FORMALIZED MATHEMATICS
Volume 13, Number 4, Pages 505-509
University of Bialystok, 2005

Some Differentiable Formulas
of Special Functions

Jianbing Cao Fahui Zhai
Qingdao University of Science Qingdao University of Science
and Technology and Technology
China China

Xiquan Liang
Qingdao University of Science
and Technology
China

Summary. This article contains some differentiable formulas of special
functions.

MML identifier: FDIFF_5, version: 7.6.01 4.46.926

The terminology and notation used in this paper are introduced in the following
papers: [13], [15], [16], [2], (4], [10], [12], [3], (1], (6], [9], [7), [8], [11], [17), [5);
and [14].

For simplicity, we use the following convention: x, a, b are real numbers,
n is a natural number, Z is an open subset of R, and f, f1, fa, g are partial
functions from R to R.

Next we state a number of propositions:

(1) Suppose Z C dom(%) and for every z such that x € Z holds fi(z) =

a+z and fa(x) = a—x and fa(x) # 0. Then % is differentiable on Z and
2-a

for every x such that = € Z holds (%)?Z(l‘) = anz
(2) Suppose Z C dom(%) and for every x such that x € Z holds fi(z) =
x—a and fa(x) = x+a and fa(x) # 0. Then % is differentiable on Z and

for every x such that = € Z holds (%)/FZ(@ = (xiZ)T
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(3) Suppose Z C dom(%) and for every x such that x € Z holds fi(z) =

x—aand fo(z) =2 —band fo(x) # 0. Then % is differentiable on Z and

for every x such that = € Z holds (%)/FZ(CU) = ﬁ.

(4) Suppose Z C dom f and for every z such that x € Z holds f(z) = xz and
f(z) # 0. Then % is differentiable on Z and for every x such that x € Z
holds (%)’rz(x) =-1

2"
5) Suppose Z C dom((the function sin) -3) and for every = such that z € Z
f

holds f(z) =z and f(x) # 0. Then

(i)  (the function sin) % is differentiable on Z, and

(ii)  for every z such that x € Z holds ((the function sin) -%)’rz(a@) =

— % - (the function cos)(1).
6) Suppose Z C dom((the function cos) -1) and for every x such that z € Z
f

holds f(z) =z and f(x) # 0. Then

(i)  (the function cos) % is differentiable on Z, and

(ii) for every = such that z € Z holds ((the function cos) -%)’rz(aj) = x%-(the

function sin)(1).
7) Suppose Z C dom(idy ((the function sin) -+)) and for every x such that
( b 7 y

x € Z holds f(z) =z and f(z) # 0. Then

(i)  idz ((the function sin) %) is differentiable on Z, and

(ii) for every z such that = € Z holds (idz ((the function sin) %))’rz(:n) =

(the function sin)(1) — 1 . (the function cos)(2).
uppose Z C dom(idz ((the function cos) -%)) and for every x such that
(8) S Z C dom(idz ((the functi )})) d f h th
x € Z holds f(z) =z and f(z) # 0. Then

(i)  idz ((the function cos) %) is differentiable on Z, and

(ii)  for every z such that z € Z holds (idz ((the function cos) -%))’rz(x) =

(the function cos)(1) + 1 - (the function sin)(2).
(9) Suppose Z C dom(((the function sin) %) ((the function cos) %)) and
for every x such that = € Z holds f(x) = z and f(x) # 0. Then

(i)  ((the function sin) %) ((the function cos) %) is differentiable on Z, and

(ii) for every = such that = € Z holds (((the function sin) %) ((the function

cos) -%))’FZ(JU) = 5 - ((the function sin)(1)? — (the function cos)(1)2).
(10) Suppose Z C dom(((the function sin) -f) ((7) - (the function sin))) and
n > 1 and for every z such that z € Z holds f(x) =n-z. Then
(i) ((the function sin) -f) ((7) - (the function sin)) is differentiable on Z,
and
(ii)  for every z such that € Z holds (((the function sin) -f) ((7) - (the
function sin)))(z) = n - (the function sin)(x)5 ! - (the function sin)((n +

1) x).
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(11) Suppose Z C dom(((the function cos) -f) (() - (the function sin))) and
n > 1 and for every x such that x € Z holds f(x) =n-x. Then
(i) ((the function cos) -f) ((;) - (the function sin)) is differentiable on Z,
and
(ii) for every x such that x € Z holds (((the function cos) -f) ((7) - (the
function sin)))’ ;(z) = n - (the function sin)(z)2~* - (the function cos)((n +
1)-x).
(12) Suppose Z C dom(((the function cos) - f) ((3) - (the function cos))) and
n > 1 and for every z such that z € Z holds f(x) =n-z. Then
(i) ((the function cos) -f) ((7) - (the function cos)) is differentiable on Z,

and
(ii) for every x such that z € Z holds (((the function cos) - f) ((7)- (the func-
tion cos)))|,(z) = —n - (the function cos)(z)5 ! - (the function sin)((n + 1)

(13) Suppose Z C dom(((the function sin) -f) ((7) - (the function cos))) and
n > 1 and for every z such that z € Z holds f(x) =n-z. Then
(i) ((the function sin) -f) ((}) - (the function cos)) is differentiable on Z,
and
(ii)  for every x such that x € Z holds (((the function sin) -f) ((}) - (the
function cos)))} () = n-(the function cos)(z)5 ! - (the function cos)((n +
1)-x).
(14) Suppose Z C dom(% (the function sin)) and for every x such that z € Z
holds f(z) =z and f(x) # 0. Then
(i) % (the function sin) is differentiable on Z, and

(ii)  for every x such that = € Z holds (% (the function sin)),(z) = 1. (the
function cos)(z) — - - (the function sin)(z).

(15) Suppose Z C dom(% (the function cos)) and for every z such that € Z
holds f(z) =z and f(x) # 0. Then
(1) % (the function cos) is differentiable on Z, and
(i)  for every z such that z € Z holds (% (the function cos))|,(z) =
—1 . (the function sin)(z) — x% - (the function cos)(x).

1
(16) Suppose Z C dom((the function sin)+(g) - f) and for every x such that
x € Z holds f(z) =z and f(x) > 0. Then
1

(i)  (the function sin)+(Z) - f is differentiable on Z, and

1
(ii) for every x such that z € Z holds ((the function sin)+(g) - f)}(x) =

_1
(the function cos)(z) + 3 - 2 2.

(17) Suppose Z C dom(g ((the function sin) %)) and g = 2 and for every x
such that = € Z holds f(z) = x and f(z) # 0. Then

(i) g ((the function sin) %) is differentiable on Z, and
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(ii)  for every x such that x € Z holds (g ((the function sin) -
2. x - (the function sin)(1) — (the function cos)(2).

T T

Niz(x) =

[

(18) Suppose Z C dom(g ((the function cos) %)) and g = 2 and for every z
such that z € Z holds f(z) = z and f(x) # 0. Then
(i) g ((the function cos) %) is differentiable on Z, and

(ii) for every x such that € Z holds (g ((the function cos) %))’Fz(m) =
2 - 2 - (the function cos)(1) + (the function sin)(2).

(19) Suppose Z C dom(log_(e) - f) and for every x such that z € Z holds
f(x) = x and f(x) > 0. Then log_(e) - f is differentiable on Z and for

every z such that z € Z holds (log-(e) - f)|(z) = L

x

(20) Suppose Z C dom(idyz f) and f = log_(e) - f1 and for every x such that
x € Z holds fi(x) = z and fi(x) > 0. Then idz f is differentiable on Z
and for every z such that x € Z holds (idz f)|,(z) = 1 + (log-(e))(x).

(21) Suppose Z C dom(g f) and g = 2 and f = log_(e)- f1 and for every z such
that € Z holds f1(z) = x and fi(x) > 0. Then ¢ f is differentiable on Z
and for every x such that z € Z holds (g f)|(z) =z +2-z - (log-(e))(x).

(22) Suppose Z C dom(%) and for every z such that z € Z holds fi(z) =

a and fo = 2 and for every x such that x € Z holds (f1 — fa2)(z) > 0.
Then % is differentiable on Z and for every x such that = € Z holds
(ﬁi_;ﬁz )/{Z(x) = (ffig)z-
(23) Suppose that
; Ltf
() 7 C dom(log (e) - £££L2),
(ii) for every x such that x € Z holds fi(z) = a,
(i) fo=73,
(iv)  for every x such that = € Z holds (f; — f2)(x) > 0, and
(v)  for every x such that x € Z holds (f1 + f2)(z) > 0.

Then log_(e) - % is differentiable on Z and for every x such that z € Z
holds (log_(e) - A2V (2) = F22,

fi—fe ot
(24) Suppose Z C dom(% g) and for every z such that z € Z holds f(z) ==
and g = log_(e) - f1 and for every x such that x € Z holds fi(z) = = and

fi(z) > 0. Then % g is differentiable on Z and for every x such that x € Z
holds (7 )}z (2) = 7z - (1 — (log-(e))(x)).

(25) Suppose Z C dom(%) and f = log_(e) - f1 and for every x such that
x € Z holds fi(z) = x and fi(x) > 0 and for every = such that z € Z
holds f(x) # 0. Then % is differentiable on Z and for every x such that

@ € Z holds (3)12(%) = ~ sma(enmr-
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