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The notation and terminology used here are introduced in the following papers:
[10], [12], 9], [7], [1], [13], [4], 2], [11], [8], [5], [3], and [6].

1. PRELIMINARIES

We introduce degenerated as a synonym of trivial.

Let us observe that every set which is non trivial is also non empty.

In the sequel z, y, z will be arbitrary.

Let us consider z, y. Observe that (x,y) is non trivial.

Let us consider z, y, z. Note that (x,y, z) is non trivial.

Let f be a non empty finite sequence. One can check that Rev(f) is non
empty.

2. DECOMPOSING A FINITE SEQUENCE

For simplicity we adopt the following rules: fi, fo, f3 will denote finite
sequences, p, p1, P2, p3 will be arbitrary, f will denote a finite sequence, and 1,
k will denote natural numbers.

Next we state a number of propositions:

(3)! For every set X and for every i such that X C Segi and 1 € X holds
(Sgm X)(1) = 1.

(4) For every finite sequence f such that & € dom f and for every i such
that 1 < ¢ and ¢ < k holds f(i) # f(k) holds f(k) «r f = k.

!The propositions (1) and (2) have been removed.
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(p1,p2) | Seg1 = (p1).

(p1,p2,p3) | Seg1 = (p1).

(p1,p2,p3) I Seg2 = (p1,p2).

If p€rng fi, then p <P (f1 ™ fo) =p <P fi.

If p € rng fo \ rng f1, then p <P (f1 ™ f2) =len fi +p <P fo.

If p € g f1, then f1~ fo — p=(fi = p) " fa

If p € rng fo \ rng f1, then f1 7~ fo — p = fo — p.

1€ hi™ fa

For every set A such that A C dom f; holds (f1 ~ fo) 1 A= f1 1 A.
If p € rng f1, then f1 = fo «— p= f1 < p.

Let us consider f1, i. Observe that f; | Segi is finite sequence-like.
The following propositions are true:
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If f1 C fa, then f3~ f1 C f3~ fo.

(f1™ f2) I Seg(len f1 +14) = f1 ™ (f2 | Segi).

If p € rng fo \ rng f1, then f1 ~ fo = p = f1 " (f2 < p).

For every finite sequence f and for arbitrary p, ¢ such that p € rng f
and g erng f and p «p f = q <P f holds p=gq.

If f1 = f5 yields p just once, then p € rng f1 = rng fo.

If f1 = f5 yields p just once and p € rng f1, then f; yields p just once.

If rng f is non trivial, then f is non trivial.

pef(p)=1

p1 <P (p1,p2) = L.

If p1 # p2, then py < (p1,p2) = 2.

p1 <P (p1,p2,p3) = 1.

If p1 # p2, then pa <P (p1,p2,p3) = 2.

If p1 # p3 and pa # ps3, then p3 <P (p1,p2,p3) = 3.

For every finite sequence f holds Rev({p) ~ f) = (Rev(f)) " (p).

For every finite sequence f holds Rev(Rev(f)) = f.
If x # y, then (z,y) «— y = ().

If x # y, then (z,y,z) «— y = (z).

If x # z and y # z, then (z,y,2) «— z = (z,y).
(z,y) =z = (y).

If x # y, then (z,y,2) — y = (2).

(,y,2) =z = (y,2).

(z) > z=cand (z) — z=¢e.

If x # y, then (z,y) -y =-e.

If x # z and y # z, then (x,y,z) — z =&.

If x € g f and y € rng(f <« x), then (f «— z) —y=f «—v.
If x ¢ tng f1, then z «p (f1 ~ (z) ~ fo) =len f1 + 1.
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(41)  If f yields x just once, then = «f f + = <P Rev(f) =len f + 1.
(42) If f yields x just once, then Rev(f <« z) = Rev(f) — =.
(43) If f yields x just once, then Rev(f) yields = just once.

3. FINITE SEQUENCES WITH ELEMENTS FROM A NON EMPTY SET

We adopt the following convention: D will denote a non empty set, p, p1,
p2, p3 will denote elements of D, and f, f1, fo will denote finite sequences of
elements of D.

One can prove the following propositions:

44) Ifperngf, then f —:p=(f — p)~ (p).
45) If perngf, then f:—p=(p) ~ (f — p).

(

(

(46) If f # ¢, then m f € rng f.

(47) If f # ¢, then (mf) « f = 1.

(48) If f#eand mf =p, then f —:p=(p) and f:—p=f.

49)  ((p1)" fln = 1.

(50)  (p1,p2)11 = (p2)-

(51)  (p1,p2,p3)11 = (P2, D3)-

(52) If k € dom f and for every i such that 1 < ¢ and i < k holds 7; f # i f,
then (mif) «p f = k.

(53)  If p1 # po, then (p1,p2) —:p2 = (p1,p2).

(54)  If p1 # pa, then (p1,p2,p3) —: P2 = (P1,P2)-

(55)  If p1 # p3 and pa # ps, then (p1,p2,p3) —: p3 = (p1,p2,P3)-

(56)  (p):—p=(p) and (p) —:p = (p).

(57)  If p1 # pa, then (p1,p2) :— p2 = (p2).

(58)  If p1 # pa, then (p1,p2,p3) :— P2 = (P2, p3).

(59)  If p1 # p3 and p2 # p3, then (p1,p2,p3) :— p3 = (p3)-

(60) Ifxerngfandperngfandz«r f <p« f, then x € rng(f —: p).

(61) Ifperngfandper f>k,thenper f=k+p < (fx)

(62) Ifperngfandpe<r f >k, then p € rng(fx).

(63) Ifk <iandiedom f, then m;f € rng(fx).

(64) Ifperngfandp«r f >k, then filrp —p=(f—:p)k-

(65) Ifperngfandp« f#1, then fj; —p=(f—p)1-

(66) p€rg(f:—p).

(67) Ifxerngfandperngfand z «p f > p«p f, then x € rng(f :— p).

(68) Ifpermmgfand k<lenfand k > p «p f, then 7 f € rng(f :— p).

(69) Ifperngfi, then fi ™ for—p=(fi:—p)" fo.

(70)  If p € rng fo \rng f1, then f1 ~ fo:—p= fo:—p.

(71)  Ifp €erngfi, then f1~ fo—1p=f1 —:p.
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If p € rng fo \ rng f1, then f1 =~ fo —:p=f1 ™ (f2 —:p).
fi=p:=p=[f:—p

If p1 € rng f and py € g f\rng(f—:p1), then f — pa = (f — p1) — pa.
If p € rng f, then rng f = rmg(f —: p) Urng(f :— p).

If p1 € rng f and py € g f \ rng(f —:p1), then f:—p1:—ps = f:—pa.
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(72)

(73)

(74)

(75)

(76)

(77) Ifpemgf, thenp«r (f —:p)=p<P f.

(78)  frirti=fri.

(79) Iperngf, then f—p—p=f—:p.

(80) If py € rng f and po € rng(f —: p1), then f —:p; —:pe = f —: pa.
(81) Ifperngf, then (f —:p) ™ ((f:=—p)n) = f.

(82) If fi # ¢, then (f1 ™ fa)u = ((fi)) "~ fo.

(83) If pp € rng f and pg «f f # 1, then py € rng(f1).

(84) Ifperngf, thenp«r (f:—p) =1

(86)* (ep)ix = ep-

87 fritk = (fri) k-

(88) Ifperngfandp«r f >k, then fj, :—p=f:—p.
(89) Ifperngfandpe«r f#1,then fi; :—p=f:—p.
(90) If i+ k =len f, then Rev(fx) = Rev(f) | i.

(91) Ifi+k=len f, then Rev(f | k) = (Rev(f)) -

(92) If f yields p just once, then Rev(f — p) = Rev(f) <« p.
(93) If f yields p just once, then Rev(f :—p) = Rev(f) —: p.
(94) If f yields p just once, then Rev(f —: p) = Rev(f) :— p.

4. ROTATING A FINITE SEQUENCE

Let D be a non empty set. A finite sequence of elements of D is circular if:
(Def.l) T1it = Tenieit.
Let us consider D, f, p. The functor fg yielding a finite sequence of elements
of D is defined by:
(Def2) (i)  fE=(f:=p) " ((f—:p)n) ifp € g,
(ii)  fE = f, otherwise.
Let us consider D, let f be a non empty finite sequence of elements of D,
and let p be an element of D. One can verify that fX is non empty.
Let us consider D. Observe that there exists a finite sequence of elements of
D which is circular non empty and trivial and there exists a finite sequence of
elements of D which is circular non empty and non trivial.
The following proposition is true

95) f3Y =t

2The proposition (85) has been removed.
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Let us consider D, p and let f be a circular non empty finite sequence of
elements of D. Observe that fX is circular.
We now state a number of propositions:
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[9]
[10]

[11]

[12]

If f is circular and p € rng f, then rng(f5) = rng f.

If p € rng f, then p € rng(f%).

pr 6 rngf, then Wlfg =p

)% =(p >

<p1,p2> = (p1,p2)-

(p1,p2)% = (p2,p2)-

(p1,p2,3)% = (P1,D2,P3)-

If p1 # po, then (p1,p2,p3)t; = (P2, 3, P2)-

If po # p3, then (p1,p2,p3)5 = (D3, P2, p3)-
For every circular non trivial finite sequence f of elements of D holds

rng(f;1) = rng f.
g (fi1) € rmg(f5).
If po € g f \ rng(f —: p1), then (f&)& = f&2.
If po P f # 1 and ps € tng f \ rng(f :— p1), then(f D = fE

If po € rng(f)1) and f yields ps just once, then (f5')% = gz

If f is circular and f yields pa just once, then (f% ) = f&.
If f is circular and f yields p just once, then Rev(fX) = (Rev(f))%.
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