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The Iida Technical High School

Nagano

Yasunari Shidama

Shinshu University

Nagano

Summary. In this paper, we first introduce the notion of summability of
an infinite set of vectors of real Hilbert space, without using index sets. Fur-

ther we introduce the notion of weak summability, which is weaker than that of

summability. Then, several statements for summable sets and weakly summable

ones are proved. In the last part of the paper, we give a necessary and sufficient

condition for summability of an infinite set of vectors of real Hilbert space as our

main theorem. The last theorem is due to [8].

MML Identifier: BHSP 6.

The terminology and notation used here are introduced in the following articles:

[18], [21], [6], [1], [16], [9], [22], [4], [5], [7], [12], [20], [13], [14], [15], [3], [10], [17],

[11], [2], [19], and [23].

1. Preliminaries

In this paper X is a real unitary space, x is a point of X, and i is a natural

number.

Let us consider X. Let us assume that the addition of X is commutative

and associative and the addition of X has a unity. Let Y be a finite subset of

the carrier of X. The functor Setsum(Y ) yielding an element of the carrier of

X is defined by the condition (Def. 1).
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(Def. 1) There exists a finite sequence p of elements of the carrier of X such that

p is one-to-one and rng p = Y and Setsum(Y ) = the addition of X ⊙ p.

We now state two propositions:

(1) Let given X. Suppose the addition of X is commutative and associative

and the addition of X has a unity. Let Y be a finite subset of the carrier of

X and I be a function from the carrier of X into the carrier of X. Suppose

Y ⊆ dom I and for every set x such that x ∈ dom I holds I(x) = x.

Then Setsum(Y ) = setopfunc(Y, the carrier of X, the carrier of X, I, the

addition of X).

(2) Let given X. Suppose the addition of X is commutative and associative

and the addition of X has a unity. Let Y1, Y2 be finite subsets of the carrier

of X. Suppose Y1 misses Y2. Let Z be a finite subset of the carrier of X.

If Z = Y1 ∪ Y2, then Setsum(Z) = Setsum(Y1) + Setsum(Y2).

2. Summability

Let us consider X and let Y be a subset of the carrier of X. We say that Y

is summable set if and only if the condition (Def. 2) is satisfied.

(Def. 2) There exists x such that for every real number e if e > 0, then there

exists a finite subset Y0 of the carrier of X such that Y0 is non empty and

Y0 ⊆ Y and for every finite subset Y1 of the carrier of X such that Y0 ⊆ Y1

and Y1 ⊆ Y holds ‖x− Setsum(Y1)‖ < e.

Let us consider X and let Y be a subset of the carrier of X. Let us assume

that Y is summable set. The functor sumY yielding a point of X is defined by

the condition (Def. 3).

(Def. 3) Let e be a real number. Suppose e > 0. Then there exists a finite subset

Y0 of the carrier of X such that Y0 is non empty and Y0 ⊆ Y and for every

finite subset Y1 of the carrier of X such that Y0 ⊆ Y1 and Y1 ⊆ Y holds

‖sumY − Setsum(Y1)‖ < e.

Let us consider X and let L be a linear functional in X. We say that L is

Bounded if and only if:

(Def. 4) There exists a real number K such that K > 0 and for every x holds

|L(x)| ¬ K · ‖x‖.

Let us consider X and let Y be a subset of the carrier of X. We say that Y

is weakly summable set if and only if the condition (Def. 5) is satisfied.

(Def. 5) There exists x such that for every linear functional L in X if L is Bo-

unded, then for every real number e such that e > 0 there exists a finite

subset Y0 of the carrier of X such that Y0 is non empty and Y0 ⊆ Y and

for every finite subset Y1 of the carrier of X such that Y0 ⊆ Y1 and Y1 ⊆ Y

holds |L(x− Setsum(Y1))| < e.
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Let us consider X, let Y be a subset of the carrier of X, and let L be a

functional in X. We say that Y is summable set by L if and only if the condition

(Def. 6) is satisfied.

(Def. 6) There exists a real number r such that for every real number e if e > 0,

then there exists a finite subset Y0 of the carrier of X such that Y0 is

non empty and Y0 ⊆ Y and for every finite subset Y1 of the carrier of X

such that Y0 ⊆ Y1 and Y1 ⊆ Y holds |r − setopfunc(Y1, the carrier of X,

R, L,+R)| < e.

Let us consider X, let Y be a subset of the carrier of X, and let L be

a functional in X. Let us assume that Y is summable set by L. The functor

SumByfunc(Y, L) yielding a real number is defined by the condition (Def. 7).

(Def. 7) Let e be a real number. Suppose e > 0. Then there exists a finite subset

Y0 of the carrier of X such that

(i) Y0 is non empty,

(ii) Y0 ⊆ Y, and

(iii) for every finite subset Y1 of the carrier of X such that Y0 ⊆ Y1 and Y1 ⊆

Y holds |SumByfunc(Y,L)−setopfunc(Y1, the carrier of X, R, L,+R)| < e.

The following propositions are true:

(3) For every subset Y of the carrier of X such that Y is summable set holds

Y is weakly summable set.

(4) Let L be a linear functional inX and p be a finite sequence of elements of

the carrier of X. Suppose len p ­ 1. Let q be a finite sequence of elements

of R. Suppose dom p = dom q and for every i such that i ∈ dom q holds

q(i) = L(p(i)). Then L(the addition of X ⊙ p) = +R ⊙ q.

(5) Let given X. Suppose the addition of X is commutative and associative

and the addition of X has a unity. Let S be a finite subset of the carrier

of X. Suppose S is non empty. Let L be a linear functional in X. Then

L(Setsum(S)) = setopfunc(S, the carrier of X, R, L,+R).

(6) Let given X. Suppose the addition of X is commutative and associative

and the addition of X has a unity. Let Y be a subset of the carrier of

X. Suppose Y is weakly summable set. Then there exists x such that for

every linear functional L in X if L is Bounded, then for every real number

e such that e > 0 there exists a finite subset Y0 of the carrier of X such

that Y0 is non empty and Y0 ⊆ Y and for every finite subset Y1 of the

carrier of X such that Y0 ⊆ Y1 and Y1 ⊆ Y holds |L(x)− setopfunc(Y1, the

carrier of X, R, L,+R)| < e.

(7) Let given X. Suppose the addition of X is commutative and associative

and the addition of X has a unity. Let Y be a subset of the carrier of X.

Suppose Y is weakly summable set. Let L be a linear functional in X. If

L is Bounded, then Y is summable set by L.
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(8) Let given X. Suppose the addition of X is commutative and associative

and the addition of X has a unity. Let Y be a subset of the carrier of

X. Suppose Y is summable set. Let L be a linear functional in X. If L is

Bounded, then Y is summable set by L.

(9) For every finite subset Y of the carrier of X such that Y is non empty

holds Y is summable set.

3. Necessary and Sufficient Condition for Summability

One can prove the following proposition

(10) Let given X. Suppose the addition of X is commutative and associative

and the addition of X has a unity and X is a Hilbert space. Let Y be a

subset of the carrier of X. Then Y is summable set if and only if for every

real number e such that e > 0 there exists a finite subset Y0 of the carrier

of X such that Y0 is non empty and Y0 ⊆ Y and for every finite subset Y1

of the carrier of X such that Y1 is non empty and Y1 ⊆ Y and Y0 misses

Y1 holds ‖Setsum(Y1)‖ < e.
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