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Summary. In this article, we extend some properties concerning real num-
bers to extended real numbers. Almost all properties included in this article are
extended properties of other articles: [9], [6], [8], [10] and [7].

MML Identifier: EXTREAL2.

The terminology and notation used in this paper are introduced in the following
papers: [8], [4], [3], [5], [10], [11], [1], and [2].

1. PRELIMINARIES

We follow the rules: z, y, w, z denote extended real numbers and a, b denote
real numbers.
The following propositions are true:

(1) Ifx+#+4oc0ory# —ooandif x # —o0 or y # 400, then x +y =y + =.
(2) If z # 400 and x # —o0, then there exists y such that x +y = O.
(3) If x # +oo and # # —oo and x # Og, then there exists y such that

z-y=1.
(4) Tw=randz-T=xand R(1)-z =2 and v-R(1) = .
(5) Og—z=—=x.
(7) If 0g <z and Og <y, then Og <z +y.
(8) If Og <z and O <y or Oy <z and O <y, then Oy < = +y.
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If » < O and y < Og, then x +y < Of.

<
If x <O and y < O or z < O and y < O, then z + y < O.
Ifa:;é+ooandx;«é—ooandx;éoﬁ,thena:-ngand
If x # +o0 and x # —oo, then x — x = O.
If  # 400 or y # —o0 and if x # —o0 or y # +oo, then —(z +y) =
—z+—yand —(z+y)=—-y—zand —(z+y)=—z—y.
(15) If 2 # +o0 or y # +oo and if © # —o0 or y # —oo, then —(z —y) =
—z+4+yand —(z—y) =y —=x.
(16) If x # 400 or y # +oo and if © # —o0 or y # —oo, then —(—x +y) =
r—yand —(—z+vy) =2+ —y.
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11) If z # +oo and z # —o0 and  + z = y, then x =y — 2.
)
)
)

(17) If + = +o0 and O < y and y < 400 or x = —oo and y < O and
—00 < Y, then%:—koo.

(18) If x = +o0 and y < Og and —oco < y or x = —oo and O < y and
Yy < +00, theniz—oo.

If—oo<yandy<+ooandy7é0@,then%:J;andx-%:x.
1< +ooand —oo < 1.

(19)
(20)
(21) Ifx = 400 or x = —o0, then for every y such that y € R holds z+y # Og.
(22) 1If z = 400 or x = —o0, then for every y holds z -y # 1.

(23)

If £ # 400 or y # —o0 but x # —o0 or y # +o00 and x + y < 400, then

x # +o0o and y # +o0.

(24) If x # 400 or y # —o0 but & # —o0 or y # 400 and —oo < x + ¥y, then
r # —o0 and y # —o0.

(25) If x # 400 or y # 400 but & # —o0 or y # —oo and x — y < +00, then
T # +o0o and y # —o0.

(26) If x # 400 or y # 400 but  # —oo or y # —oo and —oo < x — y, then
x # —oo and y # +oo.

(27) If x # 400 or y # —o0 but x # —o0 or y # +oo and = + y < z, then
x # +oo and y # 400 and z # —oco and = < z — .

(28) If z # 400 or y # +0o0 but z # —oo or y # —oco and x < z — y, then
x # +oo and y # +o00 and z # —oco and = + y < 2.

(29) If x # 400 or y # +oo but x # —o0 or y # —oo and = — y < z, then
T # 4ooand y # —oco and z # —oo and x < z + y.

(30) If 2z # 400 or y # —oo but z # —o00 or y # 400 and & < z + y, then

r# +ooand y# —cc and z # —cc and z — y < 2.

(31) Ifx#+4occory# —ooandx # —ooory # +oo and y # 400 or z # +00
and y # —oco or z # —oo and x +y < z, then y # +oo and = < z — y.
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(32) If x = +oo and y = —o0 and x = —oo and y = +o0 and y = +oo and
z =400 and y = —o00 and z = —o00 and * < z — y, then y # 400 and
r+y <z

(33) Ifx# +oocory# +ooand z # —ocoory # —oo and y # +00 or z # —00
and y # —oco or z # 4oo and x — y < z, then y # —oco0 and = < z + y.

(34) If x = +o0 and y = 400 and x = —oc0 and y = —oo0 and y = —oo and
z=4ocoand z < z+ vy, then y # —co and = — y < z.

(35) If x # 400 and y # +o0, then x + y # +o0.

(36) If x # —oo and y # —o0, then x + y # —oo.

(37) If x # 400 and y # —o0, then & — y # +o0.

(38) If x # —oo and y # +o0, then & — y # —o0.

(39) Suppose z = +00 and y = —oo and x = —o0 and y = 400 and y = +00
and z = 400 and y = —o0 and z = —oo and x = +00 and z = 400 and

x=—o0and z = —o0. Then (z+y) —z=a+ (y — 2).

(40) Suppose z = +o00 and y = 400 and x = —o0 and y = —oo and y = 400
and z = —oo and y = —oo and z = 400 and x = +o0o0 and z = +o00 and
x=-o0and z=—0c0. Thenz —y —z=2— (y + 2).

(41) Suppose x = +o00 and y = 400 and x = —o0 and y = —oo and y = 400
and z = 400 and y = —oo and z = —oo and x = 400 and z = —oo and
x=—o0 and z = 4+o00. Then (x —y)+z=2 — (y — 2).

(42) If x -y # +oo and z -y # —oo, then x is a real number or y is a real
number.

(43) Og<zand Og <yorz <O0pandy < Ogiff Og <z -y.

(44) Og<zandy <Ogorz <O0pand O <yiff v-y < 0g.

(45) Og <z or O <z but O <y or Og <y orx < 0f or x <O but y <0
ory <O iff Og <z - y.

(46) 2 < Ogor z < 0 but O <y or Og <y or Og <z or Og < x but y < Oy
ory < Ogiff z -y < Op.

(47) z< —yiff y < —z and —z <y iff —y < z.

(48) z< —yiff y < —z and —z <y iff —y < z.

2. BAsic PROPERTIES OF ABS FOR EXTENDED REAL NUMBERS

One can prove the following propositions:
(49) If x = a, then |z| = |al.
(50) |z| =z or |z| = —=x.
(561) Of < |z|.
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52) If x # O, then O < |z|.

53) x = O iff |z| = Og.

54) If |z| = —z and = # O, then z < 0.
55) If < Og, then |z| = —x.

56) |z -yl = lxf- [yl

57) —l|z| <z and x < |z|.

If |z| <y, then —y < x and = < y.
If —y <2 and x <y, then O <y and [z]| < y.
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60) —y <z andz <yiff |z| <v.
61) Ifz # 4oocory# —ooandifz # —oo or y # +oo, then |[z+y| < |z|+]y|.
62) If —oo <z and z < +oo and z # O, then |:1:]|%\:T
63) If x = 400 or x = —o0, then |x|-\%|:OR.
1, _ 1
64) If z # Og, then|5]—m.
65) If x = —oo or z = +o0 and if y = —oo or y = +oo and if y # O, then
z _ Jal
Iyl =1
(66) |a| = |—al.
(67) If x =400 or x = —o0, then |z| = +o0.
(68) If x is a real number or y is a real number, then |z| — |y| < |z — y|.
(69) Ifx # 4ooory # 4ooandif x # —oo or y # —oo, then |z —y| < |z|+]y|.
(70) [lz(l = -
(71) Ifx # +ocory # —oo but z # —oo or y # +o0 and |z| < z and |y| < w,

then |z +y| < z + w.
(72) 1If x is a real number or y is a real number, then ||z| — |y|| < |z — y|.
(73) If O < x -y, then |z + y| = |z]| + |y|.

3. DEFINITIONS OF MIN, MAX FOR EXTENDED REAL NUMBERS AND THEIR
Basic PROPERTIES

Next we state the proposition
(74) Ifx=aandy=">b,thenb<aiff y<zx and b<aiff y < z.

Let us consider z, y. The functor min(z, y) yielding an extended real number
is defined by:

(Def. 1) min(z,y) = {

The functor max(x,y) yielding an extended real number is defined as follows:

x, if x <y,
y, otherwise.
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z, ify<z
(Def. 2) - max(z,y) = { y: otﬁerwise.
One can prove the following propositions:

(75) If x = —o0 or y = —o0, then min(z,y) = —oo.

(76) If x = 400 or y = +00, then max(z,y) = +oo.

(77) Let z, y be extended real numbers and a, b be real numbers. If x = a

and y = b, then min(z,y) = min(a, b) and max(x,y) = max(a, b).

(78) If y < z, then min(z,y) = y.

(79) If y £ z, then min(z,y) = .

(80) If z # 400 and y # 400 and & # +oo or y # 400 but z # —oo or

y # —oo, then min(z,y) = %.
(81) min(z,y) < z and min(y, x) < x.
(82) min(z,z) =
(83) min(z,y) = mln(y,a:).
(84) min(z,y) =z or min(z,y) = y.
(85) z<yandz <z iff x <min(y, 2).
(86) If min(z,y) = z, then z < y.
(87) If min(z,y) =y, then y < x
(88) min(z, min(y, z)) = min(min(z,y), 2).
(89) If x <y, then max(z,y) = y.
(90) If x £ y, then max(z,y) = .
(91) If z # —oo and y # —oo and = # 400 or y # +oo but x # —oo or
y # —oo, then max(z,y) = %‘;Wl
92) x < max(z,y) and x < max(y, ).

max(x,r) = .
max(x,y) = max(y, ).

max(z,y) = x or max(x,y) = y.

)
)
)
)
96) y <z and z < z iff max(y, ) < z.
) If max(x,y) = x, then y <
) If max(x,y) =y, then z < y.
) max(x, max(y, z)) = max(max(z,y), ).
)

If £ # o0 ory # —oo and if z # —o0 or y # +o0o, then min(x,y) +
max(z,y) =z +y.

~—

= z and max(min(z,y), ) = x and max(min(y, z),z) =
y,x)) ==
= z and min(max(z,y), ) = x and min(max(y, z),z) =
yx)) = x.

(101) max(z, min(z,y)
x and max(z, min

~

(102) min(z, max(z,y)
x and min(z, max

—~
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(103) min(z, max(y, z)) = max(min(z,y), min(z, z)) and min(max(y, z),z) =

max(min(y, z), min(z, x)).

)’
(104) max(z, min )y, z)) = min(max(z,y), max(z, z)) and max(min(y, z),x) =

[11]

min(max(y, z), max(z, x)).
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