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Let us note that in the case when the relational structure L is reflexive and
non empty, both predicates defined above are reflexive.

Next we state several propositions:

(3)  For every relational structure L and for every subset B of L holds (0, is
finer than B.

(4)  Let L be a transitive relational structure and A, B, C be subsets of L.
If A is finer than B and B is finer than C', then A is finer than C.

(5)  For every relational structure L and for all subsets A, B of L such that
B is finer than A and A is lower holds B C A.

(6)  For every relational structure L and for every subset A of L holds (0, is
coarser than A.

(7)  Let L be a transitive relational structure and A, B, C be subsets of L.
If C is coarser than B and B is coarser than A, then C'is coarser than A.

(8) Let L be a relational structure and A, B be subsets of L. If A is coarser
than B and B is upper, then A C B.

2. THE JOIN OF SUBSETS

Let L be a non empty relational structure and let Dy, Dy be subsets of the
carrier of L. The functor D1 U D5 yielding a subset of L is defined by:
(Def. 3)  D;U Dy = {xUy:z ranges over elements of L, y ranges over elements
of L, x € D1 N y € Dy}.
Let L be an antisymmetric relational structure with l.u.b.’s and let D, D> be
subsets of the carrier of L. Let us note that the functor D7 U D5 is commutative.
One can prove the following propositions:
(9)  For every non empty relational structure L and for every subset X of
L holds X U 07, = 0.
(10) Let L be a non empty relational structure, X, Y be subsets of L, and
x,y beelements of L. If r € X andy €Y, thenx Uy € X UUY.
(11) Let L be an antisymmetric relational structure with Lu.b.’s, A be a
subset of L, and B be a non empty subset of L. Then A is finer than
AU B.

(12)  For every antisymmetric relational structure L with lL.u.b.’s and for all
subsets A, B of L holds A U B is coarser than A.

(13)  For every antisymmetric reflexive relational structure L with lLu.b.’s
and for every subset A of L holds A C AU A.

(14) Let L be an antisymmetric transitive relational structure with lL.u.b.’s

and Dy, Dy, D3 be subsets of L. Then (D U Dy) LI D3 = Dy LI(Do U Ds3).

Let L be a non empty relational structure and let D1, Do be non empty
subsets of the carrier of L. Note that D LI Dy is non empty.
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Let L be a transitive antisymmetric relational structure with L.u.b.’s and let
D1, D5 be directed subsets of L. Note that Dq LI Dy is directed.

Let L be a transitive antisymmetric relational structure with L.u.b.’s and let
D1, D5 be filtered subsets of L. Note that D; U Dy is filtered.

Let L be a poset with L.u.b.’s and let D1, Dy be upper subsets of L. Observe
that Dq U Ds is upper.

We now state a number of propositions:

(15) Let L be a non empty relational structure, ¥ be a subset of L, and =
be an element of L. Then {x}UY = {z Uy : y ranges over elements of L,
yeY}

(16)  For every non empty relational structure L and for all subsets A, B, C
of L holds AU(BUC)=(AUB)U(AUC).

(17)  Let L be an antisymmetric reflexive relational structure with Lu.b.’s
and A, B, C be subsets of L. Then AU(BUC)C (AUB)U(AUC).

(18) Let L be an antisymmetric relational structure with l.u.b.’s, A be an
upper subset of L, and B, C be subsets of L. Then (AUB)U (AUC) C
AU (BUCO).

(19)  For every non empty relational structure L and for all elements x, y of
L holds {z} U{y} ={zUy}.

(20)  For every non empty relational structure L and for all elements x, y, z
of L holds {z} U{y,z} ={zUy,zUz}.

(21)  For every non empty relational structure L and for all subsets X1, Xy,
Y1, Y5 of L such that X7 C Y7 and Xy C Y5 holds X7 L Xo C Y7 U Y5,

(22) Let L be a reflexive antisymmetric relational structure with L.u.b.’s, D
be a subset of L, and x be an element of L. If z < D, then {x} U D = D.

(23) Let L be an antisymmetric relational structure with Lu.b.’s, D be a
subset of L, and x be an element of L. Then x < {z} L D.

(24) Let L be a poset with L.u.b.’s, X be a subset of L, and = be an element
of L. If inf {z} U X exists in L and inf X exists in L, then z Ll inf X <
inf({z} U X).

(25) Let L be a complete transitive antisymmetric non empty relational
structure, A be a subset of L, and B be a non empty subset of L. Then
A <sup(AU B).

(26) Let L be a transitive antisymmetric relational structure with L.u.b.’s, a,
b be elements of L, and A, B be subsets of L. If a < A and b < B, then
alb< AUB.

(27)  Let L be a transitive antisymmetric relational structure with L.u.b.’s, a,
b be elements of L, and A, B be subsets of L. If a > A and b > B, then
alb> AU B.

(28)  For every complete non empty poset L and for all non empty subsets
A, B of L holds sup(A U B) = sup A U sup B.

(29) Let L be an antisymmetric relational structure with lL.u.b.’s, X be a
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subset of L, and Y be a non empty subset of L. Then X C |[(X LY.

(30) Let L be a poset with Lu.b.’s, x, y be elements of (Ids(L),C), and X,
Y be subsets of L. If = X and y =Y, then z Uy = [(X UY).

(31) Let L be a non empty relational structure and D be a subset of [ L,
L]. Then U{X : X ranges over subsets of L, V.. jement of 1, X = {2} U
7T2(D) N T € 7T1(D)} = 7T1(D) L TI‘Q(D).

(32) Let L be a transitive antisymmetric relational structure with lLu.b.’s
and Dy, D9 be subsets of L. Then |[(|D; U |Dg) C |(Dy U Ds).

(33)  For every poset L with Lu.b.’s and for all subsets D, Dy of L holds
L(1Dy U | Dy) = |(D1 U Dy).

(34) Let L be a transitive antisymmetric relational structure with lLu.b.’s
and Dy, D9 be subsets of L. Then (1D U TD2) C 1(D1 U D).

(35)  For every poset L with Lu.b.’s and for all subsets D, Dy of L holds
T(1D1 UTDz) = 1(D1 U Dy).

3. THE MEET OF SUBSETS

Let L be a non empty relational structure and let Dy, Dy be subsets of the
carrier of L. The functor D1 M Dy yields a subset of L and is defined by:

(Def. 4) D1 M Dy = {x My : x ranges over elements of L, y ranges over elements
of L, x € D1 N y € Dy}.
Let L be an antisymmetric relational structure with g.1.b.’s and let D, D> be
subsets of the carrier of L. Let us notice that the functor D1MDy is commutative.
Next we state several propositions:

(36) For every non empty relational structure L and for every subset X of
L holds X M@, = 0.

(37) Let L be a non empty relational structure, X, Y be subsets of L, and
z, y be elements of L. If x € X and y € Y, then zMy e XNY.

(38) Let L be an antisymmetric relational structure with g.l.b.’s, A be a
subset of L, and B be a non empty subset of L. Then A is coarser than
AN B.

(39)  For every antisymmetric relational structure L with g.l.b.’s and for all
subsets A, B of L holds A B is finer than A.
(40)  For every antisymmetric reflexive relational structure L with g.1.b.’s and
for every subset A of L holds A C AT A.
(41)  Let L be an antisymmetric transitive relational structure with g.1.b.’s
and D1, Do, D3 be subsets of L. Then (Dl M DQ) MDsg =D (D2 M Dg)
Let L be a non empty relational structure and let D1, Do be non empty
subsets of the carrier of L. Observe that D N Dy is non empty.
Let L be a transitive antisymmetric relational structure with g.l.b.’s and let
D1, Dy be directed subsets of L. One can check that Dq M Dy is directed.
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Let L be a transitive antisymmetric relational structure with g.l.b.’s and let
D1, D5 be filtered subsets of L. One can check that Dq M Dy is filtered.

Let L be a semilattice and let Dy, Do be lower subsets of L. One can verify
that Dy M Dy is lower.

One can prove the following propositions:

(42) Let L be a non empty relational structure, ¥ be a subset of L, and =
be an element of L. Then {x} MY = {z My : y ranges over elements of L,
yeY}

(43)  For every non empty relational structure L and for all subsets A, B, C
of Lholds AN(BUC)=ANBUANC.

(44) Let L be an antisymmetric reflexive relational structure with g.l.b.’s
and A, B, C be subsets of L. Then AUBMNC C (AUB)M(AUC).

(45)  Let L be an antisymmetric relational structure with g.1.b.’s, A be a lower
subset of L, and B, C be subsets of L. Then (AUB)M(AUC) C AUBMNC.

(46)  For every non empty relational structure L and for all elements x, y of
L holds {z} N{y} ={z Ny}

(47)  For every non empty relational structure L and for all elements x, y, z
of L holds {z} M{y,z} ={zNy,zMNz}.

(48)  For every non empty relational structure L and for all subsets X7, X,
Y1, Y5 of L such that X7 C Y; and Xy C Y5 holds X1 M Xs C Y7 MYa.

(49)  For every antisymmetric reflexive relational structure L with g.1.b.’s and
for all subsets A, B of L holds AN B C AN B.

(50) Let L be an antisymmetric reflexive relational structure with g.l.b.’s
and A, B be lower subsets of L. Then AN B =ANB.

(51)  Let L be a reflexive antisymmetric relational structure with g.1.b.’s, D
be a subset of L, and x be an element of L. If z > D, then {x} 1D = D.

(52) Let L be an antisymmetric relational structure with g.l.b.’s, D be a
subset of L, and x be an element of L. Then {z} M D < z.

(53) Let L be a semilattice, X be a subset of L, and x be an element of L.
If sup {z} M X exists in L and sup X exists in L, then sup({z} M X) <
x Msup X.

(54) Let L be a complete transitive antisymmetric non empty relational
structure, A be a subset of L, and B be a non empty subset of L. Then
A > inf(AN B).

(55)  Let L be a transitive antisymmetric relational structure with g.1.b.’s, a,
b be elements of L, and A, B be subsets of L. If a < A and b < B, then
allb< ANB.

(56) Let L be a transitive antisymmetric relational structure with g.l.b.’s, a,
b be elements of L, and A, B be subsets of L. If a > A and b > B, then
alb>ANB.

(57)  For every complete non empty poset L and for all non empty subsets
A, B of L holds inf(AM B) = inf AMinf B.
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Let L be a semilattice, z, y be elements of (Ids(L),C), and x1, y; be
subsets of L. If x = x1 and y = 31, then x My = z1 My;.

Let L be an antisymmetric relational structure with g.l.b.’s, X be a
subset of L, and Y be a non empty subset of L. Then X C (X MY).

Let L be a non empty relational structure and D be a subset of | L,
L]. Then U{X : X ranges over subsets of L, V.. cement of ., X = {2} 1
7T2(D) N x € 7T1(D)} = 7T1(D) M TI'Q(D).

Let L be a transitive antisymmetric relational structure with g.l.b.’s
and Dy, D9 be subsets of L. Then |[(| Dy M |Ds) C |(D1 M1 Ds).

For every semilattice L and for all subsets D1, Dy of L holds [ (] D; 1
ng) = l(Dl M Dg)

Let L be a transitive antisymmetric relational structure with g.l.b.’s
and Dy, D9 be subsets of L. Then (1D M 1Dg) C T(D1 M Da).

For every semilattice L and for all subsets D, Dy of L holds T(TD; N
TDQ) = T(Dl M DQ).

REFERENCES

Grzegorz Bancerek. Bounds in posets and relational substructures. Formalized Mathe-
matics, 6(1):81-91, 1997.

Grzegorz Bancerek. Complete lattices. Formalized Mathematics, 2(5):719-725, 1991.
Grzegorz Bancerek. Curried and uncurried functions. Formalized Mathematics,
1(3):537-541, 1990.

Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps. Formalized Mathemat-
ics, 6(1):93-107, 1997.

Czestaw Byliriski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,
1990.

G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, and D.S. Scott. A
Compendium of Continuous Lattices. Springer-Verlag, Berlin, Heidelberg, New York,
1980.

Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and
products of relational structures. Formalized Mathematics, 6(1):117-121, 1997.

Artur Kornitowicz. Cartesian products of relations and relational structures. Formalized
Mathematics, 6(1):145-152, 1997.

Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

Wojciech A. Trybulec. Partially ordered sets. Formalized Mathematics, 1(2):313-319,
1990.

Zinaida Trybulec and Halina Swieczkowska. Boolean properties of sets. Formalized

Mathematics, 1(1):17-23, 1990.
Mariusz Zynel and Czestaw Byliniski. Properties of relational structures, posets, lattices
and maps. Formalized Mathematics, 6(1):123-130, 1997.

Received September 25, 1996



