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Summary. In our previous work [7] we prove that the set of prime numbers
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we focus on the reduction of the number of variables to 10 and it is the smal-
lest variables number known today [5], [I0]. Using the Mizar [3], [2] system, we
formalize the first step in this direction by proving Theorem 1 [5] formulated as
follows: Let k € N. Then k is prime if and only if there exists f,4,j,m,u € N*,
r,s,t € N unknowns such that
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F=(A2-1)E*+1,G = A+F(F-A), H=B+2(j-1)C, I = (G*—1)H?*+1. It
is easily see that (0.1) uses 8 unknowns explicitly along with five implicit one for
each diophantine relationship: is square, inequality, and divisibility. Together
with k this gives a total of 14 variables. This work has been partially presented
in [§].
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1. THETA NOTATION

From now on A denotes a non trivial natural number, B, C, n, m, k denote
natural numbers, and e denotes a natural number.
Let 6 be a real number. We say that 6 is theta if and only if
(Def. 1) —1<60<1.
Let us observe that 0 is theta and there exists a real number which is theta.
A Theta is a theta real number. Let 6 be a Theta. Let us observe that —6
is theta.
Let u be a Theta. Let us note that 6-u is theta. Now we state the propositions:

(1) Let us consider a Theta 6. Then || < 1

(2) Let us consider a Theta 6, and real numbers A, €1, €. Suppose A = 0-¢;
and |e1] < |e2|. Then there exists a Theta 6; such that A = 6; - €.

(3) Let us consider Theta’s 01, 03, and real numbers A, 1, €9. Suppose
A=(14601-€1)-(14602-e2) and 0 < 1 < 1 and 0 < 3. Then there exists
a Theta 6 such that A=1+6-(e; +2-2).

(4) Let us consider Theta’s 01, 03, and real numbers €1, €. Suppose 0 -1 <
€9 < 0y - £1. Then there exists a Theta 6 such that eo =60 - ¢7.

(5) Let us consider a Theta 6, and real numbers \, €1, €. Suppose A = 0-¢;
and €1 < g9 and 0 < 1. Then there exists a Theta 6, such that A = 64 - e5.
The theorem is a consequence of (2).

(6) Let us consider Theta’s 61, 02, and real numbers €1, £2. Suppose 0 < €
and 0 < e9. Then there exists a Theta 6 such that 01-e1+602-e0 = 6-(£14¢€2).
The theorem is a consequence of (4).

(7) Let us consider a Theta 01, and a real number e. Suppose 0 < € < 3.

2
Then there exists a Theta 0 such that =1+065-2-¢. The theorem
is a consequence of (2).

(8) If m? < n, then there exists a Theta 6 such that () = 25 (1+6- m—z)
PROOF: Define P[natural number] = if $2 < n, then there exists a Theta
0 such that (¢') = % -(1+6- g) For every m such that P[m] holds
P[m + 1]. For every m, P[m|. O

(9) Let us consider a Theta 6, and real numbers «, £. Suppose a« = (1 + 6 - )"
and 0 < e < ﬁ Then there exists a Theta 61 such that « = 14+61-2-n-¢.
PROOF: Define P[natural number| = for every Theta 6 for every real
numbers «, € such that a = (1+6- 6)$1 and 0 < € < 2 there exists
a Theta 61 such that « =1+ 6, -2-$; - e. P[0]. If P[m], then Plm + 1].
Plim]. O

1+0 €
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2. MORE ON SOLUTIONS TO PELL’S EQUATION

In the sequel a denotes a non trivial natural number. Now we state the
propositions:

(10) If n < a, then there exists a Theta 6 such that y,(n+1) = (2-a)" - (1+
¢ - 2). The theorem is a consequence of (9) and (4).

(11) Let us consider a non trivial natural number a, and natural numbers
y, n. Suppose y > 0 and n > 0 and (a® — 1) - y%2 + 1 is a square and
y=n (moda—1) and y < Vg(a—1) and n < a — 1. Then y = ¥4 (n).

(12) Let us consider a non trivial natural number a, and natural numbers s,
n. Then 52 (s")2 — (s2—1)-Y,(n+1)-s"—1=0 (mod2-a-s—s%—1).
PROOF: Set S = s2. Define P[natural number] = S - (s%1)2 — (S — 1) -
Vo($1+1) 5% —1=0 (mod2-a-s—s?—1). For every natural number
k such that for every n such that n < k holds P[n] holds P[k]. P[n|. O

(13) Let us consider a non trivial natural number a, and natural numbers s,
n, r. Suppose s > 0 and r > 0 and 82 - 72 — (2 = 1) - yo(n+1)-r -1 =
0 (mod2-a-s—s2—1)and s-(s")2-s" <aand s-72-7 < a. Then r = s™.
The theorem is a consequence of (12).

(14) Let us consider natural numbers a, b, ¢, d. Suppose a < b < cand 2-¢ < d
and ¢ > 0. Let us consider a finite sequence f of elements of R. Suppose
len f =b— a+ 1 and for every natural number ¢ such that i + 1 € dom f
holds f(i+1) = (,%,) -d*~ (@) Then 0 < 3. f < 2-¢%-d°~ 2
PROOF: Define P[natural number| = for every natural numbers a, b, ¢, d
such that a < b < cand 2-c¢ < dand ¢ > 0 and b — a = $; for every
finite sequence f of elements of R such that len f = b—a+1 and for every
natural number i such that i +1 € dom f holds f(i + 1) = (,5,) - de—'(ati)

g)b{»lf/a

holds 0 < 1—(9)" ' and 0 < ¥ f < 22—~ ca. ge="e_P[0]. Tf Pln),
then P[n + 1]. Pln]. O ’

(15) Let us consider natural numbers f, k, m, r, s, t, u, and integers W,
M, U, S, T, Q. Suppose f > 0 and kK > 0 and m > 0 and u > 0 and
(M2 —1)-82+1is asquare and (M -U)2 —1)-T? + 1 is a square and
W2.u2-(W2-1)-S-u—1=0 (modQ) and (4- f2—1)-(r—m-S-T-U)%+
4.u2.82.T2 <8 - f-u-S-T-(r—m-S-T-U)and W = 100- f-k-(k+1) and
U=100-u3W3+1land M =100-m-U-W+1and S = (M —1)-s+k+1
andT=(M-U—-1)-t+W—k+1land Q=2-M -W —W?2 — 1. Then

(i) M - (U +1) is a non trivial natural number, and

(ii) W is a natural number, and
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(iii) for every non trivial natural number m; and for every natural number
w such that my = M-(U+1) and w = W and r+W+1 = ¥, (w+1)
holds f = k!.

ProOF: Reconsider Wo = W — k as a natural number. Reconsider Mgz =
M -U as a non trivial natural number. Reconsider M| = M —1 as a natural
number. SetR—r—mSTU(W f)(%—f)<i
r < YM(M1) and r < YM(Mg — 1). S = yM(k + 1). T = YMS(WQ + 1).
R<3-u-S-T.m-U+3-u> g5. Consider 61 being a Theta such that
Y, (w+1) = (2-mq)”-(1+6;- —) Reconsider I = 1 as a Theta. Consider

f> being a Theta such that 6 - m1 — (2‘/1;4')1 =0 - —. u = Wk. Consider

65 being a Theta such that ¥ (k+1) = (2 - M)* (1 +0s- 1\k4> Consider 0,4
being a Theta such that ¥z, (Wg + 1) (2 Ms)"™2 (1 + 04 15 12 )- Consider
05 being a Theta such that =1+05-2- Cons1der ) being

1+n9

a Theta such that " W2 =1+ 94 2. W2 Con51der 05 being a Theta
4

such that (1 + 65 - ( )) (140 3)=14+05-(2- & +2-3).

Consider 6 being a Theta such that (1+65-(2- 42 +2- 1)) (1+6}-(2-
%)) = 1+0g-(2- & +2 5 4+2-(2- 1 wa )) Consider 7 being a Theta such that
O (24 +2- 47 +2:(2-12)) = 0755 Set I = () ULV, ..., (1) UV1O).
Set Is = I1[k. Consider Iy being a ﬁnlte sequence such that I; = I3 ™ Io.
For every natural number ¢ such that i + 1 € dom I3 holds I3(i + 1) =
(01 U000 < Iy < 2WO-UW 0. Set Up = gypr-Is. tng Uy C N
Reconsider Z = ) U, as an element of N. For every natural number i
such that i + 1 € dom I holds Iz(i + 1) = (k‘j_/l) WD) 0 < <
2-Wk.UW="E_|6;] < 1 and 13k < 1. |67 (Z-38)| < 1-1Z - 3%|. Consider
fs being a Theta such that (1 + 1 - %)W =1+6-2-W. % Consider gy
being a Theta such that 67 - (14 6g-2-W - %) =0y -2

Consider i3 being a finite sequence of elements of R, x being an element
of R such that Is = (x) ™ i3. For every natural number i such that i +1 €
domiz holds is(i + 1) = (,}Y,,) - UV EHD 0 < iz < 2. WhHL.
UW-"(k+1) " Consider 619 being a Theta such that I - (ﬁ - (Xd3)) =
O10 - (2- WHHL. %) Reconsider 615 = (71) as a Theta. Consider 611 being

k

a Theta such that 010'(2'Wk+1'%)+99' Ur 10k 01 (2. Wkt L 7+ Uk]'\bo'k).

Consider 615 being a Theta such that (VZ) =W (146, W) C0n81der 613

being a Theta such that 1 = 1460;5-2-£ W‘ Con81der 014 being a Theta
1+

/13'W
such that 1 —140p4-2-(2- Wkt L 4 Ubl0ky
1+912-911-(2-W’€+1-%+7Ukl'\/1[0'k) 1 ( U M )
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Consider 605 being a Theta such that (14614 (2- (% wht. L4 %)))
2 0. 2
(L4613 (2- 5N =1+4015- (2 (2- Wk L 4 TRy Lo (2. )y O

Let us consider natural numbers f, k. Suppose f = k! and k > 0.
Then there exist natural numbers m, r, s, t, © and there exist natural
numbers W, U, S, T, () and there exists a non trivial natural number
M such that m > 0 and v > 0 and r + W + 1 = Y41 (W + 1) and
(M? —1)-52+1is asquare and (M -U)2 —1)-T? +1 is a square and
W2.u2—-(W?2-1)-S-u—1=0(modQ) and (4-f2—1)-(r—m-S-T-U)%+
4-u2.82.7T2 <8 -f-u-S-T-(r—m-S-T-U)and W = 100- f-k-(k+1) and
U=100-u3W3+1land M =100-m-U-W+1and S = (M —1)-s+k+1
andT=(M-U—-1)-t+W—-k+landQ=2-M -W-W?2 1.
PROOF: Set W = 100- f k- (k-+1). Set u = W*. Set U = 100-u3 - W3 +1.
Set I} = <(V([)/)U01W,...,(VV[[;)UW10>. Set I3 = Ii|k. Reconsider Wy =
W — k as a natural number. Consider I being a finite sequence such that
I = I3~ Iy. For every natural number ¢ such that ¢ + 1 € dom I35 holds
I3(i+1) = (;},) UV O+ 0 < S I3 < 2.WO-UW =0 Set Uy = sy - I.
rng Us C N. Reconsider Z = > Us as an element of N. Set m = Z. Set
M =100-m-U-W+1. Set m; = M - (U +1). Reconsider M3 = M -U as
a non trivial natural number. Set S = Y (k4 1). Set T = Y (Wa + 1).
Reconsider © = ¥,,,, (W + 1) — (W 4 1) as a natural number. Consider s
being an integer such that (M —1)-s=95— (k+1).

Consider t being an integer such that (Ms —1) -t =T — (Wy + 1).
For every natural number ¢ such that i + 1 € dom Is holds Ir(i + 1) =
(JK@) WD) 0 < S Iy < 22WE.UW ", Consider 6, being a Theta such
that Yo, (W +1) = (2-m)"V - (1+6, - mml) Reconsider I =1 as a Theta.
Consider 3 being a Theta such that ¥a;(k +1) = (2- M)* - (1 + 65 - ).
Consider 0, being a Theta such that ¥z, (Wa+1) = (2 M3)"2 -(1+04-%).

. . 1 k .
Consider 04 being a Theta such that o 14652 57. Consider
0 being a Theta such that 1+0;% =140, -2- % Consider 65 being
a Theta such that 6, - mml — (2Yi/n‘f)lw =0y - ﬁ Consider 65 being a Theta

such that (1+64-(2- &) (1+06- 1) =1+605- (2 & +2- ). Consider
06 being a Theta such that (1405 (2 4= +2-37)) - (L + 6} - (2 %)) =
1466 (2- % +2-H+2-(2- %)) Consider 67 being a Theta such that
Os- (245 +2- 37 +2-(2- 1) =67 55

Consider u; being a finite sequence of elements of N, y being an ele-
ment of N such that Uz = (y) ~ u;. Consider g being a Theta such that
(1+1- %)W =1+6s-2-W- % Consider 6y being a Theta such that
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O7-(140g-2-W- %) = fy-2. Consider i3 being a finite sequence of elements
of R, z being an element of R such that Iy = (x) ™ i3. For every natural
number ¢ such that ¢+ 1 € domis holds i3(i + 1) = (k:‘l/“) LW ()
0< iz < 2-Wktt. gW="(k+1)_ Consider 6y being a Theta such that

I (g - (Xd3)) = 610 - (2- WHHL. L), Reconsider 615 = ﬁ as a Theta.
k
Consider 011 being a Theta such that 619 - (2- WH+. )—H9 UE10k 10 k—

911 (2- WhtL. —|— Ukj'éo'k) Consider 65 being a Theta such that (k) =
(1 +05- W) Consider 013 being a Theta such that e 14613-

13W

E~ Consider 614 being a Theta such that 1 _
W H & 1+912-911.(2.Wk+1%+%)

14+614-2-(2- Wh+l. % + %) Consider #15 being a Theta such that
(1401 (2-(2-Wht. L URI0kY)) (1 4 gy (2. B2)) = 14655 - (2
(2-Whtt. L UBIOky 4 9. (2. E2)) Set R=r—m-S-T-U. R#0.0

Let us consider a non trivial natural number A, natural numbers C, B,
and e. Suppose 0 < B. Suppose C' = Y4(B). Then there exist natural
numbers ¢, j and there exist natural numbers D, E, F', G, H, I such that
D-F-Tisasquareand F | H—C and B< C and D = (A2 -1)-C?+1
and E =2-(i+1)-D-(e+1)-C2and F = (A2 -1)-E2 +1 and
G=A+F - (F-A)and H=B+2-j-Cand [ = (G%2—-1)-H?+1.
PROOF: Set # = x4(B). Set D = z2. There exist natural numbers ¢, i
such that 2- D - (e+1)-C2-(i+1) = Ya(q) by [I, (14)], [6, (4)]. Consider
q, i being natural numbers such that 2- D - (e +1)-C?- (i + 1) = Ya(q).
Set F' = (x4(q))2. Reconsider G = A+ F-(F — A) as a non trivial natural
number. Set H = Yg(B). H = B (mod2- C). Consider j being an integer
such that H - B=2-C-j. 0

Let us consider a non trivial natural number A, natural numbers C, B,

and a natural number e. Suppose 0 < B. Let us consider natural numbers i,
Jj,and integers D, E, F', G, H, I. Suppose D-F-I is a square and F' | H—C
and B Cand D= (A2-1)-C?2+1land E=2-(i+1)-D-(e+1)-C?
and F = (A2 -1)-E?+1andG=A+F-(F—-A)and H=B+2-j-C
and I = (G2 —1)- H2 + 1. Then C = y4(B).

PRrROOF: Consider d being a natural number such that d2 = D. Consider
f being a natural number such that f2 = F. Consider i3 being a natural
number such that i92 = I. Consider 4; being a natural number such that
d =x4(i1) and C = ¥ 4(i1). Consider nj being a natural number such that
f =x4(n1) and E = Y4(ny). Consider j; being a natural number such
that is = xg(j1) and H =Yg (j1)- Ya(j1) = j1 (mod 2 - C). O
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DIOPHANTINE REPRESENTATION OF SOLUTIONS TO PELL’S EQUATION:
Let us consider a non trivial natural number A, natural numbers C, B,
and e. Suppose 0 < B. Then C' = Y4(B) if and only if there exist natural
numbers ¢, j and there exist integers D, F, F', G, H, I such that D-F -1
is a square and F | H —C and B < C and D = (42 —1)-C? + 1 and
E=2-(i+1)-D-(e4+1)-C? and F = (A2—1)-E?2+1and G = A+F-(F—A)
and H = B+2-5-C and I = (G%Z—1)-H?+1. The theorem is a consequence
of (17) and (18).

Let us consider a non trivial natural number A, a natural number C,
and positive natural numbers B, L. Then C' = ¥ 4(B) if and only if there
exist positive natural numbers 7, j and there exist integers D, E, F, G,
H, I such that D - F -1 is a square and F' | H — C and B < C and
D=(A%2-1)-C?4+1and E=2-i-C?-L-Dand F = (A2-1)-E?+1 and
G=A+F - (F-A)and H=B+2-(j—1)-Cand I = (G®*—1)- H?+ 1.
The theorem is a consequence of (17) and (18).

3. PRIME DIOPHANTINE REPRESENTATION

Now we state the propositions:

(21)

Let us consider a natural number k, and a positive natural number L.
Suppose k > 0. Then k + 1 is prime if and only if there exist positive
natural numbers f, i, j, m, u and there exist natural numbers r, s, ¢ and
there exist integers A, B, C, D, E, F, G, H, I, W, U, M, S, T, (Q such
that D-F-I is asquare and F' | H—C and (M?—1)-S? 41 is a square and
((M-U)2-1)-T?+1 is a square and W2-u2—(W?2—1)-S-u—1 = 0 (mod Q)
and (4-f2—-1)-(r—-m-S-T-U)?+4-u2-52.T2 < 8- f-u-S-T-(r—m-S-T-U)
and k+1| f+land A= M- -(U+1)and B=W+1and C =r+W+1 and
D=(A2-1)-C?+1and E=2-i-C2-L-Dand F = (A2—1)-E%+1 and
G=A+F-(F-A)and H=B+2-(j—1)-Cand I = (G®—1)-H?+1 and
W =100-f-k-(k+1)and U = 100-u>-W3+1 and M = 100-m-U-W +1
and S=M—-1)-s+k+1landT =M -U—-1)-t+W —k+1 and
Q=2-M-W-W2—-1.

PRrROOF: If k + 1 is prime, then there exist positive natural numbers f, i,
j, m, u and there exist natural numbers 7, s, t and there exist integers A,
B,C,D,E,F,G,H, I, W, U, M, S, T, Q such that D- F - I is a square
and F' | H—C and (M2 —1)-5%+1is asquare and ((M-U)2—1)-T2+1
is a square and W2-u2 — (W2 —-1)-S-u—1=0 (modQ) and (4- f2—1)-
(r-m-S-T-U)2+4-u2-82.72<8 - f-u-S-T-(r—m-S-T-U) and
E+1|f+land A=M-(U+1)and B=W +1land C =r+W +1and
D=(A%2-1)-C?4+1and E=2-i-C?-L-Dand F = (4A2-1)-E?+1 and
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G=A+F-(F-A)and H=B+2-(j—1)-Cand I = (G®-1)-H2+1 and
W =100-f-k-(k+1)and U = 100-u> - W3+1 and M = 100-m-U-W +1
and S=(M—-1)-s+k+land T= (M -U—-1)-t+W —k+1 and
Q=2-M-W-W2-1.C=y4(B). f=k.O

Let us consider integers a, b, A, B. Suppose a and b are relatively prime.
Thena| Aand b | Bifand onlyifa-b|a-B+b- A.

D10PHANTINE REPRESENTATION OF PRIME NUMBERS WITH 8 EXPLI-
CITE UNKNOWNS:
Let us consider a natural number k. Suppose k£ > 0. Then k + 1 is pri-
me if and only if there exist positive natural numbers f, i, j, m, v and
there exist natural numbers r, s, t and there exist integers A, B, C, D,
E. F, G, H, I, L, W,U, M, S, T, Q such that D - F - I is a square and
(M? —1)-52+1is asquare and (M -U)2 —1)-T? +1 is a square and
(4-f2-1)-(r-m-S-T-U)2+4-u%-52.T?2 < 8- f-u-S-T-(r—m-S-T-U) and
F-L|(H-C)-L+F-(f+1)-Q+F-(k+1)-(W2?2-1)-S-u—W?2-u2+1) and
A=M-(U+1)and B=W+land C =r+W+1land D = (42-1).C2+1
and E=2-i-C%2.L-Dand F = (A2-1)-E?2+1and G = A+ F-(F - A)
and H=B+2-(j—1)-Cand I = (G2—1)-H?+1and L = (k+1)-Q and
W =100-f-k-(k+1)and U = 100-u*-W3+1 and M = 100-m-U-W +1
and S=M—-1)-s+k+1landT =M -U—-1)-t+W —k+1 and
Q=2-M-W-W2-1.
Proor: If k+1 is prime, then there exist positive natural numbers f, ¢, 7,
m, u and there exist natural numbers r, s, t and there exist integers A, B,
C,D,E,F,G,H, I, LW, U, M, S, T, @ such that D - F'- I is a square
and (M2 —1)-S%2+1is asquare and ((M-U)?—1)-T?+1 is a square and
(4-f2-1)-(r-m-S-T-U)2+4-u2-52.T%2 < 8- f-u-S-T-(r—m-S-T-U) and
F-L|(H-C)-L+F-(f+1)-Q+F-(k+1)-(W?-1)-S-u—W?2-u2+1) and
A=M-(U+1)and B=W+1landC =r+W+1land D = (A2-1)-C%+1
and E=2-i-C%2.L-Dand F = (A2—-1)-E?2+1and G=A+F-(F - A)
and H =B+2-(j—1)-Cand I = (G2—1)-H?+1and L = (k+1)-Q and
W =100-f-k-(k+1)and U = 100-u>-W3+1 and M = 100-m-U-W +1
and S=M—-1)-s+k+1landT =M -U—-1)-t+W —k+1 and
Q=2-M-W—-W?2—-1by[9 (22)], (16).

F|H-Cand Q-(k+1) | (f+1)-Q+(k+1)-(W2-1)-S-u—W?2-u2+1).

QlW2-1)-S-u—W2-u2+1landk+1|f+1.C=Y4(B). f=kl.O
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proposed by Yuri Matiyasevich in [4].
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modify again the polynomial by adding two variables to also guarantee the non-
negativity condition of one of these variables. Finally, we combine the prime dio-
phantine representation proved in [7] with the obtained polynomial constructing
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1. PRELIMINARIES

From now on i, j, k, n, m denote natural numbers, X denotes a set, b, s
denote bags of X, and x denotes an object. Now we state the propositions:

(1) Let us consider an integer i. Then i 1¢, = i.
PROOF: Define P[natural number| = $; x 1¢, = $;. If P[n], then P[n + 1]
by [9, (62),(60)]. P[n]. Consider k being a natural number such that i = k
ori=—k. U

(2) Let us consider complex numbers z1, z2. Suppose $(z1) > 0 and R(z2) >
0 and 3(21) > 0 and $(22) > 0 and 212 = 222 and 2,2 is a real number.
Then z1 = 29.

(3) Let us consider integers a, b. If a2 | b2, then a | b.

(4) Let us consider a positive natural number m. Then 2(Sesm)\{1} = om—"1,

PROOF: Define P[natural number] = 2es(1+80))\{1} = 981 If P[n], then
Pln+1]. P[n]. O

(5) Let us consider an ordinal number n, and a finite subset A of n. Then
€, linearly orders A.

(6) Let us consider an element = of Rp. Suppose x # Og,,.
Then powerg (z,n) # Oy
PROOF: Define P[natural number] = powerg (z,$1) # Or,. If P[], then
Pli+1]. P[i]. O

2. MORE ON BAGS

Let us consider a bag b of X. Now we state the propositions:
(7) support(n - b) C support b.
(8) If n # 0, then support(n - b) = support b. The theorem is a consequence
of (7).
(9) support(b+- (z,n)) C {x} Usupport b.
Let X be a set, b be a bag of X, and n be a natural number. Observe that

n - b is finite-support. Let x be an object. One can check that b +- (z,n) is
finite-support. Now we state the propositions:

(10) Let us consider a bag b of X. Then 0 - b = EmptyBag X.

(11) Let us consider an ordinal number n, a right zeroed, add-associative,
right complementable, well unital, distributive, Abelian, non trivial,
commutative, associative, non empty double loop structure L, a function
x from n into L, a bag b of n, and a natural number i. If ¢ # 0, then
eval(i - b, z) = powery (eval(b, x),1).
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PROOF: Define P[natural number| = if §; # 0, then eval($; - b,x) =
powery (eval(b, z), $1). If P[j], then P[j + 1]. P[j]. O

(12) Let us consider a non empty set X, an element x of X, and an element
i of N. Then EmptyBag X +- (z,i) = ({z},7)-bag.

(13) Let us consider a set X, x, and ¢. Suppose x € X and i # 0. Then
support(EmptyBag X +- (x,7)) = {z}. The theorem is a consequence of
(12).

(14) Let us consider an ordinal number n, a well unital, non trivial double
loop structure L, and a function y from n into L. Suppose x € n. Then
eval(EmptyBagn +- (z,1),y) = powery (y(x),7). The theorem is a conse-
quence of (13).

Let us consider a bag b of X. Now we state the propositions:

(15) b= (b+-(z,0)) + (EmptyBag X +- (z,b(x))).
PRrROOF: Set £ = EmptyBag X. Set b5 = b+-(x,0). Set Eg = E+-(x,b(x)).
For every object y such that y € dom b holds b(y) = (b5 + Eg)(y). O

(16) support(b+- (x,0)) = (supportd) \ {z}.
PROOF: support(b+- (x,0)) C (supportd) \ {z}. O

(17) Let us consider an ordinal number n, a right zeroed, add-associative,
right complementable, well unital, distributive, Abelian, non trivial,
commutative, associative, non empty double loop structure L, a function
x from n into L, a bag b of n, an object 4, and a natural number j.
Suppose i € n. Then (eval(b +- (i, ), z)) - power(z/;, b(i)) = (eval(b,z)) -
power (x;, j). The theorem is a consequence of (15) and (14).

Let A, B be sets, f be a function from A into B, x be an object, and b be
an element of B. Observe that the functor f +- (z,b) yields a function from A
into B. Now we state the propositions:

(18) Let us consider an ordinal number n, a well unital, non trivial double

loop structure L, a bag b of n, a function f from n into L, and an element
wof L. If b(x) = 0, then eval(b, f +- (z,u)) = eval(b, f).
PROOF: Set S = SgmX(S,,supporth). Set f¢ = f +- (z,u). Consider
y being a finite sequence of elements of L such that leny = len.S and
eval(b, f¢g) = [ly and for every element i of N such that 1 < i < leny
holds y/; = power(fe - S/i,b - S/;). For every element i of N such that
1 <i<leny holds y/; = power, (f - Sy;,b-5);). O

(19) Let us consider a natural number n, a bag b of n, and i. If b(i) =
degree(b), then b = EmptyBagn +- (i, b(7)). The theorem is a consequence
of (15) and (13).

(20) Let us consider a set X, and bags b1, be of X. Suppose 2-b1+-(0,51(0)) =
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2-by +- (0, 52(0)). Then by = bs.
PRrROOF: For every z such that x € X holds by (x) = ba(z). O

(21) Let us consider a set X, and a bag b of X. Then support(2-b+-(0,5(0))) =
support b.
PROOF: support(2-b+-(0,b(0))) C support b. support b C support(2 - b+-
(0,6(0))). O

(22) Let us consider a bag b of X. Then b +- (z,i + k) = (b +- (z,1)) +
(EmptyBag X +- (z, k)).
ProoOF: Set E3 = EmptyBag X. For every object y such that y € X holds
(b+ (. + k)() = ((b+ (2,0)) + (Bs + (2. k) (y). O

(23) Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure L, an element a of L, and a bag b of X.
Then Monom(—a,b) = —Monom(a, b).
Proor: If x € Bags X, then (Monom(—a,b))(z) = (—Monom(a, b))(z). O

(24) Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure L, elements a1, as of L, and a bag b of
X. Then Monom(ay,b) + Monom(ag,b) = Monom(a; + ag,b).
ProoF: If € Bags X, then (Monom(ay,b) + Monom(ag, b))(z) =
(Monom(aj + ag,b))(x). O

(25) Let us consider a non empty zero structure L, and a bag b of X. Then
Monom(0z,,b) = 0x L.
PRroOF: If z € Bags X, then (Monom(0z,b))(z) = (0xL)(x). O

(26) Let us consider an ordinal number O, a right zeroed, add-associative,
right complementable, right unital, distributive, non trivial double loop
structure R, a polynomial p of O,R, and a bag b of O. Then Support(p —
Monom(p(b), b)) = (Support p)\{b}. The theorem is a consequence of (25).

(27) Let us consider a natural number n, and an object p. Suppose p € n. Let
us consider an integer element ¢ of Rp, and a function x from n into Rg.
Then eval(Monom(i, EmptyBagn +- (p,1)),2) =i - (z/,). The theorem is
a consequence of (14).

Let X be a set, b be a bag of X, and ¢ be an integer element of Rr. One can
check that Monom(i,b) is Z-valued.

3. POWER OF MULTIVARIATE POLYNOMIAL

From now on O denotes an ordinal number, R denotes a right zeroed, add-
associative, right complementable, right unital, distributive, non trivial double
loop structure, and p denotes a polynomial of O,R.

Let n be an ordinal number, R be a right zeroed, add-associative, right
complementable, right unital, distributive, non trivial double loop structure,
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p be a polynomial of n,R, and k be a natural number. The functor p* yielding
a polynomial of n,R is defined by the term

(Def 1) POWEI'pglyRing(n,R) (p) k)
Now we state the propositions:

(28) If R is well unital, then p’ = 1.(O, R) and p' = p.

PRrROOF: Set P; = PolyRing(O, R). Reconsider E = 1_(O, R) as an element
of P;. For every element H of P;, H-E = H and F- H = H. P is unital.
O

(29) p"*t=p"xp.

(30) Let us consider an Abelian, well unital, commutative, associative, right
zeroed, add-associative, right complementable, right unital, distributive,
non trivial double loop structure R, a polynomial p of O,R, and a function
f from O into R. Then eval(p¥, f) = powerg(eval(p, f), k).

PROOF: Define P[natural number] = eval(p®!, f) = powery(eval(p, f), $1).
eval(p?, f) = eval(1.(O, R), f). If P[n], then P[n + 1]. Pn]. O
Let O be an ordinal number, p be a Z-valued polynomial of O,Rg, and n be
a natural number. Observe that p™ is Z-valued.

4. SUBSTITUTION IN MULTIVARIATE POLYNOMIALS

Let X be a set, b, s be bags of X, and x be an object. The functor Subst(b, z, )
yielding a bag of X is defined by the term
(Def. 2)  (b+-(x,0)) + s.
Now we state the propositions:
(31) support Subst(b,z,s) = (supportb) \ {z} U supports. The theorem is
a consequence of (16).
(32) Let us consider bags s1, s2, b of X. If Subst(b, x,s1) = Subst(b, z, s2),
then s1 = s9.
Let X be an ordinal number, L be a right zeroed, add-associative, right
complementable, right unital, distributive, non trivial double loop structure,
t be a bag of X, p be a polynomial of X,L, and = be an object. The functor
Subst (¢, z,p) yielding a series of X, L is defined by
(Def. 3) for every bag b of X, if there exists a bag s of X such that b = Subst(¢, z, s),
then for every bag s of X such that b = Subst(¢,x,s) holds it(b) =
(p"*))(s) and if for every bag s of X, b # Subst(t, x, s), then it(b) = 0.
In the sequel O denotes an ordinal number, R denotes a right zeroed, add-
associative, right complementable, right unital, distributive, non trivial double
loop structure, and p denotes a polynomial of O,R.
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(34)
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Now we state the propositions:
(33)

Let us consider bags ¢, s of O. Then (Subst(¢,x,p))(Subst(t,z,s)) =
(")) (s)-

Let us consider a bag t of O, and a one-to-one finite sequence o; of
elements of BagsO. Suppose rngo; = Support p!®). Then there exists
a one-to-one finite sequence oy of elements of Bags O such that

(i) rng oy = Support Subst(t, x, p), and

(ii) lenoz =leno;, and
(iii) for every j such that 1 < j <lenoz holds o2(j) = Subst(t, z, 01 ;).
PROOF: Set S = Subst(t, z,p). Define O(object) = Subst(t, z, 01 g, ). Con-
sider o9 being a finite sequence such that lenos = leno; and for eve-
ry k such that & € domos holds o2(k) = O(k). rngos C Support S.
Support S C rngos. 09 is one-to-one. [

Let O be an ordinal number, R be a right zeroed, add-associative, right

complementable, right unital, distributive, non trivial double loop structure,
t be a bag of O, p be a polynomial of O,R, and = be an object. Let us note that
Subst (¢, z, p) is finite-Support.

Now we state the proposition:
(35)

Let us consider a commutative, associative, Abelian, right zeroed,

add-associative, right complementable, well unital, distributive, non
trivial double loop structure R, a bag t of O, a polynomial p of O,R,
an object i, and a function z from O into R. Suppose ¢ € O. Then
eval(Subst(t,i,p),x) = eval(t,z +- (i, eval(p, x))).
PROOF: Set 24 = = +- (i,eval(p, z)). Set P = p'®). Set ty =t +- (i,0). Set
S7 = SgmX(BagOrder O, Support P). Set S13 = Subst(¢,i,p). Consider
y being a finite sequence of elements of R such that leny = len S7 and
eval(P,z) = Yy and for every element ¢ of N such that 1 < < leny holds
Yy); = P-S7,;-(eval(S7/;, ). Consider t3 being a one-to-one finite sequence
of elements of Bags O such that rngty = Support S13 and lents = len S7
and for every j such that 1 < j < lenty holds #3(j) = Subst(t,4, 57 ;).
Consider Y being a finite sequence of elements of R such that lenY =
Support S13 and eval(Sis,z) = Y. Y and for every natural number i such
that 1 < i < lenY holds Y); = Si3 - ta; - (eval(ta);, ). eval(Pz) =
powerp(eval(p, x),t(7)). For every j such that 1 < j <lenY holds Y (j) =
(- (eval(to, 2))) (7). (eval(to, 24)) - power g i, 1)) = (eval(t, z4)) - (11).
0

Let X be a set, L be an add-associative, right zeroed, right complementable,

right distributive, non empty double loop structure, p be a finite-Support series
of X, L, and a be an element of L. One can verify that a - p is finite-Support.
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Let X be an ordinal number, L be a right zeroed, add-associative, right
complementable, right unital, well unital, distributive, non trivial double
loop structure, p, s be polynomials of X,L, and z be an object. The functor
Subst(p, z, s) yielding a polynomial of X,L is defined by

(Def. 4) there exists a finite sequence S of elements of PolyRing(X, L) such that
it = > S and len SgmX(BagOrder X, Support p) = len S and for every i
such that i € dom .S holds S(i) = p((SgmX(BagOrder X, Supportp)) ;) -
(Subst((SgmX(BagOrder X, Support p)) ;, z, 5))-

Let O be an ordinal number, ¢ be a bag of O, and p be a Z-valued polynomial
of O,Rp. Let us observe that Subst(¢, z, p) is Z-valued.

Let p, s be Z-valued polynomials of O,Rp. Observe that Subst(p,z,s) is
Z-valued.

Now we state the propositions:

(36) Let us consider an ordinal number O, a right zeroed, add-associative,
right complementable, Abelian, well unital, distributive, non trivial
double loop structure L, a polynomial p of O,L, a function x from O
into L, and a finite sequence P of elements of PolyRing(O, L). Suppose
p = > P. Let us consider a finite sequence E of elements of L. Suppose
len ¥ = len P and for every polynomial s of O,L and for every ¢ such that
i € dom F and s = P(i) holds E(i) = eval(s,x). Then eval(p,z) = > E.
PROOF: Define P[natural number| = for every natural number i such that
$1 =4 and i < len P for every polynomial ¢ of O,L such that ¢ = Y (P[7)
holds Y (Ei) = eval(q, z). P[0]. If P[n], then P[n + 1]. P[n]. O

(37) Let us consider a commutative, associative, Abelian, right zeroed, add-
associative, right complementable, well unital, distributive, non tri-
vial double loop structure R, polynomials p, s of O,R, an object i, and
a function x from O into R. Suppose i € O. Then eval(Subst(p,i,s),x) =
eval(p, x +- (i, eval(s, x))).

PROOF: Set 4 = x+-(4, eval(s, z)). Set B = SgmX(BagOrder O, Support p).
Consider f being a finite sequence of elements of R such that len f = len B
and eval(p, z4) = Y f and for every element j of N such that 1 < j <len f
holds f/; = p-B);-(eval(B/;, 74)). Consider S being a finite sequence of ele-
ments of PolyRing(O, R) such that Subst(p,i,s) =>. S and len B = len S
and for every j such that j € dom S holds S(j) = p(B);)-(Subst(B/;,1, s)).
For every polynomial ¢ of O,R and for every j such that j € dom f and
g = S(j) holds f(j) = eval(g,x). O
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5. SET OF VARIABLES USED IN MULTIVARIATE POLYNOMIAL

Let X be a set, S be a zero structure, and p be a series of X, S. The functor
vars(p) yielding a subset of X is defined by

(Def. 5) for every object x, x € it iff there exists a bag b of X such that b €
Support p and b(z) # 0.

Now we state the propositions:

(38) Let us consider an ordinal number X, a non empty zero structure S, and
a series p of X, S. Then vars(p) = () if and only if p is constant.

(39) Let us consider a set X, a zero structure .S, and a series p of X, S. Then
vars(p) = U{support b, where b is an element of Bags X : b € Support p}.

(40) Let us consider a set X, a zero structure S, a series p of X, S, and
a bag b of X. If b € Support p, then supportb C vars(p). The theorem is
a consequence of (39).

Let X be an ordinal number, S be a non empty zero structure, and p be
a polynomial of X,S. Let us observe that vars(p) is finite.
Now we state the propositions:

(41) Let us consider a set X, a right zeroed, non empty additive loop structure
S, and series p, g of X, S. Then vars(p + ¢q) C vars(p) U vars(q).

(42) Let us consider a set X, an add-associative, right zeroed, right comple-
mentable, non empty additive loop structure .S, and a series p of X, S.
Then vars(p) = vars(—p).

PROOF: vars(p) C vars(—p). Consider b being a bag of X such that b €
Support(—p) and b(z) # 0. O

(43) Let us consider an ordinal number X, an add-associative, right com-
plementable, right zeroed, right unital, distributive, non empty do-
uble loop structure S, and polynomials p, ¢ of X,S. Then vars(p * q) C
vars(p) U vars(q).

(44) Let us consider a set X, an add-associative, right zeroed, right comple-
mentable, right distributive, non empty double loop structure S, a series
p of X, S, and an element a of S. Then vars(a - p) C vars(p).

(45) Let us consider an ordinal number X, a right zeroed, add-associative,
right complementable, right unital, distributive, well unital, non trivial
double loop structure S, a polynomial p of X5, and a natural number k.
Then vars(p*) C vars(p).

PROOF: Define P[natural number] = vars(p®') C vars(p). p* = 1.(X, S).
vars(p?) = 0. If P[k], then P[k + 1]. P[k]. O
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(46) Let us consider an ordinal number X, a right zeroed, add-associative,
right complementable, right unital, distributive, well unital, non trivial
double loop structure .S, a polynomial p of X,S, and a bag t of X. Then
vars(Subst(t, z,p)) C (supportt) \ {} Uvars(p). The theorem is a conse-
quence of (45).

(47) Let us consider an ordinal number X, a right zeroed, add-associative,
right complementable, right unital, distributive, well unital, non trivial
double loop structure S, and polynomials p, s of X,S.

Then vars(Subst(p, z, s)) C (vars(p)) \ {z} U vars(s).

PROOF:

Set P; = PolyRing(X, S). Set S1; = SgmX(BagOrder X, Support p). Con-
sider F being a finite sequence of elements of P; such that Subst(p, z, s) =
> F and len S;; = len F' and for every ¢ such that ¢ € dom F' holds
F(i) = p(S11,;) - (Subst(S11 /4, , 5)). Define P[natural number] = for every
natural number i such that i = $; and ¢ < len F' for every polynomial g of
X,S such that ¢ = Y (F'[4) holds vars(q) C (vars(p)) \ {z} Uvars(s). P[0].
If P[n], then P[n + 1]. P[n]. O

(48) Let us consider a set X, a non empty zero structure S, and an element
s of S. Then vars(Monom(s, EmptyBag X +- (z,n))) C {z}.

6. PoLyNoMIAL WITHOUT THE LAST VARIABLE

Let n be a natural number, L be a non empty zero structure, and p be a series
of n + 1, L. The functor p-removed_last yielding a series of n, L is defined by

(Def. 6) for every bag b of n, it(b) = p(b extended by 0).

Let p be a polynomial of n 4+ 1,L. One can check that p-removed_last is
finite-Support. Now we state the propositions:

(49) Let us consider a natural number n, a non empty zero structure L, and
a series p of n, L. Then (the p extended by 0)-removed_last = p.
PROOF: Set eg = the p extended by 0. For every element a of Bagsn,
p(a) = (ep-removed_last)(a) by [5) (6)]. O

(50) Let us consider a natural number n, a non empty zero structure L, and
a series p of n + 1, L. Suppose n ¢ vars(p). Then the p-removed_last
extended by 0 = p.
PROOF: Set r = p-removed_last. For every element a of Bags(n+1), p(a) =
(the r extended by 0)(a). O

(51) Let us consider a natural number n, a right zeroed, add-associative,
right complementable, well unital, distributive, non trivial double loop
structure L, a polynomial p of n + 1,L, a function = from n into L, and
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a function y from n + 1 into L. Suppose n ¢ vars(p) and y[n = x. Then
eval(p-removed _last, x) = eval(p,y). The theorem is a consequence of (50).

(52) Let us consider a natural number n, a non empty zero structure L, and
a series p of n + 1, L. Then vars(p-removed_last) C (vars(p)) \ {n}.

(53) Let us consider an ordinal number X, a right zeroed, add-associative,

right complementable, well unital, distributive, non trivial double loop
structure .S, a polynomial p of X,S, an object i, and a function x from X
into S. Suppose ¢ € X \ (vars(p)). Let us consider an element s of S. Then
eval(p,x) = eval(p, x +- (i, 5)).
PROOF: Set 9 = = +- (0,s). Set Sy = SgmX(BagOrder X, Support p).
Consider y being a finite sequence of elements of the carrier of S such that
leny =len Sy and eval(p,x) = Y y and for every element i of N such that
1 <i<leny holds y/; = p- Sy - (eval(Say, x)). Consider y3 being a finite
sequence of elements of the carrier of S such that lenys = lenS; and
eval(p,x9) = Y y3 and for every element i of N such that 1 < ¢ < lenys
holds y3 ; = p-S4/; - (eval(Sa s, ¥9)). For every natural number i such that
1 <i<lenSy holds y(i) = y3(i). O

7. SQUARE ROOT FUNCTION — SOME GENERALIZATION

Let n be an ordinal number, z be an object, A be a finite subset of n, and f
be a real-valued function. The functor f(z)+ {/f(A1) + V/f(A2) + ... yielding
a finite sequence of elements of Cp is defined by
(Def. 7) lenit = 1+ A and it(1) = f(x) and for every natural number 4 such
that ¢ € dom(SgmX(S,, A)) holds it(i + 1)2 = f((SgmX(S,, 4))(i)) and
R(it(i+1)) > 0 and I(it(i+ 1)) > 0.

Let n be a natural number and f be a finite function.

The functor count_reps(f,n) yielding a bag of n is defined by

(Def. 8) for every natural number ¢ such that ¢ € n holds it(:) = f~1({i +1}).
Now we state the propositions:
(54) count_reps((),n) = EmptyBagn.
(55) Let us consider a finite sequence f. Then count_reps(f ~ (i + 1),n) =
count_reps(f,n) + (EmptyBagn +- (i,1)).
PROOF: Set s; = count_reps(f ~ (i + 1),n). Set s = count_reps(f,n).
Set £ = EmptyBagn. For every object x such that z € doms; holds
si(z) = (s+ (E+-(3,1)))(x). O
Let f be a finite function, L be a double loop structure, and E be a function.
The functor Sgnj, (f) yielding an element of L is defined by
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for every natural number ¢ such that

¢ = {z, where x is an element of dom f : x € dom f and f(z) € E(z)}
holds if ¢ is even, then it = 1 and if ¢ is odd, then it = —1.

Now we state the propositions:

(56)

(57)

(58)

(59)

(60)

(61)

Let us consider a double loop structure L, and a function E. Then
SgnL,E(Q) = 1L~

Let us consider a double loop structure L, finite sequences f, e, an object
z, and a set E. Suppose len f = lene and x ¢ E. Then Sgny, .~y (f
() = Seng, o (f).
PROOF: Set f5 = f = (z). Set e = e~ (E). Set X; = {z, where x is
an element of dom f5 : © € dom f5 and f5(z) € e7(x)}. Set X = {x, where
x is an element of dom f : x € dom f and f(x) € e(z)}. X C dom f.
X=X;.0

Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure L, finite sequences f, e, an object z, and
a set E. Suppose len f = lene and z € E. Then Sgny, .~ (f ™~ (z)) =
_SgnL,e(f)'
PROOF: Set f5 = f ™ (z). Set e7 = e~ (E). Set X; = {z, where x is
an element of dom f5 : = € dom f5 and f5(x) € e7(x)}. Set X = {x, where
x is an element of dom f : € dom f and f(z) € e(z)}. X C X;. X; C
domfs.lenf+1¢ X. X7 C XU {lenf+1}. O

Let us consider an add-associative, right zeroed, right complementa-
ble, well unital, distributive, associative, Abelian, commutative, non
empty, non trivial double loop structure L, a natural number n, a finite
sequence f of elements of L, and a function xg from n into L. Suppose
xe = FS2XFS(f).

Let us consider a finite set F', an enumeration E of F, and a finite
sequence d. Suppose d € dom,(SignGenOp(f, (the addition of L), F')) -
E(k). Then (the multiplication of L)® (App((SignGenOp( f, (the addition
of L), F)) - E))(d) = eval(Monom(Sgn,, g(d), count_reps(d,n)), ze).
PROOF: Set M = the multiplication of L. Set A = the addition of L.
Define P[natural number] = for every finite set F' such that F = $;
for every enumeration E of F' for every finite sequence d such that d €
dom,, (SignGenOp(f, A, F'))- E(r) holds M ® (App((SignGenOp(f, A, F))-
E))(d) = eval(Monom(Sgny, g(d), count_reps(d,n)), x¢). P[0]. If P[i], then
Pli+ 1]. Pli]. O

Let us consider a finite function f. Suppose f has evenly repeated values.
Then (count_reps(f,n))(x) is even.

Let us consider a finite sequence f of elements of Segn.

265
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Then degree(count_reps(f,n)) = len f.
PROOF: Define P[natural number] = for every finite sequence f of elements
of Segn such that len f = $; holds degree(count_reps(f,n)) = len f. P[0].
If P[i], then P[i + 1]. P[i]. O

(62) Let us consider a double loop structure L, a finite function f, and a func-
tion E. Then

(i) Seny, g(f) =1, or
(ii) Sgny, g(f) = —1r.

(63) Let us consider a finite sequence f of elements of Segn, and i. Suppose
i € n and count_reps(f,n) = EmptyBagn +- (i,len f). Then f =len f —
(t+1).

(64) If i € n, then count_reps(m — (i + 1),n) = EmptyBagn +- (i, m).
PROOF: Set E = EmptyBagn. Set s = count_reps(m — (i + 1),n). For
every x such that € n holds s(x) = (E +- (i,m))(x). O

8. JPOLYNOM

Let L be an Abelian, commutative, add-associative, right zeroed, right
complementable, associative, well unital, distributive, non empty, non trivial
double loop structure and m be a natural number. Assume m > 1.

A Jpory of m, L is a polynomial of m,L defined by

(Def. 10) it(EmptyBagm +- (0,2™~'1)) = 11, and for every bag b of m such that
b € Support it holds degree(b) = 2! and there exists an integer 4 such
that it(b) = i« 1y and if 2"~'! € rngb, then it(b) = 11, or it(b) = —1p
and for every n, b(n) is even and for every finite sequence f of elements
of L and for every function zg from m into L such that z¢ = FS2XFS(f)
holds eval(it, zg) = SignGenOp( f, (the multiplication of L), (the addition
of L), (Segm) \ {1}).

Let f be a real-valued finite sequence. The functor /f yielding a finite
sequence of elements of Cy is defined by

(Def. 11) lenit = len f and it(1) = f(1) and for every natural number i such that
i € dom f and i # 1 holds 4t(i)2 = f(i) and R(it(7)) > 0 and I(it(i)) > 0.
Let L be a non empty 1-sorted structure, m be a set, and P be a series of
m, L. The functor J \/(P) yielding a series of m, L is defined by
(Def. 12) for every bag b of m, it(b) = P(2-b+- (0,b(0))).
Let L be a non empty zero structure, m be an ordinal number, and P be
a polynomial of m,L. Observe that J \[(P) is finite-Support. Now we state the
propositions:
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(65) Let us consider a non empty zero structure L, a natural number m, and
a polynomial p of m,L. Suppose for every bag b of m for every n such
that b € Support p holds b(n) is even. Let us consider a one-to-one finite
sequence Cs of elements of Bagsm. Suppose rmg Cy = Support J\/(p).
Then there exists a one-to-one finite sequence S of elements of Bagsm
such that

(i) len S =lenCy, and
(ii) rng S = Support p, and
(iii) for every i such that i € dom S holds S(i) = 2-Cy/; +- (0, (C2/;)(0)).

PRrROOF: Define B(bag of m) = 2 -$; +- (0,%$1(0)). Define F(object) =
B(Cy/s,). Consider S being a finite sequence such that len S = len Cy and
for every k such that k € dom S holds S(k) = F(k). rng S C Support p.
Supportp C rng S. S is one-to-one. [

(66) Let us consider a non trivial natural number m, a Jpoy of m, Cp, a fi-

nite sequence f of elements of R, and functions zg, co from m into Cg.
Suppose x¢ = FS2XFS(f) and co = FS2XFS(V/f). Then eval(p,c2) =
eval(JV' (p), z6).
ProOOF: Reconsider L = Cy as a field. Reconsider x7 = x¢, c3 = ¢y as
a function from m into L. Set ¢ = J‘/(p). Reconsider P = p, C = ¢ as
a polynomial of m,L. Set Cy = SgmX(BagOrder m, Support C). Consider
C3 being a finite sequence of elements of L such that lenC5 = lenCs
and eval(C,z7) = > C3 and for every element i of N such that 1 < i <
len C3 holds C3; = C - Oy, - (eval(C2 4, 7). Consider S being a one-to-
one finite sequence of elements of Bagsm such that len.S = lenC5 and
rng S = Supportp and for every i such that ¢ € domS holds S(i) =
2-Cay; ++(0,(C2/;)(0)). Consider y being a finite sequence of elements of
L such that len y = Support p and eval(P, ¢3) = 3 y and for every natural
number 7 such that 1 < < leny holds y,; = P - S); - (eval(S);,c3)). For
every 4 such that 1 <4 <leny holds y(i) = C3(¢). O

(67) Let us consider a finite sequence fa of elements of Cp, and a finite sequ-
ence fy of elements of Rg. If fo = f4, then [] fo =[] fa.

PRrROOF: Reconsider F; = Cp, F» = Ry as a field. Define P[natural

number] = for every finite sequence fy of elements of Fy for every fini-
te sequence f4 of elements of Fy such that fo = f4 and len f5 = $; holds
[T f2 =11 fa- P[O]. If P[n], then P[n + 1]. P[n]. O

(68) Let us consider an ordinal number m, a bag b of m, a function x5 from m
into Cp, and a function x1g from m into Rp. If x5 = 219, then eval(b, z5) =
eval(b, z19).
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PROOF: Reconsider F; = Cg, F5 = Ry as a field.
Set S = SgmX(%,,,support b). Consider y; being a finite sequence of ele-
ments of F; such that leny; = len S and eval(b,x5) = [[y1 and for every
element i of N such that 1 < i <leny; holds y1 ,; = powerp, (z5-S/;,b-5/;).
Consider yo being a finite sequence of elements of F5 such that lenyy =
len S and eval(b,z19) = []y2 and for every element i of N such that
1 <4 < lenyz holds yo); = powerp, (z10 - Sy;,b - Sy;). For every i such
that 1 <4 <len S holds y;(i) = y2(i) by [3, (7)]. O

(69) Let us consider an ordinal number m, a polynomial Py of m,Cg, and
a polynomial Py4 of m,Rp. Suppose Ps = Pi4. Let us consider a function
x5 from m into Cp, and a function x1¢ from m into Rg. Suppose x5 = x1g.
Then eval(Pg, z5) = eval(Pi4, 210).
Proor: Reconsider F; = Cg, F5 = Ry as a field.
Set S = SgmX(BagOrder m, Support Pg). Consider C5 being a finite se-
quence of elements of the carrier of F; such that lenC3 = lenS and
eval(Pg,x5) = Y C5 and for every element i of N such that 1 < i <lenCjs
holds Cg/l = Ps : S/z : (eval(S/Z-, .135))

Support Ps C Support Pi4. Support P14 C Support Ps. Consider Ry
being a finite sequence of elements of the carrier of F5 such that len Ry =
len S and eval(Pi4,x10) = Y. R4 and for every element i of N such that
1 <i<lenRyholds Ryyy = Pia-Sy; - (eval(S/,-,xlo)). Define P[natural
number] = for every natural number ¢ such that i = $; < len S holds
S>(R4li) = >(Csli). P[0]. If P[n], then P[n + 1]. P[n]. O

Let m be a natural number. Assume m > 1. Let M be a Jpoy of m, Cg. The
functor J ‘FC(M ) yielding a Z-valued polynomial of m,Ry is defined by the term
(Def. 13)  JV'(M).
Now we state the proposition:
(70) Let us consider a non trivial natural number m, a Jpoy of m, Cr, and

a function f from m into Rp. Then eval(,]‘/(E(M),f) = 0 if and only
if there exists a subset A of (Segm) \ {1} such that (the addition of
Cr) ® SignGen( {/XFS2FS(9f), (the addition of Cg), A) = 0.

PROOF: Reconsider F = XFS2FS(®f) as a finite sequence of elements
of R. Set M3 = the multiplication of Cg. Set A; = the addition of Cpg.
Reconsider xg = FS2XFS(F) as a function from m into Cg. Reconsider
¢ = VF as an m-elements finite sequence of elements of Cp. Reconsi-
der f3 = FS2XFS(c1) as a function from m into Cg. eval(Jm(M),f) =
eval(JV (M), z¢). eval(J*/@(M),f) = eval(M, f3). Set B = (Segm) \ {1}.
Set t; = the enumeration of 25. Set C; = (SignGenOp(cy, A1, 27)) - t;.
Define P[set] = for every element X of Findom C; such that X = §;
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holds M3-3"x (A1 ® C1) = Oc, iff there exists x such that z € X and
Ocp = (A1 © Cy)(2).

For every element By of Findom C; and for every element b of dom C
such that P[Bg] and b ¢ By holds P[Bg U {b}|. For every element B of
Findom Cy, P[B]. If eval(Jﬁ(M), f) =0, then there exists a subset A of
(Segm) \ {1} such that A; ® SignGen({/XFS2FS(?f), A1, A) = 0 by [0,
(80)]. Consider z such that x € domt; and ¢;(x) = A. O

Let z, y, z, t be objects. Let us note that (z,y, z,t) is 4-elements. Let = be
a real number. Note that (x) is R-valued. Let z, y, z, t be real numbers. One
can check that (x,y, z,t) is R-valued. Now we state the propositions:

(71) Let us consider a real-valued finite sequence f. If i > 1 and f(i) > 0,
then (V/f)(i) = v/f (7). The theorem is a consequence of (2).
(72) Let us consider a finite sequence f of elements of Cp, and a set A. Then

there exists an integer ¢ such that
(i) i=1ori=—1, and
(ii) (SignGen(f, (the addition of Cg), A))(z) =i - f(z).

9. PRIME REPRESENTING POLYNOMIAL CONSTRUCTION

Now we state the propositions:

(73) Let us consider a Jpoly of 4, Cp, and natural numbers 1, x2, x3. Sup-
pose x1 is odd and xo is odd. Let us consider an integer z. Suppose
eval(J‘/‘E(M), ¥z, 21,4 29,16 - 23)) = 0. Then

(i) x1 is a square, and
(ii) 2 is a square, and

(iii) x3 is a square, and

(iv) —2 < JTT+2- /T2 +4- /T3
PROOF: Set Ay = the addition of Cg. Set f = (z, 21,4 -x9,16-x3). Consider
A being a subset of (Seg4)\{1} such that A2©SignGen( {/XFS2FS(9%f), A,,
A) = 0. Set ¢ = {/XFS2FS(f). Set S = SignGen(c, A2, A). Set iy = 1.
Consider i1 being an integer such that (i; = 1 or iy = —1) and S(2) =
i1 - ¢(2). Consider iy being an integer such that (i = 1 or i = —1)
and S(3) = iz - ¢(3). Consider i3 being an integer such that (i3 = 1 or
i3 =—1)and S(4) = iz-c(4). ¢(2) = \/71. ¢(3) = V4 - 22. c(4) = V4 - 4 3.
S(1)#0.Set Y =z-2+416-x3 —x1 —4-2x2. Y # 0. Reconsider Y7 =
2-Y -8 (ig-1i3) - 2-+/23 as an integer. 16 - Y - z | Y1. Consider m being
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an integer such that 16-Y - z-m = Y7. Reconsider S3 = /z3 as an integer.
Set Z1 =i4-2-2—1+193-8-53. Z1 #0.Set Y1 = Z1- Z1+16- 29— 1 —4 - x1.
Y1 # 0. Reconsider Y3 = 16 - Y7 - Z7 - i3 - \/Z2 as an integer. Consider my
being an integer such that 16-Y7 - Z1-m1 = Ys. Reconsider Y3 = 241 -/x1
as an integer. Consider mo being an integer such that 2 -mgy = Y3. O

(74) Let us consider a Jpoly of 4, Cp, and natural numbers x1, z2, 3. Suppose
x1 is a square and xo is a square and x3 is a square. Then there exists
an integer z such that

(i) —z=x1+2\J/r2+4- /73, and
(ii) eval(JVE(M), %z, 21,4 22,16 - z3)) = 0.
The theorem is a consequence of (71) and (70).
(75) Let us consider a right zeroed, add-associative, right complementable,

well unital, distributive, non trivial double loop structure L, and a po-
lynomial p of n,L. Then there exists a polynomial g of n + m,L such that

(i) rngqg CrngpU{0.}, and
(ii) for every bag b of n + m, b € Support q iff b[n € Support p and for
every 4 such that ¢ > n holds b(i) = 0, and
(iii) for every bag b of n+ m such that b € Support ¢ holds ¢(b) = p(b[n),
and
(iv) for every function z from n into L and for every function y from
n 4+ m into L such that y[n = x holds eval(p, z) = eval(q, y).

PROOF: Define P[natural number] = there exists a polynomial g of n+$;,L
such that rng ¢ C rngpU {07} and for every bag b of n+ $1, b € Support ¢
iff b[n € Supportp and for every i such that ¢ > n holds b(i) = 0 and
for every bag b of n + $; such that b € Support ¢ holds ¢(b) = p(bJn) and
for every function x from n into L and for every function y from n + $;
into L such that y[n = x holds eval(p, x) = eval(q,y). P[0]. If P[k], then
Plk + 1]. Plk]. O

(76) Let us consider a Jpoly of 4, Cp. Then there exists a Z-valued polynomial
K5 of 6,Rp such that

(i) for every function f from 6 into R such that f(5) # 0 holds eval( K3, f)
= powerg, (f/5,8) - (eval(JVE(M), %~ £(0) + £, £(1), £(2), F(3)))),
and

(ii) for every Z-valued function f from 6 into Ry such that f(5) # 0 and
eval(Ka, f) = 0 holds f(5) | f(4).

PROOF: Set p = J‘/@(M) Set R = Rg. Consider ¢ being a polynomial
of 4 + 2,R such that rngg C rmgp U {Or} and for every bag b of 4 +
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2, b € Supportq iff b[4 € Supportp and for every ¢ such that ¢ > 4
holds b(z) = 0 and for every bag b of 4 + 2 such that b € Supportq
holds ¢(b) = p(b]4) and for every function = from 4 into R and for every
function y from 4+ 2 into R such that y[4 = x holds eval(p, z) = eval(q, y).
Set Y5 = EmptyBag6 +- (0,1). Set Y = Monom(—1pg,Y5). Set Zg =
EmptyBag6 +- (4,1). Set Z = Monom(lg,Zg). Set Yy = Y + Z. Set
S15 = SgmX(BagOrder 6, Support q).

Consider S being a finite sequence of elements of PolyRing(6, R)
such that Subst(q,0,Y;) = >S5 and lenS;5; = lenS and for every i
such that ¢ € domS holds S(i) = q(Si5/;) - (Subst(S15/,0,Ys)). Set
E; = EmptyBag6. Set M; = EmptyBag4 +- (0,8). Set My = Eq +- (0, 8).
2. M +- (0, M;1(0)) = M. For every x such that x € 4 holds (Mz[4)(z) =
M;(z). For every i such that ¢ > 4 holds M(i) = 0. Consider I being
an object such that I € dom S;5 and Si5(I) = Ms. Define P|natural
number] = (V;%1)(E1 +-(4,$1)) = 1. Y3 = 1.(6, R). If P[i], then P[i+1].
Pli]. Set Zs = Ey + (4,8). (Subst(Si5,7,0,Y2))(Zs) = (Y4M2(0)(Zs).
For every i such that ¢ € domS for every bag b of 6 such that b €
Support ¢(S15/;) - (Subst(S15;,0,Ys)) and b(4) > 8 holds i = [ and b = Zs.

For every i such that ¢ € dom S for every bag b of 6 such that b €
Support ¢(S15/;) - (Subst(S15 /4,0, Y1)) holds b(5) = 0. Define Winatural
number] = for every natural number i such that $; = ¢ and ¢ < len S for
every polynomial w of 6,R such that w = > (S]i) holds if I < i, then
w(Zg) = 1g and if i < I, then w(Zg) = Or and for every bag b of 6 such
that b € Supportw and b # Zg holds b(4) < 8 and for every bag b of 6
such that b € Support w holds b(5) = 0. W[0]. If W[n], then W[n + 1]. Set
Sy = Subst(q,0,Ys). W[n]. Define J[bag of 6,element of R] = if $1(4) +
$1(5) = 8, then $2 = So($1+-(5,0)) and if $1(4)+31(5) # 8, then $3 = 0.
For every element x of Bags6, there exists an element y of R such that
Jx,y]. Consider W being a function from Bags 6 into R such that for every
element = of Bags 6, J [z, W(x)]. Set S7 = SgmX(BagOrder 6, Support S).
Define O(object) = S7/$1 +- (5, 8~/ (S7/$1)(4)).

Consider S79 being a finite sequence such that len S79 = len S7 and for
every k such that k£ € dom Sy holds S19(k) = O(k). rng S19 C Support W.
Support W C rng S1g. S1g is one-to-one. Reconsider Ry = R as a field.
Monom(—1g,,Y5) = —Monom(1g,,Ys). rng W C Z. Reconsider Sg = Sy,
J = W as a polynomial of 6,R;. For every function f from 6 into Rg
and for every element d of Rp such that f(5) # 0 and d = % holds
eval(W, f) = powerg,(f/5,8) - (eval(So, f +- (4,d))). For every function
f from 6 into Rr such that f(5) # 0 holds eval(W, f) = powerg/(f/s,8) -

(eval(JVE(M), A= £(0)+ 3}, F(1), F(2), £(3)))). Set N = ged(f(5), (4)).

271
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Consider gs, g4 being integers such that f(5) = N - g5 and f(4) = N - g4
and g5 and g4 are relatively prime. Reconsider N5 = N, go = g5, g3 = g4
as an element of R. Set g = (f +- (4,93)) + (5, 92)-
Reconsider g; = g as a function from 6 into R;. rng g C Z. powerg (N5,

8) # 0gr. Set Ry = Fy +- (4, 8) Set My = MOnOm(lRl,Rg). Set S =
SgmX (BagOrder 6, Support(J — Ms)). Consider R4 being a finite sequence
of elements of Ry such that len R4 = len S and eval(J—Ms5, g1) = Y. R4 and
for every element i of N such that 1 <1 <len Ry holds Ry/; = (J — M5) -
S)i - (eval(Sy;, g1)). Define Plnatural number] = for every natural number
i such that ¢ = $; < len S there exists an integer s such that s - g(5) =
> (R4li). P[0]. If P[n], then P[n + 1]. P[n]. Consider s being an integer
such that s- g(5) = > (Rallen Ry). eval(Rg, g) = powerp(g(4),8). Define
H[natural number] = if g5 | g4*', then g5 | g4. H([0]. If H[j], then H[j + 1].
Hljl. O

Let x be an integer. One can verify that (x) is Z-valued. Let x, y, z, t be

integers. Let us observe that (x,y, z,t) is Z-valued.
Now we state the propositions:

(77) There exists a Z-valued polynomial K3 of 8 Rp such that for every na-
tural numbers x1, x2, 3, P, R, N for every integer V such that x; is odd
and x2 is odd and P > 0 and N > \/z1 +2- /22 +4- /x5 + R holds z;
is a square and x2 is a square and x3 is a square and P | R and V > 0 iff
there exists a natural number z such that for every function f from 8 into
Rp such that f = (z,21,4-29,16-z3) ™ (R, P, N, V) holds eval(K3, ) = 0.
PRroOOF: Set M = the Jpoly of 4, Cg. Set R3 = Rp. Reconsider Ry = R3
as a field. Consider Ky being a Z-valued polynomial of 6,Rr such that for
every function f from 6 into Ry such that f(5) # 0 holds eval(K», f) =
powerg, (f75,8) - (eval(JVE(M), A= (0) + f5}. F(1). f(2), /(3)))) and for
every Z-valued function f from 6 into Ry such that f(5) # 0 and eval(Ka, f)
= 0 holds f(5) | f(4). Consider Ksg being a polynomial of 6 + 2,R3 such
that rng Kag C rng KoU{Og, } and for every bag b of 6+2, b € Support Kog
iff b[6 € Support Ky and for every ¢ such that ¢ > 6 holds b(i) = 0 and for
every bag b of 6 + 2 such that b € Support Kog holds Kag(b) = K5 (b[6)
and for every function z from 6 into Rs3 and for every function y from
6+ 2 into Rs such that y[6 = x holds eval(Ks, z) = eval(Kas, y). Set ny =
EmptyBag8 +- (6,1). Set n = Monom(1g,,n1). Set v; = EmptyBag8 +-
(7,1). Set v = Monom(—1pg,,v1). Set z3 = EmptyBag8 +- (0,1).

Set z = Monom(1g,, z3). Monom(—1g,,v1) = —Monom(1g,,v1). Set
z4 = z + n *v. Reconsider K3 = Subst(Kss,0,24) as a Z-valued poly-
nomial of 8 Rs. If 1 is a square and xo is a square and x3 is a squ-
are and P | R and V > 0, then there exists a natural number z such
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that for every function f from 8 into Rp such that f = (z, 21,4 - 29,16 -
x3) " (R, P,N,V) holds eval(K3, f) = 0. Reconsider f = (zz,x1,4 22,16 -
x3) " (R,P,N,V) as a Z-valued function from 8 into Rp. eval(K3, f) =
eval(Kog, f+-(0,eval(z4, f))). Set y = —N - V42zz. Reconsider Y =y, 25 =
zz, Ny = N, V5 =V as an element of R3. eval(z3, f) = powerg, (f(0),1).
eval(vi, f) = powerg, (f(7),1). eval(ny, f) = powerg,(f(6),1). Set fg =
(f +-(0,Y))[6. Consider d being a natural number such that P-d = R.
powerp, (f6/5,8) # 0. 21 is a square and z2 is a square and z3 is a square
and —(—y+d) < /21 +2- /22 +4-/z3. O

(78) Let us consider a set X, a right zeroed, non empty additive loop structure
S, series p, ¢ of X, S, and a set V. Suppose vars(p) C V and vars(q) C V.
Then vars(p 4+ ¢) € V. The theorem is a consequence of (41).

(79) Let us consider an ordinal number X, an add-associative, right comple-
mentable, right zeroed, right unital, distributive, non empty double loop
structure S, polynomials p, ¢ of X,S, and a set V. Suppose vars(p) C V
and vars(q) C V. Then vars(p x ¢) C V. The theorem is a consequence of
(43).

(80) Let us consider a set X, an add-associative, right zeroed, right comple-
mentable, right distributive, non empty double loop structure S, a series p
of X, S, an element a of S, and a set V. If vars(p) C V, then vars(a-p) C V.
The theorem is a consequence of (44).

(81) Let us consider a set X, an add-associative, right zeroed, right comple-
mentable, non empty additive loop structure .S, series p, ¢ of X, .S, and
a set V. Suppose vars(p) C V and vars(q) C V. Then vars(p —q) C V.
The theorem is a consequence of (42) and (41).

(82) There exists a Z-valued polynomial Z of 17,Rp such that

(i) vars(Z) C {0} U17\ 8, and

(ii) for every natural number zg such that xg > 0 holds g+ 1 is prime iff
there exists a Z-valued function x from 17 into Rp such that z /3 = 3
and x /g is a positive natural number and z,1¢ is a positive natural
number and z,1; is a positive natural number and z,15 is a positive
natural number and z,;3 is a positive natural number and z,14 is
a natural number and x5 is a natural number and ;5 is a natural
number and z /g is a natural number and eval(Z, x) = Ogy.

PROOF: Set N = 17. Set E = EmptyBag N. Set V; = N\ 8. n € V} iff
8 <n < N.Set k=38.Set P11 = Monom(1g,, Fa+-(k,1)). vars(Py1) C Vj.
For every function x from N into R, eval(P11,7) = ;. Set f = 9. Set
Py = Monom(1gy,, Ea+-(f,1)). vars(Py) C Vy. For every function x from N
into R, eval(Py,z) = /5. Set i = 10. Set Il = Monom(1gg, Fa +- (4,1)).
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vars(Il) C Vj. For every function z from N into R, eval(Il,z) = ;.
Set j = 11. Set Pip = Monom(lgr,, E2 +- (j,1)). vars(Pig) € Vj. For
every function z from N into Rp, eval(Pi,x) = x/;. Set m = 12. Set
P13 = Monom(1gy,, Ea+-(m, 1)). vars(P12) C Vj. For every function x from
N into R, eval(Pi2,7) = z/p,. Set u = 13. Set P17 = Monom(1gy,, F2 +
(u,1)). vars(Pr7) C Vj. For every function z from N into Ry, eval(Py7, x) =
T y. Set v = 14. Set P14y = Monom(1gy,, B2 +- (r,1)). vars(Py4) C Vj. For
every function z from N into Ry, eval(Pi4,z) = z/,.

Set s = 15. Set P;5 = Monom(1gy,, Es +- (s,1)). vars(Pi5) C Vi. For
every function r from N into Ry, eval(Pi5,7) = z/,. Set t = 16. Set
Pig = Monom(1gy,, By +-(t,1)). vars(Pis) C Vy. For every function z from
N into Ry, eval(Pig, x) = x /t- Reconsider Hy = 100 as an integer element
of Rp. Set O = 1_(N,Rp). vars(O) C V. Reconsider W = H; - ((Py* Py1) *
(P11 + 0)) as a Z-valued polynomial of N,Rp. vars(WW) C V. For every
function = from N into R, eval(W,z) = Hy - (z/f) - (z/1) - (T/x + 1Rp)-
Reconsider U = Hy - (P17 * Pi7) * Pi7) « (W« W)« W)) + O as a Z-
valued polynomial of N,Rp. vars(U) C Vj. For every function = from N
into Ry, eval(U,z) = H; - (x/u)3 - (eval(W,z))* + 1g,. Reconsider M =
Hy-((Pr2*+U)*«W)+ O as a Z-valued polynomial of N,Rp. vars(M) C V.
For every function = from N into Ry, eval(M, z) = Hy-(z/y,)- (eval(U, z))-
(eval(W, x)) + 1gg. Reconsider S = (M — O) * P15+ P11 + O as a Z-valued
polynomial of N,Rp. vars(S) C Vj. For every function = from N into Rp,
eval(S,x) = (eval(M, ) — 1ry) - (2/5) + 2 + 1Rp-

Reconsider T = (M « U — O) x Pig + W — P11 + O as a Z-valued
polynomial of N ,Rp. vars(T") C Vj. For every function z from N into Rp,
eval(T, z) = ((eval(M, z))-(eval(U, x)) —1gg) (2 ;) +eval (W, z) =/, + 1Ry, .
Reconsider T, = 2 as an integer element of Rp. Reconsider @ = T5 - (M
W) —-W W — O as a Z-valued polynomial of N,Rp. vars(Q) C Vi.
For every function x from N into Ry, eval(Q,z) = T5 - (eval(M,z)) -
(eval(W,z)) — (eval(W,))% — 1g,. Reconsider L = (Py; + O) * Q as a Z-
valued polynomial of N,Rp. vars(L) C Vj. For every function z from N
into Ry, eval(L, x) = (z/,+1ry)-(eval(Q, x)). Reconsider A = M x(U+0)
as a Z-valued polynomial of N,Rp. vars(A) C Vj. For every function z
from N into Ry, eval(A4,z) = (eval(M, z)) - (eval(U, ) + 1g,. ). Reconsider
B =W + O as a Z-valued polynomial of N,Rp. vars(B) C Vj. For every
function z from N into Rp, eval(B,z) = eval(W,z) + 1g,. Reconsider
C = Py + W + O as a Z-valued polynomial of N,Rg. vars(C) C Vj. For
every function z from N into Ry, eval(C,z) = z/, + eval(W,z) + Iy

Reconsider D = (Ax A—O)* (C xC)+ O as a Z-valued polynomial of
N ,Rp. vars(D) C Vj. For every function x from N into Rp, eval(D,z) =
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((eval(A,z))% — 1gg) - (eval(C, z))? + 1g,. Reconsider E = Ty - ((((IT *
C)*C)* L) * D) as a Z-valued polynomial of N,Rp. vars(E) C Vj. For
every function z from N into R, eval(E,z) = Ty - (x/;) - (eval(C, x))? -
(eval(L,x))- (eval(D,x)). Reconsider F = (AxA—O)*(ExE)+0O as a Z-
valued polynomial of N ,Rp. vars(F') C Vj. For every function z from N
into Ry, eval(F,z) = ((eval(A, x))2 —1g,) - (eval(E, x))2 + 1g,. Reconsider
G = A+ F«(F — A) as a Z-valued polynomial of N,Rp. vars(G) C Vj. For
every function x from N into Ry, eval(G,z) = eval(4, z) + (eval(F, z)) -
(eval(F,x) — eval(A, x)). Reconsider H = B+ Ty - ((P1g— O) xC) as a Z-
valued polynomial of N,Rp. vars(H) C Vj. For every function z from N
into Ry, eval(H, z) = eval(B,z) + T2 (z/; — 1gp) - (eval(C, )). Reconsider
I =(GxG—=0)*(H*H)+O as a Z-valued polynomial of N,Rp. vars(I) C
V4. For every function z from N into Ry, eval(I,z) = ((eval(G, )% —1g,)-
(eval(H,x))% + 1g,.

Reconsider X1 = (M« M —O)*(S*S)+0 as a Z-valued polynomial of
N ,Rg. vars(X7) C V4. For every function x from N into Rp, eval(Xy,z) =
((eval(M, x))? — 1g,) - (eval(S,z))? + 1g,. Reconsider Xo = ((M * U) *
(MxU)—O)(T+T)+ O as a Z-valued polynomial of N,Rp. vars(Xs) C
Vy. For every function z from N into Ry, eval(Xq,z) = (((eval(M,x)) -
(eval(U,z)))? — 1g,) - (eval(T, x))2 + 1g,. Reconsider X3 = (D * F) % I
as a Z-valued polynomial of N,Rp. vars(X3) C Vj. For every function
x from N into Ry, eval(X3,x) = (eval(D,z)) - (eval(F,x)) - (eval(I,x)).
Reconsider P = F % L as a Z-valued polynomial of N,Rp. vars(P) C V.
For every function z from N into Ry, eval(P, ) = (eval(F, z))-(eval(L, x)).
Reconsider R = (H —C)« L+ (Fx (Po+0))*Q+ (F* (P11 +O))
(Wx«W —0)*S)* Piy — (W x W) x (P17 % Pi7) + O) as a Z-valued
polynomial of N,Rp. vars(R) C Vj. For every function x from N into Rp,
eval(R,z) = (eval(H, r)—eval(C,x))-(eval(L, z))+(eval(F, x))-(z s+ 1R )-
(eval(Q,z)) + (eval(F, 2)) - (x5 + 1rp) - (((eval(W, 2))? — 1R, ) - (eval(S, z)) -
(20) — (eval(W, 2))% - (20)% + Tny ).

Reconsider F; = 8 as an integer element of Rp. Reconsider V; =
Ey - ((PyxPr7)*S)*«T)x (Prg— (Pr2xS)*T)*U)) as a Z-valued
polynomial of N,Rg. vars(V;) C Vj. For every function x from N into
Ry, eval(Vi,z) = Ey- (z/5 - (2/,) - (eval(S, x)) - (eval(T, x)) - (x/p — T, -
(eval(S,x)) - (eval(T,x)) - (eval(U,x)))). Reconsider Fy = 4 as an integer
element of Rp. Reconsider Vo = Fy - (P17 % Pi7) x (S S)) « (T'xT)) as
a Z-valued polynomial of N ,Rp. vars(Vs) C Vj. For every function z from
N into Ry, eval(Va, #) = Fy- (x/,)? (eval(S, z))?- (eval(T, x)). Reconsider
Vs = (Fy (PoxPy) = O)x((Pra— ((Pr2#S)+T)xU) % (Pra— ((Pr2xS)*T)*U))
as a Z-valued polynomial of N,Rg. vars(V3) C Vj. For every function x
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from N into R, eval(Vs,z) = (Fy- (x/7)? = 1rg) - (€ — 2/ - (eval(S, 2)) -
(eval(T,x)) - (eval(U,x)))2. Reconsider Ny = M xS+ Ty - (M« U) xT)
as a Z-valued polynomial of N,Rp. vars(N1) C Vj. For every function z
from N into Ry, eval(Ny,x) = (eval(M, x))- (eval(S, x))+ Ty (eval(M, x))-
(eval(U, z)) - (eval(T, z)).

Reconsider Ny = Fy - (A% A) « C) x E) « G) x H) as a Z-valued
polynomial of N,Rp. vars(Ny) C Vj. For every function z from N into
Rp, eval(Na, z) = Fy - ((eval(A, x)) - (eval(A, z)) - (eval(C, x)) - (eval(E, x)) -
(eval(G,z)) - (eval(H,x))). Reconsider V- =V; — V5 — V53— O as a Z-valued
polynomial of N,Rp. Reconsider N3 = N1 + No + R + O as a Z-valued
polynomial of N,Rp. vars(V) C Vj. vars(N3) C V. For every function
r from N into Rp such that z,, is a positive natural number and z;
is a positive natural number and z/; is a positive natural number and
x,; is a positive natural number and z,,, is a positive natural number
and z/, is a positive natural number and z/, is a natural number and
T,s is a natural number and x, is a natural number holds eval(Xi, )
is an odd natural number and eval(Xs, x) is an odd natural number and
eval( X3, x) is a natural number and eval(P, x) is a positive natural number
and eval(R, x) is a natural number and eval(N3, x) is a natural number and
eval(N3, z) > y/eval(Xy, 1) +2-y/eval(Xo, x)+4-\/eval(X3, z) +eval(R, z).

Consider K3 being a Z-valued polynomial of 8 Ry such that for every

natural numbers x1, xo, 3, P, R, N and for every integer V such that
is odd and 73 is odd and P > 0 and N > /x1+2-,/x2+4-,/T3+ R holds
x1 is a square and x9 is a square and 3 is a square and P | Rand V' > 0 iff
there exists a natural number z such that for every function f from 8 into
Ry such that f = (z,21,4-22,16-23) ™ (R, P, N, V) holds eval(K3, f) = 0.
Consider Z being a polynomial of 8 + 9,Rp such that rng Z C rng K3 U
{Or, } and for every bag b of 8 +9, b € Support Z iff b[8 € Support K3
and for every i such that i > 8 holds b(i) = 0 and for every bag b of 8 +9
such that b € Support Z holds Z(b) = K3(b[8) and for every function x
from 8 into Rp and for every function y from 8 4+ 9 into R such that
y[8 = x holds eval(K3,x) = eval(Z,y). Reconsider Z; = Subst(Z,1, X;)
as a Z-valued polynomial of N,Rg. Reconsider Zy = Subst(Z1, 2, Fy-X2) as
a Z-valued polynomial of N,Rp. Reconsider Z3 = Subst(Zy, 3, Fy - Fy - X3)
as a Z-valued polynomial of N,Rp. Reconsider Z; = Subst(Z3,4, R) as
a Z-valued polynomial of N,Rp. Reconsider Z5 = Subst(Zy4,5, P) as a Z-
valued polynomial of N,Rp. Reconsider Zg = Subst(Z5,6, N3) as a Z-
valued polynomial of N,Rg. Reconsider Z; = Subst(Zg, 7, V') as a Z-valued
polynomial of N,Rg.

For every natural number xg such that xg > 0 holds zg + 1 is prime iff
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there exists a Z-valued function x from N into Rp such that z,, = zg and
xy is a positive natural number and z; is a positive natural number and
x; is a positive natural number and xz,, is a positive natural number and
T, is a positive natural number and z/, is a natural number and x, is
a natural number and z; is a natural number and z ¢ is a natural number
and eval(Z7, x) = Or,, by [7, (23)]. vars(Z) C 8. vars(Z;) C (vars(Z))\{1}U
vars(X1). vars(Fy - Xa) C Vy. vars(Z2) C (vars(Z1)) \ {2} U vars(Fy - Xa).
vars(Fy - Fy - X3) C V. vars(Z3) C (vars(Z2)) \ {3} U vars(Fy - Fy - X3).
vars(Zy) C (vars(Z3))\{4}Uvars(R). vars(Z5) C (vars(Z4))\{5}Uvars(P).
vars(Zg) C (vars(Zs)) \ {6} U vars(N3). vars(Z7) C (vars(Zg)) \ {7} U
vars(V). O

(83) Let us consider a right zeroed, add-associative, right complementable,
well unital, distributive, non trivial double loop structure L, and a poly-
nomial p of n+m,L. Suppose vars(p) C n. Then there exists a polynomial

q of n,L such that
(i) vars(q) C n, and
(ii) rngq C rngp, and
(iii) for every bag b of n 4+ m, b[n € Support ¢ and for every i such that
i > n holds b(i) = 0 iff b € Support p, and
(iv) for every bag b of n 4+ m such that b € Support p holds ¢(b[n) = p(b),
and
(v) for every function x from n+m into L and for every function y from
n into L such that z[n = y holds eval(p, z) = eval(q, y).

PROOF: Define P[natural number| = $; < m and there exists a polynomial
q of n + $1,L such that vars(q) C n and rmngq C rngp and for every bag
b of n 4+ m, b[(n + $1) € Support g and for every ¢ such that i > n + $;
holds b(i) = 0 iff b € Supportp and for every bag b of n + m such that
b € Support p holds ¢(b[(n + $1)) = p(b) and for every function z from
n + m into L and for every function y from n + $; into L such that
z[(n+$1) = y holds eval(p, z) = eval(q,y). There exists k such that P[k].
For every natural number k such that k& # 0 and P[k] there exists a natural
number n such that n < k and P[n]. P[0]. O

(84) Let us consider an ordinal number X, a non empty zero structure L,
a series s of X, L, and a permutation ps of X. Then vars(the s permuted
by pa) C pa®(vars(s)).

(85) PRIME REPRESENTING POLYNOMIAL WITH 10 VARIABLES:
There exists a Z-valued polynomial P35 of 10,Rg such that for every po-
sitive natural number k, k 4 1 is prime iff there exists a natural-valued
function v from 10 into Ry such that v(1) = k and eval(Pi3,v) = O,.
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PRrOOF: Consider p; being a Z-valued polynomial of 17,Rr such that
vars(p1) € {0} U 17\ 8 and for every natural number xg such that xg > 0
holds xg + 1 is prime iff there exists a Z-valued function z from 17 into Rp
such that z /g3 = xg and x g is a positive natural number and z 1 is a po-
sitive natural number and z,1; is a positive natural number and z /15 is
a positive natural number and x /13 is a positive natural number and z 14 is
a natural number and z ;5 is a natural number and x ;4 is a natural num-
ber and 7/ is a natural number and eval(p1,z) = Og,. Set N = 16. Set
I = idseq(NN). Set E = 9. Set I} = idseq(E). Consider f being a finite se-
quence such that Iy = Iy~ f. Set R = f~I1. Set Z = idqy. Set Ry = R+-Z.
Z17\ (rng f) € Zyp. For every i such that 1 < i < 9 holds (Ry ™) (i) =i +7
and Ro(i + 7) = i. Set P, = the p; permuted by Ry. Reconsider po = P
as a Z-valued polynomial of 10 + 7,Rp. vars(pz) C Ra°(vars(p1)).

Consider p3 being a polynomial of 10,Rp such that vars(ps) C 10 and
rng p3 C rng ps and for every bag b of 10 + 7, b[10 € Support p3 and for
every 4 such that ¢ > 10 holds b(i) = 0 iff b € Supportpy and for every
bag b of 10 + 7 such that b € Support py holds p3(b[10) = p2(b) and for
every function x from 10+ 7 into Ry and for every function y from 10 into
Rp such that z[10 = y holds eval(p2, ) = eval(ps, y). For every natural
number zg such that xg > 0 holds zg + 1 is prime iff there exists a Z-
valued function z from 10 into Rp such that z(0) is a natural number
and z(1) = zg and x(2) is a positive natural number and z(3) is a positive
natural number and z(4) is a positive natural number and z(5) is a positive
natural number and z(6) is a positive natural number and x(7) is a natural
number and x(8) is a natural number and x(9) is a natural number and
eval(ps, ) = Or,. Set Fy = EmptyBag10. Set O = 1_(10,Rp). Set P, =
Monom(1g,, B2 +-(2,1)) + O. Set P3 = Monom(1g,, E2 +-(3,1)) + O. Set
Py = Monom(1gy,, Ea+-(4,1))4+0O. Set Ps = Monom(1g,, E2+-(5,1))+0.
Set Py = Monom(1g,, Es +- (6,1)) + O.

Reconsider Zs = Subst(ps, 2, P») as a Z-valued polynomial of 10,Rp.
Reconsider Z3 = Subst(Zs,3, P3) as a Z-valued polynomial of 10,Rp.
Reconsider Z; = Subst(Zs,4, Py) as a Z-valued polynomial of 10,Rp.
Reconsider Z5 = Subst(Z4,5, P5) as a Z-valued polynomial of 10,Rp.
Reconsider Zg = Subst(Zs5,6, Ps) as a Z-valued polynomial of 10,Rp.
vars(O) = (). vars(Monom(1g,, E2+-(5,1)))Uvars(O) C {5}U0. vars(Ps) C
vars(Monom(1g,, E2+-(5,1)))Uvars(O). vars(Monom(1g,, B2 +-(4,1)))U
vars(O) C {4} U 0. vars(Py) C vars(Monom(1g,, E2 +- (4,1))) U vars(O).
vars(Monom(1g,, Ea+(3,1)))Uvars(O) C {3}U0. vars(P3) C vars(Monom
(1gg, B2 +-(3,1))) Uvars(O). vars(Monom(1g,, E2 +- (2,1))) U vars(O) C
{2} U 0. vars(P2) C vars(Monom(1g,, E2 +- (2,1))) U vars(O).
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If £+ 1 is prime, then there exists a natural-valued function v from
10 into Rp such that v(1) = k and eval(Zg,v) = Og,. Set Vig = VV +-
(6,eval(Ps, VV)). eval(Zg, VV') = eval(Zs, Vig). Set Vo = Vig+- (5, eval(Ps,
VV)). eval(Ps, Vig) = eval(Ps, VV). eval(Zs, Vio) = eval(Zy, Vy). Set Vg =
Vo+-(4, eval(Py, VV)). eval(Py, Vo) = eval(Py, Vipg). eval(Zy, Vo) = eval(Z3,
Vg).Set Vi = Vg+-(3,eval(Ps, VV)). eval(Ps, Vg) =eval(Ps, Vy). eval(Zs3, Vs)
= eval(Za, V7). Set Vi = Vo+-(2,eval( P, VV)). eval(Pa, V7) = eval(Pa, Vg).
eval(Zs, V7) = eval(ps, V). For every natural number y such that y = 0 or
y=lory=Tory=8ory=09holds V(y) =VV(y). O
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1. PRELIMINARIES

Let L be a non empty double loop structure. One can verify that the double
loop structure of L is non empty. Let L be a non trivial double loop structure.
One can verify that the double loop structure of L is non trivial. Let L be a non
degenerated double loop structure. One can verify that the double loop structure
of L is non degenerated. Let L be an add-associative double loop structure. One
can check that the double loop structure of L is add-associative.

Let L be a right zeroed double loop structure. Let us note that the double
loop structure of L is right zeroed. Let L be a right complementable double loop
structure. Observe that the double loop structure of L is right complementable.
Let L be an Abelian double loop structure. Let us observe that the double loop
structure of L is Abelian. Let L be an associative double loop structure. One
can check that the double loop structure of L is associative.

Let L be a well unital, non empty double loop structure. Observe that the do-
uble loop structure of L is well unital. Let L be a left distributive, non empty
double loop structure. One can check that the double loop structure of L is
left distributive. Let L be a right distributive, non empty double loop struc-
ture. Observe that the double loop structure of L is right distributive. Let L
be a commutative double loop structure. One can verify that the double loop
structure of L is commutative.

Let L be an integral domain-like, non empty double loop structure. Let
us note that the double loop structure of L is integral domain-like. Let L be
an almost left invertible double loop structure. Observe that the double loop
structure of L is almost left invertible. Now we state the proposition:

(1) Let us consider a field F. Then the double loop structure of F' ~ F.

Let F be a field. Let us note that there exists an extension of F' which is strict.
Let L be an F-monomorphic field. Let us note that there exists an extension
of L which is F-homomorphic and F-monomorphic and there exists an element
of the carrier of PolyRing(F') which is monic and irreducible. Let F' be a non
algebraic closed field. Observe that there exists an element of the carrier of
PolyRing(F') which is monic and non constant and has not roots. Now we state
the propositions:

(2) Let us consider a field Fj, an Fj-monomorphic, Fj-homomorphic field
F5, a monomorphism A of F} and Fb, and an element p of the carrier of
PolyRing(F). Then (PolyHom(h))(—p) = —(PolyHom(h))(p).

(3) Let us consider a field Fj, an Fj-monomorphic, Fj-homomorphic field

F5, a monomorphism h of F} and F5, and elements p, g of the carrier of
PolyRing(F}). If p | ¢, then (PolyHom(h))(p) | (PolyHom(h))(q).
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Let F7 be a field, F5 be an Fj-monomorphic, Fi-homomorphic field, h be
a monomorphism of F; and Fb, and p be a non constant element of the car-
rier of PolyRing(F}). Let us observe that (PolyHom(h))(p) is non constant as
an element of the carrier of PolyRing(F3).
Let R be a GCD domain and a, b be elements of R. We say that a and b are
relatively prime if and only if
(Def. 1) 1g is a GCD of a and b.
Let us consider a field F' and elements p, ¢ of the carrier of PolyRing(F).
Now we state the propositions:
(4) p and q are relatively prime if and only if ged(p,q) = 1.F.
(5) If p and q are relatively prime, then p and ¢ have no common roots.
(6) Let us consider a field F', and an element p of the carrier of PolyRing(F).
Then there exists an extension E of F' and there exists an F-algebraic

element a of E such that p = MinPoly(a, F) if and only if p is monic and
irreducible.

(7) Let us consider a field F, and an irreducible element p of the carrier of
PolyRing(F'). Then there exists an F-finite extension E of F' such that
(i) deg(E,F) = deg(p), and
(ii) p has a root in E.

The theorem is a consequence of (6).

(8) Let us consider a field F', and a non constant element p of the carrier of
PolyRing(F'). Then there exists an F-finite extension E of F' such that

(i) p has a root in F, and
(i) deg(E, F) < deg(p).
The theorem is a consequence of (7).

(9) Let us consider a field F', an F-algebraic extension E of F', an E-extending
extension K of F, and an element a of K. If a is Fralgebraic, then a is
Falgebraic.

(10) Let us consider fields Fi, F5, L, an extension Fj of F}, a Ej-extending
extension Kj of FY, a function h; from F} into L, a function hy from FE;
into L, and a function hg from K7 into L. Suppose hs is hi-extending and
hs is ho-extending. Then hg is hi-extending.

Let F be a field. Let us observe that every extension of F' is F-monomorphic
and F-homomorphic.

Let E be an extension of F. Let us note that there exists a field which is
FE-homomorphic, F-monomorphic, F-homomorphic, and F-monomorphic.
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2. SEQUENCES OF FIELDS

A sequence is a function defined by
(Def. 2) dom it = N.

Let us observe that every sequence is N-defined.

Let f be a binary relation. We say that f is field-yielding if and only if
(Def. 3) for every object x such that = € rng f holds z is a field.

Observe that there exists a sequence which is field-yielding and every func-
tion which is field-yielding is also 1-sorted yielding.

Let f be a field-yielding sequence and i be an element of N. One can check
that the functor f(i) yields a field. Let ¢ be a natural number. Observe that the
functor f(i) yields a field.

The scheme RecEzField deals with a field A and a ternary predicate P and
states that

(Sch. 1) There exists a field-yielding sequence f such that f(0) = A and for every
natural number n, Pn, f(n), f(n + 1)]
provided

e for every natural number n and for every field x, there exists a field y such
that P[n, x, y].

Let f be a field-yielding sequence. We say that f is ascending if and only if
(Def. 4) for every element i of N, f(i + 1) is an extension of f(7).

Note that there exists a field-yielding sequence which is ascending.
Let f be a field-yielding sequence. The support of f yielding a non empty
set is defined by the term
(Def. 5) the set of all the carrier of f(i) where 7 is an element of N.
Now we state the propositions:

(11) Let us consider an ascending, field-yielding sequence f, elements i, j of
N, and an element a of f(i). If ¢ < j, then a € the carrier of f(j).
PROOF: Define P[natural number] = there exists an element k& of N such
that k = ¢+ $; and a € the carrier of f(k). For every natural number £k,
P[k]. Consider n being a natural number such that i +n = j. O

(12) Let us consider an ascending, field-yielding sequence f, and elements i,

j of N. If i < j, then f(j) is an extension of f(7).
PROOF: Define P[natural number| = there exists an element k of N such
that k = i + $; and f(k) is an extension of f(7). P[0]. For every natural
number k, P[k]|. Consider n being a natural number such that i +n = j.
O
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(13) Let us consider an ascending, field-yielding sequence f, elements i, j of
N, elements x, y2 of f(i), and elements x3, y3 of f(j). Suppose z2 = x3
and y2 = y3. Then

(i) z2 +y2 = v3 +y3, and
(ii) z2-y2 = 73 - ys.
The theorem is a consequence of (12).
Let f be an ascending, field-yielding sequence. The functor addseq(f) yiel-
ding a binary operation on the support of f is defined by

(Def. 6) for every elements a, b of the support of f, there exists an element ¢ of
N and there exist elements x, y of f(i) such that z = a and y = b and
it(a,b) =z +y.

The functor multseq(f) yielding a binary operation on the support of f is
defined by

(Def. 7) for every elements a, b of the support of f, there exists an element ¢ of
N and there exist elements z, y of f(i) such that + = a and y = b and

it(a,b) =z - y.
The functor SeqField(f) yielding a strict double loop structure is defined by

(Def. 8) the carrier of it = the support of f and the addition of it = addseq(f)
and the multiplication of it = multseq(f) and the one of it = 1) and
the zero of it = 0y(q).

Now we state the propositions:

(14) Let us consider an ascending, field-yielding sequence f, and an element
1 of N. Then

(1) lgeqrield(s) = Lf@i), and
(i) Oseqrield(fr) = Of(i)-
PROOF: Define P[natural number] = there exists an element &k of N such
that £ = $; and Lty = 1y(0) and Oy = Oy (qy. For every natural number
k, Plk]. O
(15) Let us consider an ascending, field-yielding sequence f, elements a, b of
SeqField(f), an element i of N, and elements z, y of f(i). If x = a and
y=>b,thena+b=x+y and a-b=x-y. The theorem is a consequence
of (13).
Let f be an ascending, field-yielding sequence. Observe that SeqField(f) is
non degenerated and SeqField(f) is Abelian, add-associative, right zeroed, and

right complementable and SeqField(f) is commutative, associative, well unital,
distributive, and almost left invertible. Now we state the propositions:
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(16) Let us consider an ascending, field-yielding sequence f, and an element
i of N. Then f(i) is a subfield of SeqField(f).
PROOF: Set F' = f(i). Set K = SeqField(f). The addition of F' =
(the addition of K) | (the carrier of F'). The multiplication of F' =
(the multiplication of K) | (the carrier of F'). 1p = 1x and Op = 0g. O
(17) Let us consider a field E, and an ascending, field-yielding sequence f.
Suppose for every element i of N, f(i) is a subfield of E. Then SeqField( f)
is a subfield of F.
PROOF: Set F' = SeqField(f). The carrier of F' C the carrier of K.
The addition of F' = (the addition of K) | (the carrier of F'). The multipli-
cation of F' = (the multiplication of K) | (the carrier of F). O
(18) Let us consider an ascending, field-yielding sequence f, and a finite
subset X of SeqField(f). Then there exists an element ¢ of N such that
X C the carrier of f(7).
PROOF: Define P[natural number] =for every finite subset X of SeqField( f)
such that X = $; there exists an element i of N such that X C the carrier
of f(i). P[0]. P[1]. For every natural number k, P[k]. Consider n being
a natural number such that X = n. Consider i being an element of N such
that X C the carrier of f(i). O

3. MAXIMAL ALGEBRAIC AND ALGEBRAIC CLOSED FIELDS

Let F be a field. We say that F' is maximal algebraic if and only if
(Def. 9) for every Fralgebraic extension E of F', E ~ F.
Let us consider a field F'. Now we state the propositions:
(19) F is maximal algebraic if and only if F' is algebraic closed. The theorem
is a consequence of (7).
(20) F is algebraic closed if and only if every non constant polynomial over
F has roots.
(21) F is algebraic closed if and only if for every irreducible element p of
the carrier of PolyRing(F'), deg(p) = 1.
(22) F is algebraic closed if and only if for every non constant polynomial p
over F', p splits in F.
(23) F is algebraic closed if and only if every non constant, monic polynomial
over F'is a product of linear polynomials of F'.
(24) F is algebraic closed if and only if for every elements p, ¢ of the carrier
of PolyRing(F'), p and q are relatively prime iff p and ¢ have no common
roots. The theorem is a consequence of (4) and (5).
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(25) F is algebraic closed if and only if for every F-algebraic extension E of
F, E =~ F. The theorem is a consequence of (19).

(26) F is algebraic closed if and only if for every F-finite extension E of F,
E ~ F. The theorem is a consequence of (19).

Let us note that every field which is algebraic closed is also infinite.

4. EXISTENCE OF ALGEBRAIC CLOSURES

Let F be a field. A closure sequence of F' is an ascending, field-yielding

sequence defined by
(Def. 10) it(0) = F and for every element i of N and for every field K and for
every extension E of K such that K = it(i) and E = it(i + 1) for every
non constant element p of the carrier of PolyRing(K), p has a root in E.

Now we state the proposition:

(27) Let us consider an ascending, field-yielding sequence f, and a polynomial
p over SeqField(f). Then there exists an element ¢ of N such that p is
a polynomial over f(i). The theorem is a consequence of (18) and (16).

Let F' be a field and f be a closure sequence of F. Let us observe that
SeqField(f) is F-extending and SeqField(f) is algebraic closed.

Now we state the proposition:

(28) Let us consider a field F'. Then there exists an extension E of F' such
that FE is algebraic closed.

Let F be a field. An algebraic closure of F' is an extension of F' defined by

(Def. 11) it is Fralgebraic and algebraic closed.

Note that every algebraic closure of F' is Fralgebraic and algebraic closed
and there exists an algebraic closed field which is F-homomorphic and F-
monomorphic. Now we state the propositions:

(29) Let us consider a field F'. Then there exists a field £ such that E is
an algebraic closure of F'.

(30) Let us consider a field F', and an F-algebraic extension F of F. Then
there exists an algebraic closure A of F' such that E is a subfield of A.

Let F be a field and E be an F-algebraic extension of F'. Let us observe that
there exists an algebraic closure of F' which is E-extending.

Now we state the propositions:

(31) Let us consider a field F', and an F-algebraic extension E of F. Then
every algebraic closure of F is an algebraic closure of F'.

(32) Let us consider a field F', an extension F of F', and an algebraic closure
A of F.If A is E-extending, then A is an algebraic closure of E.
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(33) Let us consider a field F, and algebraic closures Ay, Ay of F. If A; is
Ag-extending, then Ay ~ A;. The theorem is a consequence of (25).

5. SOME MORE PRELIMINARIES

Let R be a ring and S be an R-homomorphic ring. Observe that there exists
a ring which is S-homomorphic and R-homomorphic.

Let T be an S-homomorphic ring, f be an additive function from R into S,
and g be an additive function from S into T'. Let us note that g - f is additive
as a function from R into T

Let f be a multiplicative function from R into S and g be a multiplicative
function from S into T'. Let us note that g- f is multiplicative as a function from
R into T

Let f be a unity-preserving function from R into S and g be a unity-
preserving function from S into 7. Let us note that ¢ - f is unity-preserving
as a function from R into T'. Now we state the propositions:

(34) Let us consider a field F', and an extension E of F'. Then idg is a mo-
nomorphism of F' and FE.

PROOF: Reconsider f = idp as a function from F into E. f is additive,
multiplicative, unity-preserving, and monomorphic. [J

(35) Let us consider a ring R, an R-homomorphic ring S, an S-homomorphic,
R-homomorphic ring T', an additive function f from R into .S, and an ad-
ditive function g from S into T. Then PolyHom(g - f) = PolyHom(g) -
PolyHom( f).

(36) Let us consider a ring R, an R-homomorphic ring S, an R-homomorphic,
S-homomorphic ring T, an additive function f from R into S, and an addi-
tive function g from S into 7. Suppose g- f = idg. Then PolyHom(g- f) =
idpolyRing(r)- The theorem is a consequence of (35).

(37) Let us consider fields Fy, F», and an extension E of Fy. If F} ~ Fj, then
F is an extension of F5.

(38) Let us consider fields F;, F». Suppose F) ~ F,. Then
(i) 0.F; = 0.F, and
(i) 1.Fy = 1.F.
(39) Let us consider fields Fy, Fb, and a polynomial p over Fij. If F} ~ Fb,
then p is a polynomial over F5.

(40) Let us consider fields Fj, F», and a non zero polynomial p over Fj.
If F1 ~ F3, then p is a non zero polynomial over F,. The theorem is
a consequence of (39) and (38).
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(41) Let us consider fields Fy, F5, a polynomial p over Fj, a polynomial ¢
over Fy, an element a of F7, and an element b of F5. Suppose F; = F5 and
p = q and a = b. Then eval(p,a) = eval(q, b).

(42) Let us consider fields Fy, Fy, an extension F; of Fj, an extension Fy of
F5, a polynomial p over F}, a polynomial ¢ over F5, an element a of Eq,
and an element b of Fy. Suppose F; =~ F> and Fy =~ Fs and p = g and
a = b. Then ExtEval(p,a) = ExtEval(q,b). The theorem is a consequence
of (41).

(43) Let us consider fields Fj, Fy, and an Fralgebraic extension E of Fj.
If Fi ~ Fy, then FE is an Fyalgebraic extension of F5. The theorem is
a consequence of (37), (40), and (42).

(44) Let us consider fields Fy, Fy, and an algebraic closure E of Fy. If F} ~ F;,
then F is an algebraic closure of F5. The theorem is a consequence of (43).

Let X be a set. We say that X is field-membered if and only if
(Def. 12) for every object  such that x € X holds x is a field.

Observe that there exists a set which is field-membered and non empty.

Let X be a non empty, field-membered set.

One can check that an element of X is a field. Let F' be a field. The functor
SubFields(F') yielding a set is defined by

(Def. 13) for every object o, o € it iff there exists a strict field K such that o = K
and K is a subfield of F'.
One can check that SubFields(F') is non empty and field-membered. Now
we state the proposition:

(45) Let us consider fields F', K. Then K € SubFields(F') if and only if K is
a strict subfield of F'.

6. UNIQUENESS OF ALGEBRAIC CLOSURES

Let F be a field, F be an extension of F', L be an F-monomorphic field,
and f be a monomorphism of F' and L. The functor ExtSet(f, E) yielding a non
empty set is defined by the term

(Def. 14) {(K, g), where K is an element of SubFields(E), g is a function from K
into L : there exists an extension K; of F' and there exists a function g;
from K7 into L such that K; = K and g; = g and g1 is monomorphic and
f-extending}.

Note that every element of ExtSet(f, E) is pair.
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Let p be an element of ExtSet(f, F). One can verify that the functor (p)y
yields a strict extension of F'. One can verify that the functor (p)2 yields a func-
tion from (p)1 into L. Now we state the proposition:

(46) Let us consider a field F', an extension E of F'; an F-monomorphic field
L, a monomorphism f of F and L, a strict extension K of F', and a function
g from K into L. Suppose g is monomorphic. Then (K, g) € ExtSet(f, F)
if and only if £ is an extension of K and F' is a subfield of K and g is
f-extending. The theorem is a consequence of (45).

Let F be a field, E be an extension of F', L be an F-monomorphic field, f
be a monomorphism of F' and L, and p, ¢ be elements of ExtSet(f, E'). We say
that p < ¢ if and only if

(Def. 15) (g)1 is an extension of (p); and for every extension K of (p); and for
every function g from K into L such that K = (¢)1 and g = (¢)2 holds ¢
is (p)2-extending.

Let S be a non empty subset of ExtSet(f, E). We say that S is ascending if
and only if

(Def. 16) for every elements p, g of S, p < g or ¢ < p.

One can check that there exists a non empty subset of ExtSet(f, E') which
is ascending. Now we state the propositions:

(47) Let us consider a field F, an extension E of F', an F-monomorphic field
L, a monomorphism f of F' and L, and an element p of ExtSet(f, E'). Then
p<p.

(48) Let us consider a field F, an extension E of F', an F-monomorphic field
L, a monomorphism f of F' and L, and elements p, g of ExtSet(f, ). If
p<q<p,thenp=gq.

(49) Let us consider a field F, an extension E of F', an F-monomorphic field
L, a monomorphism f of F' and L, and elements p, ¢, r of ExtSet(f, E).
Ifp<g<r, then p<r.

Let F be a field, E be an extension of F', L be an F-monomorphic field, f
be a monomorphism of F' and L, and S be a non empty subset of ExtSet(f, E).
The functor unionCarrier(S, f, E') yielding a non empty set is defined by the
term

(Def. 17)  Jthe set of all the carrier of (p); where p is an element of S.

Let S be an ascending, non empty subset of ExtSet(f, ). The functors:
unionAdd(S, f, F) and unionMult(S, f, E) yielding binary operations on union
Carrier (S, f, E) are defined by conditions

(Def. 18) for every elements a, b of unionCarrier(S, f, ), there exists an element
p of S and there exist elements z, y of (p); such that x = a and y = b and
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unionAdd(S, f, E)(a,b) =z + vy,

(Def. 19) for every elements a, b of unionCarrier(S, f, E), there exists an element
p of S and there exist elements z, y of (p);1 such that x = a and y = b and
unionMult(S, f, E)(a,b) =z -y,

respectively. The functors: unionOne(S, f, E) and unionZero(S, f, E) yielding
elements of unionCarrier(S, f, E') are defined by conditions

(Def. 20) there exists an element p of S such that unionOne(S, f, E) = 1), ,
(Def. 21)  there exists an element p of S such that unionZero(S, f, E) = 0(,),,

respectively. The functor unionField (S, f, F) yielding a strict double loop struc-
ture is defined by

(Def. 22) the carrier of it = unionCarrier(S, f, F') and the addition of it = union
Add(S, f, F) and the multiplication of it = unionMult(S, f, F') and the one
of it = unionOne(S, f, F) and the zero of it = unionZero(S, f, F).

Now we state the propositions:

(50) Let us consider a field F, an extension E of F', an F-monomorphic field
L, a monomorphism f of F and L, a non empty subset S of ExtSet(f, F),
elements p, ¢ of S, and an element a of (p)1. If p < ¢, then a € the carrier
of (¢)1.

(51) Let us consider a field F', an extension F of F; an F-monomorphic field
L, a monomorphism f of F' and L, an ascending, non empty subset S of
ExtSet(f, E), and an element p of S. Then

(1) LunionField(s,f,E) = L(p),> and

(ii) OunionField(s,f,E) = O(p)s -

(52) Let us consider a field F', an extension E of F, an F-monomorphic field
L, a monomorphism f of F' and L, an ascending, non empty subset S of
ExtSet(f, E), elements a, b of unionField(S, f, E'), an element p of S, and
elements z, y of (p)1. If x = aand y = b, then a+b=z+yand a-b = z-y.

Let F be a field, F be an extension of F', L be an F-monomorphic field,
f be a monomorphism of F and L, and S be an ascending, non empty subset
of ExtSet(f, E'). Let us observe that unionField(S, f, F') is non degenerated and
unionField(S, f, F) is Abelian, add-associative, right zeroed, and right comple-
mentable and unionField(S, f, E) is commutative, associative, well unital, di-
stributive, and almost left invertible. Now we state the proposition:

(53) Let us consider a field F, an extension E of F, an F-monomorphic
field L, a monomorphism f of F and L, an ascending, non empty sub-
set S of ExtSet(f, F), and an element p of S. Then (p); is a subfield of
unionField(S, f, E).
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PROOF: Set K = unionField(S, f, E). The addition of (p)1 = (the addition
of K) | (the carrier of (p)1). The multiplication of (p); = (the multiplicat-
ion of K) | (the carrier of (p)1). 1(p), = 1k and Ox = 0(),. O
Let us consider a field F, an extension E of F', an F-monomorphic field
L, a monomorphism f of F' and L, and an ascending, non empty subset S of
ExtSet(f, E'). Now we state the propositions:

(54) F is a subfield of unionField(S, f, E). The theorem is a consequence of
(53).
(55) unionField(S, f, E) is a subfield of E.
PROOF: Set K = unionField(S, f, E). The carrier of K C the carrier
of E. The addition of K = (the addition of E) [ (the carrier of K).
The multiplication of K = (the multiplication of E) | (the carrier of K).
Set p = the element of S. Consider U being an element of SubFields(E),
g being a function from U into L such that p = (U, g) and there exists
an extension K7 of I’ and there exists a function g; from K7 into L such
that K1 = U and ¢g; = g and ¢; is monomorphic and f-extending. (p)y is
a subfield of E. 1x = 1(,),. 0k = 0p),. U
Let F' be a field, E be an extension of F', L be an F-monomorphic field, f
be a monomorphism of F' and L, and S be an ascending, non empty subset of
ExtSet(f, E'). Note that unionField(S, f, E) is F-extending.
The functor unionExt(S, f, E') yielding a function from unionField(S, f, E)
into L is defined by

(Def. 23) for every element p of S, it[(the carrier of (p)1) = (p)a.
Now we state the proposition:
(56) Let us consider a field F, an extension E of F', an F-monomorphic field
L, a monomorphism f of F' and L, and an ascending, non empty subset S

of ExtSet(f, F). Then unionExt(S, f, E') is monomorphic and f-extending.
The theorem is a consequence of (51) and (53).

Let F be a field, E be an extension of F', L be an F-monomorphic field, f
be a monomorphism of F' and L, and S be an ascending, non empty subset of
ExtSet(f, E'). The functor sup S yielding an element of ExtSet(f, E) is defined
by the term

(Def. 24)  (unionField(S, f, E), unionExt(S, f, E)).
Now we state the propositions:
(57) Let us consider a field F', an extension E of F, an F-monomorphic field
L, a monomorphism f of F' and L, an ascending, non empty subset S of

ExtSet(f, E), and an element p of S. Then p < supS. The theorem is
a consequence of (53).
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(58) Let us consider a field F', an extension E of F, an F-algebraic element a
of E/, an F-monomorphic, algebraic closed field L, and a monomorphism f
of F' and L. Then there exists a function g from FAdj(F,{a}) into L such
that g is monomorphic and f-extending. The theorem is a consequence of
(3) and (2).

(59) Let us consider a field F', an F-algebraic extension F of F', an F-monomor-
phic, algebraic closed field L, and a monomorphism f of F' and L. Then
there exists a function g from F into L such that g is monomorphic and
f-extending. The theorem is a consequence of (47), (49), (48), (57), (45),
(58), (10), and (1).

(60) Let us consider a field F, an extension E of F, an F-homomorphic,
E-homomorphic field L, a homomorphism f from F to L, and a homo-
morphism g from E to L. Suppose g is f-extending. Then Im f is a subfield
of Img.

(61) Let us consider a field F, an algebraic closure A of F', an A-monomorphic,
A-homomorphic field L, and a monomorphism g of A and L. Then Img
is algebraic closed.

PROOF: Reconsider f = g7 as a function from Im g into A. f is additive,
multiplicative, unity-preserving, and monomorphic. [J

1

(62) Let us consider a field F', an F-monomorphic, F-homomorphic field L,
an algebraic closure A of F', and a monomorphism f of F' and L. Suppose
L is an algebraic closure of Im f. Let us consider a function g from A
into L. If g is monomorphic and f-extending, then ¢ is isomorphism. The
theorem is a consequence of (61), (60), and (33).

(63) Let us consider a field F', and algebraic closures A;, Ay of F. Then A;
and As are isomorphic over F'.
PrOOF: Reconsider L = Ay as an F-monomorphic, F-homomorphic, al-
gebraic closed field. Reconsider f = idp as a monomorphism of F' and L.
Consider g being a function from A; into L such that g is monomorphic
and f-extending. The double loop structure of F' ~ F. Im f = the double
loop structure of F by [4, (7)]. L is an algebraic closure of Im f. g is
isomorphism. [J
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Summary. In this article, we formalize the theorems about orthogonal
decomposition of Hilbert spaces, using the Mizar system [1], [2]. For any subspace
S of a Hilbert space H, any vector can be represented by the sum of a vector
in S and a vector orthogonal to S. The formalization of orthogonal complements
of Hilbert spaces has been stored in the Mizar Mathematical Library [4]. We
referred to [5] and [6] in the formalization.
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1. PRELIMINARIES

From now on X denotes a real unitary space and z, y, y1, y2 denote points
of X. Now we state the proposition:
(1) Let us consider a real unitary space X, points z, y of X, and points z,
t of MetricSpaceNorm(the real normed space of X). If z = z and y = ¢,
then ||z — y[| = p(z,1).
Let us consider a real unitary space X, an element z of MetricSpaceNorm(the
real normed space of X), and a real number r. Now we state the propositions:

(2) There exists a point = of X such that
(i) x = z, and

(ii) Ball(z,7) = {y, where y is a point of X : ||z — y|| < r}.
© ?222 The Am,fhi;(s) /UAMI;
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The theorem is a consequence of (1).
(3) There exists a point x of X such that

(i) z =z, and
(ii) Ball(z,r) = {y, where y is a point of X : ||z — y|| < r}.

The theorem is a consequence of (1).

(4) Let us consider a real unitary space X, a sequence S of X, a sequence
S of MetricSpaceNorm(the real normed space of X), a point = of X, and
a point xo of MetricSpaceNorm(the real normed space of X). Suppose
S =51 and © = x9. Then S is convergent to xo if and only if for every
real number r such that 0 < r there exists a natural number m such that
for every natural number n such that m < n holds ||S(n) — z|| < r. The
theorem is a consequence of (1).

Let us consider a real unitary space X, a sequence S of X, and a sequ-
ence 51 of MetricSpaceNorm(the real normed space of X). Now we state the
propositions:

(5) If S = Sy, then S; is convergent iff S is convergent. The theorem is
a consequence of (4).

(6) If S =5; and Sy is convergent, then limS; = lim S. The theorem is
a consequence of (5) and (4).

2. TOPOLOGICAL SPACE GENERATED FROM REAL UNITARY SPACE

Now we state the proposition:

(7) Let us consider a real unitary space X, and a subset V' of TopSpaceNorm
(the real normed space of X). Then V is open if and only if for every
point x of X such that x € V there exists a real number r such that
r > 0 and {y, where y is a point of X : ||z —y|| < r} C V. The theorem is
a consequence of (2).

Let us consider a real unitary space X, a point z of X, and a real number
r. Now we state the propositions:

(8) {y, where y is a point of X : |z — y|| < r} is an open subset of
TopSpaceNorm(the real normed space of X). The theorem is a consequ-
ence of (2).

(9) {y, where y is a point of X : ||z — y|| < r} is a closed subset of
TopSpaceNorm(the real normed space of X). The theorem is a consequ-
ence of (3).
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(10) Let us consider a real unitary space M, a subset X of TopSpaceNorm(the
real normed space of M), and an object x. Then x € X if and only if there
exists a sequence S of M such that for every natural number n, S(n) € X
and S is convergent and lim S = x. The theorem is a consequence of (5)
and (6).

(11) Let us consider a real unitary space M, and a subset X of TopSpaceNorm
(the real normed space of M). Then X is closed if and only if for every
sequence S of M such that for every natural number n, S(n) € X and S
is convergent holds lim S € X. The theorem is a consequence of (5) and
(6).

(12) Let us consider a real unitary space S, and a subset X of S. Then X is
a closed subset of TopSpaceNorm(the real normed space of S) if and only
if for every sequence s; of S such that rngs; € X and s; is convergent
holds lim s; € X. The theorem is a consequence of (11).

(13) Let us consider a real unitary space S, a point x of S, a point y of
MetricSpaceNorm(the real normed space of S), and a real number r. If
x =y, then Ball(z,r) = Ball(y,r). The theorem is a consequence of (1).

(14) Let us consider a real unitary space S. Then TopSpaceNorm(the real
normed space of S) = TopUnitSpace S. The theorem is a consequence of
(13).

Let us consider a real unitary space S, a subset U of S, and a subset V' of
TopSpaceNorm(the real normed space of S). Now we state the propositions:

(15) If U =V, then U is closed iff V' is closed.

(16) If U =V, then U is open iff V is open.

(17) Let us consider a real unitary space X, a subspace M of X, and points
x, mg of X. Suppose mg € M. Then for every point m of X such that
m € M holds ||x — mgl|| < ||z — m|| if and only if for every point m of X
such that m € M holds ((x — mg)|m) = 0.

(18) Let us consider a real unitary space X, a subspace M of X, and points
x, m1, mg of X. Suppose m;, ma € M and for every point m of X such
that m € M holds ||z — m1]|| < ||z — m|| and for every point m of X such
that m € M holds ||z — mal|| < ||z — m||. Then m; = mao.

(19) Let us consider a real Hilbert space of X, a subspace M of X, and a point
x of X. Suppose the carrier of M is a closed subset of TopSpaceNorm(the
real normed space of X). Then there exists a point mg of X such that

(i) mo € M, and
(ii) for every point m of X such that m € M holds ||z —mo|| < ||z —m].

The theorem is a consequence of (12).
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Let X be a real unitary space and M be a subset of X. The functor
OrtCompSet(M) yielding a non empty subset of X is defined by

(Def. 1) for every point z of X, x € it iff for every point y of X such that y € M
holds (y|z) = 0.

Now we state the propositions:

(20) Let us consider a real unitary space X, and a subset M of X. Then
OrtCompSet(M) is linearly closed.
PROOF: For every vectors v, u of X such that v, u € OrtCompSet(M)
holds v+wu € OrtCompSet(M). For every real number a and for every vec-
tor v of X such that v € OrtCompSet (M) holds a - v € OrtCompSet(M).
O

(21) Let us consider a real unitary space X, a non empty subset M of X, and
a sequence sy of X. Suppose rng so C the carrier of OrtComp(M) and s
is convergent. Then lim sy € the carrier of OrtComp(M).

(22) Let us consider a real unitary space S, a non empty subset M of S,
and a subset L of S. Suppose L = the carrier of OrtComp(M). Then
L is a closed subset of TopSpaceNorm(the real normed space of S). The
theorem is a consequence of (21) and (12).

(23) Let us consider a real unitary space X. Then every non empty subset of
X is a subset of OrtComp(OrtComp(M)).

(24) Let us consider a real unitary space X, and non empty subsets S, T' of
X. Suppose S C T. Then OrtComp(T) is a subspace of OrtComp(S).

(25) Let us consider a real Hilbert space of X, and a subspace M of X. Suppo-
se X is strict and the carrier of M is a closed subset of TopSpaceNorm(the
real normed space of X). Then X is the direct sum of M and OrtComp(M).
PROOF: For every object z, z € the carrier of M + OrtComp(M) iff z €
the carrier of X. For every object z, z € the carrier of M N OrtComp(M)
iff z € {0 X}- O

(26) Let us consider a real Hilbert space of X, and a strict subspace M
of X. Suppose X is strict and the carrier of M is a closed subset of
TopSpaceNorm(the real normed space of X).

Then M = OrtComp(OrtComp(M)).

PRrROOF: Reconsider N = the carrier of M as a subset of X. N is a subset of
OrtComp(OrtComp(NN)). The carrier of OrtComp(OrtComp(M)) C N.
O

(27) Let us consider a real unitary space X, a subspace M of X, a subset
K of X, and a subset L of TopSpaceNorm(the real normed space of X).
Suppose the carrier of M = L and K = L. Then K is linearly closed.
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PROOF: For every vectors v, u of X such that v, v € K holds v+ u € K.
For every real number a and for every vector v of X such that v € K holds
a-v € K by (10), [3, (15)]. O

(28) Let us consider a real Hilbert space of X, and a non empty subset M of
X. Suppose X is strict. Then

(i) the carrier of OrtComp(OrtComp(M)) is a closed subset of TopSpace-
Norm(the real normed space of X), and

(ii) there exists a subset L of TopSpaceNorm(the real normed space of X)
such that L = the carrier of Lin(M) and the carrier of OrtComp(Ort-
Comp(M)) = L, and

(iii) Lin(M) is a subspace of OrtComp(OrtComp(M)).

(29) Let us consider a real Hilbert space of X, a strict subspace K of X,
and a non empty subset M of X. Suppose X is strict and the carrier of
K is a closed subset of TopSpaceNorm(the real normed space of X) and
Lin(M) is a subspace of K. Then OrtComp(OrtComp(M)) is a subspace
of K.
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