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Summary. Let X be a topological space. X is said to be Ty-space
(or Kolmogorov space) provided for every pair of distinct points z, y € X
there exists an open subset of X containing exactly one of these points;
equivalently, for every pair of distinct points x, y € X there exists a closed
subset of X containing exactly one of these points (see [1], [6], [2]).

The purpose is to list some of the standard facts on Kolmogorov
spaces, using Mizar formalism. As a sample we formulate the following
characteristics of such spaces: X is a Kolmogorov space iff for every pair

of distinct points x, y € X the closures {z} and {y} are distinct.

There is also reviewed analogous facts on Kolmogorov subspaces of
topological spaces. In the presented approach Tp-subsets are introduced
and some of their properties developed.

MML Identifier: TSP_1.

The articles [10], [11], [9], [7], [8], [5], [4], and [3] provide the terminology and
notation for this paper.

1. SUBSPACES

Let Y be a non empty topological structure. We see that the subspace of Y
is a non empty topological structure and it can be characterized by the following
(equivalent) condition:

(Def.1) (i) The carrier of it C the carrier of Y, and
(ii) for every subset Gy of it holds Gy is open iff there exists a subset G of
Y such that G is open and Gy = G N (the carrier of it).

Next we state two propositions:

!Presented at Mizar Conference: Mathematics in Mizar (Bialystok, September 12-14, 1994).

© 1996 Warsaw University - Bialystok
119 ISSN 0777-4028



120 ZBIGNIEW KARNO

(1) Let Y be a non empty topological structure, and let Yy be a subspace
of Y, and let Gy be a subset of Y. Then G is open if and only if there
exists a subset G of Y such that G is open and Gy = G N (the carrier of
o).

(2) Let Y be a non empty topological structure, and let Y be a subspace
of Y, and let G be a subset of Y. Suppose G is open. Then there exists
a subset Gg of Yy such that Gy is open and Gy = G N (the carrier of Yp).

Let Y be a non empty topological structure. We see that the subspace of Y

is a non empty topological structure and it can be characterized by the following
(equivalent) condition:
(Def.2) (i) The carrier of it C the carrier of Y, and
(ii)  for every subset Fy of it holds Fy is closed iff there exists a subset F'
of Y such that F is closed and Fy = F N (the carrier of it).
We now state two propositions:

(3) Let Y be a non empty topological structure, and let Yy be a subspace
of Y, and let Fyy be a subset of Y;;. Then Fj is closed if and only if there
exists a subset I’ of Y such that F'is closed and Fy = F' N (the carrier of
o).

(4) Let Y be a non empty topological structure, and let Y be a subspace
of Y, and let F' be a subset of Y. Suppose F' is closed. Then there exists
a subset Fj of Yy such that Iy is closed and Fy = F' N (the carrier of Yjp).

2. KOLMOGOROV SPACES

A topological structure is Tp if it satisfies the condition (Def.3).

(Def.3) Let x, y be points of it. Suppose xz # y. Then
(i)  there exists a subset V' of it such that V is open and z € V and y ¢ V,
or
(ii)  there exists a subset W of it such that W is open and x ¢ W and
yeWw.
Let us observe that a non empty topological structure is T} if it satisfies the
condition (Def.4).
(Def.4)  Let z, y be points of it. Suppose = # y. Then
(i)  there exists a subset E of it such that E is closed and z € E and y ¢ E,
or
(ii)  there exists a subset F of it such that F'is closed and = ¢ F and y € F.

Let us mention that every non empty topological structure which is trivial is
also Ty and every non empty topological structure which is non T} is also non
trivial.

One can verify that there exists a topological space which is strict Ty and
non empty and there exists a topological space which is strict non Ty and non
empty.
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One can check the following observations:
% every topological space which is discrete is also T,
% every topological space which is non T} is also non discrete,

*  every topological space which is anti-discrete and non trivial is also non
TOv

*  every topological space which is anti-discrete and T} is also trivial, and
%  every topological space which is Ty and non trivial is also non anti-
discrete.

Let us observe that a topological space is Ty if:
(Def.5)  For all points z, y of it such that o # y holds {x} # {y}.
Let us observe that a topological space is Ty if:
(Def.6)  For all points z, y of it such that = # y holds z ¢ {y} or y ¢ {z}.
Let us observe that a topological space is Ty if:
(Def.7)  For all points z, y of it such that = # y and z € {y} holds {y} Z {z}.
One can verify the following observations:
% every topological space which is almost discrete and T} is also discrete,
*  every topological space which is almost discrete and non discrete is also
non Ty, and

*  every topological space which is non discrete and T is also non almost
discrete.

A Kolmogorov space is a Ty topological space. A non-Kolmogorov space is
a non T topological space.

Let us observe that there exists a Kolmogorov space which is non trivial and
strict and there exists a non-Kolmogorov space which is non trivial and strict.

3. To-SUBSETS

Let Y be a topological structure. A subset of Y is Ty if it satisfies the
condition (Def.8).

(Def.8) Let z, y be points of Y. Suppose z € it and y € it and = # y. Then
there exists a subset V of Y such that V is open and x € V and y ¢ V or
there exists a subset W of Y such that W is open and ¢ W and y € W.

Let Y be a non empty topological structure. Let us observe that a subset of
Y is Tp if it satisfies the condition (Def.9).

(Def.9) Let x, y be points of Y. Suppose z € it and y € it and x # y. Then
(i)  there exists a subset E of Y such that E is closed and z € FE and
y ¢ E, or
(ii)  there exists a subset F' of Y such that F'is closed and = ¢ F and y € F.
Next we state two propositions:
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(5) Let Yp, Y7 be topological structures, and let Dy be a subset of Yj, and
let Dy be a subset of Y;. Suppose the topological structure of Yy = the
topological structure of Y7 and Do = Dq. If Dg is Tp, then Dy is Tp.

(6) Let Y be a non empty topological structure and let A be a subset of Y.
Suppose A = the carrier of Y. Then A is T} if and only if Y is Tj.

In the sequel Y will denote a non empty topological structure.

The following propositions are true:

(7)  For all subsets A, B of Y such that B C A holds if A is Ty, then B is
To.

(8)  For all subsets A, B of Y such that A is Ty or B is Ty holds AN B is
Ty.

(9) Let A, B be subsets of Y. Suppose A is open or B is open. If A is T
and B is Ty, then AU B is T.

(10) Let A, B be subsets of Y. Suppose A is closed or B is closed. If A is
Ty and B is Ty, then AU B is Tj.

(11)  For every subset A of Y such that A is discrete holds A is Ty.

(12)  For every non empty subset A of Y such that A is anti-discrete and A
is not trivial holds A is not Tj.

Let X be a topological space. Let us observe that a subset of X is Ty if:
(Def.10) _ For all points z, y of X such that x € it and y € it and  # y holds
{z} # {y}.
Let X be a topological space. Let us observe that a subset of X is T if:
(Def.11)  For all points x, y of X such that z € it and y € it and 2 # y holds
x & {y}ory¢{z}.
Let X be a topological space. Let us observe that a subset of X is T if:
(Def.12)  For all points x, y of X such that = € it and y € it and = # y holds if
z € {y}, then {y} Z {z}.

In the sequel X will denote a topological space.
The following two propositions are true:

(13)  Every empty subset of X is T.
(14)  For every point x of X holds {z} is Tp.

4. KOLMOGOROV SUBSPACES

Let Y be a non empty topological structure. Observe that there exists a
subspace of Y which is strict and Tj.

Let Y be a non empty topological structure. Let us observe that a subspace
of Y is Ty if it satisfies the condition (Def.13).

(Def.13)  Let x, y be points of Y. Suppose x is a point of it and y is a point of
it and = # y. Then there exists a subset V' of Y such that V is open and
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x €V and y ¢ V or there exists a subset W of Y such that W is open
and z ¢ W and y € W.

Let Y be a non empty topological structure. Let us observe that a subspace
of Y is Ty if it satisfies the condition (Def.14).

(Def.14)  Let x, y be points of Y. Suppose x is a point of it and y is a point of
it and = # y. Then
(i)  there exists a subset E of Y such that E is closed and =z € E and
y¢ E, or
(ii) there exists a subset F' of Y such that F'is closed and = ¢ F and y € F.
In the sequel Y denotes a non empty topological structure.
The following propositions are true:

(15)  Let Yj be a subspace of Y and let A be a subset of Y. Suppose A = the
carrier of Yy. Then A is T if and only if Yy is Tp.

(16) Let Yy be a subspace of Y and let Y7 be a Ty subspace of Y. If Y} is a
subspace of Y7, then Yy is Tj.

Let X be a topological space. One can check that there exists a subspace of
X which is strict and Tj.

In the sequel X is a topological space.

The following propositions are true:

(17)  For every T subspace X; of X and for every subspace X5 of X such
that X7 meets X5 holds X7 N X5 is 1.

(18)  For all Ty subspaces X1, X5 of X such that X is open or X, is open
holds X7 U X5 is Tj.
(19)  For all T subspaces X1, Xo of X such that X is closed or Xy is closed
holds X7 U X5 is Ty.
Let X be a topological space. A Kolmogorov subspace of X is a T subspace
of X.
Next we state the proposition

(20) Let X be a topological space and let Ag be a non empty subset of X.
Suppose Ag is Ty. Then there exists a strict Kolmogorov subspace Xg of
X such that Ag = the carrier of Xj.

Let X be a non trivial topological space. One can verify that there exists a
Kolmogorov subspace of X which is proper and strict.

Let X be a Kolmogorov space. Observe that every subspace of X is Tj.

Let X be a non-Kolmogorov space. One can check that every subspace of X
which is non proper is also non Ty and every subspace of X which is T} is also
proper.

Let X be a non-Kolmogorov space. Note that there exists a subspace of X
which is strict and non Tj.

Let X be a non-Kolmogorov space. A non-Kolmogorov subspace of X is a
non Ty subspace of X.

We now state the proposition
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Let X be a non-Kolmogorov space and let Ag be a subset of X. Suppose
Ap is not Ty. Then there exists a strict non-Kolmogorov subspace X of
X such that Ag = the carrier of Xj.
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