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The papers [12], [3], [4], [11], [8], [10], [1], [2], [5], [6], [9], and [7] provide the
notation and terminology for this paper.

For simplicity we adopt the following rules: f denotes a function, N, n, m
denote natural numbers, q, r, r1, ro denote real numbers, z is arbitrary, and w,
w1, we, g denote points of S%V.

Let us consider V. A sequence in S%V is a function from N into the carrier of
£x|

In the sequel s1, so, s3, sS4, s) are sequences in 5%7 .

Next we state two propositions:

(1) f is a sequence in 5%7 if and only if dom f = N and for every x such
that € N holds f(z) is a point of EY.

(2)  f is a sequence in EY iff dom f = N and for every n holds f(n) is a
point of 5%7.

Let us consider N, s1, n. Then s1(n) is a point of E%V.

Let us consider N. A sequence in S%V is non-zero if:

(Def.1)  rngit C (the carrier of EX)\ {Og%v}.

We now state several propositions:

(3)  s1 is non-zero iff for every x such that x € N holds s1(z) # Ogn-

(4)  s1 is non-zero iff for every n holds s1(n) # Ogx-

(5) For all N, s1, so such that for every = such that z € N holds s1(z) =
s9(x) holds s1 = so.

(6) Forall N, s, sg such that for every n holds s;(n) = s2(n) holds s; = s9.

(7)  For every point w of EX there exists s; such that rngs; = {w}.

The scheme ExTopRealNSeq deals with a natural number A and a unary
functor F yielding a point of 5{1, and states that:
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There exists a sequence s1 in &' such that for every n holds s1(n) =
F(n)
for all values of the parameters.
Let us consider N, so, s3. The functor sy + s3 yielding a sequence in & is
defined by:
(Def.2)  For every n holds (s3 + s3)(n) = sa(n) + s3(n).
Let us consider r, N, s1. The functor 7 - s1 yields a sequence in &Y and is
defined by:
(Def.3)  For every n holds (r - s1)(n) =17 - s1(n).
Let us consider NV, s1. The functor —s; yields a sequence in 5{«\[ and is defined
as follows:
(Def.4)  For every n holds (—s1)(n) = —s1(n).
Let us consider N, s, s3. The functor sy — s3 yields a sequence in Y and
is defined by:
(Def.5)  s9 — s3 = 89 + —s3.
Let us consider N and let = be a point of Y. The functor |z| yields a real
number and is defined by:
(Def.6)  There exists a finite sequence y of elements of R such that x = y and
|| = |yl
Let us consider N, s;. The functor |s1| yielding a sequence of real numbers
is defined by:
(Def.7)  For every n holds |s1|(n) = |s1(n)].
We now state a number of propositions:

[\)
o

So — (83 — 84) = (52 — 83) + 84.
So + (s3 — s4) = (s2 + s3) — s4.
If r # 0 and sy is non-zero, then r - s1 is non-zero.

NN NN
W N =

If s is non-zero, then —s; is non-zero.
Ocn| =0.
0es |

Do
=

®) Il fol = Ir - wl.
9)  r-sif = Irflsil.
(10)  so+ s3 = s3+ so.
(11)  (s2+53) + 814 = s2 + (53 + 54).
(12) —S81 = (—1) ©S1.
(13) 7-(sg+s83)=71-83+7-s;3.
(14) (r-q)-s1=7r-(q-s1).
(15)  7r-(sg—s3)=1r-S93—1-S3.
(16) Sg — (83 + 54) = S9 — S3 — S4.
(17) 1- S§1 = S1.
(18) ——81 = 81.
(19) S9 — —S83 = S9 + S3.
(20)
(21)
(22)
(23)
(24)
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25
26
2
28
29 ]wl—wg\:Oiﬂ“wlzwg.
3 lwy + wa| < |wq| + |wa).

(25)
(26)
(27)
(28)
(29)
(30)
(31)  |wi —wa| < |wi] + |wal.
(32)
(33)
(34)
(35)
(36)

If |lw| =0, then w = Ogn-
|w| > 0.

J

| = |wl.
|w1 - w2| = |w2 — ’LU1|.

(e}

32
33
34
35
36

jwi| = |wa| < w1 + wa.
jwi| = |wa| < w1 — wa.
If wy # wa, then |w; — wsy| > 0.
]wl — ’wg‘ < ]wl — ”w] + ]w - wg‘.
If 0 < |w;| and 0 < r; and |w;| < |wz] and r; < ro, then |wi|-r; <
‘wg‘ - Tro.
(38)! —|w| <7 and r < |w| iff |r| < |w|.
Let us consider N. A sequence in &Y is bounded if:
(Def.8)  There exists r such that for every n holds |it(n)| < r.
The following proposition is true
(39)  For every n there exists r such that 0 < r and for every m such that
m < n holds |s;(m)| < r.
Let us consider N. A sequence in S%V is convergent if:

(Def.9)  There exists g such that for every r such that 0 < r there exists n such
that for every m such that n < m holds |it(m) — g| < 7.

Let us consider N, s;. Let us assume that s; is convergent. The functor
lim s; yields a point of S%V and is defined by:

(Def.10)  For every r such that 0 < r there exists n such that for every m such
that n < m holds |s1(m) — lim 1| < r.
The following propositions are true:

(40)  Suppose s; is convergent. Then lims; = g if and only if for every r
such that 0 < r there exists n such that for every m such that n < m
holds |s1(m) — g| < r.

(41)  If s1 is convergent and s is convergent, then s + s} is convergent.

(42)  If s is convergent and s} is convergent, then lim(s; + s}) = lim sy +

lim s.
(43)  If s; is convergent, then 7 - s1 is convergent.
(44)  If s; is convergent, then lim(r - s1) = r - lim s;.
(45)  If s1 is convergent, then —s; is convergent.
(46) If s; is convergent, then lim(—s;) = —lim s;.
(47)  If s1 is convergent and s is convergent, then s; — s} is convergent.

!The proposition (37) has been removed.
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(48)  If s; is convergent and s} is convergent, then lim(s; — s}) = lims; —
lim s7.

(50)2 If sy is convergent, then s; is bounded.

(51)  If s; is convergent, then if lims; # 05%5 then there exists n such that

for every m such that n < m holds % < |s1(m)|.
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