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The papers [4], [5], [3], [1], and [2] provide the notation and terminology for this
paper.
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1. DEFINITION OF THE LANGUAGE

Let D be a set. We say that D has VERUM if and only if:

1) (0)e€ D.

Let D be a set. We say that D has implication if and only if:

2) For all finite sequences p, ¢ such that p € D and ¢ € D holds (1) "p~q €
D.

Let D be a set. We say that D has conjunction if and only if:

3) For all finite sequences p, ¢ such that p € D and ¢ € D holds (2) "p~q €
D.

Let D be a set. We say that D has propositional variables if and only if:

4) For every natural number n holds (3 +n) € D.

Let D be a set. We say that D is HP-closed if and only if:

5) D C N* and D has VERUM, implication, conjunction, and propositional
variables.

Let us note that every set which is HP-closed is also non empty and has

VERUM, implication, conjunction, and propositional variables and every subset
of N* which has VERUM, implication, conjunction, and propositional variables
is HP-closed.

The set HP-WFF is defined as follows:
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(Def. 6) HP-WFF is HP-closed and for every set D such that D is HP-closed
holds HP-WFF C D.
Let us note that HP-WFF is HP-closed.
Let us mention that there exists a set which is HP-closed and non empty.
One can verify that every element of HP-WFF is relation-like and function-
like.
Let us mention that every element of HP-WFF is finite sequence-like.
A HP-formula is an element of HP-WFF.
The HP-formula VERUM is defined by:
(Def. 7)  VERUM = (0).
Let p, ¢ be elements of HP-WFF. The functor p = ¢ yielding a HP-formula is
defined by:
(Def. 8) p=q=(1)"p~q.
The functor p A q yielding a HP-formula is defined as follows:
(Def. 9) pAg=(2)"p~q.
We follow the rules: T', X, Y denote subsets of HP-WFF and p, ¢, r, s denote
elements of HP-WFF.
Let T be a subset of HP-WFF. We say that T is Hilbert theory if and only
if the conditions (Def. 10) are satisfied.
(Def. 10)(i) VERUM € T, and
(i)  for all elements p, ¢, r of HP-WFF holds p = (¢ = p) € T and
p=@=r)=(p=>q =p@P=r)eTandpAq=peT and
pANq=qeTandp= (g=pAq) €T andif p e T and p = q € T, then
qeT.
Let us consider X. The functor CnPos X yields a subset of HP-WFF and is
defined by:
(Def. 11) r € CnPos X iff for every T such that T" is Hilbert theory and X C T
holds r € T.

The subset HP_TAUT of HP-WFF is defined by:
(Def. 12) HP_TAUT = CnPos dgp-wrr.

The following propositions are true:

(1) VERUM € CnPos X.

(2) p=(¢=pAq) € CnPosX.

3) (p=(¢g=1)=(p=q = (p=r)) € CnPos X.

(4) p= (¢q=p) € CnPos X.

(5) pAg=pe€ CnPos X.

(6) pAg= qe CnPosX.

(7) If p € CnPos X and p = ¢ € CnPos X, then g € CnPos X.
(8) If T is Hilbert theory and X C T, then CnPos X C T.
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(9) X C CnPosX.
(10) If X CY, then CnPos X C CnPosY.
(11) CnPosCnPos X = CnPos X.

Let X be a subset of HP-WFF. One can verify that CnPos X is Hilbert
theory.
We now state two propositions:

(12) T is Hilbert theory iff CnPosT = T.
(13) If T is Hilbert theory, then HP_TAUT C T.
Let us mention that HP_TAUT is Hilbert theory.

2. THE TAUTOLOGIES OF THE HILBERT CALCULUS - IMPLICATIONAL PART

We now state a number of propositions:

(14) p=pe HP.TAUT.

(15) If ¢ € HP_.TAUT, then p = ¢ € HP_TAUT.

(16) p = VERUM € HP_TAUT.

(17) (p=q) = (p=p) € HP_TAUT.

(18) (¢=p) = (p = p) € HP_TAUT.

(19) (g=71)= ((p=q) = (p=7r)) € HP.TAUT.

(20) If p= (¢ = r) € HP_.TAUT, then ¢ = (p = r) € HP_TAUT.

21) (p=¢) = ((g=r)= (p=r)) € HP.TAUT.

(22) If p= q € HP_TAUT, then (¢ =r) = (p=r) € HP_.TAUT.

(23) Ifp=q € HP_.TAUT and ¢ = r € HP_TAUT, then p = r € HP_TAUT .

24) p=(@=7)=>(s=¢ = (p=(s=r))) € HP.TAUT.

(25) (p=q)=r)= (¢=r) e HP.TAUT.

(26) (p=(¢g=7)) = (¢= (p=r)) € HP_.TAUT.

(27) (p= (p=q)) = (p = q) € HP_TAUT.

(28) ¢= ((¢=p) = p) € HP.TAUT.

(29) If s = (¢ = p) € HP_.TAUT and ¢ € HP_TAUT, then s = p €
HP_TAUT.

3. CONJUNCTIONAL PART OF THE CALCULUS

The following propositions are true:
(30) p=pApecHP.TAUT.
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1) pAgé€HP.TAUT iff p € HP.TAUT and ¢ € HP_TAUT.
9) pAqeHP.TAUT iff g Ap € HP_TAUT.

3) (pAg=r)= (p= (¢=r)) € HP_.TAUT.

4) (p=(¢=r))=(pANqg=r)c HP.TAUT.

5) (r=p) = ((r=q) = (r=pAq)) € HP.TAUT.
6) (p=q)Ap=qcHP.TAUT.

7 (p=q) ApANs=qecHP.TAUT.

8) (¢q=s)=(pANqg=s) € HP.TAUT.

9) (¢=s)=(¢gNp=s)c HP.TAUT.

0) (pAs=¢q)=(pAs=qAs)cHP.TAUT.

1) (p=q¢g=((@PAs=qAs)eHPTAUT.

2) (p=q) A(pAs)=gAscHP.TAUT.

3) pAgq=qApeHP.TAUT.

4) (p=q)A(pAs)=sAhqecHP TAUT.

5 (p=4q)= (pPAs=sANq) € HP.TAUT.

6) (p=q)=(sAp=sAq) € HP.TAUT.

7)) pA(shNq)=pA(gNs)e HP.TAUT.

8) (p=q¢A(p=s)= (p=qAs)ec HP.TAUT.
9) pAgAs=pA(qNs)€HP.TAUT.

0) pA(gAs)=pAgAseHP.TAUT.

REFERENCES

Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Received February 20, 1999



