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Summary. In this article, we formalize in Mizar [5] the definition of em-
bedding of lattice and its properties. We formally define an inner product on
an embedded module. We also formalize properties of Gram matrix. We formal-
ly prove that an inverse of Gram matrix for a rational lattice exists. Lattice of
Z-module is necessary for lattice problems, LLL (Lenstra, Lenstra and Lovész)
base reduction algorithm [16] and cryptographic systems with lattice [17].
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1. INNER PrODUCT OF EMBEDDED MODULE

Now we state the propositions:

(1) Let us consider a ring K, a left module V over K, a function L from
the carrier of V into the carrier of K, a subset A of V', and finite sequences
F, Fy of elements of the carrier of V. Suppose F'is one-to-one and rng F' =
A and Fj is one-to-one and rng F; = A. Then Y (L - F) =Y (L - Fy).
PROOF: Define G[object, object] = {82} = F~1({F1($1)}). For every object
x such that z € dom F' there exists an object y such that y € dom F' and
Glz,y] by [T, (74)]. Consider f being a function from dom F' into dom F
such that for every object = such that x € dom F holds G[z, f(z)] from [8,
Sch. 1]. rng f = dom F by [7, (59), (82)], [9, (18)]. f is one-to-one by [9}
B, [@ (91)], [9 (3)]. O
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(2) Let us consider a ring K, a left module V' over K, and a finite subset
A of V. Then A is linearly independent if and only if for every linear
combination L of A such that there exists a finite sequence F' of elements of
the carrier of V such that F'is one-to-one and rng F' = A and > (L-F) = Oy
holds the support of L = (.

PRrROOF: For every linear combination L of A such that Y~ L = Oy holds
the support of L = () by [22], (13)], [26, (13)], [24, (41)]. O

(3) Let us consider a ring K, a left module V over K, and a finite sequence

b of elements of V. Suppose b is one-to-one. Then rngb is linearly inde-
pendent if and only if for every finite sequence r of elements of K and
for every finite sequence r; of elements of V' such that lenr = lenb and
lenr; = lenb and for every natural number ¢ such that ¢ € dom; holds
r1(i) =r; - b; and Y r; = Oy holds r = Seglenr — 0.
PRrOOF: For every linear combination L of rngb such that there exists
a finite sequence F' of elements of the carrier of V such that F' is one-to-
one and rng F' = rngb and Y (L - F') = Oy holds the support of L = () by
29, (27)], [23, (29)], [7, (13)], (1). O

(4) Let us consider a ring K, a left module V' over K, and a finite subset
A of V. Then A is linearly independent if and only if there exists a finite
sequence b of elements of V' such that b is one-to-one and rngb = A and
for every finite sequence r of elements of K and for every finite sequence
r1 of elements of V' such that lenr = lenb and lenr; = lenb and for every
natural number ¢ such that i € domr; holds r1(i) = r; - b; and " r1 = Oy
holds r = Seglenr — 0. The theorem is a consequence of (3).

Let V' be a non trivial, free Z-module. Let us note that every basis of V is
non empty.

Let I; be a Z-lattice. We say that if and only if

(Def. 1) for every vectors v, u of I, (v,u) € Q.

Let us note that there exists a Z-lattice which is non trivial, rational, and
positive definite.

Let L be a rational Z-lattice and v, u be vectors of L. Note that (v, u)is
rational and every integral Z-lattice is rational.

Let L be a Z-lattice. The functor ‘ ScProductEM(L) ‘ yielding a function from
(the carrier of Embedding(L)) x (the carrier of Embedding(L)) into the carrier
of Rp is defined by

(Def. 2) for every vectors v, u of L and for every vectors vy, u; of Embedding(L)
such that v; = (MorphsZQ(L))(v) and u; = (MorphsZQ(L))(u) holds
it(vy,uy) = (v, u).

Now we state the proposition:
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(5) Let us consider a Z-lattice L. Then

(i) for every vector x of Embedding(L) such that for every vector y of
Embedding(L), (ScProductEM(L))(x,y) = 0 holds * = Ogmpbedding(L)>
and

(ii) for every vectors x, y of Embedding(L), (ScProductEM(L))(z,y) =
(ScProductEM(L))(y, z), and

(iii) for every vectors z, y, z of Embedding(L) and for every element
a of Z®, (ScProductEM(L))(z + y,2) = (ScProductEM(L))(x, z) +
(ScProductEM(L))(y, z) and (ScProductEM(L))(a-z,y) = a-(ScProductEM (L]

PROOF: Set Z = Embedding(L). Set f = ScProductEM(L). For every
vector x of Z such that for every vector y of Z, f(x,y) = 0 holds =z =
OEmbedding(z) by [11, (22)], [8, (4)]. For every vectors z, y of Z, f(z,y) =
f(y,z) by [I1], (22)]. For every vectors z, y, z of Z and for every element
aof Z%, f(z +y,2) = f(x,2) + f(y,2) and f(a-2,y) = a- f(z,y) by [11}
(22), (19)]. O
Let L be a Z-lattice. The functor ‘ScProductDM(L)‘ yielding a function
from (the carrier of DivisibleMod(L)) x (the carrier of DivisibleMod(L)) into
the carrier of Ry is defined by

(Def. 3) for every vectors vy, uy of DivisibleMod(L) and for every vectors v, u of
Embedding(L) and for every elements a, b of Z® and for every elements a1,
b1 of R such that a =a; and b=>b; and a; #0and by ZOand v =a - vy
and u = b - up holds it(vy,u1) = a; ! - b1 (ScProductEM(L)) (v, u).

Let us consider a Z-lattice L. Now we state the propositions:

(6) (i) for every vector x of DivisibleMod(L) such that for every vec-
tor y of DivisibleMod(L), (ScProductDM(L))(z,y) = 0 holds = =
OpivisibleMod(Z), and

(ii) for every vectors z, y of DivisibleMod(L), (ScProductDM(L))(z,y) =
(ScProductDM(L))(y, =), and

(iii) for every vectors z, y, z of DivisibleMod(L) and for every element
a of Z®, (ScProductDM(L))(z + v, z) = (ScProductDM(L))(z, ) +
(ScProductDM(L))(y, z) and (ScProductDM(L))(a-x,y) = a-(ScProductDM(L

PRrROOF: Set D = DivisibleMod(L). Set f = ScProductDM(L). For every

vector x of D such that for every vector y of D, f(z,y) = 0 holds z = Op by

[11, (29)], [12, (24)], [15, (25)], (5). For every vectors z, y of D, f(x,y) =

f(y,z) by [11, (29)], (5). For every vectors z, y, z of D and for every

element i of Z®, f(x 4+ vy,2) = f(z,2) + f(y,2) and f(i-z,y) =i - f(z,y)

by [11} (29)], [12} (29), (28)], [18, (11)]. O
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(7)  ScProductEM(L) = ScProductDM(L) [ rng MorphsZQ(L).
PRrROOF: Reconsider s = ScProductDM(L) [ rng MorphsZQ(L) as a func-
tion from rng MorphsZQ(L) x rng MorphsZQ(L) into the carrier of Rp.
For every object z such that x € rng MorphsZQ(L) x rng MorphsZQ(L)
holds (ScProductEM(L))(z) = s(x) by [12, (24)], [7, (49)], [9, (87)]. O
Now we state the propositions:

(8) Let us consider a Z-lattice L, vectors v, vy of DivisibleMod(L), and
vectors uj, ug of Embedding(L). Suppose v; = u; and vy = wuy. Then
(ScProductEM(L))(u1, u2) = (ScProductDM(L))(v1, v2).

(9) Let us consider a Z-lattice L, an element r of Fg, and vectors v, u of
Embedding(r, L). Then (ScProductDM(L) [ (the carrier of Embedding(r, L)))(v,u)
(ScProductDM(L))(v, ).

(10) Let us consider a Z-lattice L, a non empty set A, an element z of A, a bi-
nary operation a; on A, a function m; from (the carrier of Z%®) x A into
A, and a function s; from A x A into the carrier of Rp. Suppose A is a li-
nearly closed subset of DivisibleMod(L) and z = OpjyisibleMod(L) and aj =
(the addition of DivisibleMod(L)) | A and m; = (the left multiplication
of DivisibleMod(L))[((the carrier of Z®) x A). Then (A4, a1, z,my,s1) is
a submodule of DivisibleMod(L).

(11) Let us consider a Z-lattice L, and vectors v, u of DivisibleMod(L). Then
(i) (ScProductDM(L))(—v,u) = —(ScProductDM(L))(v, u), and
(ii) (ScProductDM(L))(u, —v) = —(ScProductDM(L))(u,v).

The theorem is a consequence of (6).

(12) Let us consider a Z-lattice L, and vectors v, u, w of DivisibleMod(L).
Then (ScProductDM(L)) (v, u+w) = (ScProductDM(L))(v, u)+(ScProduct DM (L))
The theorem is a consequence of (6).
(13) Let us consider a Z-lattice L, vectors v, u of DivisibleMod (L), and an ele-
ment a of Z®. Then (ScProductDM(L))(v, a-u) = a-(ScProductDM(L)) (v, u).
The theorem is a consequence of (6).

(14) Let us consider a Z-lattice L, and a vector v of DivisibleMod(L). Then
(i) (ScProductDM(L))(OpivisibleMod(z), v) = 0, and
(11) (ScProductDM(L))(v, ODivisibleMod(L)) =0.
The theorem is a consequence of (6) and (11).

(15) Let us consider a Z-lattice L, a vector v of DivisibleMod(L), and a basis
I of Embedding(L). Suppose for every vector u of DivisibleMod(L) such
that u € I holds (ScProductDM(L))(v,u) = 0. Let us consider a vector u
of DivisibleMod(L). Then (ScProductDM(L))(v,u) = 0.
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PROOF: Define P[natural number] = for every finite subset I of Embedding(L)
such that I = $; and [ is linearly independent and for every vector u
of DivisibleMod(L) such that u € I holds (ScProductDM(L))(v,u) =
0 for every vector w of DivisibleMod(L) such that w € Lin(I) holds
(ScProductDM(L))(v,w) = 0. P[0] by [13, (67), (66)], (14). For every
natural number n such that P[n] holds P[n + 1] by [28, (41)], [2, (44)],
[T, (30)], [9, (31)]. For every natural number n, P[n| from [3, Sch. 2]. For
every vector w of DivisibleMod (L), (ScProductDM(L))(v,w) = 0 by [11,
(29)], (6). O

(16) Let us consider a Z-lattice L, a vector v of DivisibleMod(L), and a basis
I of Embedding(L). Suppose for every vector u of DivisibleMod(L) such
that u € I holds (ScProductDM(L))(v,u) = 0. Then v = OpjyisibleMod(L)-
The theorem is a consequence of (15) and (6).

(17) Let us consider a ring R, a left module V' over R, a vector v of V, and
an object u. Suppose u € Lin({v}). Then there exists an element ¢ of R
such that u =1 - v.

(18) Let us consider a ring R, a left module V' over R, and a vector v of V.
Then v € Lin({v}).

(19) Let us consider a ring R, a left module V over R, a vector v of V, and
an element ¢ of R. Then i-v € Lin({v}).

2. EMBEDDING OF LATTICE

Let L be a Z-lattice. The functor |EMLat(L)| yielding a strict Z-lattice is
defined by

(Def. 4) the carrier of it = rng MorphsZQ(L) and the zero of it = zeroCoset(L)
and the addition of it = addCoset(L) [ rng MorphsZQ(L) and the left
multiplication of it = ImultCoset(L)[((the carrier of Z*)xrng MorphsZQ(L))
and the scalar product of it = ScProductEM(L).

Let r be an element of Fg. The functor M yielding a strict Z-
lattice is defined by

(Def. 5) the carrier of it = r-rng MorphsZQ(L) and the zero of it = zeroCoset (L)
and the addition of it = addCoset(L) [ (r-rng MorphsZQ(L)) and the left
multiplication of it = ImultCoset(L)[((the carrier of Z®)x (r-rng MorphsZQ(L)))
and the scalar product of it = ScProductDM(L) | (7 - rng MorphsZQ(L)).

Let L be a non trivial Z-lattice. One can verify that EMLat(L) is non trivial.
Let  be a non zero element of Fg. One can verify that EMLat(r, L) is non
trivial.
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Let L be an integral Z-lattice. Observe that EMLat(L) is integral.
Now we state the propositions:

(20) Let us consider a Z-lattice L. Then EMLat(L) is a submodule of DivisibleMod(L).

(21) Let us consider a Z-lattice L, and an element r of Fg. Then EMLat(r, L)
is a submodule of DivisibleMod(L).

(22) Let us consider a Z-lattice L, a non zero element r of Fg, elements m,
n of ZR, elements m, ny of Z, and a vector v of EMLat(r, L). Suppose
m=m and n = ny and r = nﬂl and n1 # 0. Then there exists a vector
x of EMLat(L) such that n-v = m - z. The theorem is a consequence of
(20) and (21).

(23) Let us consider a Z-lattice L, an element r of Fg, vectors v, u of EMLat(r, L),
and vectors x, y of EMLat(L). If v = z and w = y, then (v,u) = (x,y).
The theorem is a consequence of (9) and (7).

(24) Let us consider an integral Z-lattice L, a non zero element r of Fg,
a rational number a, and vectors v, u of EMLat(r, L). Suppose r = a.
Then a=!-a~!- (v,u) € Z. The theorem is a consequence of (22) and (23).

Let L be a positive definite Z-lattice. One can verify that EMLat(L) is
positive definite.

Let 7 be a non zero element of Fg. Let us observe that EMLat(r, L) is positive
definite.

Now we state the proposition:

(25) Let us consider a positive definite Z-lattice L, and a vector v of DivisibleMod(L).
Then (ScProductDM(L))(v,v) = 0 if and only if v = OpjyisibleMod(r)- The
theorem is a consequence of (6) and (7).

Let us consider a positive definite Z-lattice L and a non empty structure of
Z-lattice Z over ZR. Now we state the propositions:

(26) Suppose Z is a submodule of DivisibleMod(L) and the scalar product
of Z = ScProductDM(L) | (the carrier of Z). Then Z is Z-lattice-like.
PROOF: For every vectors x, y of Z, (the scalar product of Z)(z,y) =
(ScProductDM(L))(z,y) by [7, (49)]. Z is Z-lattice-like by [12, (25), (26)],
(25), (6). O

(27) Suppose Z is a finitely generated submodule of DivisibleMod(L) and
the scalar product of Z = ScProductDM(L) | (the carrier of Z). Then Z
is a Z-lattice.

Now we state the propositions:

(28) Let us consider a Z-lattice L. Then the vector space structure of EMLat(L) =
Embedding(L).
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(29) Let us consider Z-modules L, E. Suppose the vector space structure of
L = the vector space structure of . Then L is a submodule of E.

(30) Let us consider Z-modules E, L, a subset I of L, a subset J of E, and
a linear combination K of J. Suppose I = J and the vector space structure
of L = the vector space structure of E. Then K is a linear combination of
1.

Let us consider Z-modules E, L, a linear combination K of F, and a linear
combination H of L. Now we state the propositions:

(31) Suppose K = H and the vector space structure of L = the vector space
structure of E. Then the support of K = the support of H.

(32) Suppose K = H and the vector space structure of L = the vector space
structure of E. Then Y}~ K =Y H. The theorem is a consequence of (29).

Let us consider Z-modules L, F, a subset I of L, and a subset J of E. Now
we state the propositions:

(33) Suppose the vector space structure of L = the vector space structure of
E and I = J. Then [ is linearly independent if and only if J is linearly
independent. The theorem is a consequence of (30) and (32).

(34) Suppose the vector space structure of L = the vector space structure
of E and I = J. Then Lin(/) = Lin(J). The theorem is a consequence of
(29).

Now we state the propositions:

(35) Let us consider free Z-modules L, E, a subset I of L, and a subset J of
E. Suppose the vector space structure of L. = the vector space structure
of ¥ and I = J. Then [ is a basis of L if and only if J is a basis of E. The
theorem is a consequence of (33) and (34).

(36) Let us consider finite rank, free Z-modules L, E. Suppose the vector
space structure of L = the vector space structure of E. Then rank L =
rank F. The theorem is a consequence of (35).

Let us consider a Z-lattice L and a subset I of L. Now we state the propo-
sitions:

(37) Iisabasisof L if and only if (MorphsZQ(L))°I is a basis of Embedding(L).

(38) I is a basis of L if and only if (MorphsZQ(L))°I is a basis of EMLat(L).
The theorem is a consequence of (37), (28), and (35).

Now we state the propositions:

(39) Let us consider a Z-lattice L, and a finite sequence b of elements of L.
Then b is an ordered basis of L if and only if MorphsZQ(L)-b is an ordered
basis of Embedding(L). The theorem is a consequence of (37).
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(40) Let us consider a Z-lattice L, a finite rank, free Z-module F, a finite
sequence I of elements of L, and a finite sequence J of elements of FE.
Suppose the vector space structure of L = the vector space structure of £
and I = J. Then I is an ordered basis of L if and only if J is an ordered
basis of E. The theorem is a consequence of (35).

(41) Let us consider a Z-lattice L, and a finite sequence b of elements of L.
Then b is an ordered basis of L if and only if MorphsZQ(L)-b is an ordered
basis of EMLat(L). The theorem is a consequence of (39), (28), and (40).

(42) Let us consider a Z-lattice L. Then rank L = rank EMLat(L). The the-
orem is a consequence of (28) and (36).

(43) Let us consider a Z-lattice L, and an object . Then x is a vector of
EMLat(L) if and only if z is a vector of Embedding(L). The theorem is
a consequence of (28).

Let L be a rational Z-lattice and v, u be vectors of EMLat(L). One can
check that (ScProductEM(L))(v,u) is rational.

Let v, u be vectors of DivisibleMod(L). One can verify that (ScProductDM(L))(v, u)
is rational.

3. PROPERTIES OF GRAM MATRIX

Let V be a vector space structure over Z® and f be an R-form of V and V.

We say that f is symmetric if and only if
(Def. 6) for every vectors v, w of V, f(v,w) = f(w,v).

Let V be a non empty vector space structure over Z. Let us observe that
NulFrForm(V, V) is symmetric and there exists an R-form of V' and V which is
symmetric and there exists an R-bilinear form of V' and V' which is symmetric.

Let L be a Z-lattice. Let us observe that InnerProduct L is symmetric.

Let V' be a finite rank, free Z-module, f be a symmetric R-bilinear form of
V and V, and b be an ordered basis of V. Let us note that GramMatrix(f,b) is
symmetric.

Now we state the propositions:

(44) Let us consider a rational Z-lattice L, and vectors v, u of DivisibleMod(L).
Then (ScProductDM(L))(v,u) € Fg.

(45) Let us consider a rational Z-lattice L, and an ordered basis b of L. Then
GramMatrix(b) is a square matrix over Fg of dimension dim(L).
PROOF: For every natural numbers ¢, j such that (i, j) € the indices of
GramMatrix(b) holds (GramMatrix(b)); ; € the carrier of Fg by [9} (87)].
O
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(46) Let us consider a finite sequence F' of elements of Rp, and a finite sequ-
ence G of elements of Fg. If F' = G, then ) F =3 G.
PROOF: Define P[natural number] = for every finite sequence F' of ele-
ments of Ry for every finite sequence G of elements of Fg such that
len F = $; and F = G holds >_ F = > G. P[0] by [24, (43)]. For eve-
ry natural number n such that P[n] holds P[n+ 1] by [4, (4)], [, (3)], [4,
(59)], [3, (11)]. For every natural number n, P[n| from [3| Sch. 2]. O

(47) Let us consider a natural number 4, an element j of Ry, and an element
k of Fg. Suppose j = k. Then powerg (—1gy, @) j = powerg, (—1gg, 1) - k.
PROOF: Define P[natural number| = powerg, (—1g, $1)-j = powerg, (—1ry, $1)-
k. P[0]. For every natural number n such that P[n] holds P[n + 1]. For
every natural number n, P[n] from [3, Sch. 2]. O

(48) Let us consider a finite sequence F' of elements of Rp. Suppose for every
natural number i such that ¢ € dom F holds F(i) € Fg. Then ) F € Fg.
PROOF: Define P[natural number] = for every finite sequence F of ele-
ments of Rr such that len F' = $; and for every natural number 7 such
that ¢ € dom F" holds F(i) € Fg holds >° F € Fg. P[0] by [24], (43)]. For
every natural number n such that P[n] holds P[n+ 1] by [4, (4)], [, (3)],
[, (59)], [3, (11)]. For every natural number n, P[n| from [3, Sch. 2]. O

(49) Let us consider a natural number i. Then powerg, (—1gy,7) € Fg. The
theorem is a consequence of (47).

(50) Let us consider natural numbers n, i, j, k, m, a square matrix M
over Ry of dimension n + 1, and a square matrix L over Fg of dimen-
sion n + 1. Suppose 0 < n and M = L and (i, j) € the indices of M
and (k, m) € the indices of Delete(M,1,j). Then (Delete(M,,7))km =
(Delete(L, %, j))k,m.-

(51) Let us consider natural numbers n, i, j, k, m, and a square matrix M
over Rp of dimension n + 1. Suppose 0 < n and M is a square matrix
over Fg of dimension n + 1 and (i, j) € the indices of M and (k, m) €
the indices of Delete(M,i,j). Then (Delete(M,1,j))km is an element of
Fg. The theorem is a consequence of (50).

(52) Let us consider natural numbers n, i, j, a square matrix M over Ry of
dimension n+1, and a square matrix L over Fg of dimension n+1. Suppose
0 <nand M = L and (i, j) € the indices of M. Then Delete(M, 1, j) =
Delete(L, i, 7). The theorem is a consequence of (50).

(53) Let us consider natural numbers n, i, j, and a square matrix M over
Ry of dimension n + 1. Suppose 0 < n and M is a square matrix over Fg
of dimension n + 1 and (7, j) € the indices of M. Then Delete(M, i, j) is
a square matrix over Fg of dimension n. The theorem is a consequence of
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(52).

(54) Let us consider a natural number n, a square matrix M over Rp of

dimension n, and a square matrix H over Fg of dimension n. If M = H,
then Det M = Det H.
PROOF: Define P[natural number] = for every square matrix M over Rp
of dimension $; for every square matrix H over Fg of dimension $; such
that M = H holds Det M = Det H. P[0] by [21}, (41)]. For every natural
number n such that P[n] holds P[n + 1] by [3| (14)], 20, (27)], [9, (87)],
[14, (1)]. For every natural number n, P[n] from [3, Sch. 2]. O

(55) Let us consider a natural number n, and a square matrix M over Ry of
dimension n. Suppose M is a square matrix over Fg of dimension n. Then
Det M € ]F@.
PROOF: Define P[natural number| = for every square matrix M over Rp
of dimension $; such that M is a square matrix over Fg of dimension $;
holds Det M € Fq. P[0] by [21, (41)]. For every natural number n such
that P[n] holds P[n + 1] by [3, (14)], [20, (27)], [9, (87)], [14, (41)]. For
every natural number n, P[n] from [3, Sch. 2]. O

(56) Let us consider natural numbers n, ¢, j, and a square matrix M over Rp
of dimension n + 1. Suppose M is a square matrix over Fg of dimension
n+ 1 and (i, j) € the indices of M. Then Cofactor(M, 1, j) € Fo.
PROOF: Reconsider D; = Delete(M,,j) as a square matrix over Ry of
dimension n. Det D1 € Fq by (53), (55), [21} (41)]. powerg (—1rg,i+j) €
Fo. O

(57) Let us consider a rational Z-lattice L, and an ordered basis b of L. Then
Det GramMatrix(b) € Fg. The theorem is a consequence of (45) and (55).

(58) Let us consider a positive definite Z-lattice L, a basis I of L, and vectors
v, w of L. Suppose for every vector u of L such that u € I holds (u,v) =
(u, w). Let us consider a vector u of L. Then (u,v) = (u, w).
PRrROOF: Define P[natural number| = for every vector u of L for every
finite subset J of L such that J C I and J = $; and u € Lin(J) holds
(u,v) = (u,w). P[0] by [27, (9)], [25, (35)], [L0, (12)]. For every natural
number n such that P[n] holds P[n + 1] by [28] (41)], [2, (44)], [1, (30)],
[27, (7)]. For every natural number n, P[n] from [3, Sch. 2]. O

(59) Let us consider a positive definite Z-lattice L, an ordered basis b of L,
and vectors v, w of L. Suppose for every natural number n such that
n € domb holds (b, v) = (bn,w). Then v = w.
PROOF: Reconsider I = rngb as a basis of L. For every vector u of L such
that v € I holds (u,v) = (u,w) by [6, (10)]. (v —w,v) = (v —w,w). O

(60) Let us consider a natural number n, and a square matrix M over Fg of
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dimension n. Suppose M is without repeated line. Then Det M # Op,, if
and only if lines(M) is linearly independent.

(61) Let us consider a positive definite Z-lattice L, a basis I of L, and vectors
v, w of L. Suppose for every vector u of L such that u € I holds (v,u) =
(w,u). Let us consider a vector u of L. Then (v, u) = (w,u). The theorem
is a consequence of (58).

(62) Let us consider a positive definite Z-lattice L, an ordered basis b of L, and
vectors v, w of L. Suppose for every natural number n such that n € dom b
holds (v, b,) = (w, b,). Then v = w. The theorem is a consequence of (59).

Let us consider a positive definite Z-lattice L, an ordered basis b of EMLat(L),
and vectors v, w of DivisibleMod(L). Now we state the propositions:

(63) If for every natural number n such that n € dom b holds (ScProductDM(L))(by,, v) =
(ScProductDM(L))(by,, w), then v = w.
PRrROOF: Consider i being an element of Z® such that i # 0 and i - v €
Embedding(L). Consider j being an element of Z® such that j # 0 and
j -w € Embedding(L). Reconsider i1 = i - v as a vector of EMLat(L).
Reconsider j; = j-w as a vector of EMLat(L). EMLat(L) is a submodule
of DivisibleMod(L). For every natural number n such that n € dom b holds
(bn,j - i1) = (bn,i- j1) by [12, (24)], (6), (8). j i1 =i-j1. O

(64) If for every natural number n such that n € dom b holds (ScProductDM(L))(v, by,) -
(ScProductDM(L))(w, by,), then v = w.
PROOF: For every natural number n such that n € dom b holds (ScProductDM(L)) (b,
(ScProductDM(L)) (b, w) by (20), [12 (24)], (6). O

Now we state the propositions:

(65) Let us consider a non trivial, rational, positive definite Z-lattice L,
an element v of L, a finite sequence b of elements of L, and a finite sequence
s of elements of Fg. Suppose lenb = len s and for every natural number n
such that n € dom s holds s(n) = (by,v). Then (>°b,v) =3 s.
PROOF: Define P[natural number| = for every finite sequence F of ele-
ments of L for every finite sequence Fj of elements of Fgp such that
len ' = $; and len ' = len F; and for every natural number i such that
i € dom F} holds Fy (i) = (F;,v) holds (3" F,v) = " Fy. P[0] by [24, (43)],
[10, (12)]. For every natural number n such that P[n] holds P[n + 1] by
[, (4)], 7, (3)], [4, (59)], [3, (11)]. For every natural number n, P[n] from
[3, Sch. 2]. O

(66) Let us consider a natural number n, and a finite sequence r of elements
of Fg. Suppose lenr = n. Then there exists an integer K and there exists
a finite sequence K3 of elements of Z® such that K # 0 and len K5 = n
and for every natural number ¢ such that ¢ € dom K5 holds Ks(i) = K - ;.
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ProoF: Consider K being an integer such that K # 0 and for every
natural number ¢ such that i € Segn holds K - r; € Z. Define Qnatural
number, object] = $3 = K - rg,. For every natural number ¢ such that
i € Segn there exists an element = of the carrier of Z® such that Q[i, z].
Consider Ky being a finite sequence of elements of the carrier of Z® such
that dom Ky = Segn and for every natural number k£ such that k € Segn
holds Qlk, Ks(k)] from [4, Sch. 5]. O

Let us consider natural numbers i, j, a field K, elements a, a; of K,
and an element R of the i-dimension vector space over K. If j € Segi and
a1 = R(j), then (a- R)(j) =a - a.

Let us consider natural numbers ¢, j, a field K, elements a1, by of K, and
elements A, B of the i-dimension vector space over K. Suppose j € Seg1
and a; = A(j) and by = B(j). Then (A + B)(j) = a1 + ba.

Let us consider a field K, and natural numbers n, i. Suppose ¢ € Segn.
Let us consider a finite sequence s of elements of the n-dimension vector
space over K. Then there exists a finite sequence s; of elements of K such
that

(i) lens; = lens, and

(ii) (>°s)(@) =3 s1, and
(iii) for every natural number k such that k& € dom s; holds s1(k) = si(i).

PROOF: Define P[natural number| = for every finite sequence s of elements
of the n-dimension vector space over K such that lens = $; there exists
a finite sequence s of elements of K such that len sy = lensand (3} s)(i) =
>~ s1 and for every natural number k such that & € dom s; holds s1(k) =
sk(i). P[0] by [22, (7)], [24, (43)]. For every natural number k such that
P[k] holds Plk+1] by [4, (4)], [T, (3)], [, (59)], [3, (11)]. For every natural
number k, P[k] from [3, Sch. 2]. O

Let us consider a non trivial, rational, positive definite Z-lattice L, and
an ordered basis b of L. Then Det GramMatrix(b) # Og,.
PROOF: Reconsider M = GramMatrix(b) as a square matrix over Fg of
dimension rank L. Det M = Op,. M is one-to-one by [14, (49)], [9, (87)],
(59). Reconsider M7 = M as a finite sequence of elements of the rank L-
dimension vector space over Fg. Consider r being a finite sequence of ele-
ments of Fg, r1 being a finite sequence of elements of the rank L-dimension
vector space over Fg such that lenr = rank L and lenr; = rank L and for
every natural number i such that ¢ € domr; holds ri(i) = r; - M;; and
>-r1 = 04 and r # Seglenr —— Op,, where « is the rank L-dimension
vector space over Fg. Consider K being an integer, K being a finite se-
quence of elements of Z® such that K # 0 and len Ko = rank L and for
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every natural number i such that i € dom K holds K3(i) = K - ;. Recon-
sider K; = K as an element of Fg. Define P[natural number, object] =
there exists an element ry of the rank L-dimension vector space over Fg
such that ro = r1($1) and $2 = K - 7. For every natural number k such
that k € Segrank L there exists an element = of the carrier of the rank L-
dimension vector space over Fg such that Pk, z]. Consider K3 being a fini-
te sequence of elements of the carrier of the rank L-dimension vector space
over Fg such that dom K3 = Segrank L and for every natural number k
such that k& € Segrank L holds Pk, K3(k)] from [4, Sch. 5]. For every
natural number ¢ such that i € dom K3 there exists an element My of
the rank L-dimension vector space over Fg and there exists an element K3
of Fg such that My = M; (i) and K5 = K»(i) and K3(i) = Ks5- M. For eve-
ry natural number k and for every element v of the rank L-dimension vec-
tor space over Fg such that £ € dom K3 and v = 7 (k) holds K3(k) = K;-v.
Ky # Seglen K9 — 0Ozr by [22, (7)]. Set S = >~ K3. For every natural
number n such that n € domb holds S(n) = Ozr by [22, (7)]. Define
Q[natural number, object] = 33 = Kag, - bg,. Consider Ky being a finite
sequence of elements of the carrier of L such that dom K4 = Segrank L
and for every natural number k such that k € Segrank L holds Q[k, K4(k)]
from [4, Sch. 5]. For every natural number n such that n € domb holds
S(n) = (X K4,b,) by (69), [19, (102)], [9, (87)], (67). For every natural
number n such that n € domb holds (0z,b,) = (X K4,b,) by [10, (12)].
> K4 =0g. rngb is linearly dependent. [

Let L be anon trivial, rational, positive definite Z-lattice and b be an ordered

basis of L. Let us observe that GramMatrix(b) is invertible.

(6]

8]
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