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Summary. The article is a translation of chapter 2 of the book Mathe-
matical Morphological Method and Application by Changqing Tang, Hongbo Lu,
Zheng Huang, Fang Zhang, Science Press, China, 1990. In this article, the ba-
sic mathematical morphological operators such as Erosion, Dilation, Adjunction
Opening, Adjunction Closing and their properties are given. And these operators
are usually used in processing and analysing the images.
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The terminology and notation used here are introduced in the following articles:
[5], [1], 21, [6], [4], and [3].

1. THE DEFINITION OF EROSION AND DILATION AND THEIR ALGEBRAIC
PROPERTIES

In this paper n denotes a natural number and ¢, y, b denote points of £F.
Let us consider n, let p be a point of £}, and let X be a subset of £F. The
functor X + p yielding a subset of £} is defined by:
(Def. 1) X+p={q+p:qe X}
Let us consider n and let X be a subset of £F. The functor X! yielding a
subset of £7 is defined as follows:
(Def. 2) X!={—q:qe€ X}.
Let us consider n and let X, B be subsets of £. The functor X © B yields
a subset of £} and is defined as follows:
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(Def.3) XoB={y:B+yCX}.
Let us consider n and let X, B be subsets of £. The functor X & B yields
a subset of £} and is defined as follows:
(Def.4) X@oB={y+b:ye X A be B}.
We follow the rules: n is a natural number, X, Y, Z, B, C, By, By are
subsets of £, and x, y, p are points of £F.
One can prove the following propositions:

B!l = B.

—_

(1)

(2) {0gp}+2 = {a}.

(3) If By C By, then By +p C By + p.

(4) For every X such that X = () holds X + = = 0.
(5) X© {0z} =X

(6) X & {0} =X.

(7)) Xe{zr}=X+uz.

(8) For all X, Y such that Y =0 holds X 8 Y = R".
(9) XCY, thnXeoBCYoBand X&BCY @ B.
(10) If By C By, then X © By C X © B; and X ® By C X @ Bs.
(11) IfOgp € B, then X 0B C X and X C X @ B.
(12) X&Y =Y & X.

(13) Y+yCX+ziff Y+ (y—2) CX.

(14) (X+peY=XoY+p.

(15) (X+p) @Y =XaY +p.

(16) (X+2)+y=X+(x+y).

17) Xe (Y +p)=XOY +—p.

(18) X& (Y +p)=XaY +p.

(19) Ifx € X, then B4+2C B® X.

(200 XC(X®B)oB.

(21) X +0gp = X.

(22) Xo{z}=X+—=x.

(23) Xeo(YeZ)=XcYoLZ

2) Xe(YaZ)=XezZeoY.

25) Xo(YoZ) S (XaY)oZ

(26) Xo(YaoZ)=(XaY)sZ

(27) (BUC)4+y=(B+y)U(C+y).

(28) BNCH+y=(B+y)N({C+y).

(29) Xo(BUC)=(XeB)Nn(Xal).

(30) X®&(BUC)=X@®&BUX&C.
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(31) XeBUYSBC(XUY)oB.
(32) (XUY)®B=X®BUY ®B.
(33) XNYoB=(XoB)N(YoB).
(34) XNY@&BC(X®B)Nn(Y ®B).
(35) BeXnYC(BaX)N(BaY).
(36) BoXuBoY CBoXnY.
(37) (X°oB)=Xa®B.

(38) (X©B)°=X°® B\

2. THE DEFINITION OF ADJUNCTION OPENING AND CLOSING AND THEIR
ALGEBRAIC PROPERTIES

Let n be a natural number and let X, B be subsets of £&F. The functor
X O B yielding a subset of £} is defined by:

(Def. 5) XOB=(X©B)®B.
Let n be a natural number and let X, B be subsets of £&F. The functor
X © B yielding a subset of £ is defined as follows:
(Def. 6) X©B=(X®B)oB.

We now state a number of propositions:

(39) (X*OB!)=X0oB.

(40) (X°@B!)*=XQOB.

(41) XOBCXand XC XoB.

(42) XOX=X.

(43) XOBeBCXoBand XOBa®BCXa®B.
(44 XcBCX©®@BoBand X®BC X®B®B.
(45) X CY,then XOBCY(OBand X®@BCY ® B.
(46) (X+p) QY =XQY +p.

(47) (X +p)eY =X0Y +p.

(48) fCCB,then X OBC (X&) B.

(49) If BCC,then X©BC (X®(C)o B.

(50) XeY=XeYoYandXoY=XQYoVY.
(51) XY =(XapY)OYand XOoY =(X6Y)0Y.
(52) XOBOB=XQOB.

(53) X@B@®@B=X®B.

(54) XOBC(XUY)OB

(55) If B=B(Q Bi,then X OB C X O Bi.
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3. THE DEFINITION OF SCALING TRANSFORMATION AND ITS ALGEBRAIC
PROPERTIES

In the sequel a is a point of £F.
Let t be a real number, let us consider n, and let A be a subset of £7. The
functor ¢t ©® A yields a subset of £F and is defined as follows:

(Def. 7) t©A={t-a:ac A}.
In the sequel ¢, s denote real numbers.
One can prove the following propositions:
For every subset X of & such that X = holds 0 ® X = 0.
For every non empty subset X of & holds 0 © X = {0Ogn }.
loX =X.
20X C XX
t-s)OX=to(soX).
fXCY, thento X CtoY.
toO(X+z)=tOX +t-1.

~ o~ o~~~ o~~~ —~
S O O Ot Ot ot Lt
N = O © 00 3 O
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63) tO(XPY)=tOoXBtoY.

64) Ift#0,thent® (X 0Y)=t0XOtOY.

65) Ift+#0,thent® (XOQY)=(toX)OtoY).
66) Ift#0,thent®(X@Y)=(toX)o (tOY).

4. THE DEFINITION OF THINNING AND THICKENING AND THEIR
ALGEBRAIC PROPERTIES

Let n be a natural number and let X, By, By be subsets of £f. The functor
X ® (B1, By) yielding a subset of £ is defined as follows:

(Def. 8) X ® (B1,B2) = (X © B1)N (XS By).
Let n be a natural number and let X, By, By be subsets of £f. The functor
X ® (By, Bg) yields a subset of £} and is defined as follows:
(Def. 9) X ® (B1,B2) = X U (X ® (By, B2)).
Let n be a natural number and let X, By, By be subsets of £f. The functor
X ® (B1, By) yielding a subset of £F is defined by:
(Def. 10) X ® (By,B2) = X \ (X ® (B1, B2)).
The following propositions are true:
If By =0, then X ® (B, Bs) = X°© Bs.
If By =0, then X ® (B,B2) = X © By.
If Ogn € By, then X ® (By, By) C X.
If Ogn € Ba, then (X ® (By, B2)) N X = 0.
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(T1) 1t Ogp € By, then X @ (By, By) =
( ) If Ogn € By, then X ® (Bl,Bz)
(73) X ® (B2, B1) = (X°® (B1, B2))".
(74) X @ (B2, B1) = (X°® (By, B2))".

5. PROPERTIES OF EROSION, DILATION, ADJUNCTION OPENING,
ADJUNCTION CLOSING ON CONVEX SETS

One can prove the following proposition
(75) Let n be a natural number and B be a subset of £&. Then B is convex
if and only if for all points x, y of £ and for every real number r such
that 0 <randr<landze€ Bandye€ Bholdsr-z+ (1—r)-y € B.
Let n be a natural number and let B be a subset of £F. Let us observe that
B is convex if and only if:
(Def. 11) For all points z, y of £} and for every real number r such that 0 < r
andr<landze€ Bandye€ Bholdsr-z+(1—r)-y € B.
One can prove the following propositions:
(76) If X is convex, then X! is convex.
(77) If X is convex and B is convex, then X & B is convex and X © B is
convex.

(78) If X is convex and B is convex, then X () B is convex and X © B is

convex.
(79) If Bis convex and 0 <t and 0 < s, then (s+¢t)©B=sOB®to B.
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