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Summary. Basic facts of arithmetics of real numbers are presented: definitions
and properties of the complement element, the inverse element, subtraction and
division; some basic properties of the set REAL (e.g. density), and the scheme of
separation for sets of reals.

For simplicity we adopt the following convention: =z, y, z, t will denote objects of the
type Real; r will denote an object of the type Any. Let us consider z, y. Let us note

that it makes sense to consider the following functors on restricted areas. Then

x4y is Real,

-y is Real .

One can prove the following propositions:

(1) 7 is Real iff r € REAL,

(2) rty=y+uz,

(3) r+y+2)=(@+y +2

(4) ct0=2&0+a=uz,

(5) Toy=y-u,

(6) - (y-z)=(z-y) 2

(7) v l=a&l-z=un,

(3) (z+y) z=z-z+y-z&z-(z+y)=2z-2+ 2y,

(9) 2£0&zx#yimpliesz-z4y-z&z- a4y z2&z-a#4z-y&kao-z#£z-y,
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(10) z+r=z4yorz+z=y+zorz+r=y+zorr+z=z+y
implies z =y,
(11) rF#yiffe+z2#y+ 2,
(12) 2#0& (r-z=y-zorz-x=z-yorr-z=z-yorz-r=y-z)

implies z = y.

We now define two new functors. Let us consider x. The functor

—z,
with values of the type Real, is defined by
x+it=0.
Assume that the following holds
x # 0.
The functor
z7! ,
yields the type Real and is defined by
r-it=1.

We now define two new functors. Let us consider x, y. The functor

r—=y,

yields the type Real and is defined by
it=z+(—vy).

Assume that the following holds

y # 0.
The functor

z/y,
yields the type Real and is defined by

it=z-yt.
The following propositions are true:

(13) r+—-—z=0&—-z+x=0,

(14) r—y=x+—y,
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r#0impliesz-z ' =1& 271 -2 =1,
y#0impliesz/y=z-y & z/y=9y"" =z,

rt+y—z=z+ (y—2),

r-0=0&0-2=0,
(—2)y=-@-y&r-(-y)=-@-y&(-2)-y=z-(-y),
x#0iff —x #0,
z-y=0iffz=00ry =0,
z#O&y#Oimpliesz'1~y'1:(x~y)'1,
r—0=uz,

—0=0,
r—(y+tz)=z-y—z
r—(y—z)=z—y+z,

x-(y—z2)=z-y—z-2&y—2)-z=y-x—z-x,
r+z=yimplieszr=y—z2& z=y —x,
x # 0 implies z ™1 # 0,
x # 0 implies 717! =z,
x #0implies 1/z =27 & 1/z7! = 2,
x #0impliesz - (1/z2) =1& (1/z) -2 =1,
y # 0&t#0implies (z/y) - (z/t) = (x- 2)/(y - 1),
z—x =0,
x # 0 implies z/z = 1,
y#0& z #0implies z/y = (z-2)/(y - 2),

y # 0 implies —z/y = (—z)/y & v/(—y) = —z/y,
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(40) z#0impliesz/z+y/z=(x+y)/z & z/z—y/z = (x — y)/z,

(41) y#£0&t#0
impliesz/y +z/t=(z-t+z-y)/(y- ) &x/y—z/t=(x-t—2z-y)/(y-1),

(42) y#0& 2 # 0 implies z/(y/z) = (z - 2)/y,
(43) y # 0 implies z/y -y = x,

(44) forzyexzstr=y+z2&z=2+y,
(45) forzysty #0exzstx=y-z2&x =2y,
(46) z <y &y <zimpliesz =y,

(47) z<y&y<zimplies z < z,

(48) r<yory<u,

(49) r<yimpliesz+z2z<y+z&zx—2<y—z,
(50) r<yiff —y < —uz,

5l) z<y&O0<zimpliesz - z2<y-z&z - z<z-y&z-x2<y-z&x-2<z-y,

(52) x<y&z<Oimpliesy-z2<z-z&z-y<z-z&y - z<z-z&kz-y<z-z

(53) r<yife+2<y+z,
(54) r<yiffv —2<y-— 2z,
(55) r<y&kz<t

impliesz+z2<y+t&er+z<t+y&z+ax<t+y&z+ax<y+t,
(56) x < x.

Let us consider z, y. The predicate

r <y is defined by r<y&x#uy.

One can prove the following propositions:

(57) r<yiffe <y &z #y,
(58) r<y&y<zorzr<y&y<zorz<yd&y<zimpliesz < z,
(59) r<yimpliesz+2z<y+2z2

r—z<y—z&z4tr<z+y&ker+z<zt+y&kz+r<y+z,



(60)

The scheme SepReal concerns a unary predicate P states that the following holds
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r+z<y-—+z
orz+r<zd+yorx+z<zt+yorzt+zr<yt+zorr—z<y—=z

implies = < y,

x # yimpliesz < yor y < ,
notx < yiff y <z,
r<yory<zworzc=y,
z < y implies noty < =z,
0<1,
r<0iff 0 < —x,

r<y&z<torz<y&kz<torz<y&kz<t
impliesz+z2<y+t&z+ar<y+t&z+ar<t+y&arz+z<t+y,

r<yiff —y < —x,
forz,yst 0 <z holdsy < y+ =z,
O<z&zrx<yimpliesz-z<y-z&z - z<z-y&kaor-z<z-y&kz-x<y-z,
z2<0&x<yimpliesy-z<z-z2&z-y<z-z&ky-z<z-xz&z - y<azx-z,
0 < z implies 0 < 271,

0 < z implies (z <y iff z/z < y/2),

z < 0implies (z <y iff y/z < z/2),

z <yimpliesexzstz <z & 2z <y,
forrexy stz <y,

forrexysty <z,

for XY being Subset of REAL st
(exxstxeX)& (exazstreY)&forxyste e X &yeY holdsz <y
exzstforzystre X &yeY holdsx <z&z2<y.

ex X being set of Real st for z holds x € X iff P[x]

for all values of the parameter.

39



40

KRzYSzZTOF HRYNIEWIECKI

The following propositions are true:

(79)
(80)
(81)
(82)
(83)
(84)
(85)
(86)
(87)
(88)
(89)
(90)
(91)

(92)

(93)

y=—ziffz+y=0,
forz,ystz #0holdsy =z 'iffz-y =1,
forz,y stz #0& y # 0holds (z/y) ! =y/x,
forzy,zitsty#A0& z2#0&t#0holds (z/y)/(z/t) = (x-t)/(y - 2),
—(z—-y)=y—uz,
r+y<ziffe <z-—y,
r+y<ziffy<z-—uz,
r<y+ziffz—y <z
r<y+4ziffx—2<y,
r+y<ziffe<z-—uy,
rt+y<ziffy<z—uzx,
r<z4yiffr—z<y,
r<y+ziffx—z<y,

(e <y&z<timpliesz —t <y—2z)
&(r<y&z<torz<y&kz<torz<y&z<timpliessz—t<y-—z),

0<zx- .
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