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Summary. Notions of inverse sine and inverse cosine have been intro-
duced. Their basic properties have been proved.

MML Identifier: SIN_C0S6.

The papers [11], [14], 1], [10], (3], [13], [12], [9], [15], [2], [16], [6], [4], [5], [7],
[8], and [17] provide the terminology and notation for this paper.

1. PRELIMINARIES

In this paper r, s are real numbers and ¢ is an integer number.
We now state two propositions:

(1) Ifo<randr<s,then |[Z] =0.

(2) For every function f and for all sets X, Y such that f[X is one-to-one
and Y C X holds f[Y is one-to-one.

2. FUNCTIONS SINE AND COSINE

We now state four propositions:
(3) —1<sinr.
(4) sinr <1.
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(5) —1<cosr.
(6) cosr < 1.

One can check that 7 is positive.
The following propositions are true:

(7) sin(—%) = —1 and (the function sin)(—3) = —1.

(8) (The function sin)(r) = (the function sin)(r + 2 - 7 - 7).

(9) cos(—%) =0 and (the function cos)(—3) = 0.

10) (The function cos)(r) = (the function cos)(r +2 -7 - ).
11) If2-m-i<randr <m+2-7-14, then sinr > 0.

12) Ifrn4+2-w-i<randr<2-mw+2-7-4, then sinr < 0.
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(13) If -5 +2-m-i<randr <3 +2-7-4, then cosr > 0.

(14) IfZ+2-7-i<randr <3742 74, then cosr < 0.

(15) If3-7+2-m-i<randr<2-m+2- 74, then cosr > 0.

(16) If2-wm-i<randr<mw+2-7-1, then sinr > 0.

(17) Ifrn4+2-7-i<randr<2-7w+42-7-i, then sinr <0.

(18) If -5 +2-m-i<randr <§+2-7-4, then cosr > 0.

(19) If%+2-7r-i§randr§%~7r+2-7r~i,thencosr§0.

(20) If2-m+2-m-i<randr <2-m+2-7-i, then cosr > 0.

(21) If2-m-i<randr<2-w+2-7m-iandsinr =0, thenr =2-7-4 or
r=m+2-m-1.

(22) If2-7-i<randr<2-m+2-7-iandcosr =0,thenr =5 +2 -7-i

orr:%~7r—|—2-7r~i.

Ifsinr=—1,thenr=3 7+2 7 [L].

7"-
Ifsinr =1, thenr =5 +2-7-[5-].
T
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25) Ifcosr=—1,thenr=7m+4+2-m-|5-].

26) Ifcosr=1,thenr=2-7-[5-].

27 If0§Tandr§2-7randsinr:—l,thenr:%-ﬂ.
28 If()grandr§2-7randsinr:1,thenr:g.

29) If0<randr<2-mwandcosr=—1, then r =m.

If0<randr < 3, then sinr < 1.

31 If()grandr<%-7r, then sinr > —1.
32 If%-7r<randr§2-7r,thensinr>—1.
33) If $ <randr<2-m, then sinr <1.
34) IfO<randr <2-m, then cosr < 1.
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If 0 <r and r <, then cosr > —1.
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Ifr<randr <2, then cosr > —1.
If2-7-i<randr <3 +2- 714, then sinr < 1.
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If2-7r-i§rand7“<%-W+2-7T—i,thensinr>—1.
If%-7r+2-7r-z'<rand'r§2-7r+2-7r-i,thensinr>—1.
If%—i—?-ﬂ-i<rand7“§2-7r—|—2-7r-i,thensinr<1.
If2-w-i<randr<2-w+4+2-7-4, then cosr < 1.
f2-m-i<randr<w+4+2-m-14, then cosr > —1.
Ifn+2-w-i<randr<2-w+2-mw-14, then cosr > —1.
If cos(2-m-r) =1, then r € Z.

(The function sin) °[-F, 5] = [-1,1].
(The function sin) °|—7, 5[ = ]-1,1[.
(The function sin) °[3,3 - 7] = [-1,1].
(The function sin) °]3, 3 - 7[ =]—1,1].
(The function cos) °[0, 7] = [—1,1]
(The function cos) °|0,7[ =]—1,1]
(The function cos) °[r,2 - 7] = [—1,1]
(The function cos) °|r,2-n[ =]—1,1][.

The function sin is increasing on [-5 +2-7-4, 5 +2- 7 -1].
The function sin is decreasing on [5 +2- 74,3 7w+ 27 - .
The function cos is decreasing on [2 -7 4,7 + 2 - 7 - i].

The function cos is increasing on [r +2 -7 4,2 -7+ 27 - i].
(The function sin)[[-5 4+ 27 -4, 5 + 2 - 7 - 4] is one-to-one.

(The function sin)[[Z +2-m-4,3 -7+ 2 7 - ] is one-to-one.

One can check that (the function sin)[[—7, §] is one-to-one and (the function

sin) (3

2
T 3

5,5 - 7 is one-to-one.

One can check the following observations:

*

*

*

*

*

(the function sin)[[—7, 0] is one-to-one,

(the function sin)[[0, 5] is one-to-one,

(the function sin)[[7, 7| is one-to-one,

(the function sin)[[r, 3 - 7] is one-to-one, and
(

the function sin)[[3 - 7,2 - 7] is one-to-one.

One can verify the following observations:

*

*

*

the function sin)[]—7, [ is one-to-one,

the function sin)[] 3, % [ is one-to-one,
the function sin)[]—7%,0[ is one-to-one,
5[ is one-to-one,

the function sin)[]F, 7[ is one-to-one,

the function sin

3
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, 5 - 7| is one-to-one, and

(
(
(
(the function sin
(
(
(
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I
-
110,
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]
)
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the function sin - 7,2 - 7| is one-to-one.

75



76 ARTUR KORNILOWICZ AND YASUNARI SHIDAMA

Next we state two propositions:
(59) (The function cos)[[2 -7 -i,m + 2 7 - 4] is one-to-one.
(60) (The function cos)[[r +2 -7 4,2 -7+ 2.7 -] is one-to-one.
Let us note that (the function cos)[[0, 7] is one-to-one and (the function
cos)[[m, 2 - ] is one-to-one.
One can check the following observations:

% (the function cos)[[0, 5] is one-to-one,

*  (the function cos)[[7, 7| is one-to-one,

% (the function cos)|[r, 3 - 7] is one-to-one, and
* (the function cos)[[3 - 7,2 - 7] is one-to-one.

One can check the following observations:

% (the function cos)[]0, [ is one-to-one,

% (the function cos)|]m,2 - 7[ is one-to-one,

*  (the function cos)[]0, 5[ is one-to-one,

% (the function cos)[]7, [ is one-to-one,

*  (the function cos)[]m, 3 - [ is one-to-one, and
* (the function cos)[]3 - 7,2 - 7[ is one-to-one.

The following proposition is true
(61) If2-m-i<randr<2-7+2-7m-iand2-w-i<sands<2-w+2-7-1
and sinr = sins and cosr = cos s, then r = s.

3. FUNCTION ARCSIN

The function arcsin is a partial function from R to R and is defined by:
(Def. 1) The function arcsin = ((the function sin)[[—%, 5])~*.

Let r be a set. The functor arcsinr is defined by:
(Def. 2) arcsinr = (the function arcsin)(r).

Let r be a set. Then arcsinr is a real number.
Next we state two propositions:

(62) (The function arcsin) ~! = (the function sin)|[-7, Z].
(63) rng (the function arcsin) = [-7, T].

Let us note that the function arcsin is one-to-one.

The following propositions are true:

(64) dom (the function arcsin) = [—1, 1].
(65) ((The function sin)[[—F, 5] qua function) -(the function arcsin) =
id[_l,l].

(66) (The function arcsin) -((the function sin)[[—3, 5]) = id[_y 1.
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((The function sin)[[—7, 3]) - (the function arcsin) = id|_x =).

(The function arcsin qua function) -((the function sin)[[-7,3]) =
id[_ﬂ .

272

If —1 <r and r <1, then sinarcsinr = r.

If =5 <randr < 7, then arcsinsinr = r.

arcsin(—1) = — 3.

arcsin0 = 0.

arcsinl = 7.

If -1 <randr <1 and arcsinr = —7, then r = —1.

If =1 <rand r <1 and arcsinr = 0, then r = 0.

If =1 <randr <1 and arcsinr = 7, then r = 1.

If =1 <randr <1, then —g < arcsinr and arcsinr <

SERNIE

If -1 <randr <1, then —F < arcsinr and arcsinr <
If =1 <rand r <1, then arcsinr = —arcsin(—r).
If0<sandr?+s2 = 1, then cos arcsinr = s.

If s<0andr?+s2= 1, then cosarcsinr = —s.

If —1 <r and r <1, then cosarcsinr = V1 =172

The function arcsin is increasing on [—1, 1].

The function arcsin is differentiable on |—1,1[ and if —1 < r and r < 1,

then (the function arcsin)’(r) = \/ﬁ

The function arcsin is continuous on [—1, 1].

4. FUNCTION ARCCOS

The function arccos is a partial function from R to R and is defined by:

(Def. 3)

The function arccos = ((the function cos) [0, 7]) .

Let r be a set. The functor arccosr is defined by:

(Def. 4)

arccosr = (the function arccos)(r).

Let r be a set. Then arccosr is a real number.

One can prove the following two propositions:

(86)
(87)

(The function arccos) ! = (the function cos)|[0, 7].

rng (the function arccos) = [0, 7.

Let us note that the function arccos is one-to-one.
The following propositions are true:

(88)
(89)
(90)

dom (the function arccos) = [—1, 1].
((The function cos)[[0, 7] qua function) -(the function arccos) = id|_ y).

(The function arccos) -((the function cos)[[0, 7]) = id[_; 1.
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((The function cos)[[0, 71]) - (the function arccos) = idjg -

(The function arccos qua function) -((the function cos)[[0,7]) = id(g x-.
If —1 <r and r <1, then cosarccosr = r.

If 0 <r and r < m, then arccoscosr = r.

arccos(—1) = 7.

arccos 0 = 3.
arccos 1 = 0.

If =1 <r and r <1 and arccosr = 0, then r = 1.

If -1 <7randr <1 and arccosr = g, then r = 0.

(10 If -1 <r and r <1 and arccosr = 7, then r = —1.

(101) If —1 <7 and r <1, then 0 < arccosr and arccosr < .

(102) If —1 <r and r < 1, then 0 < arccosr and arccosr < .

(103) If —1 <rand r <1, then arccosr = m — arccos(—r).

(104) If0 < s and r2 4 g2 = 1, then sin arccosr = s.

(105) If s <0 and 72 + s2 = 1, then sinarccosr = —s.

(106) If —1 <7 and r <1, then sinarccosr = V1-=r2

(107) The function arccos is decreasing on [—1,1].

(108) The function arccos is differentiable on |—1,1[ and if —1 <7 and r < 1,
then (the function arccos)’(r) = —\/ﬁ.

(109) The function arccos is continuous on [—1, 1].

(110) If =1 <7 and r <1, then arcsinr + arccosr = 7.

(111) If =1 <7 and r < 1, then arccos(—r) — arcsinr = 7.

(112) If =1 <7 and r < 1, then arccosr — arcsin(—r) = 7.

[10]
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