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Summary. We define the proper and the improper limit of a real
function at a point. The main properties of the operations on the limit
of a function are proved. The connection between the one-side limits
and the limit of a function at a point are exposed. Equivalent Cauchy
and Heine characterizations of the limit of a real function at a point are
proved.

MML Identifier: LIMFUNC3.

The papers [17], [5], [1], [2], [3], [15], [13], [6], [8], [14], [18], [16], [4], [10],
[11], [12], [7], and [9] provide the notation and terminology for this paper. For
simplicity we adopt the following convention: r, r1, r2, g, g1, g2, o will be real
numbers, n, k will be natural numbers, s; will be a sequence of real numbers,
and f, f1, fo will be partial functions from R to R. The following propositions
are true:

(1)
(2)

If rng s1 C dom fN]—o0, zo[ or rng s; C dom fN]zg, +oo[, then rng sy C
dom f\ {zo}.

Suppose for every n holds 0 < |zg — s1(n)| and |zg — s1(n)| < n+r1 and
s1(n) € dom f. Then s; is convergent and lim s; = ¢ and rng s; C dom f
and rngs; C dom f\ {zo}.

Suppose s7 is convergent and lims; = zp and rngs; C dom f \ {zp}.
Then for every r such that 0 < r there exists n such that for every k such
that n < k holds 0 < |zp — s1(k)| and |xg — s1(k)| < r and s;(k) € dom f.

If 0 <7, then |xg —r,zo + [\ {zo} = Jzo — 7, x0[ U |z0, 20 + 7[.

Suppose 0 < 7o and |xg — ro, x| U |xg, 2o + r2[ € dom f. Then for all
r1, ro such that r1 < zg and zg < ro there exist g1, go such that v < g1
and g1 < xg and g; € dom f and g < ry and zg < g2 and g € dom f.
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(6) If for every n holds zo— n+r1 < s1(n) and s1(n) < xg and s1(n) € dom f,
then s; is convergent and lim s; = g and rngs; C dom f \ {z¢}.

(7) If sy is convergent and lim s; = xp and 0 < g, then there exists k such
that for every n such that k& < n holds 29 — g < s1(n) and s1(n) < zo+g.

(8)  The following conditions are equivalent:
(i)  for all r1, r9 such that r < zp and xy < 79 there exist g1, go such
that 71 < ¢1 and g1 < g and g1 € dom f and g < 9 and zg < g2 and
g2 € dom f,
(ii)  for every r such that r < z( there exists g such that r < g and g < xg
and g € dom f and for every r such that x¢ < r there exists g such that
g <rand zp < g and g € dom f.

We now define three new predicates. Let us consider f, xg. We say that f is
convergent in x if and only if:

(Def.1) (i) for all r1, r9 such that r; < z¢ and zy < 7o there exist g1, g2 such
that 1 < g1 and g1 < zg and g1 € dom f and g» < r9 and zg < g9 and
g2 € dom f,

(ii)  there exists g such that for every s; such that s; is convergent and
lims; = z¢p and rngs; C dom f \ {zp} holds f - s is convergent and
lim(f-s1) =g.

We say that f is divergent to +oco in x( if and only if:

(Def.2) (i) for all r1, r9 such that r; < x¢ and zy < 7o there exist g1, g2 such
that 1 < g1 and g1 < zg and g1 € dom f and g» < r9 and zg < g9 and
g2 € dOl’Hf,

(ii)  for every s; such that s; is convergent and lims; = xg and rngs; C
dom f \ {xo} holds f - sy is divergent to +oco.

We say that f is divergent to —oo in zq if and only if:

(Det.3) (i) for all ry, rg such that r; < g and z¢ < ro there exist g1, g2 such
that 71 < ¢1 and g1 < ¢ and g1 € dom f and g < 9 and xg < g2 and
g2 € dOl’Hf,

(ii)  for every s; such that s; is convergent and lims; = xy and rngs; C
dom f \ {xo} holds f - s1 is divergent to —oco.

The following propositions are true:

(9)  fis convergent in x if and only if the following conditions are satisfied:
(i)  for all rq, r9 such that r < zp and xy < 7o there exist g1, go such
that 71 < ¢1 and g1 < g and ¢g; € dom f and go < 9 and xg < g2 and

g2 € dOIHf,

(ii)  there exists g such that for every s; such that s; is convergent and
lims; = zp and rngs; C dom f \ {zo} holds f - s; is convergent and
lim(f-s1) =g.

(10)  f is divergent to 400 in xg if and only if the following conditions are
satisfied:
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(i)  for all r1, r9 such that ry < zp and xy < 7o there exist g1, go such
that r1 < g1 and g1 < zg and ¢; € dom f and g» < 12 and zg < g9 and
g2 € dom fa

(ii)  for every s; such that s; is convergent and lim s; = xo and rngs; C
dom f \ {xo} holds f - s1 is divergent to +oco.

(11)  f is divergent to —oo in g if and only if the following conditions are
satisfied:

(i)  for all ry, 7o such that r; < xzp and xg < ry there exist g1, go such
that 1 < ¢1 and g1 < zg and g1 € dom f and g < ro and zg < g9 and
g2 € dom f,

(ii)  for every s; such that s; is convergent and lim s; = xg and rngs; C
dom f \ {xo} holds f - s1 is divergent to —oco.

(12)  fis convergent in z if and only if the following conditions are satisfied:

(i) for all ry, 7o such that r; < xzp and xg < ry there exist g1, go such
that 1 < ¢1 and g1 < zg and g1 € dom f and g < ro and zg < g9 and
g2 € dom f,

(ii)  there exists g such that for every g; such that 0 < g; there exists go
such that 0 < g9 and for every 7 such that 0 < |zg—71] and |zg—7r1| < g2
and r1 € dom f holds |f(r1) — g] < g1.

(13)  f is divergent to 400 in g if and only if the following conditions are
satisfied:

(i)  for all ry, 7o such that r; < xzp and xg < ry there exist g1, go such
that 1 < ¢1 and g1 < zg and ¢; € dom f and g < ro and zg < g9 and
go € dom f,

(ii)  for every g; there exists go such that 0 < go and for every ry such that
0 < |zop —r1] and |zg — 71| < g2 and r; € dom f holds g1 < f(r1).

(14)  f is divergent to —oo in xzq if and only if the following conditions are
satisfied:

(i) for all rq, 7o such that r; < xzp and xg < ry there exist g1, go such
that 1 < g1 and g1 < zg and g1 € dom f and g < ro and zg < g9 and
g2 € dom f,

(ii)  for every g; there exists go such that 0 < g2 and for every ry such that
0 < |xo —r1] and |xg — 71| < g2 and r; € dom f holds f(r1) < ¢1.

(15)  f is divergent to 400 in z¢ if and only if f is left divergent to +oo in
xo and f is right divergent to +oo in xg.

(16)  f is divergent to —oo in xq if and only if f is left divergent to —oo in
xo and f is right divergent to —oo in .

(17)  Suppose that

(i)  f1 is divergent to +oo in xg,

(ii)  fo2 is divergent to +o0 in xg,

(iii)  for all 71, 79 such that r; < xg and xg < ro there exist gy, g2 such that
ry < g1 and g1 < zg and g1 € dom f; Ndom fy and g2 < 19 and zg < go
and g9 € dom f; N dom fo.

Then f1 + fo is divergent to +o00 in xg and fi fo is divergent to +oo in xy.
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(18)  Suppose that

(i)  f1 is divergent to —oo in xy,

(il)  fo is divergent to —oo in z,

(iii)  for all 71, 79 such that r; < xg and xg < r9 there exist gy, g2 such that
r1 < g1 and g1 < xg and g1 € dom f; Ndom fy and go < ro and zg < go
and g9 € dom f; N dom fo.

Then f1+ fo is divergent to —oo in xg and f; fo is divergent to 400 in xg.
(19)  Suppose that

(i)  f1 is divergent to +oo in xg,

(ii)  for all r1, 79 such that 1 < z and xy < ry there exist g1, g2 such that
r1 < g1 and g; < zg and g1 € dom(f; + f2) and g2 < r2 and zg < g2 and
g2 € dom(f1 + f2),

(ili)  there exists r such that 0 < r and f5 is lower bounded on |zg — r, z¢[U
|xo, T + 7.

Then f1 + f is divergent to 400 in zg.
(20)  Suppose that

(i)  f1 is divergent to +oo in xg,

(ii)  for all r1, r9 such that 1 < zg and xy < ry there exist g1, g2 such that
r1 < g1 and g1 < zp and g1 € dom(f1f2) and g2 < 79 and zy < g2 and
g2 € dom(fi f2),

(iii)  there exist 7, 71 such that 0 < r and 0 < r; and for every g such that
g € dom fo N (Jwg — r,z0[ U]z, 2o + r[) holds r1 < fa(g).

Then fi f5 is divergent to 4+o0 in zg.
(21) (i) If f is divergent to 400 in xp and r > 0, then rf is divergent to 0o
in xg,

(ii) if f is divergent to +o0 in z¢ and r < 0, then rf is divergent to —oco
in 0,

(i)  if f is divergent to —oo in xg and r > 0, then rf is divergent to —oo
in xg,

(iv) if f is divergent to —oo in xg and r < 0, then rf is divergent to +oo
in xg.

(22) If f is divergent to +oo in xg or f is divergent to —oo in xg, then |f| is
divergent to 400 in zg.
(23)  Suppose that

(i)  there exists r such that 0 < r and f is non-decreasing on |xg — 7, 2|
and f is non-increasing on |xg,xo + r[ and f is not upper bounded on
|zo — r,xo[ and f is not upper bounded on |zg,zg + 7,

(ii)  for all r1, 79 such that 1 < zp and xy < 7o there exist g1, go such
that r1 < g1 and g1 < zg and ¢; € dom f and g» < 12 and zg < g9 and
go € dom f.

Then f is divergent to +oo in xg.
(24)  Suppose that

(i)  there exists r such that 0 < r and f is increasing on |x¢ — r, xg| and

f is decreasing on |zg, z¢ + r| and f is not upper bounded on |xy — r, x|
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and f is not upper bounded on |zg, zo + 7],

(ii)  for all r1, r9 such that r1 < xg and z¢ < ry there exist g1, g2 such
that 71 < ¢1 and g1 < g and ¢g; € dom f and go < 9 and zg < g2 and
go € dom f.

Then f is divergent to +oo in xg.

(25)  Suppose that

(i)  there exists r such that 0 < r and f is non-increasing on |zg — 7, 2|
and f is non-decreasing on |xg,xo + [ and f is not lower bounded on
|zo — r,xo[ and f is not lower bounded on |zg, z¢ + 7|,

(ii)  for all r1, 79 such that r1 < xg and z¢ < ry there exist g;, g2 such
that r1 < g1 and g1 < zg and g1 € dom f and g < ro and zg < g9 and
g2 € dom f.

Then f is divergent to —oo in xg.
(26)  Suppose that

(i)  there exists r such that 0 < r and f is decreasing on |z¢ — r, o[ and
f is increasing on |zg,xo + 7| and f is not lower bounded on |xg — 7, 2|
and f is not lower bounded on |z, zo + 7|,

(ii)  for all r1, r9 such that r1 < xg and z¢ < ry there exist g;, g2 such
that 1 < g1 and g1 < zg and g1 € dom f and g < ro and zg < g9 and
g2 € dom f.

Then f is divergent to —oo in xg.
(27)  Suppose that

(i)  f1 is divergent to +oo in zg,

(ii)  for all r1, 79 such that r1 < xg and z¢ < ry there exist g1, g2 such
that r1 < ¢1 and g1 < zg and g1 € dom f and g < ro and zg < g9 and
g2 € dom f,

(i)  there exists r such that 0 < r and dom f N (Jzg — 7, xo[U]zo, 20 +7[) C
dom f1 N (Jxg — r, xo[U]zo, zo + r[) and for every g such that g € dom f N
(Jzo — 7 @w0[ U ]mo, 20 + 7[) holds fi(g) < f(g).

Then f is divergent to +o0 in xg.
(28)  Suppose that

(i)  f1 is divergent to —oo in x,

(ii)  for all r1, r9 such that r1 < xg and z¢ < ry there exist g1, g2 such
that r1 < g1 and g1 < zg and ¢; € dom f and g» < 1o and zg < g9 and
g2 € domfa

(iii)  there exists r such that 0 < r and dom f N (Jxg — r, xo[U]xg, 20 +7[) C
dom f1 N (Jxg — r, 20| U]zo, 29 + r[) and for every g such that g € dom f N
(Jzo — 7 2wo[ U]z, 2o + r[) holds f(g) < fi(g).

Then f is divergent to —oo in xg.
(29)  Suppose that

(i)  f1 is divergent to +oo in zg,

(ii)  there exists r such that 0 < r and |xg — r,xo[ U ]zo, 2o + [ € dom f N
dom f; and for every g such that g € |zg — 7, 29[ U |xg, 20 + [ holds
fi(g) < f(g).
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Then f is divergent to +oo in xg.

(30)  Suppose that

(i)  f1 is divergent to —oo in xg,

(ii)  there exists r such that 0 < r and Jzg — 7, xo[ U |z, z0 + r[ C dom f N
dom f; and for every g such that g € |zg — r,20[ U ]zg, 20 + r[ holds
f9) < fi(9)-

Then f is divergent to —oo in xg.
Let us consider f, xg. Let us assume that f is convergent in xy. The functor
lim,,, f yields a real number and is defined by:

(Def.4)  for every s such that s; is convergent and lims; = z¢ and rngs; C
dom f \ {zo} holds f - s; is convergent and lim(f - s1) = lim,, f.

The following propositions are true:

(31)  If f is convergent in z, then lim,, f = g if and only if for every s; such
that s; is convergent and lims; = xy and rngs; C dom f \ {xg} holds
f - s1 is convergent and lim(f - s1) = g.

(32)  Suppose f is convergent in zg. Then lim,, f = g if and only if for every
g1 such that 0 < g1 there exists go such that 0 < go and for every r; such
that 0 < |zg—71| and |xo—7r1| < g2 and r; € dom f holds |f(r1) —g| < ¢1.

(33) If f is convergent in g, then f is left convergent in zy and f is right
convergent in xo and lim, - f = lim, + f and lim,,f = lim, - f and
limg, f = lim, + f.

(34)  If fis left convergent in xg and f is right convergent in zg and lim, - f =
lim, + f, then f is convergent in zg and limg, f = lim, - f and lim,, f =

limm0+ f

(35) If f is convergent in xg, then rf is convergent in z¢ and lim,,(rf) =
r - (limg, f).

(36) If f is convergent in g, then —f is convergent in z¢ and limg, (—f) =
—limg, f.

(37)  Suppose that
(i)  f1 is convergent in z,

(ii)  fo is convergent in z,

(iii)  for all 71, 79 such that r; < xy and xg < r2 there exist gy, g2 such that
r1 < g1 and g1 < xg and g1 € dom(f1 + f2) and g2 < r9 and zy < g2 and
g2 € dom(f1 + f2).

Then f1 + f2 is convergent in z and limg, (f1 + f2) = limy, f1 + limg, fo.
(38) Suppose that
(i)  f1 is convergent in z,

(il)  fo is convergent in xg,

(iii)  for all 71, 7o such that r; < xy and xg < r2 there exist g1, g2 such that
r1 < g1 and g1 < xg and g1 € dom(f; — f2) and g2 < r9 and zy < g2 and
g2 € dom(f1 — fg)

Then f; — f2 is convergent in xo and lim,, (f1 — f2) = limg, f1 — limy, fo.
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(39) If f is convergent in xp and f ~! {0} = @ and lim,,f # 0, then % is
convergent in xg and limxo% = (limg, f)~'.

(40) If f is convergent in xg, then |f| is convergent in xg and lim,,|f| =
[limg, f]-
(41)  Suppose that
(i)  f is convergent in xg,

(i)  limg,f # 0,

(iii)  for all r1, r9 such that r1 < xg and 2y < ry there exist g1, g2 such
that 1 < ¢1 and g1 < zg and g1 € dom f and g2 < ro and zg < g9 and
g> € dom f and f(g1) # 0 and f(go) # 0.

Then % is convergent in xy and limxo% = (limxof)_l.
(42)  Suppose that
(i)  f1 is convergent in x,

(ii)  f2 is convergent in xg,

(iii)  for all 1, o such that 71 < xg and z¢ < ry there exist g1, g2 such that
r1 < g1 and g1 < zp and g1 € dom(f1f2) and g2 < 79 and z¢ < g2 and
g2 € dom(f1f2).

Then f fo is convergent in z¢ and limy, (f1f2) = (limg, f1) - (limg, f2).
(43)  Suppose that
(i)  f1 is convergent in z,
(ii)  fo2 is convergent in xg,
(i) limg, fo # 0,
(iv)  for all 71, ro such that r1 < z¢ and 2y < 7o there exist g1, g2 such

that 7 < g1 and g1 < x¢ and g; € dom % and go < 79 and zg < go and

go € dom %

A . . i limgg fy
Then 7, Is convergent in zg and limg, B = Tmefe

(44)  Suppose that
(i)  fi1 is convergent in z,

(i)  limg, f1 = O,

(iii)  for all 1, 3 such that 71 < xg and z¢ < ro there exist g1, g2 such that
r1 < g1 and g1 < zp and g1 € dom(f1f2) and g2 < 79 and z¢ < g2 and
g2 € dom(f1f2),

(iv)  there exists 7 such that 0 < r and fy is bounded on |zg — 7, zo[ U
Jzo, xo + 1.

Then fi f2 is convergent in z¢ and lim,,(f1f2) = 0.

(45)  Suppose that
(i)  fi1 is convergent in z,

(ii)  f2 is convergent in xg,

(iii) limxo fl = limxo fg,

(iv)  for all r1, ro such that r; < xy and xg < rg there exist gi, go such
that 71 < g1 and g1 < g and g1 € dom f and g < 9 and zg < g2 and
g2 € domfa

7



78

JAROSEAW KOTOWICZ

(v)  there exists r such that 0 < r and for every g such that g € dom f N
(Jro—r, zo[U]z0, m0+7]) holds f1(g) < f(g) and f(g) < f2(g) but dom f1N
(Jxo — ryxo[ U Jzo, 20 + r[) € dom fo N (Jzg — r,x0[ U |z, 29 + ) and
dom f N (Jxg —r, zo[ U]z, 20 +7[) C dom f1 N (Jxg— 7, 20[U]x0, Z0 + 7[) OF
dom f5 N (Jzo — 7, mo[ U]z, 20 + r[) € dom f1 N (Jzg — 7, 20[ U ]20, 20 + 7)
and dom fN(Jxg—r, zo[U]xo, xo+7]) C dom fon(Jzg—1, zo[U]zg, 20 +7[)-
Then f is convergent in xg and limg,, f = limg, fi.
(46)  Suppose that
) fi1is convergent in x,
) f2 is convergent in x,
) liInxofl = hmxonv
) there exists r such that 0 < r and |z¢ — 7, x0[U]zo, 2o + 7] C (dom f1 N
dom fy) N'dom f and for every g such that g € |xg — r, 29[ U |zo, 20 + 7]
holds f1(g) < f(g) and f(g) < fa(9)-
Then f is convergent in ¢ and lim,, f = limg, f1.
(47)  Suppose that
(i)  f1 is convergent in z,
(il)  fo is convergent in xg,
(iii)  there exists r such that 0 < r but dom f1 N (Jxg — 7, zo[U]xo, zo +7[) C
dom fo N (Jzg — 7, xo[U ]z, 2o + r]) and for every g such that g € dom f1N
(Jzo = r,20[ U Jzo, 2o + 7[) holds fi(g) < fa(g) or dom fo N (Jag — 7, z0[ U
|zo, xo + 7[) € dom f1 N (Jxg — 7, 20[ U |z, x0 + 7[) and for every g such
that g € dom fa N (Jog — 7, wo[ U ]zo, 2o + r[) holds fi(g) < fa(g)-
Then lim,, f1 < limg, fo.
(48)  Suppose that
(i)  f is divergent to 400 in xg or f is divergent to —oo in z,
(ii)  for all ry, ry such that r; < zg and xg < ry there exist g1, go such
that r1 < g1 and g1 < zg and g1 € dom f and g» < ro and zg < g9 and
g> € dom f and f(g1) # 0 and £(gs) # 0.
Then % is convergent in z( and limwo% =0.
(49) Suppose that
(i)  f is convergent in xg,
(i) limg, f =0,
(iii)  for all r1, 7o such that r1 < xg and 2y < ry there exist g1, g2 such
that r1 < g1 and g1 < zg and ¢; € dom f and g» < 1o and zg < g9 and
g2 € dom f and f(g1) # 0 and f(g2) # O,
(iv)  there exists r such that 0 < r and for every g such that g € dom f N
(Jzo — 7, z0[ U |20, 20 + 7[) holds 0 < f(g).
Then % is divergent to +oo in xzg.
(50)  Suppose that
(i)  f is convergent in xg,
(i) limg, f =0,
(iii)  for all r1, 7o such that r1 < xg and 2o < ry there exist g1, g2 such
that r1 < g1 and g1 < zg and ¢; € dom f and g» < 1o and zg < g9 and
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g2 € dom f and f(g1) # 0 and f(g2) # 0,

(iv)  there exists r such that 0 < r and for every g such that g € dom f N

(51)

(52)

(Jxo — 7, 20[ U Jx0, 20 + [) holds f(g) < 0.
Then % is divergent to —oo in zg.

If f is convergent in zo and lim,,f = 0 and there exists r such that
0 < r and for every g such that g € dom f N (Jzg — r, o[ U Jzo,x0 + 1)
holds 0 < f(g), then % is divergent to +oco in x.

If f is convergent in zo and lim,,f = 0 and there exists r such that
0 < r and for every g such that g € dom f N (Jzg — r, o[ U Jzo, x0 + 1)
holds f(g) < 0, then % is divergent to —oo in x.
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