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Summary. In two articles (this one and [3 ]} we discuss correctness
of two short programs for the SCM machine: one computes Fibonacci
numbers and the other computes the fusc function of Dijkstra [7]. The
limitations of current Mizar implementation rendered it impossible to
present the correctness proofs for the programs in one article. This part
is purely technical and contains a number of very specific lemmas about
integer division, floor, exponentiation and logarithms. The formal defini-
tions of the Flbonaccl sequence and the fusc function may be of general
interest.

MML Identifier: PRE_FF.

The terminology and notation used in this paper are introduced in the following
papers: (12], [1], [14], [9], [13], [11], [10], [8], 5], [6], [2], [4], and [15].

Let Xy, X2 be non empty set, let ¥; be a non empty subset of X3, and let
Y2 be a non empty subset of X5. Then [[Y;, ¥3]is a non empty subset of [ X3,
X31.

Let X1, X, be non empty set, let ¥; be a non empty subset of Xy, let ¥; be
a non empty subset of X5, and let z be an element of [Yl, Y5 ]. Then zq is an
element of ¥;. Then z9 is an element of V5.

In the sequel n will denote a natural number."

Let us consider n. The functor Fib(n) yielding a natural number is defined
by the condition (Def.1).

(Def.1)  There exists a function fi from N into [N, N such that
() Fib(n) = fi(n)s,
() A(0)=(0,1), and

1Thls work was partially supported by NSERC Grant OGP9207 while the first author
visited University of Alberta, May-June 1993.
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(iii) for every natural number n and for every element « of [N, N ] such
that z = fi(n) holds fi(n + 1) = {(z2, z1 + z2).
We now state a number of propositions:
(1) Fib(0) = 0 and Fib(1) = 1 and for every natural number n holds Fib(n+
1+ 1) = Fib(n) + Fib(n + 1).
For every integer ¢ holds ¢ + +1 = 1.
For all integers ¢, j such that 7 > 0 and ¢+ j =0holds 2 < j.,
For all integers 2, 7 such that 0 < ¢ and ¢ < j holds ¢ + j = 0.
For all integers 7, 7, k such that j > O and £ > O holds ¢ =7+ k = ¢+ j-k.
For every integer ¢ holds ¢ mod +2 = 0 or ¢ mod 42 = 1.

For every integer ¢ such that ¢ is a natural number holds ¢ + 42 is a
natural number. ;
(8) For every natural number k such that £ > 0 and for every natural
number n holds £ > 0.
.. (9)? For every natural number n holds 2" = 2".
“2,.(10)  For all real numbers a, b, ¢ such that @ < b and ¢ > 1 holds ¢* < ct.
Let a, n be natural numbers. Then " is a natural number.
Next we state several propositions:
(11)  For all real numbers 7, s such that r > s holds |7] > [s].
'(12)  For all real numbers a, b, ¢ such that a > 1 and b > 0 and ¢ > b holds
log, ¢ > log, b.
(13)  For every natural number n such that n > 0 holds |logy(2-n)| + 1 #
lloga(2 - n + 1)].
(14)  For every natural number n such that » > 0 holds |log,(2-n)] +1
lloga(2 -+ 1)].
(15) For every natural number n such that n > 0 holds [logy(2 - n)] =
|logy(2 - » + 1)].
(16) For every natural number n such that n > 0 holds [logyn] +1 =
[logy(2 - n + 1)
Let f be a function from N into N* and let n be a natural number. Then
f(n) is a finite sequence of elements of N. -
Let n be a natural number. The functor Fusc(n) yields a natural number
and is defined by: '
(Def.2) (i) Fusc(n) =0if n =0,

(ii) there exists a natural number / and there exists a function f; from N
into N* such that [4+1 = n and Fusc(n) = 7, fo(!) and f5(0) = (1) and for
every natural number n holds for every natural number k such that n+2 =
2k holds fo(n +1) = fo(n) ~ (rfa(n)) and for every natural number k
such that n4+2 = 2-k+1holds fo(n+1) = fa(n)~ (7 fo(n)+ Try1fo(n)),
otherwise. B

v

2Both power functions in this theorem are different. The first is defined in [10] and the
second in [8]. oo :




TWO PROGRAMS FOR scm. PART I - ... 71

The following propositions are true:

(17)  Fusc(0) = 0 and Fusc(l) = 1 and for every natural number n holds
Fusc(2 - n) = Fusc(n) and Fusc(2- n + 1) = Fuse(n) + Fusc(n + 1).

(18)  For all natural numbers n;, n} such that ny # 0 and ny = 2 n{ holds
n’l < ni.

(19)  For all natural numbers ny, 7§ such that ny = 2-n} + 1 holds n} < n,.

(20)  For all natural numbers A, B holds B = A - Fusc(0) + B - Fusc(0 + 1).

(21)  For all natural numbers ny, n}, A, B, N such that n; = 2- ny + 1 and
Fusc(N) = A-Fusc(n;) + B - Fusc(ng + 1) holds Fusc(N) = A - Fusc(n)) +
(B + A) - Fusc(n)| +1).

(22) For all natural numbers ny, nf, A, B, N such that n; = 2 - ni and
Fusc(N) = A - Fusc(n1) + B - Fusc(ny + 1) holds Fusc(N) = (4 + B) -
Fusc(n)) + B - Fusc(nf + 1).

(23) 64+1=6-(llogy1] +1)+1.

(24)  For every natural number n{ such that #{ > 0 holds |log,n}| is a
natural number and 6 - ({log, nf] + 1) +1 > 0.

(25)  For all natural numbers ny, n| such that n; = 2-n} +1 and n} > 0
holds 6 + (6 - (|loga i) +1)+1) =6- (|loggna| + 1) + 1.

(26)  Tor all natural numbers ny, n} such that n; = 2 -7} and n} > 0 holds
6+ (6-(llogzni] +1) +1) = 6 - ([logy 1] + 1) + 1.

(27)  For every natural number N such that N # 0 holds 6 - N — 4 > 0.

(28)  For every natural number N holds 6 + (6- N = 4) = 6 (N + 1) — 4.

(29)  For all natural numbers m, k, N such that m = (k+1+ N) — 1 holds
m:(k+(N+1))—1.

(30)  For every natural number N holds 2+ (6-N —4)=6-N — 2.
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