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Summary. Solving the partial sum of some often used series.

MML Identifier: SERIES_2.

The articles [2], [1], [4], [3], [5], [7], and [6] provide the notation and terminology
for this paper.
In this paper n is a natural number and s is a sequence of real numbers.
Next we state a number of propositions:
(1) =D =1.
(2) (n+1P=n*+3-n24+3-n+land (n+1)*=n*+4-n3+6-n2+4-n+1
and (n+1)°=n+5-n*+10-n3+10-n? +5 -n+ 1.

(3) If for every n holds s(n) = mn, then for every n holds
(Camo 5(@)men(n) = 5.

(4) If for every mn holds s(n) = 2 - n, then for every n holds
(> a=08(@))ren(n) =n - (n+1).

(5) If for every m holds s(n) = 2 -n + 1, then for every n holds

(X 8(@))ren(n) = (n + 1)

6) If for every n holds s(n) = n - (n + 1), then for every m holds
(6) y y

(Yo 5(e)wen(n) = M2,

or every n holds s(n) =n-(n+4+1) - (n+ 2), then for every n holds

(7) Iff y n holds s(n) ( 1)-( 2), then fi y n hold

(Zgzo S(OZ))HEN(TL) _ n-(n+1).(72+2)-(n+3) ]

(8) If for every m holds s(n) =n-(n+1)-(n+2)- (n+ 3), then for every n

hOldS (ZZZOS(Q))HGN(T@) — n'(n+1)~(n+25)-(n+3)~(n+4).

or every n holds s(n) = ——, then for every n holds

9) If f hold n(r}+1) h f hold

(o 5(@))ren(n) = 1 — 7.
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10) If for every n holds s(n) = ————— then for every n holds
n-(n+1)-(n+2)

(> a0 8(a))nen(n) = % - m
(11) If for every n holds s(n) =

n_(nﬂ).(éﬁ).(n%), then for every m holds
1

(Xh=0 5()neni(n) = 15 — 3 (nt1)-(n+2)-(n+3)"

(12) If for every m holds s(n) = n? then for every n holds
(o 5(a) () = g,

(13) If for every n holds s(n) = (—1)"*!.n% then for every n holds
(S s(@)weni(n) = R0,

(14) If for every n such that n > 1 holds s(n) = (2-n — 1)? and s(0) = 0,

K n-(4-n—
then for every n such that n > 1 holds (> ., s(®))xen(n) = %
(15) If for every n holds s(n) = n? then for every n holds

n2' n 2
(S s(@)men(m) = =55
(16) If for every n such that n > 1 holds s(n) = (2-n—1)3 and s(0) = 0, then
for every n such that n > 1 holds (3-5_ s(@))sen(n) =n?- (2-n? —1).

(17) If for every n holds s(n) = n' then for every n holds
(0 $(0) men(n) = SO RUE(En2E5m)-)
(18) If for every n holds s(n) = (_1)n+1 -n* then for every n holds
K _ n+1.n. n . TL2 n)—
(ZQ:OS(Q))NGN(H) = = ( ‘;1) ((n*4n)—-1)

(19) If for every m holds s(n) = n° then for every n holds

K n?-(n+1)2-((2:n?4+2-n)—1
(Stimp s(0))weri(n) = "I GEetn=D),
(20) If for every m holds s(n) = nS then for every n holds

(ZZZO S(OZ))HGN(TL) — n'(n+1)~(2~n+1)~((5132~n4+6~n3)—3-n)+1) )

(21) If for every m holds s(n) = n’, then for every n holds
K n?-(n+1)3- n*46.n3)—n?—4n
(Xho s(a))nen(n) = 2ot gm)n —dn)t2),
(22) If for every m holds s(n) = n - (n + 1)2, then for every n holds
(ZZZO S(a)),{eN(N) — TL'(N+1)'(”1-;2)'(3~71+5)'
(23) If for every n holds s(n) = n- (n + 1)%- (n + 2), then for every n holds
K n-(n+1)-(n+2)-(n+3)-(2-n43
(Ziao 8(0))nen(n) = TN Gt
(24) If for every n holds s(n) = n - (n+ 1) - 2", then for every n holds
(Xt=os(@)ren(n) =271 ((n? —n) +2) — 4.
(25) Suppose that for every n such that n > 2 holds s(n) = m and
s(0)=0 andls(l) = 0. Let given n. If n > 2, then (3 5_, s(a))ken(n) =
17 2n " 2(ntD)"
(26) If for every n such that n > 1 holds s
then for every n such that n > 1 holds

(27) If for every n such that n > 1 holds s
then for every n such that n > 1 holds

n) = m and s(0) = 0,
>0 5(@))ren(n) = gt
n) = m and s(0) = 0,
>0 5(@))ren(n) = g7

N~
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(28) Suppose that for every m such that n > 1 holds s(n) =
and s(0) = 0. Let given n. If n > 1, then

(2~n—1)~(2-nl+1)-(2-n+3)
(Egzo s(a))wen(n) = ﬁ - W
(29) Suppose that for every m such that m > 1 holds s(n) =
and s(0) = 0. Let given n. If n > 1, then

(3~n—2)~(3-nl+1)-(3-n+4)
(ZZ:O s(a))ken(n) = i - m-

(30) Suppose that for every n such that n > 1 holds s(n) = m and
5(0) = 0. Let given n. If n > 1, then (3-8 s(a))ren(n) = (3 — ni_ﬂ) +

1
2:(n+1)-(n+2)*

(31) Suppose that for every n such that n > 1 holds s(n) = #2(7%&-3) and
s(0) = 0. Let given n. Ifn > 1, then (30_s(a))nen(n) = 22 — %4*3 -
-(n+2§)-(n+3) 3-(n+1)- (n+2) (n+3)
(32) If for every m holds s(n) = %, then for every n holds
(Sh_gs(a))ren(n) = 25 — 1.
(33) Suppose that for every n such that n > 1 holds s(n) = (nﬁj% and
s(0) = 0. Let given n. If n > 1, then (35 _, s(a))ren(n) = 3 + %
(34) 1If for every n such that n > 1 holds s(n) = %12)2” and s(0) = 0, then
for every n such that n > 1 holds (3~ _, s(a))xen(n) =1 — m
(35) Suppose that for every n such that n > 1 holds s(n) = % and
s(0) = 0. Let given n. If n > 1, then (3°5_ s(a))ken(n) =1 — m
(36) If for every n holds s(n) = (2n+1+(_1)(;&1);'(227;112“_1)%2), then for every

(~1)"+2

n holds (3°5_g () )wen(n) = § + ggmrzpmymry-
(37) If for every n holds s(n) = n!-n, then for every n such that n > 1 holds
(Xa=0s(@)ren(n) = (n+ 1! - 1.
(38) 1If for every n holds s(n) = (nfl),, then for every n such that n > 1 holds
1-—

(ZZ:OS(O‘))HGN( ) (n+1)'
(39) If for every n such that n > 1 holds s(n) = @41 ond s(0) =0, then

(n+2)!
for every n such that n > 1 holds (}°._, s(« ))%N( )=3— (1?++21)!‘
(40) If for every n such that n > 1 holds s(n) = (== +2), and s(0) = 0, then for
every n such that n > 1 holds (3 4 _ s())ken(n) =1 — %
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Summary. This article is part of a series of Mizar articles which constitute
a formal proof (of a basic version) of Kurt Gédel’s famous completeness theorem
(K. Godel, “Die Vollstandigkeit der Axiome des logischen Funktionenkalkiils”,
Monatshefte fiir Mathematik und Physik 37 (1930), 349-360). The completeness
theorem provides the theoretical basis for a uniform formalization of mathematics
as in the Mizar project. We formalize first-order logic up to the completeness
theorem as in H. D. Ebbinghaus, J. Flum, and W. Thomas, Mathematical Logic,
1984, Springer Verlag New York Inc. The present article introduces the basic
concepts of substitution of a variable for a variable in a first-order formula. The
contents of this article correspond to Chapter III par. 8, Definition 8.1, 8.2 of
Ebbinghaus, Flum, Thomas.

MML Identifier: SUBSTUT1.

The terminology and notation used here are introduced in the following articles:
[15], [7], [17], [18], [4], [12], [1], [14], [2], [11], [8], [6], [3], [9], [19], [5], [10], [13],
and [16].

1. PRELIMINARIES

For simplicity, we follow the rules: a, b are sets, i, k are natural numbers, z,
y are bound variables, P is a k-ary predicate symbol, [; is a variables list of k,
lo is a finite sequence of elements of Var, and p is a formula.

The functor vSUB is defined by:

!This research was carried out within the project “Wissensformate” and was finan-
cially supported by the Mathematical Institute of the University of Bonn (http://www.-
wissensformate.uni-bonn.de). Preparation of the Mizar code was part of the first author’s
graduate work under the supervision of the second author. The authors thank Jip Veldman
for his work on the final version of this article.

(© 2005 University of Bialystok
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(Def. 1) vSUB = BoundVar - BoundVar .
One can check that vSUB is non empty.
A CQC-substitution is an element of vSUB.
Let us note that vSUB is functional.
In the sequel 57 is a CQC-substitution.
Let us consider S;. The functor @S yielding a partial function from BoundVar
to BoundVar is defined as follows:
(Def. 2) @Sl = Sl.
Next we state the proposition
(1) If a € dom Sy, then Si(a) € BoundVar.

Let [ be a finite sequence of elements of Var and let us consider S;. The func-
tor CQC-subst(l,S1) yields a finite sequence of elements of Var and is defined
as follows:

(Def. 3) len CQC-subst(l,S1) = lenl and for every k such that 1 < k and k <
lenl holds if I(k) € dom Sy, then (CQC-subst(l,S1))(k) = Si1(I(k)) and if
l(k) ¢ dom Sy, then (CQC-subst(l, S1))(k) = (k).
Let [ be a finite sequence of elements of BoundVar. The functor I yielding
a finite sequence of elements of Var is defined by:
(Def. 4) @1 =1.
Let [ be a finite sequence of elements of BoundVar and let us consider Sj.
The functor CQC-subst(l, S1) yields a finite sequence of elements of BoundVar
and is defined as follows:
(Def. 5)  CQC-subst(l, S7) = CQC-subst(®l, Sy).
Let us consider S7 and let X be a set. Then S7[X is a CQC-substitution.
One can verify that there exists a CQC-substitution which is finite.

Let us consider z, p, S1. The functor RestrictSub(z, p,S1) yielding a finite
CQC-substitution is defined by:

(Def. 6) RestrictSub(z, p, S1) = S1[{y : y € snb(p) A y is an element of dom S; A
y#z A y#Siy)}
Let us consider 3. The functor BoundVars(ls) yielding an element of 2BoundVar
is defined as follows:
(Def. 7) BoundVars(ly) = {l2(k) : 1 <k A k <lenly A lz(k) € BoundVar}.
Let us consider p. The functor BoundVars(p) yielding an element of 2BoundVar
is defined by the condition (Def. 8).
(Def. 8) There exists a function F from WFF into 2B°undVar gych that
(i) BoundVars(p) = F(p), and
(ii)  for every element p of WFF and for all elements dy, do of 2BoundVar
holds if p = VERUM, then F(p) = Opoundvar and if p is atomic, then
F(p) = BoundVars(Args(p)) and if p is negative and di = F(Arg(p)),
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then F(p) = dy and if p is conjunctive and d; = F(LeftArg(p)) and
dy = F(RightArg(p)), then F(p) = di U dy and if p is universal and
dy = F(Scope(p)), then F(p) = d; U {Bound(p)}.
One can prove the following propositions:

(2) BoundVars(VERUM) = ().

(3) For every formula p such that p is atomic holds BoundVars(p) =
BoundVars(Args(p)).

(4) For every formula p such that p is negative holds BoundVars(p) =
BoundVars(Arg(p)).

(5) For every formula p such that p is conjunctive holds BoundVars(p) =
BoundVars(LeftArg(p)) U BoundVars(RightArg(p)).

(6) For every formula p such that p is universal holds BoundVars(p) =
BoundVars(Scope(p)) U {Bound(p)}.
Let us consider p. One can check that BoundVars(p) is finite.
Let us consider p. The functor DomBoundVars(p) yielding a finite subset of
N is defined as follows:
(Def. 9) DomBoundVars(p) = {i : x; € BoundVars(p)}.
In the sequel f; denotes a finite CQC-substitution.
Let us consider f;. The functor Sub-Var(f;) yields a finite subset of N and
is defined as follows:
(Def. 10) Sub-Var(f;) = {i:x; € rng f1}.
Let us consider p, fi. The functor NSub(p, f1) yields a non empty subset of
N and is defined as follows:
(Def. 11) NSub(p, f1) = N\ (DomBoundVars(p) U Sub-Var(f1)).
Let us consider f1, p. The functor upVar(fi1,p) yielding a natural number is
defined as follows:
(Def. 12) upVar(f1,p) = min NSub(p, f1).
Let us consider z, p, fi. Let us assume that there exists S7 such that

f1 = RestrictSub(z, V,p, S1). The functor ExpandSub(z, p, f1) yielding a CQC-
substitution is defined by:

(Def. 13) ExpandSub(z,p, f1) = { Q B Ki: );;I;Yagt]c}llg)"zv};;el.f z€mg fi,
Let us consider p, Si, b. The predicate b = PQSub(p, S1) is defined as
follows:
(Def. 14) If p is universal, then b = ExpandSub(Bound(p), Scope(p),
RestrictSub(Bound(p), p, S1)) and if p is not universal, then b = (.
The function QSub is defined as follows:
(Def. 15) a € QSub iff there exist p, S1, b such that a = ((p, S1), b) and b =
PQSub(p, S1).
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2. DEFINITION AND PROPERTIES OF THE FORMULA — SUBSTITUTION —
CONSTRUCTION

In the sequel e denotes an element of vSUB.

We now state the proposition

(7)(i) [WFF, vSUB] is a subset of [ [N, N]*, vSUB{,

(ii)  for every natural number k and for every k-ary predicate symbol p and
for every list of variables [; of the length k£ and for every element e of
vSUB holds ((p) ~ 11, ) € [ WFF, vSUB {,

(iii)  for every element e of vSUB holds (((0, 0)), e) € | WFF, vSUB{,

(iv)  for every finite sequence p of elements of [ N, N ] and for every element e
of vSUB such that (p, €) € [ WFF, vSUB { holds (((1, 0)) "p, e) € | WFF,
vSUB{,

(v)  for all finite sequences p, g of elements of [ N, N ] and for every element
e of vSUB such that (p, e) € | WFF, vSUB{ and (g, ¢) € [ WFF, vSUB |
holds (((2, 0)) " p " gq, e) € | WFF, vSUB, and

(vi)  for every bound variable z and for every finite sequence p of elements
of [N, N{ and for every element e of vSUB such that (p, QSub({((3, 0)) ~
(x)"p, €))) € f WFF, vSUB ] holds (((3, 0)) ~(z)"p, e) € | WFF, vSUB 1.

Let I; be a set. We say that I is QC-Sub-closed if and only if the conditions

(Def. 16) are satisfied.
(Def. 16)(1) I is a subset of [ [N, N]*, vSUB{,

(ii)  for every natural number k and for every k-ary predicate symbol p and
for every list of variables [; of the length k£ and for every element e of
vSUB holds ({p) " 11, e) € I,

(ili) for every element e of vSUB holds (((0, 0)), €) € I3,

(iv)  for every finite sequence p of elements of [ N, N ] and for every element
e of vSUB such that (p, e) € I holds (((1, 0)) " p, e) € I,

(v)  for all finite sequences p, g of elements of [ N, N ] and for every element
e of vSUB such that (p, e) € I and (g, e) € I; holds ({({(2, 0)) " p " q,
6) € I, and

(vi)  for every bound variable z and for every finite sequence p of elements
of [N, N ] and for every element e of vSUB such that (p, QSub({((3, 0)) "
(x) " p, €))) € I holds (((3, 0)) " (z) " p, e) € ;.

Let us mention that there exists a set which is QC-Sub-closed and non empty.

The non empty set QC-Sub-WFF is defined as follows:

(Def. 17)  QC-Sub-WFF is QC-Sub-closed and for every non empty set D such
that D is QC-Sub-closed holds QC-Sub-WFF C D.

In the sequel S, S’, Sa, S3, S, S5 are elements of QC-Sub-WFF.
Next we state the proposition

(8) There exist p, e such that S = (p, e).
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Let us note that QC-Sub-WFF is QC-Sub-closed.
Let P be a predicate symbol, let [ be a finite sequence of elements of Var, and
let us consider e. Let us assume that Arity(P) = lenl. The functor SubP (P, [, e)
yields an element of QC-Sub-WFF and is defined as follows:
(Def. 18) SubP(P,l,e) = (P]l], €).
We now state the proposition

(9) Let k be a natural number, P be a k-ary predicate symbol, and [ be a
list of variables of the length k. Then SubP(P,l1,e) = (P[l1], €).
Let us consider S. We say that S is sub-verum if and only if:
(Def. 19) There exists e such that S = ( VERUM, e).
Let us consider S. Then S is an element of WFF. Then Ss is an element
of vSUB.
The following proposition is true
(10) S = (51, S2).
Let us consider S. The functor SubNot(.5) yields an element of QC-Sub-WFF
and is defined as follows:
(Def. 20) SubNot(S) = (—(S1), S2).
Let us consider S, S’. Let us assume that Sg = S5. The functor SubAnd(S, S”)
yields an element of QC-Sub-WFF and is defined by:
(Def. 21)  SubAnd(S,S’) = (S1 A S7, S2).
In the sequel B denotes an element of [ QC-Sub-WFF, BoundVar J.
Let us consider B. Then Bj is an element of QC-Sub-WFF. Then Bs is an
element of BoundVar.
Let us consider B. We say that B is quantifiable if and only if:
(Def. 22) There exists e such that (B1)2 = QSub({(Vp,((B1)1), €)).

Let us consider B. Let us assume that B is quantifiable. An element of
vSUB is called a second q.-component of B if:

(Def. 23) (B1)2 = QSub({Vp,((B1)1), it)).
In the sequel Sy is a second q.-component of B.
Let us consider B, S4. Let us assume that B is quantifiable. The functor
SubAll(B, Sy) yields an element of QC-Sub-WFF and is defined by:
(Def. 24) SubAll(B, S4) = (VB,((B1)1), S4).
Let us consider S, . Then (S, z) is an element of [ QC-Sub-WFF, BoundVar {.
The scheme Sub@CInd concerns a unary predicate P, and states that:
For every element S of QC-Sub-WFF holds P|S]
provided the following conditions are satisfied:
e Let k£ be a natural number, P be a k-ary predicate symbol, [; be

a list of variables of the length k, and e be an element of vSUB.
Then P[SubP(P,ly,e)],
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e For every element S of QC-Sub-WFF such that S is sub-verum
holds P[5],
e For every element S of QC-Sub-WFF such that P[S] holds P[SubNot(S)],
e For all elements S, S’ of QC-Sub-WFF such that S = S} and
P[S] and P[S’] holds P[SubAnd(S, S)], and
e Let x be a bound variable, S be an element of QC-Sub-WFF, and
Sa be a second q.-component of (S, x). If (S, =) is quantifiable
and P[S], then P[SubAll((S, x), S4)].
Let us consider S. We say that S is sub-atomic if and only if the condition
(Def. 25) is satisfied.

(Def. 25) There exists a natural number k and there exists a k-ary predicate sym-
bol P and there exists a list of variables {1 of the length k and there exists
an element e of vSUB such that S = SubP(P,[;,e).

One can prove the following proposition
(11) If S is sub-atomic, then Sy is atomic.

Let k be a natural number, let P be a k-ary predicate symbol, let [; be a list
of variables of the length k, and let e be an element of vSUB. One can verify
that SubP (P, [y, e) is sub-atomic.

Let us consider S. We say that S is sub-negative if and only if:

(Def. 26) There exists S” such that S = SubNot(S").
We say that S is sub-conjunctive if and only if:
(Def. 27) There exist Sg, S3 such that S = SubAnd(Ss, S3) and (S2)2 = (S53)2.

Let A be a set. We say that A is sub-universal if and only if:

(Def. 28) There exist B, Sy such that A = SubAll(B, Ss) and B is quantifiable.

Next we state the proposition

(12) Every S is either sub-verum, sub-atomic, sub-negative, sub-conjunctive,
or sub-universal.

Let us consider S. Let us assume that S is sub-atomic. The functor
SubArguments(S) yields a finite sequence of elements of Var and is defined
by the condition (Def. 29).

(Def. 29) There exists a natural number k£ and there exists a k-ary predicate
symbol P and there exists a list of variables [; of the length k& and
there exists an element e of vSUB such that SubArguments(S) = [; and
S = SubP(P,ly,e€).

Let us consider S. Let us assume that S is sub-negative. The functor
SubArgument(S) yields an element of QC-Sub-WFF and is defined as follows:

(Def. 30) S = SubNot(SubArgument(S5)).

Let us consider S. Let us assume that S is sub-conjunctive. The functor
SubLeft Argument(S) yields an element of QC-Sub-WFF and is defined by:



SUBSTITUTION IN FIRST-ORDER FORMULAS: ...

(Def. 31) There exists S’ such that S = SubAnd(SubLeftArgument(S),S’) and
(SubLeftArgument(S))2 = S5.

Let us consider S. Let us assume that S is sub-conjunctive. The func-
tor SubRightArgument(S) yielding an element of QC-Sub-WFF is defined as
follows:

(Def. 32) There exists S’ such that S = SubAnd(S’, SubRightArgument(S)) and
S5 = (SubRightArgument(.5))2.

Let A be a set. Let us assume that A is sub-universal. The functor
SubBound(A) yields a bound variable and is defined as follows:

(Def. 33) There exist B, Sy such that A = SubAll(B, S4) and Bz = SubBound(A)
and B is quantifiable.

Let A be a set. Let us assume that A is sub-universal. The functor
SubScope(A) yielding an element of QC-Sub-WFF is defined as follows:

(Def. 34) There exist B, Sy such that A = SubAll(B, S4) and By = SubScope(A)
and B is quantifiable.

Let us consider S. One can verify that SubNot(S) is sub-negative.
The following propositions are true:

(13) 1If (S2)2 = (S3)2, then SubAnd(Ss, S3) is sub-conjunctive.

(14) If B is quantifiable, then SubAll(B, Sy) is sub-universal.

(15) If SubNot(S) = SubNot(S’), then S = 5’

(16) SubArgument(SubNot(S)) = S.

(17) If (S2)2 = (S3)2 and (S7)2 = (552 and SubAnd(S2,S3) =

SubAnd(S}, S4), then Sy = S/ and Ss = SJ.

(18) If (S2)2 = (S3)2, then SubLeftArgument(SubAnd(Ss, S3)) = Sa.

(19) If (S2)2 = (S3)2, then SubRight Argument(SubAnd(S2, S3)) = Ss.

(20) Let Bj, Bs be elements of [ QC-Sub-WFF, BoundVar ], S5 be a second
q.-component of By, and Sg be a second q.-component of By. If By is
quantifiable and By is quantifiable and SubAll(By, S5) = SubAll(Bs, Ss),
then B = Bs.

(21) 1If B is quantifiable, then SubScope(SubAll(B, S4)) = Bj.

The scheme Sub@QCInd2 concerns a unary predicate P, and states that:
For every element S of QC-Sub-WFF holds P[S]
provided the following requirement is met:
e Let S be an element of QC-Sub-WFF. Then
(i) if S is sub-atomic, then P[5],
(i) if S is sub-verum, then P[S],
(iii)  if S is sub-negative and P[SubArgument(S)], then P[S],
(iv) if S is sub-conjunctive and P[SubLeftArgument(S)] and
P[SubRight Argument(S)], then P[S], and

11
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(v) if S is sub-universal and P[SubScope(S)], then P[S].
One can prove the following propositions:
(22) If S is sub-negative, then len(®((SubArgument(S))1)) < len(®(Sy)).
(23) If S is sub-conjunctive, then len(®((SubLeftArgument(S));)) <
len(®(S1)) and len(®((SubRightArgument(S))1)) < len(®(S1)).
(24) If S is sub-universal, then len(®((SubScope(S))1)) < len(®(S1)).
(25)(i)  If S is sub-verum, then (®(S1))(1)1 = 0,
(ii)  if S is sub-atomic, then there exists a natural number k such that
(®(S1))(1) is a k-ary predicate symbol,
(iii)  if S is sub-negative, then (¢(S1))(1)1 = 1,
(iv)  if S is sub-conjunctive, then (¢(S7))(1); = 2, and
(v) if S is sub-universal, then (®(Sy))(1); = 3.
(26) If S is sub-atomic, then (¢(S1))(1);1 # 0 and (®(S1))(1)1 # 1 and
(“(S1))(1)1 # 2 and (®(S1))(1)1 # 3.
(27) There exists no S which satisfies any of the following conditions:
(i) it is sub-atomic and sub-negative,

(ii) it is sub-atomic and sub-conjunctive,
(iii) it is sub-atomic and sub-universal,
(iv) it is sub-negative and sub-conjunctive,
(v) it is sub-negative and sub-universal,
(vi) it is sub-conjunctive and sub-universal,
(vii) it is sub-verum and sub-atomic,
(viii) it is sub-verum and sub-negative,
(ix) it is sub-verum and sub-conjunctive,
(x) it is sub-verum and sub-universal.

Now we present two schemes. The scheme SubFuncEx deals with a non
empty set A, an element B of A, a unary functor F yielding an element of A,
a unary functor G yielding an element of A, a binary functor H yielding an
element of A, and a binary functor Z yielding an element of A, and states that:
There exists a function F' from QC-Sub-WFF into A such that
for every element S of QC-Sub-WFF and for all elements di, do
of A holds
(i) if S is sub-verum, then F(S) = B,

(ii)  if S is sub-atomic, then F(S) = F(S),
(iii) if S is sub-negative and d; = F(SubArgument(S)), then
F(S) = G(d1),
(iv) if S is sub-conjunctive and d; = F(SubLeftArgument(.S))
and do = F(SubRightArgument(S)), then F'(S) = H(dy,d2), and
(v) if Sis sub-universal and d; = F'(SubScope(5)), then F'(S) =
I(Sv dl)

for all values of the parameters.
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The scheme Sub(Q)CFuncUnig deals with a non empty set A, a function B
from QC-Sub-WFF into A, a function C from QC-Sub-WFF into A, an element
D of A, a unary functor F yielding an element of A, a unary functor G yielding
an element of A, a binary functor H yielding an element of A, and a binary
functor 7 yielding an element of A, and states that:

B=C
provided the parameters satisfy the following conditions:
e Let S be an element of QC-Sub-WFF and di, do be elements of
A. Then
(i) if S is sub-verum, then B(S) =D,
(ii)  if S is sub-atomic, then B(S) = F(5),
(iii) if S is sub-negative and d; = B(SubArgument(S)), then
B(S) = G(dy),
(iv) if S is sub-conjunctive and d; = B(SubLeftArgument(.S))
and dg = B(SubRightArgument(S)), then B(S) = H(d1,d2), and
(v) if Sis sub-universal and d; = B(SubScope(.5)), then B(S) =
Z(S,dy),
and
o Let S be an element of QC-Sub-WFF and di, do be elements of
A. Then
(i) if S is sub-verum, then C(S) = D,
(ii) if S is sub-atomic, then C(S) = F(S5),
(iii) if S is sub-negative and d; = C(SubArgument(S)), then
C(S) =G(d),
(iv) if S is sub-conjunctive and dy = C(SubLeftArgument(.S))
and do = C(SubRightArgument(S)), then C(S) = H(dy,d2), and
(v) if Sis sub-universal and d; = C(SubScope(S)), then C(S) =
Z(S,dy).

Let us consider S. The functor ¢S yielding an element of | WFF, vSUB ] is

defined as follows:

(Def. 35) @S = 5.
In the sequel Z denotes an element of | WFF, vSUB {.
Let us consider Z. Then Z7 is an element of WFF. Then Z3 is a CQC-
substitution.

Let us consider Z. The functor S-Bound(Z) yields a bound variable and is
defined by:
XupVar(RestrictSub(Bound(Z1),Z1,Z2),Scope(Z1)) >
(Def. 36) S-Bound(Z) = if Bound(Z7) € rng RestrictSub(Bound(Z7), Z1, Z2),
Bound(Z7), otherwise.

Let us consider S, p. The functor Quant(S, p) yielding an element of WFF
is defined by:
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(Def 37) Quant(57 p) = vS—Bound(@S)p'

3. DEFINITION AND PROPERTIES OF SUBSTITUTION
Let S be an element of QC-Sub-WFF. The functor CQCSub(S) yielding an
element of WFF is defined by the condition (Def. 38).
(Def. 38) There exists a function F' from QC-Sub-WFF into WFF such that

(i) CQCSub(S) = F(S), and

(i)  for every element S’ of QC-Sub-WFF holds if S’ is sub-
verum, then F(S’) = VERUM and if S’ is sub-atomic, then
F(S') = PredSym(S})[CQC-subst(SubArguments(S’),S5)] and if
S’ is sub-negative, then F(S’) = —F(SubArgument(S’)) and if
S’ is sub-conjunctive, then F(S’) = F(SubLeftArgument(S’)) A
F(SubRightArgument(S’)) and if S’ is sub-universal, then F(S’) =
Quant(S’, F(SubScope(S"))).

We now state several propositions:

(28) If S is sub-negative, then CQCSub(S) = - CQCSub(SubArgument(S)).

(29) CQCSub(SubNot(S)) = = CQCSub(S).

(30) If S is sub-conjunctive, then CQCSub(S) =
CQCSub(SubLeftArgument(S)) A CQCSub(SubRightArgument(S)).

(31) If (52)2 = (53)2, then CQCSub(SubAnd(Sg, 53)) = CQCSub(Sg) A
CQCSub(S3).

(32) If S is sub-universal, then CQCSub(S) =
Quant (.S, CQCSub(SubScope(5))).

The subset CQC-Sub-WFF of QC-Sub-WFF is defined by:
(Def. 39) CQC-Sub-WFF = {S : Sy is an element of CQC-WFF}.

Let us observe that CQC-Sub-WFF is non empty.

Next we state several propositions:

(33) If S is sub-verum, then CQCSub(S) is an element of CQC-WFF.

(34) Let h be a finite sequence. Then h is a variables list of k if and only if
h is a finite sequence of elements of BoundVar and len h = k.

(35) CQCSub(SubP(P,l,e)) is an element of CQC-WFF.

(36) If CQCSub(S) is an element of CQC-WFF, then CQCSub(SubNot(S5))
is an element of CQC-WFF.

(37) If (S2)2 = (S3)2 and CQCSub(Ss) is an element of CQC-WFF and
CQCSub(S3) is an element of CQC-WFF, then CQCSub(SubAnd(Ss, S3))
is an element of CQC-WFF.

In the sequel 1 denotes a second q.-component of (S, x).
We now state the proposition

(38) If CQCSub(9) is an element of CQC-WFF and (S, x) is quantifiable,

then CQCSub(SubAll({S, x),z1)) is an element of CQC-WFF.
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In the sequel S is an element of CQC-Sub-WFF.
The scheme SubCQCInd concerns a unary predicate P, and states that:
For every S holds P[S]

provided the following requirement is met:

e Let S, S’ be elements of CQC-Sub-WFF, x be a bound variable,
S4 be a second q.-component of (S, z), k be a natural number, I;
be a variables list of k, P be a k-ary predicate symbol, and e be
an element of vSUB. Then

(i)  P[SubP(P,ly,e)],

(ii) if S is sub-verum, then P[S],

(iii)  if P[S], then P[SubNot(S)],

(iv) if S2 = S, and P[S] and P[S’], then P[SubAnd(S, S’)], and

(v) if (S, x) is quantifiable and P[S], then P[SubAll({S, z), S4)].

Let us consider S. Then CQCSub(S) is an element of CQC-WFF.
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k-ary predicate symbols, Iy, I} are variables lists of k, I is a finite sequence of
elements of Var, Sy, S7 are CQC-substitutions, and S, S2, S3 are elements of
CQC-Sub-WFF.
Next we state two propositions:
(1) For all functions f, g, h, h1, ha such that dom h; C dom h and dom hy C
dom h holds f+-g+-h = f+-hi+-(g+-ha)+-h.
(2) For every function v; such that x € domwv; holds v;[(domwv; \
{z})+ (z——v1(2)) = v1.
Let us consider A. A value substitution of A is a partial function from
BoundVar to A.
In the sequel vo, vy, v3 are value substitutions of A.
Let us consider A, v, vy. The functor v(vy) yields an element of V(A) and
is defined by:
(Def. 1) wv(v2) = v+-v2.
Let us consider S. Then S7 is an element of CQC-WFF.
Let us consider S, A, v. The functor ValS(v, S) yielding a value substitution
of A is defined by:
(Def. 2) ValS(v,S) = (¢(S2)) - v.
The following proposition is true
(3) If S is sub-verum, then CQCSub(S) = VERUM.
Let us consider S, A, v, J. The predicate J,v |= S is defined as follows:
(Def. 3) J,v = 57.
The following propositions are true:
(4) If S is sub-verum, then for every v holds J,v = CQCSub(S) iff
J,v(ValS(v, S)) = S.
(5) If i € domly, then [1(7) is a bound variable.
(6) If S is sub-atomic, then CQCSub(S) =
PredSym(S1)[CQC-Subst(SubArguments(S), S2)].
(7) If SubArguments(SubP(P,l1,S51)) = SubArguments(SubP(F’,1},S])),
then I3 = 1].
(8) SubArguments(SubP(P, 1, S1)) = 1.
Let us consider k, P, [y, S1. Then SubP(P,[;,S1) is an element of
CQC-Sub-WFF.
We now state three propositions:
(9) CQCSub(SubP(P,1y,51)) = P[CQC-Subst(l1, 51)].
(10) P[CQC-Subst(ly,S1)] is an element of CQC-WFF.
(11) CQC-Subst(ly,S1) is a variables list of k.
Let us consider k, l1, S;. Then CQC-Subst(ly,S1) is a variables list of k.

One can prove the following propositions:
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(12) If z ¢ dom(S2), then v(ValS(v, S))(z) = v(z).
(13) If z € dom(S2), then v(ValS(v, S))(z) = (ValS(v, S))(z).
(14) wv(ValS(v,SubP(P,l1,51))) * 11 = v * CQC-Subst(ly, S1).
(15)  (SubP(P,l1,51))1 = P[]
(16) For every v holds J,v = CQCSub(SubP(P, 1y, Sy)) iff
J,v(ValS(v, SubP(P, 11, 51))) = SubP(P, 1y, S1).
(17)  (SubNot(S))1 = —(S1) and (SubNot(S))2 = Sa.
Let us consider S. Then SubNot(S) is an element of CQC-Sub-WFF.
We now state three propositions:
(18) J,v(ValS(v,S)) £ S iff J,v(ValS(v,S)) = SubNot(.S).
(19) ValS(v, S) = ValS(v, SubNot(S5)).
(20) If for every v holds J,v = CQCSub(S) iff J,v(ValS(v, S)) = S, then for
every v holds J,v = CQCSub(SubNot(S)) iff J, v(ValS(v, SubNot(S5))) =
SubNot(S).

Let us consider Sy, S3. Let us assume that (S2)2 = (53)2. The functor
CQCSubAnd(Ss, S3) yielding an element of CQC-Sub-WFF is defined as follows:
(Def. 4) CQCSubAnd(Ss, S3) = SubAnd(Ss, S3).
Next we state several propositions:

(21) If (52)2 = (53)2, then (CQCSubAHd(SQ,Sg))l = (52)1 VAN (53)1 and
(CQCSubAnd(S2, Sg))z = (52)2.

(22) If (52)2 = (53)2, then (CQCSubAnd(Sg, 53))2 = (52)2.

(23) If (S2)2 = (S3)2, then ValS(v,S3) = ValS(v, CQCSubAnd(Ss, S3)) and
ValS(v, S3) = ValS(v, CQCSubAnd(Ss, S3)).

(24) 1If (S2)2 = (S3)2, then CQCSub(CQCSubAnd(Ss, S3)) = CQCSub(S2) A
CQCSub(S3).

(25) If (S2)2 = (S3)2, then J,v(ValS(v, S2)) = Sz and J,v(ValS(v, S3)) = Ss
iff J,v(ValS(v, CQCSubAnd(Ss, S3))) = CQCSubAnd(Ss, S3).

(26) Suppose (S2)2 = (S3)2 and for every v holds J,v | CQCSub(Ss)
iff  J,v(ValS(v,S2)) | Sz and for every v holds Jv k
CQCSub(Ss) iff J,v(ValS(v,S3)) | Ss. Let given v. Then Jv
CQCSub(CQCSubAnd(Ss, S3)) if and only if
J,v(ValS(v, CQCSubAnd(Ss, S3))) = CQCSubAnd(Ss, S3).

In the sequel B is an element of [ QC-Sub-WFF, BoundVar] and Sy is a
second q.-component of B.
The following proposition is true

(27) If B is quantifiable, then (SubAll(B,S4))1 = Vp,((B1)1) and
(SubAll(B, S4))2 = S4.

Let B be an element of [ QC-Sub-WFF, BoundVar]. We say that B is
CQC-WFF-like if and only if:

19
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(Def. 5) By € CQC-Sub-WFF.

Let us observe that there exists an element of [ QC-Sub-WFF, BoundVar |
which is CQC-WFF-like.

Let us consider S, . Then (S, z) is a CQC-WFF-like element of

F QC-Sub-WFF, BoundVar J.

In the sequel B denotes a CQC-WEFF-like element of

F QC-Sub-WFF, BoundVar ], x; denotes a second q.-component of (S, x),
and S; denotes a second g.-component of B.

Let us consider B. Then Bj is an element of CQC-Sub-WFF.

Let us consider B, Sy. Let us assume that B is quantifiable. The func-
tor CQCSubAll(B, S,) yields an element of CQC-Sub-WFF and is defined as
follows:

(Def. 6) CQCSubAll(B, Sy) = SubAll(B, S4).
We now state the proposition
(28) If B is quantifiable, then CQCSubAll(B, Sy) is sub-universal.

Let us consider S. Let us assume that S is sub-universal. The functor
CQCSubScope(S) yielding an element of CQC-Sub-WFF is defined as follows:

(Def. 7)  CQCSubScope(S) = SubScope(S).
Let us consider S, p. Let us assume that S5 is sub-universal and p =

CQCSub(CQCSubScope(S2)). The functor CQCQuant(Sa,p) yielding an ele-
ment of CQC-WFF is defined as follows:

(Def. 8) CQCQuant(Ss2,p) = Quant(Sa, p).
The following two propositions are true:
(29) If S is sub-universal, then CQCSub(S) =
CQCQuant (S, CQCSub(CQCSubScope(5))).
(30) If B is quantifiable, then CQCSubScope(CQCSubAll(B, Sy)) = Bi.

2. THE SUBSTITUTION LEMMA

The following propositions are true:

(31) If (S, z) is quantifiable, then CQCSubScope(CQCSubAll({S, =), x1)) =
S and CQCQuant(CQCSubAll({S, x), z1), CQCSub(CQCSubScope
(CQCSubAlL({S, z),x1)))) = CQCQuant(CQCSubAll({S, =), x1),
CQCSub(S)).

(32) If (S, x) is quantifiable, then CQCQuant(CQCSubAll({S, x),x1),
CQCSub(5)) = vs—Bmmdl(@c<.gcsu1oA11((S,gc),xl)) CQCSub(S).

(33) If x € dom(S2), then v((®(S2))(x)) = v(ValS(v, S))(z).

(34) If 2 € dom(®(S2)), then (®(S2))(z) is a bound variable.

(35) [ WFF, vSUB] C dom QSub.



COINCIDENCE LEMMA AND SUBSTITUTION LEMMA 21

In the sequel B; denotes an element of [ QC-Sub-WFF, BoundVar ] and Sj
denotes a second q.-component of Bj.
We now state a number of propositions:
(36) If B is quantifiable and B; is quantifiable and SubAll(B,S;) =
SubAll(Bl, S5), then By = (31)2 and S4 = Ss.
(37) If B is quantifiable and B; is quantifiable and CQCSubAll(B, Sy) =
SubAH(Bl, 55), then By = (Bl)z and Sy = S5s.
(38) If (S, z) is quantifiable, then SubBound(CQCSubAll({S, x),z1)) = x.
(39) If (S, z) is quantifiable and = € rngRestrictSub(x,V;(S1),21), then
S-Bound(®CQCSubAll({S, x),21)) ¢ rngRestrictSub(x,V,(S1),71) and
S-Bound(®CQCSubAll({S, x),21)) ¢ BoundVars(Sy).

(40) If (S, z) is quantifiable and = ¢ rngRestrictSub(z,V,(S1),x1), then
S-Bound(®CQCSubAll({S, x),z1)) ¢ rng RestrictSub(z, ¥, (S1), z1).

(41) If (S, x) is quantifiable, then S-Bound(®CQCSubAll({S, z),r1)) ¢
rng RestrictSub(x, V4 (51), z1).

(42) If (S, z) is quantifiable, then Sg =
ExpandSub(z, S1, RestrictSub(z, V4 (S51), x1)).

(43) snb(VERUM) C BoundVars(VERUM).

(44) snb(P[l1]) € BoundVars(P[l;]).

(45) If snb(p) € BoundVars(p), then snb(—p) C BoundVars(—p).

(46)

46) If snb(p) € BoundVars(p) and snb(q) € BoundVars(q), then snb(pAq) C
BoundVars(p A q).

(47) If snb(p) € BoundVars(p), then snb(V,p) C BoundVars(V,p).
(48) For every p holds snb(p) C BoundVars(p).

Let us consider A, let a be an element of A, and let us consider . The
functor x[a yields a value substitution of A and is defined as follows:

(Def. 9) zla = z——a.
In the sequel a denotes an element of A.
The following propositions are true:
(49) If x # b, then v(xz[a)(b) = v(b).
(50) If x =y, then v(z[a)(y) = a.
(51) J,v |= Vyp iff for every a holds J,v(xla) = p.
Let us consider S, z, x1, A, v. The functor NExVal(v, S, z,z1) yielding a
value substitution of A is defined as follows:
(Def. 10) NExVal(v, S, z,z1) = (*RestrictSub(z, V,(S1), 71)) - v.
Let us consider A and let v, w be value substitutions of A. Then v+-w is a
value substitution of A.
One can prove the following propositions:
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(52) If (S, z) is quantifiable and = € rngRestrictSub(x,V;(S1),z1), then
S-Bound(*CQCSubAI({S, &), 21)) = XupVar(RestrictSub(z,V (1) 01),51) -

(53) If (S, z) is quantifiable and = ¢ rngRestrictSub(x,V;(S1),21), then
S-Bound(®CQCSubAll({S, z),z1)) = .

(54) 1If (S, z) is quantifiable, then for every a holds
ValS (v(S-Bound(®CQCSubAll({S, z),z1))la), S) = NExVal(v(S-Bound
(®*CQCSubAl({S, z),z1))[a), S, z,z1)+xa and
dom RestrictSub(z, V;(51), 1) misses {x}.

(55) Suppose (S, x) is quantifiable. Then for every a holds
J, v(S-Bound(®CQCSubAll({S, z),z1))[a)(ValS(v(S-Bound(®CQCSubAll
(S, z),z1))[a),S)) E= S if and only if for every a holds
J, v(S-Bound(®*CQCSubAll({S, z),z1))a)(NExVal(v(S-Bound
(®°CQCSubAL({S, z),z1))la), S, z,z1)+-z]a) = S.

(56) If (S, z) is quantifiable, then for every a holds
NExVal(v(S-Bound(®CQCSubAll({S, x),x1))[a), S, x,21) =
NExVal(v, S, z, x1).

(57) Suppose (S, x) is quantifiable. Then for every a holds
J,v(S-Bound(®CQCSubAll({S, z),z1))[a)(NExVal(v(S-Bound
(P*CQCSubAl({S, z),z1))la), S, z,r1)+x[a) | S if and only if for every
a holds J, v(S-Bound(®CQCSubAll({S, x),21))[a)(NExVal(v, S, z, 1)
+-xla) E S.

3. THE COINCIDENCE LEMMA

The following propositions are true:

58) If rngly C BoundVar, then snb(l2) = rngls.

59) domw = BoundVar and dom(z|a) = {z}.

60) vl =1y - (v]snb(ly)).

61) For all v, w such that v|snb(P[l;]) = w|snb(P[l1]) holds J,v = Pll1] iff
J, w ): P[ll]

(62) Suppose that for all v, w such that v[snb(p) = w[snb(p) holds J,v = p
iff J,w = p. Let given v, w. If v| snb(—p) = w|snb(—p), then J,v = —p iff
J,w = —p.

(63) Suppose that

(i)  for all v, w such that v[snb(p) = w|snb(p) holds J,v | p iff J,w = p,
and

(ii)  for all v, w such that v[snb(g) = w|snb(g) holds J,v |= ¢ iff J,w = q.
Let given v, w. If v[snb(p A q) = w[snb(p A q), then J v = p A q iff
JwEpAqg.

(
(
(
(
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(64) For every set X such that X C BoundVar holds dom(v[X) =
dom(v(z]a)[X) and dom(v[X) = X.

(65) If v]snb(p) = w|snb(p), then v(x]a)[snb(p) = w(xla)|snb(p).

(66) snb(p) C snb(Vyp) U {z}.

(67) I vi(snb(p) \ {a}) = wl(smub(p) \ {z}), then v(wla)snb(p) —
w(zla) snb(p).

(68) Suppose that for all v, w such that v[snb(p) = w|snb(p) holds J,v = p
iff J,w |= p. Let given v, w. If v]snb(V;p) = w[snb(V,p), then J,v = V,p
iff J,w = Vap.

(69) For all v, w such that v[snb(VERUM) = w[snb(VERUM) holds J,v =
VERUM iff J,w = VERUM.

(70) For every p and for all v, w such that v [ snb(p) = w| snb(p) holds J,v = p
iff J,w = p.

(71) If (S, x) is quantifiable, then v(S-Bound(®CQCSubAll({S, x),z1))[a)
(NExVal(v, S, z,z1)+-x]a)[ snb(S1) = v(NExVal(v, S, z, z1)+-z[a) | snb(S7).

(72) If (S, z) is quantifiable, then for every a holds
J, v(S-Bound(*CQCSubAll({S, z),z1))[a)(NExVal(v, S, z, z1)+-zla) =
S iff for every a holds J,v(NExVal(v, S, z,z1)+-x]a) E S.

(73) dom NExVal(v, S, z,z1) = dom RestrictSub(z, V;(S1), z1).

(74) If (S, x) is quantifiable, then v(NExVal(v, S, z, x1)+-x[a) =
v(NExVal(v, S, z,z1))(z]a).

(75) If (S, z) is quantifiable, then for every a holds
J,v(NExVal(v, S, z, z1)+-z[a) = S iff for every a holds
J,v(NExVal(v, S, x,21))(z]a) E S.

(76) For every a holds J,v(NExVal(v, S, z,z1))(x]a) E S iff for every a holds
J,v(NExVal(v, S, z,z1))(z[a) | S1.

(77) Let given v, vy, v1, vs. Suppose for every y such that y € domwv;
holds y ¢ snb(VERUM) and for every y such that y € domws holds
v3(y) = v(y) and dom vy misses domwvz. Then J,v(v2) = VERUM if and
only if J, v(ve+-v1+-v3) = VERUM.

(78) Let given v, v9, v1, v3. Suppose for every y such that y € domwv; holds
y ¢ snb(ly) and for every y such that y € domwvs holds v3(y) = v(y) and
dom vy misses domvs. Then v(ve) * I = v(ve+-v1+-v3) * [1.

(79) Let given v, v9, v1, vs. Suppose for every y such that y € domuv;
holds y ¢ snb(P[l;]) and for every y such that y € domws holds
v3(y) = v(y) and domwy misses domwvs. Then J v(ve) = Plli] if and
only if J, v(vg—l—ml—i—‘vg) l: P[ll].

(80) Suppose that for all v, vy, vy, vz such that for every y such that y €
dom vy holds y ¢ snb(p) and for every y such that y € dom w3 holds v3(y) =
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v(y) and dom vy misses dom vz holds J, v(vg) = p iff J, v(ve+-v1+-v3) | p.
Let given v, vs, vy, v3. Suppose for every y such that y € domwv; holds
y ¢ snb(—p) and for every y such that y € domws holds v3(y) = v(y) and
dom vy misses dom vz. Then J, v(ve) = —pif and only if J, v(ve+-v1+-v3) =
_\p_
(81) Suppose that
(i)  for all v, vy, v1, v3 such that for every y such that y € domwv; holds
y ¢ snb(p) and for every y such that y € domws holds v3(y) = v(y) and
dom vy misses dom vs holds J, v(vg) = p iff J, v(ve+-v1+-v3) = p, and
(ii)  for all v, ve, v, vs such that for every y such that y € domwv; holds
y ¢ snb(q) and for every y such that y € domwvs holds v3(y) = v(y) and
dom vy misses dom vz holds J,v(v2) = q iff J,v(va+-v1+-v3) = q.
Let given v, wvo, w1, v3. Suppose for every y such that y € domuwv;
holds y ¢ snb(p A ¢) and for every y such that y € domws holds
v3(y) = v(y) and domwy misses domwvs. Then J,v(vy) = p A ¢ if and
only if J,v(va+-v1+-v3) EpAg.
(82) If for every y such that y € domwv; holds y ¢ snb(V,p), then for every y
such that y € domw; \ {z} holds y ¢ snb(p).

(83) Let v1 be a function. Suppose for every y such that y € domwv; holds
v1(y) = v(y) and domve misses domwv;. Let given y. If y € domwv; \ {z},
then (v1[(dom vy \ {z}))(y) = v(v2)(y)-

(84) Suppose that for all v, ve, v1, vz such that for every y such that
y € domw; holds y ¢ snb(p) and for every y such that y € domuws
holds v3(y) = v(y) and domwy misses domws holds J,v(vy) | p iff
J,v(ve+-v1+-v3) = p. Let given v, ve, vy, vs. Suppose for every y such
that y € domwv; holds y ¢ snb(V,p) and for every y such that y € dom s
holds v3(y) = v(y) and dom vy misses domvs. Then J, v(v2) = Vp if and
only if J, v(ve+-v1+-v3) = Vup.

(85) Let given p and given v, vy, vi, vs. Suppose for every y such that
y € domw; holds y ¢ snb(p) and for every y such that y € domwvs holds
v3(y) = v(y) and dom vy misses domwvs. Then J,v(v2) = p if and only if
J,v(va+-v1+-v3) = p.

Let us consider p. The functor RSubl p yields a set and is defined by:
(Def. 11) b € RSubl p iff there exists = such that x = b and = ¢ snb(p).

Let us consider p, S7. The functor RSub2(p, S1) yielding a set is defined as
follows:
(Def. 12) b € RSub2(p, S1) iff there exists x such that x = b and = € snb(p) and
= (%8 (x).
Next we state several propositions:
(86) dom((®S;)[ RSubl p) misses dom((®Sy)[ RSub2(p, S1)).
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(87) “RestrictSub(z,V,p, S1) =
(“S1)\ ((9S1) | RSubl Vop+-(9S1) | RSub2(V,p, S1)).

(88) dom(®RestrictSub(z, p, S1)) misses
dom((®S1)[ RSubl p) U dom((®S1)] RSub2(p, S1)).

(89) If (S,z) is quantifiable, then @((CQCSubAll({S, z),z1))2) =
(“RestrictSub(z, ¥, (S1), 21))+-(®21) [ RSub1 V. (S1)+-(®21) | RSub2
(Va(S1), 21).

(90) Suppose (S, x) is quantifiable. Then there exist v, v3 such that

(i) for every y such that y € domwv; holds y ¢ snb(V;(S1)),
(ii)  for every y such that y € domws holds v3(y) = v(y),
(ili) domNExVal(v,S,z,z1) misses dom vz, and
(iv)  w(ValS(v, CQCSubAll({S, x),x1))) = v(NExVal(v, S, x, z1)+-v1+-v3).

(91) If (S, =) is quantifiable, then for every v holds J, v(NExVal(v, S, z, 1)) =
Vo(S1) iff Jou(ValS(v, CQCSubAll({S, x),z1))) E CQCSubAll({S,
x),x1).

(92) Suppose (S, z) is quantifiable and for every v holds Jv [
CQCSub(S) iff J,v(ValS(v,S)) = S. Let given v. Then J,v k=
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CQCSub(CQCSubAll({S, z),z1)) if and only if J, v(ValS(v, CQCSubAll({S,

x),x1))) E CQCSubAN({S, x),x1).

The scheme SubCQCIndl concerns a unary predicate P, and states that:

For every S holds P[S]
provided the following condition is met:

e Let S, S’ be elements of CQC-Sub-WFF, x be a bound variable,
S4 be a second q.-component of (S, z), k be a natural number, Iy
be a variables list of k, P be a k-ary predicate symbol, and e be
an element of vSUB. Then

(i)  P[SubP(P,ly,e)],

(i) if S is sub-verum, then P[S],
(iii)  if P[S], then P[SubNot(S)],
(iv) if Sp = S} and P[S] and P[S’], then P[CQCSubAnd(S, S")],
and

(v) if (S, z) is quantifiable and P[S], then P[CQCSubAll({S,
), 54)]-

Next we state the proposition
(93) For all S, v holds J,v = CQCSub(S) iff J,v(ValS(v,S)) | S.
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1. FURTHER PROPERTIES OF SUBSTITUTION

For simplicity, we adopt the following convention: ¢, k, n denote natural
numbers, p, q, r, s denote elements of CQC-WFF, x, y denote bound variables,
P denotes a k-ary predicate symbol, I, 1 denote variables lists of k, S; denotes
a CQC-substitution, and S, S9 denote elements of CQC-Sub-WFF.

Next we state several propositions:
(1) For every Sy there exists S such that S; = VERUM and Sz = ;.
(2) For every S; there exists S such that S1 = P[l1] and Sz = S;.

(3) Let k, [ be natural numbers. Suppose P is a k-ary predicate symbol and
a [-ary predicate symbol. Then k = I.

(4) If for every Sy there exists S such that S; = p and Sz = Sj, then for
every 57 there exists S such that S; = —p and Sp = 5.

(5) Suppose for every S; there exists S such that S; = p and Sz = S and
for every Sp there exists S such that 51 = ¢ and Sg = S;. Let given Sj.
Then there exists S such that S; = p A ¢ and Sy = 57.

Let us consider p, S;. Then (p, S1) is an element of [ WFF, vSUB .
We now state several propositions:

(6) dom RestrictSub(z, V,p, S1) misses {z}.
(7) If € rngRestrictSub(z,V,p,S1), then S-Bound({V,p, S1)) =

XupVar(RestrictSub(z,Vzp,S1),p) *
(8) If x ¢ rng RestrictSub(x, Vzp, S1), then S-Bound((V,p, S1)) = «.
(9) ExpandSub(z, p, RestrictSub(x, V,p, S1)) =
(®*RestrictSub(z, V,p, S1))+2 | S-Bound({V,p, S1)).
(10) If Sg = (“RestrictSub(z, V,p, S1))+-z| S-Bound({V,p, S1)) and Sy = p,
then (S, z) is quantifiable and there exists Sy such that S = (V,p, S1).

(11) If for every S; there exists S such that S; = p and Se = S, then for
every S7 there exists S such that S; = V,p and Sg = 5.

(12) For all p, S7 there exists S such that S; = p and S2 = S;.

Let us consider p, S;. Then (p, S1) is an element of CQC-Sub-WFF.
Let us consider z, y. The functor Sbst(x,y) yielding a CQC-substitution is
defined by:

(Def. 1) Sbst(z,y) = z——y.

2. FACTS ABOUT SUBSTITUTION AND QUANTIFIERS OF A FORMULA

Let us consider p, z, y. The functor p(z, y) yields an element of CQC-WFF
and is defined as follows:

(Def. 2)  p(z, y) = CQCSub({p, Sbst(x,y))).
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In this article we present several logical schemes. The scheme CQCInd1
concerns a unary predicate P, and states that:
For every p holds P[p]
provided the parameters meet the following conditions:
e For every p such that the number of quantifiers in p = 0 holds
Plp], and
e Let given k. Suppose that for every p such that the number of
quantifiers in p = k holds P[p]. Let given p. If the number of
quantifiers in p = k + 1, then P[p].
The scheme CQCInd2 concerns a unary predicate P, and states that:
For every p holds P[p]
provided the following conditions are met:
e For every p such that the number of quantifiers in p < 0 holds
Plp|, and
e Let given k. Suppose that for every p such that the number of
quantifiers in p < k holds P[p]. Let given p. If the number of
quantifiers in p < k + 1, then P[p].
We now state three propositions:

(13) VERUM(z, y) = VERUM.

(14) Pll](z, y) = P[CQC-Subst(l, Sbst(x,y))] and the number of quantifiers
in P[] = the number of quantifiers in P[l](z, y).

(15) The number of quantifiers in P[l] = the number of quantifiers in
CQCSub((P[l], S1)).

Let S be an element of QC-Sub-WFF. Then S is a CQC-substitution.
Next we state several propositions:
(16) {(=p, S1) = SubNot({p, 51)).
(171G  (—=p)(z, y) = —p(z, y), and
(ii)  if the number of quantifiers in p = the number of quantifiers in p(z,
y), then the number of quantifiers in —p = the number of quantifiers in
(~p)(a, ).

(18) Suppose that for every S; holds the number of quantifiers in p = the
number of quantifiers in CQCSub((p, S1)). Let given S;. Then the num-
ber of quantifiers in —p = the number of quantifiers in CQCSub({—p, S1)).

(19) (pAgq, S1) = CQCSubAnd({p, S1), (g, S1))-

(20)()  (pA@)(z, y) = p(z, y) Ag(z, y), and

(ii)  if the number of quantifiers in p = the number of quantifiers in p(z,
y) and the number of quantifiers in ¢ = the number of quantifiers in ¢(z,
y), then the number of quantifiers in p A ¢ = the number of quantifiers in
(P A @)(z, y).
(21) Suppose that
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(i)  for every S holds the number of quantifiers in p = the number of
quantifiers in CQCSub({p, S1)), and

(i)  for every Sj holds the number of quantifiers in ¢ = the number of
quantifiers in CQCSub({g, S1)).
Let given S;. Then the number of quantifiers in p A ¢ = the number of
quantifiers in CQCSub({p A g, S1)).

The function CFQ from CQC-Sub-WFF into vSUB is defined as follows:

(Def. 3) CFQ = QSub | CQC-Sub-WFF.
Let us consider p, x, S1. The functor QScope(p, z, S1) yielding a CQC-WFF-
like element of | QC-Sub-WFF, BoundVar | is defined by:

(Def. 4)  QScope(p, z, S1) = ({p, CFQ((Yzp, 51))), x).
Let us consider p, z, S1. The functor Qsc(p,z,S1) yielding a second q.-
component of QScope(p, x,S1) is defined by:
(Def. 5)  Qsc(p, z, S1) = S1.
The following propositions are true:

(22) (Vup, S1) = CQCSubAll(QScope(p, z, S1), Qsc(p, z, S1)) and
QScope(p, z,S1) is quantifiable.

(23) Suppose that for every S; holds the number of quantifiers in p = the
number of quantifiers in CQCSub({p, S1)). Let given S;. Then the num-
ber of quantifiers in V,p = the number of quantifiers in CQCSub({V,p,
S1)).

(24) The number of quantifiers in VERUM = the number of quantifiers in
CQCSub({ VERUM, S1)).

(25) For all p, S; holds the number of quantifiers in p = the number of
quantifiers in CQCSub({p, S1)).

(26) If p is atomic, then there exist k, P, [ such that p = P[l;].

The scheme CQCInd3 concerns a unary predicate P, and states that:
For every p such that the number of quantifiers in p = 0 holds
Plp]
provided the following condition is satisfied:
e Let given r, s, x, k, | be a variables list of k, and P be a k-ary
predicate symbol. Then P[VERUM] and P[P[l]] and if P[r], then
P[-r| and if P[r] and P]s], then P[r A s].

3. RESULTS ABOUT THE CONSTRUCTION OF FORMULAS

In the sequel F, Fb, F3 denote formulae and L denotes a finite sequence.
Let G, H be formulae. Let us assume that G is a subformula of H. A finite
sequence is called a path from G to H if it satisfies the conditions (Def. 6).
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(Def. 6)(i) 1 <lenit,
(i) it(1) =G,
(i)  it(lenit) = H, and
(iv) for every k such that 1 < k and k < lenit there exist elements Gy, Hy
of WFEF such that it(k) = Gy and it(k + 1) = H; and G} is an immediate
constituent of Hi.
The following propositions are true:

(27) Let L be a path from F} to F». Suppose F} is a subformula of F, and
1 < i and ¢ <len L. Then there exists F3 such that F3 = L(i) and F3 is a
subformula of F5.

(28) For every path L from Fj to p such that F; is a subformula of p and
1 <iand i <lenL holds L(i) is an element of CQC-WFF.

(29) Let L be a path from ¢ to p. Suppose the number of quantifiers in p < n
and ¢ is a subformula of p and 1 < ¢ and 7 < len L. Then there exists r
such that » = L(7) and the number of quantifiers in r < n.

(30) If the number of quantifiers in p = n and ¢ is a subformula of p, then
the number of quantifiers in ¢ < n.

(31) For all n, p such that for every ¢ such that ¢ is a subformula of p holds
the number of quantifiers in ¢ = n holds n = 0.

(32) Let given p. Suppose that for every ¢ such that ¢ is a subformula of p
and for all x, r holds ¢ # V,r. Then the number of quantifiers in p = 0.

(33) Let given p. Suppose that for every ¢ such that ¢ is a subformula of p
holds the number of quantifiers in ¢ # 1. Then the number of quantifiers
in p=0.

(34) Suppose 1 < the number of quantifiers in p. Then there exists ¢ such
that ¢ is a subformula of p and the number of quantifiers in ¢ = 1.
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Summary. This article is part of a series of Mizar articles which constitute
a formal proof (of a basic version) of Kurt Gédel’s famous completeness theorem
(K. Godel, “Die Vollstandigkeit der Axiome des logischen Funktionenkalkiils”,
Monatshefte fiir Mathematik und Physik 37 (1930), 349-360). The completeness
theorem provides the theoretical basis for a uniform formalization of mathematics
as in the Mizar project. We formalize first-order logic up to the completeness
theorem as in H. D. Ebbinghaus, J. Flum, and W. Thomas, Mathematical Logic,
1984, Springer Verlag New York Inc. The present article introduces a sequent
calculus for first-order logic. The correctness of this calculus is shown and some
important inferences are derived. The contents of this article correspond to
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1. PRELIMINARIES

For simplicity, we adopt the following rules: a, b, ¢, d denote sets, i, j, m,
n denote natural numbers, p, ¢, r denote elements of CQC-WFF, z, y denote
bound variables, X denotes a subset of CQC-WFF, A denotes a non empty set,
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J denotes an interpretation of A, v, w denote elements of V(A), S; denotes a
CQC-substitution, and f, g denote finite sequences of elements of CQC-WFF.

Let g be a finite sequence and let N be a set. Observe that g[N is finite
subsequence-like.

Let D be a non empty set and let f be a finite sequence of elements of D.
The functor Ant(f) yields a finite sequence of elements of D and is defined as
follows:

(Def. 1)(i)  For every i such that len f = i+1 holds Ant(f) = f[ Segi if len f > 0,

(ii)  Ant(f) =0, otherwise.

Let D be a non empty set and let f be a finite sequence of elements of D.
Let us assume that len f > 0. The functor Suc(f) yielding an element of D is
defined as follows:

(Def. 2)  Suc(f) = f(len f).

Let D be a non empty set, let p be an element of D, and let f be a finite
sequence of elements of D. We say that p is a tail of f if and only if:

(Def. 3) There exists ¢ such that ¢ € dom f and f(i) = p.

Let us consider f, g. We say that f is a subsequence of g if and only if:
(Def. 4) There exists a subset N of N such that f C Seq(g[N).

We now state several propositions:

(1) If f is a subsequence of g, then rng f C rngg and there exists a subset
N of N such that rng f C rng(g[N).

(2) Iflenf >0, then len Ant(f) + 1 =len f and len Ant(f) < len f.
(3) Iflenf > 0, then f = (Ant(f)) = (Suc(f)) and rng f = rng Ant(f) U
{Suc(f)}-
(4) Iflen f > 1, then len Ant(f) > 0.
(5) Suc(f ™ (p)) =p and Ant(f " (p)) = f.
In the sequel f1, fo are finite sequences.
We now state several propositions:
(6) len f1 <len(f1"f2) andlen fo <len(f;" f2) and if f1 # (), then 1 < len f;
and len fy < len(fy ™ f1).
) Seq((f " g)ldom f) = (f " g)[ dom f.
) f is a subsequence of f " g.
) 1<len(fi~ (5) " {c)).
10) 1 <len(f1 "~ (b)) and len(f; ~ (b)) € dom(f1 "~ (b)).
) If 0 < m, then len Sgm(Segn U {n +m}) =n+ 1.
) If 0 < m, then dom Sgm(Segn U {n + m}) = Seg(n + 1).
) If 0 <len f, then f is a subsequence of (Ant(f)) ~ ¢~ (Suc(f)).
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(14) 1 € dom(c,d) and 2 € dom{c,d) and (f " {(c,d))(len f4+1) = cand (f " (e,
d))(len f +2) =d.

2. A SEQUENT CALCULUS

Let us consider f. The functor snb(f) yielding an element of 2BoundVar jg
defined by:

(Def. 5) a € snb(f) iff there exist 4, p such that i € dom f and p = f(i) and
a € snb(p).

The set of CQC-WFF-sequences is defined as follows:

(Def. 6) a € the set of CQC-WFF-sequences iff a is a finite sequence of elements
of CQC-WFF.

In the sequel P;, P» denote finite sequences of elements of | the set of CQC-
WFF-sequences, K.

Let us consider P; and let n be a natural number. We say that step n in P;
is correct if and only if:

(Def. 7)(i)  There exists f such that Suc(f) is a tail of Ant(f) and Pi(n); = f if
Pl(n)z = Oa

(ii)  there exists f such that P;(n); = f = (VERUM) if Pj(n)2 =1,

(iii)  there exist 4, f, g such that 1 < i and i < n and Ant(f) is a subsequence
of Ant(g) and Suc(f) = Suc(g) and Pi(i)1 = f and Pi(n)1 = gif Pi(n)2 =
2,

(iv)  there exist 4, j, f, g such that 1 < ¢ and ¢ < n and 1 < j and
j<iandlenf > 1 and leng > 1 and Ant(Ant(f)) = Ant(Ant(g)) and
—Suc(Ant(f)) = Suc(Ant(g)) and Suc(f) = Suc(g) and f = Pi(j)1 and
g = P1(i)1 and (Ant(Ant(f))) = (Suc(f)) = Pi(n)1 if Pi(n)2 =3,

(v)  there exist i, j, f, g, psuch that 1 <iandi<nand1<jandj<i
and len f > 1 and Ant(f) = Ant(g) and Suc(Ant(f)) = —-p and = Suc(f) =
Suc(g) and f = Pi(j)1 and g = Py(i) and (Ant(Ant(f))) ~ (p) = Py (n)1
if Pl(n)2 = 4,

(vi)  there exist 7, j, f, g such that 1 <iandi <mnand 1 < jand j <iand
Ant(f) = Ant(g) and f = P1(j)1 and g = P1(i)1 and (Ant(f)) ™ (Suc(f)A
Suc(g)) = Pi(n)1 if Pi(n)2 =5,

(vii)  there exist i, f, p, ¢ such that 1 <i and i < n and p A ¢ = Suc(f) and
f=Pi(i)1 and (Ant(f)) ™ (p) = Pi(n)1 if Pi(n)2 =6,

(viii)  there exist i, f, p, ¢ such that 1 <7 and i < n and p A ¢ = Suc(f) and
f = Pi(i)y and (Ant(f)) " (q) = Pi(n)s if Pu(n)a = 7,

(ix)  there exist 4, f, p, x, y such that 1 < i and i < n and Suc(f) = Vp

and f = Py(i)1 and (Ant(f)) " (p(z, )) = Pi(n)s if Pi(n)a =8,
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(x) there exist 4, f, p, x, y such that 1 < ¢ and i < n and Suc(f) = p(z,
y) and y ¢ snb(Ant(f)) and y ¢ snb(V,p) and f = Pi(i)1 and (Ant(f)) "
<V$p) = Pl(n)l if Pl(n)z =9.

Let us consider P;. We say that P; is a formal proof if and only if:

(Def. 8) Py # ) and for every n such that 1 < n and n < len P; holds step n in
P is correct.

Let us consider f. The predicate - f is defined by:
(Def. 9) There exists P; such that P; is a formal proof and f = Py(len P;)q.
Let us consider p, X. We say that p is formally provable from X if and only
if:
ef. 1 ere exists f such that rng Ant - and duc =p an .
Def. 10) Th ists f such th Ant(f) € X and Suc(f dE-f

Let us consider X, let us consider A, let us consider J, and let us consider
v. The predicate J,v = X is defined as follows:

(Def. 11) If p € X, then J,v = p.

Let us consider X, p. The predicate X = p is defined as follows:
(Def. 12) If J,v = X, then J,v = p.

Let us consider p. The predicate E p is defined as follows:
(Def. 13)  Ocqe-wrr F p

Let us consider f, A, J, v. The predicate J,v |= f is defined as follows:
(Def. 14) J,v = rng f.

Let us consider f, p. The predicate f = p is defined by:
(Def. 15) If J,v = f, then J,v = p.

One can prove the following propositions:

(15) If Suc(f) is a tail of Ant(f), then Ant(f) = Suc(f).

(16) If Ant(f) is a subsequence of Ant(g) and Suc(f) = Suc(g) and Ant(f) =
Suc(f), then Ant(g) = Suc(g).

(17) Iflen f > 0, then J,v = Ant(f) and J,v = Suc(f) iff J,v | f.
(18) If lenf > 1 and leng > 1 and Ant(Ant(f)) = Ant(Ant(g)) and

= Suc(Ant(f)) = Suc(Ant(g)) and Suc(f) = Suc(g) and Ant(f) | Suc(f)
and Ant(g) = Suc(g), then Ant(Ant(f)) E Suc(f).

(19) Iflen f > 1 and Ant(f) = Ant(g) and —p = Suc(Ant(f)) and = Suc(f) =
Suc(g) and Ant(f) = Suc(f) and Ant(g) = Suc(g), then Ant(Ant(f)) = p.

(20) If Ant(f) = Ant(g) and Ant(f) E Suc(f) and Ant(g) = Suc(g), then
Ant(f) = Suc(f) A Suc(g).

(21) If Suc(f) =pAqand Ant(f) = p A ¢, then Ant(f) = p.

(22) If Suc(f) =pAqand Ant(f) = p A q, then Ant(f) = q.

(23) J,v = (p, S1) iff J,v = p.
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In the sequel a is an element of A.
We now state several propositions:
(24) J,v = p(z, y) iff there exists a such that v(y) = a and J,v(z[a) = p.
(25) If Suc(f) = Vzp and Ant(f) = Suc(f), then for every y holds Ant(f) =
p(z, y).
(26) For every set X such that X C BoundVar holds if x ¢ X, then
v(zla)[X =0l X.
(27) For all v, w such that v[snb(f) = w[snb(f) holds J,v = f iff Jw |= f.
(28) If y ¢ snb(V;p), then v(y[a)(x]a)|snb(p) = v(x]a)|snb(p).
(29) If Suc(f) = p(z, y) and Ant(f) = Suc(f) and y ¢ snb(Ant(f)) and
y ¢ snb(Vyp), then Ant(f) = Vup.
(30) Ant(f " (VERUM)) = Suc(f ~ (VERUM)).

(31) Suppose 1 < n and n < len P;. Then Pi(n)2 = 0 or Pi(n)2 = 1 or
Pi(n)2 =2 or Pi(n)2 =3 or Pi(n)2 =4 or Pi(n)2 =5 or Pi(n)2 =6 or
Pi(n)g =7or Pi(n)2 =8 or Pi(n)2 =9.

(32) If p is formally provable from X, then X |= p.

3. DERIVED RULES

Next we state a number of propositions:

(33) If Suc(f) is a tail of Ant(f), then - f.

(34) If 1 <nandn <len Py, then step n in P is correct iff step n in P, ™ P
is correct.

(35) If 1 <nandn <lenP, and step n in P» is correct, then step n + len P
in P; ~ P is correct.

(36) If Ant(f) is a subsequence of Ant(g) and Suc(f) = Suc(g) and F f, then
Fg.

(37) If 1 < lenf and 1 < leng and Ant(Ant(f)) = Ant(Ant(g)) and
= Suc(Ant(f)) = Suc(Ant(g)) and Suc(f) = Suc(g) and + f and F g,
then F (Ant(Ant(f))) ~ (Suc(f)).

(38) Iflen f > 1 and Ant(f) = Ant(g) and Suc(Ant(f)) = —p and = Suc(f) =
Suc(g) and - f and - g, then F (Ant(Ant(f))) ~ (p).

(39) If Ant(f) = Ant(g) and F f and - g, then F (Ant(f)) ™ (Suc(f)ASuc(g)).
(40) If pAq=Suc(f) and - f, then F (Ant(f)) ™ (p).

(41) If p A g=Suc(f) and F f, then F (Ant(f)) ~ (¢)-

(42) If Suc(f) = Vyp and - f, then F (Ant(f)) ~ (p(z, v)).

(43) If Suc(f) = p(z, y) and y ¢ snb(Ant(f)) and y ¢ snb(Vyp) and F f, then
= (Ant(f)) = (Vap).
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If - f and F (Ant(f)) = (= Suc(f)), then - (Ant(f)) ™ (p).

If 1 <lenfandF fandF f~ (p), then - (Ant(f)) ~ (p).

It f7(p) " (), then = f 7 (=q) ™ (-p).

If = f 7 (=p) 7 (~q), then = f 7 (g) ™ (p).

If = f7 (=p) " (@), then = f 7 (=q) ™ (p).

IfEf7 (p) ™ (=q), then b f = (q) ~ (-p).

IfEf7{p) " (r)and & f 7 (q) " (r), then b f~ (pVq) " (r).
If- f~ (p), then - f~(pVq).

If-f~{(q), then - f ™~ (pVq).

IfEf7{p) " (r)and & f 7 (q) = (r), then b [~ (pVq) " (r).
If = f~ (p), then - f~ (=—p).

If- f~ (=—p), then b f = (p).

If-f~(p=gq)and - f " (p), then - f ™ (q).

(=p)(z, y) = —p(z, y).

If there exists y such that = f = (p(x, y)), then - f ™ (3.p).
snb(f ™ g) = snb(f) Usnb(g).

snb((p)) = snb(p).

IfEf7(p(z, y)) " (q) and y ¢ snb(f ™~ (Fzp) ~ (@),
snb(f) = U{snb(p) : V; (i € dom f A p= f(i))}.
snb(f) is finite.

BoundVar = Xy and BoundVar is not finite.
There exists x such that x ¢ snb(f).

If - f 7 (Vzp), then = f 7~ (Vz——p).

If b f ™ (Vp——p), then - £~ (Vp).

Ef 7 (Vap) HEE f 7 (=F3p).

then F £ (32p) ™ (q)-

REFERENCES

Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.
Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

Grzegorz Bancerek. Sequences of ordinal numbers. Formalized Mathematics, 1(2):281—
290, 1990.

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Patrick Braselmann and Peter Koepke. Coincidence lemma and substitution lemma.
Formalized Mathematics, 13(1):17-26, 2005.

Patrick Braselmann and Peter Koepke. Substitution in first-order formulas: Elementary
properties. Formalized Mathematics, 13(1):5-15, 2005.

Patrick Braselmann and Peter Koepke. Substitution in first-order formulas. Part II. The
construction of first-order formulas. Formalized Mathematics, 13(1):27-32, 2005.
Czeslaw Byliniski. A classical first order language. Formalized Mathematics, 1(4):669-676,
1990.



A SEQUENT CALCULUS FOR FIRST-ORDER LOGIC 39

Czestaw Byliriski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.
Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
Czestaw Byliniski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,

1990.
Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

Agata Darmochwal. A first-order predicate calculus. Formalized Mathematics, 1(4):689—
695, 1990.

Piotr Rudnicki and Andrzej Trybulec. A first order language. Formalized Mathematics,
1(2):303-311, 1990.

Andrzej Trybulec. Subsets of complex numbers. To appear in Formalized Mathematics.
Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.

Andrzej Trybulec. Function domains and Fraenkel operator. Formalized Mathematics,
1(3):495-500, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Andrzej Trybulec. Tuples, projections and Cartesian products. Formalized Mathematics,

1(1):97-105, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Interpretation and satisfiability in the first order logic. Formalized
Mathematics, 1(4):739-743, 1990.

Edmund Woronowicz. Many—argument relations. Formalized Mathematics, 1(4):733-737,

1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,

1(1):73-83, 1990.
Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Received September 5, 2004



40

PATRICK BRASELMANN AND PETER KOEPKE



FORMALIZED MATHEMATICS
Volume 13, Number 1, 2005
University of Biatlystok

Consequences of the Sequent Calculus'

Patrick Braselmann Peter Koepke
University of Bonn University of Bonn

Summary. This article is part of a series of Mizar articles which constitute
a formal proof (of a basic version) of Kurt Godel’s famous completeness theorem
(K. Godel, “Die Vollstandigkeit der Axiome des logischen Funktionenkalkiils”,
Monatshefte fiir Mathematik und Physik 37 (1930), 349-360). The completeness
theorem provides the theoretical basis for a uniform formalization of mathemat-
ics as in the Mizar project. We formalize first-order logic up to the completeness
theorem as in H. D. Ebbinghaus, J. Flum, and W. Thomas, Mathematical Logic,
1984, Springer Verlag New York Inc. The first main result of the present arti-
cle is that the derivablility of a sequent doesn’t depend on the ordering of the
antecedent. The second main result says: if a sequent is derivable, then the
formulas in the antecendent only need to occur once.

MML Identifier: CALCUL_2.

The articles [15], [16], [3], [14], [4], [1], [2], [17], [10], [6], [8], [13], [12], [9], [18],
[11], [5], and [7] provide the terminology and notation for this paper.

1. f 1S A SUBSEQUENCE OF g/

For simplicity, we adopt the following convention: p, ¢ denote elements of
CQC-WFF, k, m, n, i denote natural numbers, f, g denote finite sequences of
elements of CQC-WFF, and a, b, b1, b2, ¢ denote natural numbers.

Let m, n be natural numbers. The functor seq(m, n) yielding a set is defined
as follows:

!This research was carried out within the project “Wissensformate” and was finan-
cially supported by the Mathematical Institute of the University of Bonn (http://www.-
wissensformate.uni-bonn.de). Preparation of the Mizar code was part of the first author’s
graduate work under the supervision of the second author. The authors thank Jip Veldman
for his work on the final version of this article.
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(Def. 1) seq(m,n)={k:14+m<k A k<n+m}.
Let m, n be natural numbers. Then seq(m,n) is a subset of N.

One can prove the following propositions:

(1) ceseq(a,b)iff 1+a<candc<b+a.
(2) seq(a,0) = 0.

(3) b=0orb+a € seq(a,bd).

(4) b1 < by iff seq(a,br) C seq(a, b2).

(5) seq(a,b)U{a+b+1} =seq(a,b+1).
(6) seq(m,n)~n.

Let us consider m, n. Observe that seq(m,n) is finite.
Let us consider f. Observe that len f is finite.
Next we state a number of propositions:
(7) seq(m,n) C Seg(m + n).
(8) Segmn misses seq(n, m).
(9) For all finite sequences f, g holds Seglen(f ~ g) = Seglenf U
seq(len f,leng).

(10) lenSgmseq(leng,len f) = len f.

(11) dom Sgmseq(leng,len f) = dom f.

(12) rngSgmseq(leng,len f) = seq(leng,len f).

(13) If: € dom Sgmseq(len g,len f), then (Sgmseq(len g,len f))(i) = len g+i.
(14) seq(leng,len f) C dom(g ™ f).

(15) dom((g ™ f)Iseq(leng,len f)) = seq(leng,len f).

(16) Seq((g ™ f)Iseq(leng,len f)) = Sgmseq(leng,len f) - (¢~ f).

(17) domSeq((g ™~ f)Iseq(leng,len f)) = dom f.

(18) f is a subsequence of g ™ f.

Let D be a non empty set, let f be a finite sequence of elements of D, and let
P be a permutation of dom f. The functor Per(f, P) yielding a finite sequence
of elements of D is defined as follows:

(Def. 2) Per(f,P)=P- f.
In the sequel P denotes a permutation of dom f.
The following propositions are true:
(19) dom Per(f, P) = dom f.
(20) IfF f~(p), then =g~ f~ (p).
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2. THE ORDERING OF THE ANTECEDENT IS IRRELEVANT

Let us consider f. The functor Begin(f) yielding an element of CQC-WFF
is defined by:
f(1), if 1 <lenf,
(Def. 3) Begin(f) = { VERUM, otherwise.

Let us consider f. Let us assume that 1 < len f. The functor Impl(f) yields
an element of CQC-WFF and is defined by the condition (Def. 4).
(Def. 4) There exists a finite sequence F of elements of CQC-WFF such that
() Tmpl(f) = Flen f),
(ii)) len F =len f,
) F(1) = Begin(f) or len f =0, and
) for every n such that 1 < n and n < len f there exist p, ¢ such that
p=f(n+1)and ¢=F(n) and F(n+1) =p=gq.

We now state a number of propositions:

(i
(iv

21) )" ().

(22) If+f~(pAgq), thenk f~ (p).

(23) If+ f~(pAgq), then - f ™ (q).

(24) Ik f7(p)andF 7 (p) " (q), then - f ™ (q).

(25) IfE f~(p)and - f = (—p), then F f ™ (q).

(26) It f7(p) " (g) and - f ™ (=p) " (g), then - f ™ (q).

(27) IfE f7(p) " (q), then = f 7 (p = q).

(28) If1<lengand F f " g, then - f = (Impl(Rev(g))).

(29) If = (Per(f, P)) ~ (Impl(Rev(f ™ (p)))), then & (Per(f, P)) ™ (p).
(30) If+ f~ (p), then - (Per(f, P)) " (p).

3. MULTIPLE OCCURRENCE IN THE ANTECEDENT IS IRRELEVANT

Let us consider n and let ¢ be a set. We introduce IdFinS(c, n) as a synonym
of n+— c.
We now state the proposition
(31) For every set ¢ such that 1 <n holds rng IdFinS(c,n) = rng(c).

Let D be a non empty set, let n be a natural number, and let p be an element
of D. Then IdFinS(p,n) is a finite sequence of elements of D.
The following proposition is true

(32) If 1 <nandk f"IdFinS(p,n) "~ (q), then F f = (p) ~ (q).
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Summary. This article is part of a series of Mizar articles which constitute
a formal proof (of a basic version) of Kurt Gédel’s famous completeness theorem
(K. Godel, “Die Vollstandigkeit der Axiome des logischen Funktionenkalkiils”,
Monatshefte fiir Mathematik und Physik 37 (1930), 349-360). The completeness
theorem provides the theoretical basis for a uniform formalization of mathemat-
ics as in the Mizar project. We formalize first-order logic up to the completeness
theorem as in H. D. Ebbinghaus, J. Flum, and W. Thomas, Mathematical Logic,
1984, Springer Verlag, New York Inc. The present article establishes some equiv-
alences of inconsistency. It is proved that a countable union of consistent sets
is consistent. Then the concept of a Henkin model is introduced. The con-
tents of this article correspond to Chapter IV, par. 7 and Chapter V, par. 1 of
Ebbinghaus, Flum, Thomas.

MML Identifier: HENMODEL.

The articles [17], [9], [19], [5], [22], [7], [2], [4], [13], [6], [11], [20], [10], [23], [8],
[16], [1], [21], [12], [15], [18], [14], and [3] provide the notation and terminology
for this paper.

1. PRELIMINARIES AND EQUIVALENCES OF INCONSISTENCY

For simplicity, we use the following convention: a denotes a set, X, Y denote
subsets of CQC-WFF, k, m, n denote natural numbers, p, ¢ denote elements of

!This research was carried out within the project “Wissensformate” and was finan-
cially supported by the Mathematical Institute of the University of Bonn (http://www.-
wissensformate.uni-bonn.de). Preparation of the Mizar code was part of the first author’s
graduate work under the supervision of the second author. The authors thank Jip Veldman
for his work on the final version of this article.
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CQC-WFF, P denotes a k-ary predicate symbol, I; denotes a variables list of
k, and f, g denote finite sequences of elements of CQC-WFF.

Let D be a non empty set and let X be a subset of 2”. Then J X is a subset
of D.

In the sequel A is a non empty finite subset of N.

The following two propositions are true:

(1) Let f be a function from n into A. Suppose there exists m such that
succm = n and f is one-to-one and rng f = A and for all n, m such
that m € dom f and n € dom f and n < m holds f(n) € f(m). Then
f(Un) =Umng f.

(2) |UA € A and for every a such that a € A holdsa € |JA or a = J A.

Let A be a set. The functor min* A yielding a natural number is defined by:
(Def. 1)(i) min*A € A and for every k such that k£ € A holds min*A < k if A is
a non empty subset of N,
(ii) min*A = 0, otherwise.
In the sequel C' denotes a non empty set.
Next we state the proposition

(3) Let f be a function from N into C' and X be a finite set. Suppose for all
n, m such that m € dom f and n € dom f and n < m holds f(n) C f(m)
and X C [Jrng f. Then there exists k such that X C f(k).

Let us consider X, p. The predicate X F p is defined as follows:
(Def. 2) There exists f such that rng f C X and F f ~ (p).

Let us consider X. We say that X is consistent if and only if:
(Def. 3) For every p holds X ¥ p or X ¥ —p.

Let us consider X. We introduce X is inconsistent as an antonym of X is
consistent.
Let f be a finite sequence of elements of CQC-WFF. We say that f is
consistent if and only if:
(Def. 4) For every p holds ¥ f = (p) or ¥ f ™ (—p).

Let f be a finite sequence of elements of CQC-WFF. We introduce f is
inconsistent as an antonym of f is consistent.
Next we state several propositions:

(4) If X is consistent and rng g C X, then g is consistent.
(5) IfE f7(p), then = f g~ (p).

(6) X is inconsistent iff for every p holds X F p.

(7)

7) If X is inconsistent, then there exists Y such that ¥ C X and Y is finite
and inconsistent.

(8) If XU{p} F g, then there exists g such that rngg C X and - ¢~ (p) ~(q).
(9) X Fpiff X U{-p} is inconsistent.
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(10) X F —piff X U {p} is inconsistent.

2. UNIONS OF CONSISTENT SETS

We now state the proposition

(11) Let f be a function from N into 2°QC-WFF  Suppose that for all n, m

such that m € dom f and n € dom f and n < m holds f(n) is consistent
and f(n) C f(m). Then (Jrng f is consistent.

3. CONSTRUCTION OF A HENKIN MODEL

In the sequel A is a non empty set, v is an element of V(A), and J is an
interpretation of A.
We now state two propositions:

(12) If X is inconsistent, then for all J, v holds J,v = X.
(13) {VERUM} is consistent.

Let us observe that there exists a subset of CQC-WFF which is consistent.
In the sequel C denotes a consistent subset of CQC-WFF.
The non empty set HCar is defined by:

(Def. 5) HCar = BoundVar.

Let P be an element of PredSym and let [; be a variables list of Arity(P).
Then P[l;] is an element of CQC-WFF.

Let us consider C;. An interpretation of HCar is said to be a Henkin inter-
pretation of C if it satisfies the condition (Def. 6).

(Def. 6) Let P be an element of PredSym and r be an element of Rel(HCar).
Suppose it(P) = r. Let given a. Then a € r if and only if there exists a
variables list [; of Arity(P) such that a =y and C; F P[l;].

The element valH of V(HCar) is defined as follows:
(Def. 7)  valH = idBoundvar-

4. SOME PROPERTIES OF THE HENKIN MODEL

In the sequel Jp is a Henkin interpretation of Cf.
We now state four propositions:

(14) valHxly = 13.

(15) F f~ (VERUM).

(16) Ji,valH = VERUM iff C; F VERUM.
(17) Ji,valH = P[l1] iff C; F P[ly].
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Summary. This article is part of a series of Mizar articles which constitute
a formal proof (of a basic version) of Kurt Goédel’s famous completeness theorem
(K. Godel, “Die Vollstandigkeit der Axiome des logischen Funktionenkalkiils”,
Monatshefte fiir Mathematik und Physik 37 (1930), 349-360). The completeness
theorem provides the theoretical basis for a uniform formalization of mathematics
as in the Mizar project. We formalize first-order logic up to the completeness
theorem as in H. D. Ebbinghaus, J. Flum, and W. Thomas, Mathematical Logic,
1984, Springer Verlag New York Inc. The present article contains the proof of
a simplified completeness theorem for a countable relational language without
equality.

MML Identifier: GOEDELCP.

The notation and terminology used in this paper are introduced in the following
articles: [19], [13], [21], [2], [4], [11], [16], [1], [17], [10], [23], [14], [22], [24], [12],
[15], [18], [20], (3], [8], [5], [9]; [7], and [6].

1. HENKIN’S THEOREM

For simplicity, we adopt the following convention: X, Y denote subsets of
CQC-WFF, n denotes a natural number, p, ¢ denote elements of CQC-WFF,
x, iy denote bound variables, A denotes a non empty set, J denotes an inter-
pretation of A, v denotes an element of V(A), fi denotes a finite sequence of

!This research was carried out within the project “Wissensformate” and was finan-
cially supported by the Mathematical Institute of the University of Bonn (http://www.-
wissensformate.uni-bonn.de). Preparation of the Mizar code was part of the first author’s
graduate work under the supervision of the second author. The authors thank Jip Veldman
for his work on the final version of this article.
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elements of CQC-WFF, C, Cs, C3 denote consistent subsets of CQC-WFF, J;
denotes a Henkin interpretation of C7, and a denotes an element of A.
Let us consider X. We say that X is negation faithful if and only if:

(Def. 1) XFpor X F —p.
Let us consider X. We say that X has examples if and only if:
(Def. 2) For all x, p there exists y such that X F —=3,p V p(z, y).
One can prove the following propositions:
(1) If C; is negation faithful, then C; F p iff Cy ¥ —p.
(2) For every finite sequence f of elements of CQC-WFF such that - f 7
(-pVq) and F f ™ (p) holds F f ™ (q).
(3) If X has examples, then X  J,p iff there exists y such that X F p(z,
Y)-
(4) Suppose if C; is negation faithful and has examples, then J;,valH =
p iff C1 F p. Suppose C is negation faithful and has examples. Then
J1,valH = —p if and only if Cy F —p.
(5) Itk fi~ (p) and - f1 " (q), then F fi ™ (p A q).
(6) XFpand X Fqif X FpAg.
(7) Suppose that
(i) if C1 is negation faithful and has examples, then Jq, valH = piff Cy - p,
and
(ii)  if Cy is negation faithful and has examples, then Jp,valH |= ¢ iff Cy | q.
Suppose (] is negation faithful and has examples. Then Jj,valH = p A ¢
if and only if C; - pAg.
(8) Let given p. Suppose the number of quantifiers in p < 0. If ('} is negation
faithful and has examples, then Ji, valH | p iff C; F p.
) J,v |= 3pp iff there exists a such that J,v(z[a) = p.
) Ji,valH = 3.p iff there exists y such that Jq,valH = p(zx, y).
11) Jyv | —Fp—p iff Jyv = Vup.

) X F-dypiff X FV,p.

) The number of quantifiers in 3,p = (the number of quantifiers in p) + 1.
14) The number of quantifiers in p = the number of quantifiers in p(z, y).
In the sequel a denotes a set.

The following three propositions are true:

(15) Let given p. Suppose the number of quantifiers in p = 1. If C is negation
faithful and has examples, then J;,valH = p iff C; F p.

(16) Let given n. Suppose that for every p such that the number of quantifiers
in p < n holds if C is negation faithful and has examples, then Ji, valH =
p iff C1 - p. Let given p. Suppose the number of quantifiers in p < n + 1.
If C; is negation faithful and has examples, then Ji,valH | p iff Cy | p.
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(17) For every p such that C; is negation faithful and has examples holds
Ji,valH = p iff Cy - p.

2. SATISFIABILITY OF CONSISTENT SETS OF FORMULAS WITH FINITELY
MANY FREE VARIABLES

The following proposition is true
(18) WFTF is countable.
The subset ExCl of CQC-WFF is defined by:
(Def. 3) a € ExCI iff there exist x, p such that a = 3,p.
The following propositions are true:
(19) CQC-WFF is countable.
(20) ExCI is non empty and ExCI is countable.

Let p be an element of WFF. Let us assume that p is existential. The
functor ExBound(p) yielding a bound variable is defined as follows:

(Def. 4) There exists an element q of WFF such that p = JpxBound(p)q-

Let p be an element of CQC-WFF. Let us assume that p is existential. The
functor ExScope(p) yielding an element of CQC-WFF is defined by:

(Def. 5) There exists = such that p = 3, ExScope(p).

Let F be a function from N into CQC-WFF and let a be a natural number.
The bound in F(a) yields a bound variable and is defined as follows:

(Def. 6) If p= F(a), then the bound in F(a) = ExBound(p).

Let F' be a function from N into CQC-WFF and let a be a natural number.
The scope of F(a) yields an element of CQC-WFF and is defined by:

(Def. 7) If p = F(a), then the scope of F'(a) = ExScope(p).

Let us consider X. The functor snb(X) yields an element of 2BoundVar anq
is defined by:

(Def. 8) snb(X) = [J{snb(p) : p € X}.
Next we state a number of propositions:
(21) Ifp € X, then X F p.
(22) ExBound(3,p) = x and ExScope(3zp) = p.
(23) X - VERUM.
(24) X F-=VERUM iff X is inconsistent.
(25) For all finite sequences f, g of elements of CQC-WFF such that 0 < len f
and t f = (p) holds F (Ant(f)) =~ g ™ (Suc(f)) ~ (p).

(26) snb({p}) = snb(p).
(27) snb(X UY) = snb(X) Usnb(Y).
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(28) For every element A of 2BowdVar gych that A is finite there exists o such
that = ¢ A.

(29) If X CY, then snb(X) C snb(Y).

(30) For every finite sequence f of elements of CQC-WFF holds snb(rng f) =
snb(f).

(31) If snb(Ch) is finite, then there exists C such that C7 C Co and Cy has
examples.

(32) If XFpand X CY, then Y F p.

(33) If C; has examples, then there exists Cy such that C7 C Cy and Cy is
negation faithful and has examples.

In the sequel Jo denotes a Henkin interpretation of C3, J denotes an inter-
pretation of A, and v denotes an element of V(A).
We now state the proposition
(34) If snb(Ch) is finite, then there exist C3, Jo such that Jo, valH = Cj.

3. GODEL’S COMPLETENESS THEOREM

We now state four propositions:

If JJulEX and Y C X, then J,v Y.

If snb(X) is finite, then snb(X U {p}) is finite.
If X = p, then J,v = X U{-p}.

If snb(X) is finite and X | p, then X F p.
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Summary. In this paper, we proved some elementary propositional cal-
culus formulae for Boolean valued functions.

MML Identifier: BVFUNC26.

The articles [5], [6], [8], [7], [9], [1], [4], [3], and [2] provide the notation and
terminology for this paper.

In this paper Y denotes a non empty set and a, b, ¢ denote elements of
Boolean” .

Let p, ¢ be boolean-valued functions. The functor p ‘mand’ g yielding a
function is defined as follows:

(Def. 1) dom(p 'mand’ ¢) = domp N domg and for every set x such that = €
dom(p 'nand’ ¢) holds (p 'nand’ ¢)(x) = p(x) 'nand’ ¢(x).
Let us observe that the functor p ‘'nand’ ¢ is commutative. The functor p nor’ ¢
yielding a function is defined as follows:

(Def. 2) dom(p 'mor’ ¢) = domp N domg and for every set z such that z €
dom(p 'nor’ ¢) holds (p 'nor’ q)(z) = p(z) 'nor’ q(z).

Let us note that the functor p 'nor’ ¢ is commutative.

Let p, ¢ be boolean-valued functions. Note that p ‘nand’ ¢ is boolean-valued
and p 'nor’ ¢ is boolean-valued.

Let A be a non empty set and let p, ¢ be elements of Boolean®. Then
p ‘mand’ ¢ is an element of Boolean® and it can be characterized by the condi-
tion:

(Def. 3) For every element x of A holds (p 'mand’ ¢)(z) = p(x) 'nand’ ¢(z).

(© 2005 University of Bialystok
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Then p 'nor’ ¢ is an element of Boolean® and it can be characterized by the
condition:
(Def. 4) For every element 2 of A holds (p 'nor’ q)(z) = p(x) 'nor’ ¢(x).

Let us consider Y and let a, b be elements of BVF(Y). Then a 'nand’ b is
an element of BVF(Y'). Then a 'nor’ b is an element of BVF(Y).
We now state a number of propositions:

(1) a’nand’ b= —(a Ab).

(2) a’nor’ b=-(aVb).

(3) true(Y) 'nand’ a = —a.

(4)  false(Y) 'nand’ a = true(Y).

(5) false(Y) 'mand’ false(Y) = true(Y) and false(Y) 'nand’ true(Y) =
true(Y') and true(Y') 'mand’ true(Y) = false(Y).

(6) a’nand’ a = —a and —(a 'nand’ a) = a.
(7) —(a 'mand’ b) = a Ab.
(8) a’nmand’ —a = true(Y') and —(a 'nand’ —a) = false(Y).
(9) a’nand’ bAc=-(aAbAc).
(10) a’nand’ bAc=aAb'nand ¢
(11) a’nand’ (bVe) ==(aAb)A—(aAec).
(12) a’nand’ (b®c)=aAbsaNec.
(13) a’nand’ (b 'mand’ ¢) = -a Vb Acand a 'nand’ (b 'nand’ ¢) =a=bAec.
(14) a 'mand’ (b 'nor’ ¢) = —a VbV cand a 'mand’ (b 'nor’ ¢c) =a=0bVe.
(15) a'nand’ (b&c)=a=bdec.
(16) a’nand’ a A b= a 'mand’ b.
(17) a’nand’ (aVb) =—a A—(a D).
(18) a’nand’ (a < b)=a=a®b.
(19) a’nand’ (a 'mand’ b) = —a V b and @ 'nand’ (a 'nand’ b) = a = b.
(20) a’'nand’ (a 'nor’ b) = true(Y).
(21) a’nand’ (a < b) = —a V —b.
(22) aAb=a'nand’ b'nand’ (a 'nand’ b).
(23) a’nand’ b 'mand’ (a 'nand’ ¢) =a A (bV ¢).
(24) a’nand’ (b= c¢) = (—aVb)A-(aAc).
(25) a’mand’ (a = b) = —(a A D).
(26) true(Y) 'nor’ a = false(Y).
(27)  false(Y) 'nor’ a = —a.
(28) false(Y) 'nor’ false(Y) = true(Y) and false(Y) 'mor’ true(Y) =

false(Y') and true(Y') 'nor’ true(Y) = false(Y).

(29) a’nor’ a = —a and —(a 'nor’ a) = a.
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=(a 'nor’ b) =a Vv b.

a 'nor’ —a = false(Y') and —(a 'nor’ —a) = true(Y).
—a A (a®b) =-aAb.

a'nor’ bAc=-(aVb)V-laVec).
a'nor’ (bVe)==(aVbVe).
a'not’ (b<c)=-aAN (bdc).

a 'nor’ (b= ¢)=-aAbA-ec.

a 'nor’ (b'nand’ ¢) = -a AbAc.
a 'nor’ (b'nor’ ¢) =-a A (bVe).
a'nor’ aNb==(aA(aVb)).

a 'mor’ (aVb)=-(aVD).

a 'nor’ (a < b) =-a Ab.

a 'nor’ (a = b) = false(Y).

a 'nor’

(

(

(a 'mand’ b) = false(Y').
a 'nor’ (a 'nor’ b) = —a Ab.
false(Y) < false(Y') = true(Y').
false(Y) < true(Y) = false(Y).

true(Y) < true(Y) = true(Y).

a < a=true(Y) and =(a < a) = false(Y).
asaVb=aV-b

aA(b'mand’ ¢) =a A -bVaA —c.

aV (b'nand’ ¢) =aV -bV —c.

a® (b'mand’ ¢) =—-aA-(bAc)VaAbAc.
a<bmand c=aA-(bAc)V-aAbAe.
a=b'nand’ ¢ =—(a AbAc).

a 'nor’ (b 'nand’ ¢) = =(a VvV —bV —c).

a A (a 'nand’ b) = a A —b.

aV (a 'nand’ b) = true(Y).

a® (a 'mnand’ b) = —a V b.

a < a'nand’ b= a A —b.

a = a'nand’ b = =(a A D).

a 'nor’ (a 'nand’ b) = false(Y).

a A (b'nor’ ¢) =aA-bA-c.

aV (b'nor’ ¢) = (aV-b)A (aV —c).

a® (b'nor’ ¢)=(aV-(bVe)A(maVbVe).
a<bnot’ c=(aVvVbVe)A(=aV-=(bVe)).
a=b'nor’ ¢c==(an(bVc)).
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(67) a 'mand’ (b'nor’ ¢) =-aVbVec.
(68) aA (a’nor’ b) = false(Y).

(69) aV (a'nor’ b) =aV —b.

(70) a® (a 'mor’ b) = aV —b.

(71) a < a'nor’ b= —a Ab.

(72) a=a'nor’ b=-(aVaAb).
(73) a’nand’ (a 'nor’ b) = true(Y).
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Summary. In this article, Holder’s inequality and Minkowski’s inequality
are proved. These equalities are basic ones of functional analysis.

MML Identifier: HOLDER_1.

The papers [12], [13], [14], [3, [1], [11], [4, (2], [7), [5], [6], [10], [&], and [9]
provide the notation and terminology for this paper.

1. HOLDER'S INEQUALITY

In this paper a, b, p, ¢ are real numbers.
Let x be a real number. One can verify that [z, +oo[ is non empty.
Next we state several propositions:

(1) For all real numbers p, ¢ such that 0 < p and 0 < ¢ and for every real
number a such that 0 < g holds a? - ¢ = aP™9.

(2) For all real numbers p, ¢ such that 0 < p and 0 < ¢ and for every real
number a such that 0 < a holds (a?)? = a?1.

(3) For every real number p such that 0 < p and for all real numbers a, b
such that 0 < a and a < b holds a?P < bP.
p q
(4) Ifl<pand%+%:land0<aand0<b,thena-b§%R—&—%Rand
a-b="% 4% iff af = 12,
(5) If1<pand;1]+%:1and0§aand0§b,thena-b§%—F%and
a-b="2 + U iff aP = b9

(© 2005 University of Bialystok
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2. MINKOWSKI’S INEQUALITY

Next we state several propositions:

(6) Let p, g be real numbers. Suppose 1 < p and %—i—% =1. Let a, b, ay, by,
as be sequences of real numbers. Suppose that for every natural number n
holds a1(n) = |a(n)[P and by (n) = |b(n)|? and az(n) = |a(n)-b(n)|. Let n be

1
a natural number. Thlen (> on_pla2)(@)ken(n) < (Ooh _o(a1)(@))wen(n)? -

(2a=o(b1)(@))ren(n)a.

(7) Let p be a real number. Suppose 1 < p. Let a, b, ay, ba, as be sequences
of real numbers. Suppose that for every natural number n holds a;(n) =
la(n)[P and ba(n) = |b(n)|P and az(n) = \clt(n) + b(n)P. Let n be a nat-

ural number. Then (12220(@2>(04))56N(n)5 < (Zgzoml)(a))mej\r(n)% n
(>aeo(b2)(@))wen(n)?.

(8) Let a, b be sequences of real numbers. Suppose for every natural number
n holds a(n) < b(n) and b is convergent and a is non-decreasing. Then a
is convergent and lima < lim b.

(9) Let a, b, ¢ be sequences of real numbers. Suppose for every natural
number n holds a(n) < b(n)+c¢(n) and b is convergent and ¢ is convergent
and a is non-decreasing. Then a is convergent and lima < lim b + lim c.

(10) Let p be a real number. Suppose 0 < p. Let a, a; be sequences of real
numbers. Suppose «a is convergent and for every natural number n holds
0 < a(n) and for every natural number n holds a;(n) = a(n)P. Then a; is
convergent and lima; = (lima)?.

(11) Let p be a real number. Suppose 0 < p. Let a, a; be sequences
of real numbers. Suppose a is summable and for every natural num-
ber n holds 0 < a(n) and for every natural number n holds a;(n) =
(>0 _pa(a))ken(n)P. Then a; is convergent and lima; = (3 a)? and a; is
non-decreasing and for every natural number n holds a;(n) < (3 a)P.

(12) Let p, ¢ be real numbers. Suppose 1 < p and ]l) + % = 1. Let a, b, a1,
b1, as be sequences of real numbers. Suppose for every natural number
n holds a1(n) = |a(n)|P and by (n) = |b(n)|? and az(n) = |a(n) - b(n)| and

ay is summable and by is summable. Then ag is summable and > as <
1

(Ca)r - (b,
(13) Let p be a real number. Suppose 1 < p. Let a, b, ai, b2, az be sequences
of real numbers. Suppose that
(i)  for every natural number n holds a;(n) = |a(n)|P and ba(n) = |b(n)P
and az(n) = |a(n) + b(n)P,
(ii)  ap is summable, and
(iii) by is summable.

3=
3=

< (T an)r + (S ha)r.

Then ay is summable and (> ag)
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Summary. We introduce the arithmetic addition and multiplication in the
set of [P real sequences and also introduce the norm. This set has the structure
of the Banach space.

MML Identifier: LP_SPACE.

The notation and terminology used in this paper have been introduced in the
following articles: [16], [5], [19], [20], [3], [4], [1], [15], [7], [18], [2], [17], [10], [9],
[8], [12], [11], [6], [14], and [13].

1. THE REAL NORM SPACE OF [P REAL SEQUENCES

Let x be a sequence of real numbers and let p be a real number. The functor
2P yielding a sequence of real numbers is defined as follows:

(Def. 1) For every natural number n holds zP(n) = |z(n)P.

Let p be a real number. Let us assume that p > 1. The functor [P yielding a
non empty subset of the carrier of the linear space of real sequences is defined
as follows:

(Def. 2) For every set = holds = € [P iff # € the set of real sequences and
(idseq())P is summable.
In the sequel a, b, ¢ are real numbers.
We now state several propositions:
(1) Ifa>0and a<bandc>0, then a® < b°.
(2) Let p be a real number. Suppose 1 < p. Let a, b be sequences of real
numbers and n be a natural number. Then (ZZZO((a—kb)p)(a))HeN(n)% <

(X8 _o(@)(@))nen(n)7 + (o (BP) (@) wen(n) 7

(© 2005 University of Bialystok
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(3) Let a, b be sequences of real numbers and p be a real number. Suppose
1 <panda”is surrllmable and blp is summablle. Then (a+ b)P is summable
and (3-((a+0)P))7 < (3_(aP))? + (22(07))7.

(4) For every real number p such that 1 < p holds [? is linearly closed.

(5) Let p be a real number. Suppose 1 < p. Then (IP,Zero_(IP,the
linear space of real sequences), Add_(I?,the linear space of real
sequences), Mult_(IP, the linear space of real sequences)) is a subspace of
the linear space of real sequences.

(6) Let p be a real number. Suppose 1 < p. Then (IP,Zero_(I",the
linear space of real sequences), Add_(I?,the linear space of real
sequences), Mult_(IP, the linear space of real sequences)) is Abelian, add-
associative, right zeroed, right complementable, and real linear space-like.

(7) Let p be a real number. Suppose 1 < p. Then (IP,Zero_(IP,the
linear space of real sequences), Add_(I”,the linear space of real
sequences), Mult_(IP, the linear space of real sequences)) is a real linear
space.

Let p be a real number. The functor IP-norm yielding a function from [? into
R is defined by:

(Def. 3) For every set x such that € [P holds {P-norm(z) = (D ((idseq(z))?))?.

The following two propositions are true:

(8) Let p be a real number. Suppose 1 < p. Then (IP,Zero_(IP,the
linear space of real sequences), Add_(I?,the linear space of real
sequences), Mult_(IP, the linear space of real sequences), [P-norm) is a real
linear space.

(9) Let p be a real number. Suppose p > 1. Then (IP,Zero_(IP,the
linear space of real sequences), Add_(I?,the linear space of real

S

sequences), Mult_(IP, the linear space of real sequences), [P-norm) is a sub-
space of the linear space of real sequences.

2. THE BANACH SPACE OF [P REAL SEQUENCES

Next we state several propositions:

(10) Let p be a real number. Suppose 1 < p. Let [ be a non empty
normed structure. Suppose I3 = (IP,Zero_(IP,the linear space of real
sequences), Add_(I?, the linear space of real sequences), Mult_(I?, the lin-
ear space of real sequences),(P-norm). Then the carrier of I; = [P and
for every set z holds x is a vector of [y iff x is a sequence of real
numbers and (idseq(z))? is summable and 0,y = Zeroseq and for ev-
ery vector x of l; holds = idseq(z) and for all vectors z, y of I; holds
z +y = idseq() + idseq(y) and for every real number r and for every
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vector = of {1 holds r -z = r idseq(x) and for every vector x of I; holds
—x = —idgeq(z) and idseq(—2) = —idseq(x) and for all vectors x, y of [y
holds z—y = idseq (@) —idseq(y) and for every vector x of I1 holds (idseq(z))P
1
is summable and for every vector x of I; holds ||z|| = (D ((idseq(x))P))?.

(11) Let p be a real number. Suppose p > 1. Let r; be a sequence of real
numbers. Suppose that for every natural number n holds r1(n) = 0. Then

1
r1? is summable and (> (r1?))? = 0.
(12) Let p be a real number. Suppose 1 < p. Let r; be a sequence of real

numbers. Suppose r1? is summable and (Z(rlp))% = 0. Let n be a natural
number. Then r;(n) = 0.

(13) Let p be a real number. Suppose 1 < p. Let /3 be a non empty
normed structure. Suppose I3 = (IP,Zero_(IP,the linear space of real
sequences), Add_(I?, the linear space of real sequences), Mult_(I?, the linear
space of real sequences), [P-norm). Let x, y be points of [; and a be a real
number. Then ||z[| = 0 iff 2 = 0,y and 0 < [|z|| and [z + y[| < [|=| + ||y
and [|a - z|| = [a - [[z]].

(14) Let p be a real number. Suppose p > 1. Let [; be a non empty
normed structure. Suppose l; = (IP,Zero_(IP,the linear space of real
sequences), Add_(IP, the linear space of real sequences), Mult_(IP,the lin-
ear space of real sequences), P-norm). Then [; is real normed space-like.

(15) Let p be a real number. Suppose p > 1. Let l; be a non empty
normed structure. Suppose I3 = (IP,Zero_(IP,the linear space of real
sequences), Add_(I?, the linear space of real sequences), Mult_(I?, the lin-
ear space of real sequences), [P-norm). Then [; is a real normed space.

(16) Let p be a real number. Suppose 1 < p. Let l; be a real
normed space. Suppose l; = (IP,Zero_(I?,the linear space of real
sequences), Add_(I?, the linear space of real sequences), Mult_(I?, the lin-
ear space of real sequences), [P-norm). Let v; be a sequence of ;. If vy is
Cauchy sequence by norm, then vy is convergent.

Let p be a real number. Let us assume that 1 < p. The functor [P-space
yielding a real Banach space is defined by the condition (Def. 4).

(Def. 4) [P-space = (IP, Zero_(IP, the linear space of real sequences), Add_(I?, the
linear space of real sequences), Mult_(I/P,the linear space of real
sequences), [P-norm).
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Summary. In this article, the authors introduce Lebesgue integral of
simple valued function.
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The terminology and notation used in this paper are introduced in the following
papers: [23], [12], [25], [21], [26], [10], [11], [3], [22], [24], [7], [14], [1], [2], [20],
[4], [5], (6], [8], [9], [19], [13], [15], [16], [17], and [18].

1. INTEGRAL OF SIMPLE VALUED FUNCTION

The following propositions are true:

(1) Let n, m be natural numbers, a be a function from [ Segn, Segm ] into
R, and p, q be finite sequences of elements of R. Suppose that

(i) domp = Segn,

(ii)  for every natural number ¢ such that ¢ € domp there exists a finite
sequence 7 of elements of R such that domr = Segm and p(i) = > r and
for every natural number j such that j € domr holds r(j) = a({(i, j)),

(ili)) domgq = Segm, and

(iv)  for every natural number j such that j € domgq there exists a finite
sequence s of elements of R such that dom s = Segn and ¢(j) = > s and
for every natural number ¢ such that i € dom s holds s(i) = a((i, j)).

Then > p=>gq.

!This work has been partially supported by the MEXT grant Grant-in-Aid for Young
Scientists (B)16700156.
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(2) Let F be a finite sequence of elements of R and f be a finite sequence
of elements of R. If F' = f, then > F =>_ f.

(3) Let X be a non empty set, S be a o-field of subsets of X, and f be a
partial function from X to R. Suppose f is simple function in S. Then
there exists a finite sequence F' of separated subsets of S and there exists
a finite sequence a of elements of R such that

(i) dom f=JrngF,

(i) domF =doma,

(iii)  for every natural number n such that n € dom F' and for every set x
such that = € F(n) holds f(z) = a(n), and

(iv)  for every set x such that z € dom f there exists a finite sequence a; of
elements of R such that dom a; = doma and for every natural number n
such that n € domay holds a1(n) = a(n) - Xp(,),x ()

(4) Let X be a set and F be a finite sequence of elements of X. Then
F' is disjoint valued if and only if for all natural numbers 7, j such that
i € dom F and j € dom F' and ¢ # j holds F'(i) misses F'(j).

(5) Let X be a non empty set, A be a set, S be a o-field of subsets of X, F’
be a finite sequence of separated subsets of S, and G be a finite sequence
of elements of S. Suppose dom G = dom F' and for every natural number
i such that ¢ € dom G holds G(i) = AN F(i). Then G is a finite sequence
of separated subsets of S.

(6) Let X be a non empty set, A be a set, and F, G be finite sequences of
elements of X. Suppose dom G = dom F' and for every natural number ¢
such that ¢ € dom G holds G(i) = AN F(i). Then Jrng G = ANJrng F.

(7) Let X be aset, F be a finite sequence of elements of X, and 7 be a natural
number. If i € dom F, then F (i) C |Jrng F and F(i) N|Jrng F = F(7).

(8) Let X be a non empty set, S be a o-field of subsets of X, M be a o-
measure on S, and F' be a finite sequence of separated subsets of S. Then
dom F' = dom(M - F).

(9) Let X be a non empty set, S be a o-field of subsets of X, M be a o-
measure on S, and F' be a finite sequence of separated subsets of S. Then
M(Umg F) = (M - F).

(10) Let F, G be finite sequences of elements of R and a be an extended real
number. Suppose that
(i) a# 4ooanda # —oo or for every natural number ¢ such that i € dom F’
holds F'(i) < Og or for every natural number ¢ such that ¢ € dom F' holds
OR < F(Z),

(i) domF =domG@G, and

(iii) for every natural number ¢ such that i € dom G holds G(i) = a - F(7).
Then Y G=a-) F.
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(11) Every finite sequence of elements of R is a finite sequence of elements of
R.

Let X be a non empty set, let S be a o-field of subsets of X, let f be a
partial function from X to R, let F be a finite sequence of separated subsets of
S, and let a be a finite sequence of elements of R. We say that F and a are
re-presentation of f if and only if the conditions (Def. 1) are satisfied.

(Def. 1)(i) dom f =Jrng F,
(il) dom F' = doma, and
(ili)  for every natural number n such that n € dom F' and for every set x
such that z € F(n) holds f(z) = a(n).

One can prove the following propositions:

(12) Let X be a non empty set, S be a o-field of subsets of X, and f be a
partial function from X to R. Suppose f is simple function in S. Then
there exists a finite sequence I of separated subsets of S and there exists
a finite sequence a of elements of R such that F and a are re-presentation
of f.

(13) Let X be a non empty set, S be a o-field of subsets of X, and F' be
a finite sequence of separated subsets of S. Then there exists a finite
sequence GG of separated subsets of S such that

(i) UmgF =JrmgG, and

(ii)  for every natural number n such that n € dom G holds G(n) # 0 and

there exists a natural number m such that m € dom F' and F'(m) = G(n).

(14) Let X be a non empty set, S be a o-field of subsets of X, and f be a
partial function from X to R. Suppose f is simple function in S and for
every set x such that z € dom f holds Og < f(z). Then there exists a finite
sequence F of separated subsets of S and there exists a finite sequence a
of elements of R such that

(i) F and a are re-presentation of f,

(i) a(1l) =0g, and

(iii)  for every natural number n such that 2 < n and n € doma holds
Og < a(n) and a(n) < +oo.

(15) Let X be a non empty set, S be a o-field of subsets of X, f be a partial
function from X to R, F be a finite sequence of separated subsets of S, a
be a finite sequence of elements of R, and x be an element of X. Suppose
F and a are re-presentation of f and z € dom f. Then there exists a finite
sequence a; of elements of R such that doma; = doma and for every
natural number n such that n € doma; holds a1(n) = a(n) - Xp(,),x (z)
and f(z) => ay.

(16) Let p be a finite sequence of elements of R and ¢ be a finite sequence of
elements of R. If p = ¢, then > p=> gq.
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(17) Let p be a finite sequence of elements of R. Suppose for every natural
number n such that n € dom p holds O < p(n) and there exists a natural
number n such that n € domp and p(n) = +oo. Then }_ p = +o0.

Let X be a non empty set, let S be a o-field of subsets of X, let M be a
o-measure on S, and let f be a partial function from X to R. Let us assume that
f is simple function in S and dom f # () and for every set x such that € dom f
holds O < f(z). The functor integral(X, S, M, f) yielding an element of R is
defined by the condition (Def. 2).

(Def. 2) There exists a finite sequence F of separated subsets of S and there exist
finite sequences a, = of elements of R such that
(i) F and a are re-presentation of f,

(i) a(l) = O,

(ili)  for every natural number n such that 2 < n and n € doma holds
Oz < a(n) and a(n) < +oo,

(iv) domz = dom F,

(v)  for every natural number n such that n € domx holds z(n) = a(n) -
(M - F)(n), and

(vi) integral(X,S, M, f)=>_=.

2. ADDITIONAL LEMMA

We now state the proposition

(18) Let a be a finite sequence of elements of R and p, N be elements of R.
Suppose N = lena and for every natural number n such that n € doma
holds a(n) = p. Then > a= N - p.

REFERENCES

[1] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.

[2] Grzegorz Bancerek. Countable sets and Hessenberg’s theorem. Formalized Mathematics,
2(1):65-69, 1991.

[3] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[4] Jézef Bialas. Infimum and supremum of the set of real numbers. Measure theory. For-
malized Mathematics, 2(1):163-171, 1991.

[5] Jézef Bialas. Series of positive real numbers. Measure theory. Formalized Mathematics,
2(1):173-183, 1991.

[6] Jézef Biatas. The o-additive measure theory. Formalized Mathematics, 2(2):263-270,

1991.
[7] Czestaw Byliriski. Basic functions and operations on functions. Formalized Mathematics,

1(1):245-254, 1990.
[8] Czestaw Bylinski. Binary operations applied to finite sequences. Formalized Mathematics,
1(4):643-649, 1990.
[9] Czestaw Byliriski. Finite sequences and tuples of elements of a non-empty sets. Formalized
Mathematics, 1(3):529-536, 1990.
[10] Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.



LEBESGUE INTEGRAL OF SIMPLE VALUED FUNCTION 71

Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.
Czestaw Byliniski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,

Czestaw Bylinski. The sum and product of finite sequences of real numbers. Formalized
Mathematics, 1(4):661-668, 1990.

Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

Noboru Endou, Katsumi Wasaki, and Yasunari Shidama. Basic properties of extended
real numbers. Formalized Mathematics, 9(3):491-494, 2001.

Noboru Endou, Katsumi Wasaki, and Yasunari Shidama. Definitions and basic properties
of measurable functions. Formalized Mathematics, 9(8):495-500, 2001.

Noboru Endou, Katsumi Wasaki, and Yasunari Shidama. The measurability of extended
real valued functions. Formalized Mathematics, 9(3):525-529, 2001.

Grigory E. Ivanov. Definition of convex function and Jensen’s inequality. Formalized
Mathematics, 11(4):349-354, 2003.

Jarostaw Kotowicz. Real sequences and basic operations on them. Formalized Mathemat-
ics, 1(2):269-272, 1990.

Andrzej Nedzusiak. Probability. Formalized Mathematics, 1(4):745-749, 1990.

Andrzej Trybulec. Subsets of complex numbers. To appear in Formalized Mathematics.
Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics,
1(2):329-334, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Wojciech A. Trybulec. Binary operations on finite sequences. Formalized Mathematics,

1(5):979-981, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Received September 5, 2004



72

YASUNARI SHIDAMA AND NOBORU ENDOU



FORMALIZED MATHEMATICS

Volume 13, Number 1, 2005
University of Biatlystok

Inverse Trigonometric Functions Arcsin and

Arccos!
Artur Kornitowicz Yasunari Shidama
University of Bialystok Shinshu University

Nagano

Summary. Notions of inverse sine and inverse cosine have been intro-
duced. Their basic properties have been proved.
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The papers [11], [14], [1], [10], [3], [13], [12], [9], [15], [2], [16], [6], [4], [5], 7],
[8], and [17] provide the terminology and notation for this paper.

1. PRELIMINARIES

In this paper r, s are real numbers and ¢ is an integer number.
We now state two propositions:

(1) Ifo<randr<s,then || =0.

(2) For every function f and for all sets X, Y such that f[X is one-to-one
and Y C X holds f[Y is one-to-one.

2. FUNCTIONS SINE AND COSINE

We now state four propositions:
(3) —1<sinr.
(4) sinr <1.

The paper was written during the first author’s post-doctoral fellowship granted by the
Shinshu University, Japan.
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(5) —1<cosr.
(6) cosr < 1.

One can check that 7 is positive.
The following propositions are true:

(7) sin(—%) = —1 and (the function sin)(—%) = —1.

(8) (The function sin)(r) = (the function sin)(r +2 - 7 - ).

(9) cos(—%) = 0 and (the function cos)(—%) = 0.

10) (The function cos)(r) = (the function cos)(r +2 -7 - ).
11) If2-m-i<randr <m+2-m-14, then sinr > 0.

12) Ifrn4+2-w-i<randr<2-mw42-7-4, then sinr < 0.

)

)

)

(10)

(11)

(12)

(13) If -5 +2-m-i<randr <3 +2-7-4, then cosr > 0.

(14) IfZ+2-7-i<randr<3- 742 74, then cosr < 0.

(15) If3-7+2-m-i<randr<2-m+2- 74, then cosr > 0.

(16) If2-wm-i<randr<mw+2-7-1, then sinr > 0.

(17) Ifrn4+2-7-i<randr<2-7w+42-7-i, then sinr <0.

(18) If -5 +2-m-i<randr <§+2-7-4, then cosr > 0.

(19) If%+2-7r-i§randr§%~7r+2-7r~i,thencosr§0.

(20) If2-m+2-m-i<randr<2-m+2-7-i, then cosr > 0.

(21) If2-m-i<randr<2-w+2-7m-iandsinr =0, thenr =2-7-4 or
r=m+2-m-1.

(22) If2-7-i<randr<2-m+2-7-iandcosr =0, thenr=5+2 -7-i

orr:%~7r—|—2-7r~i.

Ifsinr =—1,thenr=3 7+2 7 [L].

7"-
Ifsinr =1, thenr =5 +2-7-[5-].
T

N DN
-~ W

25) Ifcosr=—1,thenr=7+4+2-m-|5-].

26) Ifcosr=1,thenr=2-7-[5-].

27 If0§Tandr§2-7randsinr:—l,thenr:%-71
28 If()grandr§2-7randsinr:1,thenr:g.

29) If0<randr<2-mwandcosr=—1, then r =m.

If0<randr < 3, then sinr < 1.

31 If()grandr<%-7r, then sinr > —1.
32 If%-7r<7“and'r§2-7r,thensinr>—1.
33) If $ <randr<2-m, then sinr < 1.
34) IfO<randr <2-m, then cosr < 1.

w
ot

If 0 <rand r <, then cosr > —1.

AN N N N N N N N N N N N /N /S /N
w w
(=] (=)

R N N L N N O N N N S N N

Ifr<randr <2-m, then cosr > —1.
If2-7-i<randr <3 +2-7-i, then sinr < 1.

w
J
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If2-7r-i§rand7“<%-W+2-7T—i,thensinr>—1.
If%-7r+2-7r-z'<rand'r§2-7r+2-7r-i,thensinr>—1.
If%—i—?-ﬂ-i<rand7“§2-7r—|—2-7r-i,thensinr<1.
If2-w-i<randr<2-w+2-7-4, then cosr < 1.
f2-n-i<randr<w+2-m-14, then cosr > —1.
Ifrn+2-w-i<randr<2-w+2-mw-14, then cosr > —1.
If cos(2-m-r) =1, then r € Z.

(The function sin) °[-F, 5] = [-1,1].
(The function sin) °|—7, 5[ = ]-1,1[.
(The function sin) °[3, 3 - 7] = [-1,1].
(The function sin) °]3, 3 - 7[ =]—1,1].
(The function cos) °[0, 7] = [—1,1]
(The function cos) °|0,7[ =]—1,1]
(The function cos) °[r,2 - 7] = [-1,1]
(The function cos) °|r,2 - n[ =]—1,1][.

The function sin is increasing on [-5 +2-7-4, 5 +2- 7 -1].
The function sin is decreasing on [5 +2- 74,3 7w +2- 7.
The function cos is decreasing on [2 -7 4,7 + 2 - 7 - i].

The function cos is increasing on [ +2 74,2 -7+ 27 - i].
(The function sin)[[~5 +2-7-4,5 + 2 - 7 - 4] is one-to-one.

(The function sin)[[Z +2-m-4,3 -7+ 27 - ] is one-to-one.

One can check that (the function sin)[[—7, §] is one-to-one and (the function

sin) (3

2
T 3

5,5 - 7 is one-to-one.

One can check the following observations:

*

*

*

*

*

(the function sin)[[—7, 0] is one-to-one,

(the function sin)[[0, 5] is one-to-one,

(the function sin)[[7, 7| is one-to-one,

(the function sin)|[r, 3 - 7] is one-to-one, and
(

the function sin)[[3 - 7,2 - 7] is one-to-one.

One can verify the following observations:

*

*

*

the function sin)[]—7, [ is one-to-one,

the function sin)[] 3, % [ is one-to-one,
the function sin)[]—7%,0[ is one-to-one,
5[ is one-to-one,

the function sin)[]F, 7[ is one-to-one,

the function sin

3
[\G][o¢]

, 5 - 7| is one-to-one, and

(
(
(
(the function sin
(
(
(

~— — — ~— ' ~—

I
-
110,
]
)
]

M\w

the function sin - 7,2 - 7| is one-to-one.

75



76 ARTUR KORNILOWICZ AND YASUNARI SHIDAMA

Next we state two propositions:
(59) (The function cos)[[2 -7 -i,m + 2 7 - 4] is one-to-one.
(60) (The function cos)[[r +2-7-4,2 -7+ 2.7 -1] is one-to-one.
Let us note that (the function cos)[[0, 7] is one-to-one and (the function
cos)[[m, 2 - ] is one-to-one.
One can check the following observations:

% (the function cos)[[0, 7] is one-to-one,

*  (the function cos)[[7, 7| is one-to-one,

% (the function cos)|[r, 3 - 7] is one-to-one, and
* (the function cos)[[3 - 7,2 - 7] is one-to-one.

One can check the following observations:

% (the function cos)[]0, [ is one-to-one,

% (the function cos)[]m,2 - [ is one-to-one,

*  (the function cos)[]0, 5[ is one-to-one,

% (the function cos)[]7, 7| is one-to-one,

*  (the function cos)[]m, 3 - [ is one-to-one, and
* (the function cos)[]3 - 7,2 - 7[ is one-to-one.

The following proposition is true
(61) If2-m-i<randr<2-7+2-7m-iand2-m-i<sands<2-w+2-7-1
and sinr = sins and cosr = cos s, then r = s.

3. FUNCTION ARCSIN

The function arcsin is a partial function from R to R and is defined by:
(Def. 1) The function arcsin = ((the function sin)[[—%, 5])~*.

Let r be a set. The functor arcsinr is defined by:
(Def. 2) arcsinr = (the function arcsin)(r).

Let r be a set. Then arcsinr is a real number.
Next we state two propositions:

(62) (The function arcsin) ~! = (the function sin)|[-7, Z].
(63) rng (the function arcsin) = [-7, 7].

Let us note that the function arcsin is one-to-one.

The following propositions are true:

(64) dom (the function arcsin) = [—1, 1].
(65) ((The function sin)[[—F, 5] qua function) -(the function arcsin) =
id[_l,l].

(66) (The function arcsin) -((the function sin)[[—3, 5]) = id[_y 1.
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((The function sin)[[—7, 3]) - (the function arcsin) =id|_x =).
(The function arcsin qua function) -((the function sin)[[-7,3]) =
id[_z .
272

If —1 <r and r <1, then sinarcsinr = r.
If =5 <randr < 7, then arcsinsinr = r.
arcsin(—1) = — 3.
arcsin0 = 0.
arcsinl = 7.
If -1 <randr <1 and arcsinr = —7, then r = —1.
If =1 <rand r <1 and arcsinr = 0, then r = 0.

If =1 <randr <1 and arcsinr = 7, then r = 1.

If =1 <randr <1, then —g < arcsinr and arcsinr <

[SERNIE

If -1 <r andr <1, then —F < arcsinr and arcsinr <
If =1 <rand r <1, then arcsinr = —arcsin(—r).
If0<sandr? 4+ s2 = 1, then cos arcsinr = s.

If s<0andr?+s2= 1, then cosarcsinr = —s.

If —1 <r and r <1, then cosarcsinr = V1 =12

The function arcsin is increasing on [—1, 1].

The function arcsin is differentiable on |—1,1[ and if —1 <7 and r < 1,

then (the function arcsin)'(r) = \/ﬁ

The function arcsin is continuous on [—1, 1].

4. FUNCTION ARCCOS

The function arccos is a partial function from R to R and is defined by:

(Def. 3)

The function arccos = ((the function cos)[[0, 7]) .

Let r be a set. The functor arccosr is defined by:

(Def. 4)

arccosr = (the function arccos)(r).

Let r be a set. Then arccosr is a real number.

One can prove the following two propositions:

(86)
(87)

(The function arccos) ! = (the function cos)![0, 7).

rng (the function arccos) = [0, 7.

Let us note that the function arccos is one-to-one.
The following propositions are true:

(88)
(89)
(90)

dom (the function arccos) = [—1, 1].
((The function cos)[[0, 7] qua function) -(the function arccos) = id|_ y).

(The function arccos) -((the function cos)[[0, 7]) = id[_; 1.
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((The function cos)[[0, 71]) - (the function arccos) = idjg -

(The function arccos qua function) -((the function cos)[[0,7]) = idjg 5.
If —1 <r and r <1, then cosarccosr = r.

If 0 <r and r < m, then arccoscosr = r.

arccos(—1) = .

arccos 0 = 3.
arccos 1 = 0.

If -1 <r and r <1 and arccosr = 0, then r = 1.

If -1 <7randr <1 and arccosr = g, then r = 0.

(10 If -1 <r and r <1 and arccosr = 7, then r = —1.

(101) If —1 <7 and r < 1, then 0 < arccosr and arccosr < .

(102) If —1 <r and r < 1, then 0 < arccosr and arccosr < .

(103) If —1 <rand r <1, then arccosr = m — arccos(—r).

(104) If0 < s and r2 4 g2 = 1, then sin arccosr = s.

(105) If s <0 and 72 + s2 = 1, then sinarccosr = —s.

(106) If —1 <7 and r <1, then sinarccosr = V1-=r2

(107) The function arccos is decreasing on [—1,1].

(108) The function arccos is differentiable on |—1,1[ and if —1 <7 and r < 1,
then (the function arccos)’(r) = —\/ﬁ.

(109) The function arccos is continuous on [—1, 1].

(110) If =1 <7 and r <1, then arcsinr + arccosr = 7.

(111) If =1 <7 and r < 1, then arccos(—r) — arcsinr = 7.

(112) If =1 <7 and r < 1, then arccosr — arcsin(—r) = 7.

[10]
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The notation and terminology used here are introduced in the following papers:
[26], [28], [2], [13], [1], [29], [5], [18], [17], [3], [14], [24], [9], [23], [4], [25], [7], [10],
[11], [12], [19], [20], [22], [21], [6], [8], [15], [16], and [27].

1. ON THE SUBSETS OF &2

For simplicity, we follow the rules: C' denotes a simple closed curve, P
denotes a subset of E%, R denotes a non empty subset of S%, p denotes a point
of 5%, and 7, j, k, m, n denote natural numbers.

One can prove the following propositions:

(1) For every point p of £} holds {p} is Bounded.

(2) For all real numbers sy, t and for every subset P of £% such that P = {[s,
t]; s ranges over real numbers: s; < s} holds P is convex.

(3) For all real numbers so, t and for every subset P of £2 such that P = {[s,
t]; s ranges over real numbers: s < so} holds P is convex.

(4) For all real numbers s, t; and for every subset P of €% such that P = {[s,
t]; t ranges over real numbers: t; < ¢t} holds P is convex.

(5) For all real numbers s, t2 and for every subset P of £% such that P = {[s,
t]; t ranges over real numbers: t < to} holds P is convex.

6) NorthHalflinep \ {p} is convex.
7) SouthHalflinep \ {p} is convex.
8)

9) EastHalflinep \ {p} is convex.

WestHalflinep \ {p} is convex.

(
(
(
(

IThe paper has been completed during the author’s post-doctoral fellowship granted by the
Shinshu University, Japan.

(© 2005 University of Bialystok
81 ISSN 1426-2630



82 ARTUR KORNILOWICZ

(10) For every subset A of the carrier of £% holds UBD A misses A.

(11) Let P be a subset of the carrier of 8% and pi1, p2, q1, g2 be points of
EZ. Suppose P is an arc from p; to p2 and p; # ¢1 and p2 # g2. Then
p1 & Segment(P, p1,p2,q1,g2) and p2 ¢ Segment (P, p1,p2,q1,2)-

(12) proj2°(CnN VelrticalLime(W_bmmc‘(c);r Erbound(©) )y §5 not empty.

(13) For every compact subset C' of £2 holds
proj2°(C'nN \/'elrticalLime(W_bwnd(c);r E-bound(€) )
and upper bounded.

is closed, lower bounded,

2. GAUGES

The following propositions are true:

(14) (1, 1) € the indices of Gauge(R,n).
(15) (1, 2) € the indices of Gauge(R,n).
(16) (2, 1) € the indices of Gauge(R,n).
(17) Let C be a non vertical non horizontal compact subset of 5%. Suppose

m >k and (i, j) € the indices of Gauge(C, k) and (i, j + 1) € the indices
of Gauge(C, k). Then p(Gauge(C,m) o (i,j), Gauge(C,m) o (i,j + 1)) <
p(Gauge(C, k) o (i,7), Gauge(C, k) o (i,5 + 1)).

(18) For every non vertical non horizontal compact subset C' of £2 such that
m > k holds p(Gauge(C,m)o(1,1), Gauge(C, m)o(1,2)) < p(Gauge(C, k)o
(1,1), Gauge(C, k) o (1,2)).

(19) Let C be a non vertical non horizontal compact subset of £2. Suppose
m >k and (i, j) € the indices of Gauge(C, k) and (i + 1, j) € the indices
of Gauge(C, k). Then p(Gauge(C,m) o (i,j), Gauge(C,m) o (i + 1,j)) <
p(Gauge(C, k) o (i,7), Gauge(C, k) o (i + 1, 7)).

(20) For every non vertical non horizontal compact subset C of £% such that
m > k holds p(Gauge(C, m)o(1, 1), Gauge(C,m)o(2,1)) < p(Gauge(C, k)o
(1,1), Gauge(C, k) o (2,1)).

(21) Let r, t be real numbers. Suppose r > 0 and ¢ > 0. Then there exists a
natural number n such that i < n and p(Gauge(C,n)o(1,1), Gauge(C,n)o
(1,2)) < r and p(Gauge(C,n) o (1,1), Gauge(C,n) o (2,1)) < t.

3. MIDDLE POINTS

We now state four propositions:
(22) UpperMiddlePoint C € C.
(23) LowerMiddlePoint C' € C.
(24) (LowerMiddlePoint C)2 # (UpperMiddlePoint C'),.
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(25) LowerMiddlePoint C' # UpperMiddlePoint C.

4. UPPERARC AND LOWERARC

Next we state several propositions:

(26) W-bound(C) = W-bound(UpperArc(C)).

(27) E-bound(C) = E-bound(UpperArc(C)).

(28) W-bound(C) = W-bound(LowerArc(C)).

(29) E-bound(C') = E-bound(LowerArc(C)).

(30) UpperArc(C) N VerticalLine(W-bound(@+E-bound(©)y 45 1ot empty and

2
proj2°(UpperArc(C) N VelrticalLine(W_bomﬂd(c);r E-bound(0) )

(31) LowerArc(C) N VerticalLine(W_bound(c);r Erbound(@)) ig not, empty and

proj2°(LowerArc(C) N VerticalLine(W_bound(c)é|r E-bound(C)

32) For every compact connected subset P of £ such that P C C
T

and Wy, (C) € P and Epax(C) € P holds UpperArc(C) C P or
LowerArc(C) C P.

is not empty.

)) is not empty.

5. UMP AnxDpD LMP

Let P be a subset of the carrier of 5%. The functor UMP P yielding a point
of £2 is defined by:
(Def 1) UMPP = [E—bound(P)—gW—bound(P),
190 : : E-bound(P)+W-bound(P
sup(proj2°(P N VerticalLine( ( )E ( ))))]
The functor LMP P yielding a point of E% is defined as follows:
(Def. 2) LMPP = [E’bound(P);W—bound(P)’
1 190 : : E-bound(P)+W-bound(P
inf(proj2°(P N VerticalLine( ( )Jg ( ))))]

We now state a number of propositions:

(33) (UMP P); = W—bound(P);rE—bound(P)_

(34) (UMP P)3 = sup(proj2°(P N VerticalLine(Z-2oud(Z)F W-bound(P) )
(35) (LMP P); — W—bound(P);E—bound(P)'

(36) (LMP P)y = inf(proj2°(P N VerticalLine(Z-2oud(Z) W-bound(P)

(37) For every non vertical compact subset C of £2 holds UMP C # W i (C).
(38) For every non vertical compact subset C' of 5% holds UMP C # Epax(C).
(39) For every non vertical compact subset C of £2 holds LMP C # Wi (C).
(40) For every non vertical compact subset C' of £2 holds LMP C' # Epax(C).



84 ARTUR KORNILOWICZ

(41) For every compact subset C of &% such that p € C N
VerticalLine(W_bound(c);r E-bound(C )) holds p2 < (UMP C)a,.

(42) For every compact subset C of &2 such that p € C N
VerticalLine(W-bound(@HB-bound(C) ) 1,145 (LMP C')g < pa.

(43) UMPC € C.

(44) LMPC € C.

(45) L(UMP P, [W_bound(P);E_bound(P) N-bound(P)]) is vertical.

(46) L(LMP P, [Webound(P)£Ebound(P) g 1,0 q( P))) is vertical,

(47)  L(UMP ¢, [Wbomnd(©)£Ebound(C) '\ 1,6und(C)]) N C = {UMP C}.
(48) L(LMP ¢, [Wbownd(©) £Ebound(C) ‘g 1, ound(C)]) N C = {LMP C}.
(49) (LMP C)g < (UMP CO)s.

(50) UMP C # LMPC.

(51) S-bound(C) < (UMP C)a.

(52) (UMP C)2 < N-bound(C).

(53) S-bound(C) < (LMP C)s.

(54) (LMP C)2 < N-bound(C).

(55) L(UMPC, [W_bound(c);E_bound(C) , N-bound(C')]) misses

E(LMP C, [W—bound(C);E—bound(C) ’ S—bound(C)])

(56) Let A, B be subsets of &2 Suppose A C B and
W-bound(A) + E-bound(A) = W-bound(B) + E-bound(B) and A N
VerticalLine(W_bound(A); E_bound(A)) is non empty and proj2°(B N
VerticalLine(W_bound(A); E-bound(4) ) is ypper bounded. Then (UMP A)y <
(UMP B)s.

(57) Let A, B be subsets of &2 Suppose A C B and
W-bound(A) 4+ E-bound(A) = W-bound(B) + E-bound(B) and A N
VerticalLine(W_bound(A);r E_bound(A)) is non empty and proj2°(B N
VerticalLine(¥W-bound(@) tEbound(4) y) i¢ 15 wer hounded. Then (LMP B)g <
(LMP A)s.

(58) Let A, B be subsets of £2. Suppose A C B and UMPB ¢
A and AN VerticalLine(W_bound(’él);r Erbound(d)) i pon empty and
proj2°(B N VerticalLine(W_bound(B);E_bound(B))) is upper bounded and
W-bound(A) + E-bound(A) = W-bound(B) + E-bound(B). Then
UMP A = UMP B.

(59) Let A, B be subsets of £4. Suppose A C B and LMPB € A and
AN VertlcalLlne(W bound(A)+E bound(A)) is non empty and proj2°(B N
VerticalLine( - bound(B)+E bound(B))) is lower bounded and W-bound(A4)+
E-bound(A) = W—bound(B) + E-bound(B). Then LMP A = LMP B.
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=)
(@)

(UMP UpperArc(C))2 < N-bound(C).

S-bound(C) < (LMP LowerArc(C))2.

LMP C ¢ LowerArc(C) or UMP C' ¢ LowerArc(C).

LMP C ¢ UpperArc(C) or UMP C' ¢ UpperArc(C).

If 0 < =n, then sup(proj2°(£(Cage(C,n)) N L(Gauge(C,n) o
(Center Gauge(C,n), 1), Gauge(C,n) o (Center Gauge(C, n),

len Gauge(C, n))))) = sup(proj2°(£(Cage(C, n)) N VerticalLine
(E—bound(E(Cage(C,n)))—;W—bound(E(Cage(C,n))) )))

D
—

(@)
w

~ o~ o~ —~
[ D
= [\
—_— D Y — —

(65) If 0 < n, then inf(proj2°(L£(Cage(C,n)) N L(Gauge(C,n) o
(Center Gauge(C, n), 1), Gauge(C,n) o (Center Gauge(C, n),
len Gauge(C, n))))) = inf(proj2°(L(Cage(C, n)) N VerticalLine
(E—bound(E(Cage(C,n)))—;W—bound(E(Cage(C,n))) )))

(66) If 0 < n, then UMP L(Cage(C,n)) =
[E—bound(ﬁ(Cage(C,n)))-;W—bound(ﬁ(Cage(C,n))) : sup(proj2° (E(Cage(C, n))
NL(Gauge(C,n) o (Center Gauge(C,n), 1), Gauge(C,n)o
(Center Gauge(C, n),len Gauge(C,n)))))].

(67) If 0 <n, then LMP E(Cage(p, n)) =
[E—bound(ﬁ(Cage(C,n)))gW—bound(ﬁ(Cage(C,n))) : inf(pr0j2° (Z(Cage(C, n))
NL(Gauge(C, n) o (Center Gauge(C,n), 1), Gauge(C,n)o
(Center Gauge(C, n),len Gauge(C,n)))))].

(68) (UMP C)g < (UMP L(Cage(C,n)))z.

(69) (LMPC)g > (LMP £(Cage(C,n)))2.

(70) UMP UpperArc(L(Cage(C,n))) € UpperArc(L(Cage(C,n))).

(71)

(72)

71) LMP LowerArc(L(Cage(C,n))) € LowerArc(L(Cage(C,n))).

72) If 0 < n, then there exists a natural number 7 such that 1 < ¢
and ¢ < lenGauge(C,n) and UMP L(Cage(C,n)) = Gauge(C,n) o
(Center Gauge(C,n),1).

(73) If 0 < n, then there exists a natural number i such that 1 < i
and i < lenGauge(C,n) and LMP L(Cage(C,n)) = Gauge(C,n) o
(Center Gauge(C,n),1).

(74) If 0 < n, then UMP £(Cage(C,n)) = UMP UpperArc(£(Cage(C,n))).

(75) If 0 < n, then LMP £(Cage(C,n)) = LMP LowerArc(L(Cage(C,n))).

(76) 1f 0 < n, then (UMP ()3 < (UMP UpperArc(£(Cage(C,n))))2.

(77) 1f 0 < n, then (LMP LowerArc(£(Cage(C,n))))z < (LMP C),.

(78) 1If i < j, then (UMP L£(Cage(C,j)))2 < (UMP L(Cage(C, )))a.

(79) If i < j, then (LMP £(Cage(C,i)))2 < (LMPﬁ(Cage(C M)z

(80) (

If 0 < i and i < j, then (UMP UpperArc(£(Cage(C,7))))2

(UMP UpperArc(L(Cage(C, i))))a.

IN
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(81) If 0 < ¢ and i < j, then (LMP LowerArc(L(Cage(C,1))))2 <

(LMP LowerArc(L(Cage(C, 5))))2-
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Summary. In the paper we formalize some lemmas needed by the proof
of the Jordan Curve Theorem according to [23]. We show basic properties of the
upper and the lower approximations of a simple closed curve (as its compactness
and connectedness) and some facts about special points of such approximations.

MML Identifier: JORDAN22.

The notation and terminology used in this paper are introduced in the following
papers: [25], (28], [1], [24], [29], [4], [16], [15], [2], [12], [22], [7], [27], [21], [13],
3], [5], [8], [9], [10], [18], [19], [20], [26], [6], [11], [17], and [14].

1. PROPERTIES OF THE APPROXIMATIONS

In this paper C denotes a simple closed curve and ¢ denotes a natural number.
We now state two propositions:

(1) (UpperAppr(C))(i) € RightComp(Cage(C,0)).
(2) (LowerAppr(C))(i) € RightComp(Cage(C,0)).
Let C be a simple closed curve. One can verify that UpperArc(C) is con-

nected and LowerArc(C) is connected.
We now state two propositions:

(3) (UpperAppr(C))(i) is compact and connected.
(4) (LowerAppr(C))(i) is compact and connected.

!The paper has been completed during the first author’s post-doctoral fellowship granted
by the Shinshu University, Japan.

2This work has been partially supported by the KBN grant 4 T11C 039 24 and the FP6
IST grant TYPES No. 510996.
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Let C be a simple closed curve. Observe that NorthArc(C') is compact and

SouthArc(C) is compact.

o~ o~ o~ o~

[10]
[11]
[12]
[13]
[14]
[15]

[16]

A~ N /N~

—_ = =
N

—_
w

2. ON SPECIAL POINTS OF APPROXIMATIONS

One can prove the following propositions:

NorthArc(C) C C.
SouthArc(C) C C.

LMP C € LowerArc(C) and UMPC € UpperArc(C) or UMPC €
LowerArc(C') and LMP C' € UpperArc(C).

5) Whin(C) € NorthArc(C).
6) Emax(C) € NorthArce(C).
7) Wpnin(C) € SouthArc(C).
8) Emax(C) € SouthArc(C).
9) UMP C € NorthArc(C).
0) LMP C € SouthArc(C).

)

)

)
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The papers [19], [22], [1], [17], [10], [23], [4], [24], [5], [13], [20], [21], [18], [3],
[12], [11], [2], [25], [16], [6], [8], [15], [7], [14], and [9] provide the notation and
terminology for this paper.

1. UNIFORM CONTINUITY OF FUNCTIONS ON REAL AND COMPLEX NORMED
LINEAR SPACES

For simplicity, we follow the rules: X, X; denote sets, r, s denote real
numbers, z denotes a complex number, R; denotes a real normed space, and
C1, C9, ('35 denote complex normed spaces.

Let X be a set, let (9, C3 be complex normed spaces, and let f be a partial
function from Cs to C3. We say that f is uniformly continuous on X if and only
if the conditions (Def. 1) are satisfied.

(Def. 1)(i) X C dom f, and
(ii)  for every r such that 0 < r there exists s such that 0 < s and for all
points x1, xg of Cy such that z; € X and x2 € X and ||x1 — x2|| < s holds
||f1‘1 - f12|| <T.

Let X be a set, let Ry be a real normed space, let C; be a complex normed
space, and let f be a partial function from C; to R;. We say that f is uniformly
continuous on X if and only if the conditions (Def. 2) are satisfied.

(Def. 2)(i) X C dom f, and

(ii)  for every r such that 0 < r there exists s such that 0 < s and for all

points z1, xg of C such that z; € X and x2 € X and ||x; — x2|| < s holds

| for = faoll <7

(© 2005 University of Bialystok
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Let X be a set, let Ry be a real normed space, let C7 be a complex normed
space, and let f be a partial function from R; to C. We say that f is uniformly
continuous on X if and only if the conditions (Def. 3) are satisfied.

(Def. 3)(i) X C dom f, and
(ii) for every r such that 0 < r there exists s such that 0 < s and for all
points x1, x2 of Ry such that 1 € X and z2 € X and ||z1 — x2|| < s holds
| fay = faoll <7

Let X be a set, let C1 be a complex normed space, and let f be a partial
function from the carrier of C; to C. We say that f is uniformly continuous on
X if and only if the conditions (Def. 4) are satisfied.

(Def. 4)(i) X C dom f, and
(ii)  for every r such that 0 < r there exists s such that 0 < s and for all
points x1, xg of C such that 1 € X and z3 € X and ||z1 — x2|| < s holds
| for = fas| <.

Let X be a set, let C1 be a complex normed space, and let f be a partial
function from the carrier of C7 to R. We say that f is uniformly continuous on
X if and only if the conditions (Def. 5) are satisfied.

(Def. 5)(i) X C dom f, and
(ii)  for every r such that 0 < r there exists s such that 0 < s and for all
points x1, xg of Cq such that x; € X and x2 € X and ||x1 — x2|| < s holds
|f$1 - fr2’ <.

Let X be a set, let R; be a real normed space, and let f be a partial function
from the carrier of Ry to C. We say that f is uniformly continuous on X if and
only if the conditions (Def. 6) are satisfied.

(Def. 6)(i) X C dom f, and
(ii)  for every r such that 0 < r there exists s such that 0 < s and for all
points z1, xg of Ry such that 1 € X and 9 € X and ||z1 — x2|| < s holds
|fx1 - fm’ <T.
Next we state a number of propositions:
(1) Let f be a partial function from Cy to Cs. Suppose f is uniformly
continuous on X and X; C X. Then f is uniformly continuous on Xj.
(2) Let f be a partial function from C; to R;. Suppose f is uniformly
continuous on X and X; C X. Then f is uniformly continuous on Xj.
(3) Let f be a partial function from R; to C}. Suppose f is uniformly
continuous on X and X; C X. Then f is uniformly continuous on Xj.
(4) Let fi, fo be partial functions from C5 to Cs. Suppose fi is uniformly
continuous on X and fo is uniformly continuous on X;. Then f; + fo is
uniformly continuous on X N Xj.

(5) Let fi, fo be partial functions from C; to R;. Suppose fi is uniformly
continuous on X and fs5 is uniformly continuous on X;. Then fi; + f2 is
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uniformly continuous on X N Xj.

(6) Let f1, fo be partial functions from R; to C. Suppose fi is uniformly
continuous on X and fs is uniformly continuous on X;. Then f1 4+ f5 is
uniformly continuous on X N Xj.

(7) Let f1, fo be partial functions from Cy to Cs. Suppose f; is uniformly
continuous on X and fs is uniformly continuous on X;. Then f; — fo is
uniformly continuous on X N Xj.

(8) Let f1, fo be partial functions from Cy to R;. Suppose fi is uniformly
continuous on X and fs is uniformly continuous on X;. Then f; — fo is
uniformly continuous on X N Xj.

(9) Let f1, fo be partial functions from R; to Cj. Suppose f; is uniformly
continuous on X and f5 is uniformly continuous on X;. Then f; — fo is
uniformly continuous on X N Xj.

(10) Let f be a partial function from Cy to Cs. If f is uniformly continuous
on X, then z f is uniformly continuous on X.

(11) Let f be a partial function from C7 to R;. If f is uniformly continuous
on X, then r f is uniformly continuous on X.

(12) Let f be a partial function from R; to Ci. If f is uniformly continuous
on X, then z f is uniformly continuous on X.

(13) Let f be a partial function from Cy to Cs. If f is uniformly continuous
on X, then —f is uniformly continuous on X.

(14) Let f be a partial function from C; to R;. If f is uniformly continuous
on X, then —f is uniformly continuous on X.

(15) Let f be a partial function from R; to Ci. If f is uniformly continuous
on X, then —f is uniformly continuous on X.

(16) Let f be a partial function from Cy to Cs. If f is uniformly continuous
on X, then || f]|| is uniformly continuous on X.

(17) Let f be a partial function from C; to R;. If f is uniformly continuous
on X, then || f]|| is uniformly continuous on X.

(18) Let f be a partial function from R; to Ci. If f is uniformly continuous
on X, then [|f]| is uniformly continuous on X.

(19) For every partial function f from Cs to C3 such that f is uniformly
continuous on X holds f is continuous on X.

(20) For every partial function f from C; to R; such that f is uniformly
continuous on X holds f is continuous on X.

(21) For every partial function f from R; to Cj such that f is uniformly
continuous on X holds f is continuous on X.

(22) Let f be a partial function from the carrier of C to C. If f is uniformly
continuous on X, then f is continuous on X.

95
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(23) Let f be a partial function from the carrier of Cy to R. If f is uniformly
continuous on X, then f is continuous on X.

(24) Let f be a partial function from the carrier of Ry to C. If f is uniformly
continuous on X, then f is continuous on X.

(25) For every partial function f from Cs to C5 such that f is Lipschitzian
on X holds f is uniformly continuous on X.

(26) For every partial function f from C) to R; such that f is Lipschitzian
on X holds f is uniformly continuous on X.

(27) For every partial function f from R; to C7 such that f is Lipschitzian
on X holds f is uniformly continuous on X.

(28) Let f be a partial function from Cy to C3 and Y be a subset of Cj.
Suppose Y is compact and f is continuous on Y. Then f is uniformly
continuous on Y.

(29) Let f be a partial function from C; to Ry and Y be a subset of Cj.
Suppose Y is compact and f is continuous on Y. Then f is uniformly
continuous on Y.

(30) Let f be a partial function from R; to Cy and Y be a subset of Rj.
Suppose Y is compact and f is continuous on Y. Then f is uniformly
continuous on Y.

(31) Let f be a partial function from Cy to C3 and Y be a subset of Cj.
Suppose Y C dom f and Y is compact and f is uniformly continuous on
Y. Then f°Y is compact.

(32) Let f be a partial function from C; to Ry and Y be a subset of Cj.
Suppose Y C dom f and Y is compact and f is uniformly continuous on
Y. Then f°Y is compact.

(33) Let f be a partial function from R; to Cy and Y be a subset of Rj.
Suppose Y C dom f and Y is compact and f is uniformly continuous on
Y. Then f°Y is compact.

(34) Let f be a partial function from the carrier of C7 to R and Y be a
subset of Ci. Suppose Y # () and Y C dom f and Y is compact and f

is uniformly continuous on Y. Then there exist points z1, x2 of C such
that 1 € Y and 22 € Y and f;, = sup(f°Y) and f,, = inf(f°Y).

(35) Let f be a partial function from Cy to C3. If X C dom f and f is a
constant on X, then f is uniformly continuous on X.

(36) Let f be a partial function from Cj to R;. If X C dom f and f is a
constant on X, then f is uniformly continuous on X.

(37) Let f be a partial function from R; to C;. If X C dom f and f is a
constant on X, then f is uniformly continuous on X.
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2. CONTRACTION MAPPING PRINCIPLE ON NORMED COMPLEX LINEAR
SPACES

Let M be a complex Banach space. A function from the carrier of M into
the carrier of M is said to be a contraction of M if:

(Def. 7) There exists a real number L such that 0 < L and L < 1 and for all
points x, y of M holds ||it(x) —it(y)|| < L - ||z — y||.
One can prove the following four propositions:

(38) For every complex normed space X and for all points z, y of X holds
o —yll > 0iff 2 # .

(39) For every complex normed space X and for all points z, y of X holds
e =yl = lly — |l

(40) Let X be a complex Banach space and f be a function from X into X.
Suppose f is a contraction of X. Then there exists a point x3 of X such
that f(z3) = x3 and for every point x of X such that f(z) = = holds
r3 = &T.

(41) Let X be a complex Banach space and f be a function from X into X.
Given a natural number ng such that f™ is a contraction of X. Then
there exists a point x3 of X such that f(x3) = x3 and for every point x of
X such that f(z) = x holds z3 = z.
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1. PRELIMINARIES

In this paper X is a non empty RLS structure and r, s, t are real numbers.
Let us note that there exists a real number which is non zero.
We now state a number of propositions:
(2)? Let T be a non empty topological space, X be a non empty subset of
T, and F| be a family of subsets of T. Suppose F} is a cover of X. Let
x be a point of T. If x € X, then there exists a subset W of T such that
ze W and W € F1.
(4)® Let X be a non empty loop structure, M, N be subsets of X, and F
be a family of subsets of X. If F' = {x + N;z ranges over points of X:
x € M}, then M + N = F.
(5) Let X be an add-associative right zeroed right complementable non
empty loop structure and M be a subset of X. Then Ox + M = M.
(6) Let X be an add-associative non empty loop structure, z, y be points of
X, and M be a subset of X. Then (z+y)+M =z + (y + M).

!This work has been partially supported by the KBN grant 4 T11C 039 24.
2The proposition (1) has been removed.
3The proposition (3) has been removed.
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(7) Let X be an add-associative non empty loop structure, x be a point of
X, and M, N be subsets of X. Then (z + M)+ N =z + (M + N).
(8) Let X be a non empty loop structure, M, N be subsets of X, and x be
a point of X. If M C N, then x + M C =z + N.
(9) Let X be a non empty real linear space, M be a subset of X, and x be
a point of X. If x € M, then Ox € —x + M.
(10) For every non empty loop structure X and for all subsets M, N, V of
X such that M C N holds M +V C N + V.
(11) For every non empty loop structure X and for all subsets Vi, Vo, Wy,
Wy of X such that V3 C Wy and Vo C Wy holds Vi + Vo C Wy + Wa.
(12) For every non empty real linear space X and for all subsets Vi, Vo of X
such that Ox € V5 holds Vi C Vj + Vs,
(13) For every non empty real linear space X and for every real number r
holds - {0x} = {Ox}.
(14) Let X be a non empty real linear space, M be a subset of X, and r be
a non zero real number. If Ox € r- M, then Ox € M.
(15) Let X be a non empty real linear space, M, N be subsets of X, and r
be a non zero real number. Then (r- M) N (r-N)=r-(MNN).

(16) Let X be a non empty topological space, x be a point of X, A be a
neighbourhood of x, and B be a subset of X. If A C B, then B is a
neighbourhood of x.

Let V be a non empty real linear space and let M be a subset of V. Let us
observe that M is convex if and only if:

(Def. 1) For all points u, v of V' and for every real number r such that 0 < r and
r<landué€ M and v € M holdsr-u+ (1 —r)-v € M.
One can prove the following proposition
(17) Let X be a non empty real linear space, M be a convex subset of X,
and 71, 79 be real numbers. If 0 < r; and 0 < ry, then ri - M + 1o - M =
(7“1 + 7“2) - M.
Let X be a non empty real linear space and let M be an empty subset of
X. One can check that conv M is empty.
Next we state several propositions:

(18) For every non empty real linear space X and for every convex subset M
of X holds conv M = M.

(19) For every non empty real linear space X and for every subset M of X
and for every real number r holds r - conv M = convr - M.

(20) For every non empty real linear space X and for all subsets Mj, My of
X such that My C M>s holds Convex-Family My C Convex-Family M;.
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(21) For every non empty real linear space X and for all subsets Mj, My of
X such that M7 C My holds conv My C conv M.

(22) Let X be a non empty real linear space, M be a convex subset of X,
and r be a real number. If 0 <r andr <1 and Ox € M, thenr-M C M.

Let X be a non empty real linear space and let v, w be points of X. The
functor £(v,w) yields a subset of X and is defined as follows:
(Def. 2) Lv,w)={1—-7r)-v+r-w:0<r A r<1}
Let X be a non empty real linear space and let v, w be points of X. Note
that £(v,w) is non empty and convex.
Next we state the proposition
(23) Let X be a non empty real linear space and M be a subset of X. Then

M is convex if and only if for all points u, w of X such that v € M and
w € M holds L(u,w) C M.

Let V be a non empty RLS structure and let P be a family of subsets of V.
We say that P is convex-membered if and only if:
(Def. 3) For every subset M of V such that M € P holds M is convex.

Let V be a non empty RLS structure. One can verify that there exists a
family of subsets of V' which is non empty and convex-membered.
We now state the proposition

(24) For every non empty RLS structure V' and for every convex-membered
family F' of subsets of V" holds () F' is convex.

Let X be a non empty RLS structure and let A be a subset of X. The
functor — A yielding a subset of X is defined by:

(Def. 4) —A=(-1)-A.
One can prove the following proposition
(25) Let X be a non empty real linear space, M, N be subsets of X, and v
be a point of X. Then v + M meets N if and only if v € N + —M.
Let X be a non empty RLS structure and let A be a subset of X. We say
that A is symmetric if and only if:
(Def. 5) A= —A.
Let X be a non empty real linear space. Observe that there exists a subset
of X which is non empty and symmetric.
One can prove the following proposition

(26) Let X be a non empty real linear space, A be a symmetric subset of X,
and x be a point of X. If z € A, then —z € A.

Let X be a non empty RLS structure and let A be a subset of X. We say
that A is circled if and only if:

(Def. 6) For every real number r such that |r| <1 holds r- A C A.
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Let X be a non empty real linear space. Note that 0 x is circled.
We now state the proposition

(27) For every non empty real linear space X holds {Ox} is circled.
Let X be a non empty real linear space. Observe that there exists a subset
of X which is non empty and circled.
The following proposition is true
(28) For every non empty real linear space X and for every non empty circled
subset B of X holds Ox € B.

Let X be a non empty real linear space and let A, B be circled subsets of
X. One can verify that A 4+ B is circled.
We now state the proposition

(29) Let X be a non empty real linear space, A be a circled subset of X, and
r be a real number. If |r| =1, then - A = A.

Let X be a non empty real linear space. One can check that every subset of
X which is circled is also symmetric.

Let X be a non empty real linear space and let M be a circled subset of X.
One can check that conv M is circled.

Let X be a non empty RLS structure and let F' be a family of subsets of X.
We say that F' is circled-membered if and only if:

(Def. 7)  For every subset V of X such that V' € F holds V is circled.

Let V be a non empty real linear space. Note that there exists a family of
subsets of V' which is non empty and circled-membered.
The following two propositions are true:

(30) For every non empty real linear space X and for every circled-membered
family F' of subsets of X holds |J F is circled.

(31) For every non empty real linear space X and for every circled-membered
family F' of subsets of X holds (] F is circled.

2. REAL LINEAR TOPOLOGICAL SPACE

We introduce real linear topological structures which are extensions of RLS
structure and topological structure and are systems

( a carrier, a zero, an addition, an external multiplication, a topology ),
where the carrier is a set, the zero is an element of the carrier, the addition is
a binary operation on the carrier, the external multiplication is a function from
R, the carrier | into the carrier, and the topology is a family of subsets of the
carrier.

Let X be a non empty set, let O be an element of X, let F' be a binary
operation on X, let G be a function from [ R, X ] into X, and let T be a family
of subsets of X. Observe that (X,O0, F,G,T) is non empty.



INTRODUCTION TO REAL LINEAR TOPOLOGICAL ... 103

Let us note that there exists a real linear topological structure which is strict
and non empty.

Let X be a non empty real linear topological structure. We say that X is
add-continuous if and only if the condition (Def. 8) is satisfied.

(Def. 8) Let 1, x2 be points of X and V' be a subset of X. Suppose V is open
and x1 +x2 € V. Then there exist subsets V7, V5 of X such that V; is open
and V5 is open and 1 € V] and 2 € Vo and V3 + Vo C V.

We say that X is mult-continuous if and only if the condition (Def. 9) is satisfied.

(Def. 9) Let a be a real number, x be a point of X, and V be a subset of X.
Suppose V is open and a -z € V. Then there exists a positive real number
r and there exists a subset W of X such that W is open and z € W and
for every real number s such that |s —a| < r holds s - W C V.

Let us note that there exists a non empty real linear topological structure
which is non empty, strict, add-continuous, mult-continuous, topological space-
like, Abelian, add-associative, right zeroed, right complementable, and real lin-
ear space-like.

A linear topological space is an add-continuous mult-continuous topological
space-like Abelian add-associative right zeroed right complementable real linear
space-like non empty real linear topological structure.

One can prove the following two propositions:

(32) Let X be a non empty linear topological space, x1, x2 be points of X,

and V be a neighbourhood of 1 4+ z2. Then there exists a neighbourhood
V1 of x1 and there exists a neighbourhood V5 of x5 such that V3 + V5, C V.

(33) Let X be a non empty linear topological space, a be a real number, z
be a point of X, and V' be a neighbourhood of a - . Then there exists a
positive real number r and there exists a neighbourhood W of x such that
for every real number s if |s —a| <7, then s- W C V.

Let X be a non empty real linear topological structure and let a be a point
of X. The functor transl(a, X) yields a map from X into X and is defined by:

(Def. 10) For every point = of X holds (transl(a, X))(z) = a + x.
The following propositions are true:

(34) Let X be a non empty real linear topological structure, a be a point of
X, and V be a subset of X. Then (transl(a, X))°V =a+ V.

(35) For every non empty linear topological space X and for every point a of
X holds rng transl(a, X) = Qx.

(36) For every non empty linear topological space X and for every point a of
X holds (transl(a, X))~! = transl(—a, X).

Let X be a non empty linear topological space and let a be a point of X.
Note that transl(a, X) is homeomorphism.
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Let X be a non empty linear topological space, let E£ be an open subset of
X, and let = be a point of X. Note that x + F is open.
Let X be a non empty linear topological space, let £ be an open subset of
X, and let = be a point of X. Observe that x + F is open.
Let X be a non empty linear topological space, let £ be an open subset of
X, and let K be a subset of X. Observe that K 4+ E is open.
Let X be a non empty linear topological space, let D be a closed subset of
X, and let x be a point of X. Note that x + D is closed.
We now state several propositions:
(37) For every non empty linear topological space X and for all subsets V7,
Vo, V of X such that V3 + Vo C V holds Int Vi + Int Vo C Int V.
(38) For every non empty linear topological space X and for every point x of
X and for every subset V' of X holds  + Int V = Int(z + V).
(39) For every non empty linear topological space X and for every point x of
X and for every subset V of X holds  +V =z + V.
(40) Let X be a non empty linear topological space, x, v be points of X, and
V be a neighbourhood of x. Then v + V is a neighbourhood of v + x.

(41) Let X be a non empty linear topological space, x be a point of X, and
V be a neighbourhood of x. Then —z + V is a neighbourhood of 0x.

Let X be a non empty real linear topological structure. A local base of X
is a generalized basis of Ox.

Let X be a non empty real linear topological structure. We say that X is
locally-convex if and only if:

(Def. 11) There exists a local base of X which is convex-membered.
Let X be a non empty linear topological space and let E be a subset of X.
We say that E is bounded if and only if:
(Def. 12)  For every neighbourhood V' of Ox there exists s such that s > 0 and for
every t such that £ > s holds E C¢t-V.
Let X be a non empty linear topological space. Note that @ x is bounded.
Let X be a non empty linear topological space. Observe that there exists a
subset of X which is bounded.
The following propositions are true:
(42) For every non empty linear topological space X and for all bounded
subsets V7, V5 of X holds V4 U V5 is bounded.

(43) Let X be a non empty linear topological space, P be a bounded subset
of X, and @ be a subset of X. If Q C P, then () is bounded.

(44) Let X be a non empty linear topological space and F' be a family of
subsets of X. Suppose F' is finite and F' = {P : P ranges over bounded
subsets of X'}. Then (J F' is bounded.
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(45) Let X be a non empty linear topological space and P be a family of
subsets of X. Suppose P = {U : U ranges over neighbourhoods of 0x }.
Then P is a local base of X.

(46) Let X be a non empty linear topological space, O be a local base of X,
and P be a family of subsets of X. Suppose P = {a + U;a ranges over
points of X, U ranges over subsets of X: U € O}. Then P is a generalized
basis of X.

Let X be a non empty real linear topological structure and let r be a real
number. The functor r ¢ X yielding a map from X into X is defined as follows:

(Def. 13) For every point x of X holds (r e X)(z) =r - z.
The following propositions are true:

(47) Let X be a non empty real linear topological structure, V' be a subset
of X, and r be a non zero real number. Then (r ¢ X)°V =r-V.
(48) For every non empty linear topological space X and for every non zero
real number r holds rng(r e X) = Qx.
(49) For every non empty linear topological space X and for every non zero
real number r holds (re X) ! =r~le X.
Let X be a non empty linear topological space and let r be a non zero real
number. One can check that r ¢ X is homeomorphism.
Next we state several propositions:
(50) Let X be a non empty linear topological space, V' be an open subset of
X, and r be a non zero real number. Then r -V is open.
(51) Let X be a non empty linear topological space, V' be a closed subset of
X, and r be a non zero real number. Then r - V is closed.
(52) Let X be a non empty linear topological space, V' be a subset of X, and
r be a non zero real number. Then r - Int V' = Int(r - V).
(53) Let X be a non empty linear topological space, A be a subset of X, and
r be a non zero real number. Then r- A =7 - A.

(54) Let X be a non empty linear topological space and A be a subset of X.
If X is a T} space, then 0- A =0 - A.
(55) Let X be a non empty linear topological space, x be a point of X, V' be

a neighbourhood of x, and r be a non zero real number. Then r -V is a
neighbourhood of r - z.
(56) Let X be a non empty linear topological space, V' be a neighbourhood
of Ox, and r be a non zero real number. Then r -V is a neighbourhood of
Ox.
Let X be a non empty linear topological space, let V' be a bounded subset
of X, and let r be a real number. Observe that r - V' is bounded.

We now state four propositions:
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(57) Let X be a non empty linear topological space and W be a neighbour-
hood of Ox. Then there exists an open neighbourhood U of 0x such that
U is symmetric and U +U C W.

(58) Let X be a non empty linear topological space, K be a compact subset
of X, and C be a closed subset of X. Suppose K misses C'. Then there
exists a neighbourhood V of 0x such that K + V misses C' + V.

(59) Let X be a non empty linear topological space, B be a local base of X,
and V be a neighbourhood of 0x. Then there exists a neighbourhood W
of Ox such that W € Band W C V.

(60) Let X be anon empty linear topological space and V' be a neighbourhood
of 0x. Then there exists a neighbourhood W of 0x such that W C V.

Let us observe that every non empty linear topological space which is 7} is
also Hausdorff.
We now state three propositions:

(61) Let X be a non empty linear topological space and A be a subset of X.
Then A = N{A+ V : V ranges over neighbourhoods of 0x}.
(62) For every non empty linear topological space X and for all subsets A, B
of X holds Int A + Int B C Int(A + B).
(63) For every non empty linear topological space X and for all subsets A, B
of X holds A+ B C A+ B.
Let X be a non empty linear topological space and let C be a convex subset
of X. Note that C is convex.
Let X be a non empty linear topological space and let C' be a convex subset
of X. Note that Int C is convex.
Let X be a non empty linear topological space and let B be a circled subset
of X. One can check that B is circled.
One can prove the following proposition
(64) Let X be a non empty linear topological space and B be a circled subset
of X. If Ox € Int B, then Int B is circled.

Let X be a non empty linear topological space and let E be a bounded
subset of X. Note that E is bounded.
The following propositions are true:

(65) Let X be a non empty linear topological space and U be a neighbourhood
of 0x. Then there exists a neighbourhood W of 0x such that W is circled
and W C U.

(66) Let X be a non empty linear topological space and U be a neighbourhood
of 0x. Suppose U is convex. Then there exists a neighbourhood W of 0x
such that W is circled and convex and W C U.

(67) For every non empty linear topological space X holds there exists a local
base of X which is circled-membered.
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(68) For every non empty linear topological space X such that X is locally-

convex holds there exists a local base of X which is convex-membered.
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1. REAL NUMBERS

We adopt the following rules: ¢ is an integer and a, b, r, s are real numbers.
The following propositions are true:

frac(r + i) = fracr.
If r<aanda< [r]+1,then |a] = |r].
If r<aanda< |r|+1, then fracr < fraca.

Ifa>|r]+1and a <r+1, then |a| = [r|+ 1.
Ifa>|r] +1and a <r+1, then fraca < fracr.

Ifr<aanda<r—+1landr <bandbdb<r+1 and fraca = frach, then
a=b.

(1)
(2)
(3)
(4) Ifr<aanda< |r|+1, then fracr < fraca.
(5)
(6)
(7)
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2. SUBSETS OF R
Let 7 be a real number and let s be a positive real number. One can verify

the following observations:

% |r,r + s[ is non empty,

x [r,r + s[ is non empty,
% |r,r + s] is non empty,
x [r,r + s] is non empty,

s non empty,

[is
r — s,7[ is non empty,
]

[
]
[r,
x Jr—s,r
[
]
[

*
x |r —s,r] is non empty, and
x [r —s,r] is non empty.

Let r be a non positive real number and let s be a positive real number.
One can verify the following observations:

% |r, s[ is non empty,

% [r, s[ is non empty,

% |r,s] is non empty, and

% [r,s] is non empty.

Let r be a negative real number and let s be a non negative real number.

One can check the following observations:

% |r, s is non empty,

% [r, s[ is non empty,

% |r, s] is non empty, and

% [r,s] is non empty.

We now state a number of propositions:

(8) Ifr <aandb< s, then [a,b] C [r,s].

(9) If r <aandb<s, then [a,b] C]r,s].
(10) Ifr < aand b < s, then [a,b] C ]r,s].
(11) Ifr <aand b < s, then [a,b[C [r,s].
(12) Ifr <aand b <s, then [a,b[C [r, s].
(13) If r <aand b <s, then [a,b[C |r,s].
(14) If r < aand b < s, then [a,b[C |r, s].
(15) If r <aand b <s, then |a,b] C [r,s]
(16) Ifr <aand b < s, then ]a,b] C [r,s]
(17) If r <aand b <s, then |a,b] C r,s].
(18) Ifr <aand b < s, then |a,b] C|r,s|
(19) Ifr <aandb<s, then |a,b] C [r,s]
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[
]

(20) If r <aand b <s, then Ja,b] C [r, s[.
(21) Ifr <aand b <s, then ]a,b] C ]r, s].
3. FUNCTIONS

The following propositions are true:

(22) For every function f and for all sets x, X such that x € dom f and
f(x) € f°X and f is one-to-one holds z € X.

(23) For every finite sequence f and for every natural number i such that
i+ 1 € dom f holds ¢ € dom f or ¢ = 0.

(24) For all sets z, y, X, Y and for every function f such that x # y and
fe]llr— X,y Y] holds f(z) € X and f(y) € Y.

(25) For all sets a, b holds (a,b) = [1 — a,2 +—— b].

4. GENERAL TOPOLOGY

Let us note that there exists a topological space which is constituted finite
sequences, non empty, and strict.
Let T be a constituted finite sequences topological space. Note that every
subspace of T is constituted finite sequences.
One can prove the following proposition
(26) Let T be a non empty topological space, Z be a non empty subspace of
T, t be a point of T', z be a point of Z, N be an open neighbourhood of
t, and M be a subset of Z. If t = z and M = N Ny, then M is an open
neighbourhood of z.

Let us note that every topological space which is empty is also discrete and
anti-discrete.

Let X be a discrete topological space and let Y be a topological space. Note
that every map from X into Y is continuous.

The following proposition is true

(27) Let X be a topological space, Y be a topological structure, and f be a
map from X into Y. If f is empty, then f is continuous.

Let X be a topological space and let Y be a topological structure. Observe
that every map from X into Y which is empty is also continuous.
One can prove the following propositions:
(28) Let X be a topological structure, Y be a non empty topological structure,

and Z be a non empty subspace of Y. Then every map from X into Z is
a map from X into Y.
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(29) Let S, T be non empty topological spaces, X be a subset of S, Y be a
subset of T', f be a continuous map from S into 7', and g be a map from
STX into T'[Y. If g = f]X, then g is continuous.

(30) Let S, T be non empty topological spaces, Z be a non empty subspace
of T, f be a map from S into T, and g be a map from S into Z. If f =g
and f is open, then g is open.

(31) Let S, T be non empty topological spaces, S; be a subset of S, T} be a
subset of T, f be a map from S into T, and g be a map from S[S; into
TITy. If g = f]S7 and g is onto and f is open and one-to-one, then g is
open.

(32) Let X, Y, Z be non empty topological spaces, f be a map from X into
Y, and g be a map from Y into Z. If f is open and ¢ is open, then g - f
is open.

(33) Let X, Y be topological spaces, Z be an open subspace of Y, f be a
map from X into Y, and g be a map from X into Z. If f = g and g is
open, then f is open.

(34) Let S, T be non empty topological spaces and f be a map from S into
T. Suppose f is one-to-one and onto. Then f is continuous if and only if
f~1is open.

(35) Let S, T be non empty topological spaces and f be a map from S into
T. Suppose f is one-to-one and onto. Then f is open if and only if f~! is
continuous.

(36) Let S be a topological space and T' be a non empty topological space.
Then S and T are homeomorphic if and only if the topological structure
of S and the topological structure of T are homeomorphic.

(37) Let S, T be non empty topological spaces and f be a map from S into
T. Suppose f is one-to-one, onto, continuous, and open. Then f is a
homeomorphism.

5. R?

One can prove the following propositions:

(38) For every partial function f from R to R such that f = R —— r holds f
is continuous on R.

(39) Let f, fi1, fo be partial functions from R to R. Suppose that dom f =
dom fiUdom f3 and dom f; is open and dom f> is open and f; is continuous
on dom f; and f5 is continuous on dom fo and for every set z such that
z € dom f1 holds f(z) = fi(z) and for every set z such that z € dom fo
holds f(z) = fa(z). Then f is continuous on dom f.
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(40) Let = be a point of R', N be a subset of R, and M be a subset of RL.
Suppose M = N. If N is a neighbourhood of z, then M is a neighbourhood
of x.

(41) For every point z of R and for every neighbourhood M of z there exists
a neighbourhood N of x such that N C M.

(42) Let f be a map from R! into R, g be a partial function from R to R,
and z be a point of R, If f = ¢ and ¢ is continuous in z, then f is
continuous at x.

(43) Let f be a map from R! into R and g be a function from R into R. If
f =g and g is continuous on R, then f is continuous.

N
N

If a <r and s < b, then [r, s] is a closed subset of [a, b]T.
]

N N N N N
IS
S~ N N N

If a <r and s <b, then |r, s[ is an open subset of [a, b].

If a < band a <r, then |r,b] is an open subset of [a, b]r.

47) If a <band r < b, then [a,r[ is an open subset of [a, b]r.
48) If a < b and r < s, then the carrier of | [a, b|1, [r, s]T] = [[a,b], [r,s]].
6. 2

Next we state four propositions:
(49) [a,b] =[1+— a,2+— D]
(50) [a,b](1) = a and [a,b](2) = b.
(51) ClosedInsideOfRectangle(a, b, r,s) = [[[1 — [a, b],2 — [r, s]].
(52) If a <bandr <s, then [a,r] € ClosedInsideOfRectangle(a, b, r, s).

Let a, b, ¢, d be real numbers. The functor Trectangle(a, b, ¢, d) yielding a
subspace of &% is defined by:

(Def. 1) Trectangle(a, b, ¢,d) = (£2)] ClosedInsideOfRectangle(a, b, ¢, d).
The following propositions are true:
(53) The carrier of Trectangle(a, b, r, s) = ClosedInsideOfRectangle(a, b, , s).
(54) If a <band r <s, then Trectangle(a,b,r, s) is non empty.
Let a, ¢ be non positive real numbers and let b, d be non negative real
numbers. Observe that Trectangle(a, b, ¢, d) is non empty.
The map R2Homeo from [ R, R ] into £2 is defined by:
(Def. 2)  For all real numbers x, y holds R2Homeo({(z, y)) = (z, ).
Next we state several propositions:
(55) For all subsets A, B of R holds R2Homeo°[ A, B] =[][[1 — A,2 +—
B.

(56) R2Homeo is a homeomorphism.
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(57) If a < band r < s, then R2Homeo [the carrier of | [a, b]T, [r, s]T] is a
map from [ [a, b1, [r, s]T ] into Trectangle(a,b,r,s).

(58) Suppose a < b and r < s. Let h be a map from [ [a, b, [r, s|]T ] into
Trectangle(a,b,r,s). If h = R2Homeo [the carrier of [ [a, b]T, [r, s]T ],
then h is a homeomorphism.

(59) If a < band r < s, then [[a, b, [r, s]7] and Trectangle(a,b,r, s) are
homeomorphic.

(60) If a <bandr <s, then for every subset A of [a, b]T and for every subset
B of [r, s]T holds [[[1 — A,2 —— B] is a subset of Trectangle(a, b, r,s).

(61) Suppose a < b and r < s. Let A be an open subset of [a, bjT and B be
an open subset of [r, s]p. Then [[[1 — A,2 +—— B] is an open subset of
Trectangle(a, b, 7, s).

(62) Suppose a < b and r < s. Let A be a closed subset of [a, bjt and B be
a closed subset of [r, s]p. Then [[[1 — A,2 +— BJ is a closed subset of
Trectangle(a, b, r, s).
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1. PRELIMINARIES

For simplicity, we follow the rules: n is a natural number, ¢ is an integer, a,
b, r are real numbers, and z is a point of £F.
One can check the following observations:

* 10, 1] is non empty,

* [—1,1] is non empty, and
13
272
One can verify the following observations:

* |5, 5[ is non empty.

% the function sin is continuous,

* the function cos is continuous,

* the function arcsin is continuous, and

* the function arccos is continuous.

Next we state two propositions:
(1) sin(a-r+b) = ((the function sin) - AffineMap(a, b))(r).
(2) cos(a-r+b) = ((the function cos) - AffineMap(a, b))(r).
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Let a be a non zero real number and let b be a real number. Note that
AffineMap(a, b) is onto and one-to-one.
Let a, b be real numbers. The functor IntIntervals(a, b) is defined as follows:
(Def. 1) IntIntervals(a,b) = {Ja + n,b+ n| : n ranges over elements of Z}.
One can prove the following proposition
(3) For every set x holds = € IntIntervals(a,b) iff there exists an element n
of Z such that x = |a 4+ n,b + n|.
Let a, b be real numbers. Observe that IntIntervals(a,b) is non empty.
Next we state the proposition
(4) If b—a <1, then IntIntervals(a,b) is mutually-disjoint.
Let a, b be real numbers. Then IntIntervals(a,b) is a family of subsets of
RL.
Let a, b be real numbers. Then IntIntervals(a, b) is an open family of subsets
of RY.

2. CORRESPONDENCE BETWEEN R AND R1

Let r be a real number. The functor R'r yielding a point of R is defined
by:
(Def. 2) R'r =r.
Let A be a subset of R. The functor R'A yielding a subset of R! is defined
by:
(Def. 3) R'A= A.
Let A be a non empty subset of R. Observe that R'A is non empty.
Let A be an open subset of R. Note that R'A is open.
Let A be a closed subset of R. Observe that R'A is closed.
Let A be an open subset of R. Observe that R'[R' A is open.
Let A be a closed subset of R. One can verify that R1[R'A is closed.
Let f be a partial function from R to R. The functor R'f yielding a map
from R'[R! dom f into R'[R! rng f is defined as follows:
(Def. 4) R'f = f.
Let f be a partial function from R to R. One can check that R!f is onto.

Let f be an one-to-one partial function from R to R. Observe that R!f is
one-to-one.

One can prove the following four propositions:
(5) RYRY(Qgr) =RL
(6) For every partial function f from R to R such that dom f = R holds
RI[R!dom f = R1.
(7) Every function f from R into R is a map from R! into R!'[R! rng f.
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(8) Every function from R into R is a map from R! into R*.

Let f be a continuous partial function from R to R. Note that R'f is
continuous.

Let a be a non zero real number and let b be a real number. One can verify
that R! AffineMap(a, b) is open.

3. CIRCLES

Let S be a subspace of £4. We say that S satisfies conditions of simple

closed curve if and only if:
(Def. 5) The carrier of S is a simple closed curve.

Let us note that every subspace of 5% which satisfies conditions of simple
closed curve is also non empty, arcwise connected, and compact.

Let r be a positive real number and let « be a point of 5%. Observe that
Sphere(z, r) satisfies conditions of simple closed curve.

Let n be a natural number, let  be a point of £7, and let r be a real number.
The functor Tcircle(z, ) yielding a subspace of £ is defined by:

(Def. 6) Tcircle(z,r) = (E})[ Sphere(x, 7).

Let n be a non empty natural number, let = be a point of £}, and let r be
a non negative real number. Note that Tcircle(z, ) is strict and non empty.

One can prove the following proposition

(9) The carrier of Tcircle(z, ) = Sphere(z, 7).

Let n be a natural number, let x be a point of £}, and let r be an empty
real number. Note that Tcircle(x,r) is trivial.

Next we state the proposition

(10) Tcircle(Og%, r) is a subspace of Trectangle(—r,r, —r,r).

Let « be a point of 5% and let r be a positive real number. One can verify
that Tcircle(z, ) satisfies conditions of simple closed curve.

Let us mention that there exists a subspace of 5% which is strict and satisfies
conditions of simple closed curve.

Next we state the proposition

(11) For all subspaces S, T of £% satisfying conditions of simple closed curve
holds S and T are homeomorphic.

Let n be a natural number. The functor TopUnitCirclen yields a subspace
of &1 and is defined by:
(Def. 7)  TopUnitCircle n = Tcircle(Ogx, 1).
Let n be a non empty natural number. Note that TopUnitCirclen is non
empty.
We now state several propositions:
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(12) For every non empty natural number n and for every point = of £ such
that x is a point of TopUnitCirclen holds |z| = 1.

(13) For every point = of £2 such that z is a point of TopUnitCircle 2 holds
—1<zyand z1 <1land -1 <29 and zo < 1.

(14) For every point x of £% such that z is a point of TopUnitCircle2 and
Tr1 = 1 holds Tro — 0.

(15) For every point z of £2 such that z is a point of TopUnitCircle2 and
x1 = —1 holds z9 = 0.

(16) For every point x of £% such that z is a point of TopUnitCircle2 and
z9 = 1 holds 1 = 0.

(17) For every point x of £% such that z is a point of TopUnitCircle2 and
Tro = —1 holds 1 = 0.

The following propositions are true:

(18) TopUnitCircle 2 is a subspace of Trectangle(—1,1, —1,1).

(19) Let n be a non empty natural number, r be a positive real number, x
be a point of £}, and f be a map from TopUnitCircle n into Tcircle(z, r).
Suppose that for every point a of TopUnitCirclen and for every point b of
&R such that a = b holds f(a) =r-b+ z. Then f is a homeomorphism.

Let us observe that TopUnitCircle2 satisfies conditions of simple closed
curve.
One can prove the following proposition
(20) Let m be a non empty natural number, r, s be positive real numbers,
and z, y be points of £}. Then Tcircle(z,r) and Tcircle(y, s) are homeo-
morphic.
Let = be a point of 5% and let » be a non negative real number. Observe
that Tcircle(x, r) is arcwise connected.
The point ¢[10] of TopUnitCircle 2 is defined as follows:
(Def. 8) ¢[10] = [1,0].
The point ¢[—10] of TopUnitCircle 2 is defined as follows:
(Def. 9) ¢[—10] = [-1,0].
Next we state the proposition
(21) ¢[10] # c[-10].
Let p be a point of TopUnitCircle 2. The functor TopOpenUnitCircle p yield-
ing a strict subspace of TopUnitCircle 2 is defined by:
(Def. 10) The carrier of TopOpenUnitCirclep = (the carrier of TopUnitCircle 2) \
{p}.
Let p be a point of TopUnitCircle 2. Note that TopOpenUnitCircle p is non
empty.
We now state several propositions:
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(22) For every point p of TopUnitCircle2 holds p is not a point of
TopOpenUnitCircle p.

(23) For every point p of TopUnitCircle2 holds TopOpenUnitCirclep =
TopUnitCircle 2| (QropunitCircle2 \ {P})-

(24) For all points p, g of TopUnitCircle 2 such that p # ¢ holds ¢ is a point
of TopOpenUnitCircle p.

(25) For every point p of % such that p is a point of TopOpenUnitCircle ¢[10]
and p2 = 0 holds p = ¢[—10].

(26) For every point p of £2 such that p is a point of TopOpenUnitCircle ¢[—10]
and p2 = 0 holds p = ¢[10].

Next we state three propositions:

(27) Let p be a point of TopUnitCircle2 and z be a point of 3. If z is a
point of TopOpenUnitCirclep, then —1 < 7 and 21 < 1 and —1 < 29
and zo < 1.

(28) For every point  of £2 such that z is a point of TopOpenUnitCircle c[10]
holds —1 < z7 and z1 < 1.

(29) For every point x of £2 such that x is a point of TopOpenUnitCircle ¢[—10]
holds —1 < 7 and x7 < 1.

Let p be a point of TopUnitCircle 2. Note that TopOpenUnitCircle p is open.
We now state two propositions:

(30) For every point p of TopUnitCircle2 holds TopOpenUnitCirclep and
I(01) are homeomorphic.

(31) For all points p, ¢ of TopUnitCircle 2 holds TopOpenUnitCirclep and
TopOpenUnitCircle ¢ are homeomorphic.

4. CORRESPONDENCE BETWEEN THE REAL LINE AND CIRCLES

The map CircleMap from R! into TopUnitCircle 2 is defined by:
(Def. 11)  For every real number z holds CircleMap(z) = [cos(2-7-x),sin(2-7-x)].
Next we state several propositions:
32) CircleMap(r) = CircleMap(r + 7).
33) CircleMap(i) = ¢[10].
CircleMap ~1({c[10]}) = Z.
If fracr = 3, then CircleMap(r) = [—1,0].
If fracr = %, then CircleMap(r) = [0, 1].
If fracr = 2, then CircleMap(r) = [0, —1].
For all integers i, j holds CircleMap(r) = [((the function cos)
- AffineMap(2-m,2-7-7))(r), ((the function sin) - AffineMap(2-m,2-7-35))(r)].
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Let us note that CircleMap is continuous.
The following proposition is true
(39) For every subset B of R! and for every map f from R!|B into
TopUnitCircle2 such that [0,1[C B and f = CircleMap [B holds f is
onto.

Let us observe that CircleMap is onto.

Let r be a real number. One can verify that CircleMap [[r,r + 1] is one-to-
one.

Let r be a real number. One can verify that CircleMap []r,r + 1] is one-to-
one.

One can prove the following two propositions:

(40) If b —a < 1, then for every set d such that d € IntIntervals(a,b) holds
CircleMap [d is one-to-one.

(41) For every set d such that d € IntIntervals(a,b) holds CircleMap®d =
CircleMap® | IntIntervals(a, b).

Let 7 be a point of R'. The functor CircleMapr yielding a map from
RI[RYr,r + 1] into TopOpenUnitCircle CircleMap(r) is defined by:
(Def. 12)  CircleMap r = CircleMap []r, r + 1].
One can prove the following proposition
(42) CircleMap R*(a+i) = CircleMap R'a-(AffineMap(1, —i)[]a+i,a+i+1[).
Let 7 be a point of R!. One can check that CircleMap r is one-to-one, onto,
and continuous.

The map Circle2IntervalR from TopOpenUnitCircle ¢[10] into R R0, 1] is
defined by the condition (Def. 13).

(Def. 13) Let p be a point of TopOpenUnitCircle ¢[10]. Then there exist real num-
bers x, y such that p = [z,y] and if y > 0, then Circle2IntervalR(p) =

HFEL and if y <0, then Circle2IntervalR (p) = 1 — #55E,
The map Circle2IntervalL. from TopOpenUnitCircle ¢[—10] into R* [R5, %[

is defined by the condition (Def. 14).

(Def. 14) Let p be a point of TopOpenUnitCircle ¢[—10]. Then there exist real
numbers z, y such that p = [z, y] and if y > 0, then Circle2IntervalL(p) =
1+ 22258 and if y < 0, then Circle2IntervalL(p) = 1 — #595E,

We now state two propositions:
(43) (CircleMap R'0)~! = Circle2IntervalR .
(44) (CircleMap R'(3))~! = Circle2IntervalL .
Let us observe that Circle2IntervalR is one-to-one, onto, and continuous and
Circle2IntervallL is one-to-one, onto, and continuous.

Let ¢ be an integer. Observe that CircleMap R' is open and
CircleMap R'(5 +4) is open.
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Let us observe that Circle2IntervalR is open and Circle2Intervall, is open.
Next we state several propositions:

5) CircleMap R'0 is a homeomorphism.

6) CircleMap R'(3) is a homeomorphism.

7) Circle2IntervalR is a homeomorphism.

8) Circle2IntervalL is a homeomorphism.

9) There exists a family F' of subsets of TopUnitCircle 2 such that

(i) F = {CircleMap°]0, 1], Circlel\/_[apo]%, %[}?
(i) Fis a cover of TopUnitCircle2 and open, and

(iii)  for every subset U of TopUnitCircle2 holds if U = CircleMap®]0, 1],

then JIntIntervals(0,1) = CircleMap ~}(U) and for every subset d of
R such that d € IntIntervals(0,1) and for every map f from R!|d
into TopUnitCircle2[U such that f = CircleMap [d holds f is a home-

omorphism and if U = CircleMapO]%,%[, then UIntIntervals(%,%) =

CircleMap ~}(U) and for every subset d of R! such that d ¢

IntIntervals(%, g) and for every map f from R![d into TopUnitCircle 2[U

such that f = CircleMap [d holds f is a homeomorphism.
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(collineations) of the Segre product of partial linear spaces. In particular, we
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1. PRELIMINARIES

The following propositions are true:

(1) Let S be anon empty non void topological structure, f be a collineation
of S, and p, ¢ be points of S. If p, ¢ are collinear, then f(p), f(q) are
collinear.

(2) Let I be a non empty set, i be an element of I, and A be a non-Trivial-
yielding 1-sorted yielding many sorted set indexed by I. Then A(7) is non
trivial.
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(3) Let S be a non void identifying close blocks topological structure such
that S is strongly connected. Then S has no isolated points.

(4) Let S be a non empty non void identifying close blocks topological struc-
ture. If S is strongly connected, then S is connected.

(5) Let S be a non void non degenerated topological structure and L be a
block of S. Then there exists a point  of S such that = ¢ L.

(6) Let I be a non empty set and A be a nonempty TopStruct-yielding many
sorted set indexed by I. Then every point of SegreProduct A is an element
of the support of A.

(7) Let I be a non empty set, A be a l-sorted yielding many sorted set
indexed by I, and = be an element of I. Then (the support of A)(x) =
Q A(z)-

(8) Let I be a non empty set, i be an element of I, and A be a non-Trivial-
yielding TopStruct-yielding many sorted set indexed by I. Then there
exists a Segre-like non trivial-yielding many sorted subset L indexed by
the support of A such that index(L) = and [] L is a Segre coset of A.

(9) Let I be a non empty set, i be an element of I, A be a non-Trivial-
yielding TopStruct-yielding many sorted set indexed by I, and p be a point
of SegreProduct A. Then there exists a Segre-like non trivial-yielding many
sorted subset L indexed by the support of A such that index(L) = i and
[1L is a Segre coset of A and p € [[ L.

(10) Let I be a non empty set, A be a non-Trivial-yielding TopStruct-yielding
many sorted set indexed by I, and b be a Segre-like non trivial-yielding
many sorted subset indexed by the support of A. If [[ b is a Segre coset
of A, then b(lndex(b)) = QA(index(b))'

(11) Let I be a non empty set, A be a non-Trivial-yielding TopStruct-yielding
many sorted set indexed by I, and Li, Lo be Segre-like non trivial-yielding
many sorted subsets indexed by the support of A. Suppose [[ L; is a Segre
coset of A and [] L2 is a Segre coset of A and index(L;) = index(Ls2) and
HL1 meets HL2 Then L1 = L2.

(12) Let I be a non empty set, A be a PLS-yielding many sorted set indexed
by I, L be a Segre-like non trivial-yielding many sorted subset indexed
by the support of A, and B be a block of A(index(L)). Then [[(L +-
(index(L), B)) is a block of SegreProduct A.

(13) Let I be a non empty set, A be a PLS-yielding many sorted set indexed
by I, i be an element of I, p be a point of A(i), and L be a Segre-like non
trivial-yielding many sorted subset indexed by the support of A. Suppose
i # index(L). Then L +- (i, {p}) is a Segre-like non trivial-yielding many
sorted subset indexed by the support of A.

(14) Let I be a non empty set, A be a PLS-yielding many sorted set indexed
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by I, i be an element of I, S be a subset of A(7), and L be a Segre-like
non trivial-yielding many sorted subset indexed by the support of A. Then
[T(L+-(i,5)) is a subset of SegreProduct A.

(15) Let I be a non empty set, P be a many sorted set indexed by I, and 14
be an element of I. Then {P}(7) is non empty and trivial.

(16) Let I be a non empty set, i be an element of I, A be a PLS-yielding
many sorted set indexed by I, B be a block of A(i), and P be an element
of the support of A. Then [[({P} +: (i, B)) is a block of SegreProduct A.

(17) Let I be a non empty set, A be a PLS-yielding many sorted set indexed
by I, and p, g be points of SegreProduct A. Suppose p # ¢. Then p, ¢ are
collinear if and only if for all many sorted sets p1, ¢; indexed by I such that
p1 = p and ¢; = g there exists an element ¢ of I such that for all points
a, b of A(7) such that a = p1(i) and b = ¢1(i) holds a # b and a, b are
collinear and for every element j of I such that j # i holds p1(j) = ¢1(y).

(18) Let I be a non empty set, A be a PLS-yielding many sorted set in-
dexed by I, b be a Segre-like non trivial-yielding many sorted subset
indexed by the support of A, and = be a point of A(index(b)). Then
there exists a many sorted set p indexed by I such that p € [[b and

{(p +- (index(b). 2) qua set) } = [1(b+- (index(b), {z})).
Let I be a finite non empty set and let b1, bo be many sorted sets indexed
by I. The functor b1'(hs) yields a natural number and is defined by:
(Def. 1)  b1/(ba) = {i;i ranges over elements of I: by (i) # ba(i)}.

One can prove the following proposition

(19) Let I be a finite non empty set, by, by be many sorted sets indexed by
I, and i be an element of I. If by(i) # bo(i), then by'(by) = by’ (by +-
(4,01(7))) + 1.

2. THE ADHERENCE OF SEGRE COSETS

Let I be a non empty set, let A be a PLS-yielding many sorted set indexed
by I, and let By, By be Segre cosets of A. The predicate Bi||Bsy is defined as
follows:

(Def. 2) For every point = of SegreProduct A such that x € Bj there exists a
point y of SegreProduct A such that y € By and x, y are collinear.
Next we state several propositions:

(20) Let I be a non empty set, A be a PLS-yielding many sorted set indexed
by I, and B;, B2 be Segre cosets of A. Suppose Bi||Bs. Let f be a
collineation of SegreProduct A and C7, Cy be Segre cosets of A. If C =
f°By and Cy = f°Bjy, then C||Cs.
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(21) Let I be a non empty set, A be a PLS-yielding many sorted set indexed
by I, and By, B be Segre cosets of A. Suppose Bj misses Bs. Then
Bi||Bs if and only if for all Segre-like non trivial-yielding many sorted
subsets by, by indexed by the support of A such that By = [[b; and
By =[] b2 holds index(b;) = index(be) and there exists an element r of T
such that r # index(b;) and for every element i of I such that i # r holds
b1(i) = be(7) and for all points ¢1, ca of A(r) such that bi(r) = {c1} and
ba(r) = {c2} holds ¢1, co are collinear.

(22) Let I be a finite non empty set and A be a PLS-yielding many sorted
set indexed by I. Suppose that for every element ¢ of I holds A(i) is
connected. Let ¢ be an element of I, p be a point of A(i), and by, bs be
Segre-like non trivial-yielding many sorted subsets indexed by the support
of A. Suppose [] b1 is a Segre coset of A and []bs is a Segre coset of A
and by = by +- (i,{p}) and p ¢ ba(i). Then there exists a finite sequence
D of elements of 2the carrier of SegreProduct A such that

(i)  D@A)=]Ib,
(i) D(len D) =[] ba,
(ili)  for every natural number i such that i € dom D holds D(i) is a Segre
coset of A, and
(iv)  for every natural number i such that 1 < i and ¢ < len D and for all
Segre cosets Dy, Dy of A such that D; = D(i) and Dy = D(i + 1) holds
Dy misses Dy and D1||Do.

(23) Let I be a finite non empty set and A be a PLS-yielding many sorted set
indexed by I. Suppose that for every element i of I holds A(%) is connected.
Let B1, Bo be Segre cosets of A. Suppose By misses By. Let by, by be Segre-
like non trivial-yielding many sorted subsets indexed by the support of A.
Suppose By = [[ b1 and By = [] ba. Then index(b;) = index(bz) if and only
if there exists a finite sequence D of elements of 2the carrier of SegreProduct A
such that D(1) = B; and D(len D) = By and for every natural number 4
such that ¢ € dom D holds D(i) is a Segre coset of A and for every natural
number ¢ such that 1 < ¢ and 7 < len D and for all Segre cosets D1, Dy
of A such that Dy = D(i) and Dy = D(i + 1) holds D; misses Dy and
D1 || Ds.

(24) Let I be a finite non empty set and A be a PLS-yielding many sorted
set indexed by I. Suppose that for every element i of I holds A(7) is
strongly connected. Let f be a collineation of SegreProduct A, By, Bs be
Segre cosets of A, and by, by, b3, by be Segre-like non trivial-yielding many
sorted subsets indexed by the support of A. If By = [[ b1 and By =[] b2
and f°B; = [[bs and f°By = [] by, then if index(b;) = index(bs), then
index(b3) = index(by).

(25) Let I be a finite non empty set and A be a PLS-yielding many sorted set
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indexed by I. Suppose that for every element ¢ of I holds A(i) is strongly
connected. Let f be a collineation of SegreProduct A. Then there exists
a permutation s of I such that for all elements 4, j of I holds s(i) = j if
and only if for every Segre coset By of A and for all Segre-like non trivial-
yielding many sorted subsets b1, bs indexed by the support of A such that
By =]]b1 and f°Bj =[] b2 holds if index(b;) = ¢, then index(b) = j.
Let I be a finite non empty set and let A be a PLS-yielding many sorted set
indexed by I. Let us assume that for every element i of I holds A(7) is strongly
connected. Let f be a collineation of SegreProduct A. The functor IndPerm(f)
yields a permutation of I and is defined by the condition (Def. 3).

(Def. 3) Let 4, j be elements of I. Then (IndPerm(f))(i) = j if and only if for
every Segre coset By of A and for all Segre-like non trivial-yielding many
sorted subsets by, by indexed by the support of A such that By = [[ b1
and f°B; =[] b2 holds if index(by) = ¢, then index(b2) = j.

3. CANONICAL EMBEDDINGS AND AUTOMORPHISMS OF SEGRE PRODUCT

Let I be a finite non empty set and let A be a PLS-yielding many sorted set
indexed by I. Let us assume that for every element ¢ of I holds A(i) is strongly
connected. Let f be a collineation of SegreProduct A and let b1 be a Segre-like
non trivial-yielding many sorted subset indexed by the support of A. Let us
assume that [[b; is a Segre coset of A. The functor CanEmb(f,b;) yields a
map from A(index(b;)) into A((IndPerm(f))(index(b1))) and is defined by the
conditions (Def. 4).

(Def. 4)(i) CanEmb(f,b;) is isomorphic, and
(ii)  for every many sorted set a indexed by I such that a is a point
of SegreProduct A and a € [[b; and for every many sorted set b in-
dexed by I such that b = f(a) holds b((IndPerm(f))(index(b1))) =
(CanEmb(f, b1))(a(index(by))).

Next we state two propositions:

(26) Let I be a finite non empty set and A be a PLS-yielding many sorted set
indexed by I. Suppose that for every element i of I holds A(i) is strongly
connected. Let f be a collineation of SegreProduct A and Bj, By be Segre
cosets of A. Suppose B; misses By and Bj||Bs. Let by, by be Segre-like
non trivial-yielding many sorted subsets indexed by the support of A. If
[[161 = B1 and [[ b2 = Ba, then CanEmb(f,b;) = CanEmb(f, ba).

(27) Let I be a finite non empty set and A be a PLS-yielding many sorted set
indexed by I. Suppose that for every element ¢ of I holds A(3) is strongly
connected. Let f be a collineation of SegreProduct A and by, by be Segre-
like non trivial-yielding many sorted subsets indexed by the support of A.
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Suppose [[b; is a Segre coset of A and [][b2 is a Segre coset of A and
index(b1) = index(b2). Then CanEmb(f,b;) = CanEmb(f, ba).
Let I be a finite non empty set and let A be a PLS-yielding many sorted set

indexed by I. Let us assume that for every element ¢ of I holds A(i) is strongly
connected. Let f be a collineation of SegreProduct A and let i be an element of

1.

The functor CanEmb(f,) yields a map from A(7) into A((IndPerm(f))(7))

and is defined by the condition (Def. 5).

(Def.

5) Let b be a Segre-like non trivial-yielding many sorted subset indexed by
the support of A. If [[b is a Segre coset of A and index(b) = 4, then
CanEmb(f,7) = CanEmb(f,b).

Next we state the proposition

(28) Let I be a finite non empty set and A be a PLS-yielding many sorted set

(

indexed by I. Suppose that for every element i of I holds A(i) is strongly
connected. Let f be a collineation of SegreProduct A. Then there exists
a permutation s of I and there exists a function yielding many sorted set
B indexed by I such that for every element ¢ of I holds

(i)  B(i) is a map from A(i) into A(s(7)),

(ii)  for every map m from A(7) into A(s(7)) such that m = B(i) holds m is
isomorphic, and

iii)  for every point p of SegreProduct A and for every many sorted set a
indexed by I such that a = p and for every many sorted set b indexed by
I such that b = f(p) and for every map m from A(i) into A(s(i)) such
that m = B(7) holds b(s(i)) = m(a(i)).
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Generalized Veronese Spaces'
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Summary. In this paper we construct several examples of partial linear
spaces. First, we define two algebraic structures, namely the spaces of k-pencils
and Grassmann spaces for vector spaces over an arbitrary field. Then we intro-
duce the notion of generalized Veronese spaces following the definition presented
in the paper [8] by Naumowicz and Prazmowski. For all spaces defined, we state
the conditions under which they are not degenerated to a single line.
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The terminology and notation used here are introduced in the following articles:
[11], [16], [4], 2], [9], [3], [1], [5], [10], [7], [15], [6], [14], [13], [12], and [17].

1. SPACES OF k-PENCILS

One can prove the following propositions:

(1) For all natural numbers k, n such that 1 < k and k < n and 3 < n holds
k+1<nor2<k.

(2) For every finite set X and for every natural number n such that n <
card X there exists a subset Y of X such that cardY = n.

(3) For every field F' and for every vector space V over F' holds every sub-
space of V' is a subspace of 2y .

(4) For every field F' and for every vector space V over F holds every sub-
space of {2y is a subspace of V.

!This work has been partially supported by the KBN grant 4 T11C 039 240B and the FP6
IST grant TYPES No. 510096.
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(5) For every field F' and for every vector space V over F and for every
subspace W of V holds Qy is a subspace of V.

(6) Let F be a field and V', W be vector spaces over F. If Qyy is a subspace
of V', then W is a subspace of V.

Let F be a field, let V' be a vector space over F', and let W7, W5 be subspaces
of V. The functor segment(WW7, W) yielding a subset of Subspaces V' is defined
by:

(Def. 1)(i)  For every strict subspace W of V holds W € segment(Wy, Ws) iff W
is a subspace of W and W is a subspace of Wy if W7 is a subspace of Ws,
(i)  segment(W7, Ws) = 0, otherwise.
We now state the proposition
(7) Let F be a field, V be a vector space over F, and Wy, Wo, W3, Wy be
subspaces of V. Suppose Wj is a subspace of Wy and Wj is a subspace
of Wy and Q(W1) = Q(Wg) and Q(Wg) = Q(W4)- Then Segment(Wl,Wg) =
segment (Ws, Wy).

Let F be a field, let V' be a vector space over F', and let W7, Wy be subspaces
of V. The functor pencil(W7, W5) yielding a subset of Subspaces V' is defined
by:

(Def. 2)  pencil(W1, W2) = segment(W1, Wa) \ {Qw), Q) }-

Next we state the proposition

(8) Let F be a field, V be a vector space over F'; and Wy, Wa, W3, Wy be
subspaces of V. Suppose W; is a subspace of Wy and Wj is a subspace
of W4 and Q(W1) == Q(W3) and Q(Wg) = Q(W4)~ Then pencil(Wng) =
pencil(Ws, Wy).

Let F be a field, let V be a finite dimensional vector space over F', let Wy, Wy

be subspaces of V', and let k be a natural number. The functor pencil(Wy, Wa, k)
yielding a subset of Suby (V) is defined by:

(Def. 3) pencil(Wy, Wa, k) = pencil(Wy, Wa) N Subg (V).
We now state two propositions:
(9) Let F be afield, V be a finite dimensional vector space over F', k be a nat-

ural number, and Wy, Wa, W be subspaces of V.. If W € pencil(Wy, Wa, k),
then Wi is a subspace of W and W is a subspace of Ws.

(10) Let F be a field, V be a finite dimensional vector space over F, k be a
natural number, and W7, Wy, W3, W4 be subspaces of V. Suppose Wy
is a subspace of Wy and W3 is a subspace of Wy and Q) = Q) and
Qwy) = Qw,)- Then pencil(Wy, Wa, k) = pencil(W3, Wy, k).

Let F' be a field, let V' be a finite dimensional vector space over F', and let k

be a natural number. k pencils of V' yields a family of subsets of Subg (V) and
is defined by the condition (Def. 4).
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(Def. 4) Let X be a set. Then X € k pencils of V if and only if there exist
subspaces W1, Wy of V' such that W7 is a subspace of Wy and dim(W7) +
1 =k and dim(W2) = k + 1 and X = pencil(Wy, Wy, k).
We now state several propositions:

(11) Let F be a field, V' be a finite dimensional vector space over F, and k
be a natural number. If 1 < k and k£ < dim(V'), then k pencils of V' is non
empty.

(12) Let F be a field, V be a finite dimensional vector space over F, Wi,
Wa, P, Q be subspaces of V', and k be a natural number. Suppose 1 < k
and k£ < dim(V) and dim(W;) + 1 = k and dim(W3) = k+ 1 and P €
pencil(Wq, Wa, k) and Q € pencil(Wy, Wa, k) and P # Q. Then PN Q =
Q(W1) and P + Q = Q(WQ)'

(13) Let F be a field, V' be a finite dimensional vector space over F', and v
be a vector of V. If v # Oy, then dim(Lin({v})) = 1.

(14) Let F be a field, V' be a finite dimensional vector space over F', W be a
subspace of V', and v be a vector of V. If v ¢ W, then dim(W +Lin({v})) =
dim(W) + 1.

(15) Let F be a field, V be a finite dimensional vector space over F', W be a
subspace of V', and v, u be vectors of V. Suppose v ¢ W and u ¢ W and
v # uw and {v,u} is linearly independent and W NLin({v,u}) = Oy. Then
dim(W + Lin({v, u})) = dim(W) + 2.

(16) Let F be a field, V be a finite dimensional vector space over F, and
W1, Ws be subspaces of V. Suppose Wi is a subspace of W5. Let k be a
natural number. Suppose 1 < k and k£ < dim(V) and dim(W;) +1 =k
and dim(Ws3) = k+ 1. Let v be a vector of V. If v € W5 and v ¢ Wy, then
W1 + Lin({v}) € pencil(Wy, Wy, k).

(17) Let F be a field, V be a finite dimensional vector space over F, and
W1, Wa be subspaces of V. Suppose W is a subspace of W5. Let k be
a natural number. If 1 < k and k¥ < dim(V) and dim(W7) + 1 = k and
dim(Ws) = k + 1, then pencil(Wy, Wa, k) is non trivial.

Let F be a field, let V' be a finite dimensional vector space over F', and let k
be a natural number. The functor PencilSpace(V, k) yielding a strict topological
structure is defined by:

(Def. 5)  PencilSpace(V, k) = (Subg(V), k pencils of V).
Next we state several propositions:

(18) Let F be a field, V be a finite dimensional vector space over F', and k be
a natural number. If £ < dim(V'), then PencilSpace(V, k) is non empty.

(19) Let F be a field, V' be a finite dimensional vector space over F', and k
be a natural number. If 1 < k and k < dim(V), then PencilSpace(V, k) is
non void.



136 ADAM NAUMOWICZ

(20) Let F be a field, V' be a finite dimensional vector space over F, and k
be a natural number. If 1 < k and k& < dim(V) and 3 < dim(V'), then
PencilSpace(V, k) is non degenerated.

(21) Let F be a field, V' be a finite dimensional vector space over F, and k
be a natural number. If 1 < k and k < dim(V), then PencilSpace(V, k)
has non trivial blocks.

(22) Let F be a field, V' be a finite dimensional vector space over F', and k
be a natural number. If 1 < k and k < dim(V), then PencilSpace(V, k) is
identifying close blocks.

(23) Let F be a field, V' be a finite dimensional vector space over F', and k
be a natural number. If 1 < k and k£ < dim(V) and 3 < dim(V'), then
PencilSpace(V, k) is a PLS.

2. GRASSMANN SPACES

Let F be a field, let V' be a finite dimensional vector space over F', and let
m, n be natural numbers. The functor SubspaceSet(V,m,n) yields a family of

subsets of Sub,, (V) and is defined by:

(Def. 6) For every set X holds X € SubspaceSet(V, m,n) iff there exists a sub-
space W of V such that dim(W) = n and X = Sub,,(W).
One can prove the following propositions:
(24) Let F be a field, V be a finite dimensional vector space over F, and m,
n be natural numbers. If n < dim(V'), then SubspaceSet(V, m,n) is non
empty.
(25) Let F be a field and Wy, W be finite dimensional vector spaces over F.

If Quw,) = Qwy), then for every natural number m holds Sub,,(W1) =
Subm(Wg).

(26) Let F be a field, V' be a finite dimensional vector space over F', W be a
subspace of V', and m be a natural number. If 1 < m and m < dim(V)
and Sub,, (V) C Sub,, (W), then Qy = Q.
Let F be a field, let V' be a finite dimensional vector space over F', and let
m, n be natural numbers. The functor GrassmannSpace(V, m,n) yields a strict
topological structure and is defined as follows:

(Def. 7) GrassmannSpace(V, m,n) = (Sub,,(V), SubspaceSet(V, m,n)).
We now state several propositions:

(27) Let F be a field, V be a finite dimensional vector space over F, and m,
n be natural numbers. If m < dim(V'), then GrassmannSpace(V,m,n) is
non empty.
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(28) Let F be a field, V be a finite dimensional vector space over F, and m,
n be natural numbers. If n < dim(V'), then GrassmannSpace(V, m,n) is
non void.

(29) Let F be a field, V be a finite dimensional vector space over F, and
m, n be natural numbers. If 1 < m and m < n and n < dim(V'), then
GrassmannSpace(V, m,n) is non degenerated.

(30) Let F be a field, V be a finite dimensional vector space over F, and
m, n be natural numbers. If 1 < m and m < n and n < dim(V'), then
GrassmannSpace(V, m,n) has non trivial blocks.

(31) Let F be a field, V be a finite dimensional vector space over F,
and m be a natural number. If 1 < m and m + 1 < dim(V), then
GrassmannSpace(V, m, m + 1) is identifying close blocks.

(32) Let F be a field, V be a finite dimensional vector space over F,
and m be a natural number. If 1 < m and m + 1 < dim(V), then
GrassmannSpace(V, m,m + 1) is a PLS.

3. VERONESE SPACES

Let X be a set. The functor PairSet X is defined as follows:

(Def. 8) For every set z holds z € PairSet X iff there exist sets x, y such that
x€ X and y € X and z = {z,y}.

Let X be a non empty set. One can verify that PairSet X is non empty.

Let ¢, X be sets. The functor PairSet(¢, X) is defined as follows:

(Def. 9) For every set z holds z € PairSet (¢, X) iff there exists a set y such that
y € X and z = {t,y}.

Let ¢ be a set and let X be a non empty set. One can verify that PairSet (¢, X)
is non empty.

Let ¢t be a set and let X be a non trivial set. One can verify that PairSet (¢, X)
is non trivial.

Let X be a set and let L be a family of subsets of X. The functor
PairSetFamily L yields a family of subsets of PairSet X and is defined as fol-
lows:

(Def. 10) For every set S holds S € PairSetFamily L iff there exists a set ¢ and
there exists a subset [ of X such that t € X and ! € L and S = PairSet(t,1).

Let X be a non empty set and let L be a non empty family of subsets of X.
Note that PairSetFamily L is non empty.

Let S be a topological structure. The functor VeroneseSpace S yielding a
strict topological structure is defined by:

(Def. 11)  VeroneseSpace S = (PairSet (the carrier of S),PairSetFamily (the topol-
ogy of 95)).
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Let S be a non empty topological structure. One can verify that
VeroneseSpace S is non empty.

Let S be a non empty non void topological structure. One can check that
VeroneseSpace S is non void.

Let S be a non empty non void non degenerated topological structure. Note
that VeroneseSpace .S is non degenerated.

Let S be a non empty non void topological structure with non trivial blocks.
One can check that VeroneseSpace S has non trivial blocks.

Let S be an identifying close blocks topological structure. Note that
VeroneseSpace S is identifying close blocks.

Let S be a PLS. Then VeroneseSpace S is a strict PLS.
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Summary. This is the first Mizar article in a series aiming at a complete
formalization of the textbook “General Topology” by Engelking [7]. We cover
the first part of Section 1.3, by defining such notions as a derivative of a subset
A of a topological space (usually denoted by A4, but Der A in our notation), the
derivative and the boundary of families of subsets, points of accumulation and
isolated points. We also introduce dense-in-itself, perfect and scattered topo-
logical spaces and formulate the notion of the density of a space. Some basic
properties are given as well as selected exercises from [7].
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The terminology and notation used in this paper are introduced in the following
papers: [13], [15], [1], [2], [12], [3], [5], [10], [16], [9], [14], [4], [6], [8], and [11].

1. PRELIMINARIES

Let T be a set, let A be a subset of T, and let B be a set. Then A\ B is a
subset of T.
The following three propositions are true:

(1) For every l-sorted structure 7" and for all subsets A, B of T" holds A
meets B¢ iff A\ B # 0.

(2) For every l-sorted structure 7" holds T is countable iff Q7 is countable.

(3) For every 1l-sorted structure 7" holds T is countable iff Qr < N

Let T be a finite 1-sorted structure. Note that Q1 is finite.
Let us note that every 1-sorted structure which is finite is also countable.
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IST grant TYPES No. 510996.
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Let us observe that there exists a 1-sorted structure which is countable and
non empty and there exists a topological space which is countable and non
empty.

Let T be a countable 1-sorted structure. Observe that Qp is countable.

Let us observe that there exists a topological space which is 71 and non
empty.

2. BOUNDARY OF A SUBSET

Next we state two propositions:

(4) For every topological structure T and for every subset A of T holds

AUQp = Qrp.
(5) For every topological space T" and for every subset A of T" holds Int A =
Ace,

Let T be a topological space and let F' be a family of subsets of 7. The
functor Fr F' yielding a family of subsets of T" is defined by:

(Def. 1) For every subset A of T" holds A € Fr F' iff there exists a subset B of T
such that A =Fr B and B € F.

The following propositions are true:

(6) For every topological space T and for every family F' of subsets of T
such that F' = () holds Fr F = 0.

(7) Let T be a topological space, F' be a family of subsets of T', and A be a
subset of T. If F' = {A}, then Fr F' = {Fr A}.

(8) For every topological space T' and for all families F', G of subsets of T'
such that F' C G holds Fr F' C FrG.

(9) For every topological space T' and for all families F', G of subsets of T’
holds Fr(FUG) = Fr FUFrG.

(10) For every topological structure T and for every subset A of T holds
FrA=A\IntA.

(11) Let T be a non empty topological space, A be a subset of T', and p be a
point of T. Then p € Fr A if and only if for every subset U of T" such that
U is open and p € U holds A meets U and U \ A # 0.

(12) Let T be a non empty topological space, A be a subset of T, and p be
a point of T. Then p € Fr A if and only if for every basis B of p and for
every subset U of T such that U € B holds A meets U and U \ A # (.

(13) Let T be a non empty topological space, A be a subset of T', and p be
a point of T. Then p € Fr A if and only if there exists a basis B of p
such that for every subset U of T such that U € B holds A meets U and
U\ A#D0D.
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(14) For every topological space T' and for all subsets A, B of T holds Fr(AN
B)CANFrBUFrANB.

(15) For every topological space T and for every subset A of T holds the
carrier of 7' = Int AU Fr A U Int(A°).

(16) For every topological space T and for every subset A of T holds A is
open and closed iff Fr A = (.

3. ACCUMULATION POINTS AND DERIVATIVE OF A SET

Let T be a topological structure, let A be a subset of T', and let = be a set.
We say that z is an accumulation point of A if and only if:
(Def. 2) x € A\ {z}.
We now state the proposition

(17) Let T be a topological space, A be a subset of 7', and x be a set. If x is
an accumulation point of A, then x is a point of T'.

Let T be a topological structure and let A be a subset of T. The functor
Der A yielding a subset of T' is defined by:

(Def. 3) For every set x such that x € the carrier of T holds = € Der A iff z is an
accumulation point of A.

Next we state four propositions:

(18) Let T be a non empty topological space, A be a subset of T', and x be a
set. Then x € Der A if and only if z is an accumulation point of A.

(19) Let T be a non empty topological space, A be a subset of T, and x be
a point of 7. Then x € Der A if and only if for every open subset U of
T such that x € U there exists a point y of T such that y € AN U and

(20) Let T be a non empty topological space, A be a subset of T, and x be
a point of T'. Then x € Der A if and only if for every basis B of x and for
every subset U of T such that U € B there exists a point y of T" such that
y€e ANU and x # y.

(21) Let T be a non empty topological space, A be a subset of T', and x be a
point of T'. Then x € Der A if and only if there exists a basis B of x such
that for every subset U of T" such that U € B there exists a point y of T'
such that y € ANU and x # y.

4. ISOLATED POINTS

Let T be a topological space, let A be a subset of T, and let = be a set. We
say that x is isolated in A if and only if:
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(Def. 4) x € A and z is not an accumulation point of A.
The following three propositions are true:

(22) Let T be a non empty topological space, A be a subset of T', and p be a
set. Then p € A\ Der A if and only if p is isolated in A.

(23) Let T be a non empty topological space, A be a subset of T, and p be a
point of T'. Then p is an accumulation point of A if and only if for every
open subset U of T such that p € U there exists a point g of T" such that
g#pand g€ Aand g U.

(24) Let T be a non empty topological space, A be a subset of T', and p be
a point of T. Then p is isolated in A if and only if there exists an open
subset G of T such that GN A = {p}.

Let T be a topological space and let p be a point of T'. We say that p is
isolated if and only if:
(Def. 5) p is isolated in Qrp.
Next we state the proposition

(25) For every non empty topological space T' and for every point p of T" holds

p is isolated iff {p} is open.

5. DERIVATIVE OF A SUBSET-FAMILY

Let T be a topological space and let F' be a family of subsets of 7. The
functor Der F' yielding a family of subsets of T' is defined by:

(Def. 6) For every subset A of T holds A € Der F iff there exists a subset B of T
such that A = Der B and B € F.

For simplicity, we follow the rules: T is a non empty topological space, A,
B are subsets of T', F', G are families of subsets of T', and x is a set.
One can prove the following propositions:

(26) If F =0, then Der F = ().

(27) If F ={A}, then Der F' = {Der A}.

(28) If F C G, then Der F' C DerG.

(29) Der(F UG) = Der F'UDerG.

(30) For every non empty topological space T" and for every subset A of T
holds Der A C A.

(31) For every topological space T and for every subset A of T holds A =
AU Der A.

(32) For every non empty topological space T" and for all subsets A, B of T
such that A C B holds Der A C Der B.

(33) For every non empty topological space T and for all subsets A, B of T
holds Der(A U B) = Der AU Der B.

~— — — ~— ~—
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(34) For every non empty topological space T and for every subset A of T
such that T is 77 holds Der Der A C Der A.
(35) For every topological space T' and for every subset A of T" such that T
is T} holds Der A = Der A.
Let T be a 77 non empty topological space and let A be a subset of T.
Observe that Der A is closed.
One can prove the following two propositions:
(36) For every non empty topological space T and for every family F' of
subsets of T holds |JDer F' C Der | F.
(37) If A C B and z is an accumulation point of A, then z is an accumulation
point of B.

6. DENSITY-IN-ITSELF

Let T be a topological space and let A be a subset of T'. We say that A is
dense-in-itself if and only if:

(Def. 7) A C Der A.
Let T be a non empty topological space. We say that T is dense-in-itself if
and only if:
(Def. 8) Qr is dense-in-itself.
Next we state the proposition
(38) If T is Ty and A is dense-in-itself, then A is dense-in-itself.

Let T be a topological space and let F' be a family of subsets of T'. We say
that F' is dense-in-itself if and only if:

(Def. 9) For every subset A of T" such that A € F' holds A is dense-in-itself.
The following propositions are true:

(39) For every family F' of subsets of T such that F' is dense-in-itself holds
UF C UDerF.
(40) If F is dense-in-itself, then | J F' is dense-in-itself.
(41) Fr(0p) = 0.
Let T be a topological space and let A be an open closed subset of T'. Note
that Fr A is empty.
Let T be a non empty non discrete topological space. Note that there exists
a subset of T' which is non open and there exists a subset of T which is non
closed.
Let T be a non empty non discrete topological space and let A be a non
open subset of T'. Observe that Fr A is non empty.
Let T be a non empty non discrete topological space and let A be a non
closed subset of T. One can check that Fr A is non empty.



144 ADAM GRABOWSKI

7. PERFECT SETS

Let T be a topological space and let A be a subset of 7. We say that A is
perfect if and only if:

(Def. 10) A is closed and dense-in-itself.

Let T be a topological space. One can check that every subset of 1" which
is perfect is also closed and dense-in-itself and every subset of T" which is closed
and dense-in-itself is also perfect.

We now state three propositions:

(42) For every topological space T holds Der((r) = (7.

(43) For every topological space T' and for every subset A of 7" holds A is
perfect iff Der A = A.

(44) For every topological space T holds (7 is perfect.

Let T be a topological space. Note that every subset of 7" which is empty is
also perfect.

Let T be a topological space. Observe that there exists a subset of T which
is perfect.

8. SCATTERED SUBSETS

Let T be a topological space and let A be a subset of T. We say that A is
scattered if and only if:

(Def. 11) It is not true that there exists a subset B of T such that B is non empty
and B C A and B is dense-in-itself.

Let T be a non empty topological space. Observe that every subset of T’
which is non empty and scattered is also non dense-in-itself and every subset of
T which is dense-in-itself and non empty is also non scattered.

The following proposition is true

(45) For every topological space T holds ()7 is scattered.

Let T be a topological space. Note that every subset of 7" which is empty is
also scattered.
One can prove the following proposition

(46) Let T be a non empty topological space. Suppose T is T}. Then there
exist subsets A, B of T such that AU B = Qp and A misses B and A is
perfect and B is scattered.

Let T be a discrete topological space and let A be a subset of T. Observe
that Fr A is empty.

Let T be a discrete topological space. Observe that every subset of T is
closed and open.

The following proposition is true
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(47) For every discrete topological space T and for every subset A of T holds

Der A = 0.

Let T be a discrete non empty topological space and let A be a subset of T'.

Note that Der A is empty.

One can prove the following proposition

(48) For every discrete non empty topological space T and for every subset
A of T such that A is dense holds A = Q.

9. DENSITY OF A TOPOLOGICAL SPACE AND SEPARABLE SPACES

Let T be a topological space. The functor density T yielding a cardinal

number is defined by:

(Def. 12) There exists a subset A of T such that A is dense and density T = A
and for every subset B of T such that B is dense holds density T' < B.

Let T be a topological space.

(Def. 13)  density T' < Ny.

We say that T is separable if and only if:

One can prove the following proposition

(49) Every countable topological space is separable.

Let us observe that every topological space which is countable is also sepa-

rable.

10. EXERCISES

The following propositions are true:
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such that A = Q holds A¢ = IQ.

such that A = IQ holds A° = Q.

such that A = Q holds Int A = (.

such that A = IQ holds Int A = 0.

such that A = Q holds A is dense.

such that A = IQ holds A is dense.

such that A = Q holds A is boundary.
such that A = IQ holds A is boundary.
such that A = R holds A is non boundary.

There exist subsets A, B of R! such that A4 is boundary and B is bound-

ary and A U B is non boundary.
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Construction of Grobner Bases:
Avoiding S-Polynomials — Buchberger’s
First Criterium!

Christoph Schwarzweller
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Summary. We continue the formalization of Groebner bases following the
book “Groebner Bases — A Computational Approach to Commutative Algebra”
by Becker and Weispfenning. Here we prove Buchberger’s first criterium on
avoiding S-polynomials: S-polynomials for polynomials with disjoint head terms
need not be considered when constructing Groebner bases. In the course of
formalizing this theorem we also introduced the splitting of a polynomial in an
upper and a lower polynomial containing the greater resp. smaller terms of the
original polynomial with respect to a given term order.

MML Identifier: GROEB_3.

The terminology and notation used in this paper have been introduced in the
following articles: [24], [28], [29], [31], [1], [3], [12], [2], [8], [30], [9], [10], [17],
25, 101, o, 41 71,1, 05, 43, 19, 7). 6, 14 ol 3], o, 2, )
and [18|.

1. PRELIMINARIES

One can prove the following propositions:
(1) For every set X and for all bags by, ba of X holds % = b;.
(2) Let n be an ordinal number, T" be an admissible term order of n, and by,
ba, bs be bags of n. If by <7 bg, then by 4+ b3 <7 by + bs.
(3) Let n be an ordinal number, 7" be a term order of n, and by, ba, bs be
bags of n. If by <7 by and by <7 b3, then by <7 bs.
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(4) Let n be an ordinal number, T' be an admissible term order of n, and by,
ba, b3 be bags of n. If by <7 b, then by + by <7 by + bs.

(5) Let n be an ordinal number, T' be an admissible term order of n, and by,
by, b3, by be bags of n. If by <p by and bg <p by, then by + bg <7 bs + by.
(6) Let n be an ordinal number, 7" be an admissible term order of n, and by,
ba, b3, by be bags of n. If by <7 by and b3 <7 by, then by + b <7 ba + by.

2. MORE ON POLYNOMIALS

One can prove the following propositions:

(7) Let n be an ordinal number, L be an add-associative right comple-
mentable right zeroed unital distributive integral domain-like non trivial
double loop structure, and mi, mo be non-zero monomials of n, L. Then
term mq * mo = termmy + term ms.

(8) Let n be an ordinal number, L be an add-associative right comple-
mentable right zeroed unital distributive integral domain-like non trivial
double loop structure, p be a polynomial of n, L, m be a non-zero mono-
mial of n, L, and b be a bag of n. Then b € Supportp if and only if
termm + b € Support(m * p).

(9) Let n be an ordinal number, L be an add-associative right comple-
mentable right zeroed unital distributive integral domain-like non trivial
double loop structure, p be a polynomial of n, L, and m be a non-zero
monomial of n, L. Then Support(m * p) = {termm + b;b ranges over
elements of Bagsn : b € Support p}.

(10) Let m be an ordinal number, L be an add-associative right comple-
mentable left zeroed right zeroed unital distributive integral domain-like
non trivial double loop structure, p be a polynomial of n, L, and m be a
non-zero monomial of n, L. Then card Support p = card Support(m * p).

(11) Let n be an ordinal number, 7' be a connected term order of n, and L
be an add-associative right complementable right zeroed non trivial loop
structure. Then Red(0,L,T) = 0,L.

(12) Let n be an ordinal number, L be an Abelian add-associative right zeroed
right complementable commutative unital distributive non trivial double
loop structure, and p, ¢ be polynomials of n, L. If p—q = 0,,L, then p = q.

(13) Let X be a set and L be an add-associative right zeroed right comple-
mentable non empty loop structure. Then —0x L = 0x L.

(14) Let X be a set, L be an add-associative right zeroed right comple-
mentable non empty loop structure, and f be a series of X, L. Then

OxL — f=—f.
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(15) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right complementable right zeroed non trivial double loop
structure, and p be a polynomial of n, L. Then p—Red(p,T) = HM(p, T).

Let n be an ordinal number, let L be an add-associative right comple-
mentable right zeroed non empty loop structure, and let p be a polynomial
of n, L. Observe that Support p is finite.

Let n be an ordinal number, let L be a right zeroed add-associative right
complementable unital distributive non trivial double loop structure, and let
p, ¢ be polynomials of n, L. Then {p,q} is a non empty finite subset of
Polynom-Ring(n, L).

3. RESTRICTION AND SPLITTING OF POLYNOMIALS

Let X be a set, let L be a non empty zero structure, let s be a series of X,
L, and let Y be a subset of Bags X. The functor s[Y yields a series of X, L and
is defined as follows:

(Def. 1) s]Y = s+ (Supports \ 'Y +—— 0p).

Let n be an ordinal number, let L be a non empty zero structure, let p
be a polynomial of n, L, and let Y be a subset of Bagsn. Note that p[Y is
finite-Support.

Next we state three propositions:

(16) Let X be a set, L be a non empty zero structure, s be a series of X, L,
and Y be a subset of Bags X. Then Support(s]Y) = Supports N Y and
for every bag b of X such that b € Support(sY’) holds (s[Y)(b) = s(b).

(17) Let X be a set, L be a non empty zero structure, s be a series of X, L,
and Y be a subset of Bags X. Then Support(s]Y) C Support s.

(18) For every set X and for every non empty zero structure L and for every
series s of X, L holds s| Supports = s and $[(Bags x = Ox L.

Let n be an ordinal number, let T" be a connected term order of n, let L be
an add-associative right zeroed right complementable non empty loop structure,
let p be a polynomial of n, L, and let ¢ be a natural number. Let us assume that
i < card Support p. The functor UpperSupport(p, T',7) yielding a finite subset of
Bagsn is defined by the conditions (Def. 2).

(Def. 2)(i)  UpperSupport(p, T, i) C Support p,
(i)  card UpperSupport(p, T,i) = i, and
(iii)  for all bags b, b’ of n such that b € UpperSupport(p,T,i) and b €
Support p and b <7 b’ holds b € UpperSupport(p, T, 1).

Let n be an ordinal number, let T be a connected term order of n, let L be
an add-associative right zeroed right complementable non empty loop structure,
let p be a polynomial of n, L, and let ¢ be a natural number. The functor
LowerSupport(p, T, %) yielding a finite subset of Bagsn is defined by:
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(Def. 3) LowerSupport(p,T,i) = Support p \ UpperSupport(p, T, 7).
We now state several propositions:

(19) Let n be an ordinal number, T' be a connected term order of n, L be
an add-associative right zeroed right complementable non empty loop
structure, p be a polynomial of n, L, and ¢ be a natural number. If
i < card Support p, then UpperSupport(p, T, i) U LowerSupport(p, T, i) =
Support p and UpperSupport(p, T, i) N LowerSupport(p, T, ) = (.

(20) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right zeroed right complementable non empty loop struc-
ture, p be a polynomial of n, L, and ¢ be a natural number. Suppose
i < card Supportp. Let b, &’ be bags of n. If b € UpperSupport(p,T,i)
and V' € LowerSupport(p, T, 1), then & <p b.

(21) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right zeroed right complementable non empty loop struc-
ture, and p be a polynomial of n, L. Then UpperSupport(p,T,0) = () and
LowerSupport(p, T, 0) = Support p.

(22) Let n be an ordinal number, T be a connected term or-
der of n, L be an add-associative right zeroed right comple-
mentable non empty loop structure, and p be a polynomial of
n, L. Then UpperSupport(p, T, card Support p) = Supportp and
LowerSupport(p, T, card Support p) = 0.

(23) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right zeroed right complementable non trivial loop struc-
ture, p be a non-zero polynomial of n, L, and ¢ be a natural number. If
1 <4 and ¢ < card Support p, then HT (p, T') € UpperSupport(p, T, 1).

(24) Let n be an ordinal number, T be a connected term order of n, L
be an add-associative right zeroed right complementable non empty loop
structure, p be a polynomial of n, L, and ¢ be a natural number. Sup-
pose i < card Support p. Then LowerSupport(p,T,i) C Supportp and
card LowerSupport(p, T, i) = card Supportp — i and for all bags b, b of
n such that b € LowerSupport(p,T,i) and & € Supportp and v/ <p b
holds " € LowerSupport(p, T, ).

Let n be an ordinal number, let T" be a connected term order of n, let L be an
add-associative right zeroed right complementable non empty loop structure, let
p be a polynomial of n, L, and let i be a natural number. The functor Up(p, T, 1)
yields a polynomial of n, L and is defined by:
(Def. 4) Up(p,T,i) = p| UpperSupport(p, T’ ).
The functor Low(p, T, ) yielding a polynomial of n, L is defined by:
(Def. 5) Low(p,T,i) = p| LowerSupport(p, T, 1).

One can prove the following propositions:
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(25) Let n be an ordinal number, T' be a connected term order of n, L be
an add-associative right zeroed right complementable non empty loop
structure, p be a polynomial of n, L, and ¢ be a natural number. If
i < card Support p, then Support Up(p, T,i) = UpperSupport(p,T,i) and
Support Low(p, T, i) = LowerSupport(p, T, ).

(26) Let m be an ordinal number, 7' be a connected term order of n,
L be an add-associative right zeroed right complementable non empty
loop structure, p be a polynomial of n, L, and ¢ be a natural num-
ber. If i < card Supportp, then Support Up(p,T,i) C Supportp and
Support Low(p, T, i) C Support p.

(27) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right complementable right zeroed non trivial loop struc-
ture, p be a polynomial of n, L, and ¢ be a natural number. If 1 < ¢ and
i < card Support p, then Support Low(p, T, i) C Support Red(p, T').

(28) Let n be an ordinal number, T be a connected term order of n,
L be an add-associative right zeroed right complementable non empty
loop structure, p be a polynomial of n, L, and ¢ be a natural num-
ber. Suppose i < cardSupportp. Let b be a bag of n. If b €
Support p, then b € Support Up(p,T,i) or b € Support Low(p,T,i) but
b ¢ Support Up(p, T, i) N Support Low(p, T, 7).

(29) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right zeroed right complementable non empty loop struc-
ture, p be a polynomial of n, L, and ¢ be a natural number. Suppose
i < card Support p. Let b, b/ be bags of n. If b € Support Low(p, T, ) and
b € Support Up(p, T, i), then b <7 V.

(30) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right zeroed right complementable non empty loop struc-
ture, p be a polynomial of n, L, and ¢ be a natural number. If 1 <+¢ and
i < card Support p, then HT (p, T') € Support Up(p, T, 7).

(31) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right zeroed right complementable non empty loop struc-
ture, p be a polynomial of n, L, and ¢ be a natural number. Suppose
i < card Support p. Let b be a bag of n. If b € Support Low(p, T, %), then
(Low(p, T',7))(b) = p(b) and (Up(p,T'1))(b) = O.

(32) Let n be an ordinal number, T be a connected term order of n, L be an
add-associative right zeroed right complementable non empty loop struc-
ture, p be a polynomial of n, L, and ¢ be a natural number. Suppose
i < card Supportp. Let b be a bag of n. If b € Support Up(p,T,%), then
(Up(p, T',7))(b) = p(b) and (Low(p, T’ i))(b) = Of.

(33) Let n be an ordinal number, T be a connected term order of n, L be
an add-associative right zeroed right complementable non empty loop
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structure, p be a polynomial of n, L, and ¢ be a natural number. If
i < card Support p, then Up(p, T, i) + Low(p, T,i) = p.

(34) Let n be an ordinal number, T' be a connected term order of n, L
be an add-associative right zeroed right complementable non empty loop
structure, and p be a polynomial of n, L. Then Up(p,T,0) = 0,L and
Low(p, T,0) = p.

(35) Let m be an ordinal number, T" be a connected term order of n, L
be an add-associative right zeroed right complementable Abelian non
empty double loop structure, and p be a polynomial of n, L. Then
Up(p, T, card Support p) = p and Low(p, T, card Support p) = 0, L.

(36) Let n be an ordinal number, T' be a connected term order of n, L be
an add-associative right zeroed right complementable Abelian non trivial
double loop structure, and p be a non-zero polynomial of n, L. Then
Up(p,T,1) = HM(p, T) and Low(p,T,1) = Red(p, T).

Let n be an ordinal number, let T be a connected term order of n, let L
be an add-associative right zeroed right complementable non trivial loop struc-
ture, and let p be a non-zero polynomial of n, L. Observe that Up(p,T,0) is
monomial-like.

Let n be an ordinal number, let T" be a connected term order of n, let L be
an add-associative right zeroed right complementable Abelian non trivial double
loop structure, and let p be a non-zero polynomial of n, L. Note that Up(p, T, 1)
is non-zero and monomial-like and Low(p, T, card Support p) is monomial-like.

The following propositions are true:

(37) Let n be an ordinal number, T" be a connected term order of n, L
be an add-associative right zeroed right complementable non trivial loop
structure, p be a polynomial of n, L, and j be a natural number. If
j = card Support p — 1, then Low(p, T, j) is a non-zero monomial of n, L.

(38) Let n be an ordinal number, T" be a connected admissible term order of
n, L be an add-associative right zeroed right complementable non empty
loop structure, p be a polynomial of n, L, and 7 be a natural number. If
i < card Support p, then HT(Low(p,T,i 4+ 1),T) <y HT(Low(p, T,%),T).

(39) Let n be an ordinal number, T" be a connected term order of n, L be an
add-associative right zeroed right complementable non empty loop struc-
ture, p be a polynomial of n, L, and 7 be a natural number. If 0 < ¢ and
i < card Support p, then HT (Low(p, T,4),T) <p HT(p,T).

(40) Let m be an ordinal number, T be a connected admissible term order
of n, L be an add-associative right complementable right zeroed unital
distributive integral domain-like non trivial double loop structure, p be
a polynomial of n, L, m be a non-zero monomial of n, L, and i be a
natural number. Suppose ¢ < card Support p. Let b be a bag of n. Then
term m+b € Support Low(mxp, T, 7) if and only if b € Support Low(p, T', 7).
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(41) Let n be an ordinal number, 7" be a connected admissible term order of
n, L be an add-associative right zeroed right complementable non empty
loop structure, p be a polynomial of n, L, and ¢ be a natural number. If
i < card Support p, then Support Low(p, T,i+ 1) C Support Low(p, T\, 7).

(42) Let n be an ordinal number, T" be a connected admissible term order of
n, L be an add-associative right zeroed right complementable non empty
loop structure, p be a polynomial of n, L, and 7 be a natural number. If
i < card Support p, then Support Low(p, T, ) \ Support Low(p, T,i + 1) =
{HT(Low(p,T,i),T)}.

(43) Let n be an ordinal number, T" be a connected admissible term order of
n, L be an add-associative right zeroed right complementable non trivial
loop structure, p be a polynomial of n, L, and 7 be a natural number. If
i < card Support p, then Low(p,T,i+ 1) = Red(Low(p, T,14),T).

(44) Let n be an ordinal number, T' be a connected admissible term order
of n, L be an add-associative right complementable right zeroed unital
distributive integral domain-like non trivial double loop structure, p be a
polynomial of n, L, m be a non-zero monomial of n, L, and 7 be a natural
number. If i < card Support p, then Low(m  p, T,i) = m x Low(p, T, 7).

4. MORE ON POLYNOMIAL REDUCTION

Next we state several propositions:

(45) Let n be an ordinal number, T be a connected admissible term order of n,
L be an add-associative right complementable right zeroed commutative
associative left unital right unital distributive Abelian field-like non trivial
double loop structure, and f, g, p be polynomials of n, L. If f reduces to
g, p, T, then — f reduces to —g, p, T'.

(46) Let n be an ordinal number, T be a connected admissible term order of n,
L be an add-associative right complementable right zeroed commutative
associative left unital right unital distributive Abelian field-like non trivial
double loop structure, and f, fi, g, p be polynomials of n, L. Suppose f
reduces to fi, {p}, T and for every bag b; of n such that b; € Support g
holds HT(p,T) t by. Then f + g reduces to f1 + g, {p}, T.

(47) Let n be an ordinal number, T be a connected admissible term order of n,
L be an add-associative right complementable right zeroed commutative
associative left unital right unital distributive Abelian field-like non trivial
double loop structure, and f, g be non-zero polynomials of n, L. Then
f * g reduces to Red(f,T) x g, {9}, T.

(48) Let n be an ordinal number, 7" be a connected admissible term order of n,
L be an add-associative right complementable right zeroed commutative
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associative left unital right unital distributive Abelian field-like non trivial
double loop structure, f, g be non-zero polynomials of n, L, and p be a
polynomial of n, L. If p(HT(f % g,T)) = O, then f % g + p reduces to
Red(f,T)* g +p, {g}, T

(49) Let n be an ordinal number, 7" be a connected admissible term order of
n, L be an add-associative right complementable right zeroed commuta-
tive associative left unital right unital distributive Abelian field-like non
trivial double loop structure, P be a subset of Polynom-Ring(n, L), and
f, g be polynomials of n, L. If PolyRedRel(P,T) reduces f to g, then
PolyRedRel(P, T') reduces —f to —g.

(50) Let n be an ordinal number, T be a connected admissible term order of n,
L be an add-associative right complementable right zeroed commutative
associative left unital right unital distributive Abelian field-like non trivial
double loop structure, and f, fi, g, p be polynomials of n, L. Suppose
PolyRedRel({p},T) reduces f to f1 and for every bag b; of n such that
by € Support g holds HT(p, T') 1 by. Then PolyRedRel({p}, T') reduces f+g
to f1+g.

(51) Let n be an ordinal number, T be a connected admissible term order of n,
L be an add-associative right complementable right zeroed commutative
associative left unital right unital distributive Abelian field-like non trivial
double loop structure, and f, g be non-zero polynomials of n, L. Then
PolyRedRel({g},T) reduces f * g to 0,L.

5. THE CRITERIUM

We now state several propositions:

(52) Let n be an ordinal number, 7" be a connected admissible term order of n,
L be an add-associative right complementable right zeroed commutative
associative left unital right unital distributive field-like non trivial double
loop structure, and p;, p2 be polynomials of n, L. Suppose HT(p1,T),
HT(p2,T) are disjoint. Let by, by be bags of n. If by € Support Red(p1,T)
and by € Support Red(p2, T'), then HT (p1,T) + be # HT (p2, T') + b1.

(53) Let n be an ordinal number, T’ be a connected term order of n, L be an
add-associative right complementable right zeroed commutative associa-
tive left unital right unital distributive Abelian field-like non trivial double
loop structure, and pq, p2 be polynomials of n, L. It HT(p1,T'), HT(p2, T)
are disjoint, then S-Poly(p1,p2, T) = HM(pe, T') *Red(p1,T) —HM(p1, T) *
Red(p2, T').

(54) Let n be an ordinal number, T’ be a connected term order of n, L be an
add-associative right complementable right zeroed commutative associa-
tive left unital right unital distributive Abelian field-like non trivial double
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loop structure, and p1, p2 be polynomials of n, L. If HT(p1,T), HT (p2, T)
are disjoint, then S-Poly(p1,p2,T) = Red(p1,T) * p2 — Red(p2,T') * p1.

Let n be an ordinal number, T be a connected admissible term order
of n, L be an add-associative right complementable right zeroed com-
mutative associative left unital right unital distributive Abelian field-like
non trivial double loop structure, and pi, p2 be non-zero polynomials
of n, L. Suppose HT(p1,T), HT(p2,T) are disjoint and Red(py,T) is
non-zero and Red(pa,T') is non-zero. Then PolyRedRel({p:},7T") reduces
HM(p2,T) * Red(p1,T) — HM(p1,T') * Red(p2, T') to p2 * Red(p1,T).

Let n be an ordinal number, T be a connected admissible term order
of n, L be an add-associative right complementable right zeroed com-
mutative associative left unital right unital distributive Abelian field-like
non trivial double loop structure, and p;, p2 be polynomials of n, L. If
HT(p1,T), HT(p2,T) are disjoint, then PolyRedRel({p1,p2},T) reduces
S-Poly(p1,p2, T) to 0,L.

Let n be a natural number, T' be a connected admissible term order
of n, L be an add-associative right complementable right zeroed com-
mutative associative left unital right unital distributive Abelian field-like
non degenerated non empty double loop structure, and G be a subset of
Polynom-Ring(n, L). Suppose G is a Groebner basis wrt T'. Let g1, g2 be
polynomials of n, L. Suppose g1 € G and g2 € G and HT(¢1,T), HT(g2,T)
are not disjoint. Then PolyRedRel(G, T') reduces S-Poly(g1, g2, T) to 0, L.

Let n be a natural number, T' be a connected admissible term order
of n, L be an add-associative right complementable right zeroed com-
mutative associative left unital right unital distributive Abelian field-like
non degenerated non trivial double loop structure, and G be a subset of
Polynom-Ring(n, L). Suppose 0, L ¢ G. Suppose that for all polynomials
g1, g2 of n, L such that g1 € G and g € G and HT(¢1,T), HT(g2,T)
are not disjoint holds PolyRedRel(G, T') reduces S-Poly(g1, g2,T") to 0, L.
Let g1, g2, h be polynomials of n, L. Suppose g1 € G and g5 € G
and HT(g1,T), HT(g2,T) are not disjoint and h is a normal form of
S-Poly(g1, g2, T) w.r.t. PolyRedRel(G,T"). Then h = 0,L.

Let n be a natural number, T' be a connected admissible term order
of n, L be an add-associative right complementable right zeroed com-
mutative associative left unital right unital distributive Abelian field-like
non degenerated non empty double loop structure, and G be a subset
of Polynom-Ring(n,L). Suppose 0,L ¢ G. Suppose that for all poly-
nomials g1, g2, h of n, L such that g1 € G and g € G and HT(¢1,7),
HT(ge, T) are not disjoint and h is a normal form of S-Poly(g1, g2, T) w.r.t.
PolyRedRel(G,T') holds h = 0, L. Then G is a Groebner basis wrt 7.

155



156

[25

[27]

[28]
[29]

[30]
[31]

CHRISTOPH SCHWARZWELLER

REFERENCES

Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.
Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.
Grzegorz Bancerek. Reduction relations. Formalized Mathematics, 5(4):469-478, 1996.
Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Grzegorz Bancerek and Andrzej Trybulec. Miscellaneous facts about functions. Formalized
Mathematics, 5(4):485-492, 1996.

Jo6zef Bialas. Properties of fields. Formalized Mathematics, 1(5):807-812, 1990.

Czeslaw Byliriski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

Czestaw Byliniski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1 .

Czestaw Byliniski. The modification of a function by a function and the iteration of the
composition of a function. Formalized Mathematics, 1(3):521-527, 1990.

Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.
Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

FEugeniusz Kusak, Wojciech Leonczuk, and Michal Muzalewski. Abelian groups, fields
and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.

Gilbert Lee and Piotr Rudnicki. On ordering of bags. Formalized Mathematics, 10(1):39—
46, 2002.

Michal Muzalewski. Construction of rings and left-, right-, and bi-modules over a ring.
Formalized Mathematics, 2(1):3-11, 1991.

Michal Muzalewski and Wojciech Skaba. From loops to abelian multiplicative groups with
zero. Formalized Mathematics, 1(5):833-840, 1990.

Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. Pre-
liminaries to circuits, I. Formalized Mathematics, 5(2):167-172, 1996.

Piotr Rudnicki and Andrzej Trybulec. Multivariate polynomials with arbitrary number
of variables. Formalized Mathematics, 9(1):95-110, 2001.

Christoph Schwarzweller. More on multivariate polynomials: Monomials and constant
polynomials. Formalized Mathematics, 9(4):849-855, 2001.

Christoph Schwarzweller. Characterization and existence of Grobner bases. Formalized
Mathematics, 11(3):293-301, 2003.

Christoph Schwarzweller. Construction of Grébner bases. S-polynomials and standard
representations. Formalized Mathematics, 11(8):303-312, 2003.

Christoph Schwarzweller. Polynomial reduction. Formalized Mathematics, 11(1):113-123,

2003.
Christoph Schwarzweller. Term orders. Formalized Mathematics, 11(1):105-111, 2003.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,

1990.
Wojciech A. Trybulec. Groups. Formalized Mathematics, 1(5):821-827, 1990.

Wojciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291—
296, 1990.

Wojciech A. Trybulec and Grzegorz Bancerek. Kuratowski — Zorn lemma. Formalized
Mathematics, 1(2):387-393, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,

1990.
Edmund Woronowicz and Anna Zalewska. Properties of binary relations. Formalized

Mathematics, 1(1):85-89, 1990.

Received December 10, 2004



FORMALIZED MATHEMATICS

Volume 13, Number 1, 2005
University of Biatlystok

A Theory of Matrices of Complex Elements

Wenpai Chang Hiroshi Yamazaki Yatsuka Nakamura
Shinshu University Shinshu University Shinshu University
Nagano Nagano Nagano

Summary. A concept of “Matrix of Complex” is defined here. Addition,
subtraction, scalar multiplication and product are introduced using correspon-
dent definitions of “Matrix of Field”. Many equations for such operations consist
of a case of “Matrix of Field”. A calculation method of product of matrices is
shown using a finite sequence of Complex in the last theorem.

MML Identifier: MATRIX_5.

The articles [11], [14], [1], [4], [2], [15], [6], [10], [9], [3], [8], [7], [13], [12], and [5]
provide the terminology and notation for this paper.
The following two propositions are true:
(1) 1=1g,.
(2) Ocp =0.
Let A be a matrix over C. The functor Ac, yields a matrix over Cr and is
defined by:
(Def. 1) Ac, = A.
Let A be a matrix over Cp. The functor Ac¢ yielding a matrix over C is
defined by:
(Def. 2) Ac = A.
We now state four propositions:
3) For all matrices A, B over C such that Ac, = Bc, holds A = B.
4) For all matrices A, B over Cr such that Ac = B¢ holds A = B.
5) For every matrix A over C holds A = (Ac;)c-
6) For every matrix A over Cy holds A = (Ac)c,.-

(
(
(
(

Let A, B be matrices over C. The functor A + B yielding a matrix over C
is defined as follows:

(© 2005 University of Bialystok
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(Def. 3) A+ B = (A(CF + B(CF)(C'

Let A be a matrix over C. The functor —A yielding a matrix over C is
defined as follows:

(Def. 4) —A = (—Acy)c

Let A, B be matrices over C. The functor A — B yields a matrix over C and
is defined as follows:

(Def. 5) A — B = (Ac, — Bep)e

Let A, B be matrices over C. The functor A - B yielding a matrix over C is
defined as follows:

(Def. 6) A-B = (Acy - Beyp)e.

Let x be a complex number and let A be a matrix over C. The functor = - A
yielding a matrix over C is defined as follows:

(Def. 7) For every element e; of Cr such that e; = z holds x- A = (e1 - Acy)
One can prove the following propositions:

(7) For every matrix A over C holds len A = len(Ac,) and width A =
Width(A(CF).

(8) For every matrix A over Cp holds lenA = len(Ac) and width A =
width(Ac).

) For every matrix M over C such that len M > 0 holds ——M = M.
(10) For every field K and for every matrix M over K holds 1x - M = M.
) For every matrix M over C holds 1- M = M.

)

For every field K and for all elements a, b of K and for every matrix M
over K holds a-(b- M) = (a-b)- M.

(13) For every field K and for all elements a, b of K and for every matrix M
over K holds (a+0b)-M =a-M+0b- M.

(14) For every matrix M over C holds M + M =2- M.
(15) For every matrix M over C holds M + M + M =3 - M.

0 0 nxm
Let n, m be natural numbers. The functor o yields a
0 ... 0/,
matrix over C and is defined by:
0 0 nxm 0 0 nxm
(Def. 8) R =( : . ) -
0 ... 0/, O"'OCFC

One can prove the following propositions:
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0 0 nxm
(16) For all natural numbers n, m holds o =
0 ... 0/, Ce
0 ... 0\""
0 ... 0 Cr

(17) For every matrix M over C such that len M > 0 holds M + —M =
0 0 (len M) x (width M)

0 ... 0/,
(18) For every matrix M over C such that len M > 0 holds M — M =
0 0 (len M) x (width M)

0 ... 0 C
(19) For all matrices M;, M, Ms over C such that len M; = len Ms and

len My = len M3 and width M7 = width My and width My = width M3
and len M7 > 0 and M7 + M3 = My + Ms holds M7 = Ms.

(20) For all matrices My, Ms over C such that len My > 0 holds My — — My =
My + M.

(21) For all matrices M, My over C such that lenM; = len My and

width M7 = widthMs and lenM; > 0 and M; = 1 + M5 holds
(lean)X(widthMl)

0 ... 0
My = : -
0 ... 0 c
(22) For all matrices My, My over C such that lenM; = len My
and widthM; = widthMy; and lenM; > 0 and M; — My =
(lean)X(WidthM1)
0 ... 0
: . : holds M1:M2.
0 ... 0 c
(23) For all matrices M;, My over C such that lenM; = lenMs
and widthM; = widthMs and lenM; > 0 and M; + My, =
(len M1)x (width My)
0 ... 0
: .o holds My = —M;.
0 ... 0

C
(24) For all natural numbers n, m such that n > 0 holds

159
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nxm nxm

0 ... 0/, 0 ... 0/,
(25) For all matrices M;, My over C such that lenM; = len My and

width M7 = width Ms and lenM; > 0 and Ms — M; = M, holds
0 O (lean)X(WidthMl)

Ml = : .ol
0 ... 0 C
(26) For all matrices My, My over C such that len M; = len My and
width M7 = width My and len M7 > 0 holds M7 = My — (MQ — Mz).
(27) For all matrices My, My over C such that lenM; = len M, and
width M = width My and len M7 > 0 holds —(M; + Ms) = —M; + —Mo.

(28) For all matrices My, My over C such that len M; = len My and
width M; = width My and len My > 0 holds My — (M — Ms) = Mo.

(29) For all matrices M, My, Ms over C such that len M; = len Ms and
len My = len M3 and width M7 = width My and width My = width M3
and len M7 > 0 and M; — M3 = My — M3 holds M7 = Ms.

(30) For all matrices M, My, Ms over C such that len M; = len My and
len My = len M3 and width M; = width My and width My = width Mj3
and len M7 > 0 and M3 — My = M3 — M> holds My = Mos.

(31) For all matrices M, My, Ms over C such that len My = len M3 and
width My = width M3 and widthM; = lenMs and lenM; > 0 and
len My > 0 holds My - (My + Ms) = My - My + M, - Ms.

(32) For all matrices M, My, Ms over C such that len My = len M3 and
width Ms = width M3 and len M; = width M5 and len My > 0 and
len M; > 0 holds (M + M3) - My = My - My + Ms - M.

(33) For all matrices M;, My over C such that len M; = len My and
width M; = width M5 holds M7 + My = My + Mj.

(34) For all matrices M, My, Ms over C such that len M; = len My and
len M7 = len M3 and width M7 = width My and width M7 = width M3
holds (Ml + Mg) + M3 = M; + (MQ + Mg).

(35) For every matrix M over C such that lenM > 0 holds M +
(len M) x (width M)
0 ... 0
: .. : — M.
0 ... 0 C
(36) Let K be a field, b be an element of K, and M;, My be matrices over

K. If len My = len My and width M = width M5 and len M; > 0, then
b~(M1—|—M2) =b-M;+b-Ms.
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(37) Let My, Ms be matrices over C and a be a complex number. If len M; =
len My and width M7 = width My and len M3 > 0, then a - (M1 + Ms) =
a-M+a-Ms.

(38) For every field K and for all matrices M;, My over K such
that widthM; = lenMs and lenM; > 0 and lenM; > 0 holds

0 ... 0 (len M1 ) x (width My) 0 ... 0 (len M1)x (width M>)
: P My = : Lo
0 ... 0 i 0O ... 0 N
(39) For all matrices My, My over C such that width M; = len My and
(len M7)x (width M)
0O ... 0
len M7 > 0 and len My > 0 holds o - My =
0 ... 0 c
0 ... 0 (lean)X(WidthMQ)
0 ... 0 C
(40) For every field K and for every matrix M; over K such that len M; > 0
(lean)X(WidthM1)
0 ... 0
holds Ox - M7 = : Lo
0 ... 0 K
(41) For every matrix M; over C such that lenM; > 0 holds 0 - M; =
(len M1 ) x (width My)
0 ... 0
0 ... 0 C

Let s be a finite sequence of elements of C and let & be a natural number.
Then s(k) is an element of C.
We now state the proposition

(42) Let i, j be natural numbers and M;, My be matrices over C. Suppose
len M7 > 0 and len My > 0 and widthM; = len My and 1 < 7 and ¢ <
len M7 and 1 < j and j < width Ms. Then there exists a finite sequence s of
elements of C such that len s = len M5 and s(1) = (Mj0(4,1))-(Mao(1,7))
and for every natural number k& such that 1 < k£ and k£ < len M5 holds
s(k+1) = s(k) + (My 0 (i, +1)) - (M o (k +1,7)).
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Grzegorz Bancerek
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Summary. We continue Mizar formalization of General Topology accord-
ing to the book [13] by Engelking. In the article the formalization of Section
1.1 is completed. Namely, the paper includes the formalization of theorems on
correspondence of the basis and basis in a point, definitions of the character of
a point and a topological space, a neighborhood system, and the weight of a
topological space. The formalization is tested with almost discrete topological
spaces with infinity.

MML Identifier: TOPGEN_2.

The notation and terminology used here are introduced in the following articles:
[22], [26], [21], [16], [27], [9], [28], [10], [7], [3], [18], [5], [4], [12], [24], [1], 2], [25],
[17], [29], [11], [14], [8], [19], [20], [23], [6], and [15].

1. CHARACTERISTIC OF TOPOLOGICAL SPACES

One can prove the following propositions:
(1) Let T be a non empty topological space, B be a basis of T', and z be an
element of T'. Then {U; U ranges over subsets of T: x € U A U € B} is
a basis of z.
(2) Let T be a non empty topological space and B be a many sorted set
indexed by T'. Suppose that for every element z of T holds B(z) is a basis
of z. Then (J B is a basis of T
Let T be a non empty topological structure and let « be an element of T
The functor Chi(x,T) yielding a cardinal number is defined as follows:

! This work has been partially supported by the KBN grant 4 T11C 039 24.
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(Def. 1) There exists a basis B of = such that Chi(z,T) = B and for every basis
B of x holds Chi(z,T) < B.
One can prove the following proposition
(3) Let X be a set. Suppose that for every set a such that a € X holds a is
a cardinal number. Then J X is a cardinal number.
Let T be a non empty topological structure. The functor ChiT yields a
cardinal number and is defined by the conditions (Def. 2).
(Def. 2)(i)  For every point x of T" holds Chi(z,T") < ChiT), and
(ii)  for every cardinal number M such that for every point = of T holds
Chi(z,T) < M holds ChiT < M.
The following three propositions are true:
(4) For every non empty topological structure 7 holds ChiT =
U{Chi(z,T) : = ranges over points of T'}.
(5) For every non empty topological structure 7" and for every point x of T
holds Chi(z,T") < ChiT.

(6) For every non empty topological space T' holds T is first-countable iff
ChiT < No.

2. NEIGHBORHOOD SYSTEMS

Let T be a non empty topological space. A many sorted set indexed by T
is said to be a neighborhood system of T if:

(Def. 3) For every element = of T" holds it(z) is a basis of z.

Let T be a non empty topological space and let N be a neighborhood system
of T. Then |JN is a basis of T. Let x be a point of T. Then N (x) is a basis of
x.

We now state several propositions:

(7) Let T be a non empty topological space, N be a neighborhood system
of T, and = be an element of 7. Then N(z) is non empty and for every
set U such that U € N(z) holds z € U.

(8) Let T be a non empty topological space, x, y be points of T', By be a
basis of z, Bs be a basis of y, and U be a set. If x € U and U € By, then
there exists an open subset V of T such that V € By and V C U.

(9) Let T be a non empty topological space, x be a point of T', B be a basis
of z, and Uy, Us be sets. If Uy € B and Uy € B, then there exists an open
subset V of T such that V € B and V C Uy N Us.

(10) Let T be a non empty topological space, A be a subset of T', and x be

an element of 7. Then x € A if and only if for every basis B of = and for
every set U such that U € B holds U meets A.
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(11) Let T be a non empty topological space, A be a subset of T, and x be
an element of T. Then = € A if and only if there exists a basis B of
such that for every set U such that U € B holds U meets A.

Let T be a topological space. Note that there exists a family of subsets of
T which is open and non empty.

3. WEIGHTS OF TOPOLOGICAL SPACES

Next we state the proposition
(12) Let T be a non empty topological space and S be an open family of
subsets of T'. Then there exists an open family G of subsets of T" such
that G C S and [JG =S and G < weight T".
Let T be a topological structure. We say that 1" is finite-weight if and only
if:
(Def. 4) weight T is finite.
Let T be a topological structure. We introduce T is infinite-weight as an
antonym of T is finite-weight.
Let us mention that every topological structure which is finite is also finite-
weight and every topological structure which is infinite-weight is also infinite.
Let us note that there exists a topological space which is finite and non
empty.
The following propositions are true:
(13) For every set X holds SmallestPartition(X) = X.

(14) Let T be a discrete non empty topological structure. Then
SmallestPartition(the carrier of T') is a basis of 7' and for every basis
B of T holds SmallestPartition(the carrier of T') C B.

(15) For every discrete non empty topological structure 7" holds weight T' =

the carrier of T'.

One can verify that there exists a topological space which is infinite-weight.
Next we state several propositions:

(16) Let T be an infinite-weight topological space and B be a basis of T'.
Then there exists a basis By of T such that B; € B and B; = weight T

(17) Let T be a finite-weight non empty topological space. Then there exists
a basis By of T' and there exists a function f from the carrier of 1" into
the topology of T such that By = rng f and for every point x of T" holds
x € f(zx) and for every open subset U of T such that x € U holds f(x) C U.

(18) Let T be a topological space, By, B be bases of T, and f be a function
from the carrier of T into the topology of T'. Suppose By = rng f and for
every point x of T" holds = € f(x) and for every open subset U of T" such
that x € U holds f(z) C U. Then By C B.
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(19) Let T be a topological space, By be a basis of T, and f be a function
from the carrier of T into the topology of T'. Suppose By = rng f and for
every point z of T holds = € f(z) and for every open subset U of T' such
that z € U holds f(z) C U. Then weight T = By.

(20) For every non empty topological space T' and for every basis B of T
there exists a basis By of T such that By C B and B:1 = weight T.

4. EXAMPLE OF ALMOST DISCRETE TOPOLOGICAL SPACE WITH INFINITY

Let X, xy be sets. The functor DiscrWithInfin(X, ) yielding a strict topo-
logical structure is defined by the conditions (Def. 5).

(Def. 5)(i)  The carrier of DiscrWithInfin(X, zp) = X, and
(ii)  the topology of DiscrWithInfin(X, z¢) = {U; U ranges over subsets of
X: z9 ¢ U} U{F¢; F ranges over subsets of X: F'is finite}.
Let X, xo be sets. Observe that DiscrWithInfin(X, ) is topological space-
like.
Let X be a non empty set and let z¢p be a set. One can verify that
DiscrWithInfin(X, zo) is non empty.
Next we state a number of propositions:
(21) For all sets X, x¢ and for every subset A of DiscrWithInfin(X, z¢) holds
A is open iff g ¢ A or AC is finite.
(22) For all sets X, x¢ and for every subset A of DiscrWithInfin(X, z¢) holds
A is closed iff if zg € X, then 2y € A or A is finite.
(23) For all sets X, g, = such that x € X holds {z} is a closed subset of
DiscrWithInfin(X, zo).
(24) For all sets X, xp, = such that x € X and = # z¢ holds {z} is an open
subset of DiscrWithInfin(X, zo).
(25) For all sets X, xo such that X is infinite and for every subset U of
DiscrWithInfin(X, zg) such that U = {z¢} holds U is not open.
(26) For all sets X, xg and for every subset A of DiscrWithInfin(X, xo) such
that A is finite holds A = A.

(27) Let T be a non empty topological space and A be a subset of T'. Suppose
Aisnot closed. Let a be a point of T. If AU{a} is closed, then A = AU{a}.

(28) For all sets X, zp such that zp € X and for every subset A of
DiscrWithInfin(X, () such that A is infinite holds A = AU {}.

(29) For all sets X, xy and for every subset A of DiscrWithInfin(X, zy) such
that A€ is finite holds Int A = A.

(30) For all sets X, zp such that zp € X and for every subset A of
DiscrWithInfin(X, zo) such that A is infinite holds Int A = A\ {zo}.
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(31) For all sets X, o there exists a basis By of DiscrWithInfin(X, o) such
that By = (SmallestPartition(X) \ {{zo}}) U {F°; F ranges over subsets
of X: F is finite}.

In the sequel Z denotes an infinite set.
The following proposition is true
(32) FinZ = Z.
In the sequel F' is a subset of Z.
One can prove the following propositions:

(33) {Fc:Fis finite} = Z.
(34) Let X be an infinite set, zp be a set, and By be a basis of
DiscrWithInfin(X, zo). If By = (SmallestPartition(X) \ {{zo}}) U {F F

ranges over subsets of X: F is finite}, then By = X.

(35) For every infinite set X and for every set xy and for every basis B of
DiscrWithInfin(X, zo) holds X < B.

(36) For every infinite set X and for every set x( holds
weight DiscrWithInfin(X, zg) = X,

(37) Let X be anon empty set and xo be a set. Then there exists a prebasis By

of DiscrWithInfin(X, ) such that By = (SmallestPartition(X )\ {{zo}})U
{{x}° :  ranges over elements of X}.

5. EXERCISES

Next we state four propositions:

(38) Let T be a topological space, F' be a family of subsets of T', and I be a
non empty family of subsets of F.. Suppose that for every set G such that
G € I holds F'\ G is finite. Then |JF = Jclf FUN{UG; G ranges over
families of subsets of T: G € I}.

(39) Let T be a topological space and F' be a family of subsets of T. Then
UF = Jcf FUN{UG;G ranges over families of subsets of T: G C
F A F\ G is finite}.

(40) Let X be a set and O be a family of subsets of 2. Suppose that for
every family o of subsets of X such that o € O holds (X, 0) is a topological
space. Then there exists a family B of subsets of X such that

(i) B = Intersect(O),
(ii) (X, B) is a topological space,
(iii)  for every family o of subsets of X such that o € O holds (X, o) is a
topological extension of (X, B), and
(iv)  for every topological space T" such that the carrier of T = X and for
every family o of subsets of X such that o € O holds (X, o) is a topological
extension of T holds (X, B) is a topological extension of 7T'.
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(41) Let X be a set and O be a family of subsets of 2%. Then there exists a

(
(

family B of subsets of X such that

(i) B = UniCl(FinMeetCl(| O)),

(ii) (X, B) is a topological space,

iii) for every family o of subsets of X such that o € O holds (X, B) is a
topological extension of (X, o), and

iv)  for every topological space T such that the carrier of 7' = X and for
every family o of subsets of X such that o € O holds T is a topological
extension of (X, 0) holds T is a topological extension of (X, B).
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Summary. We continue Mizar formalization of General Topology accord-
ing to the book [19] by Engelking. In the article the formalization of Section 1.2
is almost completed. Namely, we formalize theorems on introduction of topolo-
gies by bases, neighborhood systems, closed sets, closure operator, and interior
operator. The Sorgenfrey line is defined by a basis. It is proved that the weight
of it is continuum. Other techniques are used to demonstrate introduction of
discrete and anti-discrete topologies.
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1. INTRODUCING TOPOLOGY

In this paper a is a set.
Let X be a set and let B be a family of subsets of X. We say that B is
point-filtered if and only if:
(Def. 1) For all sets x, Uy, Us such that U; € B and Us € B and = € Uy N Uy
there exists a subset U of X such that U € Band x € U and U C U1 NUs.

We now state four propositions:
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(1) Let X be a set and B be a family of subsets of X. Then B is covering if
and only if for every set x such that x € X there exists a subset U of X
such that U € B and z € U.

(2) Let X be a set and B be a family of subsets of X. Suppose B is point-
filtered and covering. Let T be a topological structure. Suppose the carrier
of T'= X and the topology of T' = UniCl(B). Then T is a topological space
and B is a basis of T

(3) Let X be a set and B be a non-empty many sorted set indexed by X.
Suppose that

(i) rmgBC 2%,

(ii) for all sets «, U such that z € X and U € B(x) holds z € U,

(iii)  for all sets x, y, U such that z € U and U € B(y) and y € X there
exists a set V such that V € B(z) and V C U, and

(iv)  for all sets z, Uy, Uy such that 2 € X and U; € B(x) and Uz € B(x)
there exists a set U such that U € B(z) and U C U; N Us.

Then there exists a family P of subsets of X such that

(v) P=UB,and

(vi)  for every topological structure 7" such that the carrier of 7' = X and the
topology of T' = UniCl(P) holds 7' is a topological space and for every non
empty topological space T” such that 77 = T holds B is a neighborhood
system of T".

(4) Let X be a set and F' be a family of subsets of X. Suppose that

(i) 0OekF,

(i) X €F,

(iii)  for all sets A, B such that A € F and B € F holds AU B € F, and

(iv)  for every family G of subsets of X such that G C F holds Intersect(G) €
F.

Let T be a topological structure. Suppose the carrier of T'= X and the
topology of T'= F°. Then T is a topological space and for every subset A
of T holds A is closed iff A € F.

The scheme TopDefByClosedPred deals with a set A and a unary predicate
P, and states that:
There exists a strict topological space T' such that the carrier of
T = A and for every subset A of T" holds A is closed iff P[A]
provided the following conditions are satisfied:
e P[] and P[A],
e For all sets A, B such that P[A] and P[B] holds P[A U BJ, and
e For every family G of subsets of A such that for every set A such
that A € G holds P[A] holds P[Intersect(G)].

We now state two propositions:
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(5) Let Ty, T5 be topological spaces. Suppose that for every set A holds A
is an open subset of T iff A is an open subset of T5. Then the topological
structure of 77 = the topological structure of T5.

(6) Let T, Ty be topological spaces. Suppose that for every set A holds A
is a closed subset of T} iff A is a closed subset of T5. Then the topological
structure of 17 = the topological structure of T5.

Let X, Y be sets and let 7 be a subset of [ X, 2¥ ]. Then rngr is a family
of subsets of Y.
We now state the proposition

(7) Let X be a set and ¢ be a function from 2% into 2X. Suppose that
(i) ) =0,
(ii)  for every subset A of X holds A C ¢(A),
(iii)  for all subsets A, B of X holds ¢(AU B) = ¢(A) Uc(B), and
) for every subset A of X holds ¢(c(A4)) = ¢(A).
Let T be a topological structure. Suppose the carrier of T' = X and the

topology of T' = (rngc)®. Then T is a topological space and for every
subset A of T holds A = c(A).

The scheme TopDefByClosureOp deals with a set A and a unary functor F
yielding a set, and states that:

(iv

There exists a strict topological space T' such that the carrier of
T = A and for every subset A of T holds A = F(A)
provided the parameters satisfy the following conditions:

o F(0)=0,

e For every subset A of A holds A C F(A) and F(A) C

e For all subsets A, B of A holds F(AU B) = (A) U ]:( ) and

e For every subset A of A holds F(F(A)) = F(A).

We now state two propositions:

(8) Let 17, Ty be topological spaces. Suppose that
(i)  the carrier of T} = the carrier of T5, and
(ii)  for every subset A; of 77 and for every subset As of 75 such that
A; = Ay holds A = As.
Then the topology of T7 = the topology of T5.
(9) Let X be a set and 4 be a function from 2% into 2. Suppose that
() i(X)=x,
(ii)  for every subset A of X holds i(A) C A,
(iii) for all subsets A, B of X holds i(AN B) =i(A) Ni(B), and
) for every subset A of X holds i(i(A4)) = i(A).
Let T be a topological structure. Suppose the carrier of T = X and the

topology of T'= rng+. Then T is a topological space and for every subset
A of T holds Int A = i(A).

(iv
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The scheme TopDefBylnteriorOp deals with a set A and a unary functor F
yielding a set, and states that:
There exists a strict topological space 1" such that the carrier of
T = A and for every subset A of T" holds Int A = F(A)
provided the following conditions are met:
o F(A)=A,
e For every subset A of A holds F(A) C A,
e For all subsets A, B of A holds F(AN B) = F(A) N F(B), and
e For every subset A of A holds F(F(A)) = F(A).
Next we state the proposition

(10) Let T3, Ty be topological spaces. Suppose that
(i)  the carrier of T7 = the carrier of T5, and
(i)  for every subset A; of T} and for every subset As of T such that
A1 = AQ holds Int A1 = Int AQ.
Then the topology of T7 = the topology of T5.

2. SORGENFREY LINE

In the sequel z, g denote elements of R.
The strict non empty topological space Sorgenfrey line is defined by the
conditions (Def. 2).

(Def. 2)(i)  The carrier of Sorgenfrey line = R, and
(ii)  there exists a family B of subsets of R such that the topology of Sor-
genfrey line = UniCl(B) and B = {[z,q[: * < ¢ A q is rational}.
We now state several propositions:
(11) For all real numbers z, y holds [z, y[ is an open subset of Sorgenfrey line.
(12) For all real numbers z, y holds ]z, y[ is an open subset of Sorgenfrey line.
(13) For every real number = holds |—oo, z[ is an open subset of Sorgenfrey
line.
(14) For every real number z holds ]z, +oo[ is an open subset of Sorgenfrey
line.
(15) For every real number = holds [z, +o0[ is an open subset of Sorgenfrey
line.
(16) = Np.
(17) = Np.
(18) Let A be a set. Suppose A is mutually-disjoint and for every a such that

a € A there exist real numbers z, y such that z < y and ]z, y[ C a. Then
A is countable.

Sl Nl

Let X be a set and let = be a real number. We say that x is local minimum
of X if and only if:
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(Def. 3) x € X and there exists a real number y such that y < = and ]y, x[ misses
X.

In the sequel z is an element of R.
One can prove the following proposition

(19) For every subset U of R holds {z : z is local minimum of U} is countable.
One can check the following observations:
* 7 is infinite,
% Q is infinite, and
* R is infinite.

Let X be an infinite set. Note that 2% is infinite.
Let M be an aleph. Observe that 2 is infinite.
The infinite cardinal number ¢ is defined by:

(Def. 4) ¢= R.
In the sequel z, g are elements of R.
One can prove the following proposition

(20) {[z,q[: x < ¢ A qis rational} = c.
Let X be an infinite set. Observe that there exists a subset of X which is
infinite.
Let X be a set and let 7 be a real number. The functor X-powers(r) yields
a function from N into R and is defined by:
(Def. 5) For every natural number 4 holds i € X and (X-powers(r))(i) = ¢ or
i ¢ X and (X-powers(r))(i) = 0.
Next we state the proposition
(21) For every set X and for every real number r such that 0 < r and r < 1
holds X-powers(r) is summable.
In the sequel r denotes a real number, X denotes a set, and n denotes an
element of N.
The following propositions are true:

n

(22) If 0<randr <1, then ) ((r")een Tn) = 1.

(23) X(((3))ren 1 (n+1)) = ()™

(24) If0<randr <1, then > (X-powers(r)) <> ((r")ren)-

(25) 2((X-powers(3)) T (n+1)) < (3)"

(26) For every infinite subset X of N and for every natural number ¢ holds

(X t—o(X-powers(5))())sen(i) < 3o (X-powers(z)).

(27) For all infinite subsets X, Y of N such that ) (X-powers(3)) =
>~ (Y-powers(3)) holds X =Y.

(28) If X is countable, then Fin X is countable.

(29) ¢ = 2%,
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(30) Nog < c.
(31) For every family A of subsets of R such that A < ¢ holds
{z: V.t (U € UniCl(A) A z is local minimum of U)} < c.

(32) Let X be a family of subsets of R. Suppose X < c. Then there exists a
real number x and there exists a rational number g such that x < ¢ and
[z, q[¢ UniCl(X).

(33) weight Sorgenfrey line = c.

3. EXAMPLE: CLOSED = FINITE

Let X be a set. The functor ClFinTop(X) yielding a strict topological space
is defined by:

(Def. 6) The carrier of ClFinTop(X) = X and for every subset F' of ClFinTop(X)
holds F' is closed iff F is finite or F' = X.
The following two propositions are true:
(34) For every set X and for every subset A of ClFinTop(X) holds A is open
iff A=( or A° is finite.
(35) For every infinite set X and for every subset A of X such that A is finite
holds A€ is infinite.
Let X be a non empty set. Note that CIFinTop(X) is non empty.
The following proposition is true

(36) For every infinite set X and for all non empty open subsets U, V of
ClFinTop(X) holds U meets V.

4. EXAMPLE: ONE POINT CLOSURE

Let X, o be sets. The functor z¢-PointClTop(X) yielding a strict topolog-
ical space is defined as follows:
(Def. 7) The carrier of zp-PointClTop(X) = X and for every subset A of
xo-PointClTop(X) holds A = (A=0 — A, AU {zo} N X).
Let X be a non empty set and let zg be a set. One can check that
xo-PointClTop(X) is non empty.
We now state two propositions:

(37) For every non empty set X and for every element zy of X and for every
non empty subset A of zo-PointClTop(X) holds A = AU {0}

(38) Let X be anon empty set, xg be an element of X, and A be a non empty
subset of zo-PointClTop(X). Then A is closed if and only if ¢ € A.
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Let X be a non empty set and let A be a proper subset of X. Observe that
A€ is non empty.
The following propositions are true:

(39) Let X be a non empty set, o be an element of X, and A be a proper
subset of zo-PointClTop(X). Then A is open if and only if zo ¢ A.

(40) For all sets X, g, = such that xyp € X holds {z} is a closed subset of
zo-PointClTop(X) iff z = xo.

(41) For all sets X, xp,  such that {zo} C X holds {z} is an open subset of
xo-PointClTop(X) iff x € X and x # zp.

5. EXAMPLE: DISCRETE ON SUBSET

Let X, X( be sets. The functor X(-DiscreteTop(X) yielding a strict topo-
logical space is defined as follows:

(Def. 8) The carrier of Xop-DiscreteTop(X) = X and for every subset A of
Xo-DiscreteTop(X) holds Int A = (A =X — A, AN Xo).

Let X be a non empty set and let Xy be a set. Omne can check that
Xo-DiscreteTop(X) is non empty.
We now state several propositions:

(42) For every non empty set X and for every set Xy and for every proper
subset A of Xy-DiscreteTop(X) holds Int A = AN X.

(43) For every non empty set X and for every set Xy and for every proper
subset A of Xy-DiscreteTop(X) holds A is open iff A C Xj.

(44) For every set X and for every subset Xy of X holds the topology of
Xo-DiscreteTop(X) = {X} U 20,

(45) For every set X holds ADTS(X) = (-DiscreteTop(X).

(46) For every set X holds {X }top = X-DiscreteTop(X).
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Let r be a real number. Observe that T is non negative.

L is non

Let r be a real number. Observe that r - r is non negative and r - r~
negative.
Let r be a non negative real number. One can check that /7 is non negative.
Let 7 be a positive real number. Observe that \/r is positive.
We now state the proposition
(1) For every function f and for every set A such that f is one-to-one and
A Cdom(f~1) holds f°(f~1)°A = A.
Let f be a non-empty function. One can verify that f~1({0}) is empty.
Let R be a binary relation. We say that R is positive yielding if and only if:
(Def. 1) For every real number r such that » € rng R holds 0 < r.
We say that R is negative yielding if and only if:
(Def. 2) For every real number r such that » € rng R holds 0 > r.
We say that R is non-positive yielding if and only if:
(Def. 3) For every real number r such that » € rng R holds 0 > r.
We say that R is non-negative yielding if and only if:
(Def. 4) For every real number r such that » € rng R holds 0 < r.
Let X be a set and let r be a positive real number. Observe that X —— r
is positive yielding.
Let X be a set and let r» be a negative real number. Note that X +— r is
negative yielding.

!The paper was written during the author’s post-doctoral fellowship granted by the Shinshu
University, Japan.
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Let X be a set and let  be a non positive real number. Note that X —— r
is non-positive yielding.

Let X be a set and let r be a non negative real number. Observe that
X —— r is non-negative yielding.

Let X be a non empty set. Note that X —— 0 is non non-empty.

Let us observe that every binary relation which is positive yielding is also
non-negative yielding and non-empty and every binary relation which is negative
yielding is also non-positive yielding and non-empty.

Let X be a set. One can check that there exists a function from X into R
which is negative yielding and there exists a function from X into R which is
positive yielding.

One can check that there exists a function which is non-empty and real-
yielding.

We now state two propositions:

(2) For every non-empty real-yielding function f holds dom(%) = dom f.
(3) Let X be anon empty set, f be a partial function from X to R, and g be
a non-empty partial function from X to R. Then dom(g) = dom fNdom g.

Let X be a set and let f, g be non-positive yielding partial functions from
X to R. Observe that f + g is non-positive yielding.

Let X be a set and let f, g be non-negative yielding partial functions from
X to R. Note that f + g is non-negative yielding.

Let X be a set, let f be a positive yielding partial function from X to R,
and let g be a non-negative yielding partial function from X to R. Observe that
f + g is positive yielding.

Let X be a set, let f be a non-negative yielding partial function from X to
R, and let g be a positive yielding partial function from X to R. One can verify
that f 4 g is positive yielding.

Let X be a set, let f be a non-positive yielding partial function from X to
R, and let g be a negative yielding partial function from X to R. Note that
f + g is negative yielding.

Let X be a set, let f be a negative yielding partial function from X to R,
and let g be a non-positive yielding partial function from X to R. Note that
f + g is negative yielding.

Let X be a set, let f be a non-negative yielding partial function from X to
R, and let g be a non-positive yielding partial function from X to R. Note that
f — g is non-negative yielding.

Let X be a set, let f be a non-positive yielding partial function from X to
R, and let g be a non-negative yielding partial function from X to R. Observe
that f — ¢ is non-positive yielding.

Let X be a set, let f be a positive yielding partial function from X to R, and
let g be a non-positive yielding partial function from X to R. One can check
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that f — g is positive yielding.

Let X be a set, let f be a non-positive yielding partial function from X to
R, and let g be a positive yielding partial function from X to R. Observe that
f — g is negative yielding.

Let X be a set, let f be a negative yielding partial function from X to R,
and let g be a non-negative yielding partial function from X to R. Note that
f — g is negative yielding.

Let X be a set, let f be a non-negative yielding partial function from X to
R, and let g be a negative yielding partial function from X to R. One can verify
that f — g is positive yielding.

Let X be a set and let f, g be non-positive yielding partial functions from
X to R. One can verify that f ¢ is non-negative yielding.

Let X be a set and let f, g be non-negative yielding partial functions from
X to R. Note that f ¢ is non-negative yielding.

Let X be a set, let f be a non-positive yielding partial function from X to
R, and let g be a non-negative yielding partial function from X to R. One can
verify that f ¢ is non-positive yielding.

Let X be a set, let f be a non-negative yielding partial function from X to
R, and let g be a non-positive yielding partial function from X to R. Observe
that f g is non-positive yielding.

Let X be a set, let f be a positive yielding partial function from X to R,
and let g be a negative yielding partial function from X to R. Note that f g is
negative yielding.

Let X be a set, let f be a negative yielding partial function from X to R,
and let g be a positive yielding partial function from X to R. One can verify
that f g is negative yielding.

Let X be a set and let f, g be positive yielding partial functions from X to
R. One can verify that f g is positive yielding.

Let X be a set and let f, g be negative yielding partial functions from X to
R. One can check that f g is positive yielding.

Let X be a set and let f, g be non-empty partial functions from X to R.
Observe that f g is non-empty.

Let X be a set and let f be a partial function from X to R. Note that f f
is non-negative yielding.

Let X be a set, let r be a non positive real number, and let f be a non-positive
yielding partial function from X to R. One can verify that r f is non-negative
yielding.

Let X be a set, let r be a non negative real number, and let f be a non-
negative yielding partial function from X to R. Observe that r f is non-negative
yielding.

Let X be a set, let r be a non positive real number, and let f be a non-
negative yielding partial function from X to R. One can verify that r f is
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non-positive yielding.

Let X be a set, let r be a non negative real number, and let f be a non-
positive yielding partial function from X to R. One can verify that r f is non-
positive yielding.

Let X be a set, let » be a positive real number, and let f be a negative
yielding partial function from X to R. Note that r f is negative yielding.

Let X be a set, let » be a negative real number, and let f be a positive
yielding partial function from X to R. One can check that r f is negative
yielding.

Let X be a set, let r be a positive real number, and let f be a positive yielding
partial function from X to R. One can verify that r f is positive yielding.

Let X be a set, let r be a negative real number, and let f be a negative
yielding partial function from X to R. Note that r f is positive yielding.

Let X be a set, let r be a non zero real number, and let f be a non-empty
partial function from X to R. Observe that r f is non-empty.

Let X be a non empty set and let f, g be non-positive yielding partial

functions from X to R. Note that L is non-negative yielding.

Let X be a non empty set anfi let f, g be non-negative yielding partial
functions from X to R. Observe that g is non-negative yielding.

Let X be a non empty set, let f be a non-positive yielding partial function
from X to R, and let g be a non-negative yielding partial function from X to
R. Note that g is non-positive yielding.

Let X be a non empty set, let f be a non-negative yielding partial function
from X to R, and let g be a non-positive yielding partial function from X to R.
Note that g is non-positive yielding.

Let X be a non empty set, let f be a positive yielding partial function from
X to R, and let g be a negative yielding partial function from X to R. One can
verify that g is negative yielding.

Let X be a non empty set, let f be a negative yielding partial function from
X to R, and let g be a positive yielding partial function from X to R. Observe
that 5 is negative yielding.

Let X be a non empty set and let f, g be positive yielding partial functions
from X to R. One can check that g is positive yielding.

Let X be a non empty set and let f, g be negative yielding partial functions
from X to R. One can check that 5 is positive yielding.

Let X be a non empty set and let f be a partial function from X to R.
Observe that % is non-negative yielding.

Let X be a non empty set and let f, g be non-empty partial functions from
X to R. One can verify that 5 is non-empty.

Let X be a set and let f be a non-positive yielding function from X into R.
One can verify that Inv f is non-positive yielding.



ON THE REAL VALUED FUNCTIONS 185

Let X be a set and let f be a non-negative yielding function from X into R.
Observe that Inv f is non-negative yielding.

Let X be a set and let f be a positive yielding function from X into R. One
can verify that Inv f is positive yielding.

Let X be a set and let f be a negative yielding function from X into R.
Note that Inv f is negative yielding.

Let X be a set and let f be a non-empty function from X into R. Note that
Inv f is non-empty.

Let X be a set and let f be a non-empty function from X into R. One can
verify that — f is non-empty.

Let X be a set and let f be a non-positive yielding function from X into R.
Observe that — f is non-negative yielding.

Let X be a set and let f be a non-negative yielding function from X into R.
One can check that — f is non-positive yielding.

Let X be a set and let f be a positive yielding function from X into R.
Observe that —f is negative yielding.

Let X be a set and let f be a negative yielding function from X into R.
Observe that — f is positive yielding.

Let X be a set and let f be a function from X into R. Note that |f| is
non-negative yielding.

Let X be a set and let f be a non-empty function from X into R. One can
check that |f]| is positive yielding.

Let X be a non empty set and let f be a non-positive yielding function from
X into R. Observe that % is non-positive yielding.

Let X be a non empty set and let f be a non-negative yielding function from
X into R. Note that % is non-negative yielding.

Let X be a non empty set and let f be a positive yielding function from X
into R. One can check that % is positive yielding.

Let X be a non empty set and let f be a negative yielding function from X
into R. Note that % is negative yielding.

Let X be a non empty set and let f be a non-empty function from X into
R. One can check that % is non-empty.

Let f be a real-yielding function. The functor /f yields a function and is
defined as follows:

(Def. 5) dom+/f = dom f and for every set x such that z € dom+/f holds
V@)= f()

Let f be a real-yielding function. Observe that \/f is real-yielding.

Let C be a set, let D be a real-membered set, and let f be a partial function
from C to D. Then /f is a partial function from C to R.

Let X be a set and let f be a non-negative yielding function from X into R.
One can check that /f is non-negative yielding.
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Let X be a set and let f be a positive yielding function from X into R. Note
that /f is positive yielding.

Let X be a set and let f, g be functions from X into R. Then f + g is a
function from X into R. Then f — g is a function from X into R. Then f g is a
function from X into R.

Let X be a set and let f be a function from X into R. Then — f is a function
from X into R. Then |f| is a function from X into R. Then +/f is a function
from X into R.

Let X be a set, let f be a function from X into R, and let r be a real number.
Then r f is a function from X into R.

Let X be a set and let f be a non-empty function from X into R. Then %
is a function from X into R.

Let X be a non empty set, let f be a function from X into R, and let g be
a non-empty function from X into R. Then g is a function from X into R.

In the sequel T is a non empty topological space, f, g are continuous real
maps of T, and r is a real number.

Let us consider T', f, g. Then f + ¢ is a continuous real map of T. Then
f — g is a continuous real map of 7. Then f g is a continuous real map of 7.

Let us consider T, f. Then — f is a continuous real map of 7.

Let us consider T, f. Then |f| is a continuous real map of 7.

Let us consider T'. Observe that there exists a real map of 7" which is positive
yielding and continuous and there exists a real map of T which is negative
yielding and continuous.

Let us consider T" and let f be a non-negative yielding continuous real map
of T. Then /f is a continuous real map of T

Let us consider T, f, r. Then r f is a continuous real map of T'.

Let us consider T" and let f be a non-empty continuous real map of 7. Then
% is a continuous real map of 7T'.

Let us consider T, f and let g be a non-empty continuous real map of T'.
Then g is a continuous real map of 7.
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We give also short equational characterization of lattices via four axioms (as it
was done in [7] with the help of the Otter prover). Some corresponding results
about ortholattices are also formalized.
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The notation and terminology used here have been introduced in the following
papers: [11], [4], [14], [15], [3], [16], [1], [17], [12], [13], [2], [10], [9], [5], [8], and
[6].

1. ANOTHER SHORT AXIOMATIZATION OF LATTICES

Let L be a non empty LI-semi lattice structure. We say that L is quasi-join-
associative if and only if:
(Def. 1) For all elements z, y, z of L holds x U (y U z) =y L (z U 2).
Let L be a non empty M-semi lattice structure. We say that L is quasi-meet-
associative if and only if:

!This work has been partially supported by the KBN grant 4 T11C 039 24 and the FP6
IST grant TYPES No. 510996.

(© 2005 University of Bialystok
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(Def. 2) For all elements x, y, z of L holds z M (yMz) =y M (zMz2).

Let L be a non empty lattice structure. We say that L is quasi-meet-
absorbing if and only if:

(Def. 3) For all elements z, y of L holds z Ll (zMy) = x.
One can prove the following propositions:

(1) Let L be a non empty lattice structure.  Suppose L is quasi-
meet-associative, quasi-join-associative, quasi-meet-absorbing, and join-
absorbing. Then L is meet-idempotent and join-idempotent.

(2) Let L be a non empty lattice structure.  Suppose L is quasi-
meet-associative, quasi-join-associative, quasi-meet-absorbing, and join-
absorbing. Then L is meet-commutative and join-commutative.

(3) Let L be a non empty lattice structure.  Suppose L is quasi-
meet-associative, quasi-join-associative, quasi-meet-absorbing, and join-
absorbing. Then L is meet-absorbing.

(4) Let L be a non empty lattice structure.  Suppose L is quasi-
meet-associative, quasi-join-associative, quasi-meet-absorbing, and join-
absorbing. Then L is meet-associative and join-associative.

(5) Let L be a non empty lattice structure. Then L is lattice-like if
and only if L is quasi-meet-associative, quasi-join-associative, quasi-meet-
absorbing, and join-absorbing.

One can verify that every non empty lattice structure which is lattice-like
is also quasi-meet-associative, quasi-join-associative, meet-absorbing, and join-
absorbing and every non empty lattice structure which is quasi-meet-associative,
quasi-join-associative, quasi-meet-absorbing, and join-absorbing is also lattice-
like.

2. ORTHOPOSETS

Let us note that every PartialOrdered non empty orthorelational structure
which is OrderInvolutive is also Dneg.
The following propositions are true:
(6) For every Dneg non empty orthorelational structure L and for every
element x of L holds (z°)¢ = x.
(7) Let O be an OrderInvolutive PartialOrdered non empty orthorelational
structure and x, y be elements of O. If x <y, then y¢ < x°.

Let us note that there exists a PreOrthoPoset which is strict and has g.1.b.’s
and L.u.b.’s.

Let L be a non empty L-semi lattice structure and let x, y be elements of
L. We introduce zUy as a synonym of = Ll y.
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Let L be a non empty M-semi lattice structure and let x, y be elements of
L. We introduce Ty as a synonym of = M y.

Let L be a non empty relational structure and let z, y be elements of L. We
introduce x MN< y as a synonym of x My. We introduce x Li< y as a synonym of
xzUuy.

3. MERGING RELATIONAL STRUCTURES AND LATTICE STRUCTURES
TOGETHER

We introduce U-relational semilattice structures which are extensions of L-
semi lattice structure and relational structure and are systems

( a carrier, a join operation, an internal relation ),
where the carrier is a set, the join operation is a binary operation on the carrier,
and the internal relation is a binary relation on the carrier.

We introduce M-relational semilattice structures which are extensions of -
semi lattice structure and relational structure and are systems

( a carrier, a meet operation, an internal relation ),
where the carrier is a set, the meet operation is a binary operation on the carrier,
and the internal relation is a binary relation on the carrier.

We introduce relational lattice structures which are extensions of IM-relational
semilattice structure, U-relational semilattice structure, and lattice structure
and are systems

( a carrier, a join operation, a meet operation, an internal relation ),
where the carrier is a set, the join operation and the meet operation are binary
operations on the carrier, and the internal relation is a binary relation on the
carrier.

The relational lattice structure TrivLattRelStr is defined as follows:

(Def. 4) TrivLattRelStr = ({0}, opy, opy, idpy)-

Let us note that TrivLattRelStr is non empty and trivial.
One can check the following observations:

* there exists a L-relational semilattice structure which is non empty,

* there exists a M-relational semilattice structure which is non empty, and
* there exists a relational lattice structure which is non empty.

One can prove the following proposition

(8) Let R be a non empty relational structure. Suppose that
(i)  the internal relation of R is reflexive in the carrier of R, and
(ii)  the internal relation of R is antisymmetric and transitive.
Then R is reflexive, antisymmetric, and transitive.

Let us mention that TrivLattRelStr is reflexive.
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Let us note that there exists a relational lattice structure which is antisym-
metric, reflexive, and transitive and has l.u.b.’s and g.l.b.’s.

One can verify that TrivLattRelStr is quasi-meet-absorbing.

One can verify that there exists a non empty relational lattice structure
which is lattice-like.

Let L be a lattice. Then LattRel(L) is an order in the carrier of L.

4. BINARY APPROACH TO ORTHOLATTICES

We consider relational ortholattice structures as extensions of relational lat-
tice structure, ortholattice structure, and orthorelational structure as systems
( a carrier, a join operation, a meet operation, an internal relation, a com-
plement operation ),
where the carrier is a set, the join operation and the meet operation are binary
operations on the carrier, the internal relation is a binary relation on the carrier,
and the complement operation is a unary operation on the carrier.
The relational ortholattice structure TrivCLRelStr is defined by:
(Def. 5) TrivCLRelStr = ({0}, opy, ops, id(py, 0py)-
Let L be a non empty ComplStr. We say that L is involutive if and only if:
(Def. 6) For every element z of L holds (z°)¢ = z.

Let L be a non empty complemented lattice structure. We say that L has

top if and only if:
(Def. 7) For all elements x, y of L holds zUx® = yLly°.

One can verify that TrivOrtLat is involutive and has top.

One can verify that TrivCLRelStr is non empty and trivial.

One can check that TrivCLRelStr is reflexive.

Let us observe that TrivCLRelStr is involutive and has top.

Let us observe that there exists a non empty ortholattice structure which is
involutive, de Morgan, and lattice-like and has top.

An ortholattice is an involutive de Morgan lattice-like non empty ortholattice
structure with top.

5. LEMMAS

Next we state a number of propositions:

(9) Let K, L be non empty lattice structures. Suppose the lattice structure
of K = the lattice structure of L and K is join-commutative. Then L is
join-commutative.

(10) Let K, L be non empty lattice structures. Suppose the lattice structure
of K = the lattice structure of L and K is meet-commutative. Then L is
meet-commutative.
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(11) Let K, L be non empty lattice structures. Suppose the lattice structure
of K = the lattice structure of L and K is join-associative. Then L is
join-associative.

(12) Let K, L be non empty lattice structures. Suppose the lattice structure
of K = the lattice structure of L and K is meet-associative. Then L is
meet-associative.

(13) Let K, L be non empty lattice structures. Suppose the lattice structure
of K = the lattice structure of L and K is join-absorbing. Then L is
join-absorbing.

(14) Let K, L be non empty lattice structures. Suppose the lattice structure
of K = the lattice structure of L and K is meet-absorbing. Then L is
meet-absorbing.

(15) Let K, L be non empty lattice structures. Suppose the lattice structure
of K = the lattice structure of L and K is lattice-like. Then L is lattice-
like.

(16) Let Ly, Ly be non empty Ll-semi lattice structures. Suppose the upper
semilattice structure of L1 = the upper semilattice structure of Ls. Let
a1, b1 be elements of L1 and aq, by be elements of Lo. If a3 = as and
b1 = by, then a; LIby = ag U bs.

(17) Let L1, Lo be non empty M-semi lattice structures. Suppose the lower
semilattice structure of L; = the lower semilattice structure of Ly. Let aq,
b1 be elements of L1 and ao, bs be elements of Lo. If a1 = as and by = b,
then a1 Mby = ag Mbo.

(18) Let K, L be non empty ComplStr, z be an element of K, and y be an
element of L. Suppose the complement operation of K = the complement
operation of L and x = y. Then 2°¢ = y°.

(19) Let K, L be non empty complemented lattice structures such that the
complemented lattice structure of K = the complemented lattice structure
of L and K has top. Then L has top.

(20) Let K, L be non empty ortholattice structures. Suppose the ortholattice
structure of K = the ortholattice structure of L and K is de Morgan. Then
L is de Morgan.

(21) Let K, L be non empty ortholattice structures. Suppose the ortholattice
structure of K' = the ortholattice structure of L and K is involutive. Then
L is involutive.

6. STRUCTURE EXTENSIONS

Let R be a relational structure. A relational lattice structure is said to be a
relational augmentation of R if:
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(Def. 8) The relational structure of it = the relational structure of R.

Let R be a lattice structure. A relational lattice structure is said to be a
lattice augmentation of R if:

(Def. 9) The lattice structure of it = the lattice structure of R.

Let L be a non empty lattice structure. Observe that every lattice augmen-
tation of L is non empty.

Let L be a meet-associative non empty lattice structure. Note that every
lattice augmentation of L is meet-associative.

Let L be a join-associative non empty lattice structure. One can check that
every lattice augmentation of L is join-associative.

Let L be a meet-commutative non empty lattice structure. One can verify
that every lattice augmentation of L is meet-commutative.

Let L be a join-commutative non empty lattice structure. Note that every
lattice augmentation of L is join-commutative.

Let L be a join-absorbing non empty lattice structure. One can check that
every lattice augmentation of L is join-absorbing.

Let L be a meet-absorbing non empty lattice structure. Observe that every
lattice augmentation of L is meet-absorbing.

Let L be a non empty L-relational semilattice structure. We say that L is
naturally sup-generated if and only if:

(Def. 10) For all elements z, y of L holds z < y iff zLly = y.

Let L be a non empty M-relational semilattice structure. We say that L is
naturally inf-generated if and only if:

(Def. 11) For all elements z, y of L holds z < y iff 2Ty = «.

Let L be a lattice. One can verify that there exists a lattice augmentation
of L which is naturally sup-generated, naturally inf-generated, and lattice-like.

Let us mention that there exists a relational lattice structure which is trivial,
non empty, and reflexive.

Let us mention that there exists a relational ortholattice structure which is
trivial, non empty, and reflexive.

Let us note that there exists a orthorelational structure which is trivial, non
empty, and reflexive.

One can check that every non empty ortholattice structure which is trivial
is also involutive, de Morgan, and well-complemented and has top.

Let us note that every non empty reflexive orthorelational structure which
is trivial is also OrderInvolutive, Pure, and PartialOrdered.

One can check that every non empty reflexive relational lattice structure
which is trivial is also naturally sup-generated and naturally inf-generated.

Let us note that there exists a non empty relational ortholattice structure
which is naturally sup-generated, naturally inf-generated, de Morgan, lattice-
like, OrderInvolutive, Pure, and PartialOrdered and has g.1.b.’s and l.u.b.’s.
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Let us observe that there exists a non empty relational lattice structure
which is naturally sup-generated, naturally inf-generated, and lattice-like and
has g.1.b.’s and l.u.b.’s.

Next we state two propositions:

(22) Let L be a naturally sup-generated non empty relational lattice structure
and z, y be elements of L. Then z < y if and only if x C y.

(23) Let L be a naturally sup-generated lattice-like non empty relational lat-
tice structure. Then the relational structure of L = Poset(L).

One can check that every non empty relational lattice structure which is
naturally sup-generated and lattice-like has also g.l.b.’s and L.u.b.’s.

7. EXTENDING ORTHOCOMPLEMENTED LATTICE STRUCTURE

Let R be an ortholattice structure. A relational ortholattice structure is said
to be a complemented lattice augmentation of R if:

(Def. 12) The ortholattice structure of it = the ortholattice structure of R.

Let L be a non empty ortholattice structure. Omne can check that every
complemented lattice augmentation of L is non empty.

Let L be a meet-associative non empty ortholattice structure. Note that
every complemented lattice augmentation of L is meet-associative.

Let L be a join-associative non empty ortholattice structure. One can verify
that every complemented lattice augmentation of L is join-associative.

Let L be a meet-commutative non empty ortholattice structure. Observe
that every complemented lattice augmentation of L is meet-commutative.

Let L be a join-commutative non empty ortholattice structure. Note that
every complemented lattice augmentation of L is join-commutative.

Let L be a meet-absorbing non empty ortholattice structure. Note that
every complemented lattice augmentation of L is meet-absorbing.

Let L be a join-absorbing non empty ortholattice structure. Note that every
complemented lattice augmentation of L is join-absorbing.

Let L be a non empty ortholattice structure with top. Observe that every
complemented lattice augmentation of L has top.

Let L be a non empty ortholattice. Note that there exists a comple-
mented lattice augmentation of L which is naturally sup-generated, naturally
inf-generated, and lattice-like.

Let us observe that there exists a non empty relational ortholattice structure
which is involutive, de Morgan, lattice-like, naturally sup-generated, and well-
complemented and has top.

Next we state the proposition
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(24) Let L be a PartialOrdered non empty orthorelational structure with
g.lb.’s and L.u.b.’s and z, y be elements of L. If v <y, then y =z U< y
and z =z MN< y.

Let L be a meet-commutative non empty M-semi lattice structure and let a,
b be elements of L. Let us observe that the functor al'lb is commutative.

Let L be a join-commutative non empty L-semi lattice structure and let a,
b be elements of L. Let us notice that the functor allb is commutative.

One can check that every non empty relational lattice structure which
is meet-absorbing, join-absorbing, meet-commutative, and naturally sup-
generated is also reflexive.

Let us observe that every non empty relational lattice structure which is
join-associative and naturally sup-generated is also transitive.

One can check that every non empty relational lattice structure which is
join-commutative and naturally sup-generated is also antisymmetric.

Next we state three propositions:

(25) Let L be a naturally sup-generated lattice-like non empty relational or-
tholattice structure with g.l.b.’s and l.u.b.’s and x, y be elements of L.
Then z U< y = zUy.

(26) Let L be a naturally sup-generated lattice-like non empty relational or-
tholattice structure with g.l.b.’s and L.u.b.’s and x, y be elements of L.
Then z N< y = 2y.

(27) Every naturally sup-generated naturally inf-generated lattice-like Order-
Involutive PartialOrdered non empty relational ortholattice structure with
g.l.b.’s and lL.u.b.’s is de Morgan.

Let L be an ortholattice. Note that every complemented lattice augmenta-
tion of L is involutive.

Let L be an ortholattice. Observe that every complemented lattice augmen-
tation of L is de Morgan.

The following two propositions are true:

(28) Let L be a non empty relational ortholattice structure. Suppose L is
involutive, de Morgan, lattice-like, and naturally sup-generated and has
top. Then L is Orthocomplemented and PartialOrdered.

(29) For every ortholattice L holds every naturally sup-generated comple-
mented lattice augmentation of L is Orthocomplemented.

Let L be an ortholattice. Observe that every naturally sup-generated com-
plemented lattice augmentation of L is Orthocomplemented.
We now state the proposition
(30) Let L be a non empty ortholattice structure. Suppose L is Boolean,
well-complemented, and lattice-like. Then L is an ortholattice.

Let us observe that every non empty ortholattice structure which is Boolean,
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well-complemented, and lattice-like is also involutive and de Morgan and has

top.
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