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Summary. The paper introduces some preliminary notions concerning the
homotopy theory according to [15]: paths and arcwise connected to topological
spaces. The basic operations on paths (addition and reversing) are defined. In the
last section the predicate: P,Q are homotopic is defined. We also showed some
properties of the product of two topological spaces needed to prove reflexivity
and symmetry of the above predicate.
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The articles [27], [30], [26], [16], [10], [32], [7], [23], [13], [12], [25], [28], [24], [4],
[1], [33], [11], [21], [31], [9], [19], [29], [17], [8], [34], [14], [6], [5], [22], [20], [2],
[18], and [3] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this paper T', T1, T5, S denote non empty topological spaces.
The scheme FrCard deals with a non empty set A, a set B, a unary functor
F yielding a set, and a unary predicate P, and states that:
{F(w);w ranges over elements of A:w € B A Plw]} < B
for all values of the parameters.

The following proposition is true
(1) Let f be a map from 77 into S and g be a map from 75 into S. Suppose
that
) T is a subspace of T,
) Ty is a subspace of T,
(111) Q(Tl) U Q(Tg) = Qrp,
) T3 is compact,
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) T is compact,

) T is a Tq space,
(vii)  f is continuous,

) g is continuous, and

) for every set p such that p € Q) N Qp,) holds f(p) = g(p)-
Then there exists a map h from T into S such that h = f+-g and h is
continuous.

Let S, T be non empty topological spaces. One can verify that there exists
a map from S into T which is continuous.
One can prove the following proposition
(2) For all non empty topological spaces S, T' holds every continuous map-
ping from S into T is a continuous map from S into 7.

Let T be a non empty topological structure. Note that idr is open and
continuous.

Let T be a non empty topological structure. Observe that there exists a map
from T into T which is continuous and one-to-one.

We now state the proposition

(3) Let S, T be non empty topological spaces and f be a map from S into
T. If f is a homeomorphism, then f~! is open.

2. PATHS AND ARCWISE CONNECTED SPACES

Let T be a topological structure and let a, b be points of T". Let us assume
that there exists a map f from I into 7" such that f is continuous and f(0) = a
and f(1) = b. A map from [ into T is said to be a path from a to b if:

(Def. 1) It is continuous and it(0) = a and it(1) = b.
Next we state the proposition
(4) Let T be a non empty topological space and a be a point of 7. Then
there exists a map f from I into 7" such that f is continuous and f(0) = a
and f(1) = a.
Let T be a non empty topological space and let a be a point of 7. Note that
there exists a path from a to a which is continuous.
Let T be a topological structure. We say that 7' is arcwise connected if and
only if:
(Def. 2) For all points a, b of T there exists a map f from I into T" such that f
is continuous and f(0) = a and f(1) = b.
Let us observe that there exists a topological space which is arcwise connec-
ted and non empty.
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Let T be an arcwise connected topological structure and let a, b be points of
T. Let us note that the path from a to b can be characterized by the following
(equivalent) condition:

(Def. 3) It is continuous and it(0) = a and it(1) = b.
Let T be an arcwise connected topological structure and let a, b be points
of T'. Note that every path from a to b is continuous.
Next we state the proposition

(5) For every non empty topological space G such that G is arcwise con-
nected holds (G7 is connected.

Let us mention that every non empty topological space which is arcwise
connected is also connected.

3. BASIC OPERATIONS ON PATHS

Let T be a non empty topological space, let a, b, ¢ be points of T', let P be a
path from a to b, and let () be a path from b to c. Let us assume that there exist
maps f, g from I into T such that f is continuous and f(0) = a and f(1) = b
and ¢ is continuous and ¢g(0) = b and g(1) = ¢. The functor P + @ yielding a
path from a to ¢ is defined by the condition (Def. 4).

(Def. 4) Let t be a point of I and ¢’ be a real number such that ¢ = ¢. Then
(i) if0<t andt <3, then (P+Q)(t)=P(2-t), and
(i) if 1 <# and ¢ <1,then (P+Q)(t)=Q(2-t —1).
Let T be a non empty topological space and let a be a point of T'. Note that
there exists a path from a to a which is constant.
One can prove the following two propositions:
(6) Let T be a non empty topological space, a be a point of 7', and P be a
constant path from a to a. Then P =1 +— a.
(7) Let T be a non empty topological space, a be a point of 7', and P be a
constant path from a to a. Then P4+ P = P.
Let T be a non empty topological space, let a be a point of T', and let P be
a constant path from a to a. Observe that P + P is constant.
Let T be a non empty topological space, let a, b be points of T, and let P
be a path from a to b. Let us assume that there exists a map f from I into T'
such that f is continuous and f(0) = a and f(1) = b. The functor —P yields a
path from b to a and is defined as follows:

(Def. 5) For every point ¢ of I and for every real number ¢’ such that ¢ = ¢ holds
(=P)(t) = P(1 —t').

The following proposition is true
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(8) Let T be a non empty topological space, a be a point of 7', and P be a
constant path from a to a. Then —P = P.
Let T be a non empty topological space, let a be a point of T', and let P be
a constant path from a to a. One can verify that — P is constant.

4. THE PRODUCT OF TWO TOPOLOGICAL SPACES

One can prove the following proposition
(9) Let X, Y be non empty topological spaces, A be a family of subsets of
Y, and f be a map from X into Y. Then f~1(JA) = U(f~1(A)).

Let S1, So, T1, 15 be non empty topological spaces, let f be a map from Sy
into So, and let g be a map from T into T5. Then [ f, g{ is a map from [ .Sy,
T1 ] into [ZSQ, T2 ]

Next we state three propositions:

(10) Let Si, S2, T1, T» be non empty topological spaces, f be a continuous
map from Sy into T3, g be a continuous map from Sy into 75, and Py,
P, be subsets of the carrier of [ 11, Ty . If P, € BaseAppr(P), then | f,
g1~ Y(P,) is open.

(11) Let Si, Sz, Th, T» be non empty topological spaces, f be a continuous
map from Sy into 77, g be a continuous map from Sy into T5, and P» be a
subset of the carrier of [ Ty, Tz . If P» is open, then | f, g ]~ (P») is open.

(12) Let Si, Sz, Th, T» be non empty topological spaces, f be a continuous
map from S7 into 77, and g be a continuous map from Sy into 75. Then
kf, g] is continuous.

Let us note that every topological structure which is empty is also Tp.
Let T, T be discernible non empty topological spaces. One can check that
FT1, To ] is discernible.
We now state two propositions:
(13) For all Ty-spaces T1, Ts holds [ T3, T5 ] is a Ty-space.
(14) Let Ti1, T» be non empty topological spaces. Suppose T is a T; space
and T is a Ty space. Then [ 11, T5 ] is a Ty space.
Let Ty, T be a Ty space non empty topological spaces. Observe that [ 77,
T, 1] is a Ty space.
Let Ty, T5 be Ty non empty topological spaces. Observe that [ 71, Tz ] is Tb.
Let us note that I is compact and T5.
Let us mention that E% is T5.
Let T be a non empty arcwise connected topological space, let a, b be points
of T, and let P, Q be paths from a to b. We say that P, ) are homotopic if and
only if the condition (Def. 6) is satisfied.
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6) There exists a map f from [ I, ] into 7" such that

(i)  f is continuous, and

(ii)  for every point s of I holds f(s, 0) = P(s) and f(s, 1) = Q(s) and for
every point ¢ of I holds f(0, t) = a and f(1, t) = b.

Let us notice that the predicate P, () are homotopic is reflexive and symmetric.
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Summary. The main goal of the paper is to show logical equivalence of the
two definitions of the open subset: one from [2] and the other from [23]. This has
been used to show that the other two definitions are equivalent: the continuity
of the map as in [20] and in [22]. We used this to show that continuous and
one-to-one maps are monotone (see theorems 16 and 17 for details).
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The terminology and notation used here are introduced in the following articles:
[26], [13], [27], [28], [4], [5], [24], [22], [17], [18], [10], [3], [23], [6], [25], [29], [16],
[14], [19], [11], [20], [8], [7], [9], [15], [21], [2], [1], and [12].

1. PRELIMINARIES

One can prove the following four propositions:
(1) For all points p, g of £% and for every subset P of £2 such that P is an
arc from p to ¢ holds P is compact.

(2) For every real number r holds 0 < r and r < 1 iff r € the carrier of L.
(3) For all points py, pe of 5% and for all real numbers 71, r9 such that
(1=r1) pr+ri-p2=(1—72) p1+7r2-p2 holds r1 =y or p1 = pa.

(4) Let p1, p2 be points of £2. Suppose p; # p2. Then there exists a map
f from I into (E2)[L(p1, p2) such that for every real number = such that
x € [0,1] holds f(z) = (1 —z)-p1 +x-p2 and f is a homeomorphism and
f(0) = p1 and f(1) = pa.
IThis paper was written while the author visited the Shinshu University in the winter of
1997.
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One can verify that 5% is arcwise connected.
One can check that there exists a subspace of 8% which is compact and non
empty.
The following proposition is true
(5) Let a, b be points of €2, f be a path from a to b, P be a non empty
compact subspace of E%, and g be a map from I into P. If f is one-to-one
and g = f and Qp = rng f, then g is a homeomorphism.

2. EQUIVALENCE OF ANALYTICAL AND TOPOLOGICAL DEFINITIONS OF
CONTINUITY

We now state a number of propositions:

(6) Let X be a subset of R. Then X € the open set family of the metric
space of real numbers if and only if X is open.

(7) Let f be a map from R! into R, z be a point of R, g be a partial
function from R to R, and x; be a real number. If f is continuous at x
and f = g and x = 1, then ¢ is continuous in x1.

(8) Let f be a continuous map from R! into R! and g be a partial function
from R to R. If f = g, then ¢ is continuous on R.

(9) Let f be a continuous one-to-one map from R! into R!. Then

(i)  for all points x, y of I and for all real numbers p, ¢, f1, fo such that
x=pand y=gqand p < qand f; = f(z) and fo = f(y) holds f1 < fa, or

(ii)  for all points x, y of I and for all real numbers p, ¢, fi, fo such that
x=pand y=gqand p<qand f = f(z) and fo = f(y) holds f; > fo.

(10) Let 7, g1, a, b be real numbers and = be an element of the carrier of
[a, b]pm. If a < band x =r and g1 > 0 and |r — g1,7 + g1 C [a, b, then
Ir—g1,7 + g1[ = Ball(z, g1).

(11) Let a, b be real numbers and X be a subset of R. Suppose a < b and
a¢ X and b ¢ X. If X € the open set family of [a, b]y, then X is open.

(12) For every open subset X of R and for all real numbers a, b such that
X Cla,b] holds a ¢ X and b ¢ X.

(13) Let a, b be real numbers, X be a subset of R, and V' be a subset of the
carrier of [a, bJyr. Suppose @ < b and V = X. If X is open, then V € the
open set family of [a, b]n.

(14) Let a, b, ¢, d, x1 be real numbers, f be a map from [a, b]7 into [c, d]r,
x be a point of [a, b, and g be a partial function from R to R. Suppose
a <band c<dand fis continuous at  and f(a) = ¢ and f(b) = d and
f is one-to-one and f = g and x = z1. Then g[a, b] is continuous in x;.
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(15) Let a, b, ¢, d be real numbers, f be a map from [a, b]T into [¢, d]T, and g
be a partial function from R to R. Suppose f is continuous and one-to-one
and a < band ¢ < d and f = g and f(a) = ¢ and f(b) = d. Then g is

continuous on [a, b].

3. ON THE MONOTONICITY OF CONTINUOUS MAPS

One can prove the following propositions:

(16) Let a, b, ¢, d be real numbers and f be a map from [a, b]T into [c, d]r.
Suppose a < b and ¢ < d and f is continuous and one-to-one and f(a) = ¢
and f(b) = d. Let x, y be points of [a, bjT and p, q, f1, f2 be real numbers.
Ifxr=pand y=gqgand p<gqand fi = f(x) and fo = f(y), then f1 < fo.

(17) Let f be a continuous one-to-one map from I into I. Suppose f(0) =0
and f(1) = 1. Let x, y be points of I and p, ¢, f1, f2 be real numbers. If
x=pand y=gqand p<qand fi = f(z) and fo = f(y), then f; < fo.

(18) Let a, b, ¢, d be real numbers, f be a map from [a, b]T into [¢, d|p, P
be a non empty subset of [a, b]r, and Py, Q1 be subsets of R!. Suppose
a <band c<dand P, = P and f is continuous and one-to-one and P is
compact and f(a) = c and f(b) =d and f°P = Q1. Then f(inf(Q(pl))) =

(19) Let a, b, ¢, d be real numbers, f be a map from |[a, b|7 into [c, d|, P,
@ be non empty subsets of [a, b|t, and P;, Q1 be subsets of R1. Suppose
a <band c<dand P, = P and )1 = @ and f is continuous and one-
to-one and P is compact and f(a) = ¢ and f(b) =d and f°P = Q. Then
f(sup(Qpy))) = sup(Qg,))-

(20) For all real numbers a, b such that a < b holds inf[a, b] = a and sup|a, b] =
b.

(21) Let a, b, ¢, d, e, f, g, h be real numbers and F' be a map from [a, b
into [¢, d]7. Suppose @ < b and ¢ < dand e < fand a < e and f <b
and F' is a homeomorphism and F(a) = ¢ and F(b) = d and g = F(e) and
h = F(f). Then F°[e, f] = [g, h].

(22) Let P, Q be subsets of the carrier of £2 and p1, pa be points of £2.
Suppose P meets @ and P N Q is closed and P is an arc from p; to po.
Then there exists a point Fp of 5% such that

(i) EpePnNQ,and

(ii)  there exists a map g from I into (£%)]P and there exists a real number
s9 such that ¢ is a homeomorphism and ¢(0) = p; and g(1) = py and
g(s2) = E1 and 0 < s2 and sy < 1 and for every real number ¢ such that
0 <tandt< s holds g(t) ¢ Q.
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(23) Let P, Q be subsets of the carrier of £2 and py, pa be points of E2.

1]

[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]
[20]

21]
22]
23]
[24]

[25]

Suppose P meets  and P N (Q is closed and P is an arc from p; to po.
Then there exists a point £y of 5% such that

(i) EyePnNQ,and

(ii)  there exists a map g from I into (£2)]P and there exists a real number
sg such that ¢ is a homeomorphism and ¢(0) = p; and g(1) = py and
g(s2) = E7 and 0 < s9 and s2 < 1 and for every real number ¢ such that
1>t and t > s holds ¢(t) ¢ Q.
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Summary. Some auxiliary theorems needed to formalize the proof of the
Jordan Curve Theorem according to [25] are proved.
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The articles [26], [29], [13], [1], [22], [24], [31], [2], [4], [5], [11], [28], [20], [12],
[16], [23], [9], [8], [27], [10], [30], [15], [17], (18], [14], [19], [21], [6], [7], and [3]
provide the terminology and notation for this paper.

1. PRELIMINARIES

The following propositions are true:

(1) For every natural number 7; such that 1 <; holds i; —' 1 < iy.

(2) For all natural numbers 4, k such that ¢ +1 < k holds 1 < k —' 4.

(3) For all natural numbers 4, k such that 1 < iand 1 < k holds k—"i+1 < k.
(4)

4) For every real number r such that r € the carrier of I holds 1 — r € the

carrier of I.

(5) For all points p, ¢, p1 of % such that pa # g2 and p; € L(p, q) holds if
(p1)2 = p2, then (p1)1 = p1.

(6) For all points p, g, p1 of 2 such that p1 # q1 and p; € L(p, q) holds if
(p1)1 = p1, then (p1)2 = p2.

IThis paper was written while the author visited the Shinshu University in the winter of
1997.
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(7) Let f be a finite sequence of elements of £2, P be a non empty subset
of the carrier of £2, F be a map from I into (£2)[P, and i be a natural
number. Suppose 1 < i and 7+ 1 < len f and f is a special sequence and
P = L(f) and F is a homeomorphism and F(0) = 7y f and F(1) = mien 1 f-
Then there exist real numbers p;, ps such that p; < p2 and 0 < p; and
p1 < 1land 0 < pg and py < 1 and L(f,i) = F°[p1,p2] and F(p1) = mif
and F(pg) = 7Ti+1f.

(8) Let f be a finite sequence of elements of £2, @, R be non empty subsets
of the carrier of £2, F be a map from I into (£2)]Q, i be a natural number,
and P be a non empty subset of I. Suppose that

) f is a special sequence,
) F is a homeomorphism,
) F(0)=mf,
) F(1) = Tiens 1,
(v) 1<4i,
) i+1<lenf,
) FoP = L(f,i),
) Q=L(f), and
) R=L(f1i)
Then there exists a map G from I| P into (£2)[R such that G = F|P and
G is a homeomorphism.

2. SOME PROPERTIES OF REAL INTERVALS

One can prove the following propositions:
(9) For all points pi1, pa, p of E2 such that p; # pe and p € L(p1,p2) holds

LE(p, p,p1,p2)-

(10) For all points p, p1, p2 of E% such that p; # p2 and p € L(p1,p2) holds
LE(p1,p, p1,p2)-

(11) For all points p, p1, p2 of % such that p € L(p1,p2) and p1 # pa holds
LE(p, p2, p1,p2)-

(12) For all points pi, p2, q1, g2, g3 of 8% such that p; # po and
LE(g1, g2, p1,p2) and LE(g2, g3, p1, p2) holds LE(g1, g3, p1, p2).

(13) For all points p, q of % such that p # ¢ holds L(p,q) = {p1;p1 ranges
over points of 8%: LE(p,p1,p,q9) N LE(p1,4,p,9)}-

(14) Let P be a non empty subset of the carrier of S% and p1, p2 be points of
5%. If P is an arc from p; to ps, then P is an arc from ps to p;.

(15) Let f be a finite sequence of elements of £%, P be a subset of the carrier
of S%, and ¢ be a natural number. Suppose f is a special sequence and
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l1<iandi+1<lenf and P = L(f,i). Then P is an arc from m;f to
Tit1f-

3. CUTTING OFF SEQUENCES

One can prove the following propositions:

(16) Let g1 be a finite sequence of elements of £% and i be a natural number.
Suppose 1 < ¢ and ¢ < leng; and g7 is a special sequence. If w191 €
E(mid(ghi,lengl)), then 7 = 1.

(17) Let f be a finite sequence of elements of £% and p be a point of E2. If f
is a special sequence and p = f(len f), then | p, f = (p,p).

(18) Let f be a finite sequence of elements of S% and k be a natural number.
If 1 <k and k <len f, then mid(f, k, k) = (mp.f).

(19) Let f be a finite sequence of elements of 5% and p be a point of 8%. If f
is a special sequence and p = f(1), then | f,p = (p).

(20) Let f be a finite sequence of elements of 5% and p be a point of S%. If f
is a special sequence and p € /:'(f), then /:'(Lf,p) C E(f)

(21) _Let f be a finite sequence of elements of 5% and p be a point of 5%. Ifp e
L(f)and p # f(len f) and f is a special sequence, then Index(p, | p, f) = 1.

(22) Let f be a finite sequence of elements of S% and p be a point of E%. If
pE E(f) and f is a special sequence, then p € E(J D, f).

(23) Let f be a finite sequence of elements of 5% and p be a point of S%. If
pE Z(f) and f is a special sequence and p # f(1), then p € E(Lf,p).
(24) Let f be a finite sequence of elements of 5% and p be a point of E%. If

pE E(f) and p # f(len f) and f is a special sequence, then || p, f,p = (p).

(25) Let f be a finite sequence of elements of 5% and p, q be points of 8%. If
pE E:(f) and g € Z(f) and p = f(len f) and f is a special sequence, then
peL(lq,f)

(26) Let f be a finite sequence of elements of £2 and p, q be points of £2. If
pE §(f) and ¢ € L(f) and f is a special sequence, then p € £(| ¢, f) or
g€ L(Up,f)

(27) Let f be a finite sequence of elements of £% and p, q be points of £2.
Suppose p € /:’(f) and q € Z(f) and p # f(len f) or ¢ # f(len f) and f is
a special sequence. Then E(J lp, f,q) C /:'(f)

(28) Let f be a non constant standard special circular sequence and i, j
be natural numbers. Suppose 1 < i and j < lenthe Go-board of f and
i < j. Then L((the Go-board of f)1i widththe Go-board of f, (the Go-board of
f)i,width the Go-board of f) ﬂﬁ((the Go-board of f)j,widththe Go-board of f» (the
Go-board of f)ienthe Go-board of f, width the Go-board of f) = 0.

463



464 ADAM GRABOWSKI AND YATSUKA NAKAMURA

(29) Let f be a non constant standard special circular sequence and i, j
be natural numbers. Suppose 1 < 7 and j < widththe Go-board of f
and 7 < j. Then L((the Go-board of f)ien the Go-board of f, 1, (the Go-board
of f)len the Go-board of f, 1) N £((the Go-board of f)len the Go-board of f, j» (the
Go-board of f)len the Go-board of f, widththe Go-board of f) = @

(30) Let f be a finite sequence of elements of £2 and p be a point of £2. If f
is a special sequence, then | m f, f = f.

(31) Let f be a finite sequence of elements of £2 and p be a point of £2. If f
is a special sequence, then | f, men p f = f.

(32) Let f be a finite sequence of elements of &% and p be a point of
E2. If p € L(f) and f is a special sequence and p # f(len f), then

pE E(WIndex(p,f) /s 7"-Index(p,f)+1f)'

(33) Let f be a finite sequence of elements of 8%, p be a point of 5%, and i
be a natural number. If f is a special sequence, then if 71 f € L(f,1), then
1= 1.

(34) Let f be a non constant standard special circular sequence, j be a natural
number, and P be a subset of the carrier of 5%. Suppose 1 < j and
J < widththe Go-board of f and P = L((the Go-board of f); j, (the Go-
board of f)ienthe Go-board of f, j)- Then P is a special polygonal arc joining
(the Go-board of f);; and (the Go-board of f)ienthe Go-board of f, j-

(35) Let f be anon constant standard special circular sequence, j be a natural
number, and P be a subset of the carrier of £2. Suppose 1 < j and
J < lenthe Go-board of f and P = L((the Go-board of f); 1, (the Go-
board of f); widththe Go-board of f)- Then P is a special polygonal arc joining
(the Go-board of f);1 and (the Go-board of f); widththe Go-board of f-

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[2] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[3] Leszek Borys. Paracompact and metrizable spaces. Formalized Mathematics, 2(4):481—
485, 1991.

[4] Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

[6] Czestaw Byliniski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.

[6] Czestaw Bylinski. The modification of a function by a function and the iteration of the
composition of a function. Formalized Mathematics, 1(3):521-527, 1990.

[7] Czestaw Byliniski. Some properties of restrictions of finite sequences. Formalized Mathe-
matics, 5(2):241-245, 1996.

[8] Agata Darmochwal. Compact spaces. Formalized Mathematics, 1(2):383-386, 1990.

[9] Agata Darmochwal. Families of subsets, subspaces and mappings in topological spaces.
Formalized Mathematics, 1(2):257-261, 1990.

[10] Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.



[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
23]
[24]

[25]

[28]
[29]
[30]

31]

THE ORDERING OF POINTS ON A CURVE. PART I

Agata Darmochwal and Yatsuka Nakamura. Metric spaces as topological spaces - funda-

mental concepts. Formalized Mathematics, 2(4):605-608, 1991.

Agata Darmochwal and Yatsuka Nakamura. The topological space £2. Arcs, line segments

and special polygonal arcs. Formalized Mathematics, 2(5):617-621, 1991.

Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,

1(1):35-40, 1990.

Katarzyna Jankowska. Matrices. Abelian group of matrices. Formalized Mathematics,

2(4):475-480, 1991.

Stanistawa Kanas, Adam Lecko, and Mariusz Startek. Metric spaces. Formalized Mathe-

matics, 1(3):607-610, 1990.

Jarostaw Kotowicz. Functions and finite sequences of real numbers. Formalized Mathe-

matics, 3(2):275-278, 1992.

Jarostaw Kotowicz and Yatsuka Nakamura. Introduction to Go-board - part I. Formalized

Mathematics, 3(1):107-115, 1992.

Jarostaw Kotowicz and Yatsuka Nakamura. Introduction to Go-board - part I1. Formalized

Mathematics, 3(1):117-121, 1992.

Yatsuka Nakamura and Jarostaw Kotowicz. Connectedness conditions using polygonal

arcs. Formalized Mathematics, 3(1):101-106, 1992.

Yatsuka Nakamura and Roman Matuszewski. Reconstructions of special sequences. For-

malized Mathematics, 6(2):255-263, 1997.

Yatsuka Nakamura and Andrzej Trybulec. Decomposing a Go-board into cells. Formalized

Mathematics, 5(3):323-328, 1996.

Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Formalized Mathematics,

4(1):83-86, 1993.

Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.

Formalized Mathematics, 1(1):223-230, 1990.

Konrad Raczkowski and Pawel Sadowski. Topological properties of subsets in real num-

bers. Formalized Mathematics, 1(4):777-780, 1990.

Yukio Takeuchi and Yatsuka Nakamura. On the Jordan curve theorem. Technical Report

1A98Qf1,1 ]Ei))geé)t. of Information Eng., Shinshu University, 500 Wakasato, Nagano city, Japan,
pri .

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Andrzej Trybulec. A Borsuk theorem on homotopy types. Formalized Mathematics,

2(4):535-545, 1991.

Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(3):575-579,
1990.

Zinaida Trybulec and Halina Swigczkowska. Boolean properties of sets. Formalized Ma-
thematics, 1(1):17-23, 1990.

Toshihiko Watanabe. The Brouwer fixed point theorem for intervals. Formalized Mathe-
matics, 3(1):85-88, 1992.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Received September 10, 1997

465



466 ADAM GRABOWSKI AND YATSUKA NAKAMURA



FORMALIZED MATHEMATICS

Volume 6, Number 4, 1997
University of Bialystok

The Ordering of Points on a Curve. Part 11

Adam Grabowski! Yatsuka Nakamura
University of Biatystok Shinshu University
Nagano

Summary. The proof of the Jordan Curve Theorem according to [14] is
continued. The notions of the first and last point of a oriented arc are introduced
as well as ordering of points on a curve in £2.

MML Identifier: JORDANSC.

The papers [15], [18], [10], 1], [13], [20], 2], [3], [4], [8], [17], [11], [9], [12], [6],
[5], [16], [7], and [19] provide the terminology and notation for this paper.

1. FIRST AND LAST POINT OF A CURVE

One can prove the following proposition

(1) Let P, @ be subsets of the carrier of £2, p1, p2, ¢1 be points of 2, f be
a map from I into (£2)] P, and s; be a real number. Suppose that
) P is an arc from p; to po,
) @ €P,
) q1 € Qa

(iv)  f(s1) =,
)
)
)
)

f is a homeomorphism,

(vi)  f(0) =p1,
(vii)  f(1) = pe,
(viii) 0 < sy,

(ix) s1<1,and

IThis paper was written while the author visited the Shinshu University in the winter of
1997.
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(x) for every real number ¢ such that 0 < ¢ and t < s holds f(t) ¢ Q.
Let g be a map from I into (£2)[P and sz be a real number. Suppose g is
a homeomorphism and ¢(0) = p; and g(1) = p2 and g(s2) = ¢1 and 0 < s
and s < 1. Let ¢ be a real number. If 0 < ¢ and ¢ < s9, then g(t) ¢ Q.
Let P, Q be subsets of the carrier of E% and let p1, ps be points of E%. Let us
assume that P meets () and PN Q is closed and P is an arc from p; to ps. The

functor FPoint(P, p1, p2, Q) yielding a point of £2 is defined by the conditions
(Def. 1).

(Def. 1)(i)  FPoint(P, p1,p2,Q) € PN Q, and
(ii)  for every map g from I into (€2)[P and for every real number sy such
that ¢g is a homeomorphism and ¢g(0) = p; and g(1) = p2 and g(s2) =
FPoint(P, p1,p2,Q) and 0 < sy and s < 1 and for every real number ¢
such that 0 < ¢ and ¢ < s9 holds g(t) ¢ Q.

One can prove the following three propositions:

(2) Let P, @ be subsets of the carrier of 2 and p, p1, p2 be points of E2. If p €
P and P is an arc from p; to py and @ = {p}, then FPoint(P, p1,p2, Q) = p.

(3) Let P be a non empty subset of the carrier of S%, Q@ be a subset of the
carrier of 5%, and pi1, po be points of E%. If pr € @ and PN Q is closed
and P is an arc from p; to pg, then FPoint(P, p1,p2, Q) = p1.

(4) Let P, @ be subsets of the carrier of 6’%, P1, P2, q1 be points of E%, f be
a map from I into (5%) [P, and s be a real number. Suppose that
) P is an arc from p; to po,
) @ €P,
) @ €Q,
) f(s1) =aq,
(v)  f is a homeomorphism,
) f(0) =p1,
) f(1) =p2,
) 0< sy,
) s1<1,and
) for every real number ¢ such that 1 > ¢ and t > s; holds f(t) ¢ Q.

Let g be a map from I into (é’%) [P and sy be a real number. Suppose g is
a homeomorphism and ¢g(0) = p; and g(1) = py and g(s2) = ¢1 and 0 < s2
and sg < 1. Let ¢ be a real number. If 1 > ¢ and ¢t > s9, then g(t) ¢ Q.

Let P, @ be subsets of the carrier of 5% and let pq, p2 be points of 5%. Let us
assume that P meets () and PN @ is closed and P is an arc from p; to ps. The
functor LPoint(P, p1,p2, Q) yielding a point of €2 is defined by the conditions
(Def. 2).

(Def. 2)(i) LPoint(P,p1,p2,Q) € PN Q, and
(ii)  for every map g from I into (£€2)] P and for every real number so such
that ¢ is a homeomorphism and g(0) = p; and g(1) = p2 and g(s2) =
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LPoint(P, p1,p2,Q) and 0 < s2 and s2 < 1 and for every real number ¢
such that 1 > ¢ and ¢ > s holds g(t) ¢ Q.

One can prove the following propositions:

(5) Let P, Q be subsets of the carrier of £2 and p, p1, p2 be points of E2. If p €
P and P is an arc from p; to py and Q = {p}, then LPoint(P, p1, p2, @) = p.

(6) Let P be a non empty subset of the carrier of 5%, Q@ be a subset of the
carrier of 5%, and p1, p2 be points of 5%. If po € Q and PN Q is closed
and P is an arc from p; to pa, then LPoint(P, p1,p2, Q) = pa.

(7) Let P be a non empty subset of the carrier of €24, @ be a subset of
the carrier of 8%, and pp, p2 be points of 8%. Suppose P C @ and P
is closed and an arc from p; to pa. Then FPoint(P,py,p2, @) = p1 and
LPoint(P, p1, p2, Q) = po.

2. THE ORDERING OF POINTS ON A CURVE

Let P be a subset of the carrier of 5% and let p1, p2, g1, g2 be points of
E2. We say that LE q1, g2, P, p1, p2 if and only if the conditions (Def. 3) are
satisfied.

(Def. 3)(i) q1 € P,
(ii) g2 € P, and
(iii)  for every map g from I into (£2)] P and for all real numbers s1, s2 such
that g is a homeomorphism and ¢(0) = p; and g(1) = p2 and g(s1) = 1
and 0 < s; and s1 < 1 and g(s2) = g2 and 0 < s2 and s < 1 holds s1 < s9.
The following propositions are true:

(8) Let P be a non empty subset of the carrier of £, p1, pa, q1, g2 be points
of €2, g be a map from I into (£2)[ P, and sy, s2 be real numbers. Suppose
that

P is an arc from p; to po,
g is a homeomorphism,

i)
i)
(iii)  g(0) = p1,
(iv)  g(1) = pa,
(v)  g(s1) = a1,
(Vi) 0< S1,
(vil) s <1,
(vii)  g(s2) = g2,
(iX) 0< 52,
(x) s2<1,and
(Xi) S1 < S9.

Then LE q1, 92, Pu p1, p2-
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(9) Let P be a subset of the carrier of £2 and py, p2, ¢1 be points of £%. If
P is an arc from p; to py and ¢q; € P, then LE ¢, q1, P, p1, p2.

(10) Let P be a subset of the carrier of 5% and p1, p2, g1 be points of 5%.
Suppose P is an arc from p; to ps and g1 € P. Then LE p1, q1, P, p1, p2
and LE q1, p2, P, p1, p2.

(11) Let P be a non empty subset of the carrier of 5% and p1, p2 be points of
5%. If P is an arc from p; to po, then LE p1, pa, P, p1, po.

(12) Let P be a non empty subset of the carrier of 8% and p1, p2, q1, g2 be
points of 5%. Suppose P is an arc from p; to ps and LE q1, g2, P, p1, p2
and LE g2, q1, P, p1, p2. Then ¢1 = go.

(13) Let P be a non empty subset of the carrier of £2 and p1, p2, q1, @2, g3
be points of 5%. Suppose P is an arc from p; to po and LE q1, g2, P, p1,
p2 and LE g2, g3, P, p1, p2. Then LE q1, g3, P, p1, p2.

(14) Let P be a subset of the carrier of 8% and p1, p2, g1, g2 be points of 5%.
Suppose P is an arc from p; to ps and ¢ € P and ¢ € P and ¢q1 # ¢o.
Then LE q1, g2, P, p1, p2 and not LE g2, q1, P, p1, p2 or LE g2, q1, P, p1,
po and not LE q1, q2, P, p1, po.

3. SOME PROPERTIES OF THE ORDERING OF POINTS ON A CURVE

We now state a number of propositions:

(15) Let f be a finite sequence of elements of E%, @ be a subset of the carrier
of 8%, and ¢ be a point of 5%. Suppose f is a special sequence and L(fINQ
is closed and ¢ € £(f) and ¢ € Q. Then LE FPoint(L(f), 71 f, Ten ¢ f, @),

¢, L(f), m1f, Ten s f-

(16) Let f be a finite sequence of elements of 5%, @ be a subset of the carrier
of S%, and ¢ be a point of 5%. Suppose f is a special sequence and L(HHNQ
is closed and ¢ € L(f) and ¢ € Q. Then LE ¢, LPoint(L(f), 71 f, Ten ¢ f, @),
L(f), T1f, TMenyf-

(17) For all points g1, g2, p1, pe of E% such that p; # po holds if LE qi, g2,
L(p1,p2); p1, p2, then LE(q1, g2, p1,p2).

(18) Let P, @ be subsets of the carrier of €% and py, p2 be points of £2. Sup-
pose P is an arc from p; to po and PN Q # ) and PN Q is closed. Then
FPoint(P, p1,p2,Q) = LPoint(P,p2,p1,Q) and LPoint(P,p1,p2, Q) =
FPoint(P, p2, p1, Q).

(19) Let f be a finite sequence of elements of E%, Q@ be a subset of
the carrier of &%, and ¢ be a natural number. Suppose L(f) me-
ets @ and @ is closed and f is a special sequence and 1 < 1
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and i + 1 < lenf and FPoint(L (f) T f, Men £, Q) € L(f,i). Then

FPoint(L(f), 71 f, Men 1.f, Q) = FPoint(L(f, ), i f, miy1 f, Q)-

(20) Let f be a finite sequence of elements of 5%, (@ be a subset of
the carrier of &%, and ¢ be a natural number. Suppose Z(f) me-
ets @ and @ is closed and f is a special sequence and 1 < 1
and ¢ + 1 < lenf and LPoint(L (f) T f,Menff, Q) € L(f,3). Then

LPOlIlt(,C(f) T f, 7Tlenff’ Q) LPOlIlt( (f7 )77Tzf7771+1f7 Q)

(21) Let f be a finite sequence of elements of % and i be a natu-
ral number. Suppose 1 < ¢ and ¢ + 1 < lenf and f is a spe-
cial sequence and FPoint(E(f),mf,menff,ﬁ(f,z')) € L(f,7). Then

FPoint(L (f) mfs Men £ f5 L(f, 1)) = i f.

(22) Let f be a finite sequence of elements of % and i be a natu-
ral number. Suppose 1 < ¢ and ¢ + 1 < lenf and f is a spe-
cial sequence and LPoint(L C(f),m f, Men ¢ f, L(f,4)) € L(f,i). Then

LPomt(C(f), mLfs Men £, L(f, 1)) = miga f-

(23) Let f be a finite sequence of elements of £2 and i be a natural number.
Suppose [ is a special sequence and 1 < ¢ and i +1 <len f. Then LE m; f,
mir1f, L(f), T1f, Men s f-

(24) Let f be a finite sequence of elements of £2 and i, k be natural numbers.
Suppose f is a special sequence and 1 < and i+k+1<lenf. Then LE
Wlf) 7Tl+kf7 (f)? 77-1.]07 Wlenff-

(25) Let f be a finite sequence of elements of 5%, q be a point of S%, and
i be a natural number. Suppose f is a special sequence and 1 < i and
i+1<lenf and g € L(f,i). Then LE m;f, ¢, L(f), 71f, Tien 1 f-

(26) Let f be a finite sequence of elements of 5%, q be a point of 8%, and
1 be a natural number. Suppose f is a special sequence and 1 < i and
i+1<lenf and q € L(f,i). Then LE q, m11f, Z(f), T1f, TMen 1 f-

(27) Let f be a finite sequence of elements of 8%, (@ be a subset of the carrier
of 5%, q be a point of E%, and 7, j be natural numbers. Suppose that

L(f) meets Q,

f is a special sequence,

i)
i)
(ili) Q@ is closed,
(iV) FPOint(£(f)7 7T1f, Ten ffv Q) € ‘C(f7 2)7
(v) 1<4q,
(vi) i+1<lenf,
(vil) q € L(f,]),
(viii) 1< j,
(ix) j+1<lenf,
(x) q€@,and
() FPOInt(£(f), m1f, Men 1> @) £
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Then i < j and if i = j, then LE(FPoint (L(f), 71 f; Ten 1 > Q) @, Ti f> iy 1 f)-
(28) Let f be a finite sequence of elements of £%, @ be a subset of the carrier
of 5%, q be a point of £2, and 4, j be natural numbers. Suppose that

(i)  L(f) meets Q,
(ii)  f is a special sequence,
(iii) @ is closed,
(iv)  LPoint(L(f), m1f, men £ f, Q) € L(f, 1),
(v) 1<4q,
(vi) i+ 1<lenf,
i) g€ L(f)),
(vii) 1<,
(ix) j+1<lenf,
(x) q€eQ, and
(xi)  LPoint(L(f), m1f, Ten £ f, Q) # q.

Theni > j and ifi = j, then LE(q, LPoint(L(f), 71 f, Ten £ f> @), T f, mig1 f)-
(29) Let f be a finite sequence of elements of 5%, q1, g2 be points of 5%, and
i be a natural number. Suppose q1 € L(f,i) and g2 € L(f,i) and f is

a special sequence and 1 < i and i + 1 < len f. If LE q1, qo, L(f), 71 f,
Wlenffu then LE q1, q2, E(f,l)7 Trifa 7Ti+1f-

(30) Let f be a finite sequence of elements of 5% and ¢1, g2 be points of 8%.
Suppose q1 € L(f) and g2 € L(f) and f is a special sequence and ¢q; # ¢a.

Then LE q1, g2, £(f), 71 f, Ten ¢ f if and only if for all natural numbers 7,
j such that ¢; € L(f,i) and g2 € L(f,j) and 1 < i and i + 1 < len f and
1<jand j+1 <len f holdsi < j and if i = j, then LE(q1, g2, m; f, mi+1f).
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1. PRELIMINARIES

In this paper C denotes a category and o1, 02, 03 denote objects of C.

Let C be a non empty category structure with units and let o be an object
of C. Observe that (o0,0) is non empty.

The following propositions are true:

(1) Let v be a morphism from 0; to 02, u be a morphism from o; to os,
and f be a morphism from oo to 03. If u = f-v and f~'- f = id(,,) and
(01,02) # 0 and (09, 03) # () and (03,09) # 0, then v = f~1 - u.

(2) Let v be a morphism from o2 to 03, u be a morphism from o; to o3,
and f be a morphism from oy to 09. f u =v- fand f- f~! = id(,,) and
(01,00) # ) and (02,01) # () and (02, 03) # 0, then v = u - f~1.

(3) For every morphism m from o; to o2 such that (o1, 02) # () and (02, 01) #
() and m is iso holds m ™" is iso.

(4) For every non empty category structure C' with units and for every object
o of C holds id, is epi and mono.
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Let C be a non empty category structure with units and let o be an object
of C. One can verify that id, is epi mono retraction and coretraction.

Let C be a category and let o be an object of C'. Note that id, is iso.

We now state two propositions:

(5) Let f be a morphism from o; to 0y and g, h be morphisms from o9 to
o1. If h- f =id(,,) and f-g = id(,,) and (01, 02) # 0 and (03, 01) # 0, then
g=h.

(6) Suppose that for all objects o1, 02 of C holds every morphism from o;

to o9 is coretraction. Let a, b be objects of C' and g be a morphism from
a to b. If (a,b) # (0 and (b, a) # 0, then g is iso.

2. SOME PROPERTIES OF THE INITIAL AND TERMINAL OBJECTS

The following propositions are true:

(7) For all morphisms m, m’ from 07 to o2 such that m is zero and m’ is
zero and there exists an object of C' which is zero holds m = m/.

(8) Let C be a non empty category structure, O, A be objects of C', and M
be a morphism from O to A. If O is terminal, then M is mono.

(9) Let C be a non empty category structure, O, A be objects of C', and M
be a morphism from A to O. If O is initial, then M is epi.

(10) If 09 is terminal and o7, o9 are iso , then o is terminal.

(11) 1If oy is initial and o1, 09 are iso , then o9 is initial.

(12) 1If 0y is initial and o9 is terminal and (02,01) # 0, then o9 is initial and
07 is terminal.

3. THE PROPERTIES OF THE FUNCTORS

One can prove the following propositions:

(13) Let A, B be transitive non empty category structures with units, F
be a contravariant functor from A to B, and a be an object of A. Then
F(idg) = idp(g) -

(14) Let Cy, C2 be non empty category structures and F' be a precontravariant
functor structure from C4 to Cy. Then F is full if and only if for all objects
01, o2 of C; holds Morph-Mapy (02, 01) is onto.

(15) Let Cy, C2 be non empty category structures and F' be a precontravariant
functor structure from C; to Cy. Then F' is faithful if and only if for all
objects o1, 0y of C holds Morph-Map (02, 01) is one-to-one.
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(16) Let Cy, Cy be non empty category structures, F' be a precovariant functor
structure from Cy to C5, 01, 03 be objects of C1, and F; be a morphism
from F(01) to F(02). Suppose (01,02) # () and F' is full and feasible. Then
there exists a morphism m from o; to o2 such that Fy = F(m).

(17) Let C1, Cy be non empty category structures, F' be a precontravariant
functor structure from C; to Ca, 01, 02 be objects of (', and F; be a
morphism from F(o2) to F(o1). Suppose (01,02) # 0 and F is full and
feasible. Then there exists a morphism m from o to 05 such that F} =
F(m).

(18) Let A, B be transitive non empty category structures with units, F' be a
covariant functor from A to B, 01, 02 be objects of A, and a be a morphism
from 01 to 02. If (01, 02) # 0 and (02, 01) # 0 and a is retraction, then F(a)
is retraction.

(19) Let A, B be transitive non empty category structures with units, F' be a
covariant functor from A to B, o1, 02 be objects of A, and a be a morphism
from o1 to o9. If (01,02) # 0 and (02,01) # 0 and a is coretraction, then
F(a) is coretraction.

(20) Let A, B be categories, F' be a covariant functor from A to B, o1, 02
be objects of A, and a be a morphism from o; to o2. If (01,02) # 0 and
(02,01) # () and a is iso, then F(a) is iso.

(21) Let A, B be categories, F' be a covariant functor from A to B, and o1,
02 be objects of A. If 01, 09 are iso , then F(o01), F(02) are iso .

(22) Let A, B be transitive non empty category structures with units, F' be
a contravariant functor from A to B, o1, 02 be objects of A, and a be a
morphism from 01 to og. If (01, 02) # 0 and (02,01) # () and a is retraction,
then F'(a) is coretraction.

(23) Let A, B be transitive non empty category structures with units, F'
be a contravariant functor from A to B, o1, 0o be objects of A, and a
be a morphism from o1 to o9. If (01,02) # 0 and (02,01) # 0 and a is
coretraction, then F'(a) is retraction.

(24) Let A, B be categories, F' be a contravariant functor from A to B, o1,
02 be objects of A, and a be a morphism from o; to 0y. If (01, 02) # () and
(02,01) # 0 and a is iso, then F'(a) is iso.

(25) Let A, B be categories, F' be a contravariant functor from A to B, and
o1, 02 be objects of A. If 01, 09 are iso , then F'(02), F(o1) are iso .

(26) Let A, B be transitive non empty category structures with units, F
be a covariant functor from A to B, 01, 02 be objects of A, and a be a
morphism from o3 to 0g. Suppose F' is full and faithful and (o1, 09) # 0
and (02,01) # 0 and F(a) is retraction. Then a is retraction.

(27) Let A, B be transitive non empty category structures with units, F'

477
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be a covariant functor from A to B, 01, 02 be objects of A, and a be a
morphism from 07 to 02. Suppose F is full and faithful and (o1,09) # 0
and (02,01) # () and F(a) is coretraction. Then a is coretraction.

(28) Let A, B be categories, F' be a covariant functor from A to B, o1, 02 be
objects of A, and a be a morphism from 01 to 02. Suppose F' is full and
faithful and (o1, 02) # 0 and (092,01) # 0 and F(a) is iso. Then a is iso.

(29) Let A, B be categories, F' be a covariant functor from A to B, and o1,
02 be objects of A. Suppose F is full and faithful and (01,02) # 0 and
(02,01) # 0 and F(o1), F(o2) are iso . Then o1, 0 are iso .

(30) Let A, B be transitive non empty category structures with units, F' be
a contravariant functor from A to B, 01, 02 be objects of A, and a be a
morphism from o7 to 0. Suppose F is full and faithful and (o1, 09) # 0
and (02,01) # () and F(a) is retraction. Then a is coretraction.

(31) Let A, B be transitive non empty category structures with units, F' be
a contravariant functor from A to B, 01, o2 be objects of A, and a be a
morphism from o7 to 0. Suppose F is full and faithful and (o1,092) # 0
and (02,01) # () and F(a) is coretraction. Then a is retraction.

(32) Let A, B be categories, F' be a contravariant functor from A to B, o1,
02 be objects of A, and a be a morphism from 01 to 02. Suppose F' is full
and faithful and (o1,092) # 0 and (02,01) # 0 and F(a) is iso. Then a is
iso.

(33) Let A, B be categories, F' be a contravariant functor from A to B, and
01, 03 be objects of A. Suppose F is full and faithful and (o1, 02) # 0 and
(02,01) # () and F(02), F(01) are iso . Then o1, 0g are iso .

4. THE SUBCATEGORIES OF THE MORPHISMS

We now state two propositions:

(34) Let C be a category structure and D be a substructure of C. Suppose
the carrier of C' = the carrier of D and the arrows of C' = the arrows of
D. Then D is full.

(35) Let C be a non empty category structure with units and D be a sub-
structure of C. Suppose the carrier of C' = the carrier of D and the arrows
of C' = the arrows of D. Then D is full and id-inheriting.

Let C be a category. Observe that there exists a subcategory of C' which is
full, non empty, and strict.
Next we state several propositions:

(36) For every non empty subcategory B of C' holds every non empty subca-

tegory of B is a non empty subcategory of C.
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(37) Let C be a non empty transitive category structure, D be a non empty
transitive substructure of C, 01, 09 be objects of C, p1, po be objects of
D, m be a morphism from 0 to 02, and n be a morphism from p; to po
such that p; = 01 and pa = 09 and m = n and (p1, p2) # 0. Then

(i)  if m is mono, then n is mono, and
(ii)  if m is epi, then n is epi.

(38) Let D be a non empty subcategory of C, o1, 02 be objects of C, p1, p2
be objects of D, m be a morphism from 07 to 0z, m1 be a morphism from
02 to 01, n be a morphism from p; to p2, and ni be a morphism from ps to
p1 such that p; = 01 and p2 = 02 and m = n and my = ny and (p1,p2) # 0
and (p2,p1) # 0. Then

(i)  m is left inverse of my iff n is left inverse of n;, and
(ii)  m is right inverse of my iff n is right inverse of ny.

(39) Let D be a full non empty subcategory of C, o1, 03 be objects of C, pi,
p2 be objects of D, m be a morphism from o; to o2, and n be a morphism
from p; to pe such that p; = 01 and py = 02 and m = n and (p1,p2) # 0
and (p2,p1) # 0. Then

(i)  if m is retraction, then n is retraction,
(ii)  if m is coretraction, then n is coretraction, and
(iii)  if m is iso, then n is iso.

(40) Let D be a non empty subcategory of C, o1, 02 be objects of C, p1, pa
be objects of D, m be a morphism from 01 to 0z, and n be a morphism
from p; to pe such that p; = 01 and py = 03 and m = n and (p1,p2) # 0
and (p2,p1) # 0. Then

(i) if n is retraction, then m is retraction,
(ii)  if n is coretraction, then m is coretraction, and
(iii)  if n is iso, then m is iso.
Let C be a category. The functor AllMono C yields a strict non empty trans-
itive substructure of C' and is defined by the conditions (Def. 1).

(Def. 1)(i)  The carrier of AllMono C' = the carrier of C,
(ii)  the arrows of AllMonoC C the arrows of C, and
(ili)  for all objects o1, 02 of C and for every morphism m from o7 to og holds
m € (the arrows of AllMono C')(01, 02) iff (01, 02) # 0 and m is mono.
Let C be a category. Note that AllMono C is id-inheriting.
Let C be a category. The functor AllEpi C yields a strict non empty transitive
substructure of C' and is defined by the conditions (Def. 2).
(Def. 2)(i) The carrier of AllEpiC = the carrier of C,
(ii)  the arrows of AllEpi C' C the arrows of C, and
(iii)  for all objects o1, 02 of C' and for every morphism m from o; to o holds
m € (the arrows of AllEpi C) (o1, 02) iff (01, 02) # ) and m is epi.
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Let C be a category. Observe that AllEpi C is id-inheriting.
Let C be a category. The functor AllRetr C' yielding a strict non empty
transitive substructure of C' is defined by the conditions (Def. 3).

(Def. 3)(i) The carrier of AllRetr C' = the carrier of C,
(ii)  the arrows of AllRetr C' C the arrows of C, and
(iii)  for all objects 01, 02 of C and for every morphism m from o1 to oy holds
m € (the arrows of AllRetr C')(01, 02) iff (01,02) # () and (02, 01) # () and
m is retraction.
Let C be a category. One can check that AllRetr C' is id-inheriting.
Let C be a category. The functor AllCoretr C' yielding a strict non empty
transitive substructure of C' is defined by the conditions (Def. 4).

(Def. 4)(i)  The carrier of AllCoretr C' = the carrier of C,
(ii)  the arrows of AllCoretr C' C the arrows of C, and
(iii)  for all objects o1, 02 of C' and for every morphism m from o1 to o holds
m € (the arrows of AllCoretr C')(01, 02) iff (01,02) # 0 and (0g,01) # 0
and m is coretraction.
Let C be a category. One can verify that AllCoretr C' is id-inheriting.
Let C be a category. The functor Alllso C yields a strict non empty transitive
substructure of C' and is defined by the conditions (Def. 5).
(Def. 5)(i)  The carrier of AlllsoC' = the carrier of C,
(ii)  the arrows of AlllsoC C the arrows of C, and
(ili)  for all objects o1, 02 of C and for every morphism m from o1 to oz holds
m € (the arrows of AlllsoC)(01, 03) iff {(01,02) # 0 and (02,01) # () and
m is iso.
Let C be a category. Note that Alllso C is id-inheriting.
Next we state a number of propositions:

(41) Alllso C' is a non empty subcategory of AllRetr C.

(42) Alllso C is a non empty subcategory of AllCoretr C.

(43) AllCoretr C' is a non empty subcategory of AllMono C.

(44) AllRetr C' is a non empty subcategory of AllEpiC.

(45) If for all objects o1, 02 of C holds every morphism from 07 to 02 is mono,

then the category structure of C' = AllMono C.

(46) If for all objects 01, 02 of C' holds every morphism from o; to o9 is epi,
then the category structure of C' = AllEpiC.

(47) Suppose that for all objects o1, 02 of C and for every morphism m from
01 t0 09 holds m is retraction and (02, 01) # 0. Then the category structure
of C = AllRetr C.

(48) Suppose that for all objects 01, 02 of C' and for every morphism m from o;

to 09 holds m is coretraction and (02, 01) # (). Then the category structure

of C = AllCoretr C.
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(49) Suppose that for all objects o1, 03 of C and for every morphism m from
01 to 02 holds m is iso and (02,01) # (). Then the category structure of
C = Alllso C.

(50) For all objects 01, 02 of AllMonoC' and for every morphism m from o;
to 02 such that (01, 02) # () holds m is mono.

(51) For all objects o1, 02 of AllEpiC' and for every morphism m from o; to
09 such that (o1, 02) # () holds m is epi.

(52) For all objects 01, 02 of AlllsoC and for every morphism m from o; to
02 such that (o1,02) # 0 holds m is iso and m~! € (02, 01).

AllMono AllMono C' = AllMono C.
AllEpi AllEpi C = AllEpi C.

Alllso Alllso C = Alllso C.

AllIso AllMono C' = Alllso C.
Alllso AllEpi C' = Alllso C.

Alllso AllRetr C' = Alllso C.

Alllso AllCoretr C = Alllso C.

v Ot Ot
Ot =~ W

ot Ot
oo

~ o~ Y~~~ —~
Ut Ut
Nej (@)}
D e D D T
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1. PRELIMINARIES

Let s be a state of SCMpga and let P be an initial finite partial state of
SCMpgga. We say that P is pseudo-closed on s if and only if the condition
(Def. 1) is satisfied.

(Def. 1) There exists a natural number k such that
IC(Computation(s+-(P+-Start—At(insloc(O)))))(k) - insloc(card ProgramPart(P))
and for every natural number n such that n < k holds
IC(Computation(s+-(P+~Start—At(insloc(O)))))(n) € dom P.

Let P be an initial finite partial state of SCMpgga. We say that P is pseudo-
paraclosed if and only if:

(Def. 2) For every state s of SCMpga holds P is pseudo-closed on s.

@ 1997 University of Bialystok
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Let us note that there exists a macro instruction which is pseudo-paraclosed.
Let s be a state of SCMpga and let P be an initial finite partial state of
SCMpgga . Let us assume that P is pseudo-closed on s.
The functor pseudo — LifeSpan(s, P) yielding a natural number is defined as
follows:
(Def 3) IC(Computation(s+~(P+-Start—At(insIoc(O)))))(pseudofLifeSpan(s,P)) =
insloc(card ProgramPart(P)) and for every natural number n such that
IC(Computation(s—l--(P—l—vStart-At(insloc(O)))))(n) ¢ dom P holds
pseudo — LifeSpan(s, P) < n.
We now state a number of propositions:

(1) Let s be a state of SCMpgy and P be an initial finite par-
tial state of SCMpga. Suppose P is pseudo-closed on s. Let
n be a natural number. If n < pseudo — LifeSpan(s, P), then
IC(Computation(er-(PJr-Start—At(insloc(O)))))(n) € dom P and
Curlnstr((Computation(s+-(P+- Start-At(insloc(0)))))(n)) # haltscmy, -

(2) Let s be a state of SCMpgy and P be an initial finite partial
state of SCMpga. Suppose P is pseudo-closed on s. Let k be a natu-
ral number. Suppose that for every natural number n such that n <
k holds IC(Computation(s+-(P+~Start—At(insloc(O)))))('rL) € domP. Then k <
pseudo — LifeSpan(s, P).

(3) Let s be a state of SCMpga and I, J be macro instructions. Sup-
pose I is pseudo-closed on s. Let k be a natural number. Suppose
k < pseudo — LifeSpan(s, I). Then (Computation(s+-(/+- Start-At(insloc
(0)))))(k) and (Computation(s+-((I;J)+- Start-At(insloc(0)))))(k) are
equal outside the instruction locations of SCMpga .

(4) Let s be a state of SCMpga and I be a macro instruction. If I is closed
on s and halting on s, then Directed([) is pseudo-closed on s.

(5) Let s be a state of SCMpga and I be a macro instruction. If I is
closed on s and halting on s, then pseudo — LifeSpan(s, Directed([)) =
LifeSpan(s+-(I+- Start-At(insloc(0)))) + 1.

(6) For every function f and for every set x such that x € dom f holds
[t (== f(x)) = f.

(7) For every instruction-location [ of SCMpga holds I +0 = .

(8) For every instruction i of SCMpga holds IncAddr(i,0) = i.

(9) For every programmed finite partial state P of SCMpga holds
ProgramPart(Relocated(P,0)) = P.
(10) For all finite partial states P, Q of SCMpga such that P C @ holds
ProgramPart(P) C ProgramPart(Q).

(11) For all programmed finite partial states P, @ of SCMpga and for every
natural number k such that P C @ holds Shift(P, k) C Shift(Q, k).
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(12) For all finite partial states P, @ of SCMpgy and for every natu-
ral number k such that P C @ holds ProgramPart(Relocated(P, k)) C
ProgramPart(Relocated(Q, k)).

(13) Let I, J be macro instructions and k be a natural number. Suppose
cardl < k and k < cardI + card J. Let 7 be an instruction of SCMpggy.
If i = J(insloc(k —' card I)), then (I;J)(insloc(k)) = IncAddr (i, card I).

(14) For every state s of SCMpga such that s(intloc(0)) = 1 and IC, =
insloc(0) holds Initialize(s) = s.

(15) For every state s of SCMpga holds Initialize(Initialize(s)) =
Initialize(s).

(16) For every state s of SCMpga and for every macro instruction I holds
s+-(Initialized(I)+- Start-At(insloc(0))) =
Initialize(s)+-(I+- Start-At(insloc(0))).

(17) For every state s of SCMpga and for every macro instruction I holds
IExec(!, s) = IExec(I, Initialize(s)).

(18) For every state s of SCMpga and for every macro instruction I such that
s(intloc(0)) = 1 holds s+-(I+- Start-At(insloc(0))) = s+- Initialized ().

(19) For every macro instruction [ holds I+ Start-At(insloc(0)) C
Initialized(I).

(20) For every instruction-location [ of SCMFpga and for every macro instruc-
tion I holds I € dom I iff [ € dom Initialized(T).

(21) For every state s of SCMpga and for every macro instruction / holds
Initialized(I) is closed on s iff I is closed on Initialize(s).

(22) For every state s of SCMpga and for every macro instruction I holds
Initialized(I) is halting on s iff I is halting on Initialize(s).

(23) For every macro instruction I such that for every state s of SCMpga
holds I is halting on Initialize(s) holds Initialized([) is halting.

(24) For every macro instruction I such that for every state s of SCMpga
holds Initialized (/) is halting on s holds Initialized(I) is halting.

(25) For every macro instruction I holds ProgramPart(Initialized(I)) = I.
(26) Let s be a state of SCMpga, I be a macro instruction, ! be an
instruction-location of SCMpga, and = be a set. If x € dom I, then
I(z) = (s+-(I+- Start-At(1)))(z).
(27) For every state s of SCMpga such that s(intloc(0)) =1
holds Initialize(s)[(Int-Locations U FinSeq-Locations) =
s[(Int-Locations U FinSeq-Locations).
(28) Let s be a state of SCMpga, I be a macro instruction, a be an

integer location, and [ be an instruction-location of SCMpgga. Then
(s+-(I+- Start-At(1)))(a) = s(a).

485
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(29) For every programmed finite partial state I of SCMpga and
for every instruction-location [ of SCMgga holds ICscmys, €
dom(I+- Start-At(l)).

(30) For every programmed finite partial state I of SCMpga and for every
instruction-location [ of SCMpgga holds (I+- Start-At(1))(ICscmypg, ) = I-

(31) Let s be a state of SCMpga, P be a finite partial state of SCMpgya, and
[ be an instruction-location of SCMpsa. Then IC . (pi. start-At(1)) = L-

(32) For every state s of SCMpgp and for every instruction i of SCMpga
such that InsCode(i) € {0,6, 7,8} holds Exec(i, s)[(Int-Locations U
FinSeq-Locations) = s[(Int-Locations U FinSeq-Locations).

(33) Let s1, s2 be states of SCMpga. Suppose that

(i)  s1(intloc(0)) = sa(intloc(0)),
(ii)  for every read-write integer location a holds s;(a) = sa2(a), and
(ili)  for every finite sequence location f holds s1(f) = sa(f).
Then s; [(Int-Locations U FinSeq-Locations) = s [(Int-Locations
U FinSeq-Locations).

(34) For every state s of SCMpga and for every programmed finite partial
state P of SCMpga holds (s+-P)[(Int-Locations U FinSeq-Locations) =
s[(Int-Locations U FinSeqg-Locations).

(35) For all states s, s3 of SCMpga holds (s+-s3[the instruction locations of
SCMrsa ) [(Int-Locations U FinSeq-Locations) =
s[(Int-Locations U FinSeq-Locations).

(36) For every state s of SCMpga holds Initialize(s)[the instruction locations
of SCMpga = s[the instruction locations of SCMpsgy.

(37) Let s, s3 be states of SCMpga and I be a macro instruction. Then
(s3+-s[the instruction locations of SCMpga ) [ (Int-Locations
U FinSeq-Locations) = s3[(Int-Locations U FinSeq-Locations).

(38) For every state s of SCMpsa holds IExec(Stopgcnipg,,s) =
Initialize(s)+- Start-At(insloc(0)).

(39) For every state s of SCMpga and for every macro instruction I such
that I is closed on s holds insloc(0) € dom I.

(40) For every state s of SCMpga and for every paraclosed macro instruction
I holds insloc(0) € dom I.

(41) For every instruction ¢ of SCMpga holds rng Macro(i) = {i, haltgcmyg, }-

(42) Let s1, sy be states of SCMpgan and I be a macro instruction.
Suppose I is closed on sy and I+-Start-At(insloc(0)) C s1. Let n
be a natural number. Suppose ProgramPart(Relocated(I,n)) C s
and IC(,) = insloc(n) and s;[(Int-Locations U FinSeq-Locations) =
s | (Int-Locations U FinSeq-Locations). Let ¢ be a natural number. Then
IC(Computation(sl))(i) +n= IC(Computation(SQ))(i) and
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IncAddr(Curlnstr((Computation(sy))(i)),n) =
Curlnstr((Computation(sg))(7)) and
(Computation(sy))(7)[(Int-Locations U FinSeq-Locations) =
(Computation(s2))(7) [ (Int-Locations U FinSeqg-Locations).

(43) Let sj, sy be states of SCMpgpn and I be a macro instruction.
Suppose [ is closed on s; and I+ Start-At(insloc(0)) C s; and
I+- Start-At(insloc(0)) C s2 and s; [(Int-Locations U FinSeq-Locations) =
so[(Int-Locations U FinSeq-Locations). Let i be a natural number. Then
IC(Computation(sl))(i) = IC(Computation(sg))(i) and
CurlInstr((Computation(sy))(¢)) = Curlnstr((Computation(sz))(i)) and
(Computation(sy))(7)[(Int-Locations U FinSeq-Locations) =
(Computation(s2))(7)[(Int-Locations U FinSeq-Locations).

(44) Let s1, s be states of SCMpga and I be a macro instruction. Suppose
I is closed on s; and halting on s; and I+- Start-At(insloc(0)) C s; and
I+- Start-At(insloc(0)) C s2 and sq [(Int-Locations U FinSeq-Locations) =
sz [ (Int-Locations U FinSeqg-Locations). Then LifeSpan(s;) = LifeSpan(sz).

(45) Let s1, so be states of SCMpga and I be a macro instruction. Suppose
that

(i)  si(intloc(0)) =1,

(ii) I is closed on s and halting on sy,

(iii)  for every read-write integer location a holds s1(a) = s3(a), and
) for every finite sequence location f holds s1(f) = sa(f).

Then IExec(I, s1)[(Int-Locations U FinSeqg-Locations) =

IExec(I, s2) [ (Int-Locations U FinSeq-Locations).

(46) Let s1, s be states of SCMpgpa and [ be a macro in-
struction. Suppose sp(intloc(0)) = 1 and I is closed on s
and halting on s; and sp[(Int-Locations U FinSeq-Locations) =
s ] (Int-Locations U FinSeq-Locations).

Then IExec(, s1)[(Int-Locations U FinSeqg-Locations) =
IExec(I, s2) [ (Int-Locations U FinSeq-Locations).

Let I be a macro instruction. Observe that Initialized(]) is initial.

(iv

One can prove the following propositions:

(47) Let s be a state of SCMpga and I be a macro instruction. Then
Initialized(I) is pseudo-closed on s if and only if I is pseudo-closed on
Initialize(s).

(48) For every state s of SCMpga and for every macro instruction I such
that I is pseudo-closed on Initialize(s) holds
pseudo — LifeSpan(s, Initialized(I)) = pseudo — LifeSpan(Initialize(s), I).

(49) For every state s of SCMpga and for every macro instruction I such
that Initialized(I) is pseudo-closed on s holds
pseudo — LifeSpan(s, Initialized(I)) = pseudo — LifeSpan(Initialize(s), I).
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(50) Let s be a state of SCMpga and I be an initial finite partial state
of SCMrpga. Suppose [ is pseudo-closed on s. Then [ is pseudo-
closed on s+-(I+- Start-At(insloc(0))) and pseudo — LifeSpan(s,I) =
pseudo — LifeSpan(s+-(I+- Start-At(insloc(0))), I).

(51) Let s1, s2 be states of SCMpgy and I be a macro instruction. Sup-
pose I+-Start-At(insloc(0)) € s; and I is pseudo-closed on s;. Let
n be a natural number. Suppose ProgramPart(Relocated(I,n)) C s
and IC(,) = insloc(n) and s;[(Int-Locations U FinSeq-Locations) =
s2 [ (Int-Locations U FinSeq-Locations). Then

(i)  for every natural number i such that i < pseudo — LifeSpan(sy, I) holds
IncAddr(Curlnstr((Computation(sy))(i)),n) =
Curlnstr((Computation(sz))(7)), and

(ii)  for every natural number i such that i < pseudo — LifeSpan(sy, I) holds
IC(Computation(sl))(i) +n= IC(Computation(SQ))(i) and
(Computation(si))(7) [ (Int-Locations U FinSeqg-Locations) =
(Computation(ssz))(7) [ (Int-Locations U FinSeqg-Locations).

(52) Let s1, so be states of SCMpga and I be a macro instruction. Suppose
s1](Int-Locations U FinSeq-Locations) =
so[(Int-Locations U FinSeq-Locations). If I is pseudo-closed on si, then I
is pseudo-closed on s3.

(53) Let s be a state of SCMpga and I be a macro instruction. Suppose
s(intloc(0)) = 1. Then I is pseudo-closed on s if and only if I is pseudo-
closed on Initialize(s).

(54) Let a be an integer location and I, J be macro instructions. Then
insloc(0) € domif = 0(a,I,J) and insloc(1l) € domif = 0(a,I,J) and
insloc(0) € domif > 0(a, I, J) and insloc(1) € domif > 0(a, I, J).

(55) Let a be an integer location and I, J be macro instructions. Then
(if = 0(a,I,J))(insloc(0)) = if a = 0 goto insloc(card J + 3) and (if =
0(a,I,J))(insloc(1)) = goto insloc(2) and (if > 0(a,I,J))(insloc(0)) =
if @ > 0 goto insloc(cardJ + 3) and (if > 0(a,l,J))(insloc(l)) =
goto insloc(2).

(56) Let a be an integer location, I, J be macro instructions, and n be a
natural number. If n < card I + card J + 3, then insloc(n) € domif =
0(a,I,J) and (if = 0(a,I,J))(insloc(n)) # haltscmys, -

(57) Let a be an integer location, I, J be macro instructions, and n be a
natural number. If n < card I 4+ card J + 3, then insloc(n) € domif >
0(a,I,J) and (if > 0(a,I,J))(insloc(n)) # haltscmys, -

(58) Let s be a state of SCMpgs and I be a macro instruction. Suppose
Directed(I) is pseudo-closed on s. Then

(i)  I;Stopscmpg, 18 closed on s,

(ii)  I;Stopsomys, is halting on s,



THE loop AND Times ... 489

(iii) LifeSpan(s+-((I;StopSCMFSA)+- Start-At(insloc(0)))) =
pseudo — LifeSpan(s, Directed([])),

(iv)  for every natural number n such that
n < pseudo — LifeSpan(s, Directed (7)) holds
IC(Computation(s+-(I+- Start-At(insloc(0)))))(n) —
IC(Computation(s+-((I:Stopscnpg , )+ Start-At(insloc(0)))))(n) A0

(v)  for every natural number n such that
n < pseudo — LifeSpan(s, Directed (7)) holds
(Computation(s+-(I+- Start-At(insloc(0)))))(n)[D =
(Computation(s+-((1;Stopgcmpg, )+ Start-At(insloc(0)))))(n) [ D.

(59) Let s be a state of SCMpga and I be a macro instruction. If Directed(])
is pseudo-closed on s, then
Result(s+((I;5topgcngg, )+ Start-At(insloc(0)))) D =
(Computation(s+-(I+- Start-At(insloc(0)))))

(pseudo — LifeSpan(s, Directed(I)))[D.

(60) Let s be a state of SCMpga and I be a macro instruction.
If s(intloc(0)) = 1 and Directed(I) is pseudo-closed on s, then
IExec(I;Stopscnmys, > ) [P = (Computation(s+-(1+- Start-At(insloc(0)))))
(pseudo — LifeSpan(s, Directed(I)))[D.

(61) For all macro instructions I, J and for every integer location a holds
(if =0(a,1,J))(insloc(card I + card J + 3)) = haltscmyg, -

(62) For all macro instructions I, J and for every integer location a holds
(if > 0(a,1,J))(insloc(card I + card J + 3)) = haltscmyg, -

(63) For all macro instructions I, J and for every integer location a holds
(if =0(a,I,J))(insloc(card J 4+ 2)) = goto insloc(card I 4+ card J + 3).

(64) For all macro instructions I, J and for every integer location a holds
(if > 0(a,I,J))(insloc(card J + 2)) = goto insloc(card I + card J + 3).

(65) For every macro instruction J and for every integer location a holds (if =
0(a, Goto(insloc(2)), J))(insloc(card J + 3)) = goto insloc(card J + 5).

(66) Let s be a state of SCMpga, I, J be macro instructions, and a be a
read-write integer location. Suppose s(a) = 0 and Directed([/) is pseudo-
closed on s. Then if = 0(a,I,J) is halting on s and if = 0(a,I,J) is
closed on s and LifeSpan(s+-(if = 0(a, I, J)+- Start-At(insloc(0)))) =
LifeSpan(s+-((I;Stopgonmpg, )+ Start-At(insloc(0)))) + 1.

(67) Let s be a state of SCMpga, I, J be macro instructions, and
a be a read-write integer location. Suppose s(intloc(0)) = 1 and
s(a) = 0 and Directed(/) is pseudo-closed on s. Then IExec(if =
0(a, I, J), s)[(Int-Locations U FinSeq-Locations) = IExec(I;Stopgcnyg, s S)
[ (Int-Locations U FinSeq-Locations).
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(68) Let s be a state of SCMpga, I, J be macro instructions, and a be a
read-write integer location. Suppose s(a) > 0 and Directed([/) is pseudo-
closed on s. Then if > 0(a,I,J) is halting on s and if > 0(a,I,J) is
closed on s and LifeSpan(s+-(if > 0(a, I, J)+- Start-At(insloc(0)))) =
LifeSpan(s+-((I;Stopgcmpe, )+ Start-At(insloc(0)))) + 1.

(69) Let s be a state of SCMpsa, I, J be macro instructions, and
a be a read-write integer location. Suppose s(intloc(0)) = 1 and
s(a) > 0 and Directed(I) is pseudo-closed on s. Then IExec(if >
0(a,I,J), s)[(Int-Locations U FinSeq-Locations) = IExec(I;Stopgcppg, s S)
[ (Int-Locations U FinSeq-Locations).

(70) Let s be a state of SCMpga, I, J be macro instructions, and a be a
read-write integer location. Suppose s(a) # 0 and Directed(.J) is pseudo-
closed on s. Then if = 0(a,I,J) is halting on s and if = 0(a,I,J) is
closed on s and LifeSpan(s+-(if = 0(a, I, J)+- Start-At(insloc(0)))) =
LifeSpan(s+-((J;Stopgcngg, )+ Start-At(insloc(0)))) + 3.

(71) Let s be a state of SCMpss, I, J be macro instructions, and
a be a read-write integer location. Suppose s(intloc(0)) = 1 and
s(a) # 0 and Directed(J) is pseudo-closed on s. Then IExec(if =
0(a,I,J), s)[(Int-Locations U FinSeq-Locations) = IExec(.J;Stopgcnpg . » )
[ (Int-Locations U FinSeq-Locations).

(72) Let s be a state of SCMpsa, I, J be macro instructions, and a be a
read-write integer location. Suppose s(a) < 0 and Directed(J) is pseudo-
closed on s. Then if > 0(a,I,J) is halting on s and if > 0(a,I,J) is
closed on s and LifeSpan(s+-(if > 0(a, I, J)+- Start-At(insloc(0)))) =
LifeSpan(s+-((J;Stopsompg, )+ Start-At(insloc(0)))) + 3.

(73) Let s be a state of SCMpga, I, J be macro instructions, and
a be a read-write integer location. Suppose s(intloc(0)) = 1 and
s(a) < 0 and Directed(J) is pseudo-closed on s. Then IExec(if >
0(a,I,J), s)[(Int-Locations U FinSeq-Locations) = IExec(J;Stopgcnpg,, » )
[(Int-Locations U FinSeq-Locations).

(74) Let s be a state of SCMpsa, I, J be macro instructions, and a be
a read-write integer location. Suppose Directed(I) is pseudo-closed on s
and Directed(J) is pseudo-closed on s. Then if = 0(a, I, J) is closed on s
and if = 0(a, I, J) is halting on s.

(75) Let s be a state of SCMpsa, I, J be macro instructions, and a be
a read-write integer location. Suppose Directed(I) is pseudo-closed on s
and Directed(J) is pseudo-closed on s. Then if > 0(a, I, J) is closed on s
and if > 0(a, I, J) is halting on s.

(76) Let I be a macro instruction and a be an integer location. If I does not
destroy a, then Directed (/) does not destroy a.
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(77) Let i be an instruction of SCMpsgs and a be an integer location. If 4
does not destroy a, then Macro(z) does not destroy a.

(78) For every integer location a holds haltscmyg, does not refer a.

(79) For all integer locations a, b, ¢ such that a # b holds AddTo(c,b) does
not refer a.

(80) Let i be an instruction of SCMpga and a be an integer location. If ¢
does not refer a, then Macro(i) does not refer a.

(81) Let I, J be macro instructions and a be an integer location. Suppose I
does not destroy a and J does not destroy a. Then I;J does not destroy
a.

(82) Let J be a macro instruction, ¢ be an instruction of SCMpga, and a be
an integer location. Suppose ¢ does not destroy a and J does not destroy
a. Then 7;J does not destroy a.

(83) Let I be a macro instruction, j be an instruction of SCMpggy, and a be
an integer location. Suppose I does not destroy a and j does not destroy
a. Then I;5 does not destroy a.

(84) Let 4, j be instructions of SCMpga and a be an integer location. Suppose
1 does not destroy a and j does not destroy a. Then ;5 does not destroy
a.

(85) For every integer location a holds Stopgcy,s, does not destroy a.

(86) For every integer location a and for every instruction-location [ of
SCMFrsa holds Goto(l) does not destroy a.

(87) Let s be a state of SCMpga and I be a macro instruction. Suppose I is

halting on Initialize(s). Then

(i)  for every read-write integer location a holds (IExec(I,s))(a) =
(Computation(Initialize(s)+-(I+- Start-At(insloc(0)))))
(LifeSpan(Initialize(s)+-(/+- Start-At(insloc(0)))))(a), and

(i)  for every finite sequence location f holds (IExec(l,s))(f) =
(Computation(Initialize(s)+-(I+- Start-At(insloc(0)))))
(LifeSpan(Initialize(s)+-(I+- Start-At(insloc(0)))))(f)-

(88) Let s be a state of SCMgpga, I be a parahalting macro instruc-
tion, and a be a read-write integer location. Then (IExec(I,s))(a) =
(Computation(Initialize(s)+-(I+- Start-At(insloc(0)))))
(LifeSpan(Initialize(s)+-(/+- Start-At(insloc(0)))))(a).

(89) Let s be a state of SCMpga, I be a macro instruction, a be an integer lo-
cation, and k be a natural number. Suppose [ is closed on Initialize(s) and
halting on Initialize(s) and I does not destroy a. Then (IExec(, s))(a) =
(Computation(Initialize(s)+-(/+- Start-At(insloc(0))))) (k) (a).

(90) Let s be a state of SCMFpga, I be a parahalting macro instruction, a be
an integer location, and k be a natural number. If I does not destroy a,
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then (IExec(I,s))(a) =
(Computation(Initialize(s)+-(/4- Start-At(insloc(0)))))(k)(a).

(91) Let s be a state of SCMpga, I be a parahalting macro instruction, and
a be an integer location. If I does not destroy a, then (IExec(I,s))(a) =
(Initialize(s))(a).

(92) Let s be a state of SCMpga and I be a keeping 0 macro instruction. Sup-
pose I is halting on Initialize(s). Then (IExec(Z, s))(intloc(0)) = 1 and for
every natural number k holds (Computation(Initialize(s)+-(/4- Start-At
(insloc(0))))) (k) (intloc(0)) = 1.

(93) Let s be a state of SCMpsa, I be a macro instruction, and
a be an integer location. Suppose I does not destroy a. Let k
be a natural number. If IC(Computation(s-l--(I—l--Start—At(insloc(O)))))(k) €
dom I, then (Computation(s+-(I+-Start-At(insloc(0)))))(k + 1)(a) =
(Computation(s+-(I+- Start-At(insloc(0)))))(k)(a).

(94) Let s be a state of SCMpga, I be a macro instruction, and a be an
integer location. Suppose I does not destroy a. Let m be a natural num-
ber. Suppose that for every natural number n such that n < m holds
IC(Computation(s+-(I+-Start—At(insloc(O)))))(n) € domI. Let n be a natural
number. If n < m, then
(Computation(s+-(I+- Start-At(insloc(0)))))(n)(a) = s(a).

(95) Let s be a state of SCMpga, I be a good macro instruction, and m
be a natural number. Suppose that for every natural number n such that
n < m holds IC(Computation(s+~(I+~Start-At(insloc(O)))))(n) € dom . Let n be
a natural number. If n < m, then (Computation(s+-(/+- Start-At
(insloc(0)))))(n)(intloc(0)) = s(intloc(0)).

(96) Let s be a state of SCMpgy and I be a good macro instruction.
Suppose I is halting on Initialize(s) and closed on Initialize(s). Then
(IExec(1, s))(intloc(0)) = 1 and for every natural number k holds
(Computation(Initialize(s)+-(I+- Start-At(insloc(0)))))(k)(intloc(0)) =
1.

(97) Let s be a state of SCMpgy and I be a good macro instruc-
tion. Suppose I is closed on s. Let k be a natural number. Then
(Computation(s+-(I+- Start-At(insloc(0)))))(k)(intloc(0)) = s(intloc(0)).

(98) Let s be a state of SCMpga, I be a keeping 0 parahalting macro instruc-
tion, and a be a read-write integer location. Suppose I does not destroy a.
Then (Computation(Initialize(s)+-((I;SubFrom(a, intloc(0)))+- Start-At
(insloc(0))))) (LifeSpan(Initialize(s)+-((I;SubFrom(a, intloc(0)))+- Start-At
(insloc(0)))))(a) = s(a) — 1.

(99) For every instruction i of SCMpga such that ¢ does not destroy intloc(0)
holds Macro(i) is good.
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(100) Let s1, s2 be states of SCMpga and I be a macro instruction. Suppose
I is closed on s and halting on s; and s1[D = so[D. Let k be a natural
number. Then

(i)  (Computation(s;+-(/+- Start-At(insloc(0))))) (k) and
(Computation(sg+-(/+- Start-At(insloc(0))))) (k) are equal outside the in-
struction locations of SCMpga, and

(ii)  Curlnstr((Computation(si+-(I+- Start-At(insloc(0)))))(k)) =
CurInstr((Computation(sg+-(/+- Start-At(insloc(0)))))(k)).

(101) Let s1, s2 be states of SCMgpga and I be a macro in-
struction. Suppose [ is closed on s; and halting on s; and
si/D = soD. Then LifeSpan(s;+-(I+-Start-At(insloc(0)))) =
LifeSpan(sa+-(I+- Start-At(insloc(0)))) and
Result(s;+-(I+- Start-At(insloc(0)))) and Result(sa+-(I+- Start-At
(insloc(0)))) are equal outside the instruction locations of SCMpga .

(102) Let N be a non empty set with non empty elements, S be a steady-
programmed von Neumann definite AMI over N, and s be a state of S.
Suppose s is halting. Then there exists a natural number k such that s
halts at IC(Computation(s))(k)'

(103) Let s1, s2 be states of SCMpga and I be a macro instruction. Suppose

that

) I is closed on s; and halting on s,

) I+ Start-At(insloc(0)) C sq,

(ili) I+ Start-At(insloc(0)) C s9, and

) there exists a natural number k such that (Computation(s;))(k) and

so are equal outside the instruction locations of SCMpga .

Then Result(s;) and Result(s2) are equal outside the instruction locations
of SCMFS A-

2. THE loop MACROINSTRUCTION

Let I be a macro instruction and let k£ be a natural number. One can verify
that IncAddr(Z, k) is initial and programmed.
Let I be a macro instruction. The functor loop I yields a halt-free macro
instruction and is defined by:
(Def. 4) loopI = (idthe instructions of SCMFSA‘i"(haltSCMFSA"—)gOtO inSlOC(O))) -I.
Next we state two propositions:
(104) For every macro instruction I holds loop I = Directed (7, insloc(0)).
(105) Let I be a macro instruction and a be an integer location. If I does not
destroy a, then loop I does not destroy a.
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Let I be a good macro instruction. One can verify that loop I is good.
The following propositions are true:

(106) For every macro instruction I holds domloop I = dom I.
(107) For every macro instruction I holds haltscmyg, ¢ rngloop 1.

(108) For every macro instruction I and for every set z such that € dom I
holds if I(x) # haltgcmys, , then (loop I)(z) = I(x).

(109) Let s be a state of SCMpga and I be a macro instruction.
Suppose [ is closed on s and halting on s. Let m be a natural
number. Suppose m < LifeSpan(s+-(/+- Start-At(insloc(0)))). Then
(Computation(s+-(I+- Start-At(insloc(0)))))(m) and
(Computation(s+-(loop I+- Start-At(insloc(0)))))(m) are equal outside
the instruction locations of SCMypga .

(110) Let s be a state of SCMpgga and I be a macro instruction.
Suppose [ is closed on s and halting on s. Let m be a na-
tural number. If m < LifeSpan(s+-(I+- Start-At(insloc(0)))), then
Curlnstr((Computation(s+-(I+- Start-At(insloc(0)))))(m)) =
CurlInstr((Computation(s+-(loop I+- Start-At(insloc(0)))))(m)).

(111) Let s be a state of SCMgpgpn and [ be a macro instruc-
tion. Suppose [ is closed on s and halting on s. Let m be
a natural number. If m < LifeSpan(s+-(/+- Start-At(insloc(0)))),
then Curlnstr((Computation(s+-(loop I+- Start-At(insloc(0)))))(m)) #
haltSCMFSA-

(112) Let s be a state of SCMpga and I be a macro instruction. If I is closed
on s and halting on s, then Curlnstr((Computation(s+-(loop I+- Start-At
(insloc(0))))) (LifeSpan(s+-(I+- Start-At(insloc(0)))))) = goto insloc(0).

(113) Let s be a state of SCMpga and I be a paraclosed macro instruction.
Suppose I+ Start-At(insloc(0)) C s and s is halting. Let m be a natu-
ral number. Suppose m < LifeSpan(s). Then (Computation(s))(m) and

(Computation(s+-loop I))(m) are equal outside the instruction locations
of SCMFS A-

(114) Let s be a state of SCMpga and I be a parahalting macro instruction.
Suppose Initialized(I) C s. Let k be a natural number. If k£ < LifeSpan(s),
then Curlnstr((Computation(s+-loopI))(k)) # haltscmypg, -

3. THE Times MACROINSTRUCTION

Let a be an integer location and let I be a macro instruction. The functor
Times(a, I) yields a macro instruction and is defined by:
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(Def. 5) Times(a,I) =if > 0(a,loopif = 0(a, Goto(insloc(2)), I;SubFrom

(a,intloc(0))), StopSCMFSA).
The following propositions are true:

(115) For every good macro instruction I and for every read-write integer lo-
cation a holds if = 0(a, Goto(insloc(2)), I;SubFrom(a, intloc(0))) is good.

(116) For all macro instructions I, J and for every integer location a holds
(if = 0(a, Goto(insloc(2)), I;SubFrom(a, intloc(0))))
(insloc(card(/;SubFrom(a, intloc(0))) + 3)) = goto
insloc(card(I;SubFrom(a, intloc(0))) + 5).

(117) Let s be a state of SCMpga, I be a good parahalting macro in-
struction, and a be a read-write integer location. Suppose I does
not destroy a and s(intloc(0)) = 1 and s(a) > 0. Then loopif =
0(a, Goto(insloc(2)), I;SubFrom(a, intloc(0))) is pseudo-closed on s.

(118) Let s be a state of SCMpga, I be a good parahalting ma-
cro instruction, and a be a read-write integer location. Suppose
I does not destroy a and s(a) > 0. Then Initialized(loopif =
0(a, Goto(insloc(2)), I;:SubFrom(a, intloc(0)))) is pseudo-closed on s.

(119) Let s be a state of SCMpga, I be a good parahalting macro instruction,
and a be a read-write integer location. Suppose I does not destroy a and
s(intloc(0)) = 1. Then Times(a, I') is closed on s and Times(a, I) is halting
on s.

(120) Let I be a good parahalting macro instruction and a be a read-write
integer location. If I does not destroy a, then Initialized(Times(a,I)) is
halting.

(121) Let I, J be macro instructions and a, ¢ be integer locations. Suppose [
does not destroy c and J does not destroy c. Then if = 0(a, I, J) does not
destroy ¢ and if > 0(a, I, J) does not destroy c.

(122) Let s be a state of SCMpga, I be a good parahalting macro instruction,
and a be a read-write integer location. Suppose I does not destroy a and
s(intloc(0)) = 1 and s(a) > 0. Then there exists a state sy of SCMpga
and there exists a natural number £k such that

(i) sz = s+-(loopif = 0(a, Goto(insloc(2)), I;SubFrom(a, intloc(0)))
+- Start-At(insloc(0))),
(ii) k= LifeSpan(s+-(if = (a, Goto(insloc(2)), I;SubFrom(a, intloc(0)))
+- Start-At(insloc(0)))) +
(iii)  (Computation(sz2))(k)(a ) s(a) — 1,
(iv)  (Computation(sz2))(k)(intloc(0)) = 1,

(v)  for every read-write integer location b such that b # a holds
(Computation(s2))(k)(b) = (IExec(, s))(b),

495
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(vi)  for every finite sequence location f holds (Computation(sq))(k)(f) =
(IExec(l, 5)) (f),
(Vii) IC(Computation(SQ))(k) = inSIOC(O)a and
(viii) for every mnatural number n such that n < &k holds
IC (Computation(ss))(n) € domloopif = 0(a, Goto(insloc(2)), I;SubFrom
(a,intloc(0))).
(123) Let s be a state of SCMpga, I be a good parahalting macro instruc-
tion, and a be a read-write integer location. If s(intloc(0)) = 1 and
s(a) < 0, then IExec(Times(a, I), s)[(Int-Locations U FinSeq-Locations) =
s[(Int-Locations U FinSeq-Locations).

(124) Let s be a state of SCMpga, I be a good parahalting macro in-
struction, and a be a read-write integer location. Suppose I does not
destroy a and s(a) > 0. Then (IExec(I;SubFrom(a,intloc(0)),s))(a) =
s(a) — 1 and IExec(Times(a, I), s)[(Int-Locations U FinSeqg-Locations) =
IExec(Times(a, I), [Exec(I;SubFrom(a, intloc(0)), s)) [ (Int-Locations
U FinSeq-Locations).

4. AN EXAMPLE

One can prove the following proposition

(125) Let s be a state of SCMpgs and a, b, ¢ be read-write integer lo-
cations. If @ # b and @ # ¢ and b # ¢ and s(a) > 0, then
(IExec(Times(a, Macro(AddTo(b, ¢))), s))(b) = s(b) + s(c) - s(a).
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for this paper.

1. PRELIMINARIES

The following propositions are true:

(1) Let R be a relational structure and S be a full relational substructure
of R. Then every full relational substructure of S is a full relational sub-
structure of R.

(2) Let X,Y, Z be non empty 1-sorted structures, f be a map from X into
Y, and g be a map from Y into Z. If f is onto and g is onto, then g - f is
onto.

(3) For every non empty 1-sorted structure X and for every subset Y of the
carrier of X holds (idx)°Y =Y.

(4) For every set X and for every element a of 2)5 holds Ta = {Y;Y ranges
over subsets of X: a C Y}.

(5) Let L be an upper-bounded non empty antisymmetric relational struc-
ture and a be an element of L. If Ty, < a, thena = Ty .

1 This work has been supported by KBN Grant 8 T11C 018 12.
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(6) Let S, T be non empty posets, g be a map from S into 7', and d be a
map from T into S. If g is onto and (g, d) is Galois, then T" and Imd are
isomorphic.

(7) Let Ly, Lo, L3 be non empty posets, g1 be a map from L; into L, go
be a map from Lo into L3, d; be a map from Lo into L1, and ds be a map
from Lg into Lo. If (g1, d1) is Galois and (g2, d2) is Galois, then (g2 - g1,
dy - dg) is Galois.

(8) Let Ly, Ly be non empty posets, f be a map from L; into Lo, and f;
be a map from Ls into Li. Suppose fi = (f qua function) ~! and f is
isomorphic. Then (f, f1) is Galois and (f1, f) is Galois.

(9) For every set X holds 2% is arithmetic.

Next we state four propositions:

(10) Let Ly, Lo be up-complete non empty posets and f be a map from L; into
Lo. If f is isomorphic, then for every element x of L; holds f°lx = |f(z).

(11) For all non empty posets L1, Lo such that L; and Lo are isomorphic and
L4 is continuous holds L9 is continuous.

(12) Let Ly, Lo be lattices. Suppose Lj and Lo are isomorphic and L; is
lower-bounded and arithmetic. Then Lo is arithmetic.

(13) Let Ly, Lo, Lg be non empty posets, f be a map from L into Lo, and
g be a map from Lo into Ls. Suppose f is directed-sups-preserving and ¢
is directed-sups-preserving. Then ¢ - f is directed-sups-preserving.

2. MAPS PRESERVING SUP’S AND INF’S

One can prove the following propositions:

(14) Let Ly, Ly be non empty relational structures, f be a map from L; into
Lo, and X be a subset of Im f. Then (f,)°X = X.

(15) Let X be a set and ¢ be a map from 28 into 2&. Suppose c is idempotent
and directed-sups-preserving. Then ¢, is directed-sups-preserving.

(16) Let L be a continuous complete lattice and p be a kernel map from L
into L. If p is directed-sups-preserving, then Im p is a continuous lattice.

(17) Let L be a continuous complete lattice and p be a projection map from
L into L. If p is directed-sups-preserving, then Im p is a continuous lattice.

(18) Let L be a lower-bounded lattice. Then L is continuous if and only if
there exists an arithmetic lower-bounded lattice A such that there exists
a map from A into L which is onto, infs-preserving, and directed-sups-
preserving.

(19) Let L be a lower-bounded lattice. Then L is continuous if and only if
there exists an algebraic lower-bounded lattice A such that there exists
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a map from A into L which is onto, infs-preserving, and directed-sups-
preserving.

(20) Let L be a lower-bounded lattice. Then L is continuous if and only if
there exists a set X and there exists a projection map p from 2& into 2%
such that p is directed-sups-preserving and L and Im p are isomorphic.

3. ATomMs ELEMENTS

Next we state two propositions:

(21) For every non empty relational structure L and for every element x of
L holds = € PRIME(L®P) iff x is co-prime.

(22) Let L be a sup-semilattice and a be an element of L. Then a is co-prime
if and only if for all elements x, y of L such that a < z Uy holds a < x or
a<y.

Let L be a non empty relational structure and let a be an element of L. We
say that a is an atom if and only if:
(Def. 1) L < a and for every element b of L such that L < b and b < a holds
b=a.
Let L be a non empty relational structure. The functor ATOM(L) yielding
a subset of L is defined by:
(Def. 2) For every element = of L holds z € ATOM(L) iff x is atom.
The following proposition is true

(23) For every Boolean lattice L and for every element a of L holds a is atom
iff @ is co-prime and a # L.

Let L be a Boolean lattice. Observe that every element of L which is atom
is also co-prime.
Next we state several propositions:

(24) For every Boolean lattice L holds ATOM(L) = PRIME(L®P) \ {L}.

(25) For every Boolean lattice L and for all elements z, a of L such that a is
atom holds a < z iff a € —x.

(26) Let L be a complete Boolean lattice, X be a subset of L, and = be an
element of L. Then z Msup X = | |; {z My;y ranges over elements of L:
ye X}

(27) Let L be a lower-bounded antisymmetric non empty relational structure
with g.l.b.’s and z, y be elements of L. If x is atom and y is atom and
x#y, thenxMy= 1Lrp.

(28) Let L be a complete Boolean lattice, 2 be an element of L, and A be a
subset of L. If A C ATOM(L), then z € A iff x is atom and = < sup A.
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(29) Let L be a complete Boolean lattice and X, Y be subsets of L. If X C
ATOM(L) and Y C ATOM(L), then X CY iff sup X <supY.

4. MORE ON THE BOOLEAN LATTICE

One can prove the following propositions:
(30) For every Boolean lattice L holds L is arithmetic iff there exists a set X
such that L and 2% are isomorphic.
(31) For every Boolean lattice L holds L is arithmetic iff L is algebraic.
(32) For every Boolean lattice L holds L is arithmetic iff L is continuous.
(33) For every Boolean lattice L holds L is arithmetic iff L is continuous and
L°P is continuous.
(34) For every Boolean lattice L holds L is arithmetic iff L is completely-
distributive.
(35) Let L be a Boolean lattice. Then L is arithmetic if and only if the
following conditions are satisfied:
(i) L is complete, and
(ii)  for every element z of L there exists a subset X of L such that X C
ATOM(L) and z = sup X.
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1. PROJECTIONS

For simplicity, we use the following convention: a, b, s, s1, r, r1, ro denote
real numbers, n, ¢ denote natural numbers, X denotes a non empty topological
space, p, p1, P2, ¢ denote points of £, P denotes a subset of the carrier of £,
and f denotes a map from % into R™.

Let n, i be natural numbers and let p be an element of the carrier of £F.
The functor Proj(p, i) yielding a real number is defined as follows:

(Def. 1) For every finite sequence g of elements of R such that ¢ = p holds
Proj(p,i) = mig.

The work was done, while the author stayed at Nagano in the fall of 1996.
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The following propositions are true:

(1) For every i there exists a map f from £ into R! such that for every
element p of the carrier of £} holds f(p) = Proj(p, ).

(2) For every i such that ¢ € Segn holds (0,...,0)(i) = 0.
——

n

(3) For every i such that i € Segn holds Proj(0Ogz,i) = 0.
(4) For all 7, p, i such that i € Segn holds Proj(r - p,i) = r - Proj(p, 7).
(5) For all p, i such that i € Segn holds Proj(—p,i) = —Proj(p, 7).
(6) For all p1, pa, @ such that i € Segn holds Proj(p1 + p2,i) = Proj(p1,i) +
Proj(pa, ).
(7) For all p1, po, i such that i € Segn holds Proj(p; — p2,1) = Proj(p1,i) —
Proj(pa, ).
8) len(0,...,0) =n.
(8) len( )
n
(9) For every i such that ¢ < n holds (0,...,0)[i = (0,...,0).
~—— ~——
n 1
(10) For every ¢ holds (0,...,0); = (0,...,0).
N—— N——
n n—'4

11) For every ¢ holds 0,...,0)=0.
(11) very > )

(12) For every finite sequence w and for all r, 7 holds len(w +- (¢,7)) = lenw.
(13) For every finite sequence w of elements of R and for all 7, ¢ such that
i € Seglenw holds w +- (i,7) = (wli =" 1) ™ (r) ™ (wy;).
(14) For all ¢, r such that i € Segn holds > ((0,...,0) +- (i,r)) =r.
——

(15) For every element g of R™ and for all p, i such that i € Segn and ¢ = p
holds Proj(p, ) < || and (Proj(p, i))? < |al.

2. CONTINUITY OF PROJECTIONS

Next we state several propositions:

(16) For all s, P, i such that P = {p: s; > Proj(p,?)} and i € Segn holds
P is open.

(17) For all sy, P, i such that P = {p: s; < Proj(p,?)} and ¢ € Segn holds
P is open.

(18) Let P be a subset of the carrier of £}, a, b be real numbers, and gi-
ven i. Suppose P = {p;p ranges over elements of the carrier of &}:
a < Proj(p,i) N Proj(p,i) < b} and i € Segn. Then P is open.
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(19) Let a, b be real numbers, f be a map from &% into R, and given i. Sup-
pose that for every element p of the carrier of £F holds f(p) = Proj(p,i).
Then f~1({s:a < s A s <b}) = {p;p ranges over elements of the carrier
of &%: a < Proj(p,i) A Proj(p,i) < b}.

(20) Let M be a metric space and f be a map from X into M;,p. Suppose that
for every real number r and for every element u of the carrier of M and for
every subset P of the carrier of M, such that » > 0 and P = Ball(u, )
holds f~1(P) is open. Then f is continuous.

(21) Let u be a point of the metric space of real numbers and r, u; be real
numbers. If u; = v and r > 0, then Ball(u,7) = {s:u1 —r <s A s<
uy +r}.

(22) Let f be a map from &} into R' and given i. Suppose i € Segn and
for every element p of the carrier of £F holds f(p) = Proj(p,4). Then f is
continuous.

3. 1-DIMENSIONAL AND 2-DIMENSIONAL CASES

The following three propositions are true:
(23) For every s holds [(s)| = (|s|).
(24) For every element p of the carrier of £ there exists 7 such that p = (r).
(25) For every element w of the carrier of £ there exists r such that w = (r).
Let us consider r. The functor |[r]| yields a point of £ and is defined by:
(Det. 2) [[r]] = (r).

The following propositions are true:

(26) For all r, s holds s - |[r]| = |[s - 7]|.

(27) For all r1, ro holds |[r1 + r2]| = |[r1]| + |[r2]]-

(28) [[0]] = Ogy.

(29) For all r1, ro such that |[r1]| = |[r2]| holds 1 = ra.

(30) For every subset P of the carrier of R! and for every real number b such

that P = {s: s < b} holds P is open.

(31) For every subset P of the carrier of R! and for every real number a such
that P = {s: a < s} holds P is open.

(32) For every subset P of the carrier of R! and for all real numbers a, b such
that P={s:a <s A s <b} holds P is open.

(33) For every point u of £! and for all real numbers 7, u; such that (u;) = u
and 7 > 0 holds Ball(u,7) = {(s) :u1 —7r <s A s<wuj +r}.

(34) Let f be a map from 5’% into R!. Suppose that for every element p of
the carrier of &4 holds f(p) = Proj(p,1). Then f is a homeomorphism.
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(35) For every element p of the carrier of €% holds Proj(p,1) = p1 and
Proj(p,2) = pa.

(36) For every element p of the carrier of €2 holds Proj(p,1) = (projl)(p)
and Proj(p, 2) = (proj2)(p).
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Summary. Various types of the intermediate value theorem ([25]) are
proved. For their special cases, the Bolzano theorem is also proved. Using such
a theorem, it is shown that if a curve is a simple closed curve, then it is not
horizontally degenerated, neither is it vertically degenerated.
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The articles (29], (3], (28], (16], [1], [27), (34, (6], 7], [4], (8], [32], [22], [35], [11],
[10], [24], [2], [5], [31], [17], 3], [12], [13], [14], [15], [18], [19], [21], [26], [23], [30],
[9], and [20] provide the notation and terminology for this paper.

1. INTERMEDIATE VALUE THEOREMS AND BOLZANO THEOREM

For simplicity, we adopt the following convention: a, b, ¢, d, 71, 72, r3, 7, T4,
$1, S9 are real numbers, p, q are points of 5%, P is a subset of the carrier of 8%,
and X, Y, Z are non empty topological spaces.
Next we state a number of propositions:
(1) For all a, b, c holds ¢ € [a,b] iff @ < ¢ and ¢ < b.
(2) Let f be a continuous mapping from X into Y and g be a continuous
mapping from Y into Z. Then ¢ - f is a continuous mapping from X into
Z.

(3) Let A, B be subsets of the carrier of X. If A is open and B is open and
AN B =0x, then A and B are separated.
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(4) Let A, By, Bs be subsets of the carrier of X. Suppose Bj is open and Bs
is open and BiNA # () and BoNA # () and A C B{UBs and ByN By = (.
Then A is not connected.

(5) Let f be a continuous mapping from X into Y and A be a subset of the
carrier of X. If A is connected and A # (), then f°A is connected.

(6) For all r1, r such that rq < g holds Qg ), 1y},

(7) For every subset A of the carrier of R and for every a such that A =
{r :a <r} holds A is open.

is connected.

(8) For every subset A of the carrier of R! and for every a such that A =
{r :a>r} holds A is open.

(9) Let A be a subset of the carrier of R! and given a. Suppose a ¢ A and
there exist b, d such that b€ Aand d € A and b < a and a < d. Then A
is not connected.

(10) Let X be a non empty topological space, 1, z2 be points of X, a, b, d be
real numbers, and f be a continuous mapping from X into R'. Suppose
X is connected and f(x1) = a and f(x2) = b and a < d and d < b. Then
there exists a point x3 of X such that f(z3) = d.

(11) Let X be a non empty topological space, z1, x2 be points of X, B be a
subset of the carrier of X, a, b, d be real numbers, and f be a continuous
mapping from X into R!. Suppose B is connected and f(x1) = a and
f(ze) =band a < dand d < band z; € B and 2 € B. Then there exists
a point x3 of X such that z3 € B and f(z3) = d.

(12) Let given r1, 72, a, b. Suppose 11 < ra. Let f be a continuous mapping
from [(r1), o] into R! and given d. Suppose f(r1) = a and f(re) = b and
a < d and d < b. Then there exists r3 such that f(r3) = d and r1 < r3
and r3 < ro.

(13) Let given r1, 72, a, b. Suppose 11 < ra. Let f be a continuous mapping
from [(r1), 2] into R! and given d. Suppose f(r1) = a and f(r2) = b and
a > d and d > b. Then there exists r3 such that f(r3) = d and r1 < r3
and rg < ro.

(14) Let r1, r2 be real numbers, g be a continuous mapping from [(r1), ro|r
into R, and given s1, so. Suppose r; < 19 and s1 - s < 0 and s1 = g(r1)
and s2 = g(r2). Then there exists r4 such that g(r4) = 0 and r; < r4 and
rq4 < T2.

(15) Let g be a map from I into R! and given s1, s3. Suppose g is continuous
and ¢g(0) # ¢g(1) and s; = ¢g(0) and s2 = g(1). Then there exists r4 such
that 0 < r4 and r4 < 1 and g(ry) = %
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2. SIMPLE CLOSED CURVES ARE NOT FLAT

Next we state a number of propositions:

(16) For every map f from 2 into R! such that f = projl holds f is conti-
nuous.

(17) For every map f from €2 into R! such that f = proj2 holds f is conti-
nuous.

(18) Let P be a non empty subset of the carrier of £2 and f be a map from
[ into (£2)]P. Suppose f is continuous. Then there exists a map g from I
into R! such that g is continuous and for all , ¢ such that r € the carrier
of I and ¢ = f(r) holds ¢1 = g(r).

(19) Let P be a non empty subset of the carrier of 5% and f be a map from
I into (5%) [ P. Suppose f is continuous. Then there exists a map g from I
into R! such that g is continuous and for all r, ¢ such that » € the carrier
of T and ¢ = f(r) holds g2 = g(r).

(20) Let P be a non empty subset of the carrier of £2. Suppose P is simple
closed curve. Then it is not true that there exists r such that for every p
such that p € P holds pg = 7.

(21) Let P be a non empty subset of the carrier of 5%. Suppose P is simple
closed curve. Then it is not true that there exists r such that for every p
such that p € P holds p; = r.

(22) For every compact non empty subset C' of €% such that C is a simple
closed curve holds N-bound C' > S-bound C.

(23) For every compact non empty subset C' of £% such that C' is a simple
closed curve holds E-bound C' > W-bound C.

(24) For every compact non empty subset P of 5% such that P is a simple
closed curve holds S-min P # N-max P.

(25) For every compact non empty subset P of 5% such that P is a simple
closed curve holds W-min P # E-max P.
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paper.

1. PRELIMINARIES

The scheme RecChoice deals with a set A and a ternary predicate P, and
states that:

There exists a function f such that dom f = N and f(0) = A and
for every element n of N holds Pn, f(n), f(n + 1)]
provided the following condition is satisfied:

e For every natural number n and for every set x there exists a set
y such that P[n,z,y].

One can prove the following propositions:

(1) For every function f and for every function yielding function F' such that
f=Urng F holds dom f = |Jrng(dom,, F'(k)).

(2) For all non empty sets A, B holds [|JA, UB] = U{la, b];a ranges
over elements of A, b ranges over elements of B: a € A N b€ B}.

(3) For every non empty set A such that A is C-linear holds [|JA, UA] =
(U{} @, a];a ranges over elements of A: a € A}.
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2. AN EQUIVALENCE LATTICE OF A SET

In the sequel X is a non empty set.
Let A be a non empty set. The functor EqRelPoset(A) yielding a poset is
defined as follows:
(Def. 1) EqRelPoset(A) = Poset(EqRelLatt(A)).
Let A be a non empty set. One can check that EqRelPoset(A) is non empty
and has g.l.b.’s and L.u.b.’s.
One can prove the following propositions:
(4) Let A be a non empty set and x be a set. Then x € the carrier of
EqRelPoset(A) if and only if  is an equivalence relation of A.
(5) For every non empty set A and for all elements z, y of the carrier of
EqRelLatt(A) holds x C y iff x C y.
(6) For every non empty set A and for all elements a, b of EqRelPoset(A)
holds a < b iff a C b.
(7) For every lattice L and for all elements a, b of Poset(L) holds alb = "al1b.

(8) For every non empty set A and for all elements a, b of EqRelPoset(A)
holds amMb=anb.
(9) For every lattice L and for all elements a, b of Poset(L) holds allb = "all'b.
(10) Let A be anon empty set, a, b be elements of EqRelPoset(A), and E, Ey
be equivalence relations of A. If « = E7 and b = E5, then alUb = E1 L Es.
(11) Let L be a lattice, X be a set, and b be an element of L. Then b < X if
and only if b < X Nthe carrier of L.
Let L be a non empty relational structure. Let us observe that L is complete
if and only if the condition (Def. 2) is satisfied.
(Def. 2) Let X be a subset of L. Then there exists an element a of L such that
a < X and for every element b of L such that b < X holds b < a.
Let A be a non empty set. Note that EqRelPoset(A) is complete.

3. A TYPE OF A SUBLATTICE OF EQUIVALENCE LATTICE OF A SET

Let Lq, Lo be lattices. One can check that there exists a map from L; into
Lo which is meet-preserving and join-preserving.

Let Ly, Lo be lattices. A homomorphism from L1 to L is a meet-preserving
join-preserving map from L; into Ls.

Let L be a lattice. One can check that there exists a relational substructure
of L which is meet-inheriting, join-inheriting, and strict.
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Let Ly, Ly be lattices and let f be a homomorphism from L; to Ly. Then
Im f is a strict full sublattice of Lo.

We follow the rules: e, e1, es denote equivalence relations of X and x, y
denote sets.

Let us consider X, let f be a non empty finite sequence of elements of X,
let us consider z, y, and let R be a binary relation. We say that z and y are
joint by f and R if and only if:

(Def. 3) f(1) = = and f(len f) = y and for every natural number i such that
1 <iandi<lenf holds (f(i), f(i+1)) € R.

One can prove the following propositions:

(12) Let = be a set, o be a natural number, R be a binary relation, and f be
a non empty finite sequence of elements of X. If R is reflexive in X and
f =0+ x, then x and x are joint by f and R.

(13) Let z, y, z be sets, R be a binary relation, and f, g be non empty finite
sequences of elements of X. Suppose R is reflexive in X and x and y are
joint by f and R and y and z are joint by g and R. Then there exists a
non empty finite sequence h of elements of X such that h = f ~ ¢ and =
and z are joint by h and R.

(14) Let z, y be sets, R be a binary relation, and n, m be natural numbers.
Suppose that
() n<m,
(ii) R is reflexive in X, and
(iii)  there exists a non empty finite sequence f of elements of X such that
len f =n and z and y are joint by f and R.
Then there exists a non empty finite sequence h of elements of X such
that len h = m and x and y are joint by h and R.

Let us consider X and let Y be a sublattice of EqRelPoset(X). Let us assume
that there exists e such that e € the carrier of Y e # idx. And let us assume
that there exists a natural number o such that for all ey, es, z, y such that
e1 € the carrier of Y and ey € the carrier of Y and (z, y) € e U e there exists
a non empty finite sequence F' of elements of X such that len F' = 0 and x and
y are joint by F' and e; U ez. The type of Y is a natural number and is defined
by the conditions (Def. 4).

(Def. 4)(i) For all e1, ea, x, y such that e; € the carrier of Y and e € the carrier
of Y and (z, y) € e; U eg there exists a non empty finite sequence F' of
elements of X such that len F' = (the type of Y') 4+ 2 and x and y are joint
by F and e; U eg, and

(ii)  there exist ej, e9, x, y such that e; € the carrier of Y and es € the
carrier of Y and (x, y) € e; Ueg and it is not true that there exists a non
empty finite sequence F' of elements of X such that len F' = (the type of
Y) + 1 and x and y are joint by F' and e; U es.
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One can prove the following proposition

(15) Let Y be a sublattice of EqRelPoset(X) and n be a natural number.

Suppose that

(i)  there exists e such that e € the carrier of Y and e # idx, and

(ii)  for all ey, e, x, y such that e; € the carrier of Y and es € the carrier
of Y and (z, y) € e; U eg there exists a non empty finite sequence F' of
elements of X such that len ' = n + 2 and = and y are joint by F' and
e1 Ues.
Then the type of Y < n.

4. A MEET-REPRESENTATION OF A LATTICE

In the sequel A is a non empty set and L is a lower-bounded lattice.
Let us consider A, L.

(Def. 5) A function from [ A, A] into the carrier of L is said to be a bifunction

from A into L.
Let us consider A, L, let f be a bifunction from A into L, and let z, y be
elements of A. Then f(z, y) is an element of L.
Let us consider A, L and let f be a bifunction from A into L. We say that
f is symmetric if and only if:
(Def. 6) For all elements z, y of A holds f(x, y) = f(y, z).
We say that f is zeroed if and only if:
(Def. 7) For every element = of A holds f(z, z) = L.
We say that f satisfies triangle inequality if and only if:

(Def. 8) For all elements z, y, z of A holds f(z, y) U f(y, z) = f(z, 2).

Let us consider A, L. Observe that there exists a bifunction from A into L
which is symmetric and zeroed and satisfies triangle inequality.

Let us consider A, L. A distance function of A, L is a symmetric zeroed
bifunction from A into L satisfying triangle inequality.

Let us consider A, L and let d be a distance function of A, L. The functor
a(d) yielding a map from L into EqRelPoset(A) is defined by the condition
(Def. 9).

(Def. 9) Let e be an element of L. Then there exists an equivalence relation E of
A such that E = (a(d))(e) and for all elements z, y of A holds (z, y) € E
iff d(z, y) <e.

The following two propositions are true:
(16) For every distance function d of A, L holds a(d) is meet-preserving.

(17) For every distance function d of A, L such that d is onto holds a(d) is
one-to-one.
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5. JONSON’S THEOREM

Let A be a set. The functor A* is defined as follows:

(Def. 10) A" = AU{{A}, {{A}} {{{A}}}}.
Let A be a set. One can verify that A* is non empty.
Let us consider A, L, let d be a bifunction from A into L, and let ¢ be an
element of [ A, A, the carrier of L, the carrier of LJ. The functor d; yields a
bifunction from A* into L and is defined by the conditions (Def. 11).

(Def. 11)(i) ~ For all elements u, v of A holds dj(u, v) = d(u, v),

(i) dz({A}, {A}) = Lu,
(i) da({{A}}, {{4}}) = Li,
(iv)  dg({{{A}}} {{{4}H}}) = Lo,
(v)  da({{AH} {{{AH)) = gs,
(vi)  dy({{{A}}}, {{4}}) = gs,
(vii)  dg({A}, {{A}}) = ga,
(vii)  dg({{A}}, {4}) = aa,
(ix) dy({A}, {{{A}}) = asUaa,
(x)  di({{{A}}}, {A}) = g3 U g4, and
(xi)  for every element u of A holds dj(u, {A}) = d(u, q1) U g3 and d;({A},

u) = d(u, g1) U g3 and d;(u {{A}}) = d(u, q1) U g3 Uqa and d;({{A}},
u) = d(u, q1)Ugslga and d*( {{{A}}}) = d(u, g2)Uqa and di({{{A}}},
u) = d(u, q2) L gq.

Next we state several propositions:

(18) Let d be a bifunction from A into L. Suppose d is zeroed. Let ¢ be an
element of [ A, A, the carrier of L, the carrier of L ]. Then dj is zeroed.

(19) Let d be a bifunction from A into L. Suppose d is symmetric. Let ¢
be an element of [ A, A, the carrier of L, the carrier of L]. Then dy is
symmetric.

(20) Let d be a bifunction from A into L. Suppose d is symmetric and satisfies
triangle inequality. Let ¢ be an element of | A, A, the carrier of L, the
carrier of L]. If d(q1, g2) < g3 L qa, then dj satisfies triangle inequality.

(21) For every set A holds A C A*.

(22) Let d be a bifunction from A into L and ¢ be an element of [ A, A, the
carrier of L, the carrier of L. Then d C dj.

Let us consider A, L and let d be a bifunction from A into L. The functor
DistEsti(d) yields a cardinal number and is defined as follows:
(Def. 12) DistEsti(d) ~ {{z,y,a,b);z ranges over elements of A, y ranges over

elements of A, a ranges over elements of L, b ranges over elements of L:
d(z,y) < alb}.
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We now state the proposition
(23) For every distance function d of A, L holds DistEsti(d) # 0.

In the sequel T denotes a transfinite sequence and O, O, O3 denote ordinal
numbers.

Let us consider A and let us consider O. The functor ConsecutiveSet(A, O)
is defined by the condition (Def. 13).

(Def. 13) There exists a transfinite sequence Lg such that
(i)  ConsecutiveSet(A, O) = last Ly,

(i) dom Lo = succ O,

(i) Lo(0) = A,

(iv)  for every ordinal number C and for every set z such that succ C' € succ O
and z = Lo(C) holds Ly(succ C') = z*, and
(v)  for every ordinal number C' and for every transfinite sequence Ly such

that C' € succ O and C' # () and C is a limit ordinal number and L1 = Ly[C

holds Lo(C) = Jrng L;.
We now state three propositions:
(24) ConsecutiveSet(A, ) = A.
(25) ConsecutiveSet(A, succ O) = (ConsecutiveSet(A4, 0))*.
(26) Suppose O # () and O is a limit ordinal number and domT = O

and for every ordinal number O; such that O; € O holds T(0;) =
ConsecutiveSet(A, O1). Then ConsecutiveSet(A, O) = JrngT.

Let us consider A and let us consider O. Note that ConsecutiveSet(A, O) is
non empty.
One can prove the following proposition
(27) A C ConsecutiveSet(A, O).

Let us consider A, L and let d be a bifunction from A into L. A transfinite
sequence of elements of [ A, A, the carrier of L, the carrier of L] is said to be
a sequence of quadruples of d if it satisfies the conditions (Def. 14).

(Def. 14)(i) domit is a cardinal number,
(ii) it is one-to-one, and
(iii) rngit = {{(x,y, a,b); x ranges over elements of A, y ranges over elements
of A, a ranges over elements of L, b ranges over elements of L: d(zx, y) <
allb}.

Let us consider A, L, let d be a bifunction from A into L, let ¢ be a se-
quence of quadruples of d, and let us consider O. Let us assume that O €
dom g. The functor Quadr(g, O) yielding an element of | ConsecutiveSet(A, O),
ConsecutiveSet(A4, O), the carrier of L, the carrier of L] is defined as follows:

(Def. 15) Quadr(gq,O) = ¢(O).

One can prove the following proposition
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(28) Let d be a bifunction from A into L and ¢ be a sequence of quadruples
of d. Then O € DistEsti(d) if and only if O € domg.
Let us consider A, L and let z be a set. Let us assume that z is a bifunction
from A into L. The functor BiFun(z, A, L) yields a bifunction from A into L
and is defined as follows:

(Def. 16) BiFun(z, A, L) = .
Let us consider A, L, let d be a bifunction from A into L, let ¢ be a sequence

of quadruples of d, and let us consider O. The functor ConsecutiveDelta(q, O)
is defined by the condition (Def. 17).

(Def. 17) There exists a transfinite sequence Lg such that
(i)  ConsecutiveDelta(g, O) = last Lo,

(i) dom Lo = succO,

(i) Lo(®) = d,

(iv) for every ordinal number C and for every set z such
that succC € succO and z = Lo(C) holds Lg(succC) =
(BiFun(z, ConsecutiveSet(A4, C'), L))auadr(q’c), and

(v)  for every ordinal number C' and for every transfinite sequence Ly such
that C € succ O and C' # () and C is a limit ordinal number and L1 = Ly|C
holds Lo(C) = |Jrng L;.

Next we state four propositions:

(29) For every bifunction d from A into L and for every sequence ¢ of qu-
adruples of d holds ConsecutiveDelta(q, ) = d.

(30) For every bifunction d from A into L and for every sequ-
ence g of quadruples of d holds ConsecutiveDelta(g,succO) =
(BiFun(ConsecutiveDelta(q, O), ConsecutiveSet(A4, O), L))auadr(q,O)’

(31) Let d be a bifunction from A into L and g be a sequence of quadruples
of d. Suppose O # 0 and O is a limit ordinal number and domT =
O and for every ordinal number O; such that O; € O holds T(0;) =
ConsecutiveDelta(g, O1). Then ConsecutiveDelta(q, O) = (Jrng 7.

(32) 1If O1 C Oq, then ConsecutiveSet(A, O1) C ConsecutiveSet(A, Os).

Let O be a non empty ordinal number. Note that every element of O is
ordinal-like.
Next we state the proposition
(33) Let d be a bifunction from A into L and g be a sequence of quadruples of
d. Then ConsecutiveDelta(q, O) is a bifunction from ConsecutiveSet(A, O)
into L.
Let us consider A, L, let d be a bifunction from A into L, let ¢ be a sequence
of quadruples of d, and let us consider O. Then ConsecutiveDelta(q, O) is a
bifunction from ConsecutiveSet(A, O) into L.
Next we state several propositions:
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(34) For every bifunction d from A into L and for every sequence ¢ of qu-
adruples of d holds d C ConsecutiveDelta(q, O).

(35) For every bifunction d from A into L and for every sequence ¢ of
quadruples of d such that O; C O3 holds ConsecutiveDelta(q, O1) C
ConsecutiveDelta(g, O2).

(36) Let d be a bifunction from A into L. Suppose d is zeroed. Let ¢ be a
sequence of quadruples of d. Then ConsecutiveDelta(q, O) is zeroed.

(37) Let d be a bifunction from A into L. Suppose d is symmetric. Let ¢ be a
sequence of quadruples of d. Then ConsecutiveDelta(g, O) is symmetric.

(38) Let d be a bifunction from A into L. Suppose d is symmetric and
satisfies triangle inequality. Let g be a sequence of quadruples of d. If
O C DistEsti(d), then ConsecutiveDelta(q, O) satisfies triangle inequality.

(39) Let d be a distance function of A, L and ¢ be a sequence of quadruples of
d. If O C DistEsti(d), then ConsecutiveDelta(g, O) is a distance function
of ConsecutiveSet(A, O), L.

Let us consider A, L and let d be a bifunction from A into L. The functor
NextSet(d) is defined as follows:
(Def. 18) NextSet(d) = ConsecutiveSet(A, DistEsti(d)).
Let us consider A, L and let d be a bifunction from A into L. One can check
that NextSet(d) is non empty.
Let us consider A, L, let d be a bifunction from A into L, and let ¢ be a
sequence of quadruples of d. The functor NextDelta(q) is defined as follows:
(Def. 19) NextDelta(q) = ConsecutiveDelta(g, DistEsti(d)).

Let us consider A, L, let d be a distance function of A, L, and let ¢ be
a sequence of quadruples of d. Then NextDelta(q) is a distance function of
NextSet(d), L.

Let us consider A, L, let d be a distance function of A, L, let A; be a non
empty set, and let d; be a distance function of A;, L. We say that (Ay,d;) is
extension of (A, d) if and only if:

(Def. 20) There exists a sequence ¢ of quadruples of d such that A; = NextSet(d)
and d; = NextDelta(q).
The following proposition is true
(40) Let d be a distance function of A, L, Ay be a non empty set, and d; be
a distance function of A, L. Suppose (A1,d;) is extension of (A,d). Let
x, y be elements of A and a, b be elements of L. Suppose d(z, y) < alUb.
Then there exist elements zj, z2, z3 of A; such that dy(z, z1) = a and
di(z2, z3) = a and dy(z1, z2) = b and dy(z3, y) = b.
Let us consider A, L and let d be a distance function of A, L. A function is
called an extension sequence of (A, d) if it satisfies the conditions (Def. 21).

(Def. 21)(i) domit =N,
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(ii) it(0) = (A, d), and
(iii)  for every natural number n there exists a non empty set A’ and there
exists a distance function d’ of A’, L and there exists a non empty set
A; and there exists a distance function dy of A, L such that (Aj,dy) is
extension of (A',d’) and it(n) = (A’, d’) and it(n + 1) = (Ay, d1).
Next we state two propositions:

(41) Let d be a distance function of A, L, S be an extension sequence of
(A,d), and k, [ be natural numbers. If £ <[, then S(k); C S(1)1.

(42) Let d be a distance function of A, L, S be an extension sequence of
(A,d), and k, | be natural numbers. If k < [, then S(k)2 C S(1)2.

Let us consider L. The functor dy(L) yields a distance function of the carrier
of L, L and is defined by:

(Def. 22) For all elements z, y of the carrier of L holds if = # y, then (do(L))(z,
y) =z Uy and if © =y, then (0o(L))(z, y) = L.
We now state two propositions:
(43) do(L) is onto.
(44) There exists a non empty set A and there exists a homomorphism f from
L to EqRelPoset(A) such that f is one-to-one and the type of Im f < 3.
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Summary. For mappings from a metric space to a metric space, a notion
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1. LEBESGUE’S COVERING LEMMA

We adopt the following rules: s, s1, so, t, 7, r1, ro are real numbers, n, m
are natural numbers, and X, Y are non empty metric spaces.
The following two propositions are true:

1) t—r—(t—s)=—r+sandt—r—(t—s)=s—r.

(2) For every r such that r > 0 there exists a natural number n such that
n >0 and % <r.
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Let X, Y be non empty metric structures and let f be a map from X into
Y. We say that f is uniformly continuous if and only if the condition (Def. 1)
is satisfied.

(Def. 1) Let given r. Suppose 0 < r. Then there exists s such that 0 < s and
for all elements uy, us of the carrier of X such that p(u;,u2) < s holds
P(furs fug) <7

Next we state several propositions:

(3) Let X be a non empty topological space, M be a metric space, and f be
a map from X into M;ep. Suppose f is continuous. Let r be a real number,
u be an element of the carrier of M, and P be a subset of the carrier of
Miop. If P = Ball(u,7), then f~!(P) is open.

(4) Let N, M be metric spaces and f be a map from Niop, into Miep,. Suppose
that for every real number r and for every element u of the carrier of N
and for every element wu; of the carrier of M such that r > 0 and u; = f(u)
there exists s such that s > 0 and for every element w of the carrier of
N and for every element w; of the carrier of M such that w; = f(w) and
p(u,w) < s holds p(ui,w;) < r. Then f is continuous.

(5) Let N be a metric space, M be a non empty metric space, and f be a
map from Nip, into Mip. Suppose f is continuous. Let 7 be a real number,
u be an element of the carrier of N, and u; be an element of the carrier
of M. Suppose r > 0 and u; = f(u). Then there exists s such that

(i) s>0,and

(ii)  for every element w of the carrier of N and for every element w; of the
carrier of M such that w; = f(w) and p(u,w) < s holds p(ui,wy) < r.

(6) Let N, M be non empty metric spaces, f be a map from N into M, and
g be a map from Nigp into Miep. If f = g and f is uniformly continuous,
then ¢ is continuous.

(7) Let N be a non empty metric space and G be a family of subsets of Niop.
Suppose G is a cover of Ny, and open and Niop, is compact. Then there
exists r such that

(i) r>0,and

(ii) for all elements wy, wy of the carrier of NV such that p(wy, w2) < r there
exists a subset G'1 of the carrier of Niop, such that wi € G and wy € Gy
and G € G.
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2. UNIFORMITY OF CONTINUOUS FUNCTIONS ON COMPACT SPACES

Next we state three propositions:
(8) Let N, M be non empty metric spaces, f be a map from N into M, and
g be a map from Nigp into Migp. Suppose g = f and Ny is compact and
g is continuous. Then f is uniformly continuous.
(9) Let g be a map from I into £} and f be a map from [0, 1]y into £™. If
g is continuous and f = g, then f is uniformly continuous.

(10) Let P be a subset of the carrier of £F, @ be a non empty subset of the
carrier of £", g be a map from I into (£F)[P, and f be a map from [0, 1]y
into £"Q. If P = @ and g is continuous and f = g, then f is uniformly
continuous.

3. SEGMENTATION OF ARCS

We now state four propositions:
(11) For every map g from I into £} there exists a map f from [0, 1]y into
E™ such that f = g.
(12) For every r such that » > 0 holds [r] > 0 and |r] > 0 and [r] is a
natural number and |r| is a natural number.
(13) For all r, s holds |r — s| = [s — r]|.
(14) Forall rq, ra, s1, s2 such that 1 € [s1, s3] and o € [s1, s2] holds |r;—ra| <
S9 — S1.
Let I; be a finite sequence of elements of R. We say that I is decreasing if
and only if:
(Def. 2) For all n, m such that n € dom/; and m € domI; and n < m holds
Il(n) > Il(m).
We now state the proposition
(15) Let e be a real number, g be a map from I into £}, and p1, p2 be elements
of £F. Suppose e > 0 and ¢ is continuous and one-to-one and g(0) = p;
and ¢g(1) = py. Then there exists a finite sequence h of elements of R such
that
) h(1) =1,
) h(lenh) =0,
(iii) 5 <lenh,
) rngh C the carrier of I,
) h is decreasing, and
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(vi)  for every natural number i and for every subset @ of the carrier of I
and for every subset W of the carrier of £” such that 1 < ¢ and i < lenh
and Q = [mip1h, mh] and W = ¢g°Q holds OW < e.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[2] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[3] Leszek Borys. Paracompact and metrizable spaces. Formalized Mathematics, 2(4):481—
485, 1991.

[4] Czestaw Bylinski. Binary operations. Formalized Mathematics, 1(1):175-180, 1990.

[6] Czestaw Bylinski. Binary operations applied to finite sequences. Formalized Mathematics,
1(4):643-649, 1990.

[6] Czestaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formalized
Mathematics, 1(3):529-536, 1990.

[7] Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

[8] Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
[9] Czestaw Bylinski. Partial functions. Formalized Mathematics, 1(2):357-367, 1990.

[10] Czestaw Bylinski. Semigroup operations on finite subsets. Formalized Mathematics,
1(4):651-656, 1990.

[11] Czestaw Byliniski. The sum and product of finite sequences of real numbers. Formalized
Mathematics, 1(4):661-668, 1990.

[12] Czestaw Byliiski. Products and coproducts in categories. Formalized Mathematics,
2(5):701-709, 1991.

[13] Czestaw Byliniski and Piotr Rudnicki. Bounding boxes for compact sets in £2. Formalized
Mathematics, 6(3):427-440, 1997.

[14] Agata Darmochwal. Compact spaces. Formalized Mathematics, 1(2):383-386, 1990.

[15] Agata Darmochwal. Families of subsets, subspaces and mappings in topological spaces.
Formalized Mathematics, 1(2):257-261, 1990.

[16] Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

[17] Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.

[18] Agata Darmochwal and Yatsuka Nakamura. Metric spaces as topological spaces - funda-
mental concepts. Formalized Mathematics, 2(4):605-608, 1991.

[19] Agata Darmochwal and Yatsuka Nakamura. The topological space E2. Arcs, line segments
and special polygonal arcs. Formalized Mathematics, 2(5):617-621, 1991.

[20] Agata Darmochwat and Yatsuka Nakamura. The topological space £F. Simple closed
curves. Formalized Mathematics, 2(5):663-664, 1991.

[21] Agata Darmochwal and Andrzej Trybulec. Similarity of formulae. Formalized Mathema-
tics, 2(5):635-642, 1991.

[22] Alicia de la Cruz. Totally bounded metric spaces. Formalized Mathematics, 2(4):559-562,

1991.
[23] Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,

1(1):35-40, 1990.

[24] Stanistawa Kanas, Adam Lecko, and Mariusz Startek. Metric spaces. Formalized Mathe-
matics, 1(3):607-610, 1990.

[25] Jarostaw Kotowicz and Yatsuka Nakamura. Introduction to Go-board - part I. Formalized
Mathematics, 3(1):107-115, 1992.

[26] Eugeniusz Kusak, Wojciech Leonczuk, and Michal Muzalewski. Abelian groups, fields
and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.

[27] Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Formalized Mathematics,
4(1):83-86, 1993.

[28] Beata Padlewska. Families of sets. Formalized Mathematics, 1(1):147-152, 1990.



LEBESGUE’S COVERING LEMMA, UNIFORM ... 529

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Jan Popiotek. Some properties of functions modul and signum. Formalized Mathematics,
1(2):263-264, 1990.

Konrad Raczkowski and Pawel Sadowski. Topological properties of subsets in real num-
bers. Formalized Mathematics, 1(4):777-780, 1990.

Agnieszka Sakowicz, Jarostaw Gryko, and Adam Grabowski. Sequences in EX. Formalized
Mathematics, 5(1):93-96, 1996.

Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics,
1(2):329-334, 1990.

Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Andrzej Trybulec. A Borsuk theorem on homotopy types. Formalized Mathematics,

2(4):535-545, 1991.

Andrzej Trybulec and Czestaw Bylinski. Some properties of real numbers. Formalized
Mathematics, 1(3):445-449, 1990.

Michatl J. Trybulec. Integers. Formalized Mathematics, 1(3):501-505, 1990.

Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(8):575-579,
1990.

Z?r?gida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Zinaida Trybulec and Halina Swi@czkowska. Boolean properties of sets. Formalized Ma-
thematics, 1(1):17-23, 1990.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Mirostaw Wysocki and Agata Darmochwal. Subsets of topological spaces. Formalized
Mathematics, 1(1):231-237, 1990.

Received November 13, 1997



530 YATSUKA NAKAMURA AND ANDRZEJ TRYBULEC



FORMALIZED MATHEMATICS

Volume 6, Number 4, 1997
University of Bialystok

On the Rectangular Finite Sequences of the
Points of the Plane

Andrzej Trybulec Yatsuka Nakamura
University of Bialtystok Shinshu University
Nagano

Summary. The article deals with a rather technical concept — rectangular
sequences of the points of the plane. We mean by that a finite sequence consisting
of five elements, that is circular, i.e. the first element and the fifth one of it are
equal, and such that the polygon determined by it is a non degenerated rectangle,
with sides parallel to axes. The main result is that for the rectangle determined
by such a sequence the left and the right component of the complement of it are
different and disjoint.

MML Identifier: SPRECT_1.

The terminology and notation used in this paper are introduced in the following
papers: [29], [35], [34], [28], [7], [36], [13], [2], [25], [1], [27], [32], [5], (6], [3], [33],
[31], [17], [16], [14], [15], [4], [26], [24], [37], [10], [23], [11], [12], [21], [18], [19],
[22], [30], [20], [8], and [9].

1. GENERAL PRELIMINARIES

One can prove the following proposition
(1) For every trivial set A and for every set B such that B C A holds B is
trivial.

One can verify that every function which is non constant is also non trivial.
Let us observe that every function which is trivial is also constant.
One can prove the following proposition

(2) For every function f such that rng f is trivial holds f is constant.
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Let f be a constant function. One can verify that rng f is trivial.
Let us observe that there exists a finite sequence which is non empty and
constant.
We now state three propositions:
(3) For all finite sequences f, g such that f "¢ is constant holds f is constant
and g is constant.
(4) For all sets x, y such that (z,y) is constant holds = = y.
(5) For all sets z, y, z such that (x,y, z) is constant holds z = y and y = 2
and z = .

2. PRELIMINARIES (GENERAL TOPOLOGY)

One can prove the following four propositions:

(6) Let G be a non empty topological space, A be a subset of the carrier of
(1, and B be a non empty subset of the carrier of G;. If A is a component
of B, then A # (.

(7) Let G7 be a non empty topological space, A be a subset of the carrier of
(1, and B be a non empty subset of the carrier of G1. If A is a component
of B, then A C B.

(8) Let T be a non empty topological space, A be a non empty subset of the
carrier of T', and Bj, By, C be subsets of the carrier of T. Suppose Bj is
a component of A and Bs is a component of A and C' is a component of
A and BiUBy = A. Then C = B; or C = Bs.

(9) Let T be a non empty topological space, A be a non empty subset of the
carrier of T', and By, By, C1, C5 be subsets of the carrier of T'. Suppose B
is a component of A and By is a component of A and Cy is a component
of A and C5 is a component of A and BiUBy = A and C;UCy = A. Then
{Bi1, B2} = {C1,Cs}.

3. PRELIMINARIES (THE TOPOLOGY OF THE PLANE)

We follow the rules: C, C, Cy are non empty compact subsets of 5% and p,
q are points of 6'%.
Next we state the proposition
(10) For all points p, g, r of £% holds E((p,q,r>) = L(p,q) U L(q,T).
Let n be a natural number and let f be a non trivial finite sequence of
elements of £F. Observe that L(f) is non empty.
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Let f be a finite sequence of elements of £2. Note that Z( f) is compact.
We now state two propositions:

(11) For all subsets A, B of the carrier of £2 such that A C B and B is
horizontal holds A is horizontal.
(12) For all subsets A, B of the carrier of £2 such that A C B and B is
vertical holds A is vertical.
Let us observe that [g2 is special polygonal.
One can check that [g2 is non horizontal and non vertical.

One can check that there exists a subset of 5% which is non vertical, non
horizontal, non empty, and compact.

4. SPECIAL POINTS OF A COMPACT NON EMPTY SUBSET OF THE PLANE

The following propositions are true:

(13) N-minC € C and N-maxC € C.

(14) S-minC € C and S-maxC € C.

(15) W-minC € C and W-max C € C.

(16) E-minC € C and E-maxC € C.

(17) C is vertical iff W-bound C' = E-bound C.

(18) C is horizontal iff S-bound C' = N-bound C.

(19) For every C such that NW-corner C = NE-corner C' holds C' is vertical.
(20) For every C such that SW-corner C' = SE-corner C' holds C' is vertical.
(21) For every C such that NW-corner C' = SW-corner C holds C' is horizon-

tal.
(22) For every C such that NE-corner C' = SE-corner C' holds C' is horizontal.

In the sequel ¢, r1, r2, s1, S2 are real numbers.
The following propositions are true:

(23) W-bound C < E-bound C.
(24) S-bound C' < N-bound C.

(25) L(SE-corner C,NE-cornerC) = {p : p1 = E-boundC A p2 <
N-bound C' A p2 > S-bound C'}.

(26) L(SW-corner C,SE-cornerC) = {p : p1 < E-boundC A p1 >
W-bound C' A p2 = S-bound C'}.

(27) L(NW-corner C,NE-cornerC) = {p : p1 < E-boundC A p3 >
W-bound C' A pz = N-bound C'}.

(28) L(SW-corner C,NW-cornerC) = {p : p1 = W-boundC A p2 <

N-bound C' A pz > S-bound C'}.
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(29) L(SW-corner C, NW-corner C') N L(NW-corner C, NE-corner C') =
{NW-corner C}.

(30) L(NW-corner C, NE-corner C') N L(NE-corner C, SE-corner C') =
{NE-corner C'}.

(31) L(SE-corner C,NE-corner C') N L(SW-corner C, SE-corner C') =
{SE-corner C'}.

(32) L(NW-corner C, SW-corner C') N L(SW-corner C, SE-corner C') =
{SW-corner C'}.

5. SUBSETS OF THE PLANE THAT ARE NEITHER VERTICAL NOR HORIZONTAL

In the sequel D is a non vertical non horizontal non empty compact subset
of 2.
The following propositions are true:
(33) W-bound D < E-bound D.
(34) S-bound D < N-bound D.
(35)  L(SW-corner D, NW-corner D) N L(SE-corner D, NE-corner D) = ().
( 0

36) L(SW-corner D, SE-corner D) N L(NW-corner D, NE-corner D) = ().

w
~—

6. A SPECIAL SEQUENCE RELATED TO A COMPACT NON EMPTY SUBSET OF
THE PLANE

Let us consider C. The functor SpStSeq C' yielding a finite sequence of ele-
ments of 5% is defined as follows:
(Def. 1) SpStSeq C = (NW-corner C, NE-corner C, SE-corner C) ~ (SW-corner C,
NW-corner C).

The following propositions are true:

(37) 71 SpStSeq C' = NW-corner C.

(38) m SpStSeq C' = NE-corner C.

(39) w3 SpStSeq C = SE-corner C.

(40) w4 SpStSeq C' = SW-corner C.

(41) 75 SpStSeq C' = NW-corner C.

(42) lenSpStSeqC = 5.

(43)  L(SpStSeqC) = L(NW-corner C, NE-corner C) U £(NE-corner C,

SE-corner C') U (L(SE-corner C, SW-corner C)) U L(SW-corner C,
NW-corner C)).
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Let D be a non vertical non empty compact subset of 5%. Note that
SpStSeq D is non constant.

Let D be a non horizontal non empty compact subset of 5%. Note that
SpStSeq D is non constant.

Let us consider D. One can check that SpStSeq D is special unfolded circular
s.c.c. and standard.

Next we state four propositions:

(44) L(SpStSeq D) = [. W-bound D, E-bound D, S-bound D, N-bound D.].
(45) Let T be a non empty topological space, X be a non empty subset of T’
and f be a real map of 7. Then rng(f [ X) = f°X.

(46) Let T be a non empty topological space, X be a non empty compact
subset of T, and f be a continuous real map of 7. Then f°X is lower
bounded.

(47) Let T be a non empty topological space, X be a non empty compact
subset of T', and f be a continuous real map of T. Then f°X is upper
bounded.

Let us observe that there exists a subset of R which is non empty, upper
bounded, and lower bounded.
We now state a number of propositions:

(48)  W-bound C' = inf((projl1)°C).

(49) S-bound C' = inf((proj2)°C).

(50) N-bound C' = sup((proj2)°C).

(51) E-bound C = sup((proj1)°C).

(52) For all non empty lower bounded subsets A, B of R holds inf(AU B) =

min(inf A, inf B).

(53) For all non empty upper bounded subsets A, B of R holds sup(AUB) =
max(sup A, sup B).

(54) If C = C;1 UCq, then W-bound C' = min(W-bound C, W-bound Cs).

(55) If C = C; UCy, then S-bound C = min(S-bound C, S-bound C5).

(56) If C = C1 UCy, then N-bound C' = max(N-bound C1, N-bound Cy).

(67) 1If C = Cy Uy, then E-bound C' = max(E-bound C1, E-bound Cy).

Let us consider p, q. One can check that L£(p, q) is compact.
One can verify that @r is bounded.
Next we state the proposition
(58) s1 € [r1,ro) iff 11 < s1 and s1 < 7.
Let us consider 71, ra. One can check that [ri, 2] is bounded.
Let us observe that every subset of R which is bounded is also lower bounded

and upper bounded and every subset of R which is lower bounded and upper
bounded is also bounded.
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The following propositions are true:

(59) If rq < ro, then ¢ € [r1, 7o) iff there exists s; such that 0 < s; and s <1
and t =s1-7r1 4+ (1 —s1) - 72.

60) If p1 < g1, then (projl)°L(p,q) = [p1, q1]-
61) If p2 < ga, then (proj2)°L(p,q) = [p2, ga).
62) If p1 < ¢1, then W-bound L(p, ¢) = p1.
63) If p2 < g2, then S-bound L(p, q) = pa.

64) If p2 < g2, then N-bound L(p, ¢) = ¢2.

65) If p1 < g1, then E-bound L(p, q) = ¢1.

[=2)
(=2}

W-bound £(SpStSeq D) = W-bound D.

(60)

(61)

(62)

(63)

(64)

(65)

(66) y

(67) S-bound L(SpStSeq D) = S-bound D.

(68) N-bound £(SpStSeq D) = N-bound D.

(69) E-bound £(SpStSeq D) = E-bound D.

(70) NW-corner £(SpStSeq D) = NW-corner D.

(71) NE-corner £(SpStSeq D) = NE-corner D.

(72) SW-corner £(SpStSeq D) = SW-corner D.

(73)  SE-corner £(SpStSeq D) = SE-corner D.

(74)  W-most £(SpStSeq D) = L£(SW-corner D, NW-corner D).

(75)  N-most £(SpStSeq D) = L(NW-corner D, NE-corner D).

(76)  S-most £(SpStSeq D) = L(SW-corner D, SE-corner D).

(77) E-most £(SpStSeq D) = £(SE-corner D, NE-corner D).

(78) (proj2)°L(SW-corner D, NW-corner D) = [S-bound D, N-bound D)].
(79)  (projl)°L(NW-corner D, NE-corner D) = [W-bound D, E-bound D].
(80) (proj2)°L(NE-corner D, SE-corner D) = [S-bound D, N-bound D).
(81) (projl)°L(SE-corner D, SW-corner D) = [W-bound D, E-bound D].
(82) W-min £(SpStSeq D) = SW-corner D.

(83) W-max £(SpStSeq D) = NW-corner D.

(84) N-min £(SpStSeq D) = NW-corner D.

(85) N-max £(SpStSeq D) = NE-corner D.

(86) E-min £(SpStSeq D) = SE-corner D.

(87) E-max £(SpStSeq D) = NE-corner D.

(88) S-min £(SpStSeq D) = SW-corner D.

(89) S-max L(SpStSeq D) = SE-corner D.
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7. RECTANGULAR FINITE SUEQUENCES OF THE POINTS OF THE PLANE

Let f be a finite sequence of elements of £4. We say that f is rectangular if
and only if:

(Def. 2) There exists D such that f = SpStSeq D.

Let us consider D. Note that SpStSeq D is rectangular.
Let us mention that there exists a finite sequence of elements of E% which is
rectangular.
In the sequel s denotes a rectangular finite sequence of elements of 5’%.
The following proposition is true
(90) lens =>5.
Let us note that every finite sequence of elements of €2 which is rectangular
is also non constant.
One can verify that every non empty finite sequence of elements of £2 which
is rectangular is also standard, special, unfolded, circular, and s.c.c..
In the sequel s is a rectangular finite sequence of elements of S%.
Next we state four propositions:
(91) s = N-min £(s) and m1s = W-max L(s).
(92) s = N-max £(s) and mps = E-max L(s).
(93) 73s = S-max £(s) and 73s = E-min £(s).
(94) .

748 = S-min £(s) and 745 = W-min £(s)

8. JORDAN PROPERTY

One can prove the following proposition
(95) If ry < ry and s; < sg, then [.r1, 79, s1, s2.] is Jordan.
Let f be a rectangular finite sequence of elements of £2. Observe that E( f)
is Jordan.
Let S be a subset of the carrier of 5%. Let us observe that S is Jordan if and
only if the conditions (Def. 3) are satisfied.
(Def. 3)(i) S°#0), and
(ii)  there exist subsets Aj, Ag of the carrier of 5% such that S¢ = A; U Ay
and A; misses Ay and A7\ A; = A\ A and A; is a component of S¢ and
Ay is a component of S°€.
Next we state the proposition

(96) For every rectangular finite sequence f of elements of &% holds
LeftComp( f) misses RightComp(f).
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Let f be a non constant standard special circular sequence. One can verify
that LeftComp(f) is non empty and RightComp(f) is non empty.
The following proposition is true

(97) For every rectangular finite sequence f of elements of 5% holds
LeftComp( f) # RightComp(f).
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Summary. The goal of the article is to determine the order of the special
points defined in [10] on a special polygon. We restrict ourselves to the clockwise
oriented finite sequences (the concept defined in this article) that start in N-min
C (C being a compact non empty subset of the plane).

MML Identifier: SPRECT_2.

The papers 28], (3], [27], [7], [15], [29], [34], [1], (5}, 6], [3], [32], [8], [30], [16],
[17], [2], [25], [4], [19], [18], [26], [11], [12], [13], [14], [21], [20], [22], [9], [24], [23],
[10], and [31] provide the terminology and notation for this paper.

1. PRELIMINARIES

One can prove the following propositions:
(1) For all sets A, B, C, p such that AN B C {p} and p € C and C misses
B holds AU C misses B.
(2) For all sets A, B, C, p such that ANC = {p} and p € B and B C C
holds AN B = {p}.
(3) For all sets A, B such that for every set y such that y € B holds A misses
y holds A misses | B.

(4) For all sets A, B such that for all sets z, y such that z € A and y € B
holds x misses y holds | J A misses | B.
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2. ON THE FINITE SEQUENCES

We adopt the following convention: ¢, j, k, m, n denote natural numbers, D
denotes a non empty set, and f denotes a finite sequence of elements of D.
The following propositions are true:

(5) For all i, j, k such that ¢ < j and ¢ € dom f and j € dom f and
k € dommid(f,i,7) holds (k4 i) —' 1 € dom f.

(6) For all 4, j, k such that ¢ > j and ¢ € dom f and j € dom f and
k € dommid(f,4,) holds i —' k + 1 € dom f.
(7) For all 4, j, k such that ¢ < j and ¢ € dom f and j € dom f and
k € dommid(f,4,j) holds 7 mid(f, 7, j) = m(1iy—n f-
(8) For all 4, j, k such that ¢ > j and ¢ € dom f and j € dom f and
k € dommid(f,i,j) holds 7, mid(f,,j) = m_rke1f-
) Ifiedom f and j € dom f, then lenmid(f,i,7) > 1.
) Ifi€domf and j € dom f and lenmid(f,,j) = 1, then i = j.
11) Ifi € dom f and j € dom f, then mid(f,%,7) is non empty.
) Ifie€domf and j € dom f, then m mid(f,i,7) = m; f.
) Ifi€dom f and j € dom f, then Tiey mid(f,i,5) mid(f,4,7) = 7; f.

3. COMPACT SUBSETS OF THE PLANE

In the sequel X denotes a non empty compact subset of S%.
One can prove the following four propositions:

(14) For every point p of £2 such that p € X and ps = N-bound X holds

p € N-most X.

(15) For every point p of £2 such that p € X and ps = S-bound X holds
p € S-most X.

(16) For every point p of £2 such that p € X and py = W-bound X holds
p € W-most X.

(17) For every point p of €2 such that p € X and p; = E-bound X holds
p € E-most X.
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4. FINITE SEQUENCES ON THE PLANE

We now state several propositions:

(18) For every finite sequence f of elements of &% such that 1 < iand i <j
and j < len f holds £L(mid(f,4,7)) = U{L(f, k):i <k A k< j}.

(19) For every finite sequence f of elements of £2 holds dom X-coordinate(f) =
dom f.

(20) For every finite sequence f of elements of 5% holds dom Y-coordinate(f) =
dom f.

(21) For all points a, b, ¢ of 5’% such that b € L(a,c) and a1 < by and ¢1 < by
holds a =bor b =cor a; = by and ¢; = b;.

(22) For all points a, b, ¢ of £2 such that b € L(a,c) and az < bz and ca < by
holds a = b or b = c or as = by and cg = bs.

(23) For all points a, b, ¢ of £2 such that b € L(a,c) and a1 > by and ¢1 > by
holdsa=0bor b=cor a; = by and ¢; = by.

(24) For all points a, b, ¢ of 5% such that b € L(a,c) and ag > by and cg > be
holds a = b or b = c or ag = bz and cg = bs.

5. THE AREA OF A SEQUENCE

Let f be a non trivial finite sequence of elements of £2 and let g be a finite
sequence of elements of £2. We say that g is in the area of f if and only if:

(Def. 1) For every n such that n € domg holds W-bound £(f) < (mng)1
and (mp,9)1 < E-bound £(f) and S-bound £(f) < (mpg)2 and (mp9)2 <

N-bound L(f).
We now state several propositions:
(25) Every non trivial finite sequence f of elements of 5% is in the area of f.

(26) Let f be a non trivial finite sequence of elements of £2 and g be a finite
sequence of elements of £24. Suppose ¢ is in the area of f. Let given i, j.
If i € domg and j € dom g, then mid(g,,7) is in the area of f.

(27) Let f be a non trivial finite sequence of elements of £2 and given i, j. If
i € dom f and j € dom f, then mid(f,7,7) is in the area of f.

(28) Let f be a non trivial finite sequence of elements of 5% and g, h be finite
sequences of elements of 5%. Suppose g is in the area of f and A is in the
area of f. Then g ™ h is in the area of f.

(29) For every mnon trivial finite sequence f of elements of £} holds
(NE-corner £(f)) is in the area of f.
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(30) For every non trivial finite sequence f of elements of E2 holds
(NW-corner £(f)) is in the area of f.

(31) For every non trivial finite sequence f of elements of &2 holds
(SE-corner L(f)) is in the area of f.

(32) For every non trivial finite sequence f of elements of &2 holds
(SW-corner L(f)) is in the area of f.

6. HORIZONTAL AND VERTICAL CONNECTIONS

Let f be a non trivial finite sequence of elements of £2 and let g be a finite
sequence of elements of 8%. We say that g is a h.c. for f if and only if:

(Def. 2) g is in the area of f and (mg)1 = W-bound £(f) and (Mengg)1 =
E-bound L(f).
We say that g is a v.c. for f if and only if:

(Def. 3) g is in the area of f and (mg)2 = S-bound £(f) and (TMleng9)2 =
N-bound L(f).

Next we state the proposition

(33) Let f be a non trivial finite sequence of elements of 5% and g, h be S-
sequences in R2. If g is a h.c. for f and h is a v.c. for f, then £(g) meets
L(h).

7. ORIENTATION

Let f be a non trivial finite sequence of elements of 5%. We say that f is
clockwise oriented if and only if:
(Def. 4) ngg_mins(f) € N-most L(f).
The following proposition is true

(34) Let f be a non constant standard special circular sequence. If 7 f =
N-min £(f), then f is clockwise oriented iff mo f € N-most L(f).

Let us note that g2 is compact.
We now state several propositions:

35) N-bound[g2 = 1.
36) W-bound g2 = 0.
37) E-bound g2 = 1.

38
39

S-bound Lg2 = 0.

(
(
(
(
( N-most Og2 = £(][0, 1], [1, 1]).

~— — — ~— —
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(40) N-minOg2 = [0, 1].

Let X be a non vertical non horizontal non empty compact subset of £2.
One can verify that SpStSeq X is clockwise oriented.

One can verify that there exists a non constant standard special circular
sequence which is clockwise oriented.

One can prove the following propositions:

(41) Let f be a non constant standard special circular sequence and given 1,
j- Suppose i > jbut 1 < jand i <lenf or 1 < jand ¢ < len f. Then
mid(f,4,7) is a S-sequence in R2.

(42) Let f be a non constant standard special circular sequence and given 1,
j. Suppose i < jbut 1 <iand j <lenf or 1 < i and j < len f. Then
mid(f,i,7) is a S-sequence in R2.

In the sequel f is a clockwise oriented non constant standard special circular
sequence.
One can prove the following propositions:

(43) N-minZ(f) € rng f.

(44) N-max L(f) € rng f.

(45) S-min £(f) € g f.

(46) S-max L(f) € g f.

(47) W-min L(f) € g f.

(48) W-max L(f) € rng f.

(49) E-min £(f) € g f.

(50) E-maxL(f) € rng f.

(51) Ifl<iandi<jand j<mand m<nandn <lenfand1 < ior

n < len f, then £(mid(f,,7)) misses £(mid(f, m,n)).

(52) Ifl1<iandi<jand j<mand m<nandn <lenfand1 <ior
n < len f, then £(mid(f,4,7)) misses L(mid(f,n, m)).

(53) Ifl1<iandi<jandj<mandm<nandn <lenfand1 <ior
n < len f, then £(mid(f, j,7)) misses £L(mid(f,n,m)).

(54) Ifl1<iandi<jand j<mandm<nandn <lenfand1 <ior
n < len f, then £(mid(f,J,4)) misses L(mid(f, m,n)).

(55) (N-min £(f))1 < (N-max Z())1.

(56) N-min £(f) # N-max L(f).

(57) (Bmin £(£)2 < (E-max £(f))s.

(58) E-min L(f) # E-max L(f).

(59) (S-min £(f))1 < (S-max £(f))1.

(60) S-min £(f) # S-max L(f).

(61) (W-min £(f))2 < (W-max L(f))a-
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(62) W-min £(f) # W-max L(f).

(63) L(NW-corner £(f),N-min £(f)) misses £(N-max L(f), NE-corner L(f)).

(64) Let f be a S-sequence in R? and p be a point of £2. Suppose p # 7 f but
p1 = (mf)1 or pa = (m1f)2 but L(p, 1 f) N L(f) = {m1f}. Then (p) " f
is a S-sequence in R2.

(65) Let f be a S-sequence in R? and p be a point of 5%. Suppose p # Tien 1 f

but p1 = (Wlenff)l or p2 = (ﬂ'lenff)2 but ['(pu 7Tlenff) N E(f) = {ﬂ'lenff}'
Then f ™ (p) is a S-sequence in R2.

8. APPENDING CORNERS

We now state several propositions:

(66) Let given i, j. Suppose i € dom f and j € dom f and mid(f,i,j) is a S-
sequence in R2 and 7; f = N-max ﬁ(f) and N-max £(f) # NE-corner £(f).
Then (mid(f,i,5)) ~ (NE-corner £(f)) is a S-sequence in R2.

(67) Let given 4, j. Suppose ¢ € dom f and j € dom f and mid(f,1,7) is a S-
sequence in R? and 7 f = E-max L(f) and E-max L(f) # NE-corner £(f).
Then (mid(f,i,7)) ~ (NE-corner £(f)) is a S-sequence in R2.

(68) Let given i, j. Suppose i € dom f and j € dom f and mid(f,i,j) is a S-
sequence in R2 and 7 f = S- max/l(f) and S- maxﬁ(f) # SE-corner E(f)
Then (mid(f,i,5)) ~ (SE-corner L(f)) is a S-sequence in R2.

(69) Let given i, j. Suppose i € dom f and j € dom f and mid(f,i,j) is a S-
sequence in ]R2 and 7; f = E-max E(f) and E-max £(f) # NE-corner £(f).
Then (mid(f,4,5)) ~ (NE-corner £(f)) is a S-sequence in R2.

(70) Let given 4, j. Suppose i € dom f and j € dom f and mid(f,4,7) is a S-
sequence in ]R2 and 7; f = N-min L(f) and N-min £(f) # NW-corner £(f).
Then (NW-corner £(f)) ™ mid(f,i,) is a S-sequence in R2.

(71) Let given 4, j. Suppose i € dom f and j € dom f and mid(f,4,)
is a S-sequence in R? and m;f = W—mlnﬁ(f) and W-min £(f) #
SW-corner £(f). Then (SW-corner £(f)) ~ mid(f,4, ) is a S-sequence in
R2.

Let f be a non constant standard special circular sequence. One can check
that L(f) is simple closed curve.
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9. THE ORDER

We now state a number of propositions:

(72) Ufnmif= N—minﬁ:(f), then (N-minﬁl(f)) - f < (N-max L(f)) <p f.

(73) If w1 f = N-min £(f), then (N-max L(f)) <P f > 1.

(74) If mf = N-min £(f) and N-max £(f) # E-max£L(f), then
(N-max L(f)) <P f < (E-max L(f)) <P f.

(75) If 1 f = N-min £(f), tNhen (BE-max L(f)) P f< (E—minz(f)) - f.

(76) If mf = Nminl(f) and E-minL(f) # S-max£L(f), then
(E-min L£(f)) «p f~< (S-max L(f)) <—P~f. N

(77) If 1 f = N-min £(f), then (S-max L(f)) <P f < (S-min L(f)) <P f.

(78) If mf = N-min £(f) and S-min£(f) # W-minZ(f), then
(S-min £(f)) <P f < (W-min L(f)) < f.

(79) If mf = N—minZ(f) and N—minZ(f) #+ W—maxZ(f), then
(W-min L(f)) <P ]i< (W-max L(f)) P 1

(80) If w1 f = N-min £(f), then (W-min L(f)) <P f < len f.

(81) If w1 f = N-min £(f), then (W-max £(f)) <P f < len f.
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Summary. This article is concerned with the Euler’s function [10] that
plays an important role in cryptograms. In the first section, we present some
selected theorems on integers. Next, we define the Euler’s function. Finally, three
theorems relating to the Euler’s function are proved. The third theorem concerns
two relatively prime integers which make up the Euler’s function parameter. In
the public key cryptography these two integer values are used as public and secret
keys.
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The notation and terminology used here are introduced in the following papers:
[12], [6], (1], [13], [9], [2], [3], [7], [8], [14], [11], [15], [4], and [5].

1. PRELIMINARY

We follow the rules: a, b, ¢, k, I, m, n are natural numbers and i, j, z, y are
integers.
The following propositions are true:

1) keniff k<n.
2

(
(2) n and n are relative prime iff n = 1.

(3) If k#0 and k < n and n is prime, then k and n are relative prime.
(4)

4) n is prime and k € {k;;k; ranges over natural numbers: n and k; are

relative prime A k1 > 1 A k; < n} if and only if n is prime and k € n and

(5) For every finite set A and for every set x such that z € A holds A\ {z} =

A — {z}.
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(6) If ged(a,b) = 1, then for every ¢ holds ged(a - ¢,b-¢) = c.

(7) Ifa # 0 and b # 0 and ¢ # 0 and ged(a - ¢,b - ¢) = ¢, then a and b are
relative prime.

(8) If ged(a,b) = 1, then ged(a +b,b) = 1.

(9) For every ¢ holds ged(a + b - ¢,b) = ged(a, b).

10) Suppose m and n are relative prime. Then there exists k such that

(i)  there exist integers ig, jo such that k =iy -m + jo-n and k > 0, and

(ii)  for every [ such that there exist integers i, j such that [ =i-m+j-n
and [ > 0 holds k£ < [.
(11) If m and n are relative prime, then for every k there exist ¢, j such that
t-m+j-n=k.
(12) For all non empty finite sets A, B such that there exists a function from
A into B which is one-to-one and onto holds A = B.
(13) For all integers i, k, n such that n # 0 holds (i + k- n) mod n = i mod n.

(14) Ifa#0and b# 0and c# 0 and c|a-band a and c are relative prime,
then ¢ | b.

(15) Suppose a # 0 and b # 0 and ¢ # 0 and a and ¢ are relative prime and
b and c are relative prime. Then a - b and c are relative prime.

(16) Ifzx#0and y#0andi >0, theni-zgedi-y=1i-(zgedy).
(17) For every x such that a # 0 and b # 0 holds a 4+ z - bged b = a ged b.

2. DEFINITION OF EULER’S FUNCTION

Let n be a natural number. The functor Euler n yields a natural number and
is defined as follows:

(Def. 1) Eulern = {k; k ranges over natural numbers: n and k are
{relative prime A k>1 A k< n}.

We now state several propositions:

(18) Eulerl =1.

(19) Euler2 =1.

(20) If n > 1, then Eulern <n — 1.

(21) If n is prime, then Eulern =n — 1.

(22) If m >1and n > 1 and m and n are relative prime, then Eulerm - n =

Euler m - Euler n.
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Summary. The article defines while macro instructions based on
SCMFrsa. Some theorems about the generalized halting problems of while macro
instructions are proved.

MML Identifier: SCMFSA_9.

The notation and terminology used in this paper are introduced in the following
papers: [24], [32], [19], [8], [13], [33], [15], [16], [17], [12], [34], 7], [10], [14], [31],
[18], [9], [20], [21], [25], [11], [23], [30], [29], [26], [27], [1], [28], [22], [5], [6], [4],
2], and [3].
The following propositions are true:
(1) For every macro instruction I and for every integer location a holds
cardif = 0(a, I; Goto(insloc(0)), Stopgcpyg, ) = card I + 6.
(2) For every macro instruction I and for every integer location a holds
cardif > 0(a, I; Goto(insloc(0)), Stopgcips, ) = card I + 6.
Let a be an integer location and let I be a macro instruction. The functor
while = 0(a, I) yielding a macro instruction is defined as follows:
(Def. 1) while = 0(a, I) = if = 0(a, I; Goto(insloc(0)), Stopgcnpg, )+ (insloc
(card I + 4)——goto insloc(0)).
The functor while > 0(a, I) yielding a macro instruction is defined by:
(Def. 2) while > 0(a, I) = if > 0(a, I; Goto(insloc(0)), Stopgcnpg, )+ (insloc
(card I + 4)——goto insloc(0)).

The following proposition is true

IPart of the work was done while the author was visiting the Institute of Mathematics at
the University of Biatystok.
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(3) For every macro instruction I and for every integer location a holds
cardif = 0(a,Stopgcnpg,sif > 0(a, Stopsempg, » I3 Goto(insloc(0)))) =
card I + 11.

Let a be an integer location and let I be a macro instruction. The functor
while < 0(a, I) yields a macro instruction and is defined as follows:

(Def. 3) while < 0(a,I) = if = 0(a, Stopscmpg,» i > 0(a, Stopganipg > [; Goto

(insloc(0))))+-(insloc(card I 4+ 4)——goto insloc(0)).

Next we state a number of propositions:

(4) For every macro instruction I and for every integer location a holds
card while = 0(a, I) = card I + 6.

(5) For every macro instruction I and for every integer location a holds
card while > 0(a,I) = card I + 6.

(6) For every macro instruction I and for every integer location a holds
card while < 0(a,I) = card I + 11.

(7) For every integer location a and for every instruction-location [ of

SCMpsa holds if a = 0 goto [ # haltscmyg, -

(8) For every integer location a and for every instruction-location [ of
SCMpsa holds if a > 0 goto [ # haltscmyg, -
(9) For every instruction-location [ of SCMpga holds goto [ # haltscmyg, -

(10) Let a be an integer location and I be a macro instruction. Then
insloc(0) € domwhile = 0(a, I) and insloc(1) € domwhile = 0(a,I) and
insloc(0) € domwhile > 0(a, I) and insloc(1) € dom while > 0(a, I).

(11) Let a be an integer location and I be a macro instruction. Then
(while = 0(a,I))(insloc(0)) = if a = 0 goto insloc(4) and (while =
0(a, I))(insloc(1)) = goto insloc(2) and (while > 0(a,I))(insloc(0)) =
if a > 0 goto insloc(4) and (while > 0(a, I))(insloc(1)) = goto insloc(2).

(12) Let a be an integer location, I be a macro instruction, and k be a natural
number. If & < 6, then insloc(k) € dom while = 0(a, I).

(13) Let a be an integer location, I be a macro instruction, and k be a natural
number. If k < 6, then insloc(card I 4+ k) € domwhile = 0(a, I).

(14) For every integer location a and for every macro instruction I holds
(while = 0(a, I))(insloc(card I + 5)) = haltscmpg, -

(15) For every integer location a and for every macro instruction I holds
(while = 0(a, I))(insloc(3)) = goto insloc(card I + 5).

(16) For every integer location a and for every macro instruction I holds
(while = 0(a, I))(insloc(2)) = goto insloc(3).

(17) Let a be an integer location, I be a macro instruction, and k be a natural
number. If k < card I + 6, then insloc(k) € dom while = 0(a, I).
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(18) Let s be a state of SCMrpga, I be a macro instruction, and a be a read-
write integer location. If s(a) # 0, then while = 0(a, I) is halting on s and
while = 0(a, I) is closed on s.

(19) Let a be an integer location, I be a macro instruction, s be a state of
SCMpgga, and k be a natural number. Suppose that

(i) I is closed on s and halting on s,

(ii) k& < LifeSpan(s+-(I1+- Start-At(insloc(0)))),

(111) IC(Computation(s+-(’while:O(a,I)Jr- Start-At(insloc(0))))) (1+k) —
IC(Computation(s+-(l+- Start-At(insloc(0))))) (k) + 4, and

(iv)  (Computation(s+-(while = 0(a, I)+- Start-At(insloc(0)))))(1 + k)
[ (Int-Locations U FinSeq-Locations) = (Computation(s+-(I+- Start-At
(insloc(0)))))(k) [ (Int-Locations U FinSeq-Locations).
Then IC(Computation(s+-(while:(](a,[)+- Start-At(insloc(0))))) (1+k+1) —
IC(Computation(s+~(I+- Start—At(insloc(O)))))(k—l—l)+4 and (Computation(s—f—-(while
= 0(a, I)+- Start-At(insloc(0)))))(1 + k£ + 1) [(Int-Locations
U FinSeq-Locations) = (Computation(s+-(/+- Start-At(insloc(0)))))
(k + 1)[(Int-Locations U FinSeq-Locations).

(20) Let a be an integer location, I be a macro instruction, and s be a state
of SCMrgga. Suppose [ is closed on s and halting on s and

IC(Computation(s+~(while:O(a,I)—H Start-At(insloc(0)))))(1+LifeSpan(s+-(I+- Start-At
(insloc(0))))) —

IC(Computation(s—i--(I—i-- Start-At(insloc(0))))) (LifeSpan(s+-(I+- Start-At(insloc(0))))) +4.
Then Curlnstr((Computation(s+-(while = 0(a, I)+- Start-At(insloc(0)))))
(1 + LifeSpan(s+-(I+- Start-At(insloc(0)))))) = goto insloc(card I + 4).

(21) For every integer location a and for every macro instruction I holds
(while = 0(a, I))(insloc(card I 4+ 4)) = goto insloc(0).

(22) Let s be a state of SCMpga, I be a macro instruction, and a be a
read-write integer location. Suppose [ is closed on s and halting on s and
S(CL) = 0. Then IC(Computation(s+~(while:O(a,I)+~Start—At(insloc(O)))))
(LifeSpan(s+(I+- Start-At(insloc(0))))+3) = insloc(0) and for every natural num-
ber k such that k& < LifeSpan(s+-(I+- Start-At(insloc(0)))) + 3 holds
IC(Computation(s+-(While:O(a,I)+-Start—At(insloc(O)))))(k) € dom while = O(aa I)

In the sequel s denotes a state of SCMpga, I denotes a macro instruction,
and a denotes a read-write integer location.

Let us consider s, I, a. The functor StepW hile = 0(a, I, s) yields a function
from N into ] (the object kind of SCMrpga) and is defined by the conditions
(Def. 4).

(Def. 4)i)  (StepWhile = 0(a,I,s))(0) = s, and

(ii)  for every natural number i and for every element x of [](the ob-

ject kind of SCMpgs) such that x = (StepWhile = 0(a,I,s))(i)
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holds (StepWhile = 0(a,I,s))(i + 1) = (Computation(z+-(while =
0(a, I)+-sp)))(LifeSpan(z+-(I+-sp)) + 3).

In the sequel k, n are natural numbers.

We now state three propositions:

(23) (StepWhile = 0(a, I,s))(0) = s.

(24) (StepWhile =0(a,I,s))(k+ 1) = (Computation((StepW hile =
0(a, I, s))(k)+-(while = 0(a, I)+-s¢)))(LifeSpan((StepW hile = 0(a, I, s))
(k)+-(I+-s0)) + 3).

(25) (StepWhile = 0(a, I,s))(k + 1) = (StepWhile = 0(a, I, (StepW hile =
0(a, I, ))(k)))(1).

The scheme MinIndex deals with a unary functor F yielding a natural num-
ber and a natural number A, and states that:
There exists k such that F(k) = 0 and for every n such that
F(n)=0holds k <n
provided the parameters meet the following conditions:
e F(0)=A, and
e For every k holds F(k+ 1) < F(k) or F(k) =0.
We now state a number of propositions:

(26) For all functions f, g holds f+-g+-g = f+-g.

(27) For all functions f, g, h and for every set D such that (f+-g)[D = h[D
holds (h+-¢)|D = (f+-9)|D.

(28) For all functions f, g, h and for every set D such that f|D = h[D holds
(h+9)1D = (f+9)ID.

(29) For all states s1, so of SCMpga such that IC(SI) = IC(S2) and
s1](Int-Locations U FinSeq-Locations) =
so[(Int-Locations U FinSeq-Locations) and s1[I1 = so[I1 holds s1 = 9.

(30) Let I be a macro instruction, a be a read-write integer location, and
s be a state of SCMpgs. Then (StepWhile = 0(a,l,s))(0 + 1) =
(Computation(s+-(while = 0(a, I)+-sp)))(LifeSpan(s+-(I+-s0)) + 3).

(31) Let I be a macro instruction, a be a read-write integer location,
s be a state of SCMrpgs, and k, n be natural numbers. Suppose
IC (Stepwhile=0(a,1,5))(k) = insloc(0) and (StepWhile = 0(a, I, s))(k) =
(Computation(s+-(while = 0(a,I)+- Start-At(insloc(0)))))(n). Then
(StepWhile = 0(a,1I,s))(k) = (StepWhile = 0(a,1,s))(k)+-(while =
0(a, I)+- Start-At(insloc(0))) and (StepWhile = 0(a,I,s))(k + 1) =
(Computation(s+-(while = 0(a, I)+- Start-At(insloc(0)))))(n + (LifeSpan
((StepWhile = 0(a, I, s))(k)+-(I+- Start-At(insloc(0)))) + 3)).

(32) Let I be a macro instruction, a be a read-write integer location, and s
be a state of SCMpga. Suppose that
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(i)  for every natural number k£ holds I is closed on (StepWhile =
0(a,I,s))(k) and halting on (StepW hile = 0(a, I, s))(k), and

(ii)  there exists a function f from [](the object kind of SCMpgya)
into N such that for every natural number k holds f((StepW hile =
0(a,I,s))(k+ 1)) < f((StepWhile = 0(a, I,s))(k)) or f((StepW hile =
0(a,I,s))(k)) = 0 but f((StepWhile = 0(a,I,s))(k)) = 0 iff
(StepW hile = 0(a, I, s))(k)(a) # 0.
Then while = 0(a, I) is halting on s and while = 0(a, I) is closed on s.

(33) Let I be a parahalting macro instruction, a be a read-write integer loca-
tion, and s be a state of SCMpga. Given a function f from [] (the object
kind of SCMpgp) into N such that let k£ be a natural number. Then
f((StepWhile = 0(a,I,s))(k + 1)) < f((StepWhile = 0(a,1,s))(k)) or
f((StepW hile = 0(a, 1,s))(k)) = 0 but f((StepWhile = 0(a,I,s))(k)) =
0 iff (StepWhile = 0(a, I,s))(k)(a) # 0. Then while = 0(a,I) is halting
on s and while = 0(a, I) is closed on s.

(34) Let I be a parahalting macro instruction and a be a read-write inte-
ger location. Given a function f from [] (the object kind of SCMpga )
into N such that let s be a state of SCMpga. Then f((StepW hile =
0(a,I,s))(1)) < f(s) or f(s) = 0 but f(s) = 0 iff s(a) # 0. Then
while = 0(a, I) is parahalting.

(35) For all instructions-locations I, Il of SCMpga and for every integer
location a holds l;——goto l2 does not destroy a.

(36) For every instruction i of SCMpga such that ¢ does not destroy intloc(0)
holds Macro(i) is good.
Let I, J be good macro instructions and let a be an integer location. Note
that if = 0(a, I, J) is good.
Let I be a good macro instruction and let a be an integer location. One can
verify that while = 0(a, I) is good.
We now state a number of propositions:
(37) Let a be an integer location, I be a macro instruction, and k be a natural
number. If & < 6, then insloc(k) € dom while > 0(a, I).
(38) Let a be an integer location, I be a macro instruction, and k be a natural
number. If k < 6, then insloc(card I 4+ k) € dom while > 0(a, I).
(39) For every integer location a and for every macro instruction I holds
(while > 0(a, I))(insloc(card I + 5)) = haltscmyg, -
(40) For every integer location a and for every macro instruction I holds
(while > 0(a, I))(insloc(3)) = goto insloc(card I + 5).
(41) For every integer location a and for every macro instruction I holds
(while > 0(a, I))(insloc(2)) = goto insloc(3).

(42) Let a be an integer location, I be a macro instruction, and k be a natural
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number. If k¥ < card I + 6, then insloc(k) € dom while > 0(a, I).

(43) Let s be a state of SCMpga, I be a macro instruction, and a be a read-
write integer location. If s(a) < 0, then while > 0(a, I) is halting on s and
while > 0(a, I) is closed on s.

(44) Let a be an integer location, I be a macro instruction, s be a state of
SCMpsa, and k be a natural number. Suppose that

(i) I is closed on s and halting on s,

(ii) k& < LifeSpan(s+-(I+- Start-At(insloc(0)))),

(111) IC(Computation(s+~(while>0(a,[)+- Start-At(insloc(0))))) (1+k) —
IC (Computation(s+(I+- Start-At(insloc(0))))) (k) T 4, and

(iv)  (Computation(s+-(while > 0(a, I)+- Start-At(insloc(0)))))(1+k)[D =
(Computation(s+-(I+- Start-At(insloc(0))))) (k) [D.
Then IC(Computation(s+-(while>0(a,[)+- Start-At(insloc(0))))) (1+k+1) —
IC(Computation(s+-(I+- Start—At(insIoc(O)))))(k+l)+4 and (ComPUtation(S+'(while
> 0(a, I)+- Start-At(insloc(0)))))(1+ k+ 1)[D =
(Computation(s+-(I+- Start-At(insloc(0)))))(k + 1)[D.

(45) Let a be an integer location, I be a macro instruction, and s be
a state of SCMypga. Suppose [ is closed on s and halting on s and

IC(Computation(s+-(while>0(a,[)+- Start-At(insloc(0)))))(1+LifeSpan(s+-(I+- Start-At

(insloc(0))))) —
IC(Computation(er-(IJr- Start-At(insloc(0))))) (LifeSpan(s+-(I+4- Start-At(insloc(0))))) +4.
Then Curlnstr((Computation(s+-(while > 0(a, I)+- Start-At(insloc(0)))))

(1 + LifeSpan(s+-(/+- Start-At(insloc(0)))))) = goto insloc(card I + 4).
(46) For every integer location a and for every macro instruction I holds
(while > 0(a, I))(insloc(card I + 4)) = goto insloc(0).
(47) Let s be a state of SCMpga, I be a macro instruction, and a be a
read-write integer location. Suppose I is closed on s and halting on s and
s(a) > 0.
Then IC(Computation(s+~(while>0(a,[)+' Start-At(insloc(0)))))
(LifeSpan(s+(I+ Start-At(insloc(0))))+3) = insloc(0) and for every natural num-
ber k such that k& < LifeSpan(s+-(I+- Start-At(insloc(0)))) + 3 holds
IC(Computation(8+-(while>0(a,])+'Start—At(insloc(O)))))(k) € domwhile > O(CL, I)
In the sequel s denotes a state of SCMpga, I denotes a macro instruction,
and a denotes a read-write integer location.
Let us consider s, I, a. The functor StepW hile > 0(a, I, s) yielding a function
from N into [ [ (the object kind of SCMpg, ) is defined by the conditions (Def. 5).
(Def. 5)i) (StepWhile > 0(a,I,s))(0) = s, and
(ii)  for every natural number ¢ and for every element = of [](the ob-
ject kind of SCMpgas) such that x = (StepWhile > 0(a,I,s))(i)
holds (StepWhile > 0(a,I,s))(i + 1) = (Computation(z+-(while >
0(a, I)+-s0)))(LifeSpan(z+-(I+-s0)) + 3).
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One can prove the following propositions:

(48) (StepWhile > 0(a, I,s))(0) = s.

(49) (StepWhile > 0(a, I,s))(k + 1) = (Computation((StepW hile >
0(a, I,s))(k)+-(while > 0(a, I)+-s¢)))(LifeSpan((StepW hile > 0(a, I, s))
(k)+-(I+-s0)) + 3).

(50) (StepWhile > 0(a,1,s))(k + 1) = (StepWhile > 0(a, I, (StepW hile >
O(a, 1, 5))(K)))(1).

(51) Let I be a macro instruction, a be a read-write integer location, and
s be a state of SCMpga. Then (StepWhile > 0(a,l,s))(0 + 1) =
(Computation(s+-(while > 0(a, I)+-s¢)))(LifeSpan(s+-(I+-sg)) + 3).

(52) Let I be a macro instruction, a be a read-write integer location,
s be a state of SCMypsa, and k, n be natural numbers. Suppose
IC (Stepwhite>0(a,1,5))(k) = insloc(0) and (StepWhile > 0(a, I, s))(k) =
(Computation(s+-(while > 0(a,I)+- Start-At(insloc(0)))))(n). Then
(StepWhile > 0(a,I,s))(k) = (StepWhile > 0(a,I,s))(k)+-(while >
0(a, I)+- Start-At(insloc(0))) and (StepWhile > 0(a,I,s))(k + 1) =
(Computation(s+-(while > 0(a, I)+- Start-At(insloc(0)))))(n + (LifeSpan
((StepW hile > 0(a, I, s))(k)4+-(I+- Start-At(insloc(0)))) + 3)).

(53) Let I be a macro instruction, a be a read-write integer location, and s
be a state of SCMpga. Suppose that

(i)  for every natural number k holds I is closed on (StepWhile >
0(a, I, s))(k) and halting on (StepW hile > 0(a, I, s))(k), and

(ii)  there exists a function f from [](the object kind of SCMrpgya)
into N such that for every natural number k holds f((StepW hile >
0(a,1,s))(k+ 1)) < f((StepWhile > 0(a,I,s))(k)) or f((StepW hile >
0(a,I,s))(k)) = 0 but f((StepWhile > 0(a,I,s))(k)) = 0 iff
(StepWhile > 0(a, I,s))(k)(a) < 0.
Then while > 0(a, I) is halting on s and while > 0(a, I) is closed on s.

(54) Let I be a parahalting macro instruction, a be a read-write integer loca-
tion, and s be a state of SCMpga. Given a function f from [] (the object
kind of SCMpga) into N such that let k£ be a natural number. Then
f((StepWhile > 0(a,I,s))(k + 1)) < f((StepWhile > 0(a,1,s))(k)) or
f((StepW hile > 0(a, I,s))(k)) = 0 but f((StepWhile > 0(a, I,s))(k)) =
0 iff (StepWhile > 0(a, I,s))(k)(a) < 0. Then while > 0(a,I) is halting
on s and while > 0(a, I) is closed on s.

(55) Let I be a parahalting macro instruction and a be a read-write inte-
ger location. Given a function f from [] (the object kind of SCMpgga )
into N such that let s be a state of SCMpgga. Then f((StepWhile >
0(a,1,s))(1)) < f(s) or f(s) = 0 but f(s) = 0 iff s(a) < 0. Then
while > 0(a, I) is parahalting.

959
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Let I, J be good macro instructions and let a be an integer location. One
can verify that if > 0(a, I, J) is good.

Let I be a good macro instruction and let a be an integer location. One can
verify that while > 0(a, I) is good.
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Summary. The goal of the article is to introduce an order on a simple
closed curve. To do this, we fix two points on the curve and devide it into two
arcs. We prove that such a decomposition is unique. Other auxiliary theorems
about arcs are proven for preparation of the proof of the above.
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1. MIDDLE POINTS OF ARCS

For simplicity, we use the following convention: a, b, ¢, s, r are real numbers,
n is a natural number, p, ¢ are points of E%, and P is a subset of the carrier of
€2,
The following propositions are true:
(1) Ifa= %t thena=>.
(2) Ifr <s, then r <22 and ™2 <.
(3) Let T1 be a non empty topological space, P be a subset of the carrier of
T1, A be a subset of the carrier of 171 [P, and B be a subset of the carrier
of T1. If B is closed and A = BN P, then A is closed.
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(4) Let T1, T» be non empty topological spaces, P be a non empty subset of
the carrier of 75, and f be a map from 77 into T5[P. Then

(i)  fis a map from T} into T, and

(ii)  for every map fo from 77 into T such that fo = f and f is continuous
holds f5 is continuous.

(5) Let r be areal number and P be a subset of the carrier of £2. If P = {p; p
ranges over points of 5%: p1 > r}, then P is closed.

(6) Let 7 be a real number and P be a subset of the carrier of £2. If P = {p; p
ranges over points of 5%: p1 < r}, then P is closed.

(7) Let r be a real number and P be a subset of the carrier of £2. If P = {p; p
ranges over points of S%: p1 =1}, then P is closed.

(8) Let 7 be areal number and P be a subset of the carrier of £2. If P = {p; p
ranges over points of 5%: p2 > r}, then P is closed.

(9) Let r be areal number and P be a subset of the carrier of £2. If P = {p; p
ranges over points of 5%: p2 <7}, then P is closed.

(10) Let r be areal number and P be a subset of the carrier of 5%. IfP={pp

ranges over points of 5%: p2 = r}, then P is closed.

(11) Let P be a non empty subset of the carrier of £} and pq, p2 be points of
Et. If P is an arc from p; to pg, then P is connected.

(12) Let P be a non empty subset of the carrier of £2 and pi, p2 be points of
5%. If P is an arc from p; to po, then P is closed.

(13) Let P be a non empty subset of the carrier of 5% and p1, p2 be points of
5%. Suppose P is an arc from p; to po. Then there exists a point ¢ of 5%
such that ¢ € P and ¢1 = W.

(14) Let P be a non empty subset of the carrier of £2, @ be a subset of the
carrier of 5%, and p1, p2 be points of 5%. Suppose P is an arc from p; to
ppand Q ={q:q1 = (121)1#}. Then P meets Q and P N Q is closed.

(15) Let P be a non empty subset of the carrier of £2, @ be a subset of the
carrier of 5%, and pi1, p2 be points of 5%. Suppose P is an arc from p; to
peand Q ={q:q2 = %}. Then P meets Q and PN Q is closed.

Let P be a non empty subset of the carrier of 5% and let p1, ps be points of
5%. Let us assume that P is an arc from p; to ps. The functor xMiddle(P, p1, p2)
yields a point of €% and is defined as follows:

(Def. 1) For every subset @ of the carrier of 5% such that @ = {q : ¢1 =
%} holds xMiddle(P, p1, p2) = FPoint(P, p1, p2, Q).
Let P be a non empty subset of the carrier of 5% and let p1, po be points of

E%. Let us assume that P is an arc from p; to pa. The functor yMiddle(P, p1, p2)
yields a point of €2 and is defined by:
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(Def. 2) For every subset @ of the carrier of €% such that Q@ = {q : ¢2 =
W} holds yMiddle(P, p1, p2) = FPoint(P, p1, p2, Q).
One can prove the following propositions:

(16) Let P be a non empty subset of the carrier of £2 and py, p2 be points
of 5%. If P is an arc from p; to pe, then xMiddle(P,p1,p2) € P and
yMiddle(P, p1,p2) € P.

(17) Let P be a non empty subset of the carrier of 5% and p1, p2 be points of
EZ.If P is an arc from p; to po, then p; = xMiddle(P, p1,pe2) iff (p1)1 =
(p2)1-

(18) Let P be a non empty subset of the carrier of E% and p1, p2 be points of
EZ. If P is an arc from p; to po, then p; = yMiddle(P, p1, p2) iff (p1)2 =
(p2)2-

2. SEGMENTS OF ARCS

The following proposition is true
(19) Let P be a non empty subset of the carrier of 5% and p1, p2, q1, g2 be
points of 5%. If P is an arc from p; to po and LE ¢1, ¢2, P, p1, p2, then
LE q92, q1, Pv b2, P1-
Let P be a non empty subset of the carrier of 8% and let p1, p2, ¢1 be points

of 5%. The functor LSegment(P, p1,p2,q1) yields a subset of the carrier of 5%
and is defined by:

(Def 3) Lsegment(P7p17p27QI) = {q : LE q, 41, PJ P1, p2}

Let P be a non empty subset of the carrier of 5% and let p1, p2, g1 be points
of S%. The functor RSegment(P, p1, p2,q1) yielding a subset of the carrier of 8%
is defined as follows:

(Def. 4) RSegment(P, p1,p2,q1) = {q: LE qi1, q, P, p1, p2}.
Next we state several propositions:
(20) For every non empty subset P of the carrier of 5% and for all points pq,
p2, @1 of E2 holds LSegment(P, p1,p2,q1) C P.
(21) For every non empty subset P of the carrier of 8% and for all points pq,
p2, @1 of E2 holds RSegment(P, p1,p2,q1) C P.

(22) Let P be a non empty subset of the carrier of E% and p1, p2 be points of
EZ.If P is an arc from p; to po, then LSegment(P, p1, p2,p1) = {p1}.
(23) Let P be a non empty subset of the carrier of 5% and p1, p2, ¢ be points

of S%. If P is an arc from p; to ps and g € P, then LE q, p2, P, p1, po.
(24) Let P be a non empty subset of the carrier of 8% and p1, p2, ¢ be points
of 5%. If P is an arc from p; to ps and g € P, then LE p1, q, P, p1, po.
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(25) Let P be a non empty subset of the carrier of £2 and pi, p2 be points of
EZ.If P is an arc from p; to po, then LSegment(P, p1,p2, p2) = P.

(26) Let P be a non empty subset of the carrier of €% and p1, p2 be points of
EZ.If P is an arc from p; to po, then RSegment(P, p1, p2,p2) = {p2}.

(27) Let P be a non empty subset of the carrier of S% and p1, p2 be points of
EZ.If P is an arc from p; to ps, then RSegment(P, p1, p2,p1) = P.

(28) Let P be a non empty subset of the carrier of €2 and py, p2, ¢1 be points of
EZ.If P is an arc from py to pp and q; € P, then RSegment (P, p1, p2, q1) =
LSegment(P, p2,p1,q1)-

Let P be a non empty subset of the carrier of 5% and let p1, p2, q1, @
be points of 5%. The functor Segment(P, p1,p2,q1,q2) yielding a subset of the
carrier of 5% is defined by:

(Def. 5)  Segment(P, p1,p2, g1, q2) = RSegment (P, p1, p2, g1)LSegment(P, p1, p2, g2).

Next we state four propositions:

(29) Let P be a non empty subset of the carrier of £% and pi, p2, q1, ¢
be points of £4. Then Segment(P, p1,p2,q1,q2) = {q : LE q1, ¢, P, p1,
p2 A LE g, g2, P, p1, pa}.

(30) Let P be a non empty subset of the carrier of €2 and p1, p2, q1, ¢2 be
points of 5%. Suppose P is an arc from p; to pa. Then LE q1, g2, P, p1, p2
if and only if LE ¢2, ¢1, P, p2, p1.

(31) Let P be a non empty subset of the carrier of 5% and p1, p2, q be points
of E2. If P is an arc from p; to py and ¢ € P, then LSegment (P, p1,p2, q) =
RSegment (P, p2, p1,q).

(32) Let P be a non empty subset of the carrier of €2 and p1, p2, q1, ¢2 be
points of E%. If P is an arc from p; to p2 and ¢; € P and ¢o € P, then
Segment (P, p1,p2, q1,q2) = Segment (P, p2, p1,q2,q1)-

3. DECOMPOSITION OF A SIMPLE CLOSED CURVE INTO TwO ARCS

Let s be a real number. The functor VerticalLine s yields a subset of the
carrier of 5% and is defined as follows:

(Def. 6) VerticalLine s = {p; p ranges over points of £2: p; = s}.

The functor HorizontalLine s yielding a subset of the carrier of 5% is defined as
follows:

(Def. 7) HorizontalLine s = {p : p2 = s}.
Next we state several propositions:

(33) For every real number r holds VerticallLiner is closed and
HorizontalLine r is closed.
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(34) For every real number r and for every point p of €% such that p €
VerticalLine r holds p; = r.

(35) For every real number 7 and for every point p of £ such that p €
HorizontalLine r holds pg = 7.

(36) For every compact non empty subset P of 2 holds W-min P € P and
W-max P € P.

(37) For every compact non empty subset P of £2 holds N-min P € P and
N-max P € P.
(38) For every compact non empty subset P of £% holds E-min P € P and
E-max P € P.
(39) For every compact non empty subset P of £2 holds S-min P € P and
S-max P € P.
(40) Let P be a compact non empty subset of S%. Suppose P is a simple
closed curve. Then there exist non empty subsets Py, P» of the carrier of
EZ such that
) Py is an arc from W-min P to E-max P,
) P is an arc from E-max P to W-min P,
(iii) PN Py ={W-min P,E-max P},
) PLUP, =P, and
) (FPoint(Py, W-min P, E-max P, VerticalLine W-bound PtE-bound ),
(LPoint (P, E-max P, W-min P, VerticalLine W-bound -tk boundp))2.

4. UNIQUENESS OF DECOMPOSITION OF A SIMPLE CLOSED CURVE

One can prove the following propositions:

(41) For every subset P of the carrier of I such that P = (the carrier of
I)\ {0,1} holds P is open.

(42) For all subsets By, Bs of R such that Bs is lower bounded and B; C Bs
holds Bj is lower bounded.

(43) For all subsets By, Bz of R such that Bs is upper bounded and B; C Bs
holds B; is upper bounded.

(44) For all r, s holds |r,s[N {r,s} = 0.

(45) For all a, b, ¢ holds ¢ € Ja,b[ iff a < ¢ and ¢ < b.

(46) TFor every subset P of the carrier of R! and for all r, s such that P = |r, s|
holds P is open.

(47) Let S be a non empty topological space, P, P5 be subsets of the carrier
of S, and Pj be a subset of the carrier of S|P,. If P = P{ and P; # () and
P1 g PQ, then S[Pl = STPQ fP{
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(48) For every subset P; of the carrier of I such that P; = (the carrier of
1)\ {0,1} holds P; # () and Ps is connected.

(49) Let P be a non empty subset of the carrier of £} and p1, p2 be points of
Ep. If P is an arc from py to po, then p1 # pa.

(50) Let P be a non empty subset of the carrier of £, @ be a subset of the
carrier of (E3)[P, and p1, p2 be points of EF. If P is an arc from py to po
and @ = P\ {p1,p2}, then @ is open.

(51) For all points p, ¢ of £} and for every non empty subset P of £ such
that P is an arc from p to ¢ holds P is compact.

(52) Let P be a subset of the carrier of £, P;, P> be non empty subsets of
the carrier of &%, @ be a subset of the carrier of (E€7)[P, and pi, p2 be
points of £F. Suppose p; € P and pp € P and P; is an arc from p; to p2
and P; is an arc from p; to py and Py U P, = P and P, N P, = {p1,p2}
and @ = P \ {p1,p2}. Then @ is open.

(53) Let P be a non empty subset of the carrier of £, @ be a subset of the
carrier of (E3)[P, and p1, p2 be points of &F. If P is an arc from py to po
and @ = P\ {p1,p2}, then Q is connected.

(54) Let G1 be a non empty topological space, P;, P be non empty subsets
of the carrier of G, Q' be a subset of the carrier of G1|P;, and Q be a
non empty subset of the carrier of G1[P. If P, C P and Q = Q' and Q' is
connected, then @ is connected.

(55) Let P be a non empty subset of the carrier of £} and pq, p2 be points of
ET. Suppose P is an arc from p; to pa. Then there exists a point p3 of £F:
such that ps € P and p3 # p1 and p3 # po.

(56) Let P be a non empty subset of the carrier of £} and p1, p2 be points of
EL.If P is an arc from py to po, then P\ {p1,p2} # .

(57) Let P; be a non empty subset of the carrier of £f, P be a subset of the
carrier of £F, @ be a subset of the carrier of (E})[P, and p1, p2 be points
of EL. If Py is an arc from p; to pp and Py C P and Q = Py \ {p1,p2},
then @ is connected.

(58) Let T, S, V be non empty topological spaces, P; be a non empty subset
of the carrier of S, P» be a subset of the carrier of S, f be a map from T'
into STP;, and g be a map from S|P, into V. Suppose P, C P, and f is
continuous and g is continuous. Then there exists a map h from 7T into V'
such that h = ¢ - f and h is continuous.

(59) Let Pi, P> be non empty subsets of the carrier of £} and p1, p2 be points
of & If Py is an arc from py to p2 and P is an arc from p; to ps and
P1 g PQ, then P1 = PQ.

(60) Let P be a non empty subset of the carrier of 5%, Q) be a subset of the
carrier of (5%) [P, and p1, p2 be points of S%. Suppose P is a simple closed
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curve and p; € P and pa € P and p; # p2 and Q = P\ {p1,p2}. Then Q
is not connected.
(61) Let P, Py, P, P{, P} be non empty subsets of the carrier of £2 and py,
p2 be points of E%. Suppose that
P is a simple closed curve,
P is an arc from p; to po,

)
)

(iii) P, is an arc from p; to pa,

(iV) PiUP, =P,

(v)  PiNPy={p1,p2},

(vi)  Pj is an arc from p; to po,
(vil) Py is an arc from p; to pa,
(vii) P]UP,=P, and

)

PN Py ={p1,p2}.
Then P1 = Pll and PQ = PQI or Pl = PQI and P2 = Pll

5. LOWER ARcCS AND UPPER ARCS

One can prove the following propositions:

(62) Let P; be a non empty subset of the carrier of S% and p1, p2 be points
of E%. If Py is an arc from p; to ps, then P is closed.

(63) Let Gy, G2 be non empty topological spaces, P be a non empty subset
of the carrier of G, f be a map from G into G2 P, and f; be a map from
G into Go. If f = f1 and f is continuous, then fi is continuous.

(64) Let Py be a non empty subset of the carrier of £ and p1, p2 be points
of 5%. Suppose (p1)1 < (p2)1 and P is an arc from p; to pe. Then P; N
VerticalLine M # () and Py N VerticalLine % is closed.

Let P be a compact non empty subset of 8%. Let us assume that P is a
simple closed curve. The functor UpperArc P yields a non empty subset of the
carrier of £2 and is defined by the conditions (Def. 8).

(Def. 8)(i) UpperArc P is an arc from W-min P to E-max P, and
(i)  there exists a non empty subset P of the carrier of €2 such that
Py is an arc from E-maxP to W-min P and UpperArcP N P, =
{W-min P, E-max P} and UpperArc P U P, = P and
(FPoint(UpperArc P, W-min P, E-max P,
VerticalLine W-bound P;E—bound P ))2 >
(LPoint( Py, E-max P, W-min P,

VerticalLine W-bound P;E—bound P ) )2 )

Let P be a compact non empty subset of S%. Let us assume that P is a
simple closed curve. The functor LowerArc P yielding a non empty subset of
the carrier of £2 is defined as follows:
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(Def. 9) LowerArc P is an arc from E-max P to W-min P and UpperArc P N
LowerArc P = {W-min P, E-max P} and UpperArc P U LowerArc P = P
and (FPoint(UpperArc P, W-min P, E-max P,
VerticalLine W-bound PAE-bound 2y, . (T Point(LowerArc P, E-max P,
W-min P, VerticalLine W-bound P > E-bound Py,

The following propositions are true:

(65) Let P be a compact non empty subset of £2. Suppose P is a simple
closed curve. Then

) UpperArc P is an arc from W-min P to E-max P,

) UpperArc P is an arc from E-max P to W-min P,

) LowerArc P is an arc from E-max P to W-min P,

(iv) LowerArc P is an arc from W-min P to E-max P,

) UpperArc P N LowerArc P = {W-min P, E-max P},

) UpperArc P U LowerArc P = P, and

) (FPoint(UpperArc P, W-min P, E-max P,

VerticalLine W-bound PtE-bound Py, ~ (T Point(LowerArc P, E-max P,

2
W-min P, VerticalLine W-bound PrE-bound Py,

(66) Let P be a compact non empty subset of 5%. If P is a simple closed
curve, then LowerArc P = (P \ UpperArc P) U {W-min P, E-max P} and
UpperArc P = (P \ LowerArc P) U {W-min P, E-max P}.

(67) Let P be a compact non empty subset of £2 and P; be a subset of the
carrier of (E2)[P. If P is a simple closed curve and UpperArc P N P, =
{W-min P, E-max P} and UpperArc PU P, = P, then P; = LowerArc P.

(68) Let P be a compact non empty subset of £2 and P; be a subset of the

carrier of (€2)[P. If P is a simple closed curve and Py N LowerArc P =
{W-min P, E-max P} and P; ULowerArc P = P, then P; = UpperArc P.

6. AN ORDER OF POINTS IN A SIMPLE CLOSED CURVE

One can prove the following propositions:
(69) Let P be a non empty subset of the carrier of 5% and p1, p2, q be points
of 8%. If P is an arc from p; to po and LE q, p1, P, p1, p2, then ¢ = p;.
(70) Let P be a non empty subset of the carrier of 5% and p1, p2, q be points
of 8%. If P is an arc from p; to po and LE po, ¢q, P, p1, p2, then ¢ = po.
Let P be a compact non empty subset of 5% and let q1, go be points of E%.
The predicate LE(q1, g2, P) is defined by the conditions (Def. 10).
(Def. 10)(i) ¢q1 € UpperArc P and ¢y € LowerArc P and ¢ # W-min P, or
(i) q1 € UpperArc P and ¢o € UpperArc P and LE ¢, g2, UpperArc P,
W-min P, E-max P, or
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(iii) ¢q1 € LowerArc P and ¢2 € LowerArc P and g2 # W-min P and LE ¢,
q2, LowerArc P, E-max P, W-min P.

Next we state three propositions:

(71) Let P be a compact non empty subset of 5% and ¢ be a point of 5%. If
P is a simple closed curve and g € P, then LE(q, ¢, P).

(72) Let P be a compact non empty subset of 5% and ¢1, g2 be points of
EZ.If P is a simple closed curve and LE(q1, g2, P) and LE(qq, g1, P), then
a1 = q2-

(73) Let P be a compact non empty subset of £2 and ¢1, g2, g3 be points of
E2.If P is a simple closed curve and LE(qy, g2, P) and LE(gq, g3, P), then

LE(q1, 3, P).
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Summary. The article is a translation of the first chapters of a book Wistep
do teorii liczb (Eng. Introduction to Number Theory) by W. Sierpinski, WSiP,
Biblioteczka Matematyczna, Warszawa, 1987. The first few pages of this book
have already been formalized in MML. We prove the Chinese Remainder Theorem
and Thue’s Theorem as well as several useful number theory propositions.

MML Identifier: WSIERP_1.

The terminology and notation used in this paper are introduced in the following
articles: [20], [16], [9], [14], [18], [1], [10], [13], [12], [15], [11], [17], [21], [6], [7],
2], [5], (3], [8], [4], and [19].

For simplicity, we follow the rules: x, ¥, z, w denote real numbers, a, b, ¢, d,
e, f, g denote natural numbers, k, I, m, n, m1, n; denote integers, and ¢ denotes
a rational number.

The following propositions are true:

a

1) Ify#0, then ()" =75
2) 2?2 =x-xand (—)* = 2%
3 (_x)2~a — x2-a and (_x)2~a+1 — _x2~a+1.

N

If x # 0, then 27 = 2.
If 2> 0and y>0and d> 0 and 2¢ = 3¢, then z = 4.
x > max(y, z) iff £ >y and x > 2.

~N

Ifex<Oandy >z theny—xz > zandy > z + x.

I e e e e
co (@
S N e e e S N

fx<Oandy>zorx<Oandy >z theny>z+zandy—x > z.
Let us consider a, b. Then ged(a, b) is a natural number. Let us observe that
the functor ged(a, b) is commutative.
Let us consider m, n. Then mgedn is an integer. Let us observe that the
functor m ged n is commutative.
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574 ANDRZEJ KONDRACKI

Let us consider k, a. Then k% is an integer.

Let us consider a, b. Then a’ is a natural number.
We now state a number of propositions:

If k| m and k | n, then &k | m + n.

If k| m and k | n, then k | m-m1 +n-n;.

— =~
= O ©

If mgedn =1 and kgedn =1, then m - kgedn = 1.
If ged(a,b) = 1 and ged(e, b) = 1, then ged(a - ¢,b) = 1.
0gedm = |m| and 1gedm = 1.

— =
= W N

1 and k are relative prime.

—
at

If £ and [ are relative prime, then &% and [ are relative prime.

—
D

If k and  are relative prime, then k% and [° are relative prime.
If kgedl =1, then kged!® =1 and k* ged 1® = 1.

|m| | k iff m | k.

If a | b, then a® | b°.

If a |1, then a = 1.

If d | @ and ged(a,b) = 1, then ged(d, b) = 1.

If kK #0, then k | [ iff é is an integer.

Ifa <b—c, then a <band c<b.

In the sequel f1, fo, f3 are finite sequences.

NN DN =
= O O o
N N N s N

TN TN N TN N N N N N N N N N N
[\V) —
[\ ~

[N}
w
s

Next we state two propositions:
(24) If a € Seglen fy, then a € Seglen(fa ™ f3).
(25) If a € Seglen f3, then len fy + a € Seglen(fo ™ f3).

Let f4 be a finite sequence of elements of R and let us consider a. Then fy(a)
is a real number.

Let f5 be a finite sequence of elements of Z and let us consider a. Then f5(a)
is an integer.

Let fs be a finite sequence of elements of N and let us consider a. Then fg(a)
is a natural number.

Let D be a non empty set and let D be a non empty subset of D. We see
that the finite sequence of elements of Dy is a finite sequence of elements of D.

Let D be a non empty set, let Dy be a non empty subset of D, and let f7,
fs be finite sequences of elements of Di. Then f; ~ fg is a finite sequence of
elements of D;.

Let D be a non empty set and let D1 be a non empty subset of D. Then
€(p,) is an empty finite sequence of elements of D;.

Z is a non empty subset of R.

For simplicity, we adopt the following convention: D, D; are non empty
sets, v1, Vo, v3 are sets, fg is a finite sequence of elements of N, f5, fg are finite
sequences of elements of Z, and fy is a finite sequence of elements of R.
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Let us consider f5. Then ) f5 is an integer. Then [] f5 is an integer.

Let us consider fg. Then ) fs is a natural number. Then [] f6 is a natural
number.

Let us consider a, fi. The functor fi~a yielding a finite sequence is defined
as follows:

(Def. 1)(1) f1NCL = f1 if a ¢ dom fl,
(ii))  len(fi~a)+ 1 =len f; and for every b holds if b < a, then (f1~a)(b) =
f1(b) and if b > a, then (f1~a)(b) = f1(b+ 1), otherwise.

Let us consider D, let us consider a, and let f; be a finite sequence of elements
of D. Then fi~a is a finite sequence of elements of D.

Let us consider D, let D1 be a non empty subset of D, let us consider a, and
let f1 be a finite sequence of elements of Dy. Then fi~a is a finite sequence of
elements of D;.

One can prove the following propositions:

(26) (vi)~1 = € and (v1,v2)~1 = (v2) and (vi,ve)~2 = (v1) and (v, ve,
v3)~1 = (v, v3) and (v1,v2,v3)~2 = (v1,v3) and (v1, v, v3)~3 = (v1,V2).

27) If 1 < a and a < len fy, then Z(f4~a%+ fa(a) =" fa.
28) If a € Seglen fs and fg(a) # 0, then ]06—(];6) is a natural number.
29)
)

30

num ¢ and den ¢ are relative prime.

(
(
(
( If g # 0 and q = g and a # 0 and k and a are relative prime, then
k =numgq and a = deng.

w
—_

AAAAA/_\/\/_\/_\
ot
~— O N T N N~

If there exists ¢ such that a = ¢°, then there exists k such that a = k°.
If there exists ¢ such that a = ¢%, then there exists b such that a = b%.
If e > 0 and a° | b°, then a | b.

There exist m, n such that ged(a,b) =a-m+b-n.

w
=~

There exist m1, ni such that mgedn =m-mi1 +n-ny.

36) If m|n-kand mgedn =1, then m | k.
37) If ged(a,b) =1and a|b-c, then ac.
38) Ifa # 0 and b # 0, then there exist ¢, d such that ged(a,b) =a-c—b-d.

If f>0andg>0and ged(f,g) = 1 and af = b9, then there exists e
such that a = e9 and b = ef.

In the sequel z, y, z, t denote integers.
Next we state several propositions:

(40) There exist x, y such that m -z +n -y =k iff mgedn | k.

(41) Suppose m # 0 and n # 0 and m - my +n-n; = k. Let given z, y. If

m-x+mn-y =k, then there exists ¢ such that x = m1 + ¢ - mg?:dn
m

megedn®
(42) If ged(a,b) = 1 and a-b = ¢?, then there exist e, f such that a = ¢ and
b= fe

and
y=mny—t-
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(43) For every d such that for every a such that a € Seglen fg holds
ged(fe(a),d) =1 holds ged(]] fs,d) = 1.

(44) Suppose len fg > 2 and for all b, ¢ such that b € Seglen fs and ¢ €
Seglen fg and b # ¢ holds ged(fg(b), fe(c)) = 1. Let given f5. Suppose
len f5 = len fg. Then there exists fg such that len fg = len fg and for every

b such that b € Seglen fg holds fs(b) - fo(b) + f5(b) = fe(1) - fo(1) + f5(1).
(45) Ifz <yand z>worz <yand z>worz < yand z > w, then

T—z<y—w.
(46) If a # 0 and aged k = 1, then there exist b, e such that 0 # b and 0 # e
and b< aande< aanda|k-b+eora|k-b—e.
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