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Summary. The text includes a number of theorems about Boolean opera-
tions on sets: union, intersection, difference, symmetric difference; and relations
on sets: meets (having non-empty intersection), misses (being disjoint) and subset
(inclusion).

The terminology and notation used here are introduced in the article [1]. For simplicity
we adopt the following convention: « will have the type Any; X, Y, Z, V will have
the type set. The scheme Separation concerns a constant A that has the type set and

a unary predicate P and states that the following holds

ex X st forx holds z € X iff x € A & P[x]

for all values of the parameters.
We now define several new constructions. The constant () has the type set, and is
defined by

notexz st x € it.

Let us consider X, Y. The functor
XUy,

with values of the type set, is defined by

rzeitiffre XorxeY.

The functor
Xny,
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with values of the type set, is defined by

rzecitifee X &z eY.

The functor
X\Y,

yields the type set and is defined by

zecitiffr e X & notx €Y.

The predicate

X meets Y is defined by exxstre X&axeV.

The predicate

X misses Y is defined by for z holds z € X implies notx € Y.
Let us consider X, Y. The functor
XY,
with values of the type set, is defined by
it=(X\Y)u({\X).

We now state several propositions:

(1) Z=0iff notexz stz € Z,

(2) Z=XUY iffforcholdszec Ziffr € Xorz e,

(3) Z=XnYiffforrholdsz € Zifzr e X &2z €Y,

(4) Z=X\Yiffforzholdszx € Ziffx € X & notz €Y,
(5) X CY iff forz holds z € X impliesz € Y,

(6) X meets Y iffexz stz € X &z €Y,

(7) X misses Y iff for z holds x € X implies notz € Y.

Let us consider X, Y. Let us note that one can characterize the predicate

X=Y

by the following (equivalent) condition:

XCY&Y CX.

The following propositions are true:

(8) reXUYiffzre Xorzey,
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reXNYiffre X &zey,
reX\Yiffre X &notzx €Y,
r€X & X CY impliesxz €Y,
x € X & X misses Y implies notz € Y,
r € X & x €Y implies X meets Y,
z € X implies X # 0,
X meets Y impliesexz stz € X &z €Y,
(forz st x € X holds z € Y') implies X C Y,

(forz st x € X holds not z € Y') implies X misses Y,
(forz holdsz € X ifft € Y orz € Z) implies X =Y U Z,
(forzholdsz € X iff r €Y &z € Z) implies X =Y N Z,

(forrholdsx € X iff t € Y & notz € Z) implies X =Y \ Z,
not (exz st x € X) implies X = 0,
(forz holds x € X iff € Y) implies X =Y,
reX-Yiffnot(ze Xiffz €Y),
z€X &z eY implies XNY # 0,
(forz holdsnotz € X iff (z € YV iffz € Z)) implies X =Y = Z,
X C X,
0CX,
XCY &Y C X implies X =Y,
XCY &Y C Zimplies X C Z,
X C () implies X = 0,
XCXUY &Y CXUY,
XCZ&Y CZimplies XUY C Z,

XCYimpliesXUZCYUZ&ZUX CZUY,
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XCY&ZCVimpliesXUZCYUYV,

X CYimpliesXUY =Y &YUX=Y,
XUY=YorYUX =Y implies X CY,
XNYCX&XNY CY,

XNy cxuz,

ZCX&ZCY impliesZ C X NY,
XCYimpliesXNZCYNZ&ZNX CZNY,
XCY&ZCVimpliesXNZCYNYV,
XCYimpliesXNY=X&YNX =X,
XNY=XorYNX =X implies X CY,

X CZimpliesXUYNZ=(XUY)NZ,
X\Y=0if X CY,

X CY impliesX\ZCY\ Z,

X CY implies Z\Y C Z\ X,
XCY&ZCVimpliesX\V CY\Z,
X\YCX,

X CY \ X implies X = 0,
XCY&XCZ&YNZ=10implies X =),
XCYUZimpliesX\YCZ&X\ZCY,
(XNY)u(XNnZ)=X implies X CY U Z,
XCYimpliesY = XU XY\ X) &Y =(Y\X)UX,
XCY&YNZ=0implies X NZ =0,
X=YUZITYCX&ZC X &forVstY CV&ZCVholds X CV,
X=YNZIiTXCY&XCZ&forVstVCY &V CZholdsV C X,

X\YCX-=Y,
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XUY =0ifX=0&Y =0,
XUD=X&0uX=2X,
XNl=0&0nX =0,

XUX =X,
XUY=YUX,
(XUuY)uZ=XU((YUZ),
XNX =X,
XNy =YnX,

XNY)NnZ=Xn(({NZ),

XNXuY)=X
LEXUY)NX=X&XNYUX)=X&YUX)NnX =X,

XUXny)=X
EXNY)UX=X&XU{YNX)=X& Y NX)uX =X,

XNXuzZ)=XNnYUXNZ&YUZ)NX=YNXUZNX,
XUYnZ=XUuUuy)Nn(Xu2)&YnNnzZuX=(YuX)n(ZuUX),

XNY)u¥n2)uZnX)=(XUuY)N UZ)Nn(ZUX),

X\ X =0,
X\0=X,
(Z)\X:(Z))

X\(XUY)=0& X\ (YUX) =0,
X\XNY=X\Y&X\YNX=X\Y,
(X\Y)NY=0&YN(X\Y)=0,
XU\ X)=XUY &Y \X)UX =Y UX,
XNYUX\Y)=X&X\Y)uXnY =X,
X\(Y\2)=(X\Y)uXnz,

X\ (X\Y)=XnY,
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(XUuy)\Y=X\Y,
XNY=0ifX\Y =X,
X\(Yuz)=X\Y)n(X\2),
X\ Nn2z)=X\Y)u(X\2),
(XUY)\N(XNY) = (X\Y)U (Y \X),
(XAY)\Z =X\ (YU2),
(XUY)\Z=(X\2)u(Y\2),
X\Y =Y\ X implies X =Y,
XY = (X\Y)U(V\X),
X-0=X&0-X=X,
X=X=0,
X-Y=Y-X,
XUY=(X=-Y)uXny,
X=-Y=XUuY)\XnY,

(X =Y)\Z=(X\(YU2Z)uY\(XU2Z)),
X\Y=-2)=X\(Yuz)uxnynz,
X-Y)~Z=X=(Y =2),

X meets Y U Z iff X meets Y or X meets Z,
X meets Y & Y C Z implies X meets Z,
X meets Y N Z implies X meets Y & X meets Z,
X meets Y implies Y meets X,
not (X meets  or () meets X),

X misses Y iff not X meets Y,

X misses Y U Z iff X misses Y & X misses Z,

X misses Z & Y C Z implies X misses Y,
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(108) X misses Y or X misses Z implies X misses Y N Z,

(109) X misses () & () misses X,

(110) X meets X iff X # 0,

(111) X NY misses X \ Y,

(112) X NY misses X ~Y,

(113) X meets Y\ Z implies X meets Y,

(114) X CY & X CZ &Y misses Z implies X = (),

(115) X\YCZ&Y\XCZimplies X ~Y C Z,

(116) XNnY\2Z2)=(XnNnY)\Z,

(117) XN(Y\Z)=XNY\XNZ& Y \Z)NX=YNX\ZNX,

(118) X misses Y if X NY =0,

(119) X meets Y iff X NY # 0,

(120) XC(YUZ)& XNZ=(implies X CY,

(121) YCX&XNY =(impliesY = (),

(122) X misses Y implies Y misses X.
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