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Summary. We introduce the notions of subspace of vector space
and coset of a subspace. We prove a number of theorems concerning those
notions. Some theorems that belong rather to [1] are proved.

MML Identifier: VECTSP_4.

The articles [3], [5], [2], [1], and [4] provide the terminology and notation for
this paper. For simplicity we adopt the following rules: G; will denote a field,
V, X, Y will denote vector spaces over Gy, u, v, v1, v9 will denote vectors of
V, a, b, ¢ will denote elements of G1, and z will be arbitrary. Let us consider
G1, V. A subset of V is a subset of the carrier of the carrier of V.

In the sequel Vq, V5, V3 denote subsets of V. Let us consider Gy, V, V;. We
say that Vj is linearly closed if and only if:

(Def.1)  for all v, u such that v € V; and u € V; holds v + u € Vj and for all a,
v such that v € V] holds a - v € V7.
The following propositions are true:

(1) If for all v, u such that v € V; and u € V; holds v + u € V; and for all
a, v such that v € V] holds a - v € Vi, then Vj is linearly closed.

(2) If V7 is linearly closed, then for all v, u such that v € V; and v € Vj
holds v +u € V;.

(3)  If Vj is linearly closed, then for all a, v such that v € V; holds a-v € V;.
(4) If V; # () and Vi is linearly closed, then Oy € V;.

(5)  If V4 is linearly closed, then for every v such that v € V; holds —v € V.
(6)

If V; is linearly closed, then for all v, w such that v € V; and u € V
holds v — u € Vj.

(7)  {Oy} is linearly closed.
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(8)
9)

(10)
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If the carrier of the carrier of V' = V7, then Vj is linearly closed.

If V4 is linearly closed and Vj is linearly closed and V3 = {v +u : v €
Vi Au € Va}, then V3 is linearly closed.

If V7 is linearly closed and V5 is linearly closed, then Vi N Vs is linearly
closed.

Let us consider Gy, V. A vector space over (51 is said to be a subspace of V'

if:
(Def.2)

the carrier of the carrier of it C the carrier of the carrier of V and the
zero of the carrier of it = the zero of the carrier of V and the addition
of the carrier of it = (the addition of the carrier of V') | [ the carrier of
the carrier of it, the carrier of the carrier of it ] and the multiplication
of it = (the multiplication of V') | [ the carrier of G, the carrier of the
carrier of it ].

Next we state the proposition

(11)

If the carrier of the carrier of X C the carrier of the carrier of V
and the zero of the carrier of X = the zero of the carrier of V' and
the addition of the carrier of X = (the addition of the carrier of V') | |
the carrier of the carrier of X, the carrier of the carrier of X ] and the
multiplication of X = (the multiplication of V') | [ the carrier of G, the
carrier of the carrier of X ], then X is a subspace of V.

We adopt the following convention: W, W1, W5 will be subspaces of V' and
w, wy, wy will be vectors of W. Next we state a number of propositions:

(12)
(13)
(14)

(15)

AN AN N N N N N N N N S N
NN DN DNDNNNDNDNNRE = = =
W J O T = W N~ O © 0 3D
M O N N O~ Y N N

The carrier of the carrier of W C the carrier of the carrier of V.
The zero of the carrier of W = the zero of the carrier of V.

The addition of the carrier of W = (the addition of the carrier of
V) I} the carrier of the carrier of W, the carrier of the carrier of W .

The multiplication of W = (the multiplication of V') | [ the carrier of
G1, the carrier of the carrier of W .

If x € W7 and W7 is a subspace of Ws, then x € W,
If x € W, thenz € V.

w is a vector of V.

Ow = Oy.

Ow, = Ow,.

If wq = v and wy = u, then wy + we = v + u.
If w=w, thena-w=a-v.

If w =wv, then —v = —w.

If wq = v and wy = u, then wq — w9 = v — u.
Oy e W.

@W1€W2.

Ow e V.
fueWandve W, then u4+veW.
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(29) IfveW,thena-velW.

(30) Ifve W, then —ve W.

(31) IfueWandve W, thenu—veW.

(32) V is a subspace of V.

(33) If V is a subspace of X and X is a subspace of V, then V = X.
(34)

If V is a subspace of X and X is a subspace of Y, then V is a subspace
of Y.

(35) If the carrier of the carrier of Wy C the carrier of the carrier of W,
then Wy is a subspace of Ws.

(36) If for every v such that v € Wj holds v € Wy, then W is a subspace of

Ws.
(37) If the carrier of the carrier of W; = the carrier of the carrier of W,
then W7 = Wa.

(38) If for every v holds v € W if and only if v € Wy, then Wy = Ws.

(39) If the carrier of the carrier of W = the carrier of the carrier of V,
then W = V.

(40)  If for every v holds v € W, then W = V.
(41)  If the carrier of the carrier of W = Vi, then Vj is linearly closed.

(42)  If V4 # () and V; is linearly closed, then there exists W such that V; =
the carrier of the carrier of W.

Let us consider GG, V. The functor Oy yielding a subspace of V' is defined
by:
(Def.3)  the carrier of the carrier of Oy = {Oy }.
Let us consider GG, V. The functor Qy yields a subspace of V' and is defined
by:
(Defd) Qy =1V.
The following propositions are true:
43)  The carrier of the carrier of Oy = {Oy }.

44)  If the carrier of the carrier of W = {©y}, then W = 0y.
45 Qy =V.
46 x € Oy if and only if x = Oy.
47 Ow = Oy.
Ow, = Oy, .

Oy is a subspace of V.
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Oy is a subspace of W.
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Oy, is a subspace of Ws.
W is a subspace of Qy/ .
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V' is a subspace of Qy/ .

Let us consider G1, V', v, W. The functor v + W yielding a subset of V is
defined by:
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(Def.5) v+W={v+u:uecW}.
Let us consider G, V, W. A subset of V' is said to be a coset of W if:
(Def.6)  there exists v such that it = v + W.

In the sequel B, C will denote cosets of W. The following propositions are
true:

—
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v+W={v4+u:ue W}
There exists v such that C = v + W.
If Vi =v+ W, then V; is a coset of W.

(S,
S Ot

57) x € v+ W if and only if there exists u such that w € W and x = v 4 .
58 Oy € v+ W if and only if v € W.

59) wvev+W.

60 Oy + W = the carrier of the carrier of W.

61) v+ 0y = {v}.

D
[\

v + Qy = the carrier of the carrier of V.

Oy € v+ W if and only if v + W = the carrier of the carrier of W.

v € W if and only if v + W = the carrier of the carrier of W.

If v e W, then a - v+ W = the carrier of the carrier of W.

If a # 0¢, and a-v+ W = the carrier of the carrier of W, then v € W.
v € W if and only if (—v) + W = the carrier of the carrier of W.

we W ifand only if v+ W = (v+u) + W.
vweWifand only if v+ W = (v —u) + W.

veu+Wifand only if u+W =v+ W.
Ifuecvi+ W and u € vg+ W, then v1 + W = vy + W.

Ifa#1g, anda-vev+ W, thenve W.
IfveW,thena-vev+ W.

IfveW,then —vev+W.

u+vev+ Wifand only if u e W.
v—u€v+ Wifand only if u € W.

u € v+ W if and only if there exists vq such that v1 € W and u = v+wv;y.
u € v+ W if and only if there exists vq such that v1 € W and u = v—w;.

There exists v such that v1 € v+ W and vy, € v+ W if and only if
v, — v € W.
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(80) Ifv+W = u+ W, then there exists vy such that v; € W and v4v; = w.
(81) Ifv+W = u+ W, then there exists vy such that v; € W and v—v; = u.
(82) v+ Wy =v+ Wsif and only if Wy = Wh.

(83) If v+ Wi =u+ Wa, then W) = W,

In the sequel C7 denotes a coset of W7 and Cy denotes a coset of W5. One
can prove the following propositions:

(84)  There exists C such that v € C.
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C is linearly closed if and only if C' = the carrier of the carrier of W.
If Ch = Cy, then Wy = W,

{v} is a coset of Oy.

If V4 is a coset of Oy, then there exists v such that V; = {v}.

The carrier of the carrier of W is a coset of .

oo oo o
© oo

The carrier of the carrier of V is a coset of Qy .
If V1 is a coset of Qy, then Vi = the carrier of the carrier of V.
Oy € C if and only if C' = the carrier of the carrier of W.
ue Cifandonlyif C =u+W.
Ifu € Cand v € C, then there exists vq such that v; € W and u+v; = v.
Ifu € C and v € C, then there exists vq such that v; € W and u—v; = v.
There exists C' such that v; € C' and vy € C if and only if v; — vy € W.
97) Ifue BandueC,then B=C.

In the sequel w will denote a vector of V. One can prove the following
propositions:

(99)2 (u+v)—w=u+(v—w).
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(100)  —(=v) = .

(101) v—(u—w)=(v—u)+w.

(102) Ifv+wu=wvoru-+v=uv,then u= Oy.
(103) (a—b)-v=a-v—">0-wv.

(104) a—0g, =a.

(105) a—a=0¢g,.

(106) a—(b—c)=(a—0b)+c.
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