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Solution of Cubic and Quartic Equations

Marco Riccardi
Casella Postale 49
54038 Montignoso, Italy

Summary. In this article, the principal n-th root of a complex number is
defined, the Vieta’s formulas for polynomial equations of degree 2, 3 and 4 are
formalized. The solution of quadratic equations, the Cardan’s solution of cubic
equations and the Descartes-Euler solution of quartic equations in terms of their
complex coefficients are also presented [5].
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The articles [11], [1], [4], [2], [10], [6], [8], [9], [12], [7], and [3] provide the notation

and terminology for this paper.

1. PRELIMINARIES

In this paper a, b are complex numbers.

The following propositions are true:

a-a:a2.

(1)
(2) a-a-a=a’
(3) a-a-a-a=a*
4) (a—b*=(a2—=2-a-b)+b%
(5) (a—0b)>=((a®>—=3-a2-b)+3-b2-a)— b
6) (a—b)*=(((a*—4-a®-b)+6-a®-b?) —4-b>a) + b
Let n be a natural number and let 7 be a real number. We introduce /"
as a synonym of /7.
Let n be a non zero natural number and let z be a complex number. The
functor {/z yields a complex number and is defined by:

(Def. 1) /z = |2|V/" - (cos(RB2) + sin(AB2) . 4).

n n
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In the sequel z denotes a complex number and ng denotes a non zero natural
number.
The following propositions are true:

7)) 2" =z

(

(8) For every real number 7 such that > 0 holds "¢/r = /70,

(9) For every real number 7 such that r > 0 holds "g/% = :g/ff
)

(10) 22 =aiff 2z = Ja or 2 = — Ya.

2. SOLUTION OF QUADRATIC EQUATIONS

In the sequel ag, a1, as, s1, s2 are complex numbers.
Next we state two propositions:

(11) Ifalz_(51+52)andao251'82,then22+a1-z+a0:01ﬁz:51or
Z = 8§2.
12) If h 2 —0iff » = @ Y/ A(ao,a1,a2)
( ) ag#O,tenaz-z +a1-z4+ayp=01 Z__QTQ"'TOT
s — _a _ YAlaaia)
2'a2 2-(12

3. SOLUTION OF CUBIC EQUATIONS

In the sequel a3, z, ¢, r, s, s3 are complex numbers.
The following four propositions are true:
(13) Suppose z = x — % and ¢ = w and r = 9'“2'(“*25225727'“0. Then
2 +ay-22+a1-2+ap=0if and only if (z3+3-¢q-2)—2-r=0.
(14) If ag = —(s1+s2+s3) and a3 = $1 - S2 + 81 - 83+ s2 - s3 and ag =
—51 -89 - 53, then 23 +as-22+a1-24+a9=0iff z = sy or 2 = 59 or 2 = s3.
(15) Suppose ¢ = W and ¢ # 0 and r = 9'“2'“1*25'2‘23*27'“0 and s =
Jq3+1r?and s;1 = /r + s and s9 = —i. Then 23 +a9-22+a1-24+ag =0
if and only if one of the following conditions is satisfied:
(1) Z:(Sl+82)*a?2,01‘ ,
() == (-2 o)y (31%)'\/3'@7 or

(i) z=—ufn o (1-s)V3i
(16) Suppose g = W and ¢ = 0 and r = 9”2'“1_25;223_27’“0 and s; =
/2 7. Then 23 4+ ag - 22 + a1 - 2+ ag = 0 if and only if one of the following
conditions is satisfied:
(i) z=s—%, or
(ii) z:(—%—%")—i-%,or

(iii) z:_%_%_ﬂgg
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Let ag, a1, as be complex numbers. The functor pi(ag,ai,az2) yielding a
complex number is defined by:
(Def. 2)(i)  There exist r, s; such that r = 9"12'“1_25'223_27'“0 and s; = V/2 -7 and
pi(ag, a1, az) = sy — @ if 3-a; — as? =0,

(ii)  there exist ¢, 7, s, s1, sy such that ¢ = W and r =

9-a2~a1—2~a23—27~a0 _ 2/°3 2 __ 3 _ q
=1 and s = V/q° + 1 and s; = v/r + s and S2 = —5; and
p1(ao, a1, az) = (s1 + s2) — %, otherwise.

The functor pa(ag, a1, az) yields a complex number and is defined by:
(Def. 3)(i) There exist r, s; such that r = 9"12"“_25'223_27'“0 and s; = v/2 -7 and

2/= .
L3 2
p2(ao,ar,az) = (=% — %)+ ‘“T‘[Z if 3-a; —ax® =0,
3-a;—as?
9

(ii)  there exist ¢, 7, s, s1, sz such that ¢ and r =
9'“2'“1_25'223_27'“0 and s = ¥+ 12 and sy = /7 + s and sy = —% and
p2(ag, ar, ag) = (—95%2 — %2) + (81%)%1, otherwise.

The functor p3(ag, a1, as) yields a complex number and is defined as follows:
(Def. 4)(i)  There exist r, s; such that r = 9'“2'“1_25'223_27'“0 and s; = V/2 -7 and

2 .
Y3 - 2
p3(ag, a1, az) = =% — % — L5210 3. a1 —ax® =0,
. . a1 —an2
(ii)  there exist ¢, 7, s, s1, S2 such that ¢ = MT‘” and r =

9-a2-a1—2~a23—27~a0 _ 2/°3 2 __ 3 _ q
=1 and s = y/¢° +r* and s; = /r + s and S2 = —5; and

2 .
p3(ag,ai,az) = —Sitsy _ dp M, otherwise.

We now state four propositions:
(17)  pi(ag, a1, a2) + p2(ao, a1, az) + p3(ag, ai,az) = —as.
(18)  pi(ag, a1, a2)- p2(ao, ai,az)+ p1(ao, a1, a2) - p3(ao, a1, az) + p2(ag, a1, az) -
p3(ao, a1, az) = ai.
(19) pi(ag,a1,a2) - p2(ag,ar,az2) - ps(ag,a,az) = —ag.
(20) Ifag # 0, then ag- 23 +ag- 22+ a1 -2+ ag = 0 iff 2 = py (%, 4 92) or

a3z’ a3z’ a3z
< pz(a37a37a3 or z p3(a37a37a3 .

4. SOLUTION OF QUARTIC EQUATIONS

In the sequel a4, p, s4 are complex numbers.

One can prove the following propositions:

8-0,273-(132
32

as (8:a1—4-a3-a3)+az®

(21) Suppose z = x — % and p = &1

r= ((256'(10764'(13'a113)2+416'a32'a2)73'a34. Then z*+a3-23+ag-22+a-24+ag =0
ifand only if 2* +4-p-22+8-q- 2 +4-r=0.

(22) Suppose az = —(s1 + S2 + 3 + s4) and ag = s1-S2+1-S3+51-S4+S2-S3+
S9-S4+s3-sgand a; = —(S1-S2-S3+ 518284+ 815354+ S2- 83+ S4)
and ag = s1 - s2 - 53 - s4. Then 2* + a3 - 2% +as- 22+ a1 - 2+ ap = 0 if and

and ¢ = and

only if z =51 or 2 = s9 or z = s3 or z = s4.
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(23) Suppose ¢ # 0 and s; = Ypi(—¢%p?—r,2-p) and sy =
\2/p2(_q27p2 - 2 p) and §3 = —
if and only if 2 = s1 + 89+ s3 0r 2 =51 —S3 — s3 or z = (=81 + S2) — S3
or z = (—s1 — s2) + S3.

(24) Suppose that p = 8"125& and g = (8'a1_4%24'a3)+a33 and ¢ # 0 and

_ ((256-ap—64-a3-a1)+16-a3%-a2)—3-a3* and s, = \/pl

T pfr2 p)and

1024
32—\/;)2 —q*p* —1,2-p) and 53 = — . Then z* +a3 2B 4as- 22+
ar-z+ag = 0 if and only if 2z = (51 +s2 +53) — %2 or 2 = 51 — 59 — 53 —

or z = (—s1+s2) — 83— % or z = ((—s1 — s2) + s3) — %.
(25) Suppose p = 8'”5723”“32 and ¢ = (B-a1— 4%24a3)+a3 and ¢ = 0 and r =
2 4
((256-a0764-a3-a11());r416-a3 -az)—3-a3 and 5] = \2/]927_7, Then 24 + as - 23 +asy -

22 +ay-z+ap = 0 if and only if one of the following conditions is satisfied:
(i
(i) z=-¢-2-(p—s1)— %, or
(iii) z=Y-2-(p+s1)— 4,0r
(iv) z=—=V-2-(p+s1)-

Let ag, a1, a2, ag be complex numbers. The functor p;(ag, a1, az, as) yielding

222_2'(]9_81) 4,01'

~— — ~—

a complex number is defined by:

(Def. 5)(i)  There exist p, r, s; such that p = 8'“25723“32 and r =
“ag—64-as- a32-a0)—3-az
((256-a0—64-a3 a11());—416 az?-a2)—3-a3 and 5] = \2/]?27—7" and pl(a07a17a2,a3) _
J—2-(p—s1)— B if (8 a1 —4-az-a3)+a3z® =0,
(ii)  there exist p, ¢, 7, s1, S2, s3 such that p = 8"’25%32 and
q = (8-a1—4-%i~a3)+a33 and r — ((256~a0—64-(13-(1113;;116-(132-ag)—3-a34 and s, —
So1(=a%p* —1,2-p) and s2 = pa(—¢%p? —7,2-p) and s3 = — ;L

and p1(ag,ar,az,a3) = (s1 + sz + s3) — %, otherwise.

The functor ps(ag, a1, as,as) yields a complex number and is defined as follows:

(Def. 6)(i)  There exist p, 7, s; such that p = 8'“25%32 and r =
-y B a2, _a2.,.4
(o560 bhes ) dbas’ ) 905" g 5y = Y7 =7 and pafao, ar,az.a5) =
—Y=2-(p—s1)—%if (8-a1 —4-az-a3) + a3’ =0,
(ii)  there exist p, ¢q, r, s1, S2, s3 such that p = 8"‘25%32 and
a1 —4-as- 3 “ap—64-as- -a32-as)—3-az’
qg = (8(11 4%1(13)4»(13 and — ((256(10 64-a3 allo);;llﬁag ag) 3-a3 and 51 =
Vpi(—=¢%p? —1,2-p) and s2 = {/pa(—¢*p? —1,2-p) and s3 = — L

and pz2(ag,ar,az,as) = ((—s1 — s2) + s3) — %4, otherwise.

The functor p3(ag, a1, as,as) yielding a complex number is defined as follows:

(Def. 7)(i)  There exist p, r, s; such that p = % and r =
-ap—64-a3- .as®-as)—3-azt
(256-a0 64 a3 af%;;m 05202)305" and s; = ¥/p? —r and ps(ag, a1, ap, az) =

—2~(p+81)—a—31f(8 a] — 4-a2-a3)+a33:0’
(11) there exist b, q, r, S1, S2, S3 such that p = %%ﬁ and
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.a1—4-az- 3 256-a0—64-a3-a1)+16-a3%-az)—3-a3*
(8-a1—4-az-a3)+as ((256-a0—64-a3-a1)+16-a3>-a2)—3-az and s; =

q = and r = T
Vo1(=¢*p? —1,2-p) and s2 = pa(—¢*,p* —7,2-p) and s3 = — -
and p3(ag,ar,az,a3) = (—s1 + s2) — s3 — %, otherwise.

The functor py4(ag, a1, a9, as) yields a complex number and is defined as follows:

(Def. 8)(i)  There exist p, r, s; such that p = 8"‘25%32 and r =
-ag—64-as- a32-as)—3-azt

(2560064 a all(%;;w 05202)°305" and s; = ¥/p? —r and py(ag, a1, az, az) =

—\2/—2-(p—i—51)—a4—3if(8-a1—4-a2-a3)—|—a33:(),

(11) there exist p, g, T, S1, S2, S3 such that p = 8-(125%32 and
a1 —4-ao- 3 ca0—64-aa- can2-a0)—3-q=2

g = (8 a1—4 (éi a3)+a3 and r = ((256 ag—64-a3 a113;416 as a2) 3-a3 and s] =

\2/p1(_q27p2 -, 2- p) and S2 = \2/p2(—q2,p2 -, 2. p) and S3 = —51[.152

and p4(ag, a1, as,a3) = s1 — so — s3 — 4, otherwise.
One can prove the following propositions:

(26) pi(ao, a1, az,a3)+p2(ao, a1, az,az)+ps(ag, a1, az, a3)+pa(ao, ar, az, az) =
—as.

(27)  pi(ag, a1, a2,a3) - pa(ag, a1, az, as) + pi(ao, ai, a2, as) - p3(ao, a1, az,as)
pi(ag, a1, az,a3) - pa(ao, ai,az,as) + p2(ao, a1, az,a3) - p3(ag,a, as,as)
p2(ao, a1, az,a3) - ps(ag, a1, az, az)+p3(ag, a1, az, as) - pa(ao, ai, az, az) = as.

(28) p1(ao, a1, az,as3) - p2(ao,ar,az,as) - p3(ao,ar,az,as) + pi(ao, a1, az,as) -
p2(ag, a1, az,a3) - pa(ag,a1,az,a3) + pi(ao,ai,az,a3) - p3(ag,ai,az,as) -
pa(ao, a1, az,a3) + pa(ag, a1, az,as) - p3(ag,ai,az,az) - ps(ag, a1, az,a3) =
—ai.

(29) pi(ao,a1,az,as) pa(ao, ar,az,as) ps(ao, a1, az,as)-pa(ao, a1, az, a3) = ao.

(30) Suppose a4 # 0. Then ay-2z* +as- 2% +az-22+a1-2z+ag = 0 if and only
2= pr(22,20 2. 58) or 3 — po(®, 212 %) or 3 — (2, 2,2, 2) or

_ a a1 az as
z=pa(5e, 0,22, %)

_|_
+
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