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Summary. We define the following operations on real numbers:
max(z,y), min(z,y), 2, \/z. We prove basic properties of introduced
operations. A number of auxiliary theorems absent in [1] and [2] is proved.

MML Identifier: SQUARE_1.

The terminology and notation used here are introduced in the papers [1] and
[2]. In the sequel a, b, x, y, z will be real numbers. Next we state a number of

propositions:
(1) 1<a2.
(2) Ifl<az, theni<l.
(3) <L
(4) 27t<1.
(5) 2-a=a+a.
6) a=(a—2z)+z.
(1) a=(a+z)—=x.
(8) Ifx—y=0,then z =y.
(9) z<yifandonlyif z+2z <z+y.
(10) a<a+1.
(11) Ifx <y, then 0 <y—z.
(12) Ifx<y,then0<y-—uz.
(13) 171 =1.
(14) f==.
(15) 22 =g,
(16) If z # 0, then 4+ = =.
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(17) Ify#0and z #0, thenﬁ:%
(18) If z#0, then z- % = =4,
(19) If0<zand 0 <y, then0<zx-y.
(20) Ifx<Oandy<O0,then0<zx-y.
(21) IfO<zand 0<y, then0<z-y.
(22) Ifzxr<Oandy<O0,then0<z-y.
(23) If0<zandy <0, thenz-y<0andy-xz<O0.
(24) HHO<zandy<O0,thenz-y<0andy- -z <O0.
(25) If0<z-y,then0<zand 0 <yorxz<0andy<DO0.
(26) IfO<z-y,then0<zand 0<yorz<0andy<O0.
(27) If0<aand0<b, then()g%.
(28) If0<uz, theny—x <u.
(29) IfO<ax, theny—z<y.
(30) Ifz<y,thenz—y<z—uzx.

The scheme RealContinuity deals with two unary predicates P and Q, and
states that:

there exists z such that for all x, y such that P[x] and Q[y] holds z < z and
Z2<y
provided the following requirements are met:

e there exists = such that P[z],

e there exists x such that Q[z],

e for all z, y such that P[z] and Q[y] holds = < y.

We now define two new functors. Let us consider x, y. The functor min(z, y)
yields a real number and is defined by:

min(z,y) = z if x <y, min(z,y) = y, otherwise.
The functor max(z,y) yielding a real number, is defined as follows:

max(x,y) = z if y < z, max(z,y) = y, otherwise.

We now state a number of propositions:

(31) Ifz <y, then z = z if and only if 2 = min(z,y) but z <y or z = y if
and only if z = min(z, y).

(32) If y <z, then min(z,y) = y.

(33) Ify £ x, then min(z,y) = x.

(34)  min(z,y) = W

(35)  min(z,y) <z and min(y,z) < z.

(36) min(x,z) = x.

(37)  min(z,y) = min(y, x).

(38)  min(z,y) =z or min(x,y) = y.

(39) =z <yandz <zif and only if z < min(y, z).
(40)  min(z, min(y, z)) = min(min(z,y), 2).

(41) If z <z and z < y, then z < min(z,y).
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(42) If y <z, then z = z if and only if z = max(z,y) but y <z or z = y if
and only if z = max(z, y).

(43) If x <y, then max(z,y) = y.

(44) If x £y, then max(z,y) = .

(45)  max(z,y) = w

(46) =< max(a:,y) and x < max(y, ).

(47)  max(z,x) =

(48)  max(z,y) = rnax(y, x).

(49) max(z,y) =z or max(z,y) = y.

(50)  y <z and z <z if and only if max(y,z) < .
(51)  max(z, max(y, z)) = max(max(z,y), z).

(52) If0 <z and 0 <y, then 0 < max(x,y).

(53)  min(z,y) + max(z,y) =z + y.

(54)  max(z,min(z,y)) = = and max(min(z,y),z) = z and

max(min(y,x),x) =z
and max(x, min(y,z)) = x.
(65)  min(z, max(x,y)) = x and min(max(z,y),z) =z and
min(max(y,x),x) =z
and min(x, max(y,z)) = =.
(56)  min(z, max(y, z)) = max(min(z, y), min(z, z)) and min(max(y, z),x) =
max(min(y, z), min(z, z)).
(57)  max(z, min(y, z)) = min(max(z, y), max(x, z)) and max(min(y, z),z) =
min(max(y, z), max(z, z)).
Let us consider z. The functor 22 yields an element of R and is defined by:
2 =2z
The following proposition is true
(58) 22 =1zx-z.

Let us consider a. Then a2

is a real number.
The following propositions are true:

(59) 12 =1.

(60) 0% =0.

61) a2 =(—a)?

(62) |a|? = a2.

(63) (a+b)2%=(a2+(2-a)-b)+ b2

(64) (a—b)%=(a®—(2-a)-b) + b

65) (a+1)2=(a2+2-a)+1.

(66) (a—1)%=(a2—-2-a)+1.

67) (a—0b)-(a+b)=a®—b2%and (a+0b)-(a—0b)=a?— b2
(68) (a-b)%=da2 b2
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(69) Tf0#D, then §2 = 2.

(70)  If a® — b* #0, then 1 = ;g%{;z.

(71)  Ifa®? — b2 #0, then L5 = ;Z%.

(72) 0 < a2

(73) If a® =0, then a = 0.

(74)  If 0 # a, then 0 < a2.

(75) If 0 < a and a < 1, then a? < a.

(76) If 1 < a, then a < a2.

(77) If 0 <z and z <y, then 2 <42

(78) If 0 <z and x < y, then 22 < 2.

(79) If0<zand 0 <y and 22 <y?2, then z < y.
(80) If0<zand0<yand 22 < y?2, then z < y.

Let us consider a. Let us assume that 0 < a. The functor /a yielding a real
number, is defined by:

OS\/Eand\/(_z2:a.

We now state a number of propositions:

(81)  If 0 < a, then for every b holds b = \/a if and only if 0 < b and b? = a.
(82) V0=0.
(83) Vi=1.
(84) 1<+2.
(85) V4=2.
(86) V2<2.
(87) If 0 < a, then 0 < /a.
(88) If 0 < a, then \/52 = a.
(89) If0 < a, then Va2 = a.
(90) If a <0, then Va2 = —a.
(91) Va2 =lal.
(92) If0<aand \/a=0, then a =0.
(93) If 0 < a, then 0 < v/a.
(94) If 0 <z and z <y, then /2 < \/y.
(95) If0<zandz <y, then /x < /y.
(96) If0<zand0<yandz=,/y, thenz =1y.
(97) If0<aand0<b, then Va-b=/a-Vb.
(98) If0<a-b, then vVa-b=/[a]-/]b].
(99) If0<aand0<b, then\/%:%.
(100) I£0 < ¢ and b0, then /§ = '|Cb”|‘.
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1_ 1
(101)  T£0 < a, then /2 = L.
(102) If0 < a, then Y2 = %
(103) If 0 < a, then 5= Va.
(104) If0<aand 0 <b, then (va— vb) - (va+ vb) =a —b.
1 Jah
(105) If0<aand 0<banda#b, then T = ah
1 +a—vb
(106) If0<bandb < a, then T E = ah
(107) If0<aand 0<banda#b, then \/ai\/zj: \/ng/l;.
1 Vat+Vb
(108) If0<bandb < a, then Tavb = ash
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