FORMALIZED MATHEMATICS

Volume 5, Number 3, 1996
Warsaw University - Bialystok

Some Basic Properties of Many Sorted Sets

Artur Kornitowicz
Warsaw University
Biatystok

MML Identifier: PZFMISC1.

The notation and terminology used here are introduced in the following papers:
[11], [12], [5], [13], [2], [3], [4], [6], [1], [10], [9], [8], and [7].

1. PRELIMINARIES

For simplicity we follow a convention: ¢ will be arbitrary, I will be a set, f
will be a function, z, x1, x2, ¥y, A, B, X, Y, Z will be many sorted sets indexed
by I, J will be a non empty set, and N; will be a many sorted set indexed by
J.

We now state three propositions:

(1)  For every set X and for every many sorted set M indexed by I such

that ¢ € I holds dom(M+-(i—— X)) = 1.

(2) If f =0, then f is a many sorted set indexed by 0.

(3) If I is non empty, then there exists no X which is empty yielding and

non-empty.

2. SINGELTON AND UNORDERED PAIRS

Let us consider I, A. The functor {A} yielding a many sorted set indexed
by I is defined as follows:

(Def.1)  For every i such that ¢ € I holds {A}(7) = {A(¢)}.
Let us consider I, A. Observe that {A} is non-empty and locally-finite.

Let us consider I, A, B. The functor {A, B} yields a many sorted set indexed
by I and is defined as follows:
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(Def.2)
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For every i such that i € I holds {A, B} (i) = {A(7), B(4)}.

Let us consider I, A, B. One can verify that {4, B} is non-empty and
locally-finite.
We now state a number of propositions:

(4)
()
(6)
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X = {y} iff for every z holds z € X iff z = y.

If for every x holds x € X iff z = x1 or = 9, then X = {1, z2}.

If X = {x1,22}, then for every x such that © = z; or z = x5 holds
z e X.

{N1} # 05

If z € {A}, then z = A.

x € {x}.

If 2 =Aor z =B, then z € {4, B}.

{A}U{B} = {4, B}.

{z, 2} = {z}.

{A,B} = {B, A}.

If {A} C {B}, then A= B.

If {z} = {y}, then z = y.

If {x} = {A, B}, then z = A and z = B.

If {x} = {A, B}, then A = B.

{z} € {z,y} and {y} C {z,y}.

If {o} Uy} = {a} or {z} U{y} = {y}, then z = y.
{z} U {z,y} = {z,y}.

{yt Uiz, y} = {z,y}.

If I is non empty and {z} N {y} = 07, then = # y.
If {z} n{y} = {«} or {z} N {y} = {y}, then z =y.
{z} N{z,y} = {z} and {y} N {z,y} = {y}.

If I is non empty and {z} \ {y} = {z}, then = # y.
If {} \ {y} =0r, then z = y.

{z} \{z,y} =07 and {y} \ {z,y} = 0r.

It {z} € {y}, then {z} = {y}.

If {x,y} C {A}, then z = A and y = A.

If {x,y} C {A}, then {z,y} = {A}.

2teh = {0y, {z}}.

{A} C 24,

Uiz} = .

U{z} {y}} = {=,9}-

U{A,B} =AUB.

{z} C X iff x € X.

{r1,22} C X iff z; € X and 29 € X.
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(38) IfA=0;or A={x1} or A={x2} or A= {x1, 22}, then A C {x1, 22}

3. SUM OF UNORDERED PAIRS (OR A SINGELTON) AND A SET

One can prove the following propositions:
(39) Ifxe Aorz=B,thenx e AU{B}.
(40) AU{z}CBiffz € Band AC B.
(41) If{z}UX =X, then z € X.

(42) Ifz € X, then {z}UX = X.

(43) {z,yjUA=Aifz € Aand y € A.
(44)  If I is non empty, then {z} U X # 0;.
(45)  If I is non empty, then {x,y} U X # 0.

4. INTERSECTION OF UNORDERED PAIRS (OR A SINGELTON) AND A SET

We now state several propositions:
46) If X Nn{x} = {z}, then z € X.
) Ifxe X, then X N{z} = {z}.
) zeXandye X iff {z,y}NX ={z,y}.
49) If I is non empty and {z} N X = 0, then = ¢ X.
) If I is non empty and {z,y} N X =0, then z ¢ X and y ¢ X.

5. DIFFERENCE OF UNORDERED PAIRS (OR A SINGELTON) AND A SET

The following propositions are true:
51) Ifye X\ {z}, theny € X.

(

(52) If I is non empty and y € X \ {z}, then y # z.

(63)  If I is non empty and X \ {z} = X, then = ¢ X.

(54) If I is non empty and {z} \ X = {z}, then x ¢ X.

(55) {z}\X=0;iff z € X.

(56) If I is non empty and {z,y} \ X = {z}, then x ¢ X.

(57)  If I is non empty and {z,y} \ X = {y}, then y ¢ X.

(58)  If I is non empty and {z,y} \ X = {x,y}, then z ¢ X and y ¢ X.

(59) {z,y}\ X =0;iff r € X and y € X.

(60) IfX=070r X ={a}or X ={y} or X ={z,y}, then X\ {z,y} = 0.
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6. CARTESIAN PRODUCT

One can prove the following propositions:

(61)
(62)

(63)
(64)
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If X =0; or Y =0y, then [X,Y] = 0;.

If X is non-empty and Y is non-empty and [X,Y] = [Y,X], then
X =Y.

If [X, X] = [V, Y], then X =Y.

If Z is non-empty and if [X,Z] C [Y,Z] or [Z,X] C [Z,Y], then
X CY.

If X C Y, then [X, Z] C [V, Z] and [Z, X] C [Z,Y].

If 1 C A and x5 C B, then [x1,z2] C [A, B].

[XUY,Z] =[X,Z]U[Y,Z] and [Z, X UY] = [Z, X] U [Z,Y].

[[Cl?l Uz, AU B]] [azl, ]] [[a;l,B]] [[(L'Q,A]] U [[xg,B]].

[XNY,Z] =[X,Z]N]Y,Z] and [Z, X N Y] = [Z, X] N [Z, Y]

[[1'1 ﬂl’g,AﬂB]] = [[:El,A]] N [$2,BH.

If AC X and B CY, then [A,Y]N[X,B] = [A, B].

[X\Y, Z] = [X, Z]\ [\, Z] and [Z, X \ Y] = [Z, X]\ [Z,Y].

[[Cl?l,xg]] \ [[A,B]] = [[xl \A,.rg]] U [[xl,xg \ B]]

If 21 Nxe =07 or AN B = 0y, then [z1, A] N [z2, B] = 0.

If X is non-empty, then [{z}, X] is non-empty and [X,{z}] is non-
empty.

Kz v} X] = [z}, XJU{y}, X] and [X,{z,y}] = [X, {«}]U[X, {y}].

If z1 is non-empty and A is non-empty and [z1, A] = [z2, B], then
r1 = x9 and A = B.

If X C [X,Y] or X C [Y, X], then X = 0;.

If Aez,y] and A € [X,Y], then A€ [zNX,yNY].

If [z, X] C [y,Y] and [z, X] is non-empty, then + Cy and X C Y.

If AC X, then [4, 4] C [X, X].

If XNY =0y, then [X,Y]N[Y,X] = 0.

If A is non-empty and if [A4,B] C [X,Y] or [B,A] C [Y,X], then
BCY.

If z C[A,B] and y C [X,Y], thenz Uy C[AUX,BUY].
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