e : Hi|y = |e : Ha|y.

(21) Suppose G is finite. Let us consider a prime natural number p, and
a strict subgroup P of G. Suppose P is a Sylow p-subgroup. Then Im(p[P)
is a Sylow p-subgroup. The theorem is a consequence of (19) and (20).

(22) Let us consider an automorphism f of G. Suppose Im(f[H) =
the multiplicative magma of H. Then f[H is an automorphism of H.
PrOOF: Set Uy = the carrier of H. Reconsider f3 = f[H as a function
from Uy into Uy. f3 is bijective. For every elements x, y of H, f3(x-y) =
fa(x) - f3(y). O

(23) Let us consider a non trivial group G, a subgroup H of G, and an auto-
morphism ¢ of G. Suppose H is a proper subgroup of G. Then Im(p[H)
is a proper subgroup of G.
PROOF: Set Uy = the carrier of H. Set Ug = the carrier of G. Ug \ U
is not empty. Consider x such that = € Ug \ Un. ¢(x) ¢ ©°H by (5), [8,
(8)]. ¢(x) is an element of G. O

(24) Let us consider a non trivial group G, a strict subgroup H of G, and
an automorphism ¢ of G. If H is maximal, then Im(p[H) is maximal.

ProOF: Im(p[H) is a proper subgroup of G. For every strict subgroup
K of G such that Im(¢[H) # K and Im(¢[H) is a subgroup of K holds
K = the multiplicative magma of G. [J

5. INNER AUTOMORPHISMS

Let us consider G. Let a be an element of G and f be a function. We say
that a is inner w.r.t. f if and only if
(Def. 2) for every element x of G, f(z) = z“.
Let I; be an automorphism of G. We say that I is inner if and only if
(Def. 3) there exists an element a of G such that a is inner w.r.t. I.
Let G be a group and f be an automorphism of G. We introduce the notation
f is outer as an antonym for f is inner.
Let us consider GG. Let us observe that there exists an automorphism of G
which is inner.
Let us consider a strict group G and an object f. Now we state the propo-
sitions:
(25) f € Aut(G) if and only if f is an automorphism of G.
(26) f € InnAut(G) if and only if f is an inner automorphism of G.
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(27) Let us consider an element a of G, and an inner automorphism f of G.
If @ is inner w.r.t. f, then Im(f|H) = H®.
PROOF: For every element h of G such that h € H holds (f[H)(h) = h®.
For every element y of G such that y € Im(f[H) holds y € H®. For every
element y of G such that y € H® holds y € Im(f[H). O

Let us consider an element a of G and an endomorphism f of G. Now we
state the propositions:

(28) If a is inner w.r.t. f, then Ker f = {1}¢.
PRrROOF: For every element z of G such that z € Ker f holds z € {1}5. O

(29) If @ is inner w.r.t. f, then f is an automorphism of G.
PrOOF: Ker f = {1}¢. There exists an endomorphism f; of G such that
f - fa =id,, where « is the carrier of G.

(30) If @ is inner w.r.t. f, then f is an inner automorphism of G.

(31) Let us consider an element a of G. Then there exists an inner automor-
phism f of G such that a is inner w.r.t. f.
PROOF: Define F(element of G) = $;“. Consider f being a function from
the carrier of GG into the carrier of G such that for every element g of G,
f(g) = F(g). For every elements x1, x3 of G, f(x1-x2) = f(x1) - f(22). a
is inner w.r.t. f and f is an inner automorphism of G. [J

(32) Let us consider a strict subgroup H of G. Then H is normal if and only
if for every inner automorphism f of G, Im(f[H) = H. The theorem is
a consequence of (27) and (31).

6. CHARACTERISTIC SUBGROUPS

Let us consider G. Let I be a subgroup of G. We say that I is characteristic

if and only if
(Def. 4) for every automorphism f of G, Im(f[I;) = the multiplicative magma
of I 1.

Note that {1} is characteristic and there exists a subgroup of G which is
characteristic.

From now on K denotes a characteristic subgroup of G.

Let G be a group. Let us observe that there exists a subgroup of G which is
strict and characteristic. Now we state the proposition:

(33) K is a normal subgroup of G. The theorem is a consequence of (31) and
(27).
Let G be a group. One can verify that every subgroup of G which is charac-
teristic is also normal. Now we state the propositions:
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(34) Let us consider groups G7, Ge, a subgroup H; of Gj, a subgroup K
of Hy, a subgroup Hs of G2, a homomorphism f from G; to G, and
a homomorphism g from H; to Hy. Suppose for every element k of Gy
such that k € K holds f(k) = g(k). Then Im(f[K) = Im(g[K).
PROOF: For every object y, y € the carrier of Im(f[K) iff y € the carrier
of Im(g[K). O

(35) Let us consider a strict - subgroup H of G. Suppose for every strict sub-

group K of G such that K = H holds H = K. Then H is characteristic.
PRrOOF: H is characteristic. [

(36) Let us consider a strict, normal subgroup N of G. Then every characte-
ristic subgroup of IV is a normal subgroup of G.
PROOF: For every element a of G, K = the multiplicative magma of K.
O

(37) Let us consider a characteristic subgroup N of G. Then every characte-
ristic subgroup of IV is a characteristic subgroup of G.
PROOF: For every automorphism ¢ of G, Im(¢g[K) = the multiplicative
magma of K. [J

(38) Let us consider a group G, and a strict subgroup H of G. Then H is
a characteristic subgroup of G if and only if for every automorphism ¢ of
G, Im(p[H) is a subgroup of H.
Proor: If H is a characteristic subgroup of G, then for every automor-
phism ¢ of G, Im(p[H) is a subgroup of H. If for every automorphism ¢
of G, Im(p[H) is a subgroup of H, then H is a characteristic subgroup of
G. O

(39) Z(G) is a characteristic subgroup of G.
PROOF: Set Z = Z(G). For every elements y, z of G such that z € Z
holds ¢(z) -y = y - ¢(z). For every element z of G such that z € Z holds
(p1Z)(z) € Z. Im(p[Z) is a subgroup of Z. [
The scheme CharMeet deals with a group G and a unary predicate P and
states that

(Sch. 1) For every automorphism ¢ of G, ¢°(N{A, where A is a subset of G :
there exists a strict subgroup K of G such that A = the carrier of K and
P[K]}) = N{A, where A is a subset of G : there exists a strict subgroup K
of G such that A = the carrier of K and P[K]}

provided

e for every automorphism ¢ of G and for every strict subgroup H of G such
that P[H] holds P[Im(p[H)] and

e there exists a strict subgroup H of G such that P[H].
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The scheme MeetlsChar deals with a group G and a unary predicate P and
states that

(Sch. 2) There exists a strict subgroup K of G such that the carrier of K =
N{A, where A is a subset of G : there exists a strict subgroup H of G such
that A = the carrier of H and P[H|} and K is characteristic

provided

e for every automorphism ¢ of G and for every strict subgroup H of G such
that P[H] holds P[Im(p[H)] and

e there exists a strict subgroup H of G such that P[H].

Now we state the propositions:

(40) Let us consider a non trivial group G. Suppose there exists a strict
subgroup H of G such that H is maximal. Then ®(G) is a characteristic
subgroup of G.

PROOF: Define P[subgroup of G] = $; is maximal. For every automor-
phism ¢ of G and for every strict subgroup H of G such that P[H]
holds P[Im(p[H)]. Consider K being a strict subgroup of G such that
the carrier of K = ({4, where A is a subset of G : there exists a strict sub-
group H of G such that A = the carrier of H and P[H]} and K is cha-
racteristic. [J

(41) Let us consider an automorphism ¢ of G. Then ¢°(the commutators of
G) = the commutators of G.

PROOF: For every object g such that g € the commutators of G holds g €
©°(the commutators of G). For every object h such that h € ¢°(the commu-
tators of G) holds h € the commutators of G. [J

(42) Let us consider a group G, an automorphism ¢ of G, and a subgroup
H of G. Suppose for every element h of H, ¢(h) € H. Then Im(¢[H) is
a subgroup of H.

PROOF: For every object y such that y € rng(@[H) holds y € the carrier
of H.

(43) Let us consider a group G, and a non empty subset A of G. Suppose for
every automorphism ¢ of G, ¢°A = A. Then gr(A) is characteristic.
PROOF: For every automorphism ¢ of G and for every element a of A,
o(a) € A. Set H = gr(A). For every automorphism ¢ of G, Im(¢[H) is
a subgroup of H by [7, (28)], [6, (125)]. O

(44) G°€ is characteristic. The theorem is a consequence of (41) and (43).

Let us consider groups G1, G2, a subgroup H of GG1, an element a of G1,
and a homomorphism f from G; to G2. Now we state the propositions:
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(45) f°(a-H) = f(a)- (f°H).
PROOF: For every object y such that y € f°(a-H) holds y € f(a)- (f°H).
For every object y such that y € f(a) - (f°H) holds y € f°(a- H). O

(16) f°(H - a) = (f°H) - f(a).
PROOF: For every object y such that y € f°(H -a) holds y € (f°H) - f(a).
For every object y such that y € (f°H) - f(a) holds y € f°(H - a). O

(47) Let us consider a group G, a strict, normal subgroup N of G, and an au-
tomorphism ¢ of G. Then Im(¢[N) is a normal subgroup of G.
PROOF: Set H = Im(p[N). For every element g of G, g- H =H - g. O

(48) Let us consider a group G, and a strict subgroup H of G. Then H is
characteristic if and only if for every automorphism ¢ of G and for every
element z of G such that z € H holds ¢(x) € H.

PRrooOF: If H is characteristic, then for every automorphism ¢ of G and
for every element = of G such that € H holds p(z) € H. If for every
automorphism ¢ of G for every element  of G such that x € H holds
o(x) € H, then H is characteristic. [J
Let us consider a group G and strict, characteristic subgroups H, K of G.
Now we state the propositions:

(49) H N K is a characteristic subgroup of G.

PROOF: For every automorphism ¢ of G and for every element x of G such
that x € HN K holds ¢(z) € HN K. O

(50) H U K is a characteristic subgroup of G.

PROOF: For every automorphism ¢ of G and for every element g of G such
that g € H U K holds p(g) e HUK. O

(51) Let us consider a group G, strict, characteristic subgroups H, K of G,
and an automorphism ¢ of G. Then ¢°(the commutators of H & K) =
the commutators of H & K.
PROOF: For every object x such that x € the commutators of H & K
holds = € ¢°(the commutators of H & K). For every object y such that
y € ¢°(the commutators of H & K) holds y € the commutators of H &
K. O

(52) Let us consider a group G, and strict, characteristic subgroups H, K of

G. Then [H, K] is a characteristic subgroup of G. The theorem is a con-
sequence of (51) and (43).



CHARACTERISTIC SUBGROUPS 87

7. APPENDIX 1: RESULTS CONCERNING MEETS

The scheme MeetlsMinimal deals with a group G and a unary predicate P
and states that

(Sch. 3) There exists a strict subgroup H of G such that the carrier of H =

N{A, where A is a subset of G : there exists a strict subgroup K of G such-
that A = the carrier of K and P[K]} and for every strict subgroup K of
G such that P[K] holds H is a subgroup of K

provided
e there exists a strict subgroup H of G such that P[H].

Now we state the proposition:
(53) Let us consider a group G, and subgroups Hy, Hs of G. Suppose H;
is a subgroup of Hs. Let us consider an element a of G. Then H;¢ is
a subgroup of Hy®.
PROOF: For every element h of G such that h € H1® holds h € Hy". [J
The scheme MeetOfNormsIsNormal deals with a group G and a unary pre-
dicate P and states that

(Sch. 4) For every strict subgroup H of G such that the carrier of H = {4, where
A is a subset of G : there exists a strict subgroup N of G such that A =
the carrier of N and N is normal and P[N]} holds H is a strict, normal
subgroup of G

provided
e there exists a strict, normal subgroup H of G such that P[H].

Now we state the proposition:

(54) Let us consider a group G, and a finite set X. Suppose X # () and for
every element A of X, there exists a strict, normal subgroup N of G such
that A = the carrier of V. Then there exists a strict, normal subgroup N
of G such that the carrier of N = X.

PROOF: Define P|group] = $; is a normal subgroup of G and the carrier of

$1 € X. Set F; = {A, where A is a subset of G : there exists a strict sub-
group N of G such that A = the carrier of N and P[N]}. Set F» = { A, where
A is a subset of G : there exists a strict subgroup N of G such that

A = the carrier of N and N is normal and P[N]}.

There exists a strict subgroup H of G such that P[H]. Consider N
being a strict subgroup of G such that the carrier of N =) F;. For every
object A, A € Fy iff A € Fy. For every strict subgroup H of G such that
the carrier of H = () F3 holds H is a strict, normal subgroup of G. For
every object A, Ae Fiiff Ae X. O
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8. APPENDIX 2: CENTRALIZER OF CHARACTERISTIC SUBGROUPS IS
CHARACTERISTIC

Let G be a group and A be a subset of G. The functor Centralizer(A) yielding
a strict subgroup of G is defined by

(Def. 5) the carrier of it = {b, where b is an element of G : for every element a
of G such that a € Aholds a-b="b-a}.
Now we state the propositions:

(55) Let us consider a group G, a subset A of G, and an element g of G. Then
for every element a of G such that a € A holds g-a = a- ¢ if and only if
g is an element of Centralizer(A).

(56) Let us consider a group G, and subsets A, B of G. Suppose A C B. Then
Centralizer(B) is a subgroup of Centralizer(A). The theorem is a conse-
quence of (55).

Let G be a group and H be a subgroup of G. The functor Centralizer(H)
yielding a strict subgroup of G is defined by

(Def. 6) it = Centralizer(H).
Now we state the propositions:

(57) Let us consider a group G, and a subgroup H of G. Then the carrier of
Centralizer(H) = {b, where b is an element of G : for every element a of
G such that a € H holds b-a = a - b}.

(58) Let us consider a group G, a subgroup H of G, and an element g of G.
Then for every element a of G such that a € H holds ¢g-a = a - ¢ if and
only if ¢ is an element of Centralizer(H). The theorem is a consequence
of (57).

(59) Let us consider a group G. Then every subset of G is a subset
of Centralizer(Centralizer(A)). The theorem is a consequence of (55) and
(58).

(60) Let us consider a group G, and a strict, characteristic subgroup K of G.
Then Centralizer(K) is a characteristic subgroup of G.

PROOF: For every automorphism ¢ of G and for every element x of G such
that « € Centralizer(K) holds ¢(x) € Centralizer(K). O
Let G be a group and a be an element of GG. Let us observe that the functor
{a} yields a subset of G. The functor N(a) yielding a strict subgroup of G is
defined by the term

(Def. 7) N({a}).

Now we state the propositions:
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(61) Let us consider a group G, and elements a, x of G. Then = € N(a) if and
only if there exists an element h of G such that = h and a” = a.

(62) Let us consider a group G, and a non empty subset A of G. Then

the carrier of Centralizer(A) = N{B, where B is a subset of G : there
exists a strict subgroup H of G such that B = the carrier of H and there
exists an element a of G such that a € A and H = N(a)}.
PROOF: Define P[strict subgroup of G] = there exists an element a of G
such that a € A and $; = N(a). Set F} = {B, where B is a subset of
G : there exists a strict subgroup H of G such that B = the carrier of
H and P[H|}. F1 # 0. For every object x such that z € the carrier of
Centralizer(A) holds € () Fy. For every object x such that x € N F}
holds z € the carrier of Centralizer(A). O

(63) Let us consider a finite group G, and strict subgroups Hi, Hy of G.
Suppose H1 N Hy = ﬁl and Hi N Hy = E Then Hy = Ho.

Proor: HHNHy = Hy. HHNHy = Hy. O

(64) Let us consider finite groups G1, G, a normal subgroup N; of Gy, and
a normal subgroup Nz of Gg. Suppose “1/n, and @2/, are isomorphic.
Then N2 G1 = N1 G2

(65) Let us consider a finite group G, strict, normal subgroups K, N of G,

and natural numbers m, d. Suppose m = N and m = K andd = KN N.
Then d- N UK = m-m. The theorem is a consequence of (64).

(66) Let us consider a finite group G, and a strict, normal subgroup N of G.
Suppose N and |e : N|y are relatively prime. Then N is a characteristic
subgroup of G. o
Proor: Consider m being a natural number such that m = N. Consider
n being a natural number such that n = |e : N|y. For every automorphism
¢ of G, Im(p[N)=N.O

(67) Let us consider groups Gi, G2, G3, a homomorphism f; from G; to
G2, a homomorphism fs from Go to G3, and a subgroup A of Gi. Then
the multiplicative magma of f»°(fi°A) = the multiplicative magma of
f2- f1°A.

PROOF: For every element z of G3, z € fo°(f1°A) iff z € fo- f1°A. O

(68) Let us consider a group G, a strict, normal subgroup N of G, and an au-
tomorphism ¢ of G. Suppose Im(¢[N) = N. Then there exists an auto-
morphism ¢ of ¢/ such that for every element z of G, o(x-N) = ¢(x)-N.
PROOF: Define P[set,set] = there exists an element a of G such that
$1 = a- N and $2 = ¢(a) - N. For every element = of ¢/, there exists
an element y of &/ such that P[z,y]. Consider o being a function from
G /N into ¢/ such that for every element  of €/, Plx,o(x)]. For every

89
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element a of G, o(a- N) = ¢(a) - N. For every elements x, y of ¢/x,
o(x-y)=o0(x) o(y). ois bijective. O
Let us consider a finite group G, a strict, characteristic subgroup H of G,
and a strict subgroup K of G. Now we state the propositions:

(69) If H is a subgroup of K, then H is a normal subgroup of K.
PROOF: For every element k of K, k € H iff k € Ker((the canonical
homomorphism onto cosets of H)[K). O

(70) If H is a subgroup of K and K/(H)K is a characteristic subgroup of ¢/,
then K is a characteristic subgroup of G.
PROOF: For every automorphism ¢ of G and for every element k of G such
that k£ € K holds p(k) € K. O

(71) Let us consider a group G, and a subgroup H of G. Then H is a subgroup
of Centralizer(H) if and only if H is a commutative group.
PRrROOF: If H is a subgroup of Centralizer(H), then H is a commutative
group. If H is a commutative group, then H is a subgroup of Centralizer(H).
O

(72) Let us consider a group G. Then Centralizer(Qg) = Z(G).
PROOF: For every element g of G, g € Centralizer(Q)q) iff g € Z(G). O

(73) Let us consider a group G, and a normal subgroup N of G. Then
Centralizer(N) is a normal subgroup of G.
PROOF: For every elements g, n of G such that n € N holds nY € N. For
every elements g, z, n of G such that x € Centralizer(N) and n € N holds
x9-n =n-(x9). For every elements g, z of G such that z € Centralizer(N)
holds 29 € Centralizer(N). For every element g of G, (Centralizer(N))? =
Centralizer(N). O

(74) Let us consider a group G, a subgroup H of G, and elements h, n of G.
If he H and n € N(H), then " € H.

(75) Let us consider a group G. Then every subgroup of G is a subgroup of
N(H).
PROOF: For every element g of G such that ¢ € H for every element x
of G such that z € H? holds z € H. For every element ¢ of G such that
g € H holds g € N(H). O

(76) Let us consider a group G, and a subgroup H of G. Then Centralizer(H)
is a strict, normal subgroup of N(H).
PRrROOF: Centralizer(H) is a normal subgroup of N(H). O
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Summary. This paper, using the Mizar system [I], [2], provides useful
tools for working with real linear spaces and real normed spaces. These include
the identification of a real number set with a one-dimensional real normed space,
the relationships between real linear spaces and real Euclidean spaces, the trans-
formation from a real linear space to a real vector space, and the properties of
basis and dimensions of real linear spaces. We referred to [6], [10], [8], [9] in this
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1. LipscHITZ CONTINUITY OF LINEAR MAPS FROM FINITE-DIMENSIONAL
SPACES

Let n be a natural number. One can check that (€™, ||-||) is finite dimensional.
Now we state the propositions:

(1) Let us consider real linear spaces X, Y, a linear operator L from X into
Y, and a finite sequence F' of elements of X. Then L(}- F) = > (L - F).
PROOF: Define S[set] = for every finite sequence H of elements of X such
that len H = $; holds L(>~ H) = Y (L-H). S[0]. For every natural number
n such that S[n] holds S[n + 1]. For every natural number n, S[n]. O

(2) Let us consider a finite dimensional real normed space X, a real normed
space Y, and a linear operator L from X into Y. If dim(X) # 0, then L is

Lipschitzian.
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PROOF: Set b = the ordered basis of RLSp2RVSp(X). Consider 71, ro
being real numbers such that 0 < r; and 0 < 79 and for every point = of
X, ||z|| < r1 - (max-norm(X,b))(z) and (max-norm(X,b))(z) < r2 - ||z.
Reconsider e = b as a finite sequence of elements of X. Define A (natural
number) = ||L(e/g, )||(€ R). Consider k being a finite sequence of elements
of R such that lenk = lenb and for every natural number ¢ such that
i € domk holds k(i) = N (7). Set k1 = > k. For every natural number ¢
such that ¢ € domk holds 0 < k(i). For every point = of X, ||L(x)| <
ra- (k1 +1)- |z O

(3) Let us consider a finite dimensional real normed space X, and a real
normed space Y. Suppose dim(X) # 0. Then LinearOperators(X,Y) =
BdLinOps(X,Y'). The theorem is a consequence of (2).

2. IDENTIFICATION OF A REAL NUMBER SET WITH A ONE-DIMENSIONAL
REAL NORMED SPACE

One can check that the real normed space of R is non empty, right com-
plementable, Abelian, add-associative, right zeroed, vector distributive, scalar
distributive, scalar associative, scalar unital, discernible, reflexive, and real nor-
med space-like. Now we state the propositions:

(4) Let us consider elements v, w of the real normed space of R, and elements
v1, wyp of R. If v = v1 and w = wq, then v +w = v + ws.

(5) Let us consider an element v of the real normed space of R, an element
v1 of R, and a real number a. If v = v, thena-v =a - v;.

(6) Let us consider an element v of the real normed space of R, and an ele-
ment v; of R. If v = vy, then [[v| = |v1].

3. IDENTIFICATION OF REAL EUCLIDEAN SPACE AND REAL NORMED SPACE

Now we state the propositions:

(7) There exists a linear operator f from the real normed space of R into
(EY ]| - |I) such that

(i) f is isomorphism, and
(ii) for every element x of the real normed space of R, f(x) = (z).

PROOF: Define H(real number) = ($;)(€ R'). Consider f being a function
from R into R! such that for every element z of R, f(z) = H(z). For every
element z of the real normed space of R, f(x) = (). For every elements v,
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w of the real normed space of R, f(v+w) = f(v)+ f(w). For every vector x
of the real normed space of R and for every real number r, f(r-z) = r- f(x).
For every point x of the real normed space of R, ||z|| = || f(z)|| by [3 (1)],
5, (2)]. O

(8) (i) the real normed space of R is finite dimensional, and
(ii) dim(the real normed space of R) = 1.
The theorem is a consequence of (7).

(9) Let us consider a real linear space sequence X, elements v, w of [[ X,
and an element i of dom X. Then

(i) (IT°(+x,)i)(v,w) (i) = (the addition of X (7))(v(i),w(i)), and
(ii) for every vectors vg, wy of X (i) such that ve = v(i) and wy = w(7)

holds (TT°(+x,):) (v, w)(i) = va + wa.

(10) Let us consider a real linear space sequence X, an element r of R, an ele-
ment v of [[ X, and an element 4 of dom X. Then

(i) (TT° multop X)(r,v)(i) = (the external multiplication of X (¢))(r, v(4)),
and

(ii) for every vector vy of X (i) such that vy = v(i) holds
(TT° multop X)(r,v)(i) = 7 - va.

Let us consider a natural number n and a real norm space sequence X. Now
we state the propositions:

(11) If X = n — (the real normed space of R), then [T X = (", - ).

ProOF: Set P; = [[ X. For every natural number ¢ such that ¢ € Segn

holds X (i) = R. For every object z, z € [[X iff z € R". For every

element j of dom X, (0,...,0)(j) = Ox(;). For every elements a, b of R",
——

n
(the addition of P;)(a,b) = a + b. For every real number r and for every
element a of R", (the external multiplication of P;)(r,a) = r-a. For every
element a of R™, (the norm of P;)(a) = |a| by [4, (7)]. O

(12) Suppose X = n — (the real normed space of R). Then
(i) [IX is finite dimensional, and
(ii) dim(][TX) = n.

The theorem is a consequence of (11).
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4. TRANSFORMATION TO REAL VECTOR SPACE

Let X be a real linear space and Y be a subspace of X. One can verify that
the functor RLSp2RVSp(Y') yields a subspace of RLSp2RVSp(X). Now we state
the proposition:

(13) Let us consider a real linear space X, and a subspace Y of X. Then
RLSp2RVSp(Y) is a subspace of RLSp2RVSp(X).

Let us consider a real linear space X and subspaces Y7, Y2 of X. Now we

state the propositions:

(14) RLSp2RVSp(Y; + Y3) = RLSp2RVSp(Y7) + RLSp2RVSp(Ys).
(15) RLSp2RVSp(Y; NY3) = RLSp2RVSp(Y:1) N RLSp2RVSp(Ys).
(16) Let us consider a real linear space X.

Then RLSp2RVSp(0x) = ORLSp2RVSp(X)-

5. BASIS AND DIMENSION PROPERTIES OF REAL LINEAR SPACES

Now we state the propositions:

(17) Let us consider a real linear space X, and subspaces Y7, Y2 of X. Suppose
Y1 NYy = 0x. Let us consider a linearly independent subset B; of Y,
and a linearly independent subset By of Ys. Then By U B is a linearly
independent subset of Y7 + Y. The theorem is a consequence of (15), (16),
and (14).

(18) Let us consider a real linear space X, and subspaces Y7, Y2 of X. Suppose
Y1NYs = 0x. Let us consider a basis B; of Y7, and a basis By of Y5. Then
B; U By is a basis of Y7 + Y. The theorem is a consequence of (15), (16),
and (14).

(19) Let us consider real linear spaces X, Y, a subspace X7 of X, and a sub-

space Y7 of Y. Then X; x Y7 is a subspace of X x Y.
PROOF: Set V = X x Y. Set Xo = X; xY;. Set f = the addition of X5.
Set g = (the addition of V') | (the carrier of X5). For every object z such
that z € dom f holds f(z) = g(z). Set f = the external multiplication of
Xs. Set g = (the external multiplication of V')[(R x (the carrier of X»)).
For every object z such that z € dom f holds f(z) = g(z). O

(20) Let us consider real linear spaces X, Y, and subspaces X1, Y7 of X x Y.
Suppose X1 = X X 0y and Y7 =0x x Y. Then

(i) X1 +Yi =X x Y, and
(ii) Xi1NY, =0x«y.



TRANSFORMATION TOOLS FOR REAL LINEAR SPACES

PROOF: For every object z, x € the carrier of X; + Y7 iff x € the carrier
of X x Y. For every object x, x € (the carrier of X x 0y) N (the carrier
of Ox X Y) ifz e {(Ox, Oy)} by [7, (9)] O

Let us consider real linear spaces X, Y. Now we state the propositions:

(21)

(22)

(23)

(24)

There exists a linear operator f from X into X x Oy such that
(i) f is bijective, and
(ii) for every element x of X, f(x) = (x, Oy).

PROOF: Set A = the carrier of X. Set B = the carrier of X x 0y. Define
H(element of A) = ($;, 0y )(€ B). Consider f being a function from A into
B such that for every element x of A, f(x) = H(z). For every element z
of X, f(z) = (z, Oy). For every elements x;, z2 of X, f(z1 + x2) =
f(x1)+f(z2). For every vector x of X and for every real number r, f(r-z) =
r- f(x). O

There exists a linear operator f from Y into Ox x Y such that

(i) f is bijective, and

(ii) for every element y of Y, f(y) = (Ox, y).

PROOF: Set A = the carrier of Y. Set B = the carrier of 0x x Y. Define
H(element of A) = (0Ox, $1)(€ B). Consider f being a function from A
into B such that for every element y of A, f(y) = H(y). For every element
yolfY, f(y) = (0Ox, y). For every elements y1, y2 of Y, f(y1+y2) = f(y1)+
f(y2). For every vector y of Y and for every real number r, f(r-y) = r-f(y).
]

Let us consider real linear spaces X, Y, a basis Bg of X, and a basis By
of Y. Then Bg x {0y} U{0x} x By is a basis of X x Y.
PROOF: Reconsider By = Bg x {0y} as a subset of the carrier of X x Y.
Reconsider Bs = {0x} x By as a subset of the carrier of X x Y. Consider
T1 being a linear operator from X into X x 0y such that 77 is bijective and
for every element x of X, T1(x) = (z, Oy). For every object y, y € T1°Bg
if Yy < By.

Consider T5 being a linear operator from Y into Ox X Y such that 75
is bijective and for every element y of Y, T5(y) = (Ox, y). For every object
y, y € Ty°Bz iff y € Bs. Reconsider Wi = X x Oy as a subspace of X X
Y. Reconsider Wo = 0x X Y as a subspace of X X Y. W1 + W =X XY
and Wi N Wy =0xyxy. O

Let us consider finite dimensional real linear spaces X, Y. Then
(i) X xY is finite dimensional, and

(ii) dim(X x Y) = dim(X) + dim(Y).

97
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The theorem is a consequence of (23).

(25) Let us consider a finite dimensional real linear space X. Then

(i) TI{X) is finite dimensional, and
(i) dim([[(X)) = dim(X).

(26) Let us consider a real linear space sequence X, and a finite sequence d

1]

2]

of elements of N. Suppose lend = len X and for every element ¢ of dom X,
X (4) is finite dimensional and d(7) = dim(X (¢)). Then

(i) TIX is finite dimensional, and

(i) dim(JTX) = > d.
PROOF: Define P[natural number] = for every real linear space sequence
X for every finite sequence d of elements of N such that len X = $; and
lend = len X and for every element i of dom X, X (7) is finite dimensional
and d(i) = dim(X (7)) holds [T X is finite dimensional and dim([[ X) =
>~ d. For every natural number n such that P[n] holds P[n + 1]. For every
natural number n, Pln|. O
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Summary. In this article vertex, edge and total colorings of graphs are
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INTRODUCTION

Graph coloring has a long history in mathematics and is introduced in almost
every introductionary book on graph theory (cf. [2], [6], [3]). In this article, the
basic notions of vertex, edge and total colorings of graphs are formalized in
sections 1, 2 and 3 respectively. These sections have the same basic structure.

At first the (not necessarily proper) coloring is defined as a function defined
on the vertices or edges of a graph. The total coloring of a graph is defined as
a pair of the other two.

The next definition is about proper colorings, i.e. that no two adjacent ver-
tices or edges are colored the same. A proper total coloring also requires that
vertices and edges who are incident with each other are not colored the same
as well. In the context of this formalization, the vertex of a loop is considered
adjacent to itself, but the edge of a loop is not considered adjacent to itself.

After that an attribute for proper colorability with a cardinal amount of
colors is provided. It is important to note that the definition expresses how

'mailto: fly.high.android@gmail.com

@© 2022 The Author(s) / AMU
(Association of Mizar Users)
99 under [CC BY-SA 3.0 license


https://sciendo.com/journal/forma
https://orcid.org/0000-0002-9628-177X
http://zbmath.org/classification/?q=cc:68V20
http://zbmath.org/classification/?q=cc:05C15
http://fm.mizar.org/miz/glcolo00.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

100 SEBASTIAN KOCH

many colors are sufficient. Given that cardinalities can be infinite, an attribute
indicating that only finitely many colors are needed is given as well.

In the last part of each section the chromatic number or index is introduced,
indicating how many colors are at least necessary for a proper coloring.

1. VERTEX COLORINGS

From now on E, V denote sets, G, GG1, G2 denote graphs, ¢, c¢1, co denote
cardinal numbers, and n denotes a natural number.

Let us consider G.

A vertex coloring of GG is a many sorted set indexed by the vertices of G.
One can check that every vertex coloring of G is non empty.

From now on f denotes a vertex coloring of G.

Now we state the proposition:

(1) Let us consider a function f’. Suppose rng f C dom f’. Then f’- f is
a vertex coloring of G.

Let us consider G and f. Let f’ be a many sorted set indexed by rng f. One
can check that the functor f- f yields a vertex coloring of G. Now we state the
propositions:

(2) Let us consider a vertex v of G, and an object x. Then f+-(v——z) is
a vertex coloring of G.

(3) Let us consider a subgraph H of G. Then f[(the vertices of H) is a vertex
coloring of H.

(4) Let us consider a supergraph G of G2 extended by the vertices from
V, a vertex coloring f of Go, and a function h. Suppose domh = V '\
(the vertices of G3). Then f+-h is a vertex coloring of G;.

(5) Let us consider objects v, e, x, a vertex w of Gg, a supergraph G of
G2 extended by v, w and e between them, and a vertex coloring f of Gs.
Suppose e ¢ the edges of G2 and v ¢ the vertices of Ga. Then f+-(v——x)
is a vertex coloring of (.

(6) Let us consider a vertex v of G, objects e, w, z, a supergraph Gy of
G5 extended by v, w and e between them, and a vertex coloring f of Gbs.
Suppose e ¢ the edges of G and w ¢ the vertices of G2. Then f+-(w——x)
is a vertex coloring of G.

(7) Let us consider objects v, x, a subset V of the vertices of G, a su-
pergraph G of G2 extended by vertex v and edges between v and V' of
G2, and a vertex coloring fs of Go. Suppose v ¢ the vertices of G3. Then
fo++(v——z) is a vertex coloring of G1.
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Let us consider a partial graph mapping F' from G to G. Now we state the
propositions:
(8) If dom(Fy) = the vertices of Gy, then f - (Fy) is a vertex coloring of G.
(9) If F is total, then f - (Fy) is a vertex coloring of G;. The theorem is
a consequence of (8).

Let us consider G and f. We say that f is proper if and only if
(Def. 1) for every vertices v, w of G such that v and w are adjacent holds f(v) #
f(w).
Now we state the propositions:

(10) f is proper if and only if for every objects e, v, w such that e joins v and
w in G holds f(v) # f(w).

(11) f is proper if and only if for every objects e, v, w such that e joins v to
w in G holds f(v) # f(w). The theorem is a consequence of (10).

(12) Let us consider a one-to-one function f’, and a vertex coloring f2 of G.
Suppose fo = f'- f and f is proper and rng f C dom f’. Then f5 is proper.
The theorem is a consequence of (10).

(13) Let us consider a one-to-one many sorted set f’ indexed by rng f. If f is
proper, then f’- f is proper. The theorem is a consequence of (12).

(14) If there exists f such that f is proper, then G is loopless. The theorem
is a consequence of (10).

Let G be a non loopless graph. Observe that every vertex coloring of G is
non proper.

Let G be a loopless graph. Let us observe that every vertex coloring of G
which is one-to-one is also proper and there exists a vertex coloring of G which
is one-to-one and proper.

Now we state the propositions:

(15) Let us consider a subgraph H of G, and a vertex coloring f’ of H.
Suppose [ = f[(the vertices of H) and f is proper. Then f’ is proper.
The theorem is a consequence of (10).

(16) Let us consider a vertex coloring f; of G, and a vertex coloring fo of
Go. Suppose G1 =~ G2 and f; = fo and f; is proper. Then f5 is proper.
The theorem is a consequence of (10).

(17) Let us consider a vertex coloring f1 of Gi, a vertex coloring fa of Ga,
a vertex v of G, and an object x. Suppose G; ~ G2 and fo = f1+-(v——1x)
and z ¢ rng f; and f; is proper. Then fs is proper. The theorem is a con-
sequence of (10).

(18) Let us consider a graph Gg given by reversing directions of the edges E
of G1, a vertex coloring f1 of G1, and a vertex coloring fs of Ga. If f1 = fo,
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then f; is proper iff fo is proper.

(19) Let us consider a supergraph G of G2 extended by the vertices from
V', a vertex coloring f1 of (G, a vertex coloring fy of G2, and a function
h. Suppose domh = V' \ (the vertices of G2) and f; = fa+-h and fo is

proper. Then f; is proper. The theorem is a consequence of (10).

(20) Let us consider vertices v, w of Ga, an object e, a supergraph G of G
extended by e between vertices v and w, a vertex coloring f; of G, and
a vertex coloring fy of Ga. Suppose f1 = fo and v and w are adjacent and
f2 is proper. Then f; is proper. The theorem is a consequence of (10) and
(16).

(21) Let us consider a vertex v of Gg, objects e, w, a supergraph Gy of Go
extended by e between vertices v and w, a vertex coloring f; of G, a vertex
coloring fo of G, and an object z. Suppose f1 = fo+-(v——z) and v #
w and z ¢ rng fo and fs is proper. Then f; is proper. The theorem is
a consequence of (10) and (17).

(22) Let us consider objects v, e, a vertex w of G, a supergraph G of Go
extended by e between vertices v and w, a vertex coloring f1 of G1, a vertex
coloring fa of Go, and an object z. Suppose fi = fa+:(w——=x) and v #
w and z ¢ rng fo and f2 is proper. Then f; is proper. The theorem is
a consequence of (21), (18), and (17).

Let us consider objects v, e, w, a supergraph G; of G5 extended by v, w
and e between them, a vertex coloring f; of G, a vertex coloring fs of Ga, and
an object x. Now we state the propositions:

(23) Suppose v ¢ the vertices of G2 and fi = fo+-(v——x) and = # fa(w).
Then if f5 is proper, then f; is proper. The theorem is a consequence of
(11).

(24) Suppose w ¢ the vertices of Go and f; = fo+-(w——x) and = # fa(v).
Then if f5 is proper, then f; is proper. The theorem is a consequence of
(23) and (18).

(25) Let us consider objects v, z, a subset V' of the vertices of Gy, a supergraph
G1 of G5 extended by vertex v and edges between v and V' of Go, a vertex
coloring f; of G1, and a vertex coloring fy of G'2. Suppose v ¢ the vertices
of Go and f1 = fo+-(v——z) and = ¢ rng fo. If fy is proper, then f is
proper. The theorem is a consequence of (10).

(26) Let us consider a partial graph mapping F' from G to G, and a vertex
coloring f’ of Gy. Suppose F is total and f' = f - (Fy) and f is proper.
Then f’ is proper. The theorem is a consequence of (10).

Let us consider ¢ and G. We say that G is c-vertex-colorable if and only if
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(Def. 2) there exists a vertex coloring f of G such that f is proper and rng f C c.
Now we state the propositions:
(27) If ¢; C co and G is cj-vertex-colorable, then G is co-vertex-colorable.
(28) If there exists ¢ such that G is c-vertex-colorable, then G is loopless.
Let us consider c. Note that every graph which is c-vertex-colorable is also
loopless and every graph which is loopless and c-vertex is also c-vertex-colorable

and every graph is non 0-vertex-colorable.
Now we state the propositions:

(29) If G is loopless, then G is (G.order())-vertex-colorable.

(30) @ is edgeless if and only if G is 1-vertex-colorable. The theorem is a con-
sequence of (10).

Let ¢ be a non zero cardinal number. One can verify that there exists a graph
which is c-vertex-colorable.
Now we state the proposition:

(31) Let us consider a subgraph H of G. If G is c-vertex-colorable, then H is
c-vertex-colorable. The theorem is a consequence of (3) and (15).

One can verify that every graph which is edgeless is also 1-vertex-colorable
and every graph which is 1-vertex-colorable is also edgeless.

Let ¢ be a non zero cardinal number and G be a c-vertex-colorable graph.
Let us observe that every subgraph of G is c-vertex-colorable.

Now we state the propositions:

(32) If G1 =~ Gy and G is c-vertex-colorable, then Gy is c-vertex-colorable.
The theorem is a consequence of (16).

(33) Let us consider a graph Gg given by reversing directions of the edges E
of G1. Then (3 is c-vertex-colorable if and only if G5 is c-vertex-colorable.

Let ¢ be a non zero cardinal number and G be a c-vertex-colorable graph.
Let us consider E. One can verify that every graph given by reversing directions
of the edges E of (G is c-vertex-colorable.

Now we state the proposition:

(34) Let us consider a supergraph G; of G2 extended by the vertices from V.
Then G is c-vertex-colorable if and only if G4 is c-vertex-colorable. The
theorem is a consequence of (31), (4), and (19).

Let ¢ be a non zero cardinal number and Gy be a c-vertex-colorable graph.
Let us consider V. One can verify that every supergraph of G2 extended by the
vertices from V' is c-vertex-colorable.

Now we state the propositions:

(35) Let us consider vertices v, w of G, an object e, and a supergraph G of
G5 extended by e between vertices v and w. Suppose v and w are adjacent.
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Then G is c-vertex-colorable if and only if G4 is c-vertex-colorable. The
theorem is a consequence of (31) and (20).

(36) Let us consider objects v, e, w, and a supergraph G; of G5 extended by
e between vertices v and w. Suppose v # w and G is c-vertex-colorable.
Then G is (¢+ 1)-vertex-colorable. The theorem is a consequence of (22),
(32), and (27).

(37) Let us consider a non edgeless graph G, objects v, e, w, and a su-
pergraph G1 of G extended by v, w and e between them. Then G is
c-vertex-colorable if and only if G9 is c-vertex-colorable. The theorem is
a consequence of (31), (33), and (32).

(38) Let us consider an edgeless graph G2, and objects v, e, w. Then every su-
pergraph of G5 extended by v, w and e between them is 2-vertex-colorable.
The theorem is a consequence of (33), (32), and (27).

(39) Let us consider an object v, and a supergraph G; of Gy extended by
vertex v and edges between v and V of Ga. If G2 is c-vertex-colorable,
then Gy is (¢ + 1)-vertex-colorable. The theorem is a consequence of (7),
(25), (32), and (27).

(40) Let us consider a subgraph Gy of G with parallel edges removed. Then
(31 is c-vertex-colorable if and only if G5 is c-vertex-colorable. The theorem
is a consequence of (31).

Let ¢ be a non zero cardinal number and G be a c-vertex-colorable graph.
Note that every subgraph of G; with parallel edges removed is c-vertex-colorable.
Now we state the proposition:

(41) Let us consider a subgraph Gs of G with directed-parallel edges remo-
ved. Then G is c-vertex-colorable if and only if G4 is c-vertex-colorable.
The theorem is a consequence of (31) and (40).

Let ¢ be a non zero cardinal number and G be a c-vertex-colorable graph.
One can check that every subgraph of G; with directed-parallel edges removed
is c-vertex-colorable.

Let us consider a partial graph mapping F' from G to G2. Now we state the
propositions:

(42) If F is weak subgraph embedding and Gy is c-vertex-colorable, then G
is c-vertex-colorable. The theorem is a consequence of (9) and (26).

(43) If F is isomorphism, then G is c-vertex-colorable iff Ga is c-vertex-
colorable. The theorem is a consequence of (42).

Let ¢ be a non zero cardinal number and G be a c-vertex-colorable graph.
Let us note that every graph which is G-isomorphic is also c-vertex-colorable.

Let us consider GG. We say that G is finitely vertex-colorable if and only if
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(Def. 3) there exists n such that G is n-vertex-colorable.

One can verify that every graph which is finitely vertex-colorable is also
loopless and every graph which is vertex-finite and loopless is also finitely vertex-
colorable and every graph which is edgeless is also finitely vertex-colorable.

Let us consider n. Let us note that every graph which is n-vertex-colorable
is also finitely vertex-colorable and there exists a graph which is finitely vertex-
colorable and there exists a graph which is non finitely vertex-colorable.

Let G be a finitely vertex-colorable graph. Observe that every subgraph of
G is finitely vertex-colorable.

Let G be a non finitely vertex-colorable graph. One can verify that every
supergraph of GG is non finitely vertex-colorable.

Now we state the propositions:

(44) If G1 = G2 and G is finitely vertex-colorable, then Gs is finitely vertex-
colorable. The theorem is a consequence of (32).

(45) Let us consider a graph Ga given by reversing directions of the edges
E of G;. Then G is finitely vertex-colorable if and only if Go is finitely
vertex-colorable.

Let G be a finitely vertex-colorable graph. Let us consider E. Observe that
every graph given by reversing directions of the edges F of (57 is finitely vertex-
colorable.

Let G1 be a non finitely vertex-colorable graph. Note that every graph given
by reversing directions of the edges F of G is non finitely vertex-colorable.

Now we state the proposition:

(46) Let us consider a supergraph G of G2 extended by the vertices from
V. Then G is finitely vertex-colorable if and only if G5 is finitely vertex-
colorable. The theorem is a consequence of (34).

Let Go be a finitely vertex-colorable graph. Let us consider V. One can
verify that every supergraph of G5 extended by the vertices from V is finitely
vertex-colorable.

Now we state the propositions:

(47) Let us consider objects v, e, w, and a supergraph G; of G5 extended by
e between vertices v and w. Suppose v # w. Then Gy is finitely vertex-
colorable if and only if G2 is finitely vertex-colorable. The theorem is
a consequence of (36).

(48) Let us consider objects v, e, w, and a supergraph G; of G5 extended by
v, w and e between them. Then (G is finitely vertex-colorable if and only
if G4 is finitely vertex-colorable. The theorem is a consequence of (37) and
(38).
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Let G2 be a finitely vertex-colorable graph and v, e, w be objects. Observe
that every supergraph of Gy extended by v, w and e between them is finitely
vertex-colorable.

Now we state the proposition:

(49) Let us consider an object v, and a supergraph G; of Gy extended by
vertex v and edges between v and V of Ga. Then G is finitely vertex-
colorable if and only if G2 is finitely vertex-colorable. The theorem is
a consequence of (39).

Let G2 be a finitely vertex-colorable graph and v be an object. Let us consider
V. Let us note that every supergraph of G2 extended by vertex v and edges
between v and V' of Gy is finitely vertex-colorable.

Now we state the proposition:

(50) Let us consider a subgraph Gs of G with parallel edges removed. Then
(71 is finitely vertex-colorable if and only if G5 is finitely vertex-colorable.
The theorem is a consequence of (40).

Let G1 be a non finitely vertex-colorable graph. One can verify that every
subgraph of G with parallel edges removed is non finitely vertex-colorable.
Now we state the proposition:

(51) Let us consider a subgraph Gy of G; with directed-parallel edges re-
moved. Then G is finitely vertex-colorable if and only if Gg is finitely
vertex-colorable. The theorem is a consequence of (41).

Let G be a non finitely vertex-colorable graph. One can verify that eve-
ry subgraph of G; with directed-parallel edges removed is non finitely vertex-
colorable.

Let us consider a partial graph mapping F' from G to G2. Now we state the
propositions:

(52) If F is weak subgraph embedding and Gs is finitely vertex-colorable,
then G is finitely vertex-colorable. The theorem is a consequence of (42).

(53) If F' is isomorphism, then G is finitely vertex-colorable iff G is finitely
vertex-colorable. The theorem is a consequence of (52).

Let G be a finitely vertex-colorable graph. Observe that every graph which
is G-isomorphic is also finitely vertex-colorable.

Let G be a graph. The functor x(G) yielding a cardinal number is defined
by the term
(Def. 4) N{ec, where ¢ is a cardinal subset of G.order() : G is c-vertex-colorable}.
Now we state the propositions:

(54) If G is loopless, then G is x(G)-vertex-colorable. The theorem is a con-
sequence of (29).
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(55) @ is not loopless if and only if x(G) = 0. The theorem is a consequence
of (29).
Let G be a loopless graph. One can verify that x(G) is non zero.
Let G be a non loopless graph. Let us observe that x(G) is zero.
Now we state the propositions:

(56) x(G) € G.order(). The theorem is a consequence of (29).

(57) If G is c-vertex-colorable, then x(G) C c. The theorem is a consequence
of (56).
(58) If G is c-vertex-colorable and for every cardinal number d such that G

is d-vertex-colorable holds ¢ C d, then x(G) = ¢. The theorem is a conse-
quence of (57) and (29).
Let G be a finitely vertex-colorable graph. Note that x(G) is natural.
Let us note that the functor x(G) yields a natural number. Now we state
the propositions:
(59) Let us consider a loopless graph G. Then 1 C x(G).
(60) G is edgeless if and only if x(G) = 1. The theorem is a consequence of
(57), (59), and (54).
(61) Let us consider a loopless, non edgeless graph G. Then 2 C x(G). The
theorem is a consequence of (60).

(62) Let us consider a loopless graph G. If G is complete, then x(G) =
G.order(). The theorem is a consequence of (29) and (56).

(63) Let us consider a loopless graph G, and a subgraph H of G. Then x(H) C
X(G). The theorem is a consequence of (54) and (57).

(64) If Gi1 = Ga, then x(G1) = x(G2). The theorem is a consequence of (32).

(65) Let us consider a graph Gg given by reversing directions of the edges E
of G1. Then x(G1) = x(G2). The theorem is a consequence of (33).

(66) Let us consider a supergraph G of Gy extended by the vertices from V.
Then x(G1) = x(G2). The theorem is a consequence of (54), (34), (57),
and (58).

(67) Let us consider a non edgeless graph Ga, objects v, e, w, and a super-
graph G of G extended by v, w and e between them. Then x(G;) =
X(G2). The theorem is a consequence of (54), (37), (57), and (58).

(68) Let us consider an edgeless graph Ga, a vertex v of Ga, objects e, w, and
a supergraph G of Gy extended by v, w and e between them. Suppose
w ¢ the vertices of G9. Then x(G1) = 2. The theorem is a consequence of
(38) and (58).

(69) Let us consider an edgeless graph Ga, objects v, e, a vertex w of G, and
a supergraph G of Gy extended by v, w and e between them. Suppose
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v ¢ the vertices of Ga. Then x(G1) = 2. The theorem is a consequence of
(38) and (58).

(70) Let us consider an object v, and a supergraph G of Gy extended by
vertex v and edges between v and V' of G2. Then x(G1) C x(G2) + 1. The
theorem is a consequence of (54), (39), and (57).

(71) Let us consider a loopless graph Ga, an object v, and a supergraph G;
of G2 extended by vertex v and edges between v and the vertices of Gs.
Suppose v ¢ the vertices of Go. Then x(G1) = x(G2) + 1. The theorem is
a consequence of (70), (63), (54), (3), (15), and (57).

(72) Let us consider a subgraph Gy of G1 with parallel edges removed. Then
X(G1) = x(G2). The theorem is a consequence of (40), (54), (57), and
(58).

(73) Let us consider a subgraph G2 of G; with directed-parallel edges remo-
ved. Then x(G1) = x(G2). The theorem is a consequence of (41), (54),
(57), and (58).

(74) Let us consider a graph G, a loopless graph Gs, and a partial graph
mapping F' from G to Ga. If F is weak subgraph embedding, then x(G1) C
X(G2). The theorem is a consequence of (42), (54), and (57).

(75) Let us consider a partial graph mapping F' from G to Go. If F is iso-
morphism, then x(Gi) = x(G2). The theorem is a consequence of (54),
(43), (57), and (58).

(76) Let us consider a Gi-isomorphic graph Go. Then x(G1) = x(G2). The
theorem is a consequence of (75).

2. EDGE COLORINGS

Let us consider G.
An edge coloring of GG is a many sorted set indexed by the edges of G. In
the sequel g denotes an edge coloring of G.
Now we state the proposition:
(77) Let us consider a function ¢’. Suppose rngg C domg’. Then ¢ - g is
an edge coloring of G.
Let us consider G and g. Let ¢’ be a many sorted set indexed by rng g. Note
that the functor ¢’-g yields an edge coloring of G. Now we state the propositions:
(78) Let us consider a subgraph H of G. Then g[(the edges of H) is an edge
coloring of H.
(79) Let us consider an object e, vertices v, w of Gg, a supergraph G of Go
extended by e between vertices v and w, an edge coloring g of G9, and
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an object x. Suppose e ¢ the edges of Go. Then g+-(e——x) is an edge
coloring of G1.

(80) Let us consider objects v, e, a vertex w of G, a supergraph G of Ga
extended by v, w and e between them, an edge coloring g of G, and
an object z. Suppose e ¢ the edges of G5 and v ¢ the vertices of Go. Then
g+-(e——x) is an edge coloring of G7.

(81) Let us consider a vertex v of G2, objects e, w, a supergraph G of Go
extended by v, w and e between them, an edge coloring g of G, and
an object x. Suppose e ¢ the edges of G2 and w ¢ the vertices of Gs.
Then g+-(e——z) is an edge coloring of G.

(82) Let us consider an object v, a subset V' of the vertices of Ga, a supergraph
(1 of G4 extended by vertex v and edges between v and V of GG, an edge
coloring ga of Go, and a function h. Suppose v ¢ the vertices of G2 and
dom h = G;.edgesBetween(V, {v}). Then ga+-h is an edge coloring of Gj.

Let us consider a partial graph mapping F' from G to G. Now we state the
propositions:
(83) If dom(Fk) = the edges of Gy, then g - (Fg) is an edge coloring of Gj.
(84) If F is total, then g - (Fg) is an edge coloring of Gp. The theorem is
a consequence of (83).
Let us consider G and g. We say that g is proper if and only if
(Def. 5) for every vertex v of G, gJv.edgesInOut() is one-to-one.
Now we state the propositions:
(85) g is proper if and only if for every vertex v of G and for every objects
e1, ez such that e, es € v.edgesInOut() and g(e;) = g(ez2) holds e; = es.

(86) g is proper if and only if for every objects e1, es, v, w1, we such that e;
joins v and wy in G and e joins v and wy in G and g(e1) = g(e2) holds
e1 = ey. The theorem is a consequence of (85).

(87) Let us consider a one-to-one function ¢’, and an edge coloring g2 of G.
If go = ¢’ - g and g is proper, then gs is proper.

(88) Let us consider a one-to-one many sorted set ¢’ indexed by rngg. If g is
proper, then ¢’ - g is proper.

Let us consider GG. One can verify that every edge coloring of G which is one-
to-one is also proper and there exists an edge coloring of G which is one-to-one
and proper.

Now we state the propositions:

(89) Let us consider a subgraph H of G, and an edge coloring ¢’ of H. Suppose
g = g[(the edges of H) and g is proper. Then ¢’ is proper. The theorem
is a consequence of (85).
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(90) Let us consider an edge coloring ¢g; of G, and an edge coloring g, of Gs.
Suppose G1 ~ G2 and g1 = go and ¢; is proper. Then g, is proper.

(91) Let us consider a graph Gg given by reversing directions of the edges E
of G1, an edge coloring g; of G1, and an edge coloring g3 of Go. If g1 = g,
then g; is proper iff g5 is proper.

(92) Let us consider a supergraph G; of G extended by the vertices from V/,
an edge coloring g; of G1, and an edge coloring g2 of Ga. If g1 = g9, then
if g9 is proper, then g; is proper.

(93) Let us consider objects v, e, w, a supergraph G7 of G2 extended by e
between vertices v and w, an edge coloring g; of G, an edge coloring g
of Go, and an object z. Suppose g1 = g2+ (e——x) and e ¢ the edges of
Go and x ¢ rng go. If g9 is proper, then g; is proper.

(94) Let us consider objects v, e, a vertex w of G, a supergraph G of Go
extended by v, w and e between them, an edge coloring g; of G1, an edge
coloring go of G, and an object x. Suppose g1 = go+:(e——z) and = ¢
rng g2 and e ¢ the edges of G2 and v ¢ the vertices of Gy. If g9 is proper,
then gy is proper. The theorem is a consequence of (92) and (93).

(95) Let us consider a vertex v of Gg, objects e, w, a supergraph G of Go
extended by v, w and e between them, an edge coloring g; of G1, an edge
coloring go of G, and an object x. Suppose g1 = g2+ (e——z) and = ¢
rng g2 and e ¢ the edges of Gy and w ¢ the vertices of Ga. If g2 is proper,
then g1 is proper. The theorem is a consequence of (92) and (93).

(96) Let us consider an object v, a subset V' of the vertices of Ga, a supergraph
(1 of G4 extended by vertex v and edges between v and V of GG, an edge
coloring go of G2, an edge coloring g1 of G1, and sets X, E. Suppose F =
G1.edgesBetween(V, {v}) and rnggs C X and g1 = go+-(F — X,idg)
and v ¢ the vertices of G2 and g9 is proper. Then g; is proper. The theorem
is a consequence of (85) and (86).

Let us consider a partial graph mapping F' from G1 to G and an edge coloring
g’ of G1. Now we state the propositions:

(97) Suppose dom(Fg) = the edges of G; and Fg is one-to-one and ¢ =
g (Fg) and g is proper. Then ¢ is proper. The theorem is a consequence
of (85).

(98) If F' is weak subgraph embedding and ¢’ = ¢ - (FE) and g is proper, then
¢ is proper. The theorem is a consequence of (97).

Let us consider ¢ and G. We say that G is c-edge-colorable if and only if
(Def. 6) there exists a proper edge coloring g of G such that Thgg C c.

Now we state the propositions:
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(99) If ¢y C co and G is ¢q-edge-colorable, then G is cg-edge-colorable.
(100) G is (G.size())-edge-colorable.

(101) G is edgeless if and only if G is 0-edge-colorable. The theorem is a con-
sequence of (100).
Let us observe that every graph which is edgeless is also 0-edge-colorable
and every graph which is 0-edge-colorable is also edgeless.
Let us consider c. Note that every graph which is c-edge is also c-edge-
colorable and there exists a graph which is c-edge-colorable.
Now we state the proposition:

(102) Let us consider a subgraph H of G. If G is c-edge-colorable, then H is
c-edge-colorable. The theorem is a consequence of (78) and (89).
Let us consider c. Let G be a c-edge-colorable graph. Note that every sub-
graph of G is c-edge-colorable.
Now we state the propositions:
(103) If G; =~ G5 and G, is c-edge-colorable, then Gq is c-edge-colorable. The
theorem is a consequence of (90).
(104) Let us consider a graph Gy given by reversing directions of the edges F
of G1. Then G is c-edge-colorable if and only if G4 is c-edge-colorable.
Let us consider c¢. Let G1 be a c-edge-colorable graph. Let us consider F.
Let us note that every graph given by reversing directions of the edges F of G
is c-edge-colorable.
Now we state the proposition:

(105) Let us consider a supergraph G of Gy extended by the vertices from
V. Then G is c-edge-colorable if and only if G9 is c-edge-colorable. The
theorem is a consequence of (92).

Let us consider c¢. Let G5 be a c-edge-colorable graph. Let us consider V.
Let us note that every supergraph of G2 extended by the vertices from V is
c-edge-colorable.

Let us consider a c-edge-colorable graph G5 and objects v, e, w. Now we
state the propositions:

(106) Every supergraph of G2 extended by e between vertices v and w is (¢+1)-
edge-colorable. The theorem is a consequence of (79), (93), (103), and (99).

(107) Every supergraph of G2 extended by v, w and e between them is (¢+1)-
edge-colorable. The theorem is a consequence of (106), (103), and (99).

Now we state the proposition:

(108) Let us consider an edgeless graph Go, and objects v, e, w. Then every
supergraph of GG extended by v, w and e between them is 1-edge-colorable.
The theorem is a consequence of (104) and (99).

111
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Let us consider c. Let G2 be a c-edge-colorable graph and v, e, w be objects.
Note that every supergraph of G5 extended by e between vertices v and w
is (¢ + 1)-edge-colorable and every supergraph of Go extended by v, w and e
between them is (¢ + 1)-edge-colorable.

Now we state the proposition:

(109) Let us consider a c-edge-colorable graph G, and an object v. Then every
supergraph of G extended by vertex v and edges between v and V' of Gz is
(c+ V')-edge-colorable. The theorem is a consequence of (82), (96), (103),
and (99).

Let us consider c. Let G5 be a c-edge-colorable graph and v be an object. Let
us consider V. One can verify that every supergraph of G2 extended by vertex
v and edges between v and V of Gy is (c + V' )-edge-colorable.

Let us consider a partial graph mapping F' from G1 to Go. Now we state the
propositions:

(110) If F is weak subgraph embedding and G is c-edge-colorable, then G is
c-edge-colorable. The theorem is a consequence of (84) and (98).

(111) If F' is isomorphism, then G is c-edge-colorable iff G5 is c-edge-colorable.
The theorem is a consequence of (110).

Let us consider c. Let G be a c-edge-colorable graph. Note that every graph
which is G-isomorphic is also c-edge-colorable.
Let us consider G. We say that G is finitely edge-colorable if and only if

(Def. 7)  there exists n such that G is n-edge-colorable.

Let us observe that every graph which is edge-finite is also finitely edge-
colorable and every graph which is edgeless is also finitely edge-colorable and
every graph which is finitely edge-colorable is also locally-finite.

Let us consider n. One can check that every graph which is n-edge-colorable
is also finitely edge-colorable and there exists a graph which is finitely edge-
colorable and there exists a graph which is non finitely edge-colorable.

Let G be a finitely edge-colorable graph. Note that every subgraph of G is
finitely edge-colorable.

Now we state the propositions:

(112) If G; ~ G2 and G; is finitely edge-colorable, then Go is finitely edge-
colorable. The theorem is a consequence of (103).

(113) Let us consider a graph Gs given by reversing directions of the edges
FE of G;. Then G is finitely edge-colorable if and only if Go is finitely
edge-colorable.

Let G be a finitely edge-colorable graph. Let us consider E. One can verify
that every graph given by reversing directions of the edges E of G is finitely
edge-colorable.
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Let G1 be a non finitely edge-colorable graph. Observe that every graph
given by reversing directions of the edges E of G; is non finitely edge-colorable.
Now we state the proposition:

(114) Let us consider a supergraph G of Gy extended by the vertices from
V. Then G is finitely edge-colorable if and only if Go is finitely edge-
colorable. The theorem is a consequence of (105).

Let G2 be a finitely edge-colorable graph. Let us consider V. One can verify
that every supergraph of G5 extended by the vertices from V is finitely edge-
colorable.

Let G2 be a non finitely edge-colorable graph. Observe that every supergraph
of (G2 extended by the vertices from V' is non finitely edge-colorable.

Now we state the proposition:

(115) Let us consider objects v, e, w, and a supergraph G; of Gy extended by
e between vertices v and w. Then (G is finitely edge-colorable if and only
if G is finitely edge-colorable. The theorem is a consequence of (107).

Let G2 be a finitely edge-colorable graph and v, e, w be objects. Note that
every supergraph of G5 extended by e between vertices v and w is finitely edge-
colorable.

Let G2 be a non finitely edge-colorable graph. One can verify that every
supergraph of G extended by e between vertices v and w is non finitely edge-
colorable.

Now we state the proposition:

(116) Let us consider objects v, e, w, and a supergraph G of G5 extended by
v, w and e between them. Then (G is finitely edge-colorable if and only if
(G5 is finitely edge-colorable.

Let G2 be a finitely edge-colorable graph and v, e, w be objects. Observe
that every supergraph of Gy extended by v, w and e between them is finitely
edge-colorable.

Let G2 be a non finitely edge-colorable graph. Note that every supergraph
of G2 extended by v, w and e between them is non finitely edge-colorable.

Now we state the proposition:

(117) Let us consider an object v, a finite set V', and a supergraph G; of Go
extended by vertex v and edges between v and V' of G5. Then G is finitely
edge-colorable if and only if G is finitely edge-colorable.

Let G2 be a finitely edge-colorable graph, v be an object, and V' be a finite
set. Let us observe that every supergraph of G5 extended by vertex v and edges
between v and V of G» is finitely edge-colorable.

Let us consider a partial graph mapping F' from G to Go. Now we state the
propositions:
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(118) If F' is weak subgraph embedding and Gy is finitely edge-colorable, then
G is finitely edge-colorable. The theorem is a consequence of (110).
(119) If F is isomorphism, then G is finitely edge-colorable iff Gy is finitely
edge-colorable. The theorem is a consequence of (118).
Let G be a finitely edge-colorable graph. One can verify that every graph
which is G-isomorphic is also finitely edge-colorable.
Let us consider G. The functor x/(G) yielding a cardinal number is defined
by the term

(Def. 8) N{c, where ¢ is a cardinal subset of G.size() : G is c-edge-colorable}.
Now we state the propositions:

(120) x'(G) C G.size(). The theorem is a consequence of (100).

(121) G is edgeless if and only if x'(G) = 0. The theorem is a consequence of
(120).

Let G be an edgeless graph. One can check that x/(G) is zero.
Let G be a non edgeless graph. One can check that x/'(G) is non zero.
Now we state the proposition:

(122) G is c-edge-colorable and for every cardinal number d such that G is
d-edge-colorable holds ¢ C d if and only if x'(G) = ¢. The theorem is
a consequence of (100).

Let G be a finitely edge-colorable graph. Let us observe that x/(G) is natural.
Let us observe that the functor x'(G) yields a natural number. Now we state
the propositions:

(123) Let us consider a loopless graph G. Then A(G) C X'(G).

(124) If G; =~ G2, then X'(G1) = x'(G2). The theorem is a consequence of
(103) and (122).

(125) Let us consider a graph Gy given by reversing directions of the edges F
of G1. Then x'(G1) = X'(G2). The theorem is a consequence of (104) and
(122).

(126) Let us consider a subgraph H of G. Then x'(H) C x/(G).

(127) Let us consider a supergraph G of G5 extended by the vertices from V.
Then x'(G1) = X'(G2). The theorem is a consequence of (105) and (122).

(128) Let us consider objects v, e, w, and a supergraph G; of G2 extended by
e between vertices v and w. Then x'(G1) C x'(G2) + 1. The theorem is
a consequence of (106).

(129) Let us consider objects v, e, w, and a supergraph G; of Gy extended
by v, w and e between them. Then x'(G1) C x'(G2) + 1. The theorem is
a consequence of (107).
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(130) Let us consider an edgeless graph Ga, a vertex v of Go, objects e, w, and
a supergraph G of Gy extended by v, w and e between them. Suppose
w ¢ the vertices of Go. Then Xx/(G1) = 1. The theorem is a consequence
of (122).

(131) Let us consider an edgeless graph G, objects v, e, a vertex w of G, and
a supergraph G of G5 extended by v, w and e between them. Suppose
v ¢ the vertices of G2. Then x/(G1) = 1. The theorem is a consequence of
(130) and (125).

(132) Let us consider an object v, and a supergraph G; of Gy extended by
vertex v and edges between v and V of Gg. Then }/(G1) C X' (Ga) + V.

Let us consider a partial graph mapping F' from G to G2. Now we state the

propositions:

(133) If F is weak subgraph embedding, then x'(G1) C x'(G2). The theorem
is a consequence of (110).

(134) If F is isomorphism, then x'(G1) = x/(G2). The theorem is a consequence
of (133).

(135) Let us consider a Gi-isomorphic graph Gs. Then x/'(G1) = x/(G2). The
theorem is a consequence of (134).

(136) If G is trivial, then x'(G) = G.size(). The theorem is a consequence of
(100) and (122).

3. ToTAL COLORINGS

Let us consider G.
A total coloring of G is an object defined by

(Def. 9) there exists a vertex coloring f of G and there exists an edge coloring ¢
of G such that it = (f, g).

Note that every total coloring of G is pair.

From now on t denotes a total coloring of G.

Let us consider G and t. We introduce the notation ty as a synonym of (¢)1
and tg as a synonym of (t)s.

One can check that (ty, tg) reduces to t.

One can verify that the functor ty yields a vertex coloring of G. Let us
observe that the functor tg yields an edge coloring of GG. Let us consider f and
g. Note that the functor (f, g) yields a total coloring of G. Now we state the
propositions:

(137) If G is edgeless, then (f, () is a total coloring of G.
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(138) Let us consider a subgraph H of G. Then (ty[(the vertices of H), tg|(the
edges of H)) is a total coloring of H. The theorem is a consequence of (3)
and (78).

(139) Let us consider a supergraph G of Gy extended by the vertices from
V, a total coloring ¢ of G2, and a function h. Suppose domh = V '\
(the vertices of G3). Then (ty+-h, tg) is a total coloring of G;. The the-
orem is a consequence of (4).

(140) Let us consider objects v, x, a supergraph G of G extended by v, and
a total coloring t of Ga. Then (ty+-(v——z), tg) is a total coloring of Gj.

(141) Let us consider an object e, vertices v, w of G, a supergraph G; of
G2 extended by e between vertices v and w, a total coloring ¢ of Ga,
and an object y. Suppose e ¢ the edges of Ga. Then (ty, tg+-(e——y)) is
a total coloring of Gy.

(142) Let us consider an object e, vertices v, w, u of G, a supergraph G of G
extended by e between vertices v and w, a total coloring t of G2, and ob-
jects x, y. Suppose e ¢ the edges of Go. Then (ty+-(u——zx), tg+-(e——y))
is a total coloring of G1. The theorem is a consequence of (141).

(143) Let us consider objects v, e, a vertex w of G, a supergraph G of Go
extended by v, w and e between them, a total coloring ¢ of G5, and ob-
jects x, y. Suppose e ¢ the edges of G2 and v ¢ the vertices of G2. Then
(ty+-(v——x), tg+-(e——y)) is a total coloring of G1. The theorem is a con-
sequence of (140) and (141).

(144) Let us consider a vertex v of G, objects e, w, a supergraph G of Ga
extended by v, w and e between them, a total coloring ¢ of G, and
objects x, y. Suppose e ¢ the edges of G2 and w ¢ the vertices of Gj.
Then (ty+-(w——x), tg+-(e——y)) is a total coloring of G1. The theorem
is a consequence of (140) and (141).

(145) Let us consider a partial graph mapping F' from G to G. Suppose F' is
total. Then ((tv) - (Fy), (tg)- (Fg)) is a total coloring of G1. The theorem
is a consequence of (9) and (84).

Let us consider G and t. We say that t is proper if and only if

(Def. 10) ty is proper and tg is proper and for every vertex v of G, (ty)(v) ¢

(tg)°(v.edgesInOut()).
Now we state the propositions:
(146) t is proper if and only if ty is proper and tg is proper and for every
objects e, v, w such that e joins v and w in G holds (tv)(v) # (tg)(e).
(147) If ty is proper and tg is proper and rng ty misses rng tg, then ¢ is proper.
The theorem is a consequence of (146).
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(148) t is proper if and only if for every objects e1, es, v, wy, we such that e;
joins v and w; in G and ey joins v and we in G holds (ty)(v) # (tv)(w;1) and
(tv)(v) # (tg)(e1) and if ey # ea, then (tg)(e1) # (tg)(e2). The theorem is
a consequence of (10), (86), and (146).

(149) Suppose g is proper. Then there exists a proper edge coloring ¢’ of G
such that

(i) rng f misses rngg’, and

(ii) Tngg = mgy’.
The theorem is a consequence of (77) and (87).

(150) Suppose f is proper. Then there exists a vertex coloring f’ of G such
that

(i) f’ is proper, and
(ii) rng f’ misses rng g, and

(iii) rng f = rng f’.
The theorem is a consequence of (1) and (12).

Let G be a loopless graph. Observe that there exists a total coloring of G
which is proper.

Let t be a proper total coloring of G. One can verify that ty is proper as
a vertex coloring of G and tg is proper as an edge coloring of G.

Now we state the propositions:

(151) Let us consider a subgraph H of G, and a total coloring ¢’ of H. Suppose
t' = (tv|(the vertices of H), tg|(the edges of H)) and ¢ is proper. Then ¢’
is proper. The theorem is a consequence of (15), (89), and (146).

(152) Let us consider a total coloring ¢! of G, and a total coloring ¢ of Gs.
Suppose G7 ~ G5 and t' = t? and t' is proper. Then t? is proper. The
theorem is a consequence of (16), (90), and (146).

(153) Let us consider a graph Go given by reversing directions of the edges E
of G1, a total coloring t' of Gy, and a total coloring t? of Go. If t' = ¢,
then ¢! is proper iff t? is proper.

(154) Let us consider a supergraph G of Gy extended by the vertices from
V, a total coloring t' of G, a total coloring t? of Gy, and a function h.
Suppose dom h = V' \ (the vertices of G3) and t'y = t>y+-h and t'g = t%g
and ¢? is proper. Then ¢! is proper. The theorem is a consequence of (19)
and (92).

(155) Let us consider objects y, e, vertices v, w of Gg, a supergraph G of Go
extended by e between vertices v and w, a total coloring ¢! of Gy, and
a total coloring #? of G5. Suppose e ¢ the edges of Go and v and w are
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adjacent and t'y = t?y and t'g = t?g+-(e——y) and y ¢ rngt?y Urngt’g
and ¢ is proper. Then ¢! is proper. The theorem is a consequence of (20),
(93), and (146).

Let us consider objects v, e, a vertex w of G, a supergraph G of Gs
extended by e between vertices v and w, a total coloring t' of G, a total
coloring t? of G, and objects z, y. Suppose e ¢ the edges of G5 and
v # w and t'y = t?y+-(v——=z) and t'g = t’g+(e——y) and {z,y} misses
rng t>yUrng t°g and x # y and t? is proper. Then t! is proper. The theorem
is a consequence of (21), (93), and (146).

Let us consider a vertex v of Ga, objects e, w, a supergraph G; of Gs
extended by e between vertices v and w, a total coloring t' of G, a total
coloring t? of G, and objects z, y. Suppose e ¢ the edges of Gy and
v # w and t'y = t2y+-(w——x) and t'g = t?g+(e——y) and {x,y} misses
rng t>yUrng tg and x # y and ¢ is proper. Then ¢! is proper. The theorem
is a consequence of (156) and (153).

Let us consider objects v, e, a vertex w of Ga, a supergraph G of Gs
extended by v, w and e between them, a total coloring t' of Gy, a total
coloring t? of G, and objects z, y. Suppose e ¢ the edges of Ga and
v ¢ the vertices of Gy and t'y = t?y+ (v——z) and t'g = t’g+-(e——y)
and y ¢ gty Urngt’g and = # y and z # (t?y)(w) and t? is proper.
Then t! is proper. The theorem is a consequence of (23), (94), and (146).

Let us consider a vertex v of Ga, objects e, w, a supergraph G of Gs
extended by v, w and e between them, a total coloring t' of Gy, a total
coloring t? of G, and objects z, y. Suppose e ¢ the edges of Gy and
w ¢ the vertices of Go and t'y = t?y+-(w——z) and t'g = t?g+-(e——y)
and y ¢ rngt’y Urngt’g and = # y and = # (t>y)(v) and ¢? is proper.
Then t! is proper. The theorem is a consequence of (158) and (153).

Let us consider a partial graph mapping F' from G to G, and a total colo-
ring ¢’ of G;. Suppose F' is weak subgraph embedding and ¢’ = ((tv) - (Fy),
(tg)-(Fg)) and t is proper. Then t’ is proper. The theorem is a consequence
of (26), (98), and (146).

Let us consider ¢ and G. We say that G is c-total-colorable if and only if

(Def. 11)

there exists a total coloring ¢ of GG such that ¢ is proper and

gty Urngitg C c.

Now we state the propositions:

(161)
(162)
(163)

If ¢y C ¢9 and G is c;-total-colorable, then G is co-total-colorable.
If G is c-total-colorable, then G is c-vertex-colorable and c-edge-colorable.

If G is ¢q-vertex-colorable and co-edge-colorable, then G is (¢1+c2)-total-
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colorable. The theorem is a consequence of (150) and (147).
(164) 1If G is edgeless and f is proper and t = (f, (), then ¢ is proper.

(165) G is edgeless if and only if G is 1-total-colorable. The theorem is a con-
sequence of (137) and (162).
Let ¢ be a non zero cardinal number. One can check that there exists a graph
which is c-total-colorable.
Now we state the proposition:

(166) Let us consider a subgraph H of G. If G is c-total-colorable, then H is
c-total-colorable. The theorem is a consequence of (138) and (151).

Let us note that every graph is non 0-total-colorable and every graph which
is edgeless is also 1-total-colorable and every graph which is 1-total-colorable is
also edgeless.

Let ¢ be a non zero cardinal number and G be a c-total-colorable graph.
Note that every subgraph of G is c-total-colorable.

Let us consider c. Observe that every graph which is c-total-colorable is also
loopless.

Now we state the propositions:

(167) If Gi =~ G2 and G is c-total-colorable, then Gs is c-total-colorable. The
theorem is a consequence of (152).

(168) Let us consider a graph Go given by reversing directions of the edges E
of G1. Then G is c-total-colorable if and only if G5 is c-total-colorable.

Let ¢ be a non zero cardinal number and G; be a c-total-colorable graph.
Let us consider F. One can check that every graph given by reversing directions
of the edges E of G is c-total-colorable.

Now we state the proposition:

(169) Let us consider a supergraph G of Gy extended by the vertices from
V. Then (G is c-total-colorable if and only if G5 is c-total-colorable. The
theorem is a consequence of (166), (139), and (154).

Let ¢ be a non zero cardinal number and G5 be a c-total-colorable graph.
Let us consider V. Let us observe that every supergraph of G» extended by the
vertices from V is c-total-colorable.

Now we state the propositions:

(170) Let us consider an object e, vertices v, w of Gg, and a supergraph G; of
G5 extended by e between vertices v and w. Suppose v and w are adjacent
and Gy is c-total-colorable. Then G is (¢+1)-total-colorable. The theorem
is a consequence of (141), (155), (167), and (161).

(171) Let us consider objects v, e, w, and a supergraph G of G5 extended by
e between vertices v and w. Suppose v # w and G is c-total-colorable.
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Then G is (¢ + 2)-total-colorable. The theorem is a consequence of (142),
(156), (167), and (161).

(172) Let us consider a non edgeless graph Ga, objects v, e, w, and a super-
graph G of Gy extended by v, w and e between them. If Gy is c-total-
colorable, then GGy is (c+ 1)-total-colorable. The theorem is a consequence
of (168), (167), and (161).

(173) Let us consider a vertex v of Ga, objects e, w, and a supergraph G; of
G9 extended by v, w and e between them. Suppose e ¢ the edges of Go
and w ¢ the vertices of G5 and v is endvertex. If Go is c-total-colorable,
then G; is c-total-colorable. The theorem is a consequence of (144) and
(148).

(174) Let us consider an edgeless graph Go, and objects v, e, w. Then every
supergraph of G5 extended by v, w and e between them is 3-total-colorable.
The theorem is a consequence of (38) and (163).

(175) Let us consider an object v, and a supergraph G; of G2 extended by
vertex v and edges between v and V' of Ga. Suppose G is c-total-colorable.
Then Gy is ((¢+ 1) + V)-total-colorable. The theorem is a consequence of
(82), (7), (96), (25), (146), (167), and (161).

Let us consider a partial graph mapping F' from G to G2. Now we state the
propositions:

(176) If F is weak subgraph embedding and Gs is c-total-colorable, then G is
c-total-colorable. The theorem is a consequence of (145) and (160).

(177) If F is isomorphism, then G is c-total-colorable iff G is c-total-colorable.
The theorem is a consequence of (176).

Let ¢ be a non zero cardinal number and G be a c-total-colorable graph. One
can verify that every graph which is G-isomorphic is also c-total-colorable.
Let us consider GG. We say that G is finitely total-colorable if and only if

(Def. 12) there exists n such that G is n-total-colorable.

Let us note that every graph which is finitely total-colorable is also loopless
and every graph which is edgeless is also finitely total-colorable.

Let us consider n. One can verify that every graph which is n-total-colorable
is also finitely total-colorable and there exists a graph which is finitely total-
colorable and there exists a graph which is non finitely total-colorable.

Let G be a finitely total-colorable graph. One can check that every subgraph
of GG is finitely total-colorable.

Now we state the propositions:

(178) 1If G1 =~ G2 and G, is finitely total-colorable, then G5 is finitely total-
colorable. The theorem is a consequence of (167).
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(179) Let us consider a graph Gs given by reversing directions of the edges
FE of G1. Then Gy is finitely total-colorable if and only if G» is finitely
total-colorable. The theorem is a consequence of (168).

Let GG1 be a finitely total-colorable graph. Let us consider E. Observe that
every graph given by reversing directions of the edges F of (1 is finitely total-
colorable.

Let G1 be a non finitely total-colorable graph. Note that every graph given
by reversing directions of the edges F of G is non finitely total-colorable.

Now we state the proposition:

(180) Let us consider a supergraph G of Gy extended by the vertices from
V. Then G is finitely total-colorable if and only if G is finitely total-
colorable. The theorem is a consequence of (169).

Let G5 be a finitely total-colorable graph. Let us consider V. One can verify
that every supergraph of G2 extended by the vertices from V is finitely total-
colorable.

Let G2 be a non finitely total-colorable graph. Observe that every supergraph
of G2 extended by the vertices from V is non finitely total-colorable.

Now we state the propositions:

(181) Let us consider objects v, e, w, and a supergraph G; of G5 extended
by e between vertices v and w. Suppose v # w. Then G is finitely total-
colorable if and only if G is finitely total-colorable. The theorem is a con-
sequence of (171).

(182) Let us consider objects v, e, w, and a supergraph G of G5 extended by
v, w and e between them. Then G is finitely total-colorable if and only if
G+ is finitely total-colorable. The theorem is a consequence of (172) and
(174).

Let G2 be a finitely total-colorable graph and v, e, w be objects. One can
check that every supergraph of G extended by v, w and e between them is
finitely total-colorable.

Let G2 be a non finitely total-colorable graph. Let us observe that every
supergraph of Go extended by v, w and e between them is non finitely total-
colorable.

Now we state the proposition:

(183) Let us consider an object v, a finite set V', and a supergraph G of Go
extended by vertex v and edges between v and V' of G5. Then G is finitely
total-colorable if and only if G5 is finitely total-colorable. The theorem is
a consequence of (175).

Let G5 be a finitely total-colorable graph, v be an object, and V' be a finite
set. Note that every supergraph of G extended by vertex v and edges between
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v and V of Gy is finitely total-colorable.
Let us consider a partial graph mapping F' from G1 to G2. Now we state the
propositions:
(184) If F is weak subgraph embedding and G is finitely total-colorable, then
G is finitely total-colorable. The theorem is a consequence of (176).
(185) If F is isomorphism, then G is finitely total-colorable iff G2 is finitely
total-colorable. The theorem is a consequence of (184).
Let G be a finitely total-colorable graph. Let us note that every graph which
is G-isomorphic is also finitely total-colorable.
Let G be a graph. The functor x”(G) yielding a cardinal number is defined
by the term
(Def. 13) (N{c¢, where ¢ is a cardinal subset of G.order() 4+ G.size() : G is c-total-
colorable}.

Now we state the propositions:

(186) If G is loopless, then G is x”(G)-total-colorable. The theorem is a con-
sequence of (29), (100), and (163).
(187) G is not loopless if and only if x”(G) = 0. The theorem is a consequence
of (29), (100), and (163).
Let G be a loopless graph. Let us observe that x”(G) is non zero.
Let G be a non loopless graph. Observe that x”(G) is zero.
Now we state the propositions:
(188) X"(G) C G.order() + G.size(). The theorem is a consequence of (29),
(100), and (163).
(189) If G is c-total-colorable, then x”(G) C c¢. The theorem is a consequence
of (188).
(190) If G is c-total-colorable and for every cardinal number d such that G is d-
total-colorable holds ¢ C d, then x”(G) = ¢. The theorem is a consequence
of (189), (29), (100), and (163).
Let G be a finitely total-colorable graph. One can check that x”(G) is natu-
ral.
Note that the functor x”(G) yields a natural number. Now we state the
propositions:
(191) x(G) € x”(G). The theorem is a consequence of (186), (57), and (162).
(192) Let us consider a loopless graph G. Then x/'(G) C x”(G). The theorem
is a consequence of (186) and (162).
(193) X"(G) € x(G) + X'(G). The theorem is a consequence of (54), (122),
(163), and (189).
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(194) Let us consider a loopless graph G. Then A(G)+1 C x”(G). The theorem
is a consequence of (186), (123), and (192).

(195) G is edgeless if and only if x”(G) = 1. The theorem is a consequence of
(190), (186), and (187).

(196) Let us consider a loopless, non edgeless graph G. Then 3 C x”(G). The
theorem is a consequence of (195), (186), and (148).

(197) Let us consider a loopless graph G, and a subgraph H of G. Then
X"(H) C x"(G). The theorem is a consequence of (186) and (189).

(198) If G1 =~ Go, then x"(G1) = x"(G2). The theorem is a consequence of
(167), (186), (189), and (190).

(199) Let us consider a graph Gg given by reversing directions of the edges E
of G1. Then x"(G1) = x"(G2). The theorem is a consequence of (168),
(186), (189), and (190).

(200) Let us consider a supergraph G of Gy extended by the vertices from
V. Then x”(G1) = x”(G2). The theorem is a consequence of (169), (186),
(189), and (190).

(201) Let us consider a non edgeless graph Ga, objects v, e, w, and a super-
graph G of G9 extended by v, w and e between them. Then x”(G1) C
X"(G2) + 1. The theorem is a consequence of (186), (172), and (189).

(202) Let us consider an edgeless graph Ga, a vertex v of Ga, objects e, w, and
a supergraph G7 of G9 extended by v, w and e between them. Suppose
w ¢ the vertices of Go. Then x”(G1) = 3. The theorem is a consequence
of (196), (174), and (189).

(203) Let us consider an edgeless graph G, objects v, e, a vertex w of G, and
a supergraph G of G5 extended by v, w and e between them. Suppose
v ¢ the vertices of Go. Then x”(G1) = 3. The theorem is a consequence
of (196), (174), and (189).

(204) Let us consider an object v, and a supergraph G; of Gy extended by
vertex v and edges between v and V' of Go. Then x”(G1) C (X" (G2)+1)+
V. The theorem is a consequence of (186), (175), and (189).

(205) Let us consider a graph G1, a loopless graph G2, and a partial graph map-
ping F' from G to Go. If F is weak subgraph embedding, then x”(G1) C
X"(G2). The theorem is a consequence of (186), (176), and (189).

(206) Let us consider a partial graph mapping F' from G to Go. If F is iso-
morphism, then x”(G1) = x”(G2). The theorem is a consequence of (186),
(177), (189), and (190).

(207) Let us consider a Gp-isomorphic graph Go. Then x”(G1) = x”(G2). The
theorem is a consequence of (206).
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Defuzzification
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Summary. In this study, using the Mizar system [I], [2], we reuse formali-
zation efforts in fuzzy sets described in [5] and [6]. This time the centroid method
which is one of the fuzzy inference processes is formulated [10]. It is the most
popular of all defuzzied methods ([I1], [13], [7]) — here, defuzzified crisp value is
obtained from domain of membership function as weighted average [8]. Since the
integral is used in centroid method, the integrability and bounded properties of
membership functions are also mentioned to fill the formalization gaps present in
the Mizar Mathematical Library, as in the case of another fuzzy operators [4]. In
this paper, the properties of piecewise linear functions consisting of two straight
lines are mainly described.

MSC: 68V20 93C42
Keywords: defuzzification; centroid; piecewise linear function

MML identifier: FUZZY_6, version: 8.1.12 5.71.1431

From now on A denotes a non empty, closed interval subset of R.

Let A be a non empty, closed interval subset of R and f be a function from
R into R. The functor centroid(f, A) yielding a real number is defined by the
term

/ (idg - f)(z)de

(Def. 1) 4 .
/f(x)d:n
A

Now we state the propositions:

(1) Let us consider real numbers a, b, ¢. Suppose a < b and ¢ > 0. Then
centroid(AffineMap(0, ¢), [a, b]) = 2£2.
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PROOF: Set F = £ - (0?). For every element z of R such that z €
, / o
For v lement # S s hat 2 ¢ dom((AneATap (0o ) bl
((AffineMap(c, 0))}q, ) (z) = (AffineMap(0, ¢))(z). O
(2) Let us consider real numbers a, b. Then
(i) idg is integrable on [a, b], and
(ii) idgr[[a,b] is bounded.
(3) (i) idg is integrable on A, and
(ii) idgr[A is bounded.
(4) Let us consider a real number e, and a partial function f from R to R.

Suppose A C dom f and for every real number x such that z € A holds
f(z) =e. Then

(i) f is integrable on A, and
(ii) f[A is bounded, and
sup A
(iii) / f(x)dx =e- (sup A —inf A).
inf A
Let us consider a function f from R into R. Now we state the propositions:
(5) If for every real number = such that x € A holds f(z) = 0, then
f(z)dz = 0. The theorem is a consequence of (4).

A
(6) Suppose f is integrable on A and f[A is bounded. Then

(i) idg - f is integrable on A, and

(ii) (idg - f)[A is bounded.

The theorem is a consequence of (3).

(7) Let us consider real numbers a, b, ¢. Suppose a < b. Then

(i) [a,b] C Qgr, and

(ii) infla,b] = a, and

(iii) sup[a,b] =b.

Let us consider real numbers a, b, ¢ and a function f from R into R. Now
we state the propositions:

(8) Suppose a < b < c and f is integrable on [a,c] and f[[a, c] is bounded
and for every real number x such that = € [b,c| holds f(z) = 0. Then
centroid(f, [a,c]) = centroid(f, [a,b]). The theorem is a consequence of

(3)-
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(9) Suppose a < b < c and f is integrable on [a,c] and f[[a, ] is bounded
and for every real number z such that x € [a,b] holds f(x) = 0. Then
centroid(f, [a,c]) = centroid(f, [b,c]). The theorem is a consequence of

(3)-

(10) Let us consider a function f from R into R. Suppose f is integrable on A
and f[A is bounded and /f(x)dm > 0. Then there exists a real number
A

¢ such that
(i) c€ A, and
(i) f(c) > 0.
PROOF: Set g = (—1) - f. There exists a real number r such that for every

set y such that y € dom(g[A) holds |(g[A)(y)| < r. For every real number
x such that z € A holds 0 < (g]A)(z). O

(11) Let us consider a real number r, a fuzzy set f of R, and a function F'
from R into R. Suppose r > 0 and f is integrable on A and f[A is bounded

and for every real number z, F(z) = min(r, f(z)). Then /F(x)d:n > 0.
A

PROOF: There exists a real number r such that for every set y such that
y € dom(F[A) holds [(F[A)(y)| < r. For every real number x such that
x € Aholds 0 < (F[A)(z). O

Let us consider functions f, g from R into R. Now we state the propositions:

(12) min(f,g) =5 (f+9—If —gl).
PROOF: For every object  such that x € dom(min(f,g)) holds
(min(f, 9))(z) = (3 - (f + 9~ [f = g]))(x). O
(13) Suppose f is integrable on A and f[A is bounded and g is integrable on
A and g[A is bounded. Then
(i) min(f, g) is integrable on A, and

(ii) min(f,g)[A is bounded, and
i) [nin(7,0)@)de = 5 ([ f@yde+ [ g@as— [1f - gl(@)ao).
A A A

A
The theorem is a consequence of (12).
(14) max(f,g) =5 (f+g+If— g
PROOF: For every object  such that x € dom(max(f,g)) holds
(max(f, 9))(x) = (3 (f +g+|f —g))(x). O
(15) Suppose f is integrable on A and f[A is bounded and g is integrable on
A and g[A is bounded. Then

(i) max(f,g) is integrable on A, and



128 TAKASHI MITSUISHI

(ii) max(f,g)[A is bounded, and
(i) [max(f. ) @)de = 5 - ([ e+ [ g@rde+ [1f = gl(w)d).
A A A

A
The theorem is a consequence of (14).

(16) Let us consider real numbers ri, r2, and a function f from R into R.

Suppose f is integrable on A and f[A is bounded. Then
(i) min(AffineMap(0,ry),72 - f) is integrable on A, and
(ii) min(AffineMap(0,71),r2 - f)[A is bounded.

The theorem is a consequence of (13).

(17) Let us consider real numbers ry, r9, and functions f, F' from R into
R. Suppose f is integrable on A and f[A is bounded and for every real
number z, F(z) = min(ry,r2 - f(x)). Then

(i) F is integrable on A, and
(ii) F[A is bounded.

The theorem is a consequence of (16).

(18) Let us consider a real number s, and functions f, g from R into R. Then
fl]—o0, s[+-g![s, +o0] is a function from R into R.

Let us consider real numbers a, b, ¢ and functions f, g, F' from R into R.

(19) Ifa < b<cand F = f[[a,bl+-g[[b, ], then F is a function from |a, ¢]
into R.

(20) Ifa<b<cand F = f[[a,b]4+-g[[b,c|, then F = F[[a,].

Let us consider real numbers a, b, ¢ and functions f, g, h from R into R.

(21) Suppose a < b < ¢ and f[[a,c| is bounded and g[[a, ¢] is bounded and
h = flla,b]+-g][b,c] and f(b) = g(b). Then hlla, | is bounded.

PROOF: f[[a,b] tolerates g[[b, ¢]. There exists a real number r such that

for every set y such that y € dom(h[[a,c]) holds |(h[[a,c])(y)| < r. O

(22) Suppose a < b < ¢ and f[[a,c| is bounded and g[]a, c] is bounded and
hlla,c] = flla,bl+-g[[b,c] and f(b) = g(b). Then hl[a, c| is bounded.
PROOF: f[[a,b] tolerates g[[b, ¢]. There exists a real number r such that
for every set y such that y € dom(h[[a,c]) holds |(h[[a,c])(y)| < r. O

Now we state the propositions:

(23) Let us consider a real number ¢, and functions f, g from R into R. Sup-
pose f]A is bounded and g[ A is bounded. Then (f[]—o0, c[+-g[[c, +oo[)[A
is bounded.

PROOF: Set F' = f[]—o00, c[+-g[[c, +00[. There exists a real number r such
that for every set y such that y € dom(F[A) holds [(F[A)(y)| < r. O
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(24) Let us consider real numbers a, b, ¢, and functions f, g, h, F from R
into R. Suppose a < b < ¢ and f is continuous and ¢ is continuous and
hila,c] = flla,b]+-gl[b,c] and f(b) = g(b) and F = hl[a,c|. Then F is
continuous.

PROOF: For every real numbers g, r such that zo € [a,c] and 0 < r there
exists a real number s such that 0 < s and for every real number z; such
that z1 € [a,c] and |z1 — 9| < s holds |h(z1) — h(xo)| < r. O

(25) Let us consider a non empty, closed interval subset A of R, and a function

f from R into R. Suppose f is continuous. Then

(i) f is integrable on A, and
(ii) flA is bounded.

(26) Let us consider a real number ¢, and functions f, g, F from R into
R. Suppose f is Lipschitzian and g is Lipschitzian and f(c) = g(c¢) and
F = f[]—o0,c[+-gl[c, +oo[. Then F' is Lipschitzian.
PRroOF: Consider 73 being a real number such that 0 < r3 and for every real
numbers x1, zo such that z1, 9 € dom f holds | f(z1) — f(z2)| < r3-|z1 —
x3|. Consider 74 being a real number such that 0 < r4 and for every real
numbers z1, x2 such that x1, 2o € dom g holds |g(x1)—g(x2)| < r4-|x1—22|.
There exists a real number r such that 0 < r and for every real numbers
x1, xg such that z1, zo € dom F holds |F(z1) — F(xz2)| <7 - |z1 — 22]. O
(27) Let us consider real numbers a, b. Then AffineMap(a, ) is Lipschitzian.
PRrROOF: Set f = AffineMap(a,b). There exists a real number r such that
0 < r and for every real numbers x1, x2 such that x1, xo € dom f holds
|f(z1) = f@2)| <7+ |oy — 22| O
Let us consider real numbers a, b, p, ¢ and a function f from R into R. Now
we state the propositions:

(28) Suppose a # p and f = (AffineMap(a, b))[]—o0 q—_zH(AfﬁneMap(p, q))

[[g, +oo[. Then f is Lipschitzian. The theorem is a consequence of (27)
and (26).
(29) Suppose a # p and f = (AffineMap(a, b))[]—o0, £=2[+-(AffineMap(p, ¢))

f[%, +00[. Then

(i) f is integrable on A, and
(ii) fTA is bounded.

The theorem is a consequence of (28).

(30) Let us consider real numbers a, b, p, g. Suppose a # p.
Then (AffineMap(a, b)) (1) = (AffineMap(p, 4))(£-2).

a—p
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(31) Every membership function of R is bounded.
PROOF: There exists a real number r such that for every set x such that
x € dom f holds |f(z)| <r by [9, (1)]. O

(32) Let us consider a real number r, and a function f from R into R. Suppose
r # 0 and f is integrable on A and f[A is bounded. Then centroid(r -
f, A) = centroid(f, A). The theorem is a consequence of (6).

Let us consider real numbers a, b, ¢ and functions f, g, h from R into R.

(33) Suppose a < b < ¢ and f is integrable on [a,c] and f[[a,c] is boun-
ded and ¢ is integrable on [a,c| and g|[a,c| is bounded and h[[a,c] =
fla,b]+-gl[b, ] and h is integrable on [a, c] and f(b) = g(b).

Then / h(z)dx = / f(z)dz + / g(x)dz.
[a,c] [a,b] [b,c]

PROOF: f[[a,b] tolerates g[[b, c]. Reconsider hy = hl[a, b] as a partial func-
tion from [a,b] to R. Reconsider f; = f[[a,b] as a partial function from
[a,b] to R. Reconsider H = upper_sum_set h; as a function from divs[a, ]
into R. Reconsider F' = upper_sum_ set f; as a function from divsa, b] into
R. H=F.

Reconsider hy = h[[b,c| as a partial function from [b,c] to R. Re-
consider g1 = g¢[[b,c] as a partial function from [b,c|] to R. Reconsider
H, = upper_sum set hy as a function from divs[b, ¢] into R. Reconsider

G = upper_sum set g; as a function from divs[b, ¢] into R. H; = G. hlla, c|
is bounded. [

(34) Suppose a < b < ¢ and f is continuous and g is continuous and h =
f1la; b]+-g1[b, c] and f(b) = g(b).
Then / (idg - ) (z)dz — / (idg - f)(x)dz + / (idg - g)(2)da.
[a,c] [a,b] [b,c]
PROOF: idg - f is integrable on [a,c] and (idgr - f)[[a, c] is bounded and
idg - ¢ is integrable on [a, c] and (idg - g)[[a, ¢] is bounded. Set G = (idR -
la,b)+-(idr - g)[[b, c]. For every object x such that z € dom G holds
G(z) = (idg - h)(x). idg - h is integrable on [a, c]. O
Let us consider a real number ¢ and functions f, g from R into R. Now we
state the propositions:
(35)  fll=00, c[+-gllc, +-00[ = fl]—00, c]+-gl[c, +-00.
PROOF: Set f1 = fl]—o0,c[+-gl[c, +0]. Set fo = f[]—o0,c]+-gllc, +0l.
For every object x such that = € dom f; holds fi(z) = fo(x). O
(36) Suppose f[A is bounded and g[A is bounded.

Then (f[]—o0, ¢]+-gl[c, +o0[) [ A is bounded. The theorem is a consequence
of (23) and (35).
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(37) Let us consider real numbers a, b, ¢, and functions f, g from R into R.
Suppose a < ¢ < b. Then f[[a, c[+-gl[c,b] = fl]a, c]+-g[]c, b].
PROOF: Set f1 = flla,c[+-gllc, b]. Set fo = flla,c]+-glc, b]. For every
object z such that € dom f; holds fi(z) = fa(x). O

(38) Let us consider real numbers a, b, ¢, and functions f, g, h from R into
R. Suppose a < ¢ and hlla,c] = f][a,b]+-g[[b, c] and f(b) = g(b). Then

(i) if b < a, then hl|a,c] = g[[a, c]|, and
(ii) if ¢ < b, then hl[a,c] = f[[a, .
PRrOOF: If b < a, then hlla,c] = gl[a,c|. If ¢ < b, then hl[a,c] = f]a,].

O
(39) Let us consider a real number b, and functions f, g, h from R into R.
Suppose h = f[]—o0, b[+-g[[b, +o0[ and f(b) = g(b). Then
(i) if b <inf A, then h[A = g[A, and
(i) if sup A < b, then h[A = f[A
Proor: If b < inf A, then h[|A = g[A by [3, (4)]. If supA < b, then
hlA = flA Dby [3, (4)]. O

(40) Let us consider real numbers a, b, p, ¢, and a function f from R into R.
Suppose f = (AffineMap(a, b)) |]—oc0, 4= [+-(AffineMap(p, q)) [[4=2, +o0|

b a_p a— p’
and 2—:2 € A.
Then f[A = (AffineMap(a,b))[[inf A, 1= p]
-(AffineMap(p, q)) [ £

PROOF: Set F' = (AffineMap(a,b))[[inf A, L= p] g
sup A]. For every object x such that z € dom F holds F(z) = (f[A)(z). O

(41) Let us consider real numbers a, b. Then
(i) (AffineMap(a,b))[A is bounded, and
(ii) AffineMap(a,b) is integrable on A.

-(AffineMap(p, q)) [[q sup AJ.

a—p’

Let us consider real numbers a, b, p, ¢ and a function f from R into R. Now
we state the propositions:

(42) Suppose a # p and f = (AffineMap(a, b)) []—oo, g—:g[—l—-(AfﬁneMap(p, q))
= p,—i—oo[ Then

(i) if % € A, then /f(ac)dx = / (AffineMap(a, b))(z)dx +
[inf A, 4=2]

/ (AffineMap(p, ¢))(x)dz, and

q—b
a—
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(ii) if g%b < inf A, then /f(:n)dm = /(AfﬁneMap(p, q))(z)dx, and
A

(iii) if g%b > sup A, then /f(;v)dx = /(Aﬂ“lneMap(a,b))(:L‘)d:U.
A

ProOF: (AffineMap(a, b)) (£ p) (AffineMap(p, ¢)) (=] ) AffineMap(a, b)

is integrable on [inf A, sup A] and (AffineMap(a, b)) [[mf A, sup A] is boun-
ded. AffineMap(p, q) is integrable on [inf A, sup A]. AffineMap(p, ¢)[[inf A,

sup A] is bounded. f is integrable on [inf A,sup A]. If a—fé € A, then
/f(x)da: = / (AffineMap(a, b))(x)dx + / (AffineMap(p, q))
A [inf A,%} Z:;Z ,sup A]

(x)dx. Ifg—:; <inf A, then/f(a:)dm = /(AfﬁneMap(p, Q))(x)dx. If =8 >

a—
A

sup A, then /f(m)dx = /(AfﬁneMap(a,b))(a:)dac. O
A A
Suppose a # p and f[A = AffineMap(a, b) [[inf A, &= p]
= p,supA] and 1= b € A. Then /(idR - f)(x)dx =
A
/ (idg - (AfineMap(a, b)) (z)dz +
[inf A, =2]

| (ide - (AffineMap(p, ) (2)ds.

+- AffineMap(p, q)

q—b
a

PRrOOF: (idr- f)[[inf A, sup A] = (idr-(AffineMap(a, b)))[[inf A, 1= p] -(idg-
(AffineMap(p, q))) [ p,supA] Set F = (AffineMap(a,b))]]— oo,%[—i—
AffineMap(p, q)[[1=] zl;’ +oo[. F[[inf A, sup 4] is integrable. F[[inf A, sup A]

= flA. f is integrable on [inf A,sup A] and f[[inf A,sup A] is bounded.
idg - f is integrable on [inf A, sup A]. O

(44) Let us consider real numbers a, b. Then idg - AffineMap(a,b) = a - 0% +

(45)

b0
PROOF: For every object x such that z € R holds idg-AffineMap(a, b)(x) =
a - (P +b-0Y). O

Let us consider real numbers a, b, ¢, d. Suppose ¢ < d.
d

Then /(idR - (AffineMap(a,b)))(z)dx = %-a'(d-d-d—oc-c)—l—%-b-(d-d—c~c).

Cc
The theorem is a consequence of (44).
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(46) Let us consider real numbers a, b. Then AffineMap(a,b) = a -0 +b-0°.
PRrROOF: For every object = such that x € R holds AffineMap(a,b)(z) =
(a-O'+b-0%(x). O

(47) Let us consider real numbers a, b, ¢, d. Suppose ¢ < d.

d
1
Then /(AfﬁneMap(a, b))(z)dx = 5 e (d-d—c-c)+b-(d—c). The
theorem is a consequence of (46).

(48) Let us consider real numbers a, b, p, g, ¢, d, e, and a function f from R in-
to R. Suppose a # p and f A = AffineMap(a, b) [[inf A, 1 ]—i— AffineMap
(0, )= p,sup A] and =2 6 A. Then centroid(f, A) =
§-a-((2=2)%—(inf A)%)+§-b-((1=2 ) (lan) )+5p((sup A)°3— (2= p) )+3-q-((sup A)2—(£=2)?)
3-a-((£=2)? ~Gint A)2) £ (42 —inf A)+3-p-((sup A)2—(4=2)2)+q-(sup A— =) '
The theorem is a consequence of (18), (40), (42), (43), (45), and (47).
(49) Let us consider a function f from R into R.
Then max4 (f) = max(AffineMap(0,0), f).

Y a— p
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1. PRELIMINARIES

One can verify that every set which is natural is also natural-membered.

From now on a, b, i, k, m, n denote natural numbers, s, z denote non zero
natural numbers, r denotes a real number, ¢ denotes a complex number, and e,
ea, €3, e4, €5 denote extended reals.

Now we state the propositions:

(1) Ife; <ex<eg<ey, then ep <ey.
(2) Ife; <eg <es<ey <es, then eg < e5. The theorem is a consequence
of (1).

210 4+ 1 =1025.

310 + 1 = 5905 - 10.

419 +1 =1048 - 1000 + 577.

510 4 1 = 9765 - 1000 + 626.
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(7) 6941 = 6046 - 10000 + 6177.
(8) 71041 = (2824-10000 + 7525) - 10.
(9) 89 4+1=(1073-100 + 74) - 10000 + 1825.
(10) 90 41 = (3486 - 100 + 78) - 10000 + 4402.
(11) m mod (m+1)=0or ... or n mod (m+1) =m.
(12) Ifn |8, then n € {1,2,4,8}.
(13) If 0 < m, then ged(m,n) < m.
(14) Let us consider integers 4, j. If ¢ and j are relatively prime, then ¢ # j

ori=j=1lori=j=-1.

(15) Let us consider natural numbers i, j. If ¢ and j are relatively prime, then
it#jori=j5=1.

(16) Ifa<mnandb<nandn|a—>b, then a ="b.

(17) Let us consider integers a, b, m. Suppose a < b. Then there exists k such
that

(i) m<(b—a)-k+1—a,and
(i) & =|["g2t + 111
Let i be an integer. Let us observe that (i").en is Z-valued.
Let us consider n. Note that (n").en is N-valued.
Let f be a non-negative yielding, real-valued many sorted set indexed by N.
Let us observe that (3°5_ f(@))xen is non-decreasing.
Now we state the propositions:

(18) Suppose a # 0 or b # 0. Then there exist natural numbers A, B such
that

(i) a = (ged(a,b)) - A, and
(ii) b = (ged(a,b)) - B, and
(iii) A and B are relatively prime.

(19) If n # 0, then for every integers p, m such that p | m holds p |
(") cer) ().
PROOF: Set G = (m"),en. Define P[natural number| = if $; # 0, then
p | G(81). For every non zero natural number k such that P[k]| holds
P[k + 1]. For every non zero natural number k, P[k]. O

(20)  ((r)nen)(a+b) = ((r")xer)(a) - (r*).
PROOF: Set S = (r"),en. Define P[natural number| = S(a + $1) = S(a)
(r$1). P[0]. For every k such that P[k] holds P[k 4 1]. For every k, P[k]
|
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(21) Let us consider integers p, m. Suppose p | m.
Then p [ ((XCa=o((m")ren)(@))ren)(n) — 1.
PROOF: Set G = (m")xen. Set P = (3 r_y G(a))ken. Define P[natural
number| = p | P($;) — 1. For every k such that P[k] holds P[k + 1]. For
every k, Plk]. O

(22) (5 _o((m")wen)(@))ren)(n) and m"*+! are relatively prime. The the-
orem is a consequence of (21).

(23)  ged(((Xa=o((@)wen)(@))wen) (), ((Xa=o((a™)ren) (@) ren) (k + 1)) =
ged(((La=o((a")ren) (@) ren) (F), (Cazo((@")wen) (@))nen) (k + 1) —
(Ca=0((@™)ren)(@))nen) (k).

(24)  ((ZG=0((r")rem)(@))ren)(k + i + 1) — ((Ca=o((r")ren)(@))ren) (k) =
P (Camo () ker) (@) ) en) (0).

PROOF: Set S = (r")xen. Set P = (3 h_yS(a))ken. Define Plnatural
number] = P(k + $; + 1) — P(k) = r*¥*1. P($;). P[0]. For every a such
that P[a] holds P[a + 1]. For every k, P[k]. O

(25) Suppose n+ 1 and m + 1 are relatively prime.

Then ((Xa=o((a")ren)(@))ren)(n) and ((Xa=o((a")sen)(a))ren)(m) are
relatively prime. The theorem is a consequence of (14).

(26) Ifa#0and b0 andi# 0, then ged(i® — 1,3" — 1) = 78°d(@b) _ 1 The
theorem is a consequence of (18) and (25).

Let us consider integers a, b, k. Now we state the propositions:

(27) Suppose a+b > 0 and (@ mod k)4 (b mod k) > 0. Then (a+b)" mod k =
((a mod k) + (b mod k))™ mod k.
PROOF: Set a1 = a mod k. Set by = b mod k. Define P[natural number| =
(a4 b)% mod k = (a1 + b))% mod k. P[0]. For every natural number
such that P[z] holds Plz + 1]. For every natural number z, P[z]. O

(28) (a+b)" mod k= ((a mod k) + (b mod k))" mod k.
PROOF: Set a1 = a mod k. Set by = b mod k. Define P[natural number| =
(a+ b)$1 mod k = (a1 + b1)*" mod k. P[0]. For every natural number x
such that P[z] holds Plz + 1]. For every natural number z, P[z]. O

(29) If 1 <m, then m | a® + 1 iff m | (@ mod m)® + 1.
PROOF: Set r = @ mod m. If m | a® + 1, then m | r® + 1 by [8, (7)], (28).
O

(30) 10 | @'+ 1 if and only if there exist natural numbers r, k such that
a=10-k+rand 10 |r®+1and r=0or .. or r = 9.
PrOOF: If 10 | a'® + 1, then there exist natural numbers r, k such that
a=10-k+rand 10 |74+ 1and r =0 or ... or 7 = 9 by (29), [3, (8)]. O
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(31) Let us consider odd natural numbers a, b. If a — b = 2, then a and b are
relatively prime.

(32) Let us consider odd natural numbers a, b, c. If c—b=2and b —a = 2,
then 3| aor3|bor3|ec.

(33) Let us consider odd prime numbers a, b, c¢. If c—=b =2 and b —a = 2,
then a = 3 and b =5 and ¢ = 7. The theorem is a consequence of (32).

(34) If a™ is prime, then n = 1.

(35) If 1 < a, then there exists k such that 1 < k and n < a*.

(36) (i) 2" mod 3 =1, or

(ii) 2™ mod 3 = 2.

PROOF: Define P[natural number] = 2% mod 3 = 1 or 2% mod 3 = 2. For
every k such that P[k] holds P[k + 1]. For every k, P[k]. O

(37) 3m |23 +1.
PROOF: Define P[natural number] = 3% | 23" 1 1. P[0]. For every m such
that P[m] holds P[m + 1] by [7, (2),(1)]. For every m, P[m]. O

(38) Euler0 = 0.

Let us note that Euler 0 is zero.
Let n be a positive natural number. One can check that Euler n is positive.

2. MAIN PROBLEMS

Now we state the propositions:

(39) 5227+t — 27+l 4 1 if and only if » mod 4 =1 or n mod 4 = 2.
PROOF: Define F(natural number) = 22%1+1 — 2%1+1 1 1 Consider k such
thatn=4-korn=4-k+lorn=4-k+2orn=4-k+3.If 5| F(n),
then n» mod 4 =1 or n mod 4 = 2. [

(40) 5 |2%7+1 427+l 4 1 if and only if n mod 4 =0 or n mod 4 = 3.
PROOF: Define G(natural number) = 22%1+1 4 98141 4 1 Consider k such
that n=4-korn=4-k+lorn=4-k+2orn=4-k+3.1f 5| G(n),
then » mod 4 =0 or n mod 4 = 3.

(41) 5227+l — 27+l 4 1if and only if 51 227! + 27+ 4 1. The theorem is
a consequence of (11), (39), and (40).

(42) {n, where n is a natural number : n | 2" 4 1} is infinite.
PROOF: Set S = {n, where n is a natural number : n | 2" + 1}. Define
F(natural number) = 3%1. Consider f being a many sorted set indexed by
N such that for every element ¢ of N, f(i) = F(i). Set R=rmgf. RCS.
For every natural number m, there exists a natural number N such that
N>mand N € Rby [9, (1)]. O



ELEMENTARY NUMBER THEORY PROBLEMS. PART III 139

(43) {n, where n is a natural number : n | 2" + 1 and n is prime} = {3}.
PROOF: Set S = {n, where n is a natural number : n | 2" + 1 and n is
prime}. 5 C {3}. 3! 23 +1. O

(44) 10 | a'® + 1 if and only if there exists k such that a = 10 - k + 3 or
a=10-k+7.

PRrOOF: If 10 | a'® + 1, then there exists k such that a = 10 -k + 3 or
a=10-k+7.0

(45) If (a#0orb#0) and n >0 and a | b" — 1, then a and b are relatively
prime.

(46) There exists no natural number n such that 1 < n and n | 2" — 1.
PROOF: Define P[natural number] = 1 < $; and $; | 2% — 1. Consider N
being a natural number such that P[N] and for every natural number n
such that P[n] holds N < n. Set E = Euler N. Set d = gcd(N, E). 2 and
N are relatively prime. ged(2V —1,2F —1) =29 - 1.d< E. O

(47) {n, where n is an odd natural number : n | 3" + 1} = {1}.

PRrROOF: Set A = {n, where n is an odd natural number : n | 3" 4+ 1}.
AC{1}. 0

(48) {n, where n is a positive natural number : 3 | n-(2")+1} = the set of all 6-
k+1 where k is a natural numberUthe set of all 6-k+2 where k is a natural
number.

PROOF: Set A = {n, where n is a positive natural number : 3 | n-(2")+1}.
Set B = the set of all 6 - k 4+ 1 where k is a natural number. Set C' =
the set of all 6-k+2 where k is a natural number. A C BUC by [5, (26)].
O

Let us consider an odd prime number p. Now we state the propositions:

(49) Ifn=(p—1)-(k-p+1), then 2" mod p = 1.

(50) Ifn=(p—1)-(k-p+1), then p | the Cullen number of n. The theorem
is a consequence of (49).

(51) {n, where n is a natural number : p | the Cullen number of n} is infinite.
PROOF: Set S = {n, where n is a natural number : p | the Cullen number
of n}. Define F(natural number) = (p — 1) - ($1 - p+ 1). Consider f being
a many sorted set indexed by N such that for every element i of N, f(i) =
F(i). Set R = rng f. R C S. For every natural number m, there exists
a natural number N such that N > m and N € R. [J

(52) There exist natural numbers x, y such that
(i) * > n, and
(ii) «ty, and

(iii) = | yY.



140 ARTUR KORNILOWICZ

The theorem is a consequence of (35) and (34).
(53) Let us consider integers a, b, ¢, n. Suppose 3 < n. Then there exists
an integer k such that
(i) ntk+a, and
(ii) ntk+b, and
(iii) ntk+c.
(54) Let us consider integers a, b. Suppose a # b. Then {n, where n is a natural
number : a + n and b+ n are relatively prime} is infinite.

Let a, b, ¢ be integers. We say that a, b, ¢ are mutually coprime if and only
if

(Def. 1) a and b are relatively prime and a and ¢ are relatively prime and b and

c are relatively prime.

Let d be an integer. We say that a, b, ¢, d are mutually coprime if and only if

(Def. 2) a and b are relatively prime and a and c are relatively prime and a and

d are relatively prime and b and c are relatively prime and b and d are
relatively prime and ¢ and d are relatively prime.

Now we state the propositions:

(55) Let us consider prime numbers a, b, c. If a, b, ¢ are mutually different,
then a, b, ¢ are mutually coprime.

(56) Let us consider prime numbers a, b, ¢, d. If a, b, ¢, d are mutually
different, then a, b, ¢, d are mutually coprime.

(57) (i) 1,2, 3, 4 are mutually different, and
(ii) there exists no positive natural number n such that 1+n, 24+n, 3+n,
4 4+ n are mutually coprime.
(58) Let us consider an even natural number n. Suppose n > 6. Then there
exist prime numbers p, ¢ such that
(i) n —p and n — q are relatively prime, and
(ii) p=3, and
(iii) ¢ = 5.
The theorem is a consequence of (31).

(59) {p, where p is a prime number : there exist prime numbers a, b such that
p=a+band there exist prime numbers ¢, d such that p = ¢ —d} = {5}.
PROOF: Set A = {p, where p is a prime number : there exist prime
numbers a, b such that p = a+b and there exist prime numbers ¢, d such
that p=c—d}. AC {5}. O

Let us consider a prime number p. Now we state the propositions:
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(60) A COROLLARY FROM THE FERMAT THEOREM:
If p=4-k+ 1, then there exist positive natural numbers a, b such that
a>band p=a?+ b2
(61) If p=4-k+1, then there exist positive natural numbers a, b such that
p? = a2 + b2. The theorem is a consequence of (60).
(62) (i) 5|n+1,or
(i) 5|n+7,or
(iii) 5| n+9, or
(iv) 5| n+ 13, or
(v) 5| n+15.
(63) {n, where n is a natural number : n+1 is prime and n+3 is prime and
n+7 is prime and n+9 is prime and n+13 is prime and n+15 is prime} =

{4}.
PROOF: Set A = {n, where n is a natural number : n+1 is prime and n+
3 is prime and n+ 7 is prime and n+9 is prime and n+ 13 is prime and
n + 15 is prime}. A C {4}. O

(64) 7+ (r+1)° + (r +2)° = (r + 3)° if and only if 7 = 3.
PROOF: If 7% + (r +1)° + (r + 2)> = (r + 3)°, then r = 3. O

3. TooLs FOR COMPUTING PRIME NUMBERS

In the sequel p denotes a prime number. Now we state the propositions:
(65) If p <3, then p=2.
(66)
(67) If p <5, then p =2 or p=3. The theorem is a consequence of (65).
(68)

If k <9and p-p <k, then p = 2. The theorem is a consequence of (65).

If £k <25and p-p < k, then p = 2 or p = 3. The theorem is a consequence

of (67).

(69) If p <7, then p=2orp=3orp=>5. The theorem is a consequence of
(67).

(70) If k <49 and p-p < k, then p =2 or p = 3 or p = 5. The theorem is
a consequence of (69).

(71) If p < 11, then p = 2 or p = 3 or p = 5 or p = 7. The theorem is
a consequence of (69).

(72) If k<12l and p-p < k,thenp=2orp=3orp=>5orp=7. The
theorem is a consequence of (71).

(73) Ifp<13,thenp=2orp=3orp=>5or p=7or p=11. The theorem

is a consequence of (71).
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(74) Ifk<169andp-p<k,thenp=2orp=3orp=5orp="Torp=11.
The theorem is a consequence of (73).

(75) If p< 17, thenp=2orp=3orp=5orp="Tor p=11or p = 13.
The theorem is a consequence of (73).

(76) If k<289 andp-p<k,thenp=2orp=3orp=5orp=Torp=11
or p = 13. The theorem is a consequence of (75).

(77) Ifp<19,thenp=2orp=3orp=5orp=Torp=11orp=13 or

= 17. The theorem is a consequence of (75).

(78) Ifk<36landp-p<k,thenp=2orp=3orp=5orp=Torp=11
or p =13 or p = 17. The theorem is a consequence of (77).

(79) Ifp<23,thenp=2orp=3orp=5orp=Torp=11lorp=13 or
p =17 or p = 19. The theorem is a consequence of (77).

(80) Ifk<529andp-p<k,thenp=2orp=3orp=5orp=Torp=11
or p=13 or p =17 or p = 19. The theorem is a consequence of (79).
(81) Ifp<29, thenp=2orp=3orp=5orp=T7orp=11or p=13or
=17 or p = 19 or p = 23. The theorem is a consequence of (79).

(82) Ifk<8landp-p<k,thenp=2orp=3orp=5bborp=Torp=11
orp=13 or p=17 or p =19 or p = 23. The theorem is a consequence of
(81).

(83) If p<3l,thenp=2orp=3orp=5orp=Torp=11lorp=13or
p=170or p =19 or p = 23 or p = 29. The theorem is a consequence of
(81).

(84) If k <96l and p-p < k,thenp=2orp=3orp=5orp=7or

p=1lorp=13orp=170or p =19 or p = 23 or p = 29. The theorem is
a consequence of (83).

(85) If p<37,thenp=2orp=3orp=5orp=Torp=11orp =13
orp=170orp =19 0or p = 23 or p = 29 or p = 31. The theorem is
a consequence of (83).

(86) Ifk<1369andp-p<k,thenp=2orp=3orp=5orp=Torp=11
orp=13orp=170rp=19 or p =23 or p = 29 or p = 31. The theorem
is a consequence of (85).

(87) If p<d4l,thenp=2orp=3orp=5orp=T7orp=11lorp=13or
p=17orp=19or p=23 or p =29 or p = 31 or p = 37. The theorem is
a consequence of (85).

(88) Ifk <168l andp-p<k,thenp=2orp=3orp=5orp="Torp=11
orp=13orp=17Torp=19o0orp =23 or p =29 or p = 31 or p = 37.
The theorem is a consequence of (87).

(89) Ifp<43,thenp=2orp=3orp=5orp=Torp=11orp=13 or



ELEMENTARY NUMBER THEORY PROBLEMS. PART III 143

p=1Torp=19orp=23orp=29or p =31 or p=37 or p =41. The
theorem is a consequence of (87).

(90) Ifk <1849 andp-p < k,thenp=2orp=3orp=5orp=Torp=11
orp=13orp=17Torp=19orp=23orp=29orp=3lorp=37or
p = 41. The theorem is a consequence of (89).

(91) Ifp<47,thenp=2orp=3orp=5orp=T7orp=11lorp=13or
p=17Torp=19orp=23orp=290orp=3lorp=37o0r p=41or
p = 43. The theorem is a consequence of (89).

(92) Suppose k < 2209 and p-p < k. Then
(i) p=2,or
(ii) p=3, or
(iii) p=>5, or
(iv) p=T1,or
(v) p=11, or
(vi) p=13, or
(vii)
(viii) p=19, or
) p=23, or
) p=29, or
) p=31, or
) p=237, or
(xiii) p =41, or
(xiv) p = 43.

The theorem is a consequence of (91).

P
P
P
P
P
p=17, or
P

(ix) p

(x) p

(xi) p

P

(xii

(93) If p< 53, thenp=2orp=3orp=5orp=T7orp=1lorp=13or
p=17Torp=19orp=23orp=290orp=3lorp=370r p=41or
p =43 or p = 47. The theorem is a consequence of (91).

(94) Suppose k < 2809 and p-p < k. Then

(i) p=2,or
(ii) p=3, or
(iii) p="5, or
(iv) p=1, or
(v) p=11, or

i)
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The theorem is a consequence of (93).
(95) Suppose p < 59. Then

(i) p=2, or
(ii) p=3, or
(iii) p =5, or
(iv) p=T7,or

The theorem is a consequence of (93).
(96) Suppose k < 3481 and p-p < k. Then

(i) p=2, or
(ii) p=3, or
(iii) p="5, or
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(iv) p=T1,or
(v) p=11, or
(vi) p=13, or
(vii) p=17, or
(viii) p =19, or
(ix) p=23, or
(x) p=29, or
(xi) p=31, or
(xii) p =37, or
(xiii) p =41, or
(xiv) p =43, or
(xv) p=47, or
(xvi) p=53.

The theorem is a consequence of (95).
(97) Suppose p < 61. Then

(i) p=2, or
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The theorem is a consequence of (95).
(98) Suppose k < 3721 and p-p < k. Then

(i) p=2, 0or
(ii) p=3, or
(iii) p="5, or
(iv) p=T7,or
(v) p=11, or
(vi) p=13, or
(vii) p=17, or
(viii) p=19, or
(ix) p=23, or
(x) p=29, or
(xi) p=31, or
(xii) p =37, or
iv)

(xv) p=47, or
(xvi) p =53, or
(xvii) p = 59.

The theorem is a consequence of (97).
(99) Suppose p < 67. Then

(i) p=2,or
(ii) p=3, or
(iii) p =5, or
(iv) p=7,or

(v) p=11, or
(vi) p=13, or
(vii) p=17, or
(viii) p =19, or
(ix) p=23, or
(x) p=29, or

i)
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(xii) p =37, or
(xiii) p =41, or
(xiv) p =43, or
(xv) p=47, or
(xvi) p =53, or
(xvil) p =159, or

(xviii) p = 61.
The theorem is a consequence of (97).
(100) Suppose k < 4489 and p-p < k. Then

(i) p=2, or
(ii) p=3, or
(iii) p="5, or
(iv) p=T1,or
(v) p=11, or
(vi) p=13, or
(vii) p =17, or
(viii) p =19, or
(ix) p=23, or
(x) p=29, or
(xi) p=31, or
(xii) p =37, or
iv)

(xv) p=47, or
(xvi) p =53, or
(xvii) p =159, or

(xviii) p =61.
The theorem is a consequence of (99).
(101) Suppose p < 71. Then
(i) p=2, 0or
(ii) p=3, or
(iii) p="5, or
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(iv) p=1, or
(v) p=11, or
(vi) p=13, or
(vii) p=17, or
(viii)) p=19, or
(ix) p=23, or

(xix) p = 67.

ARTUR KORNILOWICZ

The theorem is a consequence of (99).
(102) Suppose k < 5041 and p - p < k. Then

(i) p=2, or
(ii) p=3, or
(iii) p="5, or
(iv) p=17, or
(v) p=11, or
(vi) p=13, or

(vii) p=17, or
(viii) p =19, or
(ix) p=23, or

(x) p=29, or

(xi) p=31, or
(xii) p =37, or
(xiii) p =41, or
(xiv) p =43, or
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(xv) p=47, or
(xvi) p =53, or
(xvii) p =59, or

(xviii) p =61, or

(xix) p = 67.

The theorem is a consequence of (101).
(103) Suppose p < 73. Then

(i) p=2, or
(ii) p=3, or
(iii) p="5, or
(iv) p=T17,or
(v) p=11, or
(vi) p=13, or

(vii) p =17, or
(viii) p=19, or
(ix) p=23, or

(x) p=29, or

(xi) p=31, or

(xii) p
(xiii) p =41, or
(xiv) p =43, or

(xv) p=47, or
(xvi) p =53, or
(xvii) p =159, or

(xviii) p =61, or

(xix) p =67, or

(xx) p=T1.

The theorem is a consequence of (101).
(104) Suppose k < 5329 and p-p < k. Then

(i) p=2, or
(ii) p=3, or
(iii) p="5, or
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(iv) p=1, or
(v) p=11, or
(vi) p=13, or
(vii) p=17, or
(viii)) p=19, or
(ix) p=23, or

(xx) p=T1.

ARTUR KORNILOWICZ

The theorem is a consequence of (103).
(105) Suppose p < 79. Then

(i) p=2, or
(ii) p=3, or
(iii) p
(iv) p=1,or
(v) p=11, or
(vi) p=13, or
(vil) p=17, or
(viii) p=19, or
(ix) p=23, or
(x) p=29, or
(xi) p=31, or
(xii) p =37, or
(xiii) p =41, or
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(xiv) p =43, or

(xv) p =47, or
(xvi) p =53, or
(xvii) p =159, or

(xviil) p =61, or
(xix) p =67, or
(xx) p=T1, or
(xxi) p=T73.

The theorem is a consequence of (103).
(106) Suppose k < 6241 and p - p < k. Then

(i) p=2, or
(ii) p=3, or
(iii) p =5, or
(iv) p=17,or
(v) p=11, or
(vi) p=13, or

(ix) p=23, or
(x) p=29, or
(xii) p =37, or

(xxi) p=T73.

The theorem is a consequence of (105).
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(107) Suppose p < 83. Then

(i) p=2, or
(ii) p=3, or
(iii) p=>5, or
(iv) p=717,or
(v) p=11, or
(vi) p=13, or

(vii) p=17, or
(viii)) p=19, or
(ix) p=23, or

(x) p=29, or

(xi) p=31, or
(xii) p =37, or
(xiii)) p =41, or
(xiv) p =43, or
(xv) p=47, or
(xvi) p =53, or

(xvil) p =159, or
(xviil) p =61, or
(xix) p =67, or

(xx) p="T1, or

(xxi) p =173, or
(xxii) p = T79.

The theorem is a consequence of (105).
(108) Suppose k < 6889 and p - p < k. Then

(i) p=2, or
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(ix) p=23, or

(x) p=29, or
(xi) p=31, or
(xii) p =37, or

(xx) p="T71, or
(xxi) p= 173, or
(xxii) p = T79.

The theorem is a consequence of (107).
(109) Suppose p < 89. Then

(i) p=2,or
(ii) p=3, or
(iii) p="5, or
(iv) p=71,or
(v) p=11, or
(vi) p=13, or

(x) p=29, or
(xi) p=31, or
(xii) p =37, or
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p="179, or
(xxiii) p = 83.

ARTUR KORNILOWICZ

The theorem is a consequence of (107).
(110) Suppose k < 7921 and p - p < k. Then

(i) p=2, or
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(xxiii) p = 83.
The theorem is a consequence of (109).
(111) Suppose p < 97. Then

(i) p=2, or
(ii) p=3, or
(iii) p="5, or
(iv) p=1, or
(v) p=11, or
(vi) p=13, or
(vii) p=17, or
(viii) p=19, or
(ix) p=23, or
(x) p=29, or
(xi) p=31, or
(xii) p =37, or

(xxiv) p = 89.
The theorem is a consequence of (109).
(112) Suppose k < 9409 and p - p < k. Then
(i) p=2, 0or
(ii) p=3, or
(iii) p="5, or
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(xxiv) p = 89.

ARTUR KORNILOWICZ

The theorem is a consequence of (111).
(113) Suppose p < 101. Then

(i) p=2, or



(x) p
(xi) p
(xii) p
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=29, or
=31, or
=37, or

(xiii) p =41, or
(xiv) p =43, or
(xv) p=47, or

(xvi) p
(xvii) p
(xviil) p
(xix) p
(xx) p
(xxi) p
(xxii) p
(xxiii) p

iv) p

(xx

(xxv)

(114)
(i) p

—~
e
—
—-

(vi
(vii

(ix
(x
(xi

(xii

= 53, or
=959, or
=61, or
= 67, or
=171, or
=173, or
=179, or
=83, or
=89, or

p=9T7.
The theorem is a consequence of (111).
Suppose k < 10201 and p - p < k. Then

=2, or
=3, or
=9, or
=7, or
=11, or
=13, or
=17, or
=19, or
=23, or
=29, or
=31, or
=37, or

(xiii) p =41, or

i) p
iii) p
iv) p
) p
) p
) p
(viii) p
) p
) p
) p
) p
)
)

(xiv) p =43, or
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1

[2

4]

(5]

8

[9

(10]

ARTUR KORNILOWICZ

(xv) p=47, or
(xvi) p =53, or
(xvii) p =159, or

(xviii) p =61, or

(xix) p =67, or

(xx) p="T1, or
(xxi) p =73, or
(xxii) p =179, or

(xxiii) p = 83, or
(xxiv) p =89, or
(xxv) p=97.

The theorem is a consequence of (113).
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