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Summary. We prove a version of Hahn-Banach Theorem.

MMUL Identifier: HAHNBAN.

The notation and terminology used here are introduced in the following papers:
[13], [3], [9); [2], [3], [17], [16], [15], [8], [4], [10], [6], [14], [12], [11], [1], and [7].

1. PRELIMINARIES

The following propositions are true: ‘
(1)  For arbitrary &, y and for every function f such that {z, ) € f holds
y € mg f.
(2) TFor every set X and for all functions f, g such that X C dom f and
fCgholds fI X =g X.
(3)  For every non empty set A and for arbitrary b such that A # {b} there
exists an element a of A such that a # b.
Let B be a non empty functional set. Observe that every element of B is
function-like. : ‘
The following propositions are true:
(4) Forall sets X, Y holds every non empty subset of XY is a non empty
functional set.
(5). Let. B be a non empty functional set and let f be a function. Suppose
f =UB. Then dom f = [J{domg : g ranges over elements of B; } and
g f = [J{rng g : g ranges over elements of B, }.
The scheme NonUnigEzD’ deals with a non empty set A, a non empty set
B, and a binary predicate P, and states that:
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There exists a function f from A into B such that for every element
e of A holds Ple, f(e)]
provided the parameters satisfy the following condition:
e For every element e of A there exists an element of B such that
Ple, u].
One can prove the following propositions:

| (6) For every non empty subset A of R such that for every Real number
e such that r € A holds r < —oo holds A = {—o00}.
t"" (7)  For every non empty subset A of R such that for every Real number r
such that 7 € A holds 400 < 7 holds A = {+00}.
(8) Let A be a non empty subset of R and let 7 be a Real number. If
r < sup A, then there exists a Real number s such that s € A and r < s.
(9) TLet A be a non empty subset of R and let » be a Real number. If
inf A < r, then there exists a Real number s such that s€ A and s < r.
(10) Let A, B be non empty subset of R. Suppose that for all Real numbers
r, s such that r € Aand s € B holds r < s. Then sup A < inf B.

(12)' Let z, y be real numbers and let ', 3’ be Real numbers. If z = 2’ and
y=1y,thenz <yiff '’ <y’

9. Sgrs LINEARLY ORDERED BY THE INCLUSION

A set is C -linear if:
(Def.1)  For arbitrary z, ¥ such that z € it and y € it holds z Cy or y C z.
" Let A be a non empty set. Note that there exists a subset of A which is C
-linear and non empty.
We now state the proposition

(13)  For all sets X, Y and for every C -linear non empty subset B of X>Y
holds Y B € X =Y.

3. SUBSPACES OF A REAL LINEAR SPACE

In the sequel V will be a real linear space.
One can prove the following propositions:
(14) = For all subspaces W1, W, of V holds the carrier of W; C the carrier of
Wi + Wa. :
(15)  Let Wy, W be subspaces of V. Suppose V is the direct sum of Wy
and W,. Let v, vy, vz be vectors of V. If v, € Wi and v € W5 and
v = vy + v, then v < (W1, W3) = (v1, v2)- '

1The proposition (11) has been removed.
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(16) Let W;, W5 be subspaces of V. Suppose V is the direct sum of W;
and Wa. Let v, v1, v; be vectors of V. If v <1 (Wy, Wa) = (v, v2), then
v =11+ vo.

(17) Let Wy, W5 be subspaces of V. Suppose V is the direct sum of W;
and W,. Let v, vy, vy be vectors of V. If v <1 (W1, W) = (v1, v2), then
v, € W and vy € W,

(18) Let W;, Wy be subspaces of V. Suppose V is the direct sum of W;
and Wy. Let v, vy, v2 be vectors of V. If v < (Wq, W) = (v, v2), then
v (Wz,Wl) = (’02, ’Ul).

(19) Let Wy, W, be subspaces of V. Suppose V is the direct sum of W; and
Ws. Let v be a vector of V.. If v € Wy, then v < (W1, W3) = (v, Oy).

(20) Let Wy, W, be subspaces of V. Suppose V is the direct sum of W; and
W;. Let v be a vector of V. If v € Wy, then v < (Wq, W) = (Ov, v).

(21) Let Vi be a subspace of V, and let W, be a subspace of V;, and let v '

be a vector of V. If v € Wy, then v is a vector.of V3.

(22) For all subspaces V;, Vo, W of V and for all subspaces Wy, Wy of W
such that W3 = V; and W, = V; holds Wy + Wy = V; + Va.

(23) For every subspace W of V and for every vector v of V and for every
vector w of W such that v = w holds Lin({w}) = Lin({v}).

(24) Let v bea vector of V and let X be a subspace of V. Suppose v ¢ X. Let
y be a vector of X 4 Lin({v}) and let W be a subspace of X + Lin({v}).
If v=yand W = X, then X + Lin({v}) is the direct sum of W and
Lin({y}).

(25) Let v be a vector of V, and let X be a subspace of V, and let y be a
vector of X +Lin({v}), and let W be a subspace of X +Lin({v}).ffv =1y
and X = W and v ¢ X, then y < (W,Lin({y})) = (Ow, v).

(26) Let v be a vector of V, and let X be a subspace of V, and let y be a
vector of X 4 Lin({v}), and let W be a subspace of X +Lin({v}). Suppose
v=yand X = Wandv ¢ X. Let w be a vector of X +Lin({v}). f w € X,
then w < (W, Lin({y})) = (w, Ov).

(27)  For every vector v of V and for all subspaces Wy, Wy of V there exist
vectors vy, vy of V such that v < (W1, Ws) = (v1, v2).

(28) Let v be a vector of V, and let X be a subspace of V, and let y be a
~vector of X +Lin({v}), and let W be a subspace of X +Lin({v}). Suppose
~v=yand X =W and v ¢ X. Let w be a vector of X + Lin({v}). Then

there exists a vector  of X and there exists a real number 7 such that
wd (W7 Lln({y})) = (x, L U).

(29) Let v be a vector of V, and let X be a subspace of V, and let y be a
vector of X +Lin({v}), and let W be a subspace ofX+L1n({v}) Suppose
v=yand X =W and v ¢ X. Let wy, wy be vectors of X + Lin({v}),
and let z7, 2 be vectors of X, and let r{, 5 be real numbers. If-w; <
(W,Lin({y})) = (z1, r1 - v) and we < (W, Lin({y})) = (21?2, g - 'v) then
(w1 +ws) A (W, Lin({y})) = (21 + 22, (ry +72) - 0). . -
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(30) Let v be a vector of V, and let X be a subspace of V, and let y be a

 vector of X 4+ Lin({v}), and let W be a subspace of X +Lin({v}). Suppose
v=1yand X = W and v ¢ X. Let w be a vector of X +Lin({v}), and let =
be a vector of X, and let ¢, 7 be real numbers. If w <1 (W, Lin({y})) = {=,
r+v), then (¢-w) < (W,Lin({y})) = (t-z, 1 -7 -v).

4. FUNCTIONALS

5
*

: Let V be an RLS structure.
(Def.2) A function from the carrier of V' into R is called a functional in V.
o Let us consider V. A functional in V is subadditive if:
..(Def.3) For all vectors z, y of V holds it(z + y) < it(z) + it(y).
- A functional in V is additive if:
(Def.4)  For all vectors 2, y of V holds it(z +y) = it(z) + it(y).
“> A functional in V is homogeneous if:
T“;‘(Def 5) For every vector z of V and for every real number r holds it(r - z) =
r-it(z).
A functional in V is positively homogeneous if:
(Def.6) For every vector z of V and for every real number r such that r > 0
holds it(r - z) = r - it(z).
A functional in V is semi-homogeneous if:
(Def.7)  For every vector z of V and for every real number 7 such that r > 0
holds it(r - z) = 7 - it(x). ‘
" A functional in V is absolutely homogeneous if:
V(Def.S) For every vector = of V and for every real number r holds it(r - x) =
- it(a):
A functional in V is 0-preserving if:
(Def.9) It(0v) = 0.
Let us consider V. One can verify the following observations:
% every functional in V' which is additive is also subadditive,

% every functional in V which is homogeneous is also positively homoge-
neous,

* every functional in V which is semi-homogeneous is also positively ho-
mogeneous,

% every functional in V' which is semi-homogeneous is also 0-preserving,

+ every functional in V which is absolutely hemogeneous is- also semi-
homogeneous, and

*  every functional in V' which is 0-preserving and positively homogeneous
is also semi-homogeneous.
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Let us consider V. Observe that there exists a functional in V' which is
additive absolutely homogeneous and homogeneous.

Let us consider V. A Banach functional in V is a subadditive positively ho-
mogeneous functional in V. A linear functional in V' is an additive homogeneous
functional in V.

We now state four propositions:

(31) For every homogeneous functional L in V' and for every vector v of V'
holds L(—v) = —L(v).

(32) For every linear functional L in V and for all vectors vy, v of V holds
L(’Ul - ’02) = L(’Dl) - L(?Jg).

(33) For every additive functional L in V holds L(0y) = 0.

(34) Let X be a subspace of V, and let fj be a linear functional in X, and
let v be a vector of V, and let y be a vector of X + Lin({v}). Suppose
v =y and v ¢ X. Let 7 be a real number. Then there exists a linear
functional p; in X + Lin({v}) such that p; I (the carrier of X) = f; and

n(y)=r.

5. HAHEN-BANACH THEOREM

One can prove the following three propositions:

(35) Let V be a real linear space, and let X be a subspace of V, and let
g be a Banach functional in V, and let f; be a linear functional in X.
Suppose that for every vector z of X and for every vector v of V' such
that z = v holds fi(z) < ¢(v). Then there exists a linear functional p; in
V such that p; I (the carrier of X) = f; and for every vector z of V holds
pi(2) < g(<).

(36) For every real normed space V holds the norm of V is an absolutely
homogeneous subadditive functional in V.

(37) Let V be a real normed space, and let X be a subspace of V, and let f;
be a linear functional in X. Suppose that for every vector z of X and for
every vector v of V such that 2 = v holds fi(2) < ||v||. Then there exists
a linear functional p; in V such that p; | (the carrier of X) = f; and for
every vector z of V holds pi(z) < ||z||
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