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Warsaw University

Summary. Introduces notions of relations of tolerance, tolerance
set and neighbourhood of an element. The basic properties of relations
of tolerance are proved.

MML Identifier: TOLER_1.

The notation and terminology used here have been introduced in the following
papers: [2], [3], [4], [5], and [1]. We adopt the following rules: X, Y, Z denote
sets, x, y are arbitrary, and R denotes a relation between X and X. The
following propositions are true:

(1) fieldo = 0.
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Let us consider X. The functor V x yielding a relation between X and X is
defined by:

(Def.l) Vx=1[X, X].
Let us consider X, R, Y. Then R|?Y is a relation between Y and Y.

The following propositions are true:

(10)  For every relation R between X and X holds R = Vi if and only if
R=}[X, X].

is strongly connected.
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@ is transitive.
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Vx=1[}X, X1
domVyx = X.
mgVyx = X.
field Vx = X.

For all x, y such that x € X and y € X holds (z,y) € Vx.

For all z, y such that z € field Vx and y € field Vx holds (x,y) € V.
V x is pseudo reflexive.

V x is symmetric.

V x is strongly connected.

V x is transitive.

V x is connected.

Let us consider X. A relation between X and X is said to be a tolerance of

X if:
(Def.2)

it is pseudo reflexive and it is symmetric and fieldit = X.

In the sequel T, R denote tolerances of X. The following propositions are

true:
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(32)

For every tolerance R of X holds R is pseudo reflexive and R is sym-

metric and field R = X.

For every tolerance T of X holds domT = X.

For every tolerance T' of X holds rngT = X.

For every tolerance 1" of X holds field T = X.

For every tolerance T" of X holds z € X if and only if (z,z) € T.

For every tolerance T' of X holds T is reflexive in X.

For every tolerance T' of X holds T is symmetric in X.

For every tolerance T of X such that (x,y) € T holds (y,z) € T.

For every tolerance T' of X and for all z, y such that (x,y) € T holds

re X and y € X.

For every relation R between X and Y such that R is symmetric holds
|2 Z is symmetric.

Let us consider X, T, and let Y be a subset of X. Then T'|?Y is a tolerance

of Y.

Next we state the proposition

(33)

If Y C X, then T |? Y is a tolerance of Y.

Let us consider X, and let T' be a tolerance of X. A set is called a set of
mutually elements w.r.t. T if:

(Def.3)

for all x, y such that x € it and y € it holds (z,y) € T

We now state the proposition

(34)

() is a set of mutually elements w.r.t. T

2The proposition (22) was either repeated or obvious.
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Let us consider X, and let T be a tolerance of X. A set of mutually elements
w.r.t. T is called a tolerance class of T’ if:

(Def.4)  for every x such that z ¢ it and x € X there exists y such that y € it
and (z,y) ¢ T.
Next we state a number of propositions:

(36)% Y is a set of mutually elements w.r.t. T if and only if for all z, y such
that z € Y and y € Y holds (z,y) € T

(38)* For every tolerance T of X such that () is a tolerance class of 7" holds
T=0.
(39) @ is a tolerance of 0.

(40)  For all z, y such that (x,y) € T holds {x, y} is a set of mutually elements
w.r.t. T.

(41)  For every z such that x € X holds {z} is a set of mutually elements
w.r.t. T.

(42)  For all Y, Z such that YV is a set of mutually elements w.r.t. 7" and Z
is a set of mutually elements w.r.t. T holds Y N Z is a set of mutually
elements w.r.t. T

(43) If Y is a set of mutually elements w.r.t. T, then Y C X.
(44) If Y is a tolerance class of T', then Y C X.

(45)  For every set Y of mutually elements w.r.t. T there exists a tolerance
class Z of T such that Y C Z.

(46)  For all z, y such that (x,y) € T there exists a tolerance class Z of T
such that z € Z and y € Z.

(47)  For every x such that z € X there exists a tolerance class Z of T' such
that x € Z.
Let us consider X. Then Ax is a tolerance of X.
We now state three propositions:
(48)  Vx is a tolerance of X.
(49) T CVxk.
(50) Ax CT.
The scheme ToleranceEx concerns a set A, and a binary predicate P, and
states that:
there exists a tolerance T' of A such that for all x, y such that z € A and
y € A holds {(z,y) € T if and only if P[z,y]
provided the parameters satisfy the following conditions:
e for every z such that x € A holds P[z, z],
e for all z, y such that x € A and y € A and Plz,y| holds P[y, x].
One can prove the following propositions:

3The proposition (35) was either repeated or obvious.
4The proposition (37) was either repeated or obvious.
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(51)  For every Y there exists a tolerance T of |JY such that for every Z
such that Z € Y holds Z is a set of mutually elements w.r.t. T

(52) Let Y be aset. Let T', R be tolerances of [JY . Then if for all z, y holds
(z,y) € T if and only if there exists Z such that Z € Y and x € Z and
y € Z and for all z, y holds (x,y) € R if and only if there exists Z such
that Z €Y andx € Z and y € Z, then T' = R.

(53)  For all tolerances T, R of X such that for every Z holds Z is a tolerance
class of T' if and only if Z is a tolerance class of R holds T'= R.
Let us consider X, and let T" be a tolerance of X, and let us consider . The
functor neighbourhood(z, T") yielding a set is defined by:

(Det.5)  for every y holds y € neighbourhood(z,T') if and only if (x,y) € T

One can prove the following propositions:

(54)  For every tolerance T' of X and for every x and for every set Y holds
Y = neighbourhood(z,T') if and only if for every y holds y € Y if and
only if (x,y) € T.

(55)  For every tolerance T' of X holds y € neighbourhood(z,T) if and only
if (x,y) €eT.

(56) If x € X, then = € neighbourhood(x,T').

(57)  neighbourhood(z,T) C X.

(58)  For every Y such that for every set Z holds Z € Y if and only if x € Z
and Z is a tolerance class of T holds neighbourhood(z,T) = JY.

(59)  For every Y such that for every Z holds Z € Y if and only if x € Z and
Z is a set of mutually elements w.r.t. T holds neighbourhood(z,T) = JY'.

We now define two new functors. Let us consider X, and let T" be a tolerance
of X. The functor TolSets T yields a set and is defined by:
(Def.6)  for every Y holds Y € TolSets T if and only if YV is a set of mutually
elements w.r.t. T
The functor TolClasses T yields a set and is defined by:

(Def.7)  for every Y holds Y € TolClasses T if and only if Y is a tolerance class
of T.

The following propositions are true:

(60)  For every set Y and for every tolerance T of X holds Y = TolSets T if
and only if for every Z holds Z € Y if and only if Z is a set of mutually
elements w.r.t. 7.

(61)  For every tolerance T of X and for every Z holds Z € TolSets T" if and
only if Z is a set of mutually elements w.r.t. 7.

(62)  For every set Y and for every tolerance T of X holds Y = TolClasses T’
if and only if for every Z holds Z € Y if and only if Z is a tolerance class
of T.

(63)  For every tolerance T of X holds Z € TolClasses T' if and only if Z is a
tolerance class of T'.
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(64) If TolClasses R C TolClasses T, then R C T

(65) For all tolerances T, R of X such that TolClassesT = TolClasses R
holds T' = R.

(66) U(TolClassesT) = X.
(67) U(TolSetsT) = X.

(68)  If for every z such that € X holds neighbourhood(z,T') is a set of
mutually elements w.r.t. T, then T is transitive.

(69) If T is transitive, then for every z such that x € X holds
neighbourhood(z, T')
is a tolerance class of 7'

(70)  For every x and for every tolerance class Y of 7" such that = € Y holds
Y C neighbourhood(z, T).

(71)  TolSets R C TolSets T if and only if R C T

(72)  TolClasses T' C TolSets T'.

(73)  If for every x such that z € X holds
neighbourhood(z, R) C neighbourhood(x, T),
then R CT.

(74 TCT-T.
(75) U T =TT, then T is transitive.
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